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      Networking Theories to Understand Beliefs 
and Their Crucial Role in Mathematics 
Education 

                Katrin     Rolka      and     Bettina     Roesken-Winter    

    Abstract        Many publications present research on teacher beliefs, whether 
 concretized for pre-service or in- service teachers. Most of them have in common 
that they highlight the crucial role that beliefs play in the classroom. In this chapter, 
we explore more deeply what those crucial aspects are, what they consist of, and 
how they interact with other variables. Different theoretical lenses will be brought 
together to underline different perspectives and to gain explanatory power going 
beyond the single approaches. For the case of practising teachers, we will discuss 
some thoughts on the classical contributions by Shulman (Educ Res 15(2):4–14, 
1986) and Schoenfeld (Issues Educ 4(1):1–94, 1998). On the one hand, we extend 
the knowledge categorization provided by Shulman to the fi elds of beliefs and goals. 
On the other hand, we elaborate on Schoenfeld’s theory of Teaching-In-Context. 
For the case of pre-service teachers, we combine the classifi cation of mathematical 
beliefs based on the work of Ernest with ideas of conceptual change originally 
 conceived in the context of knowledge (cf. Ernest, J Educ Teach 15:13–33, 1989; 
Vosniadou and Verschaffel, Learn Instr 14(5):445–451, 2004).  

  Keywords     Pedagogical content beliefs   •   Conceptual change   •   Networking of theories  

        Introduction 

 In recent years the networking of theories has received much attention in 
 mathematics education, as can be seen in the overview articles by Artigue et al. 
( 2006 ), Bikner-Ahsbahs and Prediger ( 2006 ) and Arzarello et al. ( 2007 ). Some 
authors particularly focus on using theoretical diversity to strengthen theory 
development, and make suggestions on strategies and methods for networking (cf. 
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Bikner-Ahsbahs and Prediger  2006 ), while others discuss whether theoretical plu-
rality and diversity hinder moving forward as a fi eld (Dahl  2006 ; Lerman  2006 ). 
In particular, at CERME 4 and 5 a group of researchers dealt with challenges 
induced by theoretical diversity (Arzarello et al.  2007 ) and they remind us that 
“researchers with different theoretical perspectives consider empirical phenom-
ena […] from different perspectives and hence come to very different results in 
their empirical studies” (p. 1618). The authors continue by asking, “How can the 
results from different studies be integrated or at least understood in their differ-
ence?” (p. 1618). That is, results of empirical studies might be incompatible or 
even contradictory, a fact that, in the long run, can impede progress in the fi eld of 
mathematics education. In this regard, Artigue et al. ( 2006 ) consider it as an 
important task of the community to pay attention to the different theoretical 
frameworks in terms of networking:

  If we can develop and maintain a certain degree of networking between some of the advo-
cates of the different theoretical stances that are currently evident within mathematics edu-
cation, this will constitute an important step on the path towards establishing mathematics 
education as a scientifi c discipline. (p. 1242) 

   As an essential endeavour, the authors identify integrating or synthesizing the-
oretical approaches into a new framework. Connecting theoretical approaches can 
then follow a bottom-up development while using a concrete empirical phenom-
enon as starting point; or a top-down development while using different theories 
from the beginning and focusing on the relationship of theories (cf. Arzarello 
et al.  2007 ). In this chapter, we elaborate on the latter aspect and pursue a deduc-
tive approach to networking theories. We will explore how different theories serve 
to analyse similar data to gain a more comprehensive understanding of relation-
ships and interdependencies of the underlying frameworks to increase their 
explanatory power. In particular, regarding beliefs research, we point out how 
research directions were determined while developments took place in two differ-
ent research fi elds, mathematics education and psychology, and which, of course, 
have infl uenced methodological approaches and choices. To underline our 
thoughts we present two examples of networking theories that come from those 
two research areas. 

 First, we will discuss some thoughts on the classical contributions by Shulman 
( 1986 ,  2005a ,  b ) and Schoenfeld ( 1998 ). On the one hand, we elaborate on 
Schoenfeld’s theory of Teaching-in-Context 1  which explains teacher behaviour 
from a local view as a function of knowledge, goals and beliefs, while extending the 
knowledge categorization provided by Shulman ( 1986 ) to the fi elds of beliefs and 
goals. On the other hand, we use Shulman’s ( 2005a ,  b ) overarching theory of signa-
ture pedagogies to additionally understand the signifi cant role of beliefs from a 
global view. Second, we develop further ideas of conceptual change originally con-
ceived in the context of knowledge (Ernest  1989 ; Vosniadou and Verschaffel  2004 ; 
Appleton  1997 ) with regard to belief change and, in addition, use the classifi cation 

1   Our ideas are based on Roesken and Rolka ( 2011 ). 
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of mathematical beliefs based on the work by Dionne ( 1984 ) and Ernest ( 1989 ) to 
illustrate belief change in more detail. 2   

    Setting the Frame of Networking Theories: Beliefs Research 
in Psychology and Mathematics Education 

 From a historical viewpoint, the mathematics-related research in the fi eld of beliefs 
has its roots in the “failure of the problem-solving based reforms” of the mathemat-
ics curriculum in the United States in the late 1980s (Schoenfeld  2007 ). More con-
cretely, Roesken et al. ( 2011 ) emphasize that “numerous studies detected that one 
reason for that ‘failure’ were the ‘inappropriate’ beliefs of teachers concerning 
mathematics in general, the process of problem solving and characteristics of doing 
mathematics in particular, in addition to strong teacher convictions concerning stu-
dents’ apparent lack of ability […]” (p. 452). From that time on, the discussion on 
the role and signifi cance of beliefs became more elaborated and led to the seminal 
papers by Pajares ( 1992 ) and Thompson ( 1992 ) in the 1990s which indicated a start-
ing point for specifi c and targeted research on beliefs that has entailed numerous 
studies (cf. Philipp  2007 ) and encouraged substantial discussion. The reader will 
fi nd almost no studies on beliefs that do not refer at least to one of these papers. 

 While comparing the work by Pajares ( 1992 ) and Thompson ( 1992 ) more 
closely, it is evident that the two researchers pursue different approaches since they 
come from different fi elds of educational research: educational psychology and 
mathematics education. These different roots entailed particular emphases which 
are briefl y sketched in the following. 

