Chapter 5
Operators on Hilbert Spaces

In this chapter, we will apply the results of Chap. 2 on C*-algebras to operators on
Hilbert spaces. In particular, we will discuss the continuous functional calculus for
normal bounded operators on Hilbert space, which turns out to be a powerful tool.

The space B(H) of all bounded linear operators on a Hilbert space H is a Banach
algebra with the operator norm (Example 2.1.1), and, as we have seen in Example
2.6.1, even a C*-algebra. We will write

o(T) = opm)(T)

for the spectrum of 7' with respect to the C*-algebra B(H) and call it simply the
spectrum of the operator T.

5.1 Functional Calculus

Let H be a Hilbert space, and let T be a bounded normal operator on H, this means
that T commutes with its adjoint 7%, i.e., T is normal as an element of the C*-algebra
B(H). We then can apply the results of Sect. 2.7, which for any continuous function
f on the spectrum o (7T') give a unique element f(7) of B(H) that commutes with
T and satisfies

f(T)=foT,
where the hat means the Gelfand transform with respect to the unital C*-algebra
generated by 7'. Recall that by Lemma 2.7.2 the spectrum of a normal operator T
does not depend on the C*-algebra. The map from C(o(T)) to B(H) mapping f to
f(T) is the continuous functional calculus. In the next proposition, we summarize
some important properties.

Proposition 5.1.1. Let T be a normal bounded operator on the Hilbert space H and
let A= C*(T,1) be the unital C*-algebra generated by T.

(@) The map f + f(T) is a unital isometric C*-isomorphism from C(o(T)) to A,
which sends the identity map 1d, ) to T.

A. Deitmar, S. Echterhoff, Principles of Harmonic Analysis, Universitext, 107
DOI 10.1007/978-3-319-05792-7_5, © Springer International Publishing Switzerland 2014



108 5 Operators on Hilbert Spaces

(b) Let V C H be a closed subspace stable under T and T*. Then 'V is stable under
Aand f(T)ly = f(Tly).

(c) LetV be the kernel of f(T). ThenV is stable under T and T*, and the spectrum
of f(T|v) is contained in the zero-set of f.

@) If f(z) = Yp2ganz" is a power series that converges for z = ||T||, then

F( =3 ga,T".

Proof The first assertion is a direct consequence of Theorem 2.7.3.

To show (b), note first that if V is stable under T and T*, then V is A-stable, since the
linear combinations of operators of the form 7*(7*)' are dense in .A. We therefore get
a well defined *-homomorphism ¥ : 4 — B(V) mapping S to S|y. The assertion
in (b) is then a consequence of Corollary 2.7.5.

In (c), the space V is stable under T and T* as these operators commute with f (7).
Further, using Corollary 2.7.5, one has

flo(Tly) =o(f(Tv)) =o(f(Dlv) = {0}.

Finally, part (d) is contained in Theorem 2.7.3, since convergence of the power series
at | 7'|| implies uniform convergence on o (T") € B)7(0). O

An important class of normal operators is formed by the self-adjoint operators, i.e.,
operators T with 7 = T*. It is shown in Corollary 2.7.5 that o(T) € R for every
self-adjoint T'. Another class of interesting normal operators consists of the unitary
operators. These are operators U € B(H) satisfying UU* = U*U = 1. Note that
a normal operator U € B(H) is unitary if and only if o(U) C T. This follows from
functional calculus, because if U is normal, then U*U = 1 if and only if d-Id=1
for Id = Id, (v, which is equivalent to o (U) € T.

Recall the Schwartz space S(RR) consisting of all functions f : R — C such that for
any two integers m, n > 0 the function x” £ (x) is bounded. So a Schwartz function
on R is a smooth function on R, which, together with all its derivatives, is rapidly
decreasing.

For f € S(R) the Fourier inversion formula says that
rw = [ foeay,
R

where f(y) = [; f(x)e 2™ dx is the Fourier transform (See Exercise 3.14 or
[Dei05] Sect. 3.4).

