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Abstract In this chapter, by the use of the methods of weight functions and
techniques of Real Analysis, we provide a general multidimensional Hilbert-type
integral inequality with a non-homogeneous kernel and a best possible constant
factor. The equivalent forms, the reverses and some Hardy-type inequalities are
obtained. Furthermore, we consider the operator expressions with the norm, some
particular inequalities with the homogeneous kernel and a large number of particular
examples.

Keywords Multidimensional Hilbert-type integral inequality ¢ Weight function
* Equivalent form ¢ Hilbert-type integral operator

Mathematics Subject Classification 26D15, 31A10, 47A07

1 Introduction

Suppose that p > 1,7 + 7 =1, f(x),g(») 2 0, f € L?(R4+), g € LY(R4),
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llglly > 0. We have the following Hardy—Hilbert’s integral inequality (cf. [1]):

dxdy < ———|[fll,llgllg: (M

/°° * f(x)gy) 0
o Jo X4y sin(r/ p)

where the constant factor —~

FET) is the best possible. If a,,, b, > 0,a = {am ), €
17,b = (b}, €19,

o0 »
lall, = {za;;} 0
m=1

[|b]lg > 0, then we have the following discrete Hardy—Hilbert’s inequality with the

T .
same best constant IR

& apmby T
> < llall,1151]4- )

= m +n sin(r/ p)

Inequalities (1) and (2) are important in Analysis and its applications (cf. [1-6]).

In 1998, by introducing an independent parameter A € (0, 1], Yang [7] gave an
extension of (1) for p = ¢ = 2.In 2009 and 2011, Yang [3,4] gave some extensions
of (1) and (2) as follows: If 11,4, € R = (—00,00),A1 + A, = A, k)(x,y) isa
nonnegative homogeneous function of degree —A in R% , with

k(A1) = /Oo ky(t, DM ~'dr € Ry = (0, 00),
0
d(x) = xp(l—M)—lvw(y) — yq(l—Az)—l(x’y eR,),
f(x),g(y) = 0, satisfying
feLlyyRy) = {f;llfll,w = %/O ¢(x)|f(x)|pdx} < oo},
g € Loy Ry). [ fllpg.lIgllgy > 0, then we have

/0 /0 kx (. ) £V dxdy < kADIS pollg] g 3)

where the constant factor k(1) is the best possible. Moreover, if k, (x, y) is finite
and kj (x, y)x* L (ky(x, y)y*271) is strict decreasing with respect to x > 0(y > 0),
then for a,, b, > 0,
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1

00 »
a = {am}fnozl € lp,¢ =144 ||a||p,¢ = {Z¢(n)|an|p} < oo,

n=1

b=1{b,}2, €lyy.llallpge, 1|bllgy > 0, we have

[eSI)
szl(mvn)ambn <k(kl)||a||P~¢||b||t]s‘/I’ (4)
m=1n=1

where the constant factor k(A;) is still the best possible.

Clearly, for A = 1,k (x,y) = #,Al = i,/\z = %,(3) reduces to (1), while (4)
reduces to (2). Some other results including multidimensional Hilbert-type integral
inequalities are provided by Yang et al. [8], Krni¢ and Pecari¢ [9], Yang and Rassias
[10, 11], Azar [12], Arpad and Choonghong [13], Kuang and Debnath [14], Zhong
[15], Hong [16], Zhong and Yang [17], Yang and Krnié¢ [18], and Li and He [19].

In this chapter, by the use of the methods of weight functions and techniques of
real analysis, we give a general multidimensional Hilbert-type integral inequality
with a nonhomogeneous kernel and a best possible constant factor. The equivalent
forms, the reverses and some Hardy-type inequalities are obtained. Furthermore, we
consider the operator expressions with the norm, some particular inequalities with
the homogeneous kernel and a large number of particular examples.

2 Some Lemmas

If iy, jo € N(N is the set of positive integers), o, 8 > 0, we put

1
io o
el = (Z |xk|°') (X = (t1v o) € RO),
k=1

Jo %
Iyl = (Z|Yk|ﬂ) (y = (y1..... ;) € RD).
k=1

Lemma 1. Ifs € N,y, M > 0, ¥ (u) is a nonnegative measurable function in (0, 1],
and

DM =

s : y
xeRi;O<u=Z<xM) =l¢,

i=1

then we have the following expression (cf. [6]):



772 B. Yang

> 5)
wrg)
= Xy / Y(wur du
)’SF(‘;) 0
In view of (5) and the conditions, it follows that
(i) for
XY
R} = xeRi;0<u=Z(ﬁl) 51(M—>oo)},
i=1
we have
XY
/ /5 W(Z (M') )dx1 dx;
+ i=1
(6)
MT3(L) 1 .
= lim Sy / Y(uwur du;
M—o00 )/SF(;) 0
(i1) for
{x € RL:||x|[, = 1}
1 a Xi\V
_ s — -t
= XER+’My <u_§<M) 51(M—>oo)},
setting ¥ (u) = 0(u € (0. 557)), we have
[ o (B G s
eryslnlL =y \Io WM
1 @)
MSTS(3) ! -
= lim —V/ Y(uwur " du;
M—00 )/SF(;) W

(iii) for
{x € Ry;||x[l, =1}

xeRi;0<u=i(%)V§%},

i=1
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setting ¥ (1) = 0(u € (% oo)) we have

/ /{XER‘ 1l <1} (i(;\;))d"l ~dx;

i=l1

M\F?(;) # »
= — Y d
yff(%) /0 lI/(u)u u.

Lemma 2. Fors € N,y > 0, ¢ > 0, we have

r(;)
[ el e edty = ——
{veReslIxll, =1} ey~ (3)

)

(

re(+
/ / |x||;s+£dx1 covdxy = 1—1’
{(xeRs|Ix|l, <1} ey~

Proof. By (7), it follows

// XI5 dxy - dxg
{xeRy slIx[ly =1}
1 —8§5—¢&

s X\ v
= /... M — dxi---dxg
/ /{xeRﬁr;lmlyzl} |:Z (M) :| o *

i=l1

; M&]’Vs(%) 1 Lys—se. 51
= lim ————— (Mu''?”) ur du
M=o I (3)
s(1
_ T ()
ey~ (5)

By (8), we find

[/ el dx - dx,
{rer s|Ixll, <1}
s

Xi\Y v
= dxi -+ dx,
/ /{xeRS Al <13 M [;(M) ] Xpee-ax

MSFS( )/ (Mu 1/y)_3+5 Py =

Crrie) b ey (3)

773

®)

)

10)
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Hence, we have (9) and (10). The lemma is proved.

Note. By (9) and (10), for § = +1, we have the following unified expression:

r()
// ||x||;s—88dx1 ceedxy = s—l—;vs (11)
{reRy I3 =13 eysTII(3)

Definition 1. If x = (x,...,%,) € R?,y = (y1,...,;,) € RY, h(u) is a
nonnegative measurable function in Ry,0 € R, § € {—1, 1}, then we define two
weight functions ws (o, y) and ws(o, x) as follows:

ws(0,y) —IIyIIﬂ/ h(lIx11; IIyIIﬂ)|| “,0 5o (12)

ws(0,x) 1 = IIXII""/ h(I1x1lG 11911 —== (13)

Iy IIJO_”

By (6), we find

g 2L
or(o.) =11l [ (o [ )] Hj_'a'f)dx

R+ Mlo —8o I:Z_l (;}) ] o

Mioio(L 5 8

— lylty tim 2L ,(a)/ Bt 1yl]g) o

B Moo ato]"(’_O) 0 pio—doy u&r
)

aiOF(lO)

“'du

= Iyl Jim_ /h(M‘*uaHyHﬁ)w—d.