 Among other aspects, the psychologists’ viewpoint emphasizes the epistemo-
logical character of beliefs as those “play a key role on knowledge interpretation 
and cognitive monitoring” (Pajares  1992 , p. 324); an issue that has dominated suc-
cessive research in educational psychology. Moreover, Pajares ( 1992 ) refers to the 
work by Schommer ( 1990 ) who “argued that the study of epistemological beliefs 
may prove more valuable for understanding comprehension than either metacogni-
tion or schema theory, neither of which is able to explain students’ failure to inte-
grate information or monitor comprehension” (p. 328). As an overarching concept 
Pajares ( 1992 ) suggests  educational beliefs  as a construct that “is itself broad and 
encompassing” (p. 316). However, he reminds us that the concept’s wide scope is 
diffi cult to operationalize and thus educational beliefs need to be specifi ed by using 
the label  educational beliefs about :

  Therefore, as with more general beliefs,  educational beliefs about  are required – beliefs 
about confi dence to affect students’ performance (teacher effi cacy), about the nature of 
knowledge (epistemological beliefs), about causes of teachers’ or students’ performance 
(attributions, locus of control, motivation, writing apprehension, math anxiety), about 

2   These ideas are based on Liljedahl et al. ( 2007a ,  b ) and Rolka et al. ( 2006 ). 
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 perceptions of self and feelings of self-worth (self-concept, self-esteem), about confi dence 
to perform specifi c tasks (self-effi cacy). There are also educational beliefs about specifi c 
subjects or disciplines (reading instruction, the nature of reading, whole language). (p. 316) 

   Subsequent research accentuated different directions in terms of personal episte-
mology (Hofer and Pintrich  1997 ; Hofer  2000 ), epistemic positions (Perry  1968 ), 
epistemic cognition (Kitchener  1983 ), epistemological beliefs (Schommer  1990 ), 
epistemological world views (Schraw and Olafson  2002 ) and epistemological 
understanding (Hofer  2004 ). In sum, research on beliefs in the fi eld of pedagogy or 
psychology has developed strongly towards investigating epistemological aspects. 

 In comparison, the focus of Thompson ( 1992 ) is domain-specifi c as she explores 
explicitly teachers’ conceptions of mathematics:

  A teacher’s conception of the nature of mathematics may be viewed as that teacher’s con-
scious or subconscious beliefs, concepts, meanings, rules, mental images, and preferences 
concerning the discipline of mathematics. (p. 132) 

   In the focus are conceptions about the nature of mathematics indicating a philo-
sophical viewpoint that is also pursued in the work by Ernest ( 1991 ,  1994 ) and 
Lerman ( 1983 ). In the beginning of beliefs research in mathematics education, 
some researchers applied the term mathematical  world views ; these included 
Schoenfeld ( 1985 ), and later Grigutsch ( 1996 ) and Grigutsch et al. ( 1998 ). A few 
papers explicitly address epistemology in mathematics education (Sierpinska and 
Lerman  1996 ; Steinbring  1998 ) while mostly such issues are only implicitly 
included in discussions with roots going back to philosophical positions on mathe-
matics (Hersh  1991 ,  1997 ). That is, those articles address beliefs about the origin 
and acquisition of knowledge, and how such attitudes affect teaching in general and 
students’ learning of mathematics specifi cally. Some studies explore epistemologi-
cal beliefs held by mathematics teacher educators and investigate how those shape 
and infl uence their prospective teachers’ beliefs and even actions in the classroom 
(e.g. Carter and Norwood  1997 ; Schraw and Olafson  2002 ). Roesken and Törner 
( 2007 ), in this regard, yielded seven dimensions structuring university professors’ 
beliefs about mathematics that encompass factors including characteristics of math-
ematics, main features of mathematical learning, philosophical aspects and sophis-
ticated views on mathematics. 

 A subsequent step in binding together various approaches of beliefs and their 
infl uences (see also Ernest  1989 ) was the issue of  ZDM  in 1996 edited by Pehkonen 
and Törner. The book edited by Leder et al. ( 2002 ) refl ected many of the views 
presented in the Special Issue, and beliefs were referred to as ‘hidden variables’, 
with reference to a famous paper by Bauersfeld ( 1980 ). Meanwhile, much research 
has been conducted in the fi eld of mathematics-related beliefs. 

 In sum, the history of beliefs research particularly indicates that it is worthwhile 
to explore theoretical diversity as two different research strands, which originated in 
psychology and mathematics education, have developed almost independently of 
each other and have infl uenced subsequent research in both fi elds substantially. In 
what follows, we present two examples of how to capture the crucial role of beliefs 
by networking different theoretical lenses that have their roots either in  psychology  
or  mathematics education .  
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    Example 1: Understanding Beliefs by Combining a Global 
and a Local View on Teaching 

 As regards the teaching of mathematics, many researchers have looked for 
 underlying variables in order to understand and explain teacher behaviour in the 
classroom (cf. Baumert et al.  2010 ). Examples for such variables are teacher knowl-
edge, teacher beliefs and teacher instructional goals – typically, researchers focus 
on one of these variables without considering their relationships or potential over-
laps (Rösken et al.  2008 ). Schoenfeld’s ( 1998 ) merit lies in providing a theory that 
accounts for a local view on teaching by modelling teacher behaviour as a function 
of a teacher’s knowledge, goals and beliefs. His theory of Teaching-in-Context does 
not simply go beyond knowledge and beliefs by assigning an essential role to goals, 
but also emphasizes strongly that the three variables are pieces of a puzzle and the 
challenge is to explore how these fi t together. In sum, the theory explains develop-
ments in teaching from a multi-faceted perspective and allows the didactical analy-
sis for focusing on understanding, and explaining rich and complex teaching 
coherences. A teacher’s spontaneous decision-making is characterized in terms of 
available knowledge, high priority goals, and beliefs. In his latest book, Schoenfeld 
( 2010 ) modifi es his initial theory as follows:

  The main claim in the book is that what people do is a function of their resources (their 
knowledge, in the context of available material and other resources), goals (the conscious 
or unconscious aims they are trying to achieve) and orientations (their beliefs, values, 
biases, dispositions, etc.). (p. viii) 

