Analytic Approximations for Linear Differential
Equations with Periodic or Quasi-periodic
Coefficients

Ana Arnal and Cristina Chiralt

Abstract A perturbative procedure is proposed to compute analytic approxima-
tions to the fundamental matrix of linear differential equations with periodic or
quasi-periodic coefficients. The algorithm allows one to construct high-order ana-
lytic approximations to the characteristic exponents and thus analyze the stability of
the system. In addition, the approximate matrix solutions preserve by construction
qualitative properties of the exact solution.

1 Introduction
The linear system of differential equations
. dYy
Y = Z = A@)Y, Y(0)=1, @)

with A(¢) a T -periodic matrix, is an example of a reducible system: by means of the
transformation Y = P(t)Z, with P(¢) a non singular periodic matrix, a new system
7 = KZ is obtained, where now the coefficient matrix K = P~'(t)A(t) P (1) —
P~ (¢) P (1) is constant. This is the so-called Lyapunov transformation [1]. As a
consequence, the solution of the original system can be written globally as Y (¢) =
P () exp(¢K). This is just a rephrasing of the well known Floquet theorem for linear
periodic differential equations [9].

From this result it is clear that the stability conditions of the solution Y (#) only
depend on the matrix K, specifically on its eigenvalues (the characteristic exponents
of the system), whose real parts are uniquely determined. Thus, the trivial solution
of (1) is asymptotically stable if and only if the real part of the characteristic
exponents is negative, and it is stable if and only if all the characteristic exponents
have non positive real part, with the vanishing or purely imaginary characteristic
exponents being simple elementary divisors of the matrix K — A/, A € C [9]. From
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these properties, it is clear that computing the matrix K or the monodromy matrix
Y(T) = exp(TK) is extremely useful. Unfortunately, although the Floquet theorem
gives us information about the structure of solution of the system (1), it does not
provide any practical method to get K and/or the transformation matrix P(¢).

Here we propose an algorithmic procedure to get approximations to both K
and P(¢), and therefore to the solution Y (¢) in the form prescribed by the Floquet
theorem when A(t) = Ag+&A;(t) +&>A5(t)+--- in terms of the parameter & > 0.
The algorithm is recursive and determines the periodic transformation P(¢) as the
exponential of a certain matrix §2(¢). This property guarantees by construction that
the approximations preserve certain qualitative properties of the exact solution. In
addition the algorithm can be easily implemented with a symbolic algebra package.

If, on the other hand, the coefficient matrix A(¢) is quasi-periodic, the problem
of reducing (1) to a system with constant coefficients is far more difficult. When the
terms A;(t), A2(t), ... are sufficiently small, Shtokalo [8] constructed asymptotic
expansions for the solution which allowed him to examine the stability of the
system. It turns out that the procedure we have developed for periodic systems can
also be generalized to this setting with only minor modifications.

2 Algorithm

Let us consider the d x d system

a%Y(t,e) = A(t,e) Y(t,¢), Y(th=0,6)=1 2)
with
A(t.e) = Ao+ Y &l Aj(t) = Ao + A1 (1) + &2 Aa (1) + -+ 3)
izl

and A;(t +T) = A;(t), j = 1,foracertain T > 0. The goal is then to construct a
transformation P (z, &) with inverse

Y(t,6) ~2 Z(1,6) = P~ (1,6) Y(1, ) PO, &) @)

such that for the system in the new coordinates one has
0
L) =K@ Zte).  Z0.8) =1, ®)

with a constant coefficient matrix given by

-1
oP t(t,s) p

K(e) = P7l(t,e)A(t, ) P(t, €) + 3

(t.¢). (6)
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We construct P(t, ¢) as a near-identity transformation, i.e., P(t,&) = I + O(¢), in
such a way that it satisfies an equation similar to (2) but now with respect to €. More
specifically, in view of Eq. (4), we impose

B%P_l(t,s) = L(t,e)P7(t,¢), Pt 0)=1 (7

in terms of a (still unknown) generator L (¢, ). Alternatively,

B%P(t,e) =—P(t.e)L(t.e),  P(t.0)=1. (8)

Once L(t,¢) has been determined, it is possible to obtain P(¢, &) by formally
applying the Magnus expansion [3, 6] to the linear equation (7), so that

P7(t,e) = expR2(t,e), C)]
where §2(¢, ¢) is an infinite series depending L(¢, ¢) and its nested commutators.

