Chapter 11
SL>(R)

The group SL,(R) is the simplest case of a so called reductive Lie group. Harmonic
analysis on these groups turns out to be more complex then the previous cases of
abelian, compact, or nilpotent groups. On the other hand, the applications are more
rewarding. For example, via the theory of automorphic forms, in particular the
Langlands program, harmonic analysis on reductive groups has become vital for
number theory. In this chapter we prove an explicit Plancherel Theorem for functions
in the Hecke algebra of the group G = SL,(R). We apply the trace formula to a
uniform lattice and as an application derive the analytic continuation of the Selberg
zeta function.

11.1 The Upper Half Plane

Let G = SL,(R) denote the special linear group of degree 2, i.e.
a b
SLy(R) = {(c d) € Mh(R) : ad — bec = 1}.

The locally compact group SL,(R) acts on the upper half plane
H={z€C:Im() > 0}
by linear fractionals, i.e., for g = (‘L‘_ f}) € SL,(R) and for z € H one defines

_az-l—b
gZ_cZ-Fd'

To see that this is well-defined one has to show that cz +d # 0. If c = O thend # 0
and so the claim follows. If ¢ # 0 then Im(cz + d) = cIm(z) # 0. Next one has to
show that gz lies in H if z does and that (gh)z = g(hz) for g, h € SL,(R). The latter
is an easy computation, for the former we will now derive an explicit formula for the

imaginary part of gz. Multiplying numerator and denominator by cz + d one gets
__ aclz|®+bd+2bcRe(2)+z
8z = lez-+dP?

, S0 in particular,
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Im(z)
Im(gz) = m,

which is strictly positive if Im(z) is. Note that the action of the central element
—1 € SLy(R) is trivial.

If g = (%5) € G stabilizes the point i € H, then % =i,orai +b=—c+di,

which implies a = d and b = —c. So the stabilizer of the point i € H is the rotation

group:

K =S0Q2) = {(Z _ab> ra,beR, a* +b* = 1},

which also can be described as the group of all matrices of the form

<cos t —sint

. for reR.
sint  cost

The operation of G on H is transitive, as for z = x + iy € H one has
(ﬁ ﬁ) .
= O e l.
NGl
It follows that via the map G/K — H, given by gK > gi, the upper half plane H
can be identified with the quotient G/K.

Theorem 11.1.1 (Iwasawa Decomposition). Let A be the group of all diagonal
matrices in G with positive entries. Let N be the group of all matrices of the form
((l) i )for s € R. Then one has G = AN K. More precisely, the map

Yv:AXNXxK — G,
(a,n, k) — ank

is a homeomorphism.

Proof Letg € G, and let gi = x + yi. Then, with

a=<ﬁ 1/ﬁ) and nz(l x{y),

one has gi = ani and so g~'an lies in K, which means that there exists k € K

with ¢ = ank. Using the explicit formula for gz above in the case z = i, one
constructs the inverse map to ¥ as follows. Let ¢ : G — A x N x K be given by
#(g) = (a(g), n(g). k(g)), where

1
a(? )= (vEE
“\c d 2+ a2 )’

nab_lac—i—bd
=\c d} 1 ’
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(@ b\ _ 1 d —c
“\¢ d) Jrxag\c d)°

A straightforward computation shows that ¢y = Id and ¢ = Id. O

For g € SL,(R) we shall use throughout this chapter the notation a(g), n(g), and
k(g) as explained above. Moreover, for x,7,0 € R, we shall write

def et
a = ( e") €A
Ny & <1 )lc) eN

def [cos® —sinf
ko = (sin@ cos @ ) €k

A function f : G — C is called smooth if the map R? — C given by
(t,x,0) — f (anxko)

is infinitely differentiable. We denote the space of smooth functions by C*°(G). The
space of smooth functions of compact support is denoted by C°(G).

Theorem 11.1.2 The group G = SL;(R) is unimodular.