Setting v = Mbus ||| in the above integral, in view of § = £1, we obtain

1
ws(0,y) = Kx(0) := (“)l_o k(o), (14)

-'r(3)
where k(o) = [;° h(v)v°~'dv.
By (6), setting v = M||x||§u%, we find

1
(s [ 0]’
w3(0.) = Il [ = Zdy
JOo T

RJr Mio—o [ j:0=1 (}M/)ﬂ:l B
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1
Miorio(Ly et h (M||x|3uf) .
= [Ix][* 1lim (Oﬁ)/ ( ._J)ujf?_]du
M=o Rl (g) Joo piv—oy
MUFJ() 1
= ||x[2 lim 1(’3)/ (MIIXI|8uﬁ) "du
M—o0  Bjo F(F)
['jo(l)
= Ki(0) 1= b k(o). (15)
e

Lemma 3. As the assumptions of Definition 1, for k(o) € R4, p € R\{0, 1}, % +
é = 1, setting

~ 50—&—1'0 / 5 (7+§_j0
1 := ) X|la ’ ) h(||x o 1 d d s
{xeRﬁ;IIXnyzl}” || |: {yeR’f:H,vllﬂSl} (” || ”y”ﬂ)”y”ﬂ yi| o
(16)
then we have
el > K(0) + o(1)(e — 07), (17)
where K (o) := L(a, B)k(0),
rio(L (L
L(a,p) := (ﬁ)j (e (18)

B () eI (Q)

Moreover, if there exists a constant §y > 0, such that for any 6 € (o0 — 8y, 0 +
80),k(6) € R, then we have

el = K(0) +o(1)(e = 07). (19)

Proof. For e > 0, setting6 = o + 5 and

HA = 1 (IR 1) 115y,

{yeRlIyllp=1]

in view of (16), it follows

[ = —8e—ip s
I= /{XGRR;llxl|z21}||x||a H (1x11°) dx
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Putting
V(u) = h(||x||§Mu%)M5—jou%(6—j0),
by (8), we find
j()F]o(l)
H(|Ix|) = [1x]|§ ——— 2=
prr (%)
] .
X/M h(||x||8MM/3)MU Jo /3(0' Jjo) 7_1du
0
 MOro(L 1 i
= ||x||§0+w/M h(||x||iMM%)uﬁ_ldu.
Bir () Jo
Setting v = ||x||iM u? in the above, it follows

~ () .
L(|[x|) = ﬁ—r(g)fo B dv,

Putting ¥ (1) = M“Ss—i"ui(_‘se_i")H(M‘Sug), for § = 1, by (7), we obtain

- MZOFIO
I = lim —f M~ loua —&~io) H(Mud)uﬂt—
M—oco qio[" (L

M=eri(Ly 1 N
= lim ———%~ H(Mu>)u=""du
M—00 alof(’()) ﬁ

ri(l

— —e—1 _ P
= 1F lo / H(t)t di(t = Mu)

for § = —1, by (8), we still find that

. Miorio(l)
[ = —— 2« M Moy ) (M~ w5 e d
(@)
ME[‘lo(l
= —O’/ H(M 'uw )ua
io (%
F’O l

= ﬁ/ H@) it = M™'ua).

Ot
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Hence, we find
~ o l ~
el = eL(oz,ﬂ)/ t_g_I/ h()v°~dvdt
1 0

0o 1
_ —e—1 o—1
=¢elL(a, B) |:/1. t /0 h(v)v° dvdt

+/l°ot—8—1 /llh(v)vff—‘dvdz}
= el@p) E/Ol h(v)v®~'dvdt + /loo (/mz‘s“dt) h(v)v&_ldv]

1 [e’e)
= L(a, p) U h(v)v&_ldvdt+/ h(v)u("‘p')“dv] (20)
0 1
By Fatou lemma (cf. [20]), it follows

lim e = L(a,ﬂ)lim[/l h(v)v°~'dvdr + /wh(v)v(a_;)_ldv}
0 1

e—0t g—>01

] ~
> L(a, B) |:/0 lim A(v)v°'dvdt

e—0t

+/oolimh(v)v(6_;)_ldvi| = L(a, Pk(o),
1

e—0t

and then (17) follows.
Moreover, for 0 < ¢ < §omin{|p|, |¢q|},5 € (o — %80,0 + %80), since

B2 < hT T © e 0. 1)),
! 1
0< / h(v)v((’*%&’)*1 <k (a — 580) < 00,
0
@™ < AT W € [1,00)),
*° 1
0< / h(v)p© T80T < | (0 + 550) < 00,
1
by Lebesgue control convergence theorem (cf. [20]), it follows that
1 B 1
/ h()® dv = / h)v°tdv + o1 (1)(e — 0T),
0 0

/ h(w Py = / h)v°tdv + 0,(1)(e — 0T).
1 1
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Then by (20), (19) follows. The lemma is proved.

Lemma 4. As the assumptions of Definition 1, if p € R\{0, 1}, %—i—é =1, f(x)=
S0 Xi0) 20, 8(0) = g1, ..., ¥j) =0, then

(i) for p > 1, we have the following inequality:

1

=i g [, mIE 1) o ol
F R wso ) Uy ol IV11p
Ry

(ii) for 0 < p < 1, or p <0, we have the reverse of (21).
Proof. (i) For p > 1, by Holder’s inequality with weight (cf. [21]), it follows

[, milEiiylip feoax
Ry

—8 (jo—o)/p
i @ i0—3
R$ || ||(J0 U)/P ||x||((;o 0)/q

1

) || ||(10 o) (p r
< {/ h(||x||z||y||ﬁ>—fp(x)dx}
Y

[y 1g™

vl

Go—0)a=1) 1
x| h(Ixl3yllg) ————dx
g/Rﬁ o B ||X||é? So

L
= [ws(o. ] 1Iyllg

|| ||(10 50)(? %
{/ AR L. fp(x)dX} . 22)

Iyl

Then by Fubini theorem (cf. [20]), we have

s l|x ||(lo sa)(p—1)
h= h e fP(x)dx |d
1—{/@ [/R+ A e 79 x} y}
[l
={/ U Ol :|fp(x)dx}

~ =

~ =
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1

r
= { / , @[O0 f P Godxg (23)
RY

Hence, (21) follows.

(i) For0 < p < 1, or p < 0, by the reverse Holder’s inequality with weight (cf.

[21]), we obtain the reverse of (22). Then by Fubini theorem, we still can obtain
the reverse of (21). The lemma is proved.