   What is new? While attention is still given to goals, Schoenfeld introduces the 
broader concepts of resources to refer to the category of teacher knowledge and of 
orientations to encompass the fi elds of beliefs, values, biases and dispositions. 
Regarding the former-used category of beliefs, Schoenfeld ( 2010 ) explains:

  Beliefs play much the same focal role that they did in my earlier work. Just as students’ 
beliefs about themselves and about mathematics shape what they do while working on 
mathematics problems, teachers’ beliefs about themselves, about mathematics, about teach-
ing, and about their students shape what they do in the classroom. (p. 26) 

   Still he assigns a major role to beliefs and he gives the following explanation for 
his shift in terminology:

  The term “beliefs” worked well in characterizing problem solving and teaching (and it fi t 
comfortably with the literature’s use of the term), but it seemed less apt when I applied the 
theoretical ideas to other domains. In cooking, tastes and life style preferences are conse-
quential; in other arenas (e.g., health care) one’s values play a major role. For that reason I 
chose orientations as an all-encompassing term, to play the same role in general as beliefs 
do in discussions of mathematical and pedagogical behavior. (p. 27) 

   What is not new? Schoenfeld still aims at explaining comprehensive teaching 
behaviour:

  I argue that if enough is known, in detail, about a person’s orientations, goals, and resources, 
that person’s actions can be explained at both macro and micro levels. That is, they can be 
explained not only in broad terms, but also on a moment-by-moment basis. (p. viii) 
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   Although Schoenfeld acknowledges a global level for analysing teachers’ 
decision- making processes, we will reveal later in this section that Shulman’s theo-
retical framework of signature pedagogies provides an additional source to under-
stand teacher actions from a more global perspective. But fi rst we elaborate on 
Shulman’s seminal work on teacher knowledge, and his notion of pedagogical con-
tent knowledge which “goes beyond knowledge of subject matter per se to the 
dimension of subject matter knowledge  for teaching ” (Shulman  1986 , p. 7). 
Interestingly, Shulman’s starting point for introducing a new category as an addi-
tional aspect of teacher knowledge is rooted in his observation that research in 
teacher cognition so far was either on teacher’s subject matter knowledge or teach-
er’s pedagogical knowledge. In a convincing manner, he explains pedagogical con-
tent knowledge as an essential link between the two:

  Within the category of pedagogical content knowledge I include, for the most regularly 
taught topics in one’s subject area, the most useful forms of representation of those ideas, 
the most powerful analogies, illustrations, examples, explanations, and demonstrations – in 
a word, the ways of representing and formulating the subject that make it comprehensible 
to others. (p. 7) 

   Much research followed and led to advances in understanding the knowledge 
category, but only a few publications applied the typology to explore beliefs in more 
detail. Törner ( 2002 ), for instance, draws on global beliefs as mentioned by 
Thompson ( 1992 ) and mentions subject matter beliefs as those beliefs that relate to 
aspects of a teacher’s subject matter knowledge. Kuntze ( 2011 ) brings forward 
those ideas and investigates local and global components of pedagogical content 
beliefs. However, he does not distinguish knowledge and beliefs but chooses the 
pragmatic solution that “beliefs and instruction-related convictions are […] under-
stood to be contained in the notion of professional knowledge” (Kuntze  2011 , p. 2). 
In what follows, we take up the idea of networking theories in fi rst combining 
Schoenfeld’s theory on teacher behaviour and an adaption of Shulman’s categoriza-
tion that was initially developed for teacher knowledge to understand teachers’ 
actions in the classroom from a local view. That is, we adopt the classifi cation of 
subject matter and pedagogical content knowledge for the constructs of beliefs and 
goals, which allows for a more fi ne-grained analysis of teaching incidents. 

 Second, we go back to Schoenfeld’s theory of Teaching-in-Context, and have a 
closer look at his aim to explain a teacher’s behaviour in the classroom, and the 
choices that he or she makes in any moment. According to Schoenfeld, teaching can 
be studied on a fi ne-grain level and the analysis focuses on the decision-making 
process, as Schoenfeld ( 2010 ) points out in the following:

  Decision making and resource access are largely automatic when people are engaged in 
well practiced behavior. Mechanisms for routine access to cognitive resources have been 
extensively studied and have various names in the literature. Depending on the tradition, 
they may be called  scripts, frames, routines,  or  schemata . The core idea is the same: when 
people perceive a situation as being of a familiar type, they have a “default” set of expecta-
tions that guide their perceptions and/or actions. (p. 16) 

   On a more global level, going beyond the single classroom actions, we can fi nd 
some similar ideas in Shulman’s work ( 2005a ,  b ) on signature pedagogies. While 
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drawing on studies in law, engineering, the clergy, medicine, nursing and teaching, 
Shulman ( 2005a ,  b ) describes the signature pedagogy of an entire fi eld. In particu-
lar, the construct catches the characteristics of different professions and how those 
can be described and analysed:

  What I mean by “signature pedagogy” is a mode of teaching that has become inextricably 
identifi ed with preparing people for a particular profession. This means it has three charac-
teristics: One, it’s distinctive in that profession. So you wouldn’t expect clinical rounds in a 
law school. And even though it might be very effective, you wouldn’t expect a case dia-
logue or case method teaching of this sort in a medical school. Second, it is pervasive within 
the curriculum. So that students learn that as they go from course to course, there are certain 
continuities that thread through the program that are part of what it means to learn to “think 
like a lawyer,” or “think like a physician,” or “think like a priest.” There are certain kinds of 
thinking that are called for in the rules of engagement of each course, even as you go from 
subject to subject. The third feature is another aspect of pervasiveness, which cuts across 
institutions and not only courses. Signature pedagogies have become essential to general 
pedagogy of an entire profession, as elements of instruction and of socialization. 