Proof Let ¢ : G — R be a continuous group homomorphism. We show that
¢ = 1. Firstnote that (K) = 1 as K is compact. As ¢ restricted to A is a continuous
group homomorphism, there exists x € R such that ¢(a;) = ¢'* forevery ¢t € R. Let
w= (1 -1 ) then wa,w™' = a_,, and therefore ¢’* = ¢(a;) = p(wa,w™') = ™'~
for every t € R, which implies x = 0 and so ¢(A) = 1. Similarly, ¢(n,) = " for

some r € R. As we have a;n,a;' = n,, it follows e = &' for every t € R,
which implies » = 0, so ¢(N) = 1 and by the Iwasawa decomposition, we conclude
¢ =1. O

We write ¢(g) for the unique ¢ € R with a(g) = a;, i.e., one has a(g) = ay(,).
Theorem 11.1.3 For any given Haar measures on three of the four groups G,A,N, K,

there is a unique Haar measure on the fourth such that for f € L'(G) the
decomposition formula

fﬂ@w=///fwm%@w
G AJN JK

holds. For ¢ € L'(K) and x € G one has

/¢®M=/¢@mmwm%
K K
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From now on we normalize Haar measures as follows. On K we normalize the
volume to be one. On A we choose the measure 2d¢t, where t = t(a), and on N we

choose fR f(ns)ds. The factor 2 is put there to match the usual invariant measure
dxdy
2

on the upper half plane.

Proof Let B = AN, the subgroup of G consisting of all upper triangular matrices

with positive diagonal entries. Then an easy computation shows that db = dadn is a

Haar measure on B and that B is not unimodular. Indeed, one has A g(a,n) = e,

which follows from the equation a;n,asny = a;ysnyqe2,. Letb : G — B be
the projection b(g) = a(g)n(g). The map B — G/K = H mapping b to bK is
a B-equivariant homeomorphism. Any G-invariant measure on G/K gives a Haar
measure on B and as both these types of measures are unique up to scaling one
gets that every B-invariant measure on G/K is already G-invariant. So the for-

mula [, f(x)dx =fG/K [x f(xkydkdxleadsto [, f(x)dx = [, [ f(bk)dkdb.
Since db = da dn, the integral formula follows.

For the second assertion let ¢ € L'(K). Let n € L'(B) and set g(bk) = n(b)¢p(k).
Then g lies in L'(G). As G is unimodular, for y € G one has

f/n@ﬂmﬁﬁ=/ﬂw@=fﬂwwy

BJK G G
=1ﬁ@@mwﬂw»w
=//mwmwwmwwb
B JK
=//mwmwwmwwb
BJK
=//mwmwmww@mmmw
BJK

= [ [ nore oy akav,

BJk

where we used the facts that k(bg) = k(g) forallb € B, g € G and t(b(kx)) = t(kx)
forallb € B,k € K, and x € G. Varying n, we get the claim of the theorem. O
Hyperbolic Geometry

Letg = (fé f}) be in G = SL,(R). For z € H one gets

_daz+b alcz+d)—claz+b) 1
Cdzcz+d (cz +d)? _(CZ-G—d)Z'

d
dzgZ
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Im(z)
lez+d|??

Im(gz)

Since on the other hand, Im(gz) = () *

weget|dizgz‘ = or

d d
L |
Im(gz) Im(z)

. . . . 2 72 . . . .
That is to say, the Riemannian metric 4" s invariant under the group action of

y
G on H. For a continuously differentiable path p : [0, 1] — H we get the induced
hyperbolic length defined by

Y aAG]
Ly )_/0 m(p) &

Then it follows that L(p) = L(g o p) for every g € G, i.e., the length is G-invariant.
The hyperbolic distance of two points z, w € H is defined by

p(z,w) = inf L(p),
P
where the infimum is extended over all paths p with p(0) = z and p(1) = w.

