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On Complex Analytic 1|2- and 1|3-dimensional
Supermanifolds Associated with CP*

E.G. Vishnyakova

Abstract. We obtain a classification up to isomorphism of complex analytic
supermanifolds with underlying space CP! of dimension 1|2 and of dimension
1|3 with retract (k,k, k), where k € Z. More precisely, we prove that classes
of isomorphic complex analytic supermanifolds of dimension 1|3 with retract
(k, k, k) are in one-to-one correspondence with points of the following set:

Grag—4,3U Grag—42UGrar—41 UGrap—_4a,0

for k > 2. For k < 2 all such supermanifolds are isomorphic to their retract
(k,k, k). In addition, we show that classes of isomorphic complex analytic
supermanifolds of dimension 1|2 with retract (k1, k2) are in one-to-one corre-
spondence with points of CPF1+%2=4 for ky + ko > 5. For k1 + k2 < 5 all such
supermanifolds are isomorphic to their retract (ki, k2).
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1. Introduction.

We can assign the holomorphic vector bundle, so-called retract, to each complex
analytic supermanifold. If underlying space of a complex analytic supermanifold
is CP', by the Birkhoff-Grothendieck Theorem the corresponding vector bundle
is isomorphic to the direct sum of m line bundles: E ~ @ L(k;), where k; € Z

i=1
and m is the odd dimension of the supermanifold. We obtain a classification up to

isomorphism of complex analytic supermanifolds of dimension 1|3 with underlying
space CP' and with retract L(k)@® L(k)® L(k), where k € Z. In addition, we give a
classification up to isomorphism of complex analytic supermanifolds of dimension
1|2 with underlying space CP*.
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Foundation for Basic Research (grant no. 11-01-00465a).
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The paper is structured as follows. In Section 2 we explain the idea of the
classification. In Section 3 we do all necessary preparations. The classification up to
isomorphism of complex analytic supermanifolds of dimension 1|3 with underlying
space CP' and with retract (k,k, k) is obtained in Section 4. The last section is
devoted to the classification up to isomorphism of complex analytic supermanifolds
of dimension 1|2 with underlying space CP".

The study of complex analytic supermanifolds with underlying space CP*
was started in [3]. There the classification of homogeneous complex analytic su-
permanifolds of dimension 1|m, m < 3, up to isomorphism was given. It was proven
that in the case m = 2 there exists only one non-split homogeneous supermanifold
constructed by P. Green [5] and V.P. Palamodov [1]. For m = 3 it was shown that
there exists a series of non-split homogeneous supermanifolds, parameterized by
k=0,2,3,...

In [7] we studied even-homogeneous supermanifold, i.e., supermanifolds which
possess transitive actions of Lie groups. It was shown that there exists a series of
non-split even-homogeneous supermanifolds, parameterized by elements in Z x
Z, three series of non-split even-homogeneous supermanifolds, parameterized by
elements of Z, and finite set of exceptional supermanifolds.

2. Classification of supermanifolds, main definitions

We will use the word “supermanifold” in the sense of Berezin—Leites [2, 6], see
also [3]. All the time, we will be interested in the complex analytic version of the
theory. We begin with main definitions.

Recall that a complex superdomain of dimension n|m is a Zs-graded ringed
space of the form (U, Fy @ A(m)), where Fy is the sheaf of holomorphic functions
on an open set U C C™ and A(m) is the exterior (or Grassmann) algebra with m
generators.

Definition 2.1. A complezx analytic supermanifold of dimension n|m is a Zs-graded
locally ringed space that is locally isomorphic to a complex superdomain of di-
mension n|m.

Let M = (Mg, Oxq) be a supermanifold and

Im = (Om)1 + (Or)1)?

be the subsheaf of ideals in O generated by the subsheaf (Oa)1 of odd elements.
We put Faq := Opa/TIm- Then (Mg, Faq) is a usual complex analytic manifold,
it is called the reduction or underlying space of M. Usually we will write M,
instead of (Mg, Frq). Denote by Ty the tangent sheaf or the sheaf of vector fields
of M. In other words, T is the sheaf of derivations of the structure sheaf Oxy.
Since the sheaf O is Zo-graded, the tangent sheaf T also possesses the induced
Zo-grading, i.e., there is the natural decomposition Ty = (Tam)s @ (Tam)1-

Let Mg be a complex analytic manifold and let E be a holomorphic vector
bundle over M. Denote by £ the sheaf of holomorphic sections of E. Then the
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ringed space (Mg, AE) is a supermanifold. In this case dim M = n|m, where
n = dim My and m is the rank of E.