Lemma 5. As the assumptions of Lemma 4, then

(i) for p > 1, we have the following inequality equivalent to (21):

= [ [ BRI fs0)dxay
R+ R+

<=

< / (0, )| || [0 £ () dix
R

<=

+

x {// s (0. y)lIyllﬁ‘j°_”)_’°g"(y)dy§ : (24)
R 0

(ii) for0 < p <1, or p < 0, we have the reverse of (24) equivalent to the reverse
of (21)

Proof. (i) For p > 1, by Holder’s inequality (cf. [21]), it follows

B (jo—0)

yllg
I =/ —r
R

D [ws(o. y)]7

[ [ h(||x||2||y||ﬁ)f(x)dx]
Ry

s e

1
N q
=7 g/jo ws (o, Myl ’”g‘f(y)dy§ : (25)
Ry
Then by (21), we have (24).

On the other hand, assuming that (24) is valid, we set

Iyl

p—1
. ) o
f0) = ot ( e h(llelallyIIﬂ)f(X)dX) R,
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Then it follows
5= [ eIyl P gt ay.
R

If J; = 0, then (21) is trivially valid; if J; = oo, then by (23), (21) keeps the
form of equality (= o0). Suppose that 0 < J; < oo. By (24), we have

0 < / s VI g )y = I =1
A
+

=

< {/ zms(a,X)lIXI|§(i°_8")_i0f”(X)dX}

x {// ws(ff,y)lIyllfa(j°_g)_j°gq(y)dy} < oo
R

K

It follows

=

h= { /R w30, y)||y||z<-’°“’>‘f°gq<y)dy}

+
1

P

< {/ wa(o,X)IIXIIS(i°_8”)_i°f”(X)dX} ,
)

and then (21) follows. Hence, (21) and (24) are equivalent.
(ii)) For0 < p < 1, or p < 0, by the same way, we can obtain the reverse of (24)

equivalent to the reverse of (21). The lemma is proved.

3 Main Results and Operator Expressions

Setting
By (x) 1= ||x[|plo=00),
w(y) = ||/ (x eRY. y € R)),

by Lemmas 3-5, it follows

Theorem 1. Suppose that o, p > 0, 0 € R, h(v) >0,
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o0
k(o) = [ h(v)v® 'dv e Ry,
0

) e )
vor ) [wrm) o

§e{-L1Lp e RO, 1}, s + 1 =1 f(x) = flxr,....x) = 0, g(y) =
g()’lv---»)’jo)i(),

1
r
0 <1fllpes = /io ¢5(x)fp(x)dx§ < 00,
Ry
1
q
0 <llgllgw = /Rfo &’/(y)g"(y)dy} < oo.
+

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K (o) :

1= [ [ I g )dxdy < KIS pallgllyw. (26)
R+ R+

1

P P
= Po—jo s
/= §L¢||yllﬂ (/Rij;h(||x||a||J/||ﬁ)f(x)dx> dy§
< K@)/l o

(ii) if 0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
6 € (0 — 80,0 + &), k(6) € R, then we still have the equivalent reverses
of (26) and (27) with the same best constant factor K (o).

Proof. (i) For p > 1, by the conditions, we can prove that (22) takes the form of
strict inequality for a.e. y € Rﬂf. Otherwise, if (22) takes the form of equality

foray e Rj°, then there exist constants A and B, which are not all zero, such
that

|x||(i0—8<r)(p—l) ”y”(jo—tf)(q—l) '
o fPx)=B—L — ae in xeRY.  (28)

Jjo—o ip—80

11 T

n
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If A = 0, then B = 0, which is impossible; if A # 0, then (28) reduces to

q(jo—o)
Bl

[|x ][50 fP (x) = — e
’ Allx]le

. io
a.e. In x € R+,

which contradicts the fact that 0 < || || ., < 00. In fact, by (9) (for e — 07),
it follows

lxlldx > _ ||x||z7dx = oo.
0 i
R {reR;Ixl =1}

+

Hence (22) still takes the form of strict inequality. By (14) and (15), we
obtain (27).
Similarly to (25), we still have

q

r=7 { /R ||y||‘,§"°“”"'°gq<y)dy} : (29)
+

Then by (29) and (27), we have (26). It is evident that by Lemma 5 and the
assumptions, inequalities (27) and (26) are also equivalent.
For ¢ > 0, we set f(x), g2(y) as follows:

7 0. 0<|lx|¥ <1,
(x):: Slo—<% —io
el g =1,
o+E2—jo
g(y):zgnyuﬂq o<l =1,
0. llls = 1.

In view of (11) and (10), it follows

=

1S 1 p.0s11€ g0
—Jjote
/. Iyl dy
{verD:lyllp <1

/ | [xll % dx
{veRY ;1113 =1
1
o y
™ (5)
jo—1 Jo '
ﬂm [‘(ﬂ)

If there exists a constant K < K(0), such that (26) is valid when replacing
K(0) by K, then in particular, by (16) and (17), we have

==
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K(o)+o(1) <el

—e [ [ BB F 07 )dxdy
R+ R+

< eK|[flp.as118llgw

re() |
P ()

and then we find K(0) < K(¢ — 0"). Hence K = K(0) is the best possible
constant factor of (26).

By the equivalency, we can prove that the constant factor K(o) in (27) is
the best possible. Otherwise, we would reach a contradiction by (29) that the
constant factor K(o) in (26) is not the best possible.

(i) For0 < p < 1, or p < 0, by the same way, we still can obtain the equivalent
reverses of (26) and (27). For ¢ > 0, we set f(x), g(y) as the case of p > 1.
If there exists a constant K > K (o), such that the reverse of (26) is valid when
replacing K(o) by K, then in particular, by (16) and (19), we have

<=

)
T (2)

K(0)+o0(1) = el
— § r ~
=< [l fl MREISID FozOIRy
> eK|1fllp.a, 1210

)
T (3)

and then we find K(0) > K(¢ — 0%). Hence K = K(0) is the best possible
constant factor of the reverse of (26). By the equivalency, we can prove that the
constant factor K (o) in the reverse of (27) is the best possible. Otherwise, we
would reach a contradiction by the reverse of (29) that the constant factor K (o)
in the reverse of (26) is not the best possible. The theorem is proved.

In particular, for § = 1 in Theorem 1, we have

Corollary 1. Suppose thata, B > 0, 0 € R, h(v) > 0,

k(o) = / h()v° 'dv e Ry,
0

[ e ]
o= [ﬂm—lr«—‘))} [al’o—lr@) Ko
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pERVO L L+ =1, () = f(xr o xi) 2 0,80) = g0t 1) 2 0,

1

0 <I/1lpe = /io <1>1(x)f”(x)dx§ < o0,
Ry
0<llgllgw = /jo llff(y)(g"’(y)a’y} < oo
Ry

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K(o):

1= [ [ hlyli f0g0dxdy < K@)l lla gl G0
R+ R+

P
= Po—Jjo h ., J P
! %/R,-ﬁllyllﬁ (/R+ (lxlally11g) £ (x) x) y}

< KO fllpe: €29

==

(ii) if 0 < p < 1, or p < 0, there exists a constant §y > 0, such that for any
6 € (0 — 80,0 + &), k(6) € R, then we still have the equivalent reverses
of (30) and (31) with the same best constant factor K (o).

For iy = jo =« = B = 1 in Corollary 1, we have

Corollary 2. Assuming that o € R, k(0) € Ry, p € R\{0, 1}, % + é =1, we set

o(x) == xPI77 Yy (y) i= y1T0 7 (x, y > 0).

If f(x) >0, g(y) >0,

1

0 <11/ 11y = {/0 so(x)f”(X)dx} "

0 < llgllyy = {/0 w<y>gq(y>dy}q < oo,

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k(o) :

/0 /0 h(xey) £ ()8 (dxdy < k@)1 ppllglla- 32)
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00 1% r ?
%/ ypo~l |:/ h(xy)f(x)dx] dy} <k@Iflpe: (33)
0 0

(ii) for0 < p < 1, or p < 0, there exists a constant §, > 0, such that for any
6 € (0 —8p,0 + &), k(G) € R, we have the equivalent reverses of (32) and (33)
with the same best constant factor.

