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Abstract In this chapter, by the use of the methods of weight functions and
techniques of Real Analysis, we provide a general multidimensional Hilbert-type
integral inequality with a non-homogeneous kernel and a best possible constant
factor. The equivalent forms, the reverses and some Hardy-type inequalities are
obtained. Furthermore, we consider the operator expressions with the norm, some
particular inequalities with the homogeneous kernel and a large number of particular
examples.
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1 Introduction

Suppose that p > 1; 1
p

C 1
q

D 1; f .x/; g.y/ � 0; f 2 Lp.RC/; g 2 Lq.RC/,

jjf jjp D
�Z 1

0

f p.x/dx

� 1
p

> 0;
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jjgjjq > 0. We have the following Hardy–Hilbert’s integral inequality (cf. [1]):

Z 1

0

Z 1

0

f .x/g.y/

x C y
dxdy <

�

sin.�=p/
jjf jjpjjgjjq; (1)

where the constant factor �
sin.�=p/ is the best possible. If am; bn � 0; a D famg1

mD1 2
lp; b D fbng1

nD1 2 lq ,

jjajjp D
( 1X
mD1

apm

) 1
p

> 0;

jjbjjq > 0, then we have the following discrete Hardy–Hilbert’s inequality with the
same best constant �

sin.�=p/ W
1X
mD1

1X
nD1

ambn

mC n
<

�

sin.�=p/
jjajjpjjbjjq: (2)

Inequalities (1) and (2) are important in Analysis and its applications (cf. [1–6]).
In 1998, by introducing an independent parameter � 2 .0; 1�, Yang [7] gave an

extension of (1) for p D q D 2. In 2009 and 2011, Yang [3,4] gave some extensions
of (1) and (2) as follows: If �1; �2 2 R D .�1;1/; �1 C �2 D �; k�.x; y/ is a
nonnegative homogeneous function of degree �� in R2C, with

k.�1/ D
Z 1

0

k�.t; 1/t
�1�1dt 2 RC D .0;1/;

�.x/ D xp.1��1/�1;  .y/ D yq.1��2/�1.x; y 2 RC/;

f .x/; g.y/ � 0, satisfying

f 2 Lp;�.RC/ D
(
f I jjf jjp;� WD

�Z 1

0

�.x/jf .x/jpdx
� 1
p

< 1
)
;

g 2 Lq; .RC/; jjf jjp;�; jjgjjq; > 0, then we have

Z 1

0

Z 1

0

k�.x; y/f .x/g.y/dxdy < k.�1/jjf jjp;� jjgjjq; ; (3)

where the constant factor k.�1/ is the best possible. Moreover, if k�.x; y/ is finite
and k�.x; y/x�1�1.k�.x; y/y�2�1/ is strict decreasing with respect to x > 0.y > 0/,
then for am;bn � 0,
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a D famg1
mD1 2 lp;� D

8<
:aI jjajjp;� WD

( 1X
nD1

�.n/janjp
) 1

p

< 1
9=
;;

b D fbng1
nD1 2 lq; , jjajjp;�; jjbjjq; > 0, we have

1X
mD1

1X
nD1

k�.m; n/ambn < k.�1/jjajjp;� jjbjjq; ; (4)

where the constant factor k.�1/ is still the best possible.
Clearly, for � D 1; k1.x; y/ D 1

xCy , �1 D 1
q
; �2 D 1

p
, (3) reduces to (1), while (4)

reduces to (2). Some other results including multidimensional Hilbert-type integral
inequalities are provided by Yang et al. [8], Krnić and Pečarić [9], Yang and Rassias
[10, 11], Azar [12], Arpad and Choonghong [13], Kuang and Debnath [14], Zhong
[15], Hong [16], Zhong and Yang [17], Yang and Krnić [18], and Li and He [19].

In this chapter, by the use of the methods of weight functions and techniques of
real analysis, we give a general multidimensional Hilbert-type integral inequality
with a nonhomogeneous kernel and a best possible constant factor. The equivalent
forms, the reverses and some Hardy-type inequalities are obtained. Furthermore, we
consider the operator expressions with the norm, some particular inequalities with
the homogeneous kernel and a large number of particular examples.

2 Some Lemmas

If i0; j0 2 N.N is the set of positive integers), ˛; ˇ > 0, we put

jjxjj˛ WD
 

i0X
kD1

jxkj˛
! 1

˛

.x D .x1; : : : ; xi0/ 2 Ri0 /;

jjyjjˇ WD
 

j0X
kD1

jykjˇ
! 1

ˇ

.y D .y1; : : : ; yj0/ 2 Rj0/:

Lemma 1. If s 2 N;�;M > 0;�.u/ is a nonnegative measurable function in .0; 1�,
and

DM WD
(
x 2 RsCI 0 < u D

sX
iD1

� xi
M

�� � 1

)
;

then we have the following expression (cf. [6]):
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Z
� � �
Z
DM

�

 
sX
iD1

� xi
M

��!
dx1 � � � dxs

D
Ms� s

�
1
�

�
�s�

�
s
�

�
Z 1

0

�.u/u
s
� �1

du:

(5)

In view of (5) and the conditions, it follows that

(i) for

RsC D
(
x 2 RsCI 0 < u D

sX
iD1

� xi
M

�� � 1.M ! 1/

)
;

we have

Z
� � �
Z

Rs
C

�

 
sX
iD1

� xi
M

��!
dx1 � � � dxs

D lim
M!1

Ms� s
�
1
�

�
�s�

�
s
�

�
Z 1

0

�.u/u
s
� �1

duI
(6)

(ii) for

fx 2 RsCI jjxjj� � 1g

D
(
x 2 RsCI 1

M�
< u D

sX
iD1

� xi
M

�� � 1.M ! 1/

)
;

setting �.u/ D 0
�
u 2 �0; 1

M�

��
, we have

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
�

 
sX
iD1

� xi
M

��!
dx1 � � � dxs

D lim
M!1

Ms� s
�
1
�

�
�s�

�
s
�

�
Z 1

1
M�

�.u/u
s
� �1

duI
(7)

(iii) for

fx 2 RsCI jjxjj� � 1g

D
(
x 2 RsCI 0 < u D

sX
iD1

� xi
M

�� � 1

M�

)
;
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setting �.u/ D 0
�
u 2 � 1

M� ;1
��

, we have

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
�

 
sX
iD1

� xi
M

��!
dx1 � � � dxs

D
Ms� s

�
1
�

�
�s�

�
s
�

�
Z 1

M�

0

�.u/u
s
� �1

du:

(8)

Lemma 2. For s 2 N;� > 0, " > 0, we have

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
jjxjj�s�"� dx1 � � � dxs D

� s
�
1
�

�
"�s�1�

�
s
�

� ; (9)

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
jjxjj�sC"� dx1 � � � dxs D

� s
�
1
�

�
"�s�1�

�
s
�

� : (10)

Proof. By (7), it follows

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
jjxjj�s�"� dx1 � � � dxs

D
Z

� � �
Z

fx2Rs
C

Ijjxjj��1g

8<
:M

"
sX
iD1

� xi
M

��# 1
�

9=
;

�s�"

dx1 � � � dxs

D lim
M!1

Ms� s
�
1
�

�
�s�

�
s
�

�
Z 1

1
M�

.Mu1=� /�s�"u
s
� �1

du

D
� s
�
1
�

�
"�s�1�

�
s
�

� :

By (8), we find

Z
� � �
Z

fx2Rs
C

Ijjxjj��1g
jjxjj�sC"� dx1 � � � dxs

D
Z

� � �
Z

fx2Rs
C

Ijjxjj��1g

8<
:M

"
sX
iD1

� xi
M

��# 1
�

9=
;

�sC"

dx1 � � � dxs

D
Ms� s

�
1
�

�
�s�

�
s
�

�
Z 1

M�

0

.Mu1=� /�sC"u
s
� �1

du D
� s
�
1
�

�
"�s�1�

�
s
�

� :
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Hence, we have (9) and (10). The lemma is proved.

Note. By (9) and (10), for ı D ˙1, we have the following unified expression:

Z
� � �
Z

fx2Rs
C

Ijjxjjı��1g
jjxjj�s�ı"� dx1 � � � dxs D

� s
�
1
�

�
"�s�1�

�
s
�

� : (11)

Definition 1. If x D .x1; : : : ; xi0/ 2 Ri0C; y D .y1; : : : ; yj0/ 2 Rj0
C, h.u/ is a

nonnegative measurable function in RC; 	 2 R, ı 2 f�1; 1g, then we define two
weight functions !ı.	; y/ and $ı.	; x/ as follows:

!ı.	; y/ W D jjyjj	ˇ
Z

R
i0
C

h.jjxjjı˛jjyjjˇ/ dx

jjxjji0�ı	˛

; (12)

$ı.	; x/ W D jjxjjı	˛
Z

R
j0
C

h.jjxjjı˛jjyjjˇ/ dy

jjyjjj0�	ˇ

: (13)

By (6), we find

!ı.	; y/ D jjyjj	ˇ
Z

R
i0
C

h
�
Mı

hPi0
iD1

�
xi
M

�˛i ı˛ jjyjjˇ
�

Mi0�ı	
hPi0

iD1
�
xi
M

�˛i i0�ı	
˛

dx

D jjyjj	ˇ lim
M!1

Mi0� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

0

h.Mıu
ı
˛ jjyjjˇ/

M i0�ı	u
i0�ı	
˛

u
i0
˛ �1du

D jjyjj	ˇ lim
M!1

Mı	� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

0

h.Mıu
ı
˛ jjyjjˇ/u ı	

˛ �1du:

Setting v D Mıu
ı
˛ jjyjjˇ in the above integral, in view of ı D ˙1, we obtain

!ı.	; y/ D K2.	/ WD � i0
�
1
˛

�
˛i0�1�

�
i0
˛

�k.	/; (14)

where k.	/ D R1
0
h.v/v	�1dv.

