On Some Integral Operators

Khalida Inayat Noor

Abstract Let P(n,8), 0 < B < 1, be the class of functions p : p(z) = 1 +
cnZ" 4+ cp12" T 4. . analytic in the unit disc E such that Re{p(z)} > B. The class
Pr(n, B), k > 2isdefined as follows: An analytic function p € P (n, B),k > 2,
0 < B < 1 if and only if there exist py, p» € P(n, B) such that

k k
r0=(4+3)nea-(5-3) mo.

In this paper, we discuss some integral operators for certain classes of analytic
functions defined in £ and related with the class Py (n, B).

Keywords Analytic functions ¢ Integral operators ¢ Convolution ¢ Libera
operators

1 Introduction

Let 7 (n) denote the class of functions f of the form
o0
f@=z+ Y ad. (m=N={1.23...}. (1)
k=n+1

analytic in the unit disc £ = {z : |z] < 1}. Let P(n, B) be the class of functions
h(z) of the form

h(z) =14 c " + e 4.0, )
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which are analytic in E and satisfy Re{h(z)} > 5,0 < B < 1,z € We note that
P(1,0) = P is the class of functions with positive real part.

Let Py(n,B),k > 2,0 < B < 1, be the class of functions p, analytic in E, such
that

k 1 k1
p(2) = (Z + 5) p1(2) — (Z - E) P2(2)

if and only if py, p, € P(n, ) for z € E. The class Pr(1,0) = P, was introduced
in [6]. We note that p € Py (n, ) if and only if there exists & € Py (n,0) such that

p@) =10-PhG) + B,

Let f and g be analytic in E with f(z) givenby (1)and  g(2) = 2+ e, 41 biZ*.
Then the convolution (or Hadamard product ) of f and g is defined by

(f*@ =z+ Y axhyd".

k=n+1

A function f € 7 (n) is said to belong to the class Ry (n, 8),k > 2,0 < 8 < 1,if
and only if Z;ﬁ € Pr(n,B) forze E.

We note that Ri(1,0) = Ry is the class of functions with bounded radius
rotation, first discussed by Tammi, see [1] and R, (1, 0) consists of starlike univalent
functions.

Similarly f € /(n) belongs to Vi (n,B) for z € E if and only if % €

Py.(n, B). It is obvious that

feVim,B) ifandonlyif zf' € Ri(n,p). 3)

It may be observed that V,;(1,0) = C, the class of convex univalent functions
and Vi (1,0) = Vj is the class of functions with bounded boundary rotation first
discussed by Paatero, see [1].

2 Preliminary Results

We need the following results in our investigation.

Lemma 2.1 ([5]). Letu = uy +iuy, v = vy + ivy and ¥(u,v) be a complex-
valued function satisfying the following conditions:

(i).  W(u,v) is continuous in a domain D C C?
(ii).  (1,0) € D and ¥{(1,0)} > 0.
(iii).  ReW(iup,vy) < 0 whenever (iuy,vy) € D and v; < _71(1 + u3).
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Let h(z), given by (2), be analytic in E such that (h(z),zh'(z)) € D and
ReW (h(z),zh'(2)) > O forall z € E, then Re{h(z)} > 0in E.

We shall need the following result which is a modified version of Theorem 3.3e
in [4, p113].

Lemma 2.2. Let 8 > 0,848 > 0and o € [ag, 1), where

ﬂ—5—1—_5§
2 B

oy = max{

If{h(z) + ﬂz}éﬁ)ﬁ} € P(l,a) forz € E,thenh € P(1,0) in E, where

“4)

B +96) 5}

o(a,p.8) = |:ﬂ{2F1(2ﬂ(1_a),1,ﬁ+8+l;f?} B

where , F| denotes hypergeometric function. This result is sharp and external
function is given as

1 8
po(z) = % - E &)

with

1 11—z 2B(1—a)
o [ (L)
0 1— tz

—,F (2;3(1 —a), LB+ + 1;2_41).(;9 L&

3 Main Results

Theorem 3.1. Let f € Ry(n,B), g € Ri(n,B),a,c,§ and v be positively real
and § = v = «. Then the function F defined by