As the assumptions of Theorem 1, for p > 1, in view of J < K(0)|| f||a;. We
can give the following definition:

Definition 2. Define a multidimensional Hilbert-type integral operator
T :Lpg,(RY) — L,y1—(RY) (34)
as follows: For f € L, o, (R’i), there exists a unique representation
Tf €L,y (RY),

satisfying
TN = [ BRI f@dx(r € R, (35)
Ry

For g € Lq,q,(Rj_i_O), we define the following formal inner product of Tf and g as
follows:

(Tf.g) = / | / Ch(Ix][3115118) £ (1) (v)dxdy. (36)
Rﬁﬁ R_?_

Then by Theorem 1, for p > 1,0 < || fl|p.e;. |lgllqw < 00, we have the
following equivalent inequalities:

(Tf.8) < KOS lp.esllgllgw- (37
NS pwr—r < K@ f ] p.cs- (38)

It follows that 7" is bounded with

LA

Tl := T <
S(#0)EL, 0 RY) p-®s

Since the constant factor K (o) in (38) is the best possible, we have



786 B. Yang

Tl = K(o) = |:,310—
A I 39
X W (0). (39)

4 A Corollary for § = —1

Corollary 3. Suppose that a, > 0, u,0 € Rou+0 = A ky(x,y) > 0isa
homogeneous function of degree —A,

o0
ky(o) := / ky(1,v)v° 'dv e Ry,

[ (5)} )
o = 5 ‘F(%”)} Eel

p € R\{0o,1}, L + L= 1,0(kx) = xPlo=w= F(x) = F(x,...,x;,) > 0,
g() =g(y1,...,yjo)_

1
p
0<||Fllpo = /i <15(x)F”(x)dx} < 00,
Ry
1
q
0<llgllgw = /Rfo ‘If(y)gq(y)dy§ < oo
+

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K (o) :

/ | [ (e 1) F)g(3)dxdy < Ka@|Fllpollgllow.  (40)
R/_E R’j;

P »
§/ Iz /0(/Riokx(||X||a,||Y||ﬁ)F(x)dx) dy} < Ku(@)I|Fll o
+

(41)
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(ii) if0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
6 € (0 — 80,0 + &), k) (6) € R, then we still have the equivalent reverses
of (40) and (41) with the same best constant factor K, (o).

In particular, for iy = jo = a = B = 1,¢(x) = x?0=W71if F(x) > 0,
g(y) =0,

1

P

0<||F||M,]={/0 (pl(x)Fp(x)dx} < 00,

0 < llellyy = {/O w(y)gq(wdy}” <o,

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k; (o) :

/0 /0 kx (e ) F)g0)dxdy < k@) Flpallgllos.  @2)

00 1% P %
%/ ool [/ kl(x,y)F(x)dx:| dy} <ki(@)|Fllpgs  (43)
0 0

(i) for 0 < p < 1, or p < 0, there exists a constant §; > 0, such that for any
6 € (0 — 80,0 + 8p), ka(6) € R, we have the equivalent reverses of (42)
and (43) with the same best constant factor k(o).

Proof. For § = —1 in Theorem 1, setting () = k;(1,u) and ||x||2 f(x) = F(x),
since © = A — o, by simplifications, we can obtain (40) and (41) (for p > 1). Itis
evident that (40) and (41) are equivalent with the same best constant factor Kj (o).
By the same way, we can show the casesin 0 < p < 1 or p < 0. The corollary is
proved.

Remark 1. Inequality (42), (43) is equivalent to (32), (33). In fact, Setting x =

%,h(u) = k;(1,u) in (32), (33), replacing XAf(%) by F(X), by simplification,
we obtain (42), (43). On the other hand, by (42), (43), we can deduce (32), (33).

5 Two Classes of Hardy-Type Inequalities

If A(v) = 0(v > 1), then

h(I1x11G11v11g) = 0=l > (11151,

by Theorem 1, we have the following first class of Hardy-type inequalities:
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Corollary 4. Suppose thata, p > 0, 0 € R, h(v) > 0,

1
ki(o) := / h(v)v°'dv e Ry,
0

[ Yroee) )
o = 35 lr«g‘))} ) o

§e{-11Lp e RO, 1}, 2+ + 1 =1, f(x) = flx1,...,x5) = 0, g(y) =
g yji) 20,

1
V4
0<|[Ifllpos = /l_o @3(x)fp(x)dx} < o0,
RY
1
q
0 <|lgllgw = /Rm lI’(y)gq(y)dy} < 0.
+

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor Hy(0):

/. [/ , ) h<||x||?;||y||ﬁ)f(x>dx} ¢(y)dy
RY | e[l <IlyIl5 ") (44)

+
< Hi(0)[| /1 p.es1&llq.-

Py
{/ Iyllg"" ([ W h(IIXIIiIIyIIﬂ)f(X)dX) dy§
o SHINIER

< Hl(0)||f||p.¢a;
(45)

(ii) If0 < p < 1, or p < 0, there exists a constant §, > 0, such that for any
6 € (0 —38p,0 + ), k1(6) € R, then we still have the equivalent reverses
of (44) and (45) with the same best constant factor H, (o).

Forip = jo =a = B = 1,8 = 1 in Corollary 4, we have

Corollary 5. Assuming that o € R, ki(0) € R4, p € R\{0, 1}, 1 + -~ =1, we set

p(x) := xP177 g (y) ==y (x, y > 0).

If f(x)>0,g() =0,
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p

0 < [1f Il = {/0 go(x)ff’(x)dx} < o0,

0 <|lgllgy = {/0 w(y)gq(y)dy} ' < .,

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k(o) :

/0 (/0 h(xy)f(x)dX) gdy < ki@ flpollgllgy- (46)

. O
{/ ypo=l [/ h(xy)f(x)dx:| dy} < ki@ flpg: (47)
0 0

(ii) for0 < p < 1, or p < O, there exists a constant 8, > 0, such that for any
6 € (0 —68p,0 +68), k1(6) € R, we have the equivalent reverses of (46) and (47)
with the same best constant factor k(o).

Ifk)(x,y) = 0(x < y), by (42) and (43), we have
Corollary 6. Assuming that u,0 € R, + 0 = A,

1
k(o) == / ki(1,v)v° " 'dv € Ry,
0
P ERO 1L L+ § =1 gn(x) = 2?0707 i F(x) 2 0, () 2 0,

1
P

0<||F||M,]={/0 (pl(x)Fp(x)dx} < 00,

0 < llellyy = {/0 w(y)gq(wdy}” <o,

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor kﬁl)(a) :

/0 [[ kx(x,yw(x)dx]g(y)dy<ki“(o)HFHp,w||g||q,¢, 48)
i

o0 o0 P %
{/0 yPHU kk(x,y)F(x)dx:| dy} <k ONFlpp: 49
Yy
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(ii) for 0 < p < 1, or p < 0, there exists a constant 8§y > 0, such that for
any 6 € (0 — 89,0 + o), kil)((}) € R, we have the equivalent reverses of (48)
and (49) with the same best constant factor kkl) (0).