By (6), setting v D M jjxjjı˛u
1
ˇ , we find

$ı.	; x/ D jjxjjı	˛
Z

R
j0
C

h

�
M jjxjjı˛

hPj0
jD1

� yj
M

�ˇi 1ˇ	

Mj0�	
hPj0

jD1
� yj
M

�ˇi j0�	

ˇ

dy
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D jjxjjı	˛ lim
M!1

Mj0� j0
�
1
ˇ

�
ˇj0�

�
j0
ˇ

�
Z 1

0

h
�
M jjxjjı˛u

1
ˇ

�

Mj0�	u
j0�	
ˇ

u
j0
ˇ �1

du

D jjxjjı	˛ lim
M!1

M	� j0
�
1
ˇ

�
ˇj0�

�
j0
ˇ

�
Z 1

0

h
�
M jjxjjı˛u

1
ˇ

�
u
	
ˇ�1

du

D K1.	/ WD
� j0

�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�k.	/: (15)

Lemma 3. As the assumptions of Definition 1, for k.	/ 2 RC, p 2 Rnf0; 1g; 1
p

C
1
q

D 1, setting

QI WD
Z
n
x2R

i0
C

Ijjxjjı˛�1
o jjxjjı	� ı"

p �i0
˛

"Z
n
y2R

j0
C

Ijjyjjˇ�1
o h
�jjxjjı˛jjyjjˇ� jjyjj	C "

q �j0

ˇ dy

#
dx;

(16)

then we have

" QI � QK.	/C o.1/." ! 0C/; (17)

where QK.	/ WD L.˛; ˇ/k.	/;

L.˛; ˇ/ WD
� j0

�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

� � i0
�
1
˛

�
˛i0�1�

�
i0
˛

� : (18)

Moreover, if there exists a constant ı0 > 0, such that for any Q	 2 .	 � ı0; 	 C
ı0/; k. Q	/ 2 R, then we have

" QI D QK.	/C o.1/." ! 0C/: (19)

Proof. For " > 0, setting Q	 D 	 C "
q

and

H.jjxjjı˛/ WD jjxjjıQ	
˛

Z
n
y2R

j0
C

Ijjyjjˇ�1
o h
�jjxjjı˛jjyjjˇ

� jjyjjQ	�j0
ˇ dy;

in view of (16), it follows

QI D
Z
n
x2R

i0
C

Ijjxjjı˛�1
o jjxjj�ı"�i0˛ H

�jjxjjı˛
�
dx:
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Putting

�.u/ D h.jjxjjı˛Mu
1
ˇ /M Q	�j0u

1
ˇ .Q	�j0/;

by (8), we find

H.jjxjjı˛/ D jjxjjıQ	
ˇ

Mj0� j0
�
1
ˇ

�
ˇj0�

�
j0
ˇ

�

�
Z 1

Mˇ

0

h.jjxjjı˛Mu
1
ˇ /M Q	�j0u

1
ˇ .Q	�j0/u

j0
ˇ �1

du

D jjxjjıQ	
˛

M Q	� j0
�
1
ˇ

�
ˇj0�

�
j0
ˇ

�
Z 1

Mˇ

0

h.jjxjjı˛Mu
1
ˇ /u

Q	
ˇ�1

du:

Setting v D jjxjjı˛Mu
1
ˇ in the above, it follows

L.jjxjjı˛/ D
� j0

�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
Z jjxjjı˛

0

h.v/v Q	�1dv:

Putting �.u/ D M�ı"�i0u 1
˛ .�ı"�i0/H.Mıu

ı
˛ /, for ı D 1, by (7), we obtain

QI D lim
M!1

Mi0� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

1
M˛

M�"�i0u 1
˛ .�"�i0/H.Mu

1
˛ /u

i0
˛ �1du

D lim
M!1

M�"� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

1
M˛

H.Mu
1
˛ /u

�"
˛ �1du

D � i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
Z 1

1

H.t/t�"�1dt.t D Mu
1
˛ /I

for ı D �1, by (8), we still find that

QI D Mi0� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

M˛

0

M"�i0u
1
˛ ."�i0/H.M�1u

�1
˛ /u

i0
˛ �1du

D M"� i0
�
1
˛

�
˛i0�

�
i0
˛

�
Z 1

M˛

0

H.M�1u �1
˛ /u

"
˛�1du

D � i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
Z 1

1

H.t/t�"�1dt.t D M�1u
�1
˛ /:
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Hence, we find

" QI D "L.˛; ˇ/

Z 1

1

t�"�1
Z t

0

h.v/v Q	�1dvdt

D "L.˛; ˇ/


Z 1

1

t�"�1
Z 1

0

h.v/v Q	�1dvdt

C
Z 1

1

t�"�1
Z t

1

h.v/v Q	�1dvdt
�

D "L.˛; ˇ/



1

"

Z 1

0

h.v/v Q	�1dvdt C
Z 1

1

�Z 1

v

t�"�1dt
	
h.v/v Q	�1dv

�

D L.˛; ˇ/


Z 1

0

h.v/v Q	�1dvdt C
Z 1

1

h.v/v

�
	� "

p

�
�1
dv

�
: (20)

By Fatou lemma (cf. [20]), it follows

lim
"!0C

" QI D L.˛; ˇ/ lim
"!0C


Z 1

0

h.v/v Q	�1dvdt C
Z 1

1

h.v/v

�
	� "

p

�
�1
dv

�

� L.˛; ˇ/


Z 1

0

lim
"!0C

h.v/v Q	�1dvdt

C
Z 1

1

lim
"!0C

h.v/v

�
	� "

p

�
�1
dv

�
D L.˛; ˇ/k.	/;

and then (17) follows.
Moreover, for 0 < " < ı0 minfjpj; jqjg; Q	 2 �	 � 1

2
ı0; 	 C 1

2
ı0
�
, since

h.v/v Q	�1 � h.v/v.	� 1
2 ı0/�1.v 2 .0; 1�/;

0 �
Z 1

0

h.v/v.	� 1
2 ı0/�1 � k

�
	 � 1

2
ı0

	
< 1;

h.v/v Q	�1 � h.v/v.	C 1
2 ı0/�1.v 2 Œ1;1//;

0 �
Z 1

1

h.v/v.	C 1
2 ı0/�1 � k

�
	 C 1

2
ı0

	
< 1;

by Lebesgue control convergence theorem (cf. [20]), it follows that

Z 1

0

h.v/v Q	�1dv D
Z 1

0

h.v/v	�1dv C o1.1/." ! 0C/;
Z 1

1

h.v/v
.	� "

p /�1dv D
Z 1

1

h.v/v	�1dv C o2.1/." ! 0C/:
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Then by (20), (19) follows. The lemma is proved.

Lemma 4. As the assumptions of Definition 1, if p 2 Rnf0; 1g; 1
p

C 1
q

D 1, f .x/ D
f .x1; : : : ; xi0/ � 0, g.y/ D g.y1; : : : ; yj0/ � 0, then

(i) for p > 1, we have the following inequality:

J1 WD
( Z

R
j0
C

jjyjjp	�j0
ˇ

Œ!ı.	; y/�
p�1

 Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx
!p
dy

) 1
p

�
( Z

R
i0
C

$ı.	; x/jjxjjp.i0�ı	/�i0˛ f p.x/dx

) 1
p

I (21)

(ii) for 0 < p < 1, or p < 0, we have the reverse of (21).

Proof. (i) For p > 1, by Hölder’s inequality with weight (cf. [21]), it follows

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx

D
Z

R
i0
C

h.jjxjjı˛jjyjjˇ/
"

jjxjj.i0�ı	/=q˛ f .x/

jjyjj.j0�	/=pˇ

#" jjyjj.j0�	/=pˇ

jjxjj.i0�ı	/=q˛

#
dx

�
( Z

R
i0
C

h.jjxjjı˛jjyjjˇ/ jjxjj.i0�ı	/.p�1/
˛

jjyjjj0�	ˇ

f p.x/dx

) 1
p

�
( Z

R
i0
C

h.jjxjjı˛jjyjjˇ/
jjyjj.j0�	/.q�1/

ˇ

jjxjji0�ı	˛

dx

) 1
q

D Œ!ı.	; y/�
1
q jjyjj

j0
p �	
ˇ

�
( Z

R
i0
C

h.jjxjjı˛jjyjjˇ/ jjxjj.i0�ı	/.p�1/
˛

jjyjjj0�	ˇ

f p.x/dx

) 1
p

: (22)

Then by Fubini theorem (cf. [20]), we have

J1 �
( Z

R
j0
C

"Z
R
i0
C

h.jjxjjı˛jjyjjˇ/ jjxjj.i0�ı	/.p�1/
˛

jjyjjj0�	ˇ

f p.x/dx

#
dy

) 1
p

D
( Z

R
i0
C

"Z
R
j0
C

h.jjxjj˛jjyjjˇ/ jjxjj.i0�ı	/.p�1/
˛

jjyjjj0�	ˇ

dy

#
f p.x/dx

) 1
p
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D
( Z

R
i0
C

$ı.	; x/jjxjjp.i0�ı	/�i0˛ f p.x/dx

) 1
p

: (23)

Hence, (21) follows.
(ii) For 0 < p < 1, or p < 0, by the reverse Hölder’s inequality with weight (cf.

