Canonical Superenergy Tensors in General
Relativity: A Reappraisal

Janusz Garecki

Abstract We discuss the role of the canonical superenergy tensors.

1 Introduction

In the framework of general relativity (GR), as a consequence of the Einstein Equiv-
alence Principle (EEP), the gravitational field has non-tensorial strengths I kil = {;d}
and admits no energy-momentum tensor. One can only attribute to this field gravi-
tational energy-momentum pseudotensors. The leading object of such a kind is the
canonical gravitational energy-momentum pseudotensor Etl.k proposed already in
past by Einstein. This pseudotensor is a part of the canonical energy-momentum
complex EKl-k in GR.

The canonical complex g K l.k can easily be obtained by rewriting Einstein equa-
tions to the superpotential form

ek = VIgl(T 5 + e*) = w0, M

where T = T* is the symmetric energy-momentum tensor for matter, g =
det[gir], and
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Etl.k are components of the canonical energy-momentum pseudotensor for gravita-
tional field, and rU; K1 'is von Freud superpotential.

ek = V1gl(T* +£ 1) (3)
are components of the Einstein canonical energy-momentum complex for matter and
gravity.

In consequence of (1) the complex EKl.k satisfies local conservation laws
k
K", =0. 4

In very special cases one can obtain reasonable integral conservation laws from
these local conservation laws. Additionally, one can also introduce the canonical
superenergy tensors. This was done in past in a series of our articles (see, e.g.,
[1-11] and references therein).

It appears that the idea of the superenergy tensors is universal: to any physical
field having an energy-momentum tensor or pseudotensor one can attribute a corre-
sponding superenergy tensor.

2 The Canonical Superenergy Tensors

Here we give a short description of the general, constructive definition of the superen-
ergy tensor Sab applicable to gravitational field and to any matter field. The definition
uses locally Minkowskian structure of the spacetime and, therefore, it fails in a space-
time with torsion, e.g., in a Riemann-Cartan spacetime.

In the normal Riemann coordinates NRC(P) we define (pointwise)

/ [T(i,”;@) T&?(P)}dsz

2
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where

b i b
T((a)) =T k(Y)el(a)(y)eli "),

T(P) =T, *(P)e ,, (PYe” (P) = T,°(P)

are physical or tetrad components of the pseudotensor or tensor field which describes
an energy-momentum distribution, and { y’ } are normal coordinates. ¢’ @) e k(b) ()

denote an orthonormal tetrad ei( a)(P) = 851 and its dual ek(a)(P) = 8¢, parallelly
propagated along geodesics through P (P is the origin of the NRC(P)).
We have

i b
e () =8, 6)
For a sufficiently small 4-dimensional domain 2 which surrounds P we require

/y"dsz =0, /y"ykdrz =M, (7
2 2

where

M= / 2de = / hH2de = / (vH2de = / (*)?d (8)
2 2 2 2

is a common value of the moments of inertia of the domain §2 with respect to the
subspaces y' =0, (i =0,1,2,3).
As £2 we can take, e.g., a sufficiently small ball centered at P:

O+ 0D+ 0D+ 0D < R ©)
which for an auxiliary positive-definite metric
Wt =20V — gk, (10)

can be written in the form ‘
hiey'y* < R%. (11)

A fiducial observer O is at rest at the origin P of the Riemann normal coordinates
NRC(P) and its four- velocity is V= % (Sf,, where * means that equation is valid
only in special coordinates. In [3] o (P; y) denotes the two-point world function
introduced by J.L. Synge [12]:

1, » 2 2 2
o(P;y) =5 (v —y" =" =y7). (12)
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The world function o (P; y) can be defined covariantly by the eikonal-like expres-
sion [12] _
g’ko,io,k =20, 0= dj0, (13)

together with requirements
o(P; P)=0, dio(P; P)=0. (14)
The ball £2 can also be given by the inequality
hi*o ;o < R%. (15)

Tetrad components and normal components are equal at P, so, we will write the
components of any quantity attached to P without tetrad brackets, e.g., we will write
Sab(P) instead of S((LLZ;(P) and so on.

If T, k(y) are the components of an energy-momentum tensor of matter, then we
get from (5)

wSL(P V) = (20" = "™V v, 1,0 = iV, v, T,". (16)

Hat over a quantity denotes its value at P, and V means covariant derivative.
Tensor ,, Sab (P; V') is called the canonical superenergy tensor for matter.
For the gravitational field, substitution of the canonical Einstein energy-momen-
tum pseudotensor as 7; Kin (5) gives

oSLPVY =R"WL (17)
where
2a
b b b
Wa Im = ?[B alm + Palm
1 ik
— ESZR”m(Rijk] + Rikjl) + 283132E(1|8Eﬁm)
2 b b
= 3B°Eaq By + 28R 4111y En]-
Here o = % = ﬁ, and
1
k. k k
ES:=T"— 551. T (18)

is the modified energy-momentum tensor of matter.!