Proposition 5.1.2. Let T be a self-adjoint bounded operator on the Hilbert space
H. Then for every f € S(R),

f(T) = /R Fe¥™T dy,
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where the unitary operator ¢*™7 is defined by the continuous functional calculus

and the integral is a vector-valued integral in the Banach space B(H) as in Sect. B.6.

Proof To see that the operator ¢>™ 7

is unitary, we compute
ivT\ ¥ _omivT* _omiv i -1
(eZm}T) —e 2miyT* _ e 2miyT _ (EZmyT) .

The Bochner integral exists by Lemma B.6.2 and Proposition B.6.3. Next, let & :
C(o(T)) — C*(T,1), g — g(T)denote the isometric x-homomorphism underlying
the Functional Calculus for 7. The Fourier inversion formula implies that

floa) = / F(y)e¥ldam gy,
R

By continuity of ® we therefore get
f(T) = O(floy) = @ ( f f(yermitem dy)
R
B f FOI® (M) dy = f Foe™ T dy,
R R

where the last equation follows from Corollary 2.7.5, which implies @ (e*™1d) =
e2miy® (o) — 2miT O

Definition A self-adjoint operator 7' € B(H) is called positive if
(Tv,v) >0 VveH.

In what follows, we want to use the spectral theorem to compute a positive square
root for any positive operator 7. For this we need to know that positive operators
have positive spectrum.

Theorem 5.1.3 Let T be a self-adjoint bounded operator on the Hilbert space H.
Then the following are equivalent:

(a) T is positive.
(b) The spectrum o (T) is contained in the interval [0, 00).
(¢) There exists an operator R € B(H) with T = R*R.

(d) There exists a unique positive operator S with T = S>. In this case we write

S=+T.

Proof The implications (d) = (c) and (c) = (a) are trivial. So it is enough to show
that (a) = (b) and (b) = (d) hold.
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For (a) = (b) assume without loss of generality that ||7|| = 1. Theno(T) € [—1, 1]

since T is self-adjoint. We show that T, &1+ w1 is invertible for every o > 0,
which will imply that there are no negative spectral values for 7'. By assumption we
have

1TV = (Tuv, v) = (Tv,v) 4+ v, v) = vl

which implies that || T,,v]| > w||v|| for every v € H. It follows that 7}, is injective.
Since T}, is self-adjoint we also get (TM(H))J- = kerT,, = {0}, sinceifw € (TM(H))J-,
then 0 = (Tﬂv, w) = (v, TMW> for every v € H, which implies that 7,,w = 0. Thus

we get T,,(H) = H and for each w € H we find a sequence v, in H with Tv, — w.
Since ||v, — vl < %LHT,LV,, — Tl for all n,m e N, it follows that (v,) is a
Cauchy-sequence and hence converges to some v € H. Then T,,v = w, which shows
that 7}, is also surjective. The Open Mapping Theorem C.1.5 implies that T/;‘ is
continuous, so T, is invertible in B(H).

Assume finally that (b) holds. Then ¢ — /7 is a continuous function on o (T'), and
by functional calculus we can build the operator S = /7. Since /- is real and
positive, it follows from Corollary 2.7.5 that S is self-adjoint, o(S) C [0, 00), and
$2 = T. For uniqueness assume that S is another such operator. Then 7T lies in the
commutative C*-algebra C*(S, 1). But then S € C*(T, 1) € C*(S,1) = C(o(8)),
and the result follows from the fact that a positive real function has a unique positive
square root. u

Definition Let 7 be a bounded operator on a Hilbert space H. Define the operator

|T| by |T| LV T*T, which exists and is well defined by the above theorem.
Proposition 5.1.4 Let T be a bounded operator on H. Then the norm of |T |v coin-
cides with || Tv||. There is an isometric operator U from the closure of Im(|T|) to the
closure of Im(T) such that T = U|T|. This decomposition of T is called polar de-
composition. It is unique in the following sense. If T = U’ P, where P is self-adjoint
and positive, and U’ : Im(P) — H is isometric, then U' = U and P = |T|.