[21]), we obtain the reverse of (22). Then by Fubini theorem, we still can obtain
the reverse of (21). The lemma is proved.

Lemma 5. As the assumptions of Lemma 4, then

(i) for p > 1, we have the following inequality equivalent to (21):

I WD
Z

R
j0
C

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/g.y/dxdy

�
( Z

R
i0
C

$ı.	; x/jjxjjp.i0�ı	/�i0˛ f p.x/dx

) 1
p

�
( Z

R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy

) 1
q

I (24)

(ii) for 0 < p < 1, or p < 0, we have the reverse of (24) equivalent to the reverse
of (21).

Proof. (i) For p > 1, by Hölder’s inequality (cf. [21]), it follows

I D
Z

R
j0
C

jjyjj
j0
q �.j0�	/
ˇ

Œ!ı.	; y/�
1
q

"Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx
#

�


Œ!ı.	; y/�

1
q jjyjj.j0�	/�

j0
q

ˇ g.y/

�
dy

� J1

( Z
R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy

) 1
q

: (25)

Then by (21), we have (24).
On the other hand, assuming that (24) is valid, we set

g.y/ WD jjyjjp	�j0
ˇ

Œ!ı.	; y/�p�1

 Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx
!p�1

; y 2 Rj0
C:
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Then it follows

J
p
1 D

Z
R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy:

If J1 D 0, then (21) is trivially valid; if J1 D 1, then by (23), (21) keeps the
form of equality (D 1/. Suppose that 0 < J1 < 1. By (24), we have

0 <

Z
R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy D J
p
1 D I

�
( Z

R
i0
C

$ı.	; x/jjxjjp.i0�ı	/�i0˛ f p.x/dx

) 1
p

�
( Z

R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy

) 1
q

< 1:

It follows

J1 D
( Z

R
j0
C

!ı.	; y/jjyjjq.j0�	/�j0ˇ gq.y/dy

) 1
p

�
( Z

R
i0
C

$ı.	; x/jjxjjp.i0�ı	/�i0˛ f p.x/dx

) 1
p

;

and then (21) follows. Hence, (21) and (24) are equivalent.
(ii) For 0 < p < 1, or p < 0, by the same way, we can obtain the reverse of (24)

equivalent to the reverse of (21). The lemma is proved.

3 Main Results and Operator Expressions

Setting

˚ı.x/ WD jjxjjp.i0�ı	/�i0˛ ;

�.y/ WD jjyjjq.j0�	/�j0ˇ .x 2 Ri0C; y 2 Rj0
C/;

by Lemmas 3–5, it follows

Theorem 1. Suppose that ˛; ˇ > 0; 	 2 R; h.v/ � 0,
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k.	/ D
Z 1

0

h.v/v	�1dv 2 RC;

K.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k.	/;

ı 2 f�1; 1g; p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .x/ D f .x1; : : : ; xi0/ � 0, g.y/ D
g.y1; : : : ; yj0/ � 0,

0 < jjf jjp;˚ı D
( Z

R
i0
C

˚ı.x/f
p.x/dx

) 1
p

< 1;

0 < jjgjjq;� D
( Z

R
j0
C

�.y/gq.y/dy

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/ W

I D
Z

R
j0
C

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/g.y/dxdy < K.	/jjf jjp;˚ı jjgjjq;� ; (26)

J WD
( Z

R
j0
C

jjyjjp	�j0
ˇ

 Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx
!p
dy

) 1
p

< K.	/jjf jjp;˚ı I (27)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (26) and (27) with the same best constant factor K.	/.

Proof. (i) For p > 1, by the conditions, we can prove that (22) takes the form of
strict inequality for a.e. y 2 Rj0

C. Otherwise, if (22) takes the form of equality

for a y 2 Rj0
C, then there exist constants A and B , which are not all zero, such

that

A
jjxjj.i0�ı	/.p�1/

˛

jjyjjj0�	ˇ

f p.x/ D B
jjyjj.j0�	/.q�1/

ˇ

jjxjji0�ı	˛

a.e. in x 2 Ri0C: (28)
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If A D 0, then B D 0, which is impossible; if A ¤ 0, then (28) reduces to

jjxjjp.i0�ı	/�i0˛ f p.x/ D Bjjyjjq.j0�	/ˇ

Ajjxjji0˛
a.e. in x 2 Ri0C;

which contradicts the fact that 0 < jjf jjp;˚ı < 1. In fact, by (9) (for " ! 0C/,
it follows

Z
R
i0
C

jjxjj�i0˛ dx �
Z
n
x2R

i0
C

Ijjxjj˛�1
o jjxjj�i0˛ dx D 1:

Hence (22) still takes the form of strict inequality. By (14) and (15), we
obtain (27).

Similarly to (25), we still have

I � J

( Z
R
j0
C

jjyjjq.j0�	/�j0ˇ gq.y/dy

) 1
q

: (29)

Then by (29) and (27), we have (26). It is evident that by Lemma 5 and the
assumptions, inequalities (27) and (26) are also equivalent.

For " > 0, we set Qf .x/; Qg.y/ as follows:

Qf .x/ WD
(
0; 0 < jjxjjı˛ < 1;
jjxjjı

�
	� "

p

�
�i0

˛ ; jjxjjı˛ � 1;

Qg.y/ WD
(

jjyjj	C "
q �j0

ˇ ; 0 < jjyjjˇ � 1;

0; jjyjjˇ � 1:

In view of (11) and (10), it follows

jj Qf jjp;˚ı jj Qgjjq;�

D
( Z

n
x2R

i0
C

Ijjxjjı˛�1
o jjxjj�i0�ı"˛ dx

) 1
p
( Z

n
y2R

j0
C

Ijjyjjˇ�1
o jjyjj�j0C"ˇ dy

) 1
q

D 1

"

(
� i0

�
1
˛

�
˛i0�1�

�
i0
˛

�
) 1

p

8<
:

� j0

�
1
ˇ

�

ˇj0�1�
�
j0
ˇ

�
9=
;

1
q

:

If there exists a constant K � K.	/, such that (26) is valid when replacing
K.	/ by K, then in particular, by (16) and (17), we have
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QK.	/C o.1/ � " QI

D "

Z
R
j0
C

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/ Qf .x/ Qg.y/dxdy

< "Kjj Qf jjp;˚ı jj Qgjjq;�

D K

(
� i0

�
1
˛

�
˛i0�1�

�
i0
˛

�
) 1

p

8<
:

� j0

�
1
ˇ

�

ˇj0�1�
�
j0
ˇ

�
9=
;

1
q

;

and then we find K.	/ � K." ! 0C/. Hence K D K.	/ is the best possible
constant factor of (26).

By the equivalency, we can prove that the constant factor K.	/ in (27) is
the best possible. Otherwise, we would reach a contradiction by (29) that the
constant factor K.	/ in (26) is not the best possible.

(ii) For 0 < p < 1, or p < 0, by the same way, we still can obtain the equivalent
reverses of (26) and (27). For " > 0, we set Qf .x/; Qg.y/ as the case of p > 1.
If there exists a constant K � K.	/, such that the reverse of (26) is valid when
replacing K.	/ by K, then in particular, by (16) and (19), we have

QK.	/C o.1/ D " QI

D "

Z
R
j0
C

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/ Qf .x/ Qg.y/dxdy

> "Kjj Qf jjp;˚ı jj Qgjjq;�

D K

(
� i0

�
1
˛

�
˛i0�1�

�
i0
˛

�
) 1

p

8<
:

� j0

�
1
ˇ

�

ˇj0�1�
�
j0
ˇ

�
9=
;

1
q

;

and then we find K.	/ � K." ! 0C/. Hence K D K.	/ is the best possible
constant factor of the reverse of (26). By the equivalency, we can prove that the
constant factor K.	/ in the reverse of (27) is the best possible. Otherwise, we
would reach a contradiction by the reverse of (29) that the constant factorK.	/
in the reverse of (26) is not the best possible. The theorem is proved.