Definition 2.2. A supermanifold (Mg, Opq) is called split if Opq ~ A E (as super-
manifolds) for a locally free sheaf £.

It is known that any real (smooth or real analytic) supermanifold is split.
The structure sheaf Op of a split supermanifold possesses a Z-grading, since
Opm = NEand A€ =P A€ is naturally Z-graded. In other words, we have the

P
decomposition Oy = G(Ou)p. This Z-grading induces the Z-grading in Ty in
P
the following way:
(Tam)p == {v € Tm | v((Om)g) C (Opm)p+q for all g € Z}. (1)

We have the decomposition:
m

Tm = @ (Tm)p-

p=—1
Therefore the superspace H°(Mo, Tr) is also Z-graded. Consider the subspace
EndE c H°(Mo, (Tam)o)-

It consists of all endomorphisms of the vector bundle E inducing the identity
morphism on Mg. Denote by Aut E C End E the group of automorphisms of E,
i.e., the group of all invertible endomorphisms. We define the action Int of Aut E
on Ty by

IntA:v— AvA~L,

Clearly, the action Int preserves the Z-grading (1), therefore, we have the action
of Aut E on H' (Mo, (T 54)2)-

There is a functor denoting by gr from the category of supermanifolds to the
category of split supermanifolds. Let us describe this construction. Let M be a
supermanifold and let as above Jyr C Oaq be the subsheaf of ideals generated by
odd elements of O . Then by definition gr(M) = (Mo, gr Orq), where

O = PerOnp, (21O = T/ T Tk = Om

p=>0
In this case (gr Oaq); is a locally free sheaf and there is a natural isomorphism of
grOxn onto A(grOm)1. If ¥ = (Yrea, ™) : (M,0p) — (N, Op) is a morphism
of supermanifolds, then gr(v) = (req, gr(v¥*)), where gr(¢*) : gr Ox — gr Opg is
defined by
gr(W")(f + T) =" (f) + Ty for f € (Tn)"~"

Recall that by definition every morphism 1 of supermanifolds is even and as con-
sequence sends JY: into Jy,.

Definition 2.3. The supermanifold gr(M) is called the retract of M.
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To classify supermanifolds, we use the following corollary of the well-known
Green Theorem (see [3, 5] or [4] for more details):

Theorem 2.4 (Green). Let N = (No, AE) be a split supermanfold of dimen-
sion n|lm, where m < 3. The classes of isomorphic supermanifolds M such that
grM = N are in bijection with orbits of the action Int of the group AutE on
HY (Mo, (T y)2).

Remark 2.5. This theorem allows to classify supermanifolds M such that gr M is
fixed up to isomorphisms that induce the identity morphism on gr M.

3. Supermanifolds associated with CP*

In what follows we will consider supermanifolds with the underlying space CP*.

3.1. Supermanifolds with underlying space CP*

Let M be a supermanifold of dimension 1|m. Denote by Uy and U; the stan-
dard charts on CP' with coordinates z and y = i respectively. By the Birkhoff—
Grothendieck Theorem we can cover gr M by two charts

(U07Ong‘Uo) and (UlvOng|U1)

with local coordinates x, &1,...,&, and y, n1,...,nm, respectively, such that in
Uy NU; we have

-1 —k; P
y=x -, M= Eiaz_17"'ama

where k; are integers. Note that a permutation of k; induces the automorphism of
gr M.

We will identify gr M with the set (k1,..., k), so we will say that a super-
manifold has the retract (k1, ..., km,). In this paper we study two cases m = 2 and
m = 3 for k1 = ko = ks =: k. From now on we use the notation 7 = @7, for the
tangent sheaf of gr M.

3.2. A basis of H'(CP*, 73).
Assume that m = 3 and that M = (k1, ko, k3) is a split supermanifold with the
underlying space My = CP'. Let 7 be its tangent sheaf. In [3] the following
decomposition

=) T’ (2)

i<j

was obtained. The sheaf 7';7 is a locally free sheaf of rank 2; its basis sections over
(Uo, OM|U0) are:
0

o€, (3)

0
&i&j O’ §i&i&
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where [ # 4, j. In Uy N Uy we have

0 0
£ — g2 kiR, — ket R ki,
fzf] 858 Yy 75 8y Y M5 am ,

gzgjgl

(4)
—k—

=y~ Rinnm 0

23

The following theorem was proven in [7]. For completeness we reproduce it
here.