Proof Forv e H the square of the norm || Tv||?> equals
(Tv,Tv) = (T*Tv,v) = (IT*v,v) = (IT v, |T|v),

and the latter is |||T|v||>. For v € H we define U(|T|v) = Tv, then U is a well-
defined isometry from Im(|7'|) to Im(7"), which extends to the closure, and satisfies
the claim. For the uniquenesslet 7 = U|T| = U’ P. Extend U to a bounded operator
on H by setting U = 0 on Im(|T|)* and do likewise for U’. Then U*U is the
orthogonal projection to Im(|7’|) and (U")*U’ is the orthogonal projection to Im(P),
so that (U')*U’'P = P.Note |T| = ~/T*T = /(U P)*U'P = /P*(U)*U'P =
VP*P = +/P? = P. This also implies U = U’ |

An important application of the functional calculus for operators on Hilbert space is
Schur’s Lemma, which we shall use quite frequently in the remaining part of this
book. We first state
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Lemma 5.1.5 Let H be a Hilbert space, and let T be a bounded normal operator,
the spectrum of which consists of a single point {,} C C. Then T = MAId.

Proof 1If o(T) = {A}, then Ids(r) = Aly(r) and therefore T = Ids(7)(T) = A -
Idy. O

Theorem 5.1.6 (Schur’s Lemma) Suppose that A € B(H) is a self-adjoint set of
bounded operators on the Hilbert space H (i.e., S € A implies S* € A). Then the
following are equivalent:

(a) A is topologically irreducible, i.e., if {0} # L C H is any A-invariant closed
subspace of H then L = H.

(b) If T € B(H) commutes with every S € A, then T = uld for some u € C.

Proof Assume first that the second assertion holds. Then, if {0} # L € H is any
A-invariant closed subspace of H, the orthogonal complement L' is A-invariant as
well, for withv € L,u € L+, and S € A we have

(v, Su) = { )y =0.

S*v,u
—
€L
So the orthogonal projection P, : H — L commutes with A, so P, must be a
multiple of the identity. But this implies that P, =Idand L = H.

For the converse, assume that (a) holds, and let T € B(H) commute with A. Then
also T* commutes with A since A is self-adjoint. Thus, writing T = %(T 4+ T*) —
i %(i T — iT*) we may assume without loss of generality that T is self-adjoint and
T # 0. We want to show that the spectrum of T consists of a single point. Note
that an operator S, which commutes with 7', also commutes with f(T) for every
f € C(o(T)). Assume that there are x,y € o(T) with x # y. Then there are two
functions f,g € C(o(T)) with f(x) # 0 # g(y) and f - g = 0. Then f(T) #
0 # g(T)and f(T)g(T) = f-g(T) = 0. Since g(T) commutes with A, the space
L = g(T)H is a non-zero A-invariant subspace of H. By (a) we get L = H. But
then {0} # f(T)H = f(T)g(T)H C f(T)g(T)H = {0}, a contradiction. O

5.2 Compact Operators

An operator T on a Hilbert space H is called a compact operator if T maps bounded
sets to relatively compact ones. It is clear from the definition that if 7 is compact
and S a bounded operator on H, then ST and T S are compact. The definition can be
rephrased as follows. An operator 7' is compact if and only if for a given bounded
sequence v; € H the sequence Tv; has a convergent subsequence. If the v; lie in a
finite dimensional space, then this is true for every bounded operator. So one may
restrict to sequences v; that are linearly independent.
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Definition A bounded linear map F : H — H on a Hilbert space H is said to be a
finite rank operator if the image F(H) is finite-dimensional.

Proposition 5.2.1 For a bounded operator T on a Hilbert space H the following are
equivalent.

(a) T is compact.