If h(v) = 0(0 < v < 1), then

h(I1x11G 11 11g) = 0=l < [1¥115"),

by Theorem 1, we have the following second class of Hardy-type inequalities:

Corollary 7. Suppose thato, B >0, 0 € R, h(v) >0,

o0
ky(o) := / h()v° 'dv e Ry,
1

' [‘jo(%) ’ Fio(é 7
0= || [y | o

B

8 € {_1’1}’p € R\{Osl}’ % +$ = 1; f(-x) == f(x1,...,xi()) 2 O, g(y) =
g()’l»--w)’jo)ZO,

1

O <I[1f1lp.es = /io <1>s(x)f”(x)a’x§ < 00,
Ry
0 <llgllgw = /m lI/(y)gq(y)a’y} < oo.
Ry

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor H,(o) :

h g d d
/Rfo [/{xenfg;||x||gz|y||,;l} (el yls) ) x] sy (50)

+
< Hy(o)[f I p.511&llg.0-

b
_ po—jo ) h( i Y f( d) d§
%fR’ﬁHy“ﬂ </{Xek’i;|xngz|yuﬂl} Ixllallylle) fdx | dve o

< Hy(o)[f ] p.a5:
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(ii) if0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
6 € (0 —8p,0 + 8p), k2(6) € R, then we still have the equivalent reverses
of (50) and (51) with the same best constant factor Hy (o).

Foriy = jo=a = B = 1,8 = 1 in Corollary 7, we have

Corollary 8. Assuming that o € R, k(o) € Ry, p € R\{0, l}é + é =1, we set

p(x) = xPU77 gy (y) =y (x, y > 0).

Iff(x)=0g(y) =0,

1
p

0<||f||p.go={/0 so(x)fp(xmx} < oo,

0 < llgllyy = {/0 w(y>gq(y)dy}q < 0.

then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor k,(0) :

A (/ h(xy)f(x)dx)g(y)dy<k2(o>||f||p,¢||g||q,w, (52)

N . PN
% [0 yro! [/ h(xy)f(X)dx} dy§ <@ fle: 3

(ii) for0 < p < 1, or p < O, there exists a constant §, > 0, such that for any
6 € (0 —680,0 +68), k2(6) € R, we have the equivalent reverses of (52) and (53)
with the same best constant factor k(o).

Ifky(x,y) = 0(x > y), by (42) and (43), we have
Corollary 9. Assuming that u,0 e R,u+0 = A,

o0
kiz)(U) = /1 ky(1,v)v° 'dv € Ry,

pPERVOILL + 1 =1, gi(x) = xP077L if F(x) 2 0, g(y) = 0,

1

P

0 < IF|lppr = { / ¢,(X)Fp<x)dx} < oo,

0 <|lgllgy = {/0 1ﬂ(y)g"(y)dy} ' < .
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then (i) for p > 1, we have the following equivalent inequalities with the best
possible constant factor kf) (0):

/0 UO kl(x,y)F(x)dX]g(y)dy<k;2)(a)||F||M||g||w, (54)

00 y ) H
{ / yro [/ kux,y)F(x)dx} dy} kPO |Fllpe:  (59)

(ii) for 0 < p < 1, or p < 0, there exists a constant 8§y > 0, such that for
any ¢ € (0 — 89,0 + dp), kf) (0) € R, we have the equivalent reverses of (54)
and (55) with the same best constant factor kf) (0).

6 Multidimensional Hilbert-Type Inequalities
with Two Variables

Suppose that u; (s;),u,(s;) > 0,u;(a;") = 0,u;(b7) = co(—oc0 < a; < b; <
00,i = 1,...,ip), u(s) = (ul(sl),...,uio(sio)),vj(tj),v}(tj) > O,vj(Cj) =
O,Uj(dj_) =00 (—o00=<cj<dj=<oo,j=1,...,Jo)

U(l) = (vl(tl)v e vjo(tjo))»
lv@)]1g" ="

|| (;)”P(ZO 80) io
[ f /( ):I }
j 1Y\

Ds(s) := W U(t) =

Setting x = u(s), y = v(¢) in Theorem 1, for
F(s) := T 1 (s:) f (u(s)). G(t) = IT]Z v (1)) g (v ().

we have

Theorem 2. Suppose thata, >0, 0 € R,h(v) >0,

o0
k(o) = f h()v® 'dv e Ry,
0

[ e ]
o i) i) o

=1 F(s) = F(s1,...,8,) > 0, G(t) =

G(ty,....t;) >0,

1
q



Multidimensional Hilbert-Type Integral Inequalities and Their Operators Expressions 793

1

7
0<||FIl,q = Ps(s)FP(s)dsy < oo,
P {.fERfO;ai <sj <b;

1

q

0<Gll, s = / U()Gi(r)dty < .
e {IGRjO;L‘/'<tj<dj}

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K (o) :

[ | [ | h(l@E [0 (0)]15) F(s)G(t)dsdt
{reRioscj<tj<d;} J{seRi0;a;<s5i <b; } (56)

< K@IIFIl, 3, lgll, o
{/ | ||v(z>||§“"°n}°=lv;(z,-)(/ | H(uE v ©)ll)
{tERJO;(7j<tj<dj} {s€R0;a; <s; <b; }

» )7
F(s)ds) dl} < K@) Fl, -

(57)

(ii) if 0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
6 € (0 — 80,0 + &), k(6) € R, then we still have the equivalent reverses
of (56) and (57) with the same best constant factor K (o).

In particular, forip = jo=a = =1,
(u(s))p(l—&r)—l - (v(t))q(l—a)—l

wen VO e

1

Ps(s) :=

p

b ~
0<IIF|l,4 = {/ qbg(s)F”(s)ds} < 00,

0 <IlGllyg =

c

d i
/lf/(r)Gq(t)dt§ < o0,

(1) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k(o) :

d b
| [ e snoyrecodsa <k@lFll, 5161, 5. 69
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d b r r
{ / ()" (t) ( / h(uﬁ(s)v(r»F(s)ds) dt} <k©@IFIl, g
(59)

(i) if 0 < p < 1, or p < 0, there exists a constant §; > 0, such that for any
6 € (0 — 80,0 + &), k(6) € R, then we still have the equivalent reverses
of (58) and (59) with the same best constant factor k(o).

In particular, for y,n > 0,u;(s;) = s, u}(s;) = ysy_] u; (07) = 0,u;(c0) =
ooa; = 0,b; = o00,i = 1,...,0p), u(s) = (s%' 10) vi(t;) = t",v ) =
nt;’_l,vj(0+) = 0,vj(00) = oo(c; = 0,d; = o0,j = 1,..., jo)s v(t) =
(t/,....t}),and

- 1 §)||Po—80)—io
Ba(s) =~ by(s), bys) 1= e
ylotr=! (mis™)
l_l i
B ”v(Z)HQ(]O—U) Jo
v = /o(q P00 =
n H]O t’] 1
(me)

in Theorem 2, we have

Corollary 10. Suppose that o, 8,y,n >0, 0 € R, h(v) >0,

o
k(o) = / h(v)v° 'dv e Ry,
0

B 1”./’0(%) s Fio(é) ‘
K) = |:ﬂjo—1F(j0):| |:ou‘o—l[’(io) k().

§ e {-11},p e RO, 1}, L + 1 = 1, F(s) = F(s1,...,5,) = 0, G(t) =
G(t1,...,tj) =0,

0< ||F||p~<135 = /’_0 és(S)Fp(s)ds} < 00,
Ry
1
N q
0 <|IGll,4 = /R df(z)Gq(z)dz} < 0.
+
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(i) If p > 1, then we have the following equivalent inequalities with the best

possible constant factor o /q TE K(o):

//0 /io h([[a(s) |10 1p) F ()G (1)dsdt
RO JRY

(60)
< g KOUF, 3161, .
/, oI ! / Rl 15)
R R}
. (61)
)4 14
F(S)ds) dl‘§ < WK(U)HFHp_éa;

(ii) if 0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
0 € (0 — 80,0 + &), k(6) € R, then we still have the equivalent reverses
of (60) and (61) with the same best constant factor K(o).

lo/qn/o/p

In particular, forip = jo=a =8 =1,
(138(3) = SP(I—SVU)—I’ &([) — tq(l—no)—l’

0<11Fllg = | [~ Freias) <.