   Shulman ( 2005a ,  b ) also underlines the decisive role of teacher knowledge bun-
dled in routines, but emphasizes additionally that the cultures and characteristics of 
the professions are transported as signature pedagogies. Signature pedagogy is an 
emerging concept in teacher education which catches the salient and pervasive 
teaching practices that characterize an entire fi eld and thus allows for analysing 
practices from a global viewpoint. The Carnegie Foundation for the Advancement 
of Teaching has undertaken many studies (cf. Shulman  2005a ,  b ) to describe the 
signature pedagogy of the different fi elds. Those studies of education in the profes-
sions share that they link the following aspects of a professional role:

  [. . .] professional education is a synthesis of three apprenticeships – a cognitive apprenticeship 
wherein one learns to think like a professional, a practical apprenticeship where one learns to 
perform like a professional, and a moral apprenticeship where one learns to think and act in a 
responsible and ethical manner that integrates across all three domains. (Shulman  2005b ) 

   Building on knowledge as basis, Shulman ( 2005a ) assigns a fundamental role to 
signature pedagogies since those “are designed to transform knowledge attained to 
knowledge-in-use […]”. Moreover, Shulman ( 2005b ) reverts to his knowledge cat-
egories and explains that “these forms of knowledge are foundational, necessary but 
not suffi cient”. In order to understand more deeply teachers’ actions in the class-
room, Shulman ( 2005a ) thus refers to the crucial role of signature pedagogies:

  Signature pedagogies are important precisely because they are pervasive. They implicitly 
defi ne what counts as knowledge in a fi eld and how things become known. They defi ne how 
knowledge is analyzed, criticized, accepted, or discarded. (p. 54) 

   Signature pedagogies possess a structure by which a discipline’s pedagogies can 
be examined, elaborated and compared (Shulman  2005a ). Following Shulman, we 
have to distinguish three dimensions:  surface structure ,  deep structure  and  implicit 
structure . The surface structure “consists of concrete, operational acts of teaching 
and learning, of showing and demonstrating, of questioning and answering, of 
 interacting and withholding, of approaching and withdrawing” (Shulman  2005b , 
p. 54). That is, the surface structure covers overtly social acts associated with 
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 teaching and learning the subject. According to Shulman ( 2005b ), “any signature 
pedagogy also has a deep structure, a set of assumptions about how best to impart a 
certain body of knowledge and know-how” (p. 55). Thus, the deep structure trans-
ports assumptions about the teaching and learning within the fi eld. Finally, Shulman 
( 2005a ) points out that the implicit structure addresses a moral dimension compris-
ing a set of beliefs about professional attitudes, values, norms and dispositions. 

 The dimension especially interesting in our case is the surface structure since it 
maintains the relevance of the knowledge body of mathematics, a domain with a 
proud long and international history and many traditions. Roesken and Törner 
( 2010 ) point out that this surface structure encompasses a specifi c language and 
semiotics, as well as particularities regarding the teaching style and the teacher– 
student relationship. Teaching mathematics has its characteristics that depend 
strongly on the underlying subject of mathematics and how it is taught at the univer-
sities and during teacher education. For instance, the style of speech in the lectures 
often shows possessive set phrases such as using the plural “we” or an authoritative 
wording like “let be”, so that no one feels invited to say something against. Another 
interesting example is the notion of w.l.o.g. (without loss of generality), a well- 
known saying of mathematicians. Who wants to show any weakness by claiming 
that it is not trivial for him or her? One can imagine that such an education leaves its 
marks and affects a teacher’s later behaviour in the classroom essentially. In the 
analysis that we present later, we will elaborate on these ideas and show the infl u-
ence on teacher behaviour in the classroom. 

 So far, we have briefl y sketched the contributions by Schoenfeld and Shulman. 
In what follows, we elaborate on those theoretical strands and offer some further 
ideas on Schoenfeld’s theory of Teaching-In-Context and Shulman’s work on 
teacher knowledge and signature pedagogies (cf. Rosken and Rolka  2011 ) by com-
bining both theoretical approaches. In particular, we enrich Schoenfeld’s theoretical 
lens of analysing teacher behaviour locally in terms of knowledge goals, and beliefs 
by extending Shulman’s knowledge categorization to beliefs and goals, and use the 
notion of signature pedagogies to elaborate on the role of beliefs from a global 
viewpoint. The ideas emerged throughout our work on a paper that was dedicated to 
analysing a video-taped school lesson through the lenses of Schoenfeld’s approach 
(Törner et al  2010 ). We now explicate how the networking approach contributes to 
a better understanding of the data.  

    Illustrating the Networking of the Two Theories 
with Empirical Data 

 In the following, we further support our ideas on networking the above- mentioned 
theories by presenting evidence that we found in an empirical study (Törner et al. 
 2010 ). In particular, we show how the networking of theories that tackle aspects of 
teacher knowledge and beliefs can help to analyse local and global beliefs relevant 
in the classroom, and how beliefs interfere with teacher goals. This empirical study 
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emerged from a bi-national in-service teacher training 3  that aimed at working out 
cultural differences and/or similarities in teaching styles. For this purpose, a Dutch 
and a German lesson on linear functions were videoed, forming the basis of discus-
sions within the teacher training. The German teacher who taught the lesson on 
linear functions possesses 30 years of professional experiences. She has attended 
numerous in-service teacher training courses, in particular on using computer alge-
bra systems and open tasks in mathematics teaching. In the lesson, linear relation-
ships as motivation for the treatment of linear functions were embedded in various 
tasks. Students had to work in small groups of two or three on one of the tasks by 
using the computer, in particular the software Excel. 

 The teacher engaged very eagerly to implement newly imparted issues into her 
teaching on linear functions, a topic that she has taught in rather traditional ways 
several times previously. Although the teacher planned the lesson thoroughly, its 
course developed unexpectedly. At the beginning of the lesson, the teacher pursued 
a rather open and problem-oriented approach where students worked in small 
groups using the computer. However, as the lesson developed and time seemed to 
run out, the teacher suddenly changed her teaching style in favour of a more tradi-
tional approach. That is, she shifted back to her solid and approved methods in 
terms of a monologue on defi nitions in a formalized structure. 

 Another important data source is an interview that took place several days after 
the lesson. After watching the video and immediately recognizing the turning point 
in the course of the lesson, we wanted to fi nd out more about the teacher’s goals and 
beliefs underlying the planning and teaching of that lesson. 