(b) For every orthonormal sequence e; the sequence Te; has a convergent
subsequence.

(c) There exists a sequence F, of finite rank operators such that |T — Fy,||op tends
to zero, as n — OQ.

Proof The implication (a)=>(b) is trivial. For (b)=-(c)let T : H — H be compact
and let B C H denote the closed unit ball. Then 7' (B) is compact, hence has a vector
v1 of maximal norm. Next suppose the vectors vy, . . . v, are already constructed and
let V,, be their span. Choose a vector v, of maximal normin 7 (B)N V,f- The vectors
Vi, V2, ... are pairwise orthogonal and for their norms we have ||v(|| > |[w] > ....
We claim that the sequence v, tends to zero. Assume not, then there exists § > 0 such
that ||v,|| > & foralln. Fori # j if follows |lv; — v;[|* = [[vi|I*+]lv;[I*> > 282, hence
the sequence has no convergent subsequence, in contradiction to the compactness of
T (B). So the sequence does tend to zero. Let P, be the orthogonal projection onto
V,.. Then

IT — P.T| = sup [[v— Pyl <Ivall = 0.
veT (B)

So with F,, = P, T the claim follows.

For (c)=>(a) letv; be abounded sequence, and let T be the norm-limit of a sequence of

finite rank operators F,,. We can assume ||v;||, ||| < 1. Thenv; has a subsequence v}.

such that F; (v}) converges. Next, v} has a subsequence v? such that Fz(vﬁ) converges,

and soon. Letw; = vj . Then for every n € N, the sequence (F,(w;))jen converges.
As T is the uniform limit of the F},, the sequence Tw; converges as well. a

Theorem 5.2.2 (Spectral Theorem). Let T be a compact normal operator on the
Hilbert space H. Then there exists a sequence A, of non-zero complex numbers, which
is either finite or tends to zero, such that one has an orthogonal decomposition

H =ker(T) ® @Eig(T,An).

Each eigenspace Eig(T,A,) = {v € H : Tv = A,V} is finite dimensional, and the
eigenspaces are pairwise orthogonal.

Proof We first show that a given compact normal operator 7 # 0 has an eigenvalue
A # 0. We show that it suffices to assume that 7 is self-adjoint. Note that 7 =
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% (T+T* — %(iT 4+ (iT)*) = T, 4+ iT; is a linear combination of two commuting
compact self-adjoint operators. If 7, = 0, then T is self-adjoint and we are done.
Otherwise, T, has a non-zero eigenvalue v € R\ {0}. The corresponding eigenspace
is left stable by 77, which therefore induces a self-adjoint compact operator on that
space, hence has an eigenvalue © € R. Then A = p + iv is a non-zero eigenvalue
of T.

We have to show that a compact self-adjoint operator T 7 0 has an eigenvalue A # 0.

Lemma 5.2.3 For a bounded self-adjoint operator T on a Hilbert space H we have
1Tl = sup{|{Tv,v)| : [Iv]l = 1}.

Proof Let C be the right hand side. By the Cauchy-Schwarz inequality we have
C < ||IT||. On the other hand, for v, w € H with ||v||, ||w| < 1 one has

C

v

1
C (IVI* + Iwli?) = 1€ (v +wi? + v = wi)

v

KT +w),v+w) —(T(v —w),v —w)|

Rl = B = ] —

1
(Tv,w) + (Tw,v)| = §|(Tv, w) + (w, Tv)|
= |Re(Tv,w)|.