1

0<Gll,; = {/0 g&(z)Gq(t)dz} ' < o0,

(1) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor mk(o) :

o0 o0
1
y8.m - R R
/0 /0 h(s"’t"YF(s)G(t)dsdt < yl/qnl/pk(o)||F||p’¢§||G||q.w, (62)

- 00 N 1
o—1 8
%/<; e (/0‘ h(s” l")F(S)ds) dt% ) yVan pyrmeyrlCULS P RICS)

(i) if 0 < p < 1, or p < 0, there exists a constant §; > 0, such that for any
6 € (0 — 60,0 + ), k() € R, then we still have the equivalent reverses
of (62) and (63) with the same best constant factor Wk(a).
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For§ = —1,h(u) =k, (1, u), ||u(s)||§F(s) = f(s),u =A—o0and
(io—p)—io
35y o IO
(712,51 |

in Theorem 2, by simplifications, we have

Corollary 11. Suppose that o, > 0, A, u,0 e R,u+0 = A, k) (x,y)(= 0) is
a homogeneous function of degree —X in R%., with

ky(o) = / ky(1,v)v° 'dv e Ry,
0

A H e)] )
Ki(o) = [ﬁjo_lr(m) @ | P

B

PERVO L, S+ 0 =1 f(s) = f(s1,....8) 20, G(t) = G(nn,....1;,) = 0,

<=

0<Ilfll,é= %/{veR,’O, s b QS(S)fP(S)ds} < 00,

0<|IGll, ¢ = / U()GI(1)dty < .
@ {lERfO cj<tj<d;

Q

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K (o) :

/ _ / _ ki (lu) o [[v(D)]]p) S ()G () dsdt
{reRivic;<tj<d;} J{seRi0;a; <si<b; } (64)
< K@ f1l,8Gll,5

pPo— ]0 ]O
{ f{,m;c,«,d,}““(’)” e 1,(z,)([{Seklomiqi(bi}kx(nu(s)na,||v<z)||ﬂ)

1

P
x fis)ds) dr} <K@If 1,5
(65)
(ii) if0 < p < 1, or p < 0, there exists a constant §y > 0, such that for any

6 € (0 — 80,0 + &), k) (6) € R, then we still have the equivalent reverses
of (64) and (65) with the same best constant factor K, (o).
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In particular, forip = jo=a = =1,

- u p(l=p)—1
F(s) = (SXTWU)

(w1t
!

)

N =

b ~
0<||f||p,¢;=§ / ¢(s)f”(s)ds§ < o0,

Q=

0 <IlGllyg =

C

d
/lf/(t)Gq(t)dt} < o0,

(1) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k, (o) :

d b
[ [ b vens660dsat < k@1 £1,41(61l,5. ©6)

d b P r
{/ ()P~ (1) (/ kx(u(s),v(t))f(s)ds) dt} <k @I fIl,q:
(67)

(i) if 0 < p < 1, or p < 0, there exists a constant §, > 0, such that for any
6 € (0 —8p,0 + ), k,(6) € R, then we still have the equivalent reverses
of (66) and (67) with the same best constant factor kj (o).

In particular, for u;(s;) = Ins;,u}(s;) = s;',u;(17) = 0,u;(0c0) = oo(a; =
1,by = oo,i = 1,...,ip), U(s) = (Insy,....Ins;),v;(t;) = lntj,v}(tj)
7 v;(1%) = 0,uj(00) = oo(c; = 1,dj = oo,j = 1,....jo), V(1) =
(Inty,...,Int;), and

B . U plio—p)—io
B(s) = o) 1= LM
(nililsf)

[V (@)||§ =~

. I—q
()

U(1) = ¥ (1) =

in Corollary 10, we have

Corollary 12. Suppose that o, > 0, A,u,0 e Rou+0 = A, k) (x,y)(= 0) is
a homogeneous function of degree —A in R2., with

(o)
ky(o) = / ki (1,v)v° 'dv e Ry,
0
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o) 1 T,
prr@] L@ ]

B

Kj(o) = |:

PERVO L S+ 0 =1 f(s) = f(s1...50) =0, G(t) = Gt 1)) = 0,

0<Ifll, ¢ = {/{Em-l ) }qS(s)fp(s)ds} < 00,

q

0<|IGll, 4 = / U()GI(H)dty < oo.
& {teRfO;l<tj<oo}

(i) If p > 1, then we have the following equivalent inequalities with the best
possible constant factor K (o) :

/ _ / _ k(UG e [V OIlp) £ ()G (1)dsdr
{reRio;1<t; <o} J{seRi0;1<s; <co} (68)

< K11, 4G4
VP~ /onjo —1 ky(NUS)] e, |V
%/‘;tekfo;1<t,-<00} ! (t)” (/‘;SGRiU;l<S[<°°} OV

P
x f(s)ds) dt} <K @IS, ¢
(69)

(ii) if0 < p < 1, or p < O, there exists a constant §y > 0, such that for any
6 € (0 — 80,0 + 8), k)(6) € R, then we still have the equivalent reverses
of (68) and (69) with the same best constant factor K, (o).

In particular, forip = jo=a = =1,

(lns)l’(l W= (1nt)q(1—0)—1

$(s) = d(s) := VO =90 =

Sl
1

0<IIfll ;= {/ ¢(s)f"(s)ds}”<oo,

0<l6ll,s = | [ Fwcrwar] " <o,
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(1) if p > 1, then we have the following equivalent inequalities with the best
possible constant factor k, (o) :

| [ s so6w0dsar < k@71l 51615 a0

o] o] P ?
{/1 (lnt)p"_l% ([ kx(lns,lnt)f(s)ds) dt% <k @I fl,4: (7D

(i) if 0 < p < 1, 0or p < 0, there exists a constant §, > 0, such that for any
6 € (0 —8p,0 + o), k,(0) € R, then we still have the equivalent reverses
of (70) and (71) with the same best constant factor k(o).

7 Some Particular Examples on the Norm

Example 1. For h(v) = (‘ll'jr’;‘)yl (y =0,u,0 >0,u+ 0 = 1), we have

*® |Inv|”
(1+v)*

o—1

k(o) =ky(0) = /0

. [Inv|”
Since F=oE

L > 0, such that

a .
v2 — 0(v — 07 or v — 00), there exists a constant number

[Inv|”

< mv% < L(U € R+)

0

Then it follows that

o0 pE@/D=1 gy o u
0<k <L ——— =LB(—
V(U) — A (1 + U)A/z (

and k, (o) € Ry. We find

— > 1 o—1 —
ko(o) = /0 T+ o7 v’ 'dv = B(o, ). (72)

For y > 0, we obtain

1 -1 Y q,0—1 % (1 y,,0—1
k(o) = (—Inv)’v +/1 (Inv)*v

(1 + ) I+ "
(' (=Inv)”

— o—1 n—1
i —(1+U)A(v + v dv
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_ /01(_11“))}/; (—k)t) (vk+(7—l i vk+”_1)dv
— ( )/(lnv)y(k+al+k+ul)d
0

k=
Setting t = —Inv, we find
o 2 > +0)—1,—t(k+ —t(k+
ky(o)=>" L /0 A P e /'
k=0
(73)
=TI+ 1)2 L
v (k + o)+t (k+pyrtt]’
In view of Theorem 1 and (39), we have
"G 1’
171l = Ky(0) —[ p— %)}
(74)

Example 2. For h(v) = ‘lhjr—f}l;(y >0,u,0 >0,u+0 =21), we have

|1nv|

.
1+ vA dv.

k(o) =1,(0) := [0

. [Inv|”
Since Tz Y

L > 0, such that

a .
2 — 0(v — 0T or v — 00), there exists a constant number

| Inv|”

m V2 L('U (S RJ,.)