 On the one hand, we resort to Schoenfeld’s theory and identify the teacher’s 
knowledge, goals and beliefs that were observable in the lesson but also expressed 
by her in the interview. On the other hand, we draw on the work by Shulman ( 1986 ) 
and adapt his categorization for the domain of knowledge to the one of beliefs, and 
we differentiate between pedagogical content goals and beliefs, and subject matter 
goals and beliefs. Basically, the knowledge categories can be directly adapted to 
beliefs. That is, the pedagogical content goals and beliefs concentrate on how to 
teach the subject of mathematics while the subject matter goals and beliefs are 
derived from the subject itself. We illustrate the categories by some examples. 

 In the interview with the teacher after the lesson, we identifi ed statements that 
can be interpreted as both pedagogical content goals and beliefs. To be more con-
crete, the expressed goals were strongly rooted in beliefs and the beliefs infl uenced 
the goals to be fi xed. The conclusion of the duality of the two constructs was even 
strengthened by the teacher justifying her goals and hence revealing subjective con-
victions that can be understood as beliefs. For the teacher, the use of the computer 
plays a central role in her teaching in general, but also in the specifi c lesson and the 
interview. She formulates as a goal:

  Whenever possible, I employ the computer in mathematics lessons (pedagogical content 
goal). 

3   Funded by the Robert-Bosch Foundation. 
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   This statement can be interpreted as belief in the sense that employing the 
 computer whenever possible is rooted in the conviction that there is an additional 
value compared with the abdication of the computer. She complements this goal by 
a belief that is related to the topic of the lesson:

  The theme linear functions can be mediated by the computer (pedagogical content belief). 

   This pedagogical content belief was also realized as the teacher actually employed 
the computer when introducing linear functions. A reformulation of this belief in 
terms of a goal could have been “Students shall use the computer when dealing with 
linear functions”. Hence, this expressed belief corresponds to an implicit goal. 

 Although the pedagogical content goals and beliefs were highly relevant during 
the fi rst 29 min of teaching, the teacher suddenly shifted to her approved and tradi-
tional style while the computer lost its central role. Besides articulating frustration 
about the use of open tasks, she provided some subject matter goals and beliefs that 
explain the shift in the teaching trajectory from her point of view:

  Linear functions are defi ned by their slopes. The slope of a linear function is its most impor-
tant characteristic (subject matter belief). 

 Functions are important for Calculus in grade 12 (subject matter belief). The central 
term to be mediated in the context of linear functions is the concept of slope, which pre-
pares students for the concept of derivative (subject matter belief). 

   From this results the following specifi c mathematical goal, which can also be 
identifi ed as a kind of output directive for the lesson:

  The term slope must be mentioned in this lesson (subject matter goal). 

   This episode underlines that the subject matter beliefs on the relevance of linear 
functions can be understood as a key prerequisite, which in the last instance charac-
terize unavoidably the subject matter goal that the teacher tried to obtain desperately 
in the lesson. That is, the moment the teacher realized that she could not achieve her 
central subject matter goal of introducing the term slope, she let the students simply 
switch off the computer. From this point onwards, global subject matter goals domi-
nated the lesson activities to reach the one goal: the term slope must be mentioned. 
In other words, all pedagogical content goals and beliefs lost their rather positive 
value and stepped aside to make room for subject matter goals and beliefs. 

 Regarding this teaching episode, the questions arising for us are the following. 
Why are goals and beliefs so closely connected and attached to the same idea? Does 
this observation depend on the subject of mathematics and its specifi c structure? In 
addition to our analysis, we found some answers on a meta level while drawing on 
Shulman’s work on signature pedagogies that we will discuss in the following. 

 In a talk at a conference in Germany, Shulman gave some examples for signature 
pedagogies in the domain of mathematics. For instance, he characterized the domain 
of teaching mathematics at university as a kind of dorsal teaching while showing a 
picture of a mathematics lecturer in front of a blackboard, turning his back to the 
classroom and writing down formulas while the students tried eagerly to copy the 
text on the boards. That is, all mathematics lectures are given in a specifi c style and 
thus elements of a signature pedagogy even permeate the fi eld of teacher education. 
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Teacher students are confronted with a specifi c culture that is related to the subject 
they are studying. 

 Going deeper into the construct of signature pedagogy, we identify as surface 
structure infl uencing the domain of mathematics teaching in school the stable net-
work provided by the discipline in terms of defi nitions, theorems and examples. In 
the teaching incident that we observed, the subject structure served as a kind of 
safety net for the teacher. That is, the subject matter goals and beliefs are rooted 
robustly in mathematics and dominate the pedagogical content goals and beliefs. 
The possibility of abandoning the term slope does not occur for the teacher either 
during the lesson or in the aftermath of the lesson while refl ecting on the teaching. 

 Such a signature, obviously a powerful frame, maybe blurs the differences 
between goals and beliefs and serves as an overarching theme so that both con-
structs appear as two sides of the same coin.  

    Example 2: Networking a Beliefs Classifi cation 
and Conceptual Change Approaches to Understand 
Changes in Beliefs 

 Whereas conceptual change theories initially focused on knowledge systems, 
Pintrich et al. ( 1993 ) called for also taking into consideration the affective domain. 
Beliefs are part of the affective domain (McLeod  1992 ), and can be used to explain 
why learners who possess the cognitive resources to succeed at mathematical tasks 
still fail (Di Martino and Zan  2001 ). In this context, beliefs transport what learners 
assume to be true about mathematics. Beliefs about mathematics are often based on 
an individual’s own experiences as learner of mathematics. For example, beliefs that 
mathematics is ‘diffi cult’, ‘all about one answer’, or ‘all about memorizing formu-
las’ stem from classroom experiences where these ideas were implicitly conveyed 
and constantly reinforced. Research has shown that such beliefs are slow to form 
but, once established, are resistant to change even in the face of intervention (Op’t 
Eynde et al.  2001 ; Schommer-Aikins  2004 ). In the context of teaching mathematics, 
beliefs have been used to explain the discordance between teachers’ knowledge of 
mathematics and their teaching practices. This research has revealed that beliefs 
about  teaching  mathematics also arise from teachers’ experiences as  learners  of 
mathematics (Calderhead and Robson  1991 ; Chapman  2002 ; Feiman-Nemser and 
Featherstone  1992 ; Feiman-Nemser et al.  1987 ; Fosnot  1989 ; Liljedahl  2006 ; Lortie 
 1975 ; Millsaps  2000 ; Skott  2001 ; Uusimaki and Nason  2004 ). So, a belief that 
teaching mathematics is ‘all about telling how to do it’ may come from a belief that 
learning mathematics is ‘all about being told how to do it’, which in turn may have 
come from personal experience as a learner of mathematics. Or it may not have! 
Implication and causality is diffi cult to determine in the context of beliefs. 