Replacing v with Ov for some 8 € C with |0] = 1 we get C > [(Tv,w)] for all
Ivil,Iwll < Tandso [T < C. o

‘We continue the proof that a compact self-adjoint operator T 7 0 has an eigenvalue
A # 0. Indeed, we prove that either ||T|| or —||T| is an eigenvalue for 7. By the
lemma there is a sequence v; € H with |lv;|| = 1 and <ij,vj> — || T||. Replacing
T with —T if necessary, we assume (ij,vj) — ||T'||. Since T is compact, there
exists a norm-convergent subsequence, i.e., we can assume that 7v; — u in norm.
Then ||u]| < ||T|| and we get

0 < ITv; — ITIv;I* = ITv;II> = 20T I(Tv;,v;) + IT 17 1Iv; 112
— flull* = IT|* <0,
which implies that |7v; — |T||v;|| — 0. Thus v := lim;v; = ﬁu exists and
Tv=Ilm;Tv; =u=|T|v.

We have proven that every compact normal operator 7" has an eigenvalue A # 0. Let
U C V be the closure of the sum of all eigenspaces of T corresponding to non-zero
eigenvalues. By Lemma C.3.3 every eigenvector for 7 is also an eigenvector for 7%,
so U is stable under T and T* and hence the orthogonal complement U+ is stable
under T and T* as well. The operator T induces a compact normal operator on U~ ;
as this operator cannot have a non-zero eigenvalue, it is zero and U is the kernel of
T. We have shown that H is a direct sum of eigenspaces of T.
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It remains to show that every eigenspace for a non-zero eigenvalue is finite dimen-
sional and that the eigenvalues do not accumulate away from zero. For this let f be
a continuous function on C whose zero set is the closed e-neighborhood B.(}) of
agiven A € C, where 0 < ¢ < |A|. Let V be the kernel of f(T). By Proposition
5.1.1, the space V is stable under T and T*, and o(T|y) C B.(%). It follows from
Functional Calculus that |7 — Ally = [Idgr},) — M(,(T|V)||U(T|V) < g, which im-
plies that for v € V one has || Tv|| > (JA| — &)||v]|. We want to deduce that V is finite
dimensional. Assume the contrary, so there exists an orthonormal sequence (f;) en
in V. Then || f; — fjll = v/2fori # jandso |Tf; — Tfi| > (|A] — £)v/2, which
means that no subsequence of (7' f;) is a Cauchy sequence, hence (7 f;) does not
contain a convergent subsequence, a contradiction to the compactness of 7. So V
is finite dimensional, hence it is a direct orthogonal sum of 7'-eigenspaces. It now
follows that no spectral values of 7' can accumulate away from zero, and all spectral
values apart from zero are eigenvalues of finite multiplicity. Finally, the fact that the
eigenspaces are pairwise orthogonal is in Lemma C.3.3. The theorem is proven. O

Definition Let T be a compact operator on a Hilbert space H. Then T*T is a self-
adjoint compact operator with positive eigenvalues. The operator |T'| = +/T*T also
is a compact operator. Let s ;(T') be the family of non-zero eigenvalues of |T | repeated
with multiplicities and such that s;,(T) < s;(T) for all j. These s;(T) are called
the singular values of T .

Proposition 5.2.4 Let T be a compact operator.