0<

Then it follows that

00 v(a/2)—1dv
0<l(o0) < L/o —(1 o)1

ue =gy L o p
—Sp(l *
2 / L) <2x’ 2A) =
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and /, (o) € Ry. We find

o
lo(o) =f v ldy = — =
0

1+ 0v* Asin (%2)

For y > 0, we obtain

Loy = [ ChwTt /°° (In v)7v!
! 1+ vt | 1+ vt
U (=1nv)?
~ (1 + vz (7 + o) dv
1 o0
0 k=0
0 1
= Y0 [y et ) g
k=0 0
Setting t = —In v, we find
o0 o0
l,(0) = Z(_l)k/ (r+D—1 [e—z(kHJ) +€_t(“+")]dt
k=0 0

_ o 1 1
AR [(kﬂowl +(kx+w+1]

In view of Theorem 1 and (39), we have

_ Fjo( ) »
Tl = Ly((f) = [m}

io(1 l‘l
X|:F—(a):| 1,(0).

(@],

1

| —

Example 3. For h(v) = %(y >0,u,0 >0,u+ 0 = A), we have

_ OO |11‘1U|V o—1
k(a)-[o (max{l,v})*v dv

1 © (Inv)”
=/ (—lnv)”v”fldv+/ ﬂv"*ldv
0 1

vA

1
= / (—=Inv)” (V77" + o) do.
0

801

(75)

(76)

(77)
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Setting t = —In v, we find
o0
k(o) = / tV [e—(a—l)t + e—(u—l)z] el dt
0
o0
:/ tOHDTL (o7 o) dt
0

1 1

In view of Theorem 1 and (39), we have

Fjo(l) P
ITIl = K(o) = [ —I ]
Br=1(3)
KORE i
[ai()—lp(i_o)] F(y + 1) ( y+1 + My+1)
(79)
Example 4. For h(v) = ‘lll"_’;llyk (y=>0,u,0>0,u+0 =A< 1), we have
~ * |Inv|" __,
k(o) =k = 7
@ =k@):= [
We find
N 0o ol
k = ——d
0(0) \/0' |1 — U|A v
1 N . (9] vo—l
= (1—v_v“_dv+/ ——dv
/0 ) o (v— 1))L
1 1
:/ (1 —v)(l_’\)_lv"_'dv +/ (1 —u)(]_")_lu“_ldu
0 0

For y > 0, we obtain

. _ ' (=Inv)7vo! * (Inv)’vo!
b = || gt [ S

L y
— (ZInv) (7" + v dv.

o (I—v)*
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Setting 0 < § < min{u,o}, since (—Inv)’v® — 0(v — 07), there exists a
constant L > 0, such that 0 < (—Inv)?v® < L(v € (0, 1]), and then it follows

- 1 va—ﬁ—l + U;L—S—l
0<k;,(0’)§L/(; de

=L(B(1—-A,0-8+B(1—A,u—9).

Hence lgy(a) e R,,and
/; (0) — /1(_1nv)y i(_l)k —A (vk+a—l +vk+ﬂ_1)dv
' 0 k=0 k
ZZ l)k( )/( lnv)y(k+01+ k+p— l)d

Setting t = —Inv, we find

~ ) _)\. o0
ky(o) = Z(—l)k X /0 (r+D-1 [e—t(k+a) + e—z(k+m] dt
k=0

(81
_ « 1 1
S 1)2( Y ( ) [(k Foy M)V“] '
In view of Theorem 1 and (39), we have
: " (5)
T||=K =
ITIl = &, (0) [ﬁ lp(%)
(82)

r) 10
| g | @00

Example 5. For h(v) = ‘lvlﬂillyl (y >0,u,0 >0, + 0 = 1), we have

k(o) = ky(0) :=/0
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We find
R % (1 o—1
k(o) = / %dv
0 vr—1 (83)
_ ® (Inu)u®’M1du | T P
A2, u—1 h A sin (22)
For y > 0, we obtain
A ' (—Inv)rvo! /°° (Inv)?vo!
k = —d —d
y(0) A 1— + | vh — 1 v
' (—=Inv)”
= [ G s vy
1 [e3)
— [ (_ In v)y Z(vk)d-a—l + vkl-i—u—l)dv
0
00
= Z/ (—Inv)? (VFAFo=t 4 pkAtu=t) gy,
k=070
Setting t = —In v, we find
S oo
lg},(o) — Z/ (D-1 [e—z(kHa) + e—t(k)t+u)] dt
k=070
(84)
> 1 1
=TI 1 eR;.
v+ )kz(:)[(kk—l-a)yﬂ + (kA+pL)V+1] +
In view of Theorem 1 and (39), we have
1
P T
Il = Ky60) = |
| (85)
reg) 1
[alo—‘F(f—O)i| ky (o)
Lemma 6. If C is the set of complex numbers and Coc = C U {0}, 7z €
C\{z|Rez = 0, Imz = 0}(k = 1,2,...,n) are different points, the function f(z)
is analytic in Co, except for z;(i = 1,2,...,n), and 7z = o0 is a zero point of f(z)

whose order is not less than 1, then for o € R, we have
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805

o 2w
A f(x)x“_ldx = m Z Res[f(Z)Za_17 Zk]v (86)
k=1
where 0 < ImlInz = argz < 27m. In particular, if zx(k = 1, ...,n) are all poles of
order 1, setting ¢ (z) = (2 — zx) f (2) (¢ (zx) # 0), then
Oo 1 T - 1
[ rwnax = oS e, 87)
0 sinra
Proof. By Pan et al. [22, p. 118], we have (86). We find
1 —e>™ =1 —cos2ma —isin2ra
= —2isinwa(cosma + i sinra)
= —2ie'™sinra.
In particular, since f(z)z*~! = ﬁ(ﬁﬁk (z)z%7"), it is obvious that
Res[f ()2 —ar]) = %" "o (@) = —€ ™ (=20 or (1)
Then by (86), we obtain (87). The lemma is proved.
Example 6. Fors e N,0 <a; <--- < ay, we set
h(v) ! O0O<o<A)
V)= —/———F—— o
Hizl(vl/s + ax)
By (87), setting u = v*/*, we find
ka=ka:=/ , v dv
( ) S( ) o ]—[3k=1 (Ul/‘s—i—ak)
s [ 1 se |
= - —u+ du
A /o [Temi (u+ax)
s *\ osey : 1
= — a’ e R;. 88
G | o

a
J=10#k) 7

In view of Theorem 1 and (39), we have



806

B. Yang
re@) 7
0=~ 4
7]l = Ky(0) 1= | ——L—
pio=1I (%)
) (39)
Fio(l) a
X e ks(o
0 T
Example 7. Forc > 0,0 <y < 7, We set
h(v) = ! (0 <o < ).
v o
v} 4 evt2eosy + §
Putting z; = —%e’y = —4(”’, by (87), it follows
o0 va—l
k = = d
(0) = ¢,(0) /0 7 T oo oosy 4 v
w1
du
)L/ u? + Jcucosy + §
w1
l/ u—Z1)(u—zz)
27’: \/E iy 270_1 \/E
~ Asin (Z2) 2 2(e~r —elr)
2% _
N
2 2(e'r —e™Y)
20
A 27 sin —Z
= (LE) sz) € R, (90)
2 Asiny sin (%2)
In view of Theorem 1 and (39), we have
rig) 7
(U P
IT]| = Cy(0) 1= | ——L—
B~ (%)
On

e 10
X [m] Cy(O').
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Example 8. We set
(min{v, 1})"

h(v) = W(n > —min{o, u}, 0 + pn = A).
Then we find
_ [ (minfo. 1)n /1 rho—t /°° v dv
k(o) —/(; (max{o. 1)+ dv = | v dv + 1 e