 The above-mentioned examples of concrete beliefs about mathematics or its 
teaching and learning reveal a specifi c view on mathematics. In accordance with 
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Dionne ( 1984 ) and Ernest ( 1989 ,  1991 ), Törner and Grigutsch ( 1994 ) labelled such 
beliefs as belonging to the “toolbox aspect”. Here, mathematics is seen as a set of 
rules, formulae, skills and procedures; while mathematical activity means calculat-
ing as well as using rules or formulae and mastering procedures. Besides this tool-
box aspect, one fi nds in the literature at least two other components, sometimes with 
varying notions: the “system aspect” and the “process aspect” (Grigutsch et al. 
 1998 ). In the system aspect, mathematics is characterized by logic, rigorous proofs, 
exact defi nitions and a precise mathematical language, and doing mathematics con-
sists of accurate proofs as well as of the use of a precise and rigorous language. In 
the process aspect, doing mathematics is considered as a constructivist process 
where relations between different notions and sentences play an important role. 
Here the mathematical activity involves creative steps, such as generating rules and 
formulae, thereby inventing or re- inventing mathematics. In addition to these three 
perspectives on beliefs about mathematics and its teaching and learning, a further 
component is the usefulness or utility of mathematics (Grigutsch et al.  1998 ). Since 
beliefs are often referred to as a “messy construct” (Furinghetti and Pehkonen  2002 ; 
Pajares  1992 ), considering them as consisting of different components enables 
some reduction in this “messiness”. Besides, this classifi cation allows for identify-
ing changes in beliefs, as will be illustrated later. 

 However, using this classifi cation in order to code beliefs about mathematics and 
its teaching and learning, and fi nally to trace changes in teachers’ beliefs, does not 
explain how and why these changes are occurring. To be more clear, classifying 
mathematical beliefs as toolbox, system or process aspect at different points in time 
can show that changes have occurred, but does not give any information about the 
mechanisms behind this change. For a better understanding of the underlying condi-
tions, two strands of conceptual change approaches will be briefl y sketched in the 
following (Vosniadou and Verschaffel  2004 ; Appleton  1997 ). 

 Worth noting in this regard is that the conditions described for the conceptual 
change approach by Vosniadou and Verschaffel ( 2004 ) refer to the prerequisites that 
an individual needs to bring before undergoing any change. For conditions on the 
instructional level that may produce change see Rolka et al. ( 2006 ). 

 The conceptual change approach used in the fi eld of learning and instruction, 
initially in the domain of science (Posner et al.  1982 ), is based on the philosophy 
and history of science (Kuhn  1970 ), and was afterwards adapted to mathematics 
learning as well (Vosniadou and Verschaffel  2004 ). In accordance with Kuhn ( 1970 ), 
Posner et al. ( 1982 ) suggest that three conditions must be fulfi lled so that a concep-
tual change can take place: (a) students do not come to instruction as “tabulae rasae” 
but already possess knowledge about certain phenomena, and, in some cases, this 
stands in contrast to the accepted scientifi c theories that explain these phenomena; 
hence, it is important to note that these “misconceptions” are formed through lived 
experiences without formal instruction; (b) students must be dissatisfi ed or feel dis-
comfort with existing conceptions or theories; and (c) there is a phenomenon of 
theory replacement, initiated by the mechanism of ‘cognitive confl ict’ which basi-
cally refers to the assumption that before a new theory can be adopted the current 
theory needs to be rejected. In the best case, this model can be seen as partial 
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 understandings rather than incorrect understandings. The perfection of these models 
is achieved through further instruction based on constructivist theories of learning. 

 Although the theory of conceptual change focuses primarily on cognitive aspects 
of conceptual change, it is equally applicable to metaconceptual, motivational, 
affective and socio-cultural factors as well (   Vosniadou and Verschaffel  2004 ; 
Liljedahl et al.  2007b ). In the following, we briefl y sketch how this approach can be 
used for describing changes in pre-service teachers’ mathematical beliefs by outlin-
ing that each of the three criteria (a) to (c) presented above is equally applicable to 
tracing changes in teachers’ mathematical beliefs. In the sense of the criteria “lived 
experiences”, pre-service teachers also do not come to teacher education as “tabulae 
rasae”, as Ball ( 1988 ) points out: “Long before they enroll in their fi rst education 
course or math methods course, they have developed a web of interconnected ideas 
about mathematics, about teaching and learning mathematics, and about schools”. 
During their time as students of mathematics they fi rst formulated, and then con-
cretized, deep-seated beliefs about mathematics and what it means to learn and 
teach mathematics. Unfortunately, these deep-seated beliefs often run counter to 
contemporary research on what constitutes good practice. As such, it is one of the 
roles of teacher education programmes to reshape these beliefs and extend insuffi -
cient beliefs that could impede effective teaching in mathematics (Green  1971 ). 
Certainly, one could raise the objection that the formation of pre-service teachers’ 
mathematical beliefs cannot be viewed as being formed outside a context of formal 
instruction. For sure, their experiences as learners of mathematics are situated 
within a setting of formal instruction at school, but here the focus of that instruction 
was on mathematical contents and not on the nature of mathematical knowledge or 
the question of how mathematics should be taught or learned. Hence, mathematical 
beliefs are tacitly constructed and, therefore, the condition of “lived experience” is 
met. In comparison to the original theory of conceptual change in learning and 
instruction proposed by Posner et al. ( 1982 ), we do not aim to judge beliefs as inad-
equate or inappropriate, as “misbeliefs”. Rather, we would like to emphasize that – 
referring to the above-mentioned classifi cation of mathematical beliefs according to 
Dionne ( 1984 ) and Ernest ( 1989 ,  1991 ) – all three (or four) aspects in some sense 
do play a valuable role in answering the question “What is mathematics?” In some 
papers found in the literature, the toolbox aspect is presented as being rather unac-
ceptable. However, which mathematician would, indeed, claim that mathematics 
has nothing to do with numbers, rules or calculations? It is important to note here 
that a sole view on mathematics as toolbox is certainly insuffi cient and it is strongly 
desirable to enrich this view with ideas from the system and process aspect. In the 
case of pre-service mathematics teachers, it can be noted that they often come to 
teacher education courses with a dominance of the toolbox and system aspect 
(Rolka et al.  2006 ). 