In particular, for ı D 1 in Theorem 1, we have

Corollary 1. Suppose that ˛; ˇ > 0; 	 2 R; h.v/ � 0,

k.	/ D
Z 1

0

h.v/v	�1dv 2 RC;

K.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k.	/;
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p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .x/ D f .x1; : : : ; xi0/ � 0, g.y/ D g.y1; : : : ; yj0/ � 0,

0 < jjf jjp;˚1 D
( Z

R
i0
C

˚1.x/f
p.x/dx

) 1
p

< 1;

0 < jjgjjq;� D
( Z

R
j0
C

�.y/gq.y/dy

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/:

I D
Z

R
j0
C

Z
R
i0
C

h.jjxjj˛jjyjjˇ/f .x/g.y/dxdy < K.	/jjf jjp;˚1 jjgjjq;� ; (30)

J WD
( Z

R
j0
C

jjyjjp	�j0
ˇ

 Z
R
i0
C

h.jjxjj˛jjyjjˇ/f .x/dx
!p
dy

) 1
p

< K.	/jjf jjp;˚1 I (31)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (30) and (31) with the same best constant factor K.	/.

For i0 D j0 D ˛ D ˇ D 1 in Corollary 1, we have

Corollary 2. Assuming that 	 2 R; k.	/ 2 RC; p 2 Rnf0; 1g; 1
p

C 1
q

D 1, we set

'.x/ WD xp.1�	/�1;  .y/ WD yq.1�	/�1.x; y > 0/:

If f .x/ � 0, g.y/ � 0,

0 < jjf jjp;' D
�Z 1

0

'.x/f p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1;

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k.	/ W

Z 1

0

Z 1

0

h.xy/f .x/g.y/dxdy < k.	/jjf jjp;' jjgjjq; ; (32)
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�Z 1

0

yp	�1

Z 1

0

h.xy/f .x/dx

�p
dy

� 1
p

< k.	/jjf jjp;' I (33)

(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, we have the equivalent reverses of (32) and (33)
with the same best constant factor.

As the assumptions of Theorem 1, for p > 1, in view of J < K.	/jjf jj˚ı , we
can give the following definition:

Definition 2. Define a multidimensional Hilbert-type integral operator

T W Lp;˚ı .R
i0C/ ! Lp;�1�p .R

j0
C/ (34)

as follows: For f 2 Lp;˚ı .R
i0C/; there exists a unique representation

Tf 2 Lp;�1�p .R
j0
C/;

satisfying

.Tf /.y/ WD
Z

R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/dx.y 2 Rj0
C/: (35)

For g 2 Lq;� .R
j0
C/, we define the following formal inner product of Tf and g as

follows:

.Tf; g/ WD
Z

R
j0
C

Z
R
i0
C

h.jjxjjı˛jjyjjˇ/f .x/g.y/dxdy: (36)

Then by Theorem 1, for p > 1; 0 < jjf jjp;˚ı ; jjgjjq;� < 1, we have the
following equivalent inequalities:

.Tf; g/ < K.	/jjf jjp;˚ı jjgjjq;� ; (37)

jjTf jjp;�1�p < K.	/jjf jjp;˚ı : (38)

It follows that T is bounded with

jjT jj WD sup
f .¤
/2Lp;˚ı .R

i0
C
/

jjTf jjp;�1�p
jjf jjp;˚ı

� K.	/:

Since the constant factor K.	/ in (38) is the best possible, we have
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jjT jj D K.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

k.	/: (39)

4 A Corollary for ı D �1

Corollary 3. Suppose that ˛; ˇ > 0; �; 	 2 R; � C 	 D �; k�.x; y/ � 0 is a
homogeneous function of degree ��,

k�.	/ WD
Z 1

0

k�.1; v/v
	�1dv 2 RC;

K�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k�.	/;

p 2 Rnf0; 1g, 1
p

C 1
q

D 1;˚.x/ WD xp.i0��/�i0 ; F .x/ D F.x1; : : : ; xi0/ � 0,
g.y/ D g.y1; : : : ; yj0/ � 0,

0 < jjF jjp;˚ D
( Z

R
i0
C

˚.x/F p.x/dx

) 1
p

< 1;

0 < jjgjjq;� D
( Z

R
j0
C

�.y/gq.y/dy

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/ W
Z

R
j0
C

Z
R
i0
C

k�.jjxjj˛; jjyjjˇ/F.x/g.y/dxdy < K�.	/jjF jjp;˚ jjgjjq;� ; (40)

( Z
R
j0
C

jjyjjp	�j0
ˇ

 Z
R
i0
C

k�.jjxjj˛; jjyjjˇ/F.x/dx
!p
dy

) 1
p

< K�.	/jjF jjp;˚ I
(41)
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(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, then we still have the equivalent reverses
of (40) and (41) with the same best constant factor K�.	/.

In particular, for i0 D j0 D ˛ D ˇ D 1; '1.x/ WD xp.1��/�1, if F.x/ � 0,
g.y/ � 0,

0 < jjF jjp;'1 D
�Z 1

0

'1.x/F
p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1;

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k�.	/ W

Z 1

0

Z 1

0

k�.x; y/F.x/g.y/dxdy < k�.	/jjF jjp;'1 jjgjjq; ; (42)

�Z 1

0

yp	�1

Z 1

0

k�.x; y/F.x/dx

�p
dy

� 1
p

< k�.	/jjF jjp;'1 I (43)

(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, we have the equivalent reverses of (42)
and (43) with the same best constant factor k�.	/.

Proof. For ı D �1 in Theorem 1, setting h.u/ D k�.1; u/ and jjxjj�˛f .x/ D F.x/,
since � D � � 	 , by simplifications, we can obtain (40) and (41) (for p > 1/. It is
evident that (40) and (41) are equivalent with the same best constant factor K�.	/.
By the same way, we can show the cases in 0 < p < 1 or p < 0. The corollary is
proved.

Remark 1. Inequality (42), (43) is equivalent to (32), (33). In fact, Setting x D
1
X
; h.u/ D k�.1; u/ in (32), (33), replacing X�f . 1

X
/ by F.X/, by simplification,

we obtain (42), (43). On the other hand, by (42), (43), we can deduce (32), (33).

5 Two Classes of Hardy-Type Inequalities

If h.v/ D 0.v > 1/, then

h.jjxjjı˛jjyjjˇ/ D 0.jjxjjı˛ > jjyjj�1ˇ /;

by Theorem 1, we have the following first class of Hardy-type inequalities:



788 B. Yang

Corollary 4. Suppose that ˛; ˇ > 0; 	 2 R; h.v/ � 0,

k1.	/ WD
Z 1

0

h.v/v	�1dv 2 RC;

H1.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k1.	/;

ı 2 f�1; 1g; p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .x/ D f .x1; : : : ; xi0/ � 0, g.y/ D
g.y1; : : : ; yj0/ � 0,

0 < jjf jjp;˚ı D
( Z

R
i0
C

˚ı.x/f
p.x/dx

) 1
p

< 1;

0 < jjgjjq;� D
( Z

R
j0
C

�.y/gq.y/dy

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor H1.	/:

Z
R
j0
C

"Z
n
x2R

i0
C

Ijjxjjı˛�jjyjj�1ˇ
o h.jjxjjı˛jjyjjˇ/f .x/dx

#
g.y/dy

< H1.	/jjf jjp;˚ı jjgjjq;� ;
(44)

( Z
R
j0
C

jjyjjp	�j0
ˇ

 Z
n
x2R

i0
C

Ijjxjjı˛�jjyjj�1ˇ
o h
�jjxjjı˛jjyjjˇ

�
f .x/dx

!p
dy

) 1
p

< H1.	/jjf jjp;˚ı I
(45)

(ii) If 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k1. Q	/ 2 R, then we still have the equivalent reverses
of (44) and (45) with the same best constant factor H1.	/.

For i0 D j0 D ˛ D ˇ D 1; ı D 1 in Corollary 4, we have

Corollary 5. Assuming that 	 2 R; k1.	/ 2 RC; p 2 Rnf0; 1g; 1
p

C 1
q

D 1, we set

'.x/ WD xp.1�	/�1;  .y/ WD yq.1�	/�1.x; y > 0/:

If f .x/ � 0, g.y/ � 0,
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0 < jjf jjp;' D
�Z 1

0

'.x/f p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1;

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k1.	/ W

Z 1

0

 Z 1
y

0

h.xy/f .x/dx

!
g.y/dy < k1.	/jjf jjp;' jjgjjq; ; (46)

( Z 1

0

yp	�1
"Z 1

y

0

h.xy/f .x/dx

#p
dy

) 1
p

< k1.	/jjf jjp;' I (47)

(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k1. Q	/ 2 R, we have the equivalent reverses of (46) and (47)
with the same best constant factor k1.	/.

If k�.x; y/ D 0.x < y/, by (42) and (43), we have

Corollary 6. Assuming that �; 	 2 R; �C 	 D �,

k
.1/

� .	/ WD
Z 1

0

k�.1; v/v
	�1dv 2 RC;

p 2 Rnf0; 1g; 1
p

C 1
q

D 1, '1.x/ WD xp.1��/�1, if F.x/ � 0, g.y/ � 0,

0 < jjF jjp;'1 D
�Z 1

0

'1.x/F
p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1;

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k.1/� .	/ W

Z 1

0


Z 1

y

k�.x; y/F.x/dx

�
g.y/dy < k

.1/

� .	/jjF jjp;'1 jjgjjq; ; (48)

�Z 1

0

yp	�1

Z 1

y

k�.x; y/F.x/dx

�p
dy

� 1
p

< k
.1/

� .	/jjF jjp;'1 I (49)
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(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for
any Q	 2 .	 � ı0; 	 C ı0/, k

.1/

� . Q	/ 2 R, we have the equivalent reverses of (48)

and (49) with the same best constant factor k.1/� .	/.