A+2n
_ 92
(0 +m(e+mn) ©2)

In view of Theorem 1 and (39), we have

%) 93)

re(y) A+ 21
’“F@) (@ +m(u+n

Example 9. We set

b Y
h(v):ln( +v)(0§a<b,0<a<y).
a+ vY

We find

k(o) =/ ln( v )v"_ldv
0 a + vY

1 © b Y
T o ( +U)dvo
a a—+ vy

_1 001 b+ v’ o
T o a+vv
o 1 1 n
_ o y—ld
+V/0 (a—i—vV b+vV)v U:|

= 2=d /oo ”(H_%)_l du.
0

o (u+a)(u+b)
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For a > 0, by (87), we have

€R,. (94)

By using the simple way, we still can obtain (94) for a = 0.

In view of Theorem 1 and (39), we have

IIT|| = K(o) := [m}

B
1 o a (95)
ri(l) ‘@ (bV—aV)JT
a1 (%) o sin ﬂ)
¥
Example 10. We set
h() = e (p.y.0 > 0).
Setting u = pv”, we find
o 1 o0 .
k(o) =[ e Py gy = —[ e "ur'du
0 yeolr Jo
1 o
= yp"/VF (;) e R;. (96)
In view of Theorem 1 and (39), we have
1
[‘Jo(l) »
IIT]| = K(o) := [Tﬂm}
Bio F(F)
1 ©7)
Fio(l) K o
| S aio U/VF(_)'
ah=t gy | v Y

Example 11. We set

h(v) = arctan pv™ " (p > 0,0 < 0 < p).



Multidimensional Hilbert-Type Integral Inequalities and Their Operators Expressions
We find

o0
k(o) =/ v°~ ! (arctan pv ™) dv
0

o0
/ (arctan pv~7)dv’
o Jo

o} o—y—1
_ ypU
— ¢ Y0 |° B
> |:(arc an pv~ " )v°|; +/0 T+ (pv7)? vi|

ﬂ > 1 u(%_zll/)_ldu
20 0 1 +u
. . (98)
R S
O sinm <% — %) 20 cos (%)

In view of Theorem 1 and (39), we have

. (L) »
T[] = K(o) := |:/310—1—1“(10):|

. 99)
io(1 q %
X r (“) PR .
T ()

Example 12. We set

2
h(v) = csch(pv’) = T

— _pvy(p > 0,0 >y >0),
where csc h(u) =

_2
ell—e—U

is hyperbolic cosecant function [23]. We find

=a,(0) = /0 v Lesch(pv”)dv

[oe] 2va—1
- / S A—
0 e

pvY _ o—pv¥

/°° 207 =PV gy
0

1—e 200"

k(o)

00 o0
/ va—l Z e—(2k+1)pUV dv
0 k=0
el oo
= ZZ[ pO e GkEDR gy
k=0"0

809
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Setting u = (2k + 1)pv?, we obtain

oo

_ 2 1 *® %—1 —ug
ay(O) = ypg/y kZ 2k + 1)g/y A u e u

=0

2 o) [ 1 >
= r(= —
veolr (7/) [,; kely ,; (2k)o!r }

-2 (Y-t ) er 100
~ ypoly (;)(_W)g(;)e - (100)

where, ¢ (%) =Y oy (% > 1) (¢(-) is the Riemann’s zeta function [24]).

In view of Theorem 1 and (39), we have

T = A4y(0) = [m}
(101)

Example 13. We set

h(v) = sech(pv”) = - (p,o.y >0),

v 4 e—pv¥

where sec h(u) = ﬁ is hyperbolic secant function. We find

o
k() = by(0) = / o™ sec h(pv?)d
0
_ o 2o lgy B 00 2po~le=r" gy

00 o0
— 2/ v(T*l (—1)k€7(2k+1)pv}/dv
)

k=0

S oo
=2 Z(_l)k/ vo—le—(2k+l)pv1’dv.
k=0 0
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Setting u = (2k + 1)pv?, we obtain

by(0) = — i sl /w 7led
y(0) = ypo‘/y P (2k—|— l)g/y 0 u e u

1 o o
=y (?) ° (?) € Re

o\ > (=K o
¢ (?) =2 @t (? g 0)'

k=0

where

In view of Theorem 1 and (39), we have

X —Fio(é) ab (0)
(&)

IIT|] = By(0) := [

Example 14. We set

el 4 =PV’
ePv’ — e—pvY -

h(v) = cothh(pv?’)—1 =

2e P

where coth () = &3¢ is hyperbolic cotangent function. We find

ell—e—U

[eS)
k(o) = ¢y (o) :=/ v (coth h(pv?) — 1)dv
0
© 9 —pv? ,0—1 ) —2pv? 5,0—1
[ [T
o erv’ —e—pv¥ 0 1—e 20
00 oo
— 2/ vcr—l e—2(k+1)pu1’dv

o0 [
-1 — Y
=2 E / v ek gy,
k=1"0

811

(102)

(103)
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Setting u = 2kpv?, we obtain

2 = 1 ety
= 14
¢y(0) T kz_l 207 J, ur e u

1 o o

In view of Theorem 1 and (39), we have

IIT|| = Cy(0) := [—

|: rio (l 4q
«| o)
a1 (L

(105)

lev

Example 15. We set

epvy — e_pvy

h(v) =1 —tanh(pv’) =1—

ePvr 4 e—pv¥
2=
= o e PO
where tan (1) = iifj:f is hyperbolic tangent function. We find

o0
k(o) = d\(0) = / V711 — tan h(pv?))dv
0
© 9 —pv? ,0—1 © 5 —2pv? ,0—1
Z/ e},—vdv =/ v dv
o erv + ePv’ o 1+ e 20"

00 00
— pol (_l)ke—Z(k-i-l)vadv
[y

k=0
o0 0o
=23 ) [t
k=1 0

Setting u = 2kpv?, we obtain

_ 2 (=DF! LA
dy(o)—ypn/yz(zk)g/y/ uv e ™"du

1 o o
= e (;) : (?) < R (190
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—1 k—1
where, é(%) =Y e %

In view of Theorem 1 and (39), we have

(L) s
Tl = Dy(G) = [m
(107)
o) ]

Note. The following references [24-31] provide an extensive theory and applica-
tions of Analytic Number Theory relating to Riemann’s zeta function that will
provide a source study for further research on Hilbert-type inequalities.
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