(a) We have s\(T) = ||T|| and

s = inf | sup(ITwilsw Lvi.o.vg. wl = 1),
~~~~~ J

where the vectors vi,...,v; are unit eigenvectors for the eigenvalues
s1(T),...,s;(T), respectively.

(b) For any bounded operator S on H one has s;(ST) < ||S||s;(T).

Proof The formulas in (a) follow from the fact that the s; are the eigenvalues of
the self-adjoint operator |T'| and ||T'|| = |||T|||. Part (b) is a consequence of (a). We
leave the details as an exercise (See Exercise 5.4). O

5.3 Hilbert-Schmidt and Trace Class

Let T € B(H), and let (¢;) be an orthonormal basis of H. The Hilbert-Schmidt norm
IT||gs of T is defined by

ITIfs =) (Tej, Tej).
j
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This number is > 0 but can be +o0. It does not depend on the choice of the orthonor-
mal basis, as we will prove now. Along the way we also show that || T ||jys = |7 ||us
holds for every bounded operator 7. First recall that for any two vectors v,w € H
and any orthonormal basis (e;) one has

(row) =Y (v.e;)es w)

J

Let now (¢, ) be another orthonormal basis; then, not knowing the independence yet,
we write ||T ||%Is(e[) and ||T ||2HS(¢a), respectively. We compute

ITIRs(e)) = DD (Tej palltaTes) =Y > (e T*¢u)T*bus ;)
: — -

J o

=33 es T 0u)(T buse)) = IT* s (ba).

J

The interchange of summation order is justified by the fact that all summands are
positive. Applying this to (e;) = (¢,) first and then to T* instead of T we get
IT|Is(e;) = IT*[IEs(e;) = IIT Iz (¢a), as claimed.

We say that the operator T is a Hilbert-Schmidt operator if the Hilbert-Schmidt norm
IT|| s is finite.

Lemma 5.3.1 For any two bounded operators S,T on H one has ||ST||gs <
ISllopllT | ezss and ST |s < S uslT llops as well as | T llop < T ||us- For every
unitary operator U we have |\UT |lgs = [TU|\us = T | us-

Proof Let (e;) be an orthonormal basis. We have [|ST[|3,5 = >_; [ISTe;|I* <
IS ||§p > lTe ;1I%, which implies the first estimate. The second follows by using
IT|gs = IT*||ys and the same assertion for the operator norm.

Letv € H with ||v|| = 1. Then there is an orthonormal basis (e;) with e; = v. We get
ITv)I?> = ||Tei|* < Zj ||Tej||2 = ||T||%IS. The invariance under multiplication by
unitary operators is clear, since (Ue;) is an orthonormal basis when (e;) is. O

Example 5.3.2 The main example we are interested in is the following. For a mea-
sure space (X,.A, u) consider the Hilbert space L?(X). Assume that u is either
o-finite or that X is locally compact and u is an outer Radon measure, so that
Fubini’s Theorem holds with respect to the product measure 4 ® i on L>(X x X).
Let k be a function in L%(X x X). Then we call k an L?-kernel.

Proposition 5.3.3 Suppose k(x, y) is an L*>-kernel on X. For ¢ € L*(X) define

def

KoL /x k(x »)B() du(y).
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Then this integral exists almost everywhere in x. The function K ¢ lies in L*(X), and
K extends to a Hilbert-Schmidt operator K : L*(X) — L*(X) with

IK (135 = /X /X lkCx, V)12 dp(x) d(y).

Proof To see that the integral exists for almost all x € X let i be any element
in L2(X). Then (x, y) — ¥ (x)¢(y) lies in L?(X x X), and therefore the function
(x,y) = k(x, y)¢(y)¥(x) is integrable over X x X. By Fubini, it follows that

[ vwkesmdy =y [ keredy

X X

exists for almost all x € X. Since k(x, y) vanishes for every x outside some o -
finite subset A of X, we may let ¥ run through the characteristic functions of an

increasing sequence of finite measurable sets that exhaust A, to conclude that the
integral fx k(x,y)p(y)dy exists for almost all x € X.

We use the Cauchy-Schwarz inequality to estimate

1Kol = fx |K $(x)]* dx

- / ‘ / k(. y)p(y) dy
X X

< / / k(e )P dx dy / (I dy
XJX X

_ / / IkCx, )2 dx dy ]I
XJX