If h.v/ D 0.0 < v < 1/, then

h.jjxjjı˛jjyjjˇ/ D 0.jjxjjı˛ < jjyjj�1ˇ /;

by Theorem 1, we have the following second class of Hardy-type inequalities:

Corollary 7. Suppose that ˛; ˇ > 0; 	 2 R; h.v/ � 0,

k2.	/ WD
Z 1

1

h.v/v	�1dv 2 RC;

H2.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k2.	/;

ı 2 f�1; 1g; p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .x/ D f .x1; : : : ; xi0/ � 0, g.y/ D
g.y1; : : : ; yj0/ � 0,

0 < jjf jjp;˚ı D
( Z

R
i0
C

˚ı.x/f
p.x/dx

) 1
p

< 1;

0 < jjgjjq;� D
( Z

R
j0
C

�.y/gq.y/dy

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor H2.	/ W

Z
R
j0
C

"Z
n
x2R

i0
C

Ijjxjjı˛�jjyjj�1ˇ
o h
�jjxjjı˛jjyjjˇ

�
f .x/dx

#
g.y/dy

< H2.	/jjf jjp;˚ı jjgjjq;� ;
(50)

( Z
R
j0
C

jjyjjp	�j0
ˇ

 Z
n
x2R

i0
C

Ijjxjjı˛�jjyjj�1ˇ
o h.jjxjjı˛jjyjjˇ/f .x/dx

!p
dy

) 1
p

< H2.	/jjf jjp;˚ı I
(51)
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(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k2. Q	/ 2 R, then we still have the equivalent reverses
of (50) and (51) with the same best constant factor H2.	/.

For i0 D j0 D ˛ D ˇ D 1; ı D 1 in Corollary 7, we have

Corollary 8. Assuming that 	 2 R; k2.	/ 2 RC; p 2 Rnf0; 1g; 1
p

C 1
q

D 1, we set

'.x/ D xp.1�	/�1;  .y/ D yq.1�	/�1.x; y > 0/:

If f .x/ � 0, g.y/ � 0,

0 < jjf jjp;' D
�Z 1

0

'.x/f p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1:

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k2.	/ W

Z 1

0

 Z 1
1
y

h.xy/f .x/dx

!
g.y/dy < k2.	/jjf jjp;' jjgjjq; ; (52)

( Z 1

0

yp	�1
"Z 1

1
y

h.xy/f .x/dx

#p
dy

) 1
p

< k2.	/jjf jjp;' I (53)

(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k2. Q	/ 2 R, we have the equivalent reverses of (52) and (53)
with the same best constant factor k2.	/.

If k�.x; y/ D 0.x > y/, by (42) and (43), we have

Corollary 9. Assuming that �; 	 2 R; �C 	 D �,

k
.2/

� .	/ WD
Z 1

1

k�.1; v/v
	�1dv 2 RC;

p 2 Rnf0; 1g; 1
p

C 1
q

D 1, '1.x/ WD xp.1��/�1, if F.x/ � 0, g.y/ � 0,

0 < jjF jjp;'1 D
�Z 1

0

'1.x/F
p.x/dx

� 1
p

< 1;

0 < jjgjjq; D
�Z 1

0

 .y/gq.y/dy

� 1
q

< 1;
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then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k.2/� .	/ W

Z 1

0


Z y

0

k�.x; y/F.x/dx

�
g.y/dy < k

.2/

� .	/jjF jjp;'1 jjgjjq; ; (54)

�Z 1

0

yp	�1

Z y

0

k�.x; y/F.x/dx

�p
dy

� 1
p

< k
.2/

� .	/jjF jjp;'1 I (55)

(ii) for 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for
any Q	 2 .	 � ı0; 	 C ı0/, k

.2/

� . Q	/ 2 R, we have the equivalent reverses of (54)

and (55) with the same best constant factor k.2/� .	/.

6 Multidimensional Hilbert-Type Inequalities
with Two Variables

Suppose that ui .si /; u0
i .si / > 0; ui .a

C
i / D 0; ui .b�

i / D 1.�1 � ai < bi �
1; i D 1; : : : ; i0/, u.s/ D .u1.s1/; : : : ; ui0 .si0 //; vj .tj /; v

0
j .tj / > 0; vj .c

C
j / D

0; vj .d
�
j / D 1 .�1 � cj < dj � 1; j D 1; : : : ; j0/,

v.t/ D .v1.t1/; : : : ; vj0.tj0//,

Q̊
ı.s/ WD jju.s/jjp.i0�ı	/�i0˛h

˘
i0
iD1u0

i .si /
ip�1 ; Q�.t/ WD jjv.t/jjq.j0�	/�j0˛h

˘
j0
jD1v0

j .tj /
iq�1 :

Setting x D u.s/; y D v.t/ in Theorem 1, for

F.s/ WD ˘
i0
iD1u

0
i .si /f .u.s//; G.t/ WD ˘

j0
jD1v

0
j .tj /g.v.t//;

we have

Theorem 2. Suppose that ˛; ˇ > 0; 	 2 R; h.v/ � 0,

k.	/ D
Z 1

0

h.v/v	�1dv 2 RC;

K.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k.	/;

ı 2 f�1; 1g; p 2 Rnf0; 1g, 1
p

C 1
q

D 1, F.s/ D F.s1; : : : ; si0 / � 0, G.t/ D
G.t1; : : : ; tj0 / � 0,
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0 < jjF jjp; Q̊ı D
( Z

fs2Ri0 Iai<si<big
Q̊
ı.s/F

p.s/ds

) 1
p

< 1;

0 < jjGjjq; Q� D
( Z

ft2Rj0 Icj <tj <dj g
Q�.t/Gq.t/dt

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/ W
Z
ft2Rj0 Icj <tj <dj g

Z
fs2Ri0 Iai<si<big

h.jju.s/jjı˛jjv.t/jjˇ/F.s/G.t/dsdt

< K.	/jjF jjp; Q̊ı jjgjjq; Q� ;
(56)

( Z
ft2Rj0 Icj <tj <dj g

jjv.t/jjp	�j0
ˇ

˘
j0
jD1v0

j .tj /

�Z
fs2Ri0 Iai<si<bi g

h.jju.s/jjı˛jjv.t/jjˇ/

F.s/ds

	p
dt

) 1
p

< K.	/jjF jj
p; Q̊ı I

(57)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (56) and (57) with the same best constant factor K.	/.

In particular, for i0 D j0 D ˛ D ˇ D 1,

Q�ı.s/ WD .u.s//p.1�ı	/�1

Œu0.s/�p�1 ; Q .t/ WD .v.t//q.1�	/�1

Œv0.t/�q�1 ;

0 < jjF jjp; Q�ı D
( Z b

a

Q�ı.s/F p.s/ds

) 1
p

< 1;

0 < jjGjjq; Q D
( Z d

c

Q�.t/Gq.t/dt

) 1
q

< 1;

(i) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k.	/ W

Z d

c

Z b

a

h.uı.s/v.t//F.s/G.t/dsdt < k.	/jjF jjp; Q�ı jjGjjq; Q ; (58)
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( Z d

c

.v.t//p	�1v0.t/
 Z b

a

h.uı.s/v.t//F.s/ds

!p
dt

) 1
p

< k.	/jjF jjp; Q�ı I
(59)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (58) and (59) with the same best constant factor k.	/.

In particular, for �; � > 0; ui .si / D s
�
i ; u

0
i .si / D �s

��1
i ; ui .0C/ D 0; ui .1/ D

1.ai D 0; bi D 1; i D 1; : : : ; i0/, Ou.s/ D .s
�
1 ; : : : ; s

�
i0
/; vj .tj / D t

�
j ; v

0
j .tj / D

�t
��1
j ; vj .0

C/ D 0; vj .1/ D 1.cj D 0; dj D 1; j D 1; : : : ; j0/, Ov.t/ D
.t
�
1 ; : : : ; t

�
j0
/, and

Q̊
ı.s/ D 1

�i0.p�1/ O̊
ı.s/; O̊

ı.s/ WD jjOu.s/jjp.i0�ı	/�i0˛�
˘
i0
iD1s

��1
i

�p�1 ;

Q�.t/ D 1

�j0.q�1/ O�.t/; O�.t/ WD jj Ov.t/jjq.j0�	/�j0˛�
˘
j0
jD1t

��1
j

�q�1

in Theorem 2, we have

Corollary 10. Suppose that ˛; ˇ; �; � > 0; 	 2 R; h.v/ � 0,

k.	/ D
Z 1

0

h.v/v	�1dv 2 RC;

K.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k.	/;

ı 2 f�1; 1g; p 2 Rnf0; 1g, 1
p

C 1
q

D 1, F.s/ D F.s1; : : : ; si0 / � 0, G.t/ D
G.t1; : : : ; tj0 / � 0,

0 < jjF jjp; O̊ı D
( Z

R
i0
C

O̊
ı.s/F

p.s/ds

) 1
p

< 1;

0 < jjGjjq; O� D
( Z

R
j0
C

O�.t/Gq.t/dt

) 1
q

< 1:
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(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor 1

�i0=q�j0=p
K.	/ W

Z
R
j0
C

Z
R
i0
C

h.jjOu.s/jjı˛jj Ov.t/jjˇ/F.s/G.t/dsdt

<
1

�i0=q�j0=p
K.	/jjF jjp; O̊ı jjGjjq; O� ;

(60)

( Z
R
j0
C

jj Ov.t/jjp	�j0
ˇ ˘

j0
jD1t

��1
j

 Z
R
i0
C

h.jjOu.s/jjı˛jj Ov.t/jjˇ/

F.s/ds

	p
dt

) 1
p

<
1

�i0=q�j0=p
K.	/jjF jjp; O̊ı I

(61)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (60) and (61) with the same best constant factor 1

�i0=q�j0=p
K.	/.