To determine the generator L (¢, ¢), we differentiate Eq. (6) with respect to ¢ and
use (7)—(8) to get

oK 94 aL
— =[L, K]+ P '—P+ —, 10
ge LK+ PPt (10)
that is,
oK 94 IL
— =[L, K] +e"%— 4+ —, 11
g — LK+ 4o (b
with
94 94 1 94
Q —_ —£2 frnd adQ— = —_— dil _— 12
© BSe ¢ de gn!ag&s 12)

in terms of the adjoint operator ad: adp B = [2,B] = 2 B — B2 and ad, B =
[2,ady "' B].

Since A(t, €) is given as a series in powers of ¢, (see Eq. (3)), we determine both
the generator L (¢, ¢) and the new coefficient matrix K(g) also as formal series in é&:

K(e) =) &"K,.  L(t.e) =) &"Lyu1(0). (13)
n=0 =0
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The successive terms K,,, L, (¢) in (13) can be obtained from Eq. (11) by applying

the following procedure:

1.

Insert the series L(¢,¢) into Eq.(7) and compute the Magnus expansion of
£2(t,¢),

Q(t.e) = (), (14)
n=1

in terms of L, (¢). This step has been thoroughly analyzed in [4], where in
particular a recursive algorithm for the computation of v, (¢) is given. The first
terms in the series (14) read

v = Ly,
V2 - 2 25
1L ! [L1, Ls] (15)
vy = -Ls— —[Ly,
3= gha -l L2
1 1
= —L4s— —[Ly, L3].
va = g ha 12[ 1, L]
. . adg 04 o
. Insert the series (14) into Eq. (12) to express e 93— as a power series in &,
€
) R
ad _ n
s = e wa(0). (16)
n=0
In particular,
wo = A,
wi = 24 + [L1, Ai], a7

1 1
wy = 343+ 2[Ly, A2] + E[Lz,Al] + E[Lla [Li, Ai]].

Again, a recursive procedure for the computation of w;,(¢) in (16) can be found
in [4]. In general, w, (n > 1) depends on Ay and L,,, with 1 < k < n + 1,
1<m<n.

. Finally, insert the series (13) and (16) into Eq. (11), and equate terms of the same
power in ¢. In this way we arrive at
K() = A()
dL,
+[Ln7A0]:nKn_Fn7 n>1 (18)

dt
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with
Fl = Wy = Al (19)
n—1
Fo=) [Loj. K]+ wi. n>L (20)
j=1

For the first terms we have explicitly

dL,

- Li,A) =K, —A

y + [L1, Ao] 1 1

dL

—7 (Lo Ao] = 2K; — 245 — [L1. K + A1)

dlL, 1 !
?+[L3,A0] =3K3_3A3_[L27K1+EAI]—[Ll,K2+2A2+E[Ll,Al]].

These equations allow us to get K, and L, (¢) recursively once K, and L,,(?)
withm = 1,...,n — 1 have been previously determined.

For later use, we notice that Eq. (18) can also be written as

dL,
dt

=ady,L, + nk, — F, 1)

in terms of the linear operator ad4,.

3 The Lyapunov Transformation in Periodic Systems

Since our goal is to construct approximations to the solution of (2) according with
the Floquet theorem, we choose K(¢) as a constant matrix and obtain the successive
terms L, (¢) as periodic matricesin¢: L,(t +T) = L, (¢) for all n > 1. In this way,
Q2+ T,e) = 82(t,e) and Z(t,¢) = exp(tK(¢)).

To begin with, we integrate Eq. (18) over the period and divide by T':

Ly(T)—L,(0) _ 1 (7 1 (7
= [A4o, 7 /0 L, (t)dt] + nK, — 7 /0 F,(t)dt. (22)

Since L is periodic, then L, (7)) — L,(0) = 0, so that

nK, = (F) — [Ao. (Ln)]. (23)
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where (F,) and (L,) denote the average of F, and L, over the interval [0, T,
respectively:

1 /7 1 (T
(Fu) = 7/0 F,(t)dt, (Lp) = 7/0 L, (t)dt. (24)

On the other hand, the formal solution of Eq. (21) reads
t
L,(t) = e ™4 L, (0) + e %40 / e 50 (nK,, — F,(s)) ds. (25)
0
Now, inserting (23) into this expression we get
t
L) = €900 L,(0) + (1 =& u)(L,) + & [ (5} - (o) ds.
0
where we have used the formal identity
t
/ e 0 (—ad gy (La)) = (€7 "0 = T)(L,).
0