So K extends to a bounded operator on L*(X). Let (e ;) be an orthonormal basis of
L*(X). Then

K% = Z(Kej,Kej) = Z/XKej(x)Kej(x)dx
J

2
dx

J

= Z/ f k(x,y)ej(y)dy/ k(x,y)ej(y)dydx
j XJX X

= 3 [ (kex e ke, )
J

=/XZ(k(x,.),ej)(ej,k(x,.))dx
J

:/ (k(x,.),k(x,.))dx:/ / lk(x, y)|* dx dy. i
X XJX
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Proposition 5.3.4 The operator T is Hilbert-Schmidt if and only if it is compact
and its singular values satisfy Zj sj(T)2 < 00. Indeed, then one has Zj sj(T)2 =

IT 13-

Proof We show that a bounded operator T is Hilbert-Schmidt if and only if |T'| =
~/T*T is. This follows from

Z(T@j’ Tej) = Z(T*Teja€j> = Z<|T|2€j’€j>
= Z(|T|ej,|T|ej>.

Let T be Hilbert-Schmidt. To see that T" is compact, it suffices to show thatif e; is an
orthonormal sequence, then Te; has a convergent subsequence. But indeed, extend
e to an orthonormal basis, then the Hilbert-Schmidt criterion shows that T'e; tends to
zero. So T is compact. The operator |T'| is Hilbert-Schmidt if and only if ) ;s j(T)2
converges, as one sees by applying the Hilbert-Schmidt criterion to an orthonormal
basis consisting of eigenvectors of |T'|. Finally, it is clear that Zj sj(T)2 = |IT| ||%IS,

but by the above computation the latter equals || T ||%IS. O

A compact operator T is called a trace class operator if the trace norm,
def
1Tl = si(T),
J

is finite. It follows that every trace class operator is also Hilbert-Schmidt.
Lemma 5.3.5 Let T be a trace class operator and S a bounded operator.

(a) The norms [|ST'[| ¢, [ 7S]« are both < IS|IT || -

(b) Let T be a compact operator on H. One has

T« = sup [(Tei, hi)l,
' (ei)>(hi)lz

where the supremum runs over all orthonormal bases (e;) and (h;).

Proof The inequality ||ST ||« < ISIIIIT ||+ is a consequence of Proposition 5.2.4
(b). The other follows from ||T'|| = ||T7*|| and the same for the trace norm.

For the second part we use the Spectral Theorem for compact operators to find an
orthonormal sequence ( f;) such that

Tl =" si{v. f) 15

J
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We then write T = U|T|, where U is an isometric operator on the image of |T'| to
get

Tv=UY sifv. fi)f; = 3 silv. filg),
7 7
where (g;) is the orthonormal sequence g; = U f;. Therefore, we can use the Cauchy-
Schwarz inequality to get for any two orthonormal bases e, 1,

Z| Teihi)l =)D siles fillghi)

< Zs_,- Z (e fi)g-hi)l

1

<ZSJ<Z|6,,f, ) (Zlg,,- )
- ;s_j||ff||||gj|| = ;sj-

This implies the > part of the claim. The other part is obtained by taking e
to be any orthonormal basis that prolongs the orthonormal sequence f and h
any orthonormal basis that prolongs the orthonormal sequence g, because then

Y ilTei i)l =3 -

Theorem 5.3.6 For a trace class operator T the trace

tr (T) defZ<T€j, €j>
J
does not depend on the choice of an orthonormal base (e;). If T is trace class

and normal, we have tr (T) = ), A,dim Eig(T, ,,), where the sum runs over the
sequence of non-zero eigenvalues (A,) of T. The sum converges absolutely.

Proof LetT = U|T| be the polar decomposition of T'. It follows from the Spectral
Theorem that the image of the operator S, = /|T| equals the image of |T| and
therefore we can define the operator S; = U+/[T[. The operators S;, S, and S | are
Hilbert-Schmidt operators, and T = S, S,. Therefore ), (Te;, e;) =), (Szei, Si‘ei>,
and the latter does not depend on the choice of the orthonormal basis as can be seen
in a similar way as in the beginning of this section. Choose a basis of eigenvectors
to prove the second statement. O

Theorem 5.3.7 Let H be a Hilbert space, F the space of bounded operators T of
finite rank (i.e., finite dimensional image), ‘T the set of trace class operators, HS
the set of Hilbert-Schmidt operators, and K the set of compact operators. Further,