In particular, for i0 D j0 D ˛ D ˇ D 1,

O�ı.s/ WD sp.1�ı�	/�1; O .t/ WD t q.1��	/�1;

0 < jjF jjp; O�ı D
�Z 1

0

O�ı.s/F p.s/ds

� 1
p

< 1;

0 < jjGjjq; O D
�Z 1

0

O .t/Gq.t/dt

� 1
q

< 1;

(i) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor 1

�1=q�1=p
k.	/ W

Z 1

0

Z 1

0

h.s�ıt�/F.s/G.t/dsdt <
1

�1=q�1=p
k.	/jjF jjp; O�ı jjGjjq; O ; (62)

�Z 1

0

tp�	�1
�Z 1

0

h.s�ıt�/F.s/ds

	p
dt

� 1
p

<
1

�1=q�1=p
k.	/jjF jjp; O�ı I (63)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k. Q	/ 2 R, then we still have the equivalent reverses
of (62) and (63) with the same best constant factor 1

�1=q�1=p
k.	/.
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For ı D �1; h.u/ D k�.1; u/, jju.s/jj�˛F.s/ D f .s/, � D � � 	 and

Q̊ .s/ WD jju.s/jjp.i0��/�i0˛h
˘
i0
iD1u0

i .si /
ip�1

in Theorem 2, by simplifications, we have

Corollary 11. Suppose that ˛; ˇ > 0; �; �; 	 2 R; �C 	 D �; k�.x; y/.� 0/ is
a homogeneous function of degree �� in R2C, with

k�.	/ D
Z 1

0

k�.1; v/v
	�1dv 2 RC;

K�.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k�.	/;

p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .s/ D f .s1; : : : ; si0 / � 0, G.t/ D G.t1; : : : ; tj0 / � 0,

0 < jjf jjp; Q̊ D
( Z

fs2Ri0 Iai<si<big
Q̊ .s/f p.s/ds

) 1
p

< 1;

0 < jjGjjq; Q� D
( Z

ft2Rj0 Icj <tj <dj g
Q�.t/Gq.t/dt

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/ W
Z
ft2Rj0 Icj <tj <dj g

Z
fs2Ri0 Iai<si<big

k�.jju.s/jj˛; jjv.t/jjˇ/f .s/G.t/dsdt

< K�.	/jjf jjp; Q̊ jjGjjq; Q� ;
(64)

( Z
ft2Rj0 Icj <tj <dj g jjv.t/jjp	�j0

ˇ ˘
j0
jD1v

0
j .tj /

 Z
fs2Ri0 Iai<si<big k�.jju.s/jj˛; jjv.t/jjˇ/

� f .s/ds

	p
dt

) 1
p

< K�.	/jjf jjp; Q̊ I
(65)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, then we still have the equivalent reverses
of (64) and (65) with the same best constant factor K�.	/.
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In particular, for i0 D j0 D ˛ D ˇ D 1,

Q�.s/ WD .u.s//p.1��/�1

Œu0.s/�p�1 ; Q .t/ D .v.t//q.1�	/�1

Œv0.t/�q�1 ;

0 < jjf jjp; Q� D
( Z b

a

Q�.s/f p.s/ds

) 1
p

< 1;

0 < jjGjjq; Q D
( Z d

c

Q�.t/Gq.t/dt

) 1
q

< 1;

(i) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k�.	/ W

Z d

c

Z b

a

k�.u.s/; v.t//f .s/G.t/dsdt < k�.	/jjf jjp; Q� jjGjjq; Q ; (66)

( Z d

c

.v.t//p	�1v0.t/
 Z b

a

k�.u.s/; v.t//f .s/ds

!p
dt

) 1
p

< k�.	/jjf jjp; Q� I
(67)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, then we still have the equivalent reverses
of (66) and (67) with the same best constant factor k�.	/.

In particular, for ui .si / D ln si ; u0
i .si / D s�1

i ; ui .1C/ D 0; ui .1/ D 1.ai D
1; bi D 1; i D 1; : : : ; i0/, U.s/ D .ln s1; : : : ; ln si0/; vj .tj / D ln tj ; v0

j .tj / D
t�1j ; vj .1

C/ D 0; vj .1/ D 1.cj D 1; dj D 1; j D 1; : : : ; j0/, V.t/ D
.ln t1; : : : ; ln tj0/, and

Q̊ .s/ D O̊ .s/ WD jjU.s/jjp.i0��/�i0˛�
˘
i0
iD1si

�1�p ;

Q�.t/ D O�.t/ WD jjV.t/jjq.j0�	/�j0˛�
˘
j0
jD1tj

�1�q

in Corollary 10, we have

Corollary 12. Suppose that ˛; ˇ > 0; �; �; 	 2 R; �C 	 D �; k�.x; y/.� 0/ is
a homogeneous function of degree �� in R2C, with

k�.	/ D
Z 1

0

k�.1; v/v
	�1dv 2 RC;



798 B. Yang

K�.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

k�.	/;

p 2 Rnf0; 1g, 1
p

C 1
q

D 1, f .s/ D f .s1; : : : ; si0 / � 0, G.t/ D G.t1; : : : ; tj0 / � 0,

0 < jjf jjp; O̊ D
( Z

fs2Ri0 I1<si<1g
O̊ .s/f p.s/ds

) 1
p

< 1;

0 < jjGjjq; O� D
( Z

ft2Rj0 I1<tj <1g
O�.t/Gq.t/dt

) 1
q

< 1:

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K.	/ W
Z
ft2Rj0 I1<tj <1g

Z
fs2Ri0 I1<si<1g

k�.jjU.s/jj˛; jjV.t/jjˇ/f .s/G.t/dsdt

< K�.	/jjf jjp; O̊ jjGjjq; O� ;
(68)

( Z
ft2Rj0 I1<tj <1g

jjV.t/jjp	�j0
ˇ

˘
j0
jD1t�1j

 Z
fs2Ri0 I1<si<1g

k�.jjU.s/jj˛; jjV.t/jjˇ/

� f .s/ds

	p
dt

) 1
p

< K�.	/jjf jj
p; O̊ I

(69)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, then we still have the equivalent reverses
of (68) and (69) with the same best constant factor K�.	/.

In particular, for i0 D j0 D ˛ D ˇ D 1,

Q�.s/ D O�.s/ WD .ln s/p.1��/�1

s1�p
; Q .t/ D O .t/ WD .ln t /q.1�	/�1

t1�q
;

0 < jjf jjp; O� D
�Z 1

1

O�.s/f p.s/ds

� 1
p

< 1;

0 < jjGjjq; O D
�Z 1

1

O .t/Gq.t/dt

� 1
q

< 1;
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(i) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k�.	/ W

Z 1

1

Z 1

1

k�.ln s; ln t /f .s/G.t/dsdt < k�.	/jjf jjp; O� jjGjjq; O ; (70)

�Z 1

1

.ln t /p	�1 1
t

�Z 1

1

k�.ln s; ln t /f .s/ds

	p
dt

� 1
p

< k�.	/jjf jjp; O� I (71)

(ii) if 0 < p < 1, or p < 0, there exists a constant ı0 > 0, such that for any
Q	 2 .	 � ı0; 	 C ı0/, k�. Q	/ 2 R, then we still have the equivalent reverses
of (70) and (71) with the same best constant factor k�.	/.

7 Some Particular Examples on the Norm

Example 1. For h.v/ D j ln vj�
.1Cv/� .� � 0; �; 	 > 0;�C 	 D �/, we have

k.	/ D k�.	/ WD
Z 1

0

j ln vj�
.1C v/�

v	�1dv:

Since j ln vj�
.1Cv/�=2 v

	
2 ! 0.v ! 0C or v ! 1/, there exists a constant number

L > 0, such that

0 <
j ln vj�

.1C v/�=2
v
	
2 � L.v 2 RC/:

Then it follows that

0 < k�.	/ � L

Z 1

0

v.	=2/�1dv
.1C v/�=2

D LB
�	
2
;
�

2

�
< 1;

and k�.	/ 2 RC. We find

k0.	/ D
Z 1

0

1

.1C v/�
v	�1dv D B.	; �/: (72)

For � � 0, we obtain

k�.	/ D
Z 1

0

.� ln v/�v	�1

.1C v/�
dv C

Z 1

1

.ln v/�v	�1

.1C v/�
dv

D
Z 1

0

.� ln v/�

.1C v/�

�
v	�1 C v��1� dv
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D
Z 1

0

.� ln v/�
1X
kD0

 
��
k

! �
vkC	�1 C vkC��1� dv

D
1X
kD0

 
��
k

!Z 1

0

.� ln v/�
�
vkC	�1 C vkC��1� dv:

Setting t D � ln v, we find

k�.	/ D
1X
kD0

 
��
k

!Z 1

0

t .�C1/�1 �e�t.kC	/ C e�t.kC�/ dt

D � .� C 1/

1X
kD0

 
��
k

!