If we denote by G, (s) the antiderivative of e ™40 (( F,,) — F,,(5)), i.e., G, (t) is such
that

dGu(t) _ _juay, B
= (Fy) — Fu(1)),
then clearly
Ly(t) = €™ L, (0) + (I —e'™0)(L,) + &' (G, (t) — G,(0)). (26)

In summary, the new constant coefficient matrix and the generator of the transfor-
mation are given recursively by

nK,, = (Fn> - [AOa (Ln)]

27

Ln(t) = (Ln) + etadAO (Ln(o) - (Ln} + Gn(t) - Gn(o))7 7

for n > 1, starting with Ky = Ay. Notice that there are two undetermined

parameters at each step in these expressions, both related with the generator: its

initial value L, (0) and the average (L, ). To construct explicitly the transformation

we have to fix these values. The problem then admits infinite solutions. Next we
consider just two different possibilities:
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1. We fix the initial condition L, (0) = 0. Then, L,(7T) = 0 by periodicity and (26)
evaluated at t = T leads to

0= (I —el™0)(L,) +e"*(G,(T) — G,(0)). (28)

In other words, we can choose (L,) as an arbitrary solution of the matrix
equation (28) or alternatively,

T T
| el s = 6,(1) = 6,0 = [ () - F s
0 0

(29)

where C, denotes the unknown matrix. In this way, the problem is solved if we
take

nkK, = (Fn> - [A()v Cn]

(30)
L,(t) =C, + e’ 0 (Gn(T) —G,(0) — Cn) s
with C, any particular solution of Eq.(29). As a matter of fact, this is a
non-homogeneous system of d? linear equations with d? unknowns (the ele-
ments of C,,) that has a unique solution C, if and only if Ay — A; # 0 mod2ZE,
k # 1, where Ay, A; are distinct eigenvalues of Ag. Otherwise, some preliminary
transformations lead the matrix Ay to this situation [7].
In summary, if we impose the initial condition L,(0) = 0 and periodicity
for L, (¢), then we can build explicitly the series 2(¢ + T,¢&) = $£2(¢, ), with
£2(0, e) = 0, so that the solution is given by

Y(t,e) = P(t,6) eK® = 7900 oK) — oxp (— Za”vn (t)) exp (t Za” Kn>

n>1 n=>=0
(31)
where Ko = Ay and K,,, n > 1, are constant matrices. In addition, the series
obtained for K(g) and P(t, ¢) are convergent for sufficiently small values of ¢
[5].

2. As a second option, we construct L, such that its average (L,) = 0. In that case,
from (27),

Ky = ~(Fy). 32)
n

Then we determinate the value of L, (0) so that L,(¢) in (27) is T-periodic, in
particular L, (T) = L,(0). From (27) we get

L,(0) = e"*40(L,,(0) + G,(T) — G,(0))
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or
T d
/ — (e_s adao g, (O)) ds = G,(T) — G,(0).
0 ds
Since
di (e L, (0)) = di (e™*4 L, (0)e’) = e~ (L, (0)Ag — AgL4(0)) e,
s s

it turns out that L,(0) has to satisfy Eq.(29). Therefore, the new coefficient
matrix and the corresponding generator are given by

K, = 2(F) (33)
n

L,(t) = e™(C, + G, (1) — G,(0)),

where C, = L,(0) is any solution of (29). In general L,(0) # 0 and therefore
£2(0, ¢) # 0, so that the solution of (2) reads

Y(t, &) = e 200 gK(e) £2006) (34)

Here 2(¢t + T, ¢) = £2(¢, €) is computed with the generators L,. In consequence
Y(t 4T, e) = Y(t, &) e 200 TK® 200

We notice that, although the structure prescribed by Floquet’s theorem is no

longer reproduced, M = e %) ¢TK@) 209 j5 3 monodromy matrix, with

the same eigenvalues as e’X(®)_ In other words, the eigenvalues of the new matrix
K (¢) given by (33) are also the characteristic exponents of the system.