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we write HS? for the linear span of all opertors of the form ST, where S and T are
both in HS.

(a) The spaces F,T,HS and K are ideals in the algebra B(H), which are stable
under *.

(b) The space K is the norm closure of F.
(c) One has
FCT=HS*CHSCK,

where the inclusions are strict if dim(H) = oo.

Proof (a) The *-ideal property is clear for F and K. The space 7 is an ideal
by Lemma 5.3.5 and #S by Lemma 5.3.1. Part (b) of the theorem is contained in
Proposition 5.2.1. The first inclusion of (c) is clear. Let T be in 7 and write T = U|T|
as in Proposition 5.1.4. With § = /[T one has T = (US)S and by Proposition
5.3.4, the operators S and U S arein HS,s0 T € HS?.If S € HS, then by definition
§*S € T and by polarization we find HS? C 7. The remaining inclusions are clear
and we leave the strictness as an exercise. m|

5.4 Exercises

Exercise 5.1 Let A and B be bounded operators on a Hilbert space H. Show that
AB — BA # 1Id, where Id is the identity operator.

(Hint: Assume the contrary and show that AB" — B"A = nB"~! holds for every
n € N. Then take norms.)

Exercise 5.2 Let H be a Hilbert space, and let T € B(H) be a normal operator.
Show that the map ¢ : t +— exp(¢tT) satisfies (¢t + s) = ¥ ()Y (s), that it is
differentiable as a map from R to the Banach space B(H ), which satisfies ¥/ (0) = Id

and ¥'(1) = Ty ().

Exercise 5.3 Show that for a bounded operator T on a Hilbert space H the following
are equivalent:

e T is compact,
e T*T is compact,

e T*is compact.

Exercise 5.4 Check the details of the proof of Proposition 5.2.4.
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Exercise 5.5 Show that a continuous invertible operator 7 on a Hilbert space H can
only be compact if H is finite dimensional.

Exercise 5.6 Show that T € B(H) for a Hilbert space H is compact if and only if
the image of the closed unit ball is compact (as opposed to relatively compact).

Exercise 5.7 Let H be a Hilbert space.

(a) Show that for a trace class operator 7 on H one has tr (T*) = tr (T).

(b) Show that for two Hilbert-Schmidt operators S, T on H one has

tr (ST) = tr (TS).

Exercise 5.8 Let H be the real Hilbert space £2(N, R) and let (e i)jen be the standard
orthonormal basis. Define a linear operator T on H by

(= py*!
T(ej) = fej_‘_(_l)j-%—l.

Show that for every orthonormal basis ( f,,) of H one has
> 1
E KT fos fu)| < E A
- £2j@2j -1

Exercise 5.9 Show that the set HS(V) of Hilbert-Schmidt operators on a given
Hilbert space V becomes a Hilbert space with the inner product (S, T) = tr (ST™).
Show that the map ¥ : VRV’ — HS(V) given by ¥/(v ® a)(w) = a(w)v defines a
Hilbert space isomorphism (Compare Appendix C.3 for the notation).

Exercise 5.10 Let H be a Hilbert space. For p > 0 let S,(H) be the set of all
compact operators T on H such that

1

P

171, = s}y | < 0.
J
Show that S, (H) is a vector space. It is called the p-th Schatten class.
Exercise 5.11 Let H be a Hilbert space. An operator 7' € B(H) is called nilpotent
if T¥ = 0 for some k € N. Show that if T is nilpotent, then o (T) = {0}. Show also

that the converse is not generally true.

Exercise 5.12 Let H be a Hilbert space. Show that an operator T is invertible in
B(H) if and only if |T'| is invertible.
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Exercise 5.13 Let H be a Hilbert space, T € B(H) invertible. Let T = U|T| be
the polar decomposition. Show that 7 is normal if and only if U|T| = |T|U.

Exercise 5.14 Let G = SL,(R), and let H be the subgroup of upper triangular
matrices in G. Let K = SO(n). Show that G = HK.

(Hint: For g € G apply the spectral theorem to the positive definite matrix g’g.)
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