! In terms of El.k Einstein equations read Rik =8 Eik.
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On the other hand

alm

are the components of the Bel-Robinson tensor (BRT), while

alm

is the Bel-Robinson tensor with “transposed” indices (ik).
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. 1, i
B?, .= 2Rbll(€”Raik|m) — EasR”[Rijkm (19)

. 1 ik
P, = 2R" Ragiim) — ESZR” | Rjkim (20)

In vacuum gSab (P; v ) takes the simpler form

8 1 Aik A 1y i) A
¢SS (P = jhlm ("% Cairimy — E‘SZCl( p()ucikp\m))- 2h

Here C9,;,, denotes components of the Weyl tensor.

Some remarks:

. In vacuum the quadratic form Sab v¢yp, where vAv, = 1, is positive-definite. This
form gives the gravitational superenergy density €, for a fiducial observer O.

. In general, the canonical superenergy tensors are uniquely determined only along
the world line of an observer O. But in special cases, e.g., in Schwarzschild
spacetime or in Friedmann universes, when there exists a physically and geomet-
rically distinguished four-velocity field v (x), one can introduce, in a unique way,
unambiguous fields gS,.k(x; v!) and mSik(x; vh.

. It can be shown that the superenergy densities &g, &,,, which have dimension

Joul , S|
%, exactly correspond to the Appel’s energy of acceleration yaa. The

Appel’s energy of acceleration plays the fundamental role in Appel’s approach
to classical mechanics [13-15].

. We have proposed, in our previous papers, to use the tensor gSik (P; V') as grav-
itational energy-momentum tensor.

. We have used the canonical superenergy tensors gSl.k and ,, Sl.k to local (and also
to global) analysis of some well-known solutions to the Einstein equations like
Schwarzschild, Kerr, Friedmann, G6del, Kasner, Bianchi I, de Sitter and anti-de
Sitter solutions. The obtained results were interesting (see [1-5, 7, 8, 11]), e.g.,
in Godel universes the sign of the superenergy density &; := &, + &, depends on
causality (¢; < 0) and non-causality (¢; > 0), and, in Schwarzschild spacetime
the integral exterior superenergy S is connected with Hawking temperature 7' of

the Schwarzschild black hole: § = 8%‘53 T. We have also studied the transforma-
tion rules for the canonical superenergy tensors under conformal rescaling of the
metric gjx(x) [8, 16].

. The idea of the superenergy tensors can be extended to angular momentum (see,
[3, 10]). The angular supermomentum tensors do not depend on a radius vector
and, in gravitational case, they depend only on “‘spinorial part” of the suitable

gravitational angular momentum pseudotensor.
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7. As aresult of averaging, the tensors gSab(P; vl) and mSab(P; ), in general, do
not satisfy any local conservation laws. Only in a symmetric spacetime or in a
spacetime which has constant curvature one can get

[gSah(P; vl)]yb =0. (22)

8. There exists an exchange of the canonical superenergy between gravity and matter
in the following sense. Let us consider the consequence of (4)

(APK5) = [(A9elet) + A0 RITH] =0, @3)

where A® := (39) + (3% + (32)> + (83)°.
The quantities (with total balance equal to zero)

A9 (VIglt), AP (ViglT*) (24)

have dimensions of the canonical superenergy and, when taken at the origin P
of the NRC(P) and written covariantly, then they coincide with the canonical
superenergy tensors gSik(P; v, mSl.k (P; V') respectively.

9. Recently we have noticed that the total superenergy density is positive-definite
or null for known stable solutions to the Einstein equations and negative-definite
for unstable solutions. The physical meaning of this fact is under study.

Changing the constructive definition (5) to the form

b b
[T o) = 1, (P)]d22
< Tab(P) >i= lin%)Q
e—

, 25

€2/2 [dS§2 (25)
Q

where ¢ := % > 0 (equivalently R = ¢L) is a real parameter and L is a dimensional

constant:[L] = m, one obtains the averaged relative energy-momentum tensors.

Namely, from (25) one obtains:

L2
<nT,L(PV) >=, stp; v’)? (26)

for matter and 5
L
< t2(P;V) >=, Sb(p; v’)F (27)

for gravity.

The components of the averaged relative energy-momentum tensors have correct
dimensions but they depend on a dimensional parameter L. How to choose the
dimensional parameter L?
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In [7] we have proposed a universal choice of the parameter L. Namely, we have
proposed L = 100Lp ~ 10733 m. Here Lp := \/Fz:? ~ 103 m is the Planck
length.

Such choice of L gives the averaged gravitational relative energy-momentum ten-
sors components which are negligible in comparison with the components of the
energy-momentum tensor for matter. Consequently, with such choice of the parame-
ter L, these tensors play no role in evolution of the material objects and in evolution
of the Universe. On the other hand, the choices can be made such that L = Z%M for
a closed system with mass M, L = A for a gravitational wave of wave length A, and
L= 2G2” L= 130 = ctg in cosmology, which lead us to the averaged relative energy
densities of the same order as ordinary energy density of matter. Here My, Hy, fo
mean mass of the observed part of the Universe, actual value of the Hubble constant
and an approximate age of the Universe respectively.

Of course, there exist other possibilities of choosing the length parameter L.

3 Conclusion

On the superenergy level, or on the averaged relative energy-momentum level, there
seems to be no problem with a suitable expression for energy. However, canonical
superenergy tensors seem more fundamental than the corresponding averaged relative
energy-momentum tensors because they do not depend on the choice of L.
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