[FQ = ez~ /O 1L ()Y (g(1)” di ®)

belongs to Ry (n, o), where

o= 2(2Bc1 + nay) )
(nay —2B + 2¢1) + +/(nay — 28 + 2¢1)* + 8(2Bcy + nay)
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with

c—u
1 = , 0 =

1
o o
Proof. First we show that there exists a function F' € o7 (n) satisfying (6). Let
G@ =" (@) (@) =1+ad + e+,
and choose the branches which equal 1 when z = 0. For
K@ =27 (/)" (2()" =7'G (),

we have

c

c 4
L(Z):Z_C/ K(l)d[=1+ lanzn-i-,_,,
0

n+
where L is well defined and analytic in E. Now let
1 1
F(z) = [*L@)]" = z[L@)]“,
where we choose the branch of [L (z)]é which equals 1 when z = 0. Thus F € 7 (n)

and satisfies (6).
Now, from (6), we have

e EQL [0 +a D = o[ o ] ®
We write
F’ k1 k1
ZF(S) =p(a) = (Z + 5) P12 — (Z - 5) P2(2). €))

Then p(z) = 1 + ¢ 2" + o121 + ..., is analytic in E.
Logarithmic differentiation of (8) and use of (9) yields

azp'(z) 8zf'(2)  vzg'(2)
s e T

Sincev+68 =a: f,g € Pr(n, B) and it is known [2] that Py (n, B) is a convex set,
it follows that

(c—a—1)+ap(z)+

1 ’
allP

+ —
=y

€ P (n,B), z€E.

Define
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1 Z n c Z
1+C1 (1 _Z)Oll+1 1+Cl (1 _Z)a1+2’

Dy (2) =

with o = 1 =<5

Then, using (9) we have

<poc.c azp (Z)
( z ) ()+p()+cl

(k1 a12p)(2)
B (4 * 2) |:p1(z) * P12 +Cli|
k1 ®12p;(2)
(53 [por )

Since {p + %} € Py(n, B), it follows that

i
{p,-+&§el’k(n,ﬁ), for i=12 zeEF.
pi +c1

Writing p;(z) = (1 —0)H;(z) + 0, i =1,2,wehave, forz e E,

Ol](l —O')Hl-/
(1—0)H; +0 +

[(1 —o0)H; +0 + —,3] € P(n,0).

We now form the functional ¥ (u, v) by taking u = H; and v = zH] and so

a (1 —o)v
(l—0)u+o+c’

Y, v) =(0—p)+ (1 —-0)u+

It can easily be seen that:

(i)  W(u,v)is continuous in 7 = (¢ — {2+ }) x %.

1—0o

(i) (i,0) € Zand Re{¥(i,0)=1— > 0.

To verify the condition (iii) of Lemma 2.1, we proceed as follows:

_ 2
For all (iuy,vy) € Z suchthat v < M and

a1(1—0)(0 +c)vy
(c+ca)+(—0)u
- 2(c — B) {(o+cl)2+(1—0)2u§} —na(1—0)(o+c)(1+u3)
- 2(0+c1)2+(1—0)2u3
A+ Bu3

=" 10

<0, if A<0 and B <0,

R{W(iuz,v)} = (06— B) +
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where

A=2(0—PB)o+c1)? —naj(1—-0)(0+cy),
B =2(0c — B)(1 —0)*> —na;(1 —o)(o + c1)
C=@0+c)*+(1-0)u>0.

From A = 0, we obtain o as given by (7) and B < 0 ensures that 0 < o < 1. Thus

using Lemma 2.1, it follows that H; € P(n,0) and therefore p; € P(n,0), i =
1,2. Consequently p € Pi(n, o) and this completes the proof. O

Corollary 3.1. For0 = ¢ =n = 1,8 = 0and f = g, F € Vi implies that
F € Rk(%) and this, with k = 2, gives us a well-known result that every convex
function is starlike of order % inE.

Corollary 3.2. Forn = 1,let f € Ry (1,0) in Theorem 3.1. Then F € Ry (1, 0yp),
where oy is given by (2.1) with § = «,8 = (1 — o). This result is sharp.