Theorem 3.1. Assume thati < j andl#14,j.
1. For k; + k; > 3 the basis of H'(CP', T,7) is

9]
x_”glfja R n=1,..,k +k; — 3,

_n§l§7§la£ _17...7ki+kj_1;

2. for ki +kj = 3 the basis of H1(<CIF’1 757) is

_1§z§7§l _2§z§7§l

o5’ o8’
3. for ki +k; =2 and ky = 0 the basis of H'(CP', T37) is

_1&5]5[ 3§

4. if ki +k; =2 and ky # 0 or ki + k; < 2, we have H'(CP', T;7) = {0}.

Proof. We use the Cech cochain complex of the cover U = {Uo, Ui}, hence, 1-
cocycle with values in the sheaf 757 is a section v of 757 over Uy N U;. We are
looking for basis cocycles, i.e., cocycles such that their cohomology classes form a
basis of H (8, T57) ~ Hl((CIPl, 7). Note that if v € Z'(4,7;7) is holomorphic
in Uy or Uy then the cohomology class of v is equal to 0. Obviously, any v €
ZY(U,T,7) is a linear combination of vector fields (3) with holomorphic in Uy N U3
coefficients. Further, we expand these coefficients in a Laurent series in z and drop
the summands =", n > 0, because they are holomorphic in Uy. We see that v can
be replaced by

v=D TG ) +Zb" et g6 (6)

n=1

where a7, b7, € C. Using (4), we see that the summands corresponding to n >

k; +k; — 1 in the first sum of (6) and the summands corresponding to n > k; + k;
in the second sum of (6) are holomorphic in U;. Further, it follows from (4) that

x2—ki—kj§i§j8 ~ kgt ka&@fz o€,
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Hence the cohomology classes of the following cocycles

9]
x_”@fja R n=1,..,k +k;j — 3,

_ngzgjfl af ki + kj -1,
generate H'(CP*, 2‘]‘ ). If we examine linear combination of these cocycles which
are cohomological trivial, we get the result. O

Remark 3.2. Note that a similar method can be used for computation of a basis
of H'(CP',T,) for any odd dimension m and any g.

In the case k1 = ko = k3 = k, from Theorem 3.1, it follows:

Corollary 3.3. Assume that i < j and l #i,j.
1. For k > 2 the basis of H*(CP", T,7) is

0
x_nfifja n:l,...,2k—3,

—”flfja pey M=l L

2. If k < 2, we have H'(CP*, T3) = {0}.

3.3. The group Aut E
This section is devoted to the calculation of the group of automorphisms Aut E of
the vector bundle E in the case (k, k, k). Here E is the vector bundle corresponding
to the split supermanifold (k, k, k).

Let (&) be a local basis of E over Uy and A be an automorphism of E. Assume
that A(fj) = Zaij ($)fl In U1 we have

Alny) = A(y"¢)) Zy "y mi-

Therefore, a;;(z) is a polynomial in x of degree < k; — k;, if k; — k; > 0 and is 0,
if k; — k; < 0. We denote by b;; the entries of the matrix B = A~'. The entries
are also polynomials in z of degree < k; — k;. We need the following formulas:

A(&1&28s o€ ) =det(A Z brs€1€283 8§
(3)
0
A(&§; ax)A_l =det(4) Z(_l)l_‘—rblrgkgs oe T det(A) Z bjs&i&i& o€,
k<s s s

where i < j, 1 # 4,7 and r # k, s. Here we use the notation b}, = 8895(1915). By (8),
in the case k1 = ko = k3 = k, we have:

Proposition 3.4. Assume that k1 = ko = k3 = k.
1. We have
Aut E ~ GL3(C).
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In other words
AutE = {(aij) ‘ Qi € C, det(aij) 75 0}
2. The action of Aut E on Tz is given in Uy by the following formulas:

) )
A(&16283 o€ JAT! = det(A)é1babs Y bs o€,
P s P )
A& VAT =det(A) Y (1)t

k<s
where i < j, L #4,j and r # k,s. Here B = (b;;) = A™!

4. Classification of supermanifolds with retract (k, k, k)

In this section we give a classification up to isomorphism of complex analytic su-
permanifolds with underlying space CP' and with retract (k, k, k) using Theorem
2.4. In previous section we have calculated the vector space H* (CPl, T2), the group
Aut E and the action Int of Aut E on H'(CP*, 73), see Theorem 3.3 and Proposi-
tion 3.4. Our objective in this section is to calculate the orbit space corresponding
to the action Int:

H'(CP',73)/ AutE. (10)