Generalization to the Quasi-periodic Case

Let us consider now Eq. (3) in the quasi-periodic case, i.e., when the matrices 4 (),
j =1,2,...,in (3) are of the form

Aj(t)=)_Cpre. (35)
=1

Here C;; are constant matrices, and j; are real numbers, so that the elements of the
matrices A;(¢) are trigonometric polynomials with arbitrary frequencies ;. The
algorithm proposed by Shtokalo [8] for analyzing the stability of the trivial solution
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of system (2) consists essentially in constructing a change of variables that transform
Eq. (2) into (5),

P )
5 2e) = A0+jz>:1811<j Z(t,e), (36)

where K; are constant matrices. In Shtokalo’s procedure, the change of variables
and the matrix K(¢) are constructed perturbatively, as power series of &, without
paying much attention to the approximations of the solution of (3) and the
preservation of the main qualitative properties if may possess [5, 8].

It turns out that the procedure developed in the previous sections for constructing
the Lyapunov transformation for periodic linear systems can also be applied in
this setting with only minor changes. To proceed, let us first recall that for a
quasi-periodic function f(z), there exists the limit

a+T
lim % / F)dt = (f), 37)

T—o00

uniformly with respect to a. The number ( f) is called the mean value of the
quasi-periodic function f(¢). In addition, this mean value defined for quasi-periodic
functions coincides with the usual mean value over the period for periodic functions.
Moreover, if f(t) is a trigonometric polynomial,

f() = Co+ Y G,

=1

where u; # 0,1 =1,...,r, the mean value { /) = Cy.

Again, the starting point is Eq. (18). Integrating over the interval ¢ € [0, T'], for
an arbitrary 7" > 0, and dividing by 7', we get Eq. (22). Taking the limit 7 — oo
results in

y L,(T)
m
T—oo T

= [Ao, (Ln)] + nK,, — (Fy).

Since we aim to construct the terms of the generator as trigonometric polynomials
we impose

. L,(T)
lim —= =

T—oo T 0,

so that we recover in this setting the expressions (27) for K, and L,,, where now (-)
denotes the mean value (37).
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At this point, at least two alternatives are possible:

1. Choose L,(0) = 0. Then, a trigonometric polynomial for L, (¢) results as long
as (L,) = —G,(0). In other words,

1 1
K, = _(Fn> + _[AOs Gn(o)] (38)
n n
Ly(1) = =G,(0) + &0 G, (1).

2. Determine L, as a trigonometric polynomial with zero mean value, (L,) = 0.
This can be achieved by taking L, (0) = G,(0), and thus

K, = () (39)
n
L,(t) = e G,(1).

A detailed treatment of this case will be the subject of subsequent work [2].

S Illustrative Example

We next illustrate the algorithm on a simple periodic example. In particular, we
consider the system

y1 = e(=1+2sint)y; + ey
Y2 =—y2t+ ey (40)

worked out by Malkin [1]. Here ¢ is a real parameter and the period 7 = 2. Using
the method of small parameters, he showed that the characteristic exponents of the
system are negative at least for ¢ < 1/9, whereas in [9] the domain of values of &
that ensure asymptotic stability is extended up to & < 2/3.

The fundamental matrix Y (¢, €) corresponding to system (40) verifies Eq. (4) with

At €) = Ao + 841 (1) = (8—(1))+5(_1+128m(1))' @1

First we carry out the first procedure by fixing L,(0) = 0, i.e., we determine K,
and L, by Eq. (30), up to n = 10 and compute the solution matrix (31). In Fig. 1 we
plot the difference between the Frobenius norm of our approximation, Y (¢, ¢), and
the exact result (as determined by numerical integration) whenn = 5and n = 10
terms are taken in the series.

Next we compute the eigenvalues of K(¢) as a function of ¢ by applying the
second alternative, i.e., by means of (33), and compare with the exact result (as
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Fig. 1 Error in the approximation (in logarithmic scale) between the approximation of order &’

(solid line) and order &'° (dashed line) with respect to the exact solution
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Fig. 2 One of the characteristic exponents of system (40), obtained by direct numerical integration
(solid line), and by the perturbative algorithm of order &? (dot-dashed line), * (dashed line) and

10 (dotted line), as a function of &

determined by the numerical integration of Eq.(40) with 25 digits of accuracy).
One of the eigenvalues turns out to be always negative, whereas the second one is
negative only for ¢ < 0.745023, so that it is this value which determines the stability
region of the system.

In Fig. 2, we represent this exact eigenvalue (solid line) together with the results
rendered by the perturbative algorithm of order &2 (dot-dashed line), &* (dashed line)
and ¢'° (dotted line).

Notice that higher order approximations provide results that are indistinguishable
from the exact value for increasingly larger values of the perturbation parameter &.
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