1

.k C 	/�C1 C 1

.k C �/�C1

�
:

(73)

In view of Theorem 1 and (39), we have

jjT jj D K�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

k� .	/:

(74)

Example 2. For h.v/ D j ln vj�
1Cv� .� � 0; �; 	 > 0;�C 	 D �/, we have

k.	/ D l� .	/ WD
Z 1

0

j ln vj�
1C v�

v	�1dv:

Since j ln vj�
.1Cv�/1=2 v

	
2 ! 0.v ! 0C or v ! 1/, there exists a constant number

L > 0, such that

0 <
j ln vj�

.1C v�/1=2
v
	
2 � L.v 2 RC/:

Then it follows that

0 < l� .	/ � L

Z 1

0

v.	=2/�1dv
.1C v�/1=2

D L

�

Z 1

0

u.	=2�/�1dv
.1C u/1=2

D L

�
B
� 	
2�
;
�

2�

�
< 1;
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and l� .	/ 2 RC. We find

l0.	/ D
Z 1

0

1

1C v�
v	�1dv D �

� sin
�
�	
�

� : (75)

For � � 0, we obtain

l� .	/ D
Z 1

0

.� ln v/�v	�1

1C v�
dv C

Z 1

1

.ln v/�v	�1

1C v�
dv

D
Z 1

0

.� ln v/�

1C v�

�
v	�1 C v��1� dv

D
Z 1

0

.� ln v/�
1X
kD0
.�1/k �vk�C	�1 C vk�C��1� dv

D
1X
kD0
.�1/k

Z 1

0

.� ln v/�
�
vk�C	�1 C vk�C��1� dv:

Setting t D � ln v, we find

l� .	/ D
1X
kD0
.�1/k

Z 1

0

t .�C1/�1 �e�t.k�C	/ C e�t.k�C�/ dt

D � .� C 1/

1X
kD0
.�1/k



1

.k�C 	/�C1 C 1

.k�C �/�C1

�
:

(76)

In view of Theorem 1 and (39), we have

jjT jj D L�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

�

l� .	/:

(77)

Example 3. For h.v/ D j ln vj�
.maxf1;vg/� .� � 0; �; 	 > 0;�C 	 D �/, we have

k.	/ D
Z 1

0

j ln vj�
.maxf1; vg/� v

	�1dv

D
Z 1

0

.� ln v/�v	�1dv C
Z 1

1

.ln v/�

v�
v	�1dv

D
Z 1

0

.� ln v/�
�
v	�1 C v��1� dv:
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Setting t D � ln v, we find

k.	/ D
Z 1

0

t�
�
e�.	�1/t C e�.��1/t  e�t dt

D
Z 1

0

t .�C1/�1 �e�	t C e��t � dt

D � .� C 1/

�
1

	�C1 C 1

��C1

	
2 RC: (78)

In view of Theorem 1 and (39), we have

jjT jj D K.	/ D
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

�

� .� C 1/

�
1

	�C1 C 1

��C1

	
:

(79)

Example 4. For h.v/ D j ln vj�
j1�vj� .� � 0; �; 	 > 0;�C 	 D � < 1/, we have

k.	/ D Qk�.	/ WD
Z 1

0

j ln vj�
j1 � vj� v

	�1dv:

We find

Qk0.	/ D
Z 1

0

v	�1

j1 � vj� dv

D
Z 1

0

.1 � v/��v	�1dv C
Z 1

1

v	�1

.v � 1/� dv

D
Z 1

0

.1 � v/.1��/�1v	�1dv C
Z 1

0

.1 � u/.1��/�1u��1du

D B.1 � �; 	/C B.1 � �;�/: (80)

For � � 0, we obtain

Qk�.	/ D
Z 1

0

.� ln v/�v	�1

.1 � v/� dv C
Z 1

1

.ln v/�v	�1

.v � 1/� dv

D
Z 1

0

.� ln v/�

.1 � v/�
�
v	�1 C v��1� dv:
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Setting 0 < ı < minf�; 	g, since .� ln v/�vı ! 0.v ! 0C/, there exists a
constant L > 0; such that 0 < .� ln v/�vı � L.v 2 .0; 1�/, and then it follows

0 < Qk�.	/ � L

Z 1

0

v	�ı�1 C v��ı�1

.1 � v/� dv

D L.B.1 � �; 	 � ı/C B.1 � �;� � ı/:

Hence Qk�.	/ 2 RC, and

Qk�.	/ D
Z 1

0

.� ln v/�
1X
kD0
.�1/k

 
��
k

! �
vkC	�1 C vkC��1� dv

D
1X
kD0
.�1/k

 
��
k

!Z 1

0

.� ln v/�
�
vkC	�1 C vkC��1� dv:

Setting t D � ln v, we find

Qk�.	/ D
1X
kD0
.�1/k

 
��
k

!Z 1

0

t .�C1/�1 �e�t.kC	/ C e�t.kC�/ dt

D � .� C 1/

1X
kD0
.�1/k

 
��
k

!

1

.k C 	/�C1 C 1

.k C �/�C1

�
:

(81)

In view of Theorem 1 and (39), we have

jjT jj D QK�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

Qk�.	/.� � 0/:

(82)

Example 5. For h.v/ D j ln vj�
jv��1j .� > 0; �; 	 > 0;�C 	 D �/, we have

k.	/ D Ok�.	/ WD
Z 1

0

j ln vj�
jv� � 1jv

	�1dv:
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We find

Ok1.	/ D
Z 1

0

.ln v/v	�1

v� � 1 dv

D 1

�2

Z 1

0

.ln u/u.	=�/�1du

u � 1 D Œ
�

� sin
�
�	
�

� �2:
(83)

For � > 0, we obtain

Ok�.	/ D
Z 1

0

.� ln v/�v	�1

1 � v� dv C
Z 1

1

.ln v/�v	�1

v� � 1 dv

D
Z 1

0

.� ln v/�

1 � v�
�
v	�1 C v��1� dv

D
Z 1

0

.� ln v/�
1X
kD0

�
vk�C	�1 C vk�C��1� dv

D
1X
kD0

Z 1

0

.� ln v/�
�
vk�C	�1 C vk�C��1� dv:

Setting t D � ln v, we find

Ok�.	/ D
1X
kD0

Z 1

0

t .�C1/�1 �e�t.k�C	/ C e�t.k�C�/ dt

D � .� C 1/

1X
kD0



1

.k�C 	/�C1 C 1

.k�C �/�C1

�
2 RC:

(84)

In view of Theorem 1 and (39), we have

jjT jj D OK�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

Ok�.	/:

(85)

Lemma 6. If C is the set of complex numbers and C1 D C [ f1g, zk 2
CnfzjRez � 0, Imz D 0g.k D 1; 2; : : : ; n/ are different points, the function f .z/
is analytic in C1 except for zi .i D 1; 2; : : : ; n/, and z D 1 is a zero point of f .z/
whose order is not less than 1, then for ˛ 2 R, we have
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Z 1

0

f .x/x˛�1dx D 2�i

1 � e2�˛i
nX

kD1
ResŒf .z/z˛�1; zk�; (86)

where 0 < Im ln z D arg z < 2� . In particular, if zk.k D 1; : : : ; n/ are all poles of
order 1, setting 'k.z/ D .z � zk/f .z/.'k.zk/ ¤ 0/, then

Z 1

0

f .x/x˛�1dx D �

sin�˛

nX
kD1
.�zk/

˛�1'k.zk/: (87)

Proof. By Pan et al. [22, p. 118], we have (86). We find

1 � e2�˛i D 1 � cos 2�˛ � i sin 2�˛

D �2i sin�˛.cos�˛ C i sin�˛/

D �2iei�˛ sin�˛:

In particular, since f .z/z˛�1 D 1
z�zk

.'k.z/z˛�1/, it is obvious that

ResŒf .z/z˛�1;�ak� D zk
˛�1'k.zk/ D �ei�˛.�zk/

˛�1'k.zk/:

Then by (86), we obtain (87). The lemma is proved.