By Theorem 2.4 classes of isomorphic supermanifolds are in one-to-one correspon-
dence with points of the set (10).
Let us fix the following basis of H'(CP*, 73):

v =271 EEs aam’ vz = —x7161&3 3895, vig =2 166 3895,
.. .. .. (11)
— D o D o __ =D o
vpr =27 PE83 50, U1 = —2 P63y, vp3 = T P62 gy,
Ups1,1 = 11603 3?1 ;o Upp13 =27 6168 323,
e (12)
v = a0 bals gl U = bk

where p = 2k — 3, a = 2k — 1 and ¢ = p + a = 4k — 4. (Compare with Theorem
3.3.) Let us take A € Aut E ~ GL3(C), see Proposition 3.4. We get that in the
basis (11)—(12) the automorphism Int A is given by

1
Int A(’Uis) = det B stjvij.
J

Note that for any matrix C' € GL3(C) there exists a matrix B such that
1
~ det B

Indeed, we can put B = v dit CC . We summarize these observations in the follow-

C B.

ing proposition:
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Proposition 4.1. Assume that k1 = ko = k3 = k. Then
H'(CP', T3) ~ Matgy (4—1)(C)

and the action Int of AutE on H'(CP',T3) is equivalent to the standard action
of GL3(C) on Matgy (4p—a)(C). More precisely, Int is equivalent to the following
action:

D+— (W +— DW), (13)
where D € GL3(C), W € Matgy (4x—4)(C) and DW is the usual matriz multipli-
cation.

Now we prove our first main result.

Theorem 4.2. Let k > 2. Complex analytic supermanifolds with underlying space
CP' and retract (k,k, k) are in one-to-one correspondence with points of the fol-
lowing set:

3
U Gragan
r=0

where Grag_a, is the Grassmannian of type (4k —4,r), i.e., it is the set of all
r-dimensional subspaces in C*=%,

In the case k < 2 all supermanifolds with underlying space CP' and retract
(k,k, k) are split and isomorphic to their retract (k,k, k).

Proof. Assume that k > 2. Clearly, the action (13) preserves the rank r of matrices
from Matgzy (4x—4)(C) and r < 3. Therefore, matrices with different rank belong
to different orbits of this action. Furthermore, let us fix r € {0, 1,2, 3}. Denote by
Mats, (45—4)(C) all matrices with rank r. Clearly, we have

3 s
Matsy (4x—4)(C) = Ur:O Maty, (45—4)(C).

A matrix W € Matj, 44_4)(C) defines the r-dimensional subspace Vi in CH—1,
This subspace is the linear combination of lines of W. (We consider lines of a
matrix X € Matgy (4_4)(C) as vectors from C*~*.) Therefore, we have defined
the map F;:
W r— FT(W) =Vw € GI‘4]€_4,T.

The map F is surjective. Indeed, in any r-dimensional subspace V' € Grag_4,, we
can take 3 vectors generating V' and form the matrix Wy € Matj, (4,_4)(C). In this
case the matrix Wy is of rank r and F,.(Wy ) = V. Clearly, F.(W) = F.(DW),
where D € GL3(C). Conversely, if W and W’ € F1(Viy), then there exists
a matrix D € GL3(C) such that DW = W'. It follows that orbits of GL3(C)
on Matj, 4_4)(C) are in one to one correspondence with points of Grax—a,,.
Therefore, orbits of GL3(C) on

3
Matsy (45—4)(C) = UT:O Maty,, (4,—4)(C)

are in one-to-one correspondence with points of Uf:o Grag—4,r. The proof is com-
plete. O
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5. Classification of supermanifolds with underlying
space CP! of odd dimension 2

In this section we study the case m = 2 and gr M = (kq, k2), where k;, ko are any
integers. Let us compute the 1-cohomology with values in the tangent sheaf 7.
The sheaf 73 is a locally free sheaf of rank 1. Its basis section over (Up, Om|u,) is
&1& aaw' The transition functions in Uy N U; are given by the following formula:

a _ 2—ki1—ko a
§12 P N2 ay

Therefore, a basis of H'(CP',T3) is
0
$_7L§1§2 ,nzl,...,k1+k2—3.
ox

Let (&;) be a local basis of E over Uy and A be an automorphism of E. As
in the case m = 3, we have that a;;(z) is a polynomial in z of degree < k; — k;, if
kj —k; > 0and is 0, if k; — k; < 0. We need the following formulas:

A(x"6162 aax)A_l = (det A)z7"&160 8835'

Denote

0

Un =T 5152 8:1}

We see that the action Int is equivalent to the action of C* on CF1t*2=3  therefore,
the quotient space is CPF %274 We have proven the following theorem:

Theorem 5.1. Assume that k1 + ko > 5. Complex analytic supermanifolds with
underlying space CP' and retract (ki,ks) are in one-to-one correspondence with
points of

CPMTr2=4  {pt}.
In the case ki + ko < 5 all supermanifolds with underlying space CP' and retract
(k1, ko) are split and isomorphic to their retract (ki,ks).
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