Corollary 3.3. In (2), we take v + 8 = 1,¢ = 2, f = g and obtain Libera’s
integral operator [3,6] as:

F(o) = %/O o (an

where [ € Ry(n, B). Then, by Theorem 3.1, it follows that F € Ry (n, o), where

228 +n)
[m—2ﬁ+2y+Jm-aﬁ+2y+8@ﬁ+nﬂ'

12)

o] =

For B = 0andn = 1, we have Libera’s operator for the class Ry of bounded radius
rotation. That is, if f € Ry and F is given by (3.6), then

2
F e R.(1,07), with 0, = ———.
(1, 02) 2T 3V
Using Theorem 3.1 and relation (3), we can prove the following.

Theorem 3.2. Let f and g belong to Vi (n, B), and let F be defined by (6) with
a,c,6,v positively real, § + v = «. Then F € Vi (n, ), where o is given by (7).

By takinga = 1,¢ + %, v+8§=a=1and f = g in (6), we obtain the integral
operator I, ( f) = F, defined as:

F@=%/Z%ﬁmm,@>m. (13)

0
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With the similar techniques, we can easily prove the following result which is
stronger version than the one proved in Theorem 3.1.

Theorem 3.3. Let f € Ri(n,y) andlet, for0 < A < 1, F be defined by (13). Then
F € Ri(n,8%), where §* satisfies the conditions given below:

(i) 0 <X<jand sy <y <1, then

1
5 =4 =H[A1+\/A%+831i| >0,

where

Ay =2yA 4+ 24 —nA
By = A{2y(1 —A) + nA}.

(i) fl<i<1, 20D <GV oo e,

" 1 /
) I(SQZHI:AZ—F A%+8Bzi|20,

where

Ay =21 + 24y —nA
B, = AQ2Ay +n —nA).

(i) Ifl<A=<l, 2D 1BV o gen 6y = 6.

Special Cases

(1). LetA = % in (13). Then we have Libera’s operator and (i) gives us

s — 8 — 22y +n)
=§ = )
(n—2y+2)+/(n—2y +2)2 +8Q2y +n)

(2). Wheny =0, = %,n = 1,and f € Ry, then F € Ry (1,6;), where

2
R

(3). LetA =1,y =0,n = 1and f € Ry. Then, from (3.8), it follows that

Fo = [ 104

5* =34
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and, by Theorem 3.3, F' € Rk(%). By using relation (3) and k = 2, we obtain
a well-known result that every convex function is starlike of order %

Theorem 3.4. Let f € R;(n,0),g € Ry(n,),0 < o < 1. Let the function F, for
b > 0, be defined as

1

F(z) = tb/()zf“(t)z”‘“‘lg(t)dz. (14)

b4
Then F € Ry(n,n), z¢€ E, where

2

n
" Cb+m+ JObrnp e

5)

Proof. Set

’ k k
o=t oo (-

Then p(z) is analytic in E and p(0) = 1. From (14), we have

PO+ o+ = YR )

= [ah + (1 =]+ [(1 —2)2(z) + @] -1
=ahi(2) + (1 —)h2(2) = h(z), h € Pr(n,0).

zp'(2) _[ 2f' (@) +(1_a)}+zg’(Z) _q

Since g € Py(n,a), f € Ri(n,0), it follows that i, hy € Pr(n,0) and Py (n,0)
is a convex set. Now following the similar technique of Theorem 3.1 and using
Z2F/(2)

Lemma 2.1, we obtain the required result that o = p() € Py(n,n), where 7 is

given by (15). O
Remark 3.1. When n = 1, we obtain best possible value of n = o given by (2.1)
withae =0,8 =1,6 = b.

Conclusion. In this paper, we have introduced and considered a new class Py (n, 8)
of analytic function. We have discussed several special cases of this new class. We
have discussed some integral operators for certain classes of analytic functions in
the unit disc £ and related with the new class P (n, 8). Results obtained in this
paper can be viewed as an refinement and improvement of the previously known
results in this field.
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