 The criteria (b) and (c) are equally given. The teachers must feel some discom-
fort with their existing beliefs and they must experience that they can benefi t from 
alternative beliefs that are useful, plausible and fruitful for them. However, in line 
with our remarks above, belief rejection would not be an appropriate term as the 
notion of incorrect beliefs as such is not appropriate. 
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 Another approach also focusing on conceptual change is given by Appleton 
( 1997 ), who elaborated a model for describing and analysing students’ learning 
especially during science lessons. This model offers, according to Piaget’s terms of 
assimilation and accommodation, different possibilities of what happens when stu-
dents are confronted with new information and experiences. When this new infor-
mation is processed, one of three possibilities is likely to occur:

•     Identical fi t : The new information may form an apparent identical fi t with an 
existing idea. This means that the students are able to make sense of the new 
information on the basis of their existing knowledge. This does not imply the 
correctness of the students’ explanations.  

•    Approximate fi t : The new information forms an approximate fi t with an existing 
idea in which aspects are seen to be related, but details may be unclear. These 
students encounter new ideas but do not give up old ones. However, even if con-
tradictory, they do not reach a situation where a cognitive confl ict could take 
place. Hence, new information is assimilated but not accommodated.  

•    Incomplete fi t : The new information is acknowledged as not being explained by 
the ideas tried so far. This incomplete fi t of information results in a cognitive 
confl ict. When students experience an incomplete fi t they try to reduce the con-
fl ict by seeking information which might provide a solution.    

 The main mechanism for change in Appleton’s model is  cognitive confl ict . 
Although it was originally conceived in the context of knowledge change, we 
explore in the following how the categories can be applied to capture belief changes. 
The theory of Appleton ( 1997 ) enables categorizing the different reactions of stu-
dents when confronted with new ideas. The main difference between identical, 
approximate and incomplete fi t is the presence of  cognitive confl ict , which proves to 
be also the decisive tool for change in beliefs.  

    Illustrating the Networking of the Two Theories 
with Empirical Data 

 The data that are used to illustrate the networking of the beliefs classifi cation and the 
conceptual change approaches come from a research study that looked more broadly 
at initiating changes in pre-service teachers’ beliefs (Liljedahl et al.  2007a ,  b ). 
Participants in this study were 39 pre-service elementary school teachers enrolled in 
a Designs for Learning Elementary Mathematics course which was taught with the 
implicit goal of teaching for conceptual change in beliefs. The students were immersed 
into a problem-solving environment for initiating metacognitive discourse about their 
mathematics-related beliefs. In addition, the students encountered different instruc-
tional strategies so that they were encouraged to change their conceptions about the 
meaning of mathematics teaching and learning. Throughout the course the partici-
pants kept a refl ective journal in which they documented their beliefs. In the fi rst and 
fi nal week of the course, they were asked to respond to the following questions:
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•    What is mathematics?  
•   What does it mean to learn mathematics?  
•   What does it mean to teach mathematics?    

 In this section we start by presenting an example for beliefs change in terms of 
the classifi cation by Grigutsch, Raatz and Törner, the four criteria (a) to (d) of the 
theory of conceptual change, and the model of learning by Appleton. In the follow-
ing, we present excerpts from David’s journal entries where he answers the above- 
mentioned three questions. 

 At the beginning of the course, David writes the following:

  When fi rst pondering the question, “What is mathematics?” I initially thought that mathe-
matics is about numbers and rules. It is something that you just do and will do well as long 
as you follow the rules or principles that were created by some magical man thousands of 
years ago. […] To be honest, I don’t like math. I found it so boring and so robotic. Lessons 
were set up in a robotic way. The teachers would show us the principles and then we would 
do the exercises. 

   David nicely articulates that his view on mathematics is strongly informed by his 
experiences with mathematics learning. Using the above-mentioned classifi cation 
of mathematical beliefs, his answer is coded as “toolbox aspect”. Using the concep-
tual change approach, this is an adequate example of illustrating the fi rst condition 
for a possible change, namely the role of experiences made by an individual. His 
lived experience as a student of mathematics is informing his current understanding 
of what mathematics is. It is also informing his understanding of what it means to 
teach mathematics – robotic. 

 He continues his remarks by stating:

  I wish my initial defi nition could be different but this is the kind of math that I was 
exposed to. 

   Here it becomes obvious that David is not satisfi ed with his view on mathemat-
ics or – as he calls it – defi nition of mathematics, which is part of the second 
condition of the conceptual change approach. Interestingly, David entered the 
course already expressing a certain discomfort with his beliefs about mathematics 
and the teaching and learning of mathematics. However, as there exists no alterna-
tive for him, he has not yet fully let go these beliefs, as becomes apparent from 
further analysis of his journal entries. Although not initiated through instruction, 
it could be said that David has already experienced cognitive confl ict with respect 
to his beliefs. 

 In his last journal entry, David expresses and explicitly refl ects his change:

  However, after experiencing a couple of challenging problems and exciting classes, I have 
to say that my defi nition [of mathematics] can be summed up very simply. To me, mathe-
matics is not about answers, it’s about process. Mathematics is about exploring, investigat-
ing, representing, and explaining problems and solutions. Learning math is about inquiry 
and the development of strategies. It is about using your intuition, experimenting with strat-
egies and discussing the outcome. It is about risk taking and experimenting. To teach math-
ematics is to welcome all ideas that are generated and facilitate discussion. It is about letting 
the students make sense of the math in their own way, not ‘my way’. The teacher’s role is 
about guiding the process, but handing the problem over to the students. 
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   Not only can a change be noted, but using the classifi cation introduced above one 
can say that this answer corresponds to the process aspect. In terms of the concep-
tual change approach, it becomes clear that he not only distances himself from his 
original beliefs (“math is not about answers”) but also expresses another belief 
instead (“it’s about process”) which illustrates the third condition. 