Example 6. For s 2 N, 0 < a1 < � � � < as , we set

h.v/ D 1Qs
kD1.v�=s C ak/

.0 < 	 < �/

By (87), setting u D v�=s , we find

k.	/ D ks.	/ WD
Z 1

0

1Qs
kD1

�
v�=s C ak

�v	�1dv

D s

�

Z 1

0

1Qs
kD1 .u C ak/

u
s	
� �1du

D �s

� sin
�
�s	
�

�
sX

kD1
a
s	
� �1
k

sY
jD1.j¤k/

1

aj � ak 2 RC: (88)

In view of Theorem 1 and (39), we have
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jjT jj D Ks.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

ks.	/:

(89)

Example 7. For c > 0; 0 < � < � , We set

h.v/ D 1

v� C p
cv�=2 cos � C c

4

.0 < 	 < �/:

Putting z1 D �
p
c

2
ei� , z2 D �

p
c

2
e�i� , by (87), it follows

k.	/ D c� .	/ WD
Z 1

0

v	�1

v� C p
cv�=2 cos � C c

4

dv

D 2

�

Z 1

0

u
2	
� �1

u2 C p
cu cos � C c

4

du

D 2

�

Z 1

0

u
2	
� �1

.u � z1/.u � z2/
du

D 2�

� sin
�
2�	
�

�
"�p

c

2
ei�
	 2	

� �1 p
c

2.e�i� � ei� /

C
�p

c

2
e�i�

	 2	
� �1 p

c

2.ei� � e�i� /

#

D
�p

c

2

	 2	
� 2� sin �

�
1 � 2	

�

�
� sin � sin

�
2�	
�

� 2 RC: (90)

In view of Theorem 1 and (39), we have

jjT jj D C�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

c� .	/:

(91)
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Example 8. We set

h.v/ D .minfv; 1g/�
.maxfv; 1g/�C� .� > � minf	; �g; 	 C � D �/:

Then we find

k.	/ D
Z 1

0

.minfv; 1g/�v	�1

.maxfv; 1g/�C� dv D
Z 1

0

v�C	�1dv C
Z 1

1

v	�1dv
v�C�

D �C 2�

.	 C �/.�C �/
2 RC: (92)

In view of Theorem 1 and (39), we have

jjT jj D K�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

�C 2�

.	 C �/.�C �/
:

(93)

Example 9. We set

h.v/ D ln

�
b C v�

aC v�

	
.0 � a < b; 0 < 	 < �/:

We find

k.	/ D
Z 1

0

ln

�
b C v�

aC v�

	
v	�1dv

D 1

	

Z 1

0

ln

�
b C v�

aC v�

	
dv	

D 1

	



v	 ln

�
b C v�

aC v�

	
j10

C�
Z 1

0

�
1

aC v�
� 1

b C v�

	
v	C��1dv

�

D b � a
	

Z 1

0

u
�
1C 	

�

�
�1

.u C a/.u C b/
du:
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For a > 0, by (87), we have

k.	/ D .b � a/�
	 sin�

�
1C 	

�

�
 
a
	
�

b � a C b
	
�

�b C a

!

D
�
b
	
� � a 	

�

�
�

	 sin
�
�	
�

� 2 RC: (94)

By using the simple way, we still can obtain (94) for a D 0.

In view of Theorem 1 and (39), we have

jjT jj D K.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
;q

�
b
	
� � a 	

�

�
�

	 sin
�
�	
�

� :

(95)

Example 10. We set

h.v/ D e�v� .; �; 	 > 0/:

Setting u D v� , we find

k.	/ D
Z 1

0

e�v� v	�1dv D 1

�e	=�

Z 1

0

e�uu
	
� �1

du

D 1

�	=�
�

�
	

�

	
2 RC: (96)

In view of Theorem 1 and (39), we have

jjT jj D K.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1� . i0

˛
/

# 1
;q

1

�	=�
�
�	
�

�
:

(97)

Example 11. We set

h.v/ D arctan v�� . > 0; 0 < 	 < �/:
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We find

k.	/ D
Z 1

0

v	�1.arctan v�� /dv

D 1

	

Z 1

0

.arctan v�� /dv	

D 1

	



.arctan v�� /v	 j10 C

Z 1

0

�v	���1

1C .v�� /2
dv

�

D 
	
�

2	

Z 1

0

1

1C u
u
�
1
2� 	

2�

�
�1
du

D 
	
�

2	

�

sin�
�
1
2

� 	
2�

� D 
	
� �

2	 cos
�
�	
2�

� 2 RC;
(98)

In view of Theorem 1 and (39), we have

jjT jj D K.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q


	
� �

2	 cos�
�
	
2�

� :
(99)

Example 12. We set

h.v/ D csc h.v� / D 2

ev
� � e�v� . > 0; 	 > � > 0/;

where csch.u/ D 2
eu�e�u is hyperbolic cosecant function [23]. We find

k.	/ D a�.	/ WD
Z 1

0

v	�1 csc h.v� /dv

D
Z 1

0

2v	�1

ev
� � e�v� dv

D
Z 1

0

2v	�1e�v� dv
1 � e�2v� D 2

Z 1

0

v	�1
1X
kD0

e�.2kC1/v� dv

D 2

1X
kD0

Z 1

0

v	�1e�.2kC1/v� dv:
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Setting u D .2k C 1/v� , we obtain

a�.	/ D 2

�	=�

1X
kD0

1

.2k C 1/	=�

Z 1

0

u
	
� �1

e�udu

D 2

�	=�
�

�
	

�

	" 1X
kD1

1

k	=�
�

1X
kD1

1

.2k/	=�

#

D 2

�	=�
�

�
	

�

	�
1 � 1

2	=�

	
�

�
	

�

	
2 RC; (100)

where, �
�
	
�

�
D P1

kD1 1

k	=�

�
	
�
> 1

�
(�.�/ is the Riemann’s zeta function [24]).

In view of Theorem 1 and (39), we have

jjT jj D A�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

a� .	/:

(101)

Example 13. We set

h.v/ D sec h.v� / D 2

ev
� C e�v� .; 	; � > 0/;

where sec h.u/ D 2
euCe�u is hyperbolic secant function. We find

k.	/ D b� .	/ WD
Z 1

0

v	�1 sec h.v� /dv

D
Z 1

0

2v	�1dv
ev

� C e�v� D
Z 1

0

2v	�1e�v� dv
1C e�2v�

D 2

Z 1

0

v	�1
1X
kD0
.�1/ke�.2kC1/v� dv

D 2

1X
kD0
.�1/k

Z 1

0

v	�1e�.2kC1/v� dv:
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Setting u D .2k C 1/v� , we obtain

b� .	/ D 2

�	=�

1X
kD0

.�1/k
.2k C 1/	=�

Z 1

0

u
	
� �1

e�udu

D 1

�	=�2.	=�/�1
�

�
	

�

	
&

�
	

�

	
2 RC;

(102)

where

&

�
	

�

	
D

1X
kD0

.�1/k
.2k C 1/	=�

�
	

�
> 0

	
:

In view of Theorem 1 and (39), we have

jjT jj D B�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

b� .	/:

(103)

Example 14. We set

h.v/ D coth h.v� / � 1 D ev
� C e�v�

ev
� � e�v� � 1

D 2e�v�

ev
� � e�v� . > 0; 	 > � > 0/;

where coth h.u/ D euCe�u

eu�e�u is hyperbolic cotangent function. We find

k.	/ D c� .	/ WD
Z 1

0

v	�1.coth h.v� / � 1/dv

D
Z 1

0

2e�v� v	�1

ev
� � e�v� dv D

Z 1

0

2e�2v� v	�1

1 � e�2v� dv

D 2

Z 1

0

v	�1
1X
kD0

e�2.kC1/v� dv

D 2

1X
kD1

Z 1

0

v	�1e�2kv� dv:
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Setting u D 2kv� , we obtain

c� .	/ D 2

�	=�

1X
kD1

1

.2k/	=�

Z 1

0

u
	
� �1

e�udu

D 1

�	=�2.	=�/�1
�

�
	

�

	
�

�
	

�

	
2 RC: (104)

In view of Theorem 1 and (39), we have

jjT jj D C�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

c� .	/:

(105)

Example 15. We set

h.v/ D 1 � tan h.v� / D 1 � ev
� � e�v�

ev
� C e�v�

D 2e�v�

ev
� C e�v� .; 	; � > 0/;

where tan h.u/ D euCe�u

eu�e�u is hyperbolic tangent function. We find

k.	/ D d�.	/ WD
Z 1

0

v	�1.1 � tan h.v� //dv

D
Z 1

0

2e�v� v	�1

ev
� C e�v� dv D

Z 1

0

2e�2v� v	�1

1C e�2v� dv

D 2

Z 1

0

v	�1
1X
kD0
.�1/ke�2.kC1/v� dv

D 2

1X
kD1
.�1/k�1

Z 1

0

v	�1e�2kv� dv:

Setting u D 2kv� , we obtain

d�.	/ D 2

�	=�

1X
kD1

.�1/k�1

.2k/	=�

Z 1

0

u
	
� �1

e�udu

D 1

�	=�2.	=�/�1
�

�
	

�

	
�

�
	

�

	
2 RC; (106)
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where, �. 	
�
/ WD P1

kD1
.�1/k�1

k	=�
.

In view of Theorem 1 and (39), we have

jjT jj D D�.	/ WD
"

� j0
�
1
ˇ

�
ˇj0�1�

�
j0
ˇ

�
# 1
p

�
"

� i0
�
1
˛

�
˛i0�1�

�
i0
˛

�
# 1
q

d� .	/:

(107)

Note. The following references [24–31] provide an extensive theory and applica-
tions of Analytic Number Theory relating to Riemann’s zeta function that will
provide a source study for further research on Hilbert-type inequalities.
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