 Finally, in order to make sense of David’s change in terms of the model estab-
lished by Appleton ( 1997 ), his entries are exemplary of an incomplete change. 

 In the following, we concentrate on providing more evidence that the theory of 
conceptual change can be adapted to describe changes in beliefs by examples for the 
two other possibilities of change introduced by Appleton ( 1997 ). 

 Jacqueline is an example where we observed an identical fi t. In her fi rst journal 
entry, Jacqueline writes the following:

  To teach mathematics, is to guide the learner through the process. It is not the job of the 
teacher to supply the answer, but to scaffold the process in order for the learners to be suc-
cessful problem solvers. Guiding the students through the process also allows the learners 
to discover at their own pace and be at the centre of their learning. 

   Jacqueline focuses on the role of the teacher as a guide. In her last entry she still 
remains in this position:

  Finally to teach mathematics is to teach through facilitation. The teacher is there to guide 
students through the process and supply them with the most effi cient tools to solve a prob-
lem. It is ultimately up to the student to discover for themselves. […] It is also the role of 
the teacher not to provide the answer but put this on the students to solve in the way that 
best suits them. 

   This example shows that the ideas offered by the course seem to fi t perfectly with 
what Jacqueline has experienced so far. There is no apparent need for her to change 
her beliefs. 

 Aleksandra is an example where an approximate fi t took place. She writes in her 
fi rst journal entry the following:

  I think mathematics is something more than just the use of numbers. It is a way of thinking, 
a way of knowing things and fi guring things out. I believe that it is one of the many ways 
that some people understand life, connected to multiple intelligences. What I mean is that 
it is beyond just looking at the world “numerically” and calculating things – it is logical 
reasoning. Mathematics is a belief that everything has a rational explanation. It is an abstract 
and conceptual way of thinking about the world around us and solving logical problems. 

   In few words, Aleksandra views mathematics as a way of thinking. In her last 
entry, she states:

  I now realize that my understanding of what mathematics is has not really changed but 
expanded through the course of this class. I would add to this defi nition [that she used in her 
fi rst entry] that it is also the way we examine information and analyse it. It is the use of 
mathematical concepts in real life situations and the fl exible way of thinking about num-
bers, algorithms, patterns, etc. that apply to life. It is an abstract way of looking at the world, 
through the visualization of number and spatial concepts. It is also using logical and deduc-
tive reasoning and making inferences, evaluation problems and situations and making judg-
ments and decisions in given situations. It is the ability to predict and plan and visualize 
things that are not necessarily presented to us visually. 
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   Aleksandra articulates that her understanding of what mathematics is has not 
really changed but she emphasizes that she added some beliefs to her already exist-
ing ones. Hence, the course did not succeed in producing a fundamental change in 
her beliefs. 

 The last example was chosen to give evidence for our remark above that beliefs 
are not simply replaced but how refl ection serves as an important catalyst to allow 
for changes. In her fi rst entry, Nicola answers the question “What is mathematics?” 
as follows:

  The fi rst thing that comes to my mind is numbers. I think of math as being calculations such 
as adding and subtracting or dividing and multiplying using numbers. […] 

   Concerning the question “Why do we teach mathematics?” she states:

  I believe that we encounter math everyday in our lives. For example, buying groceries, we 
need to know how to add and the value of coins and dollars. We need to know how to budget 
our money. We need to measure cups and table spoons when we are cooking and add up the 
calories we are eating. […] Therefore I believe we teach mathematics to function in our 
daily lives. 

   In her last entry she states:

  I realize that math is more of a process. There often is a right or a wrong answer but we 
can’t focus on that. We need to value the fact that there is a thinking process of how we feel 
and of what we did to solve the problem. […] Mathematics is a set of tools. The more we 
use the tools, the better that we become with them. […] I still do believe that math involves 
an element of memorization. What I do think as well is that before memorization happens, 
comprehension and the “why” needs to happen. There is no sense in memorizing things we 
don’t understand because we will be sure to get stuck later down the road. […] So if learn-
ing math needs a “why” then we must teach to the “why”. I think the best way to fi gure out 
why is through self- discovery. I think as a teacher it is important to have interactive thought 
provoking activities that provide a time for students to ask themselves, their classmates and 
their teacher questions about why and how. 

   It becomes obvious that Nicola justifi es her former beliefs in some sense but also 
makes clear that new beliefs have been added.  

    Conclusions 

 The fi eld of beliefs research has developed into different directions which can 
roughly be sketched by the different research paradigms that were developed in 
psychology and mathematics education. In addition, much discussion on mathemat-
ics beliefs research has concentrated on the difference between knowledge and 
beliefs and has led to cognitive theories that mainly omitted beliefs research. Our 
approach has been to extend theories initially developed for knowledge categoriza-
tion and development to the fi eld of beliefs. 

 We showed two examples for networking prominent theories from psychology 
and mathematics education that helped to extend the understanding of the role of 
beliefs. First, we elaborated on Schoenfeld’s theory of  Teaching-In-Context  that 
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captures teacher behaviour from a local view as a function of teacher knowledge, 
goals and beliefs by extending the knowledge categorization provided by Shulman 
( 1986 ) to the fi elds of beliefs and goals. In addition, we used Shulman’s ( 2005a ,  b ) 
overarching theory of signature pedagogies to understand the signifi cant role of 
beliefs from a global view. By analysing a specifi c teaching episode we showed that 
those theoretical lenses helped to clarify the turning point that occurred during the 
lesson under observation. 

 Second, we developed further ideas of conceptual change originally conceived in 
the context of knowledge (Ernest  1989 ; Vosniadou and Verschaffel  2004 ; Appleton 
 1997 ) to explore belief changes which were analysed by using the classifi cation of 
mathematical beliefs based on the work by Dionne ( 1984 ) and Ernest ( 1989 ). 
Changes in beliefs could then be illustrated in more detail. As suggested in the lit-
erature, we used different theoretical lenses to analyse the same data set. We found 
evidence in our data that broadening the theoretical approach is fruitful for gaining 
a deeper understanding of the construct.     
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