Lemma 11.1.4 For any two point z,w € H there exists g € G such that gz = i
and gw = yi for some y > 1.

Proof As we have seen in the beginning of this chapter, the group action of G on H
is transitive, hence there exists 4 € G with hz = i. We next apply an element k € K
so that g = kh does the job. For this we have to show that for any given z € H there
exists k € K such that kz = yi for some y > 1. The map 6 +— kyz is continuous, for
6 = 0 we have kyz = zand for @ = /2 we have kg = (§ ') so that kz = —1/z.
Hence the real parts of z and k,,z have opposite sign, by the intermediate value
theorem there exists k € K such that Re(kz) = 0. If now kz = yi with y < 1, then
we replace k with k; >k to finish the proof |

Lemma 11.1.5 The hyperbolic distance is a metric on H. It is G-invariant, i.e.,
p(gz,8w) = p(z,w) holds for all z,w € H, g € G. For z,w € H one has

lz —w|+ |z —w|

p(z,w) = log = ,
lz—w| — |z —w|
and
2cosh p(z,w) =2 + ﬂ
plew) = Im(z)Im(w)

Proof The G-invariance follows from the invariance of the length. The axioms of
a metric are immediate from the definition. For the explicit formulae, we start with
the special case z = i and w = yi for y > 1. For any path p with p(0) = i and
p(l) = yi we get
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L(p) = f VRGO + Im(p (0 —

Im(p(1))’
This is minimized by the path p(r) = ity, since for any path p = Re(p)+ilm(p) the
path iIm(p) will also connect the points 7 and yi. So one gets p(i, yi) = log y, which
also equals the right hand side of the first assertion in this case. Next the equivalence
of the first and second formula are easy, as is the G-invariance of the right hand side
of the second formula, which then concludes the proof. O

11.2 The Hecke Algebra

Let A be the subset of A consisting of all diagonal matrices with entries &, e,

where ¢ > 0. Let AT = AT U {1} be its closure in G.

Theorem 11.2.1 (Cartan Decomposition). The group G can be written as G =
KATK, ie. every x € G is of the form x = kjak, with a € F, ki,ky € K. The
element a is uniquely determined by x. If a # 1, which means that x ¢ K, then
also ky and ky are uniquely determined up to sign, i.e., if kyak, = kjak}, then either
(k1, ko) = (K}, kb)) or (ki, ko) = (— kY, —k5).

For f € L'(G) we have the integral formula

/ f&x)dx =27 / / N / f(ka,l) (¥ — e ) dkdtdl.
G K JO K

Proof For x € G the matrix xx’ is symmetric and positive definite. As it has
determinant one, it follows from linear algebra, that there exists k € K and ¢t > O,
such that kxx'k’ is the dlagonal matrix with entries e, e =%, For two elements x, x| €
G the condition xx’ = xyx! is equivalentto 1 = )c’l()cl)c{)()c‘)’1 =D X))
The last is equivalent to x‘lxl € K. Sothereis k' € K withx =k~ 'a,k’.

This shows existence of the decomposition. For the uniqueness note that ¢? is the
larger of the two eigenvalues of xx’ and thus determined by x. For the uniqueness
of k1, k, assume thata € A and kjak, = [ al, with k, k»,1;,l» € K. Then one has
akyly' =k 'l1a. But the equation ak = kK'a with k, k' € K implies k = k' = %1 as
we show now. Leta—a,,k—( ) k’—(”’ ) Then

e'la —é'b e a —b ,
<e_’b e"a) o ( e") (b a ) = ak =ka
_f(c —=d\/[€ _(éc —eT'd
“\d ¢ e')] 7 \ed e'c
Consider the norm of the first column of this matrix to get

ezt — ezt(cz +d2) eZtaZ + e—2tb2 eZtaz + 6—21(1 _ a2)’
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or e’ (1 — a?) = e~ (1 — a?), which implies @ = %1 and therefore » = 0. But then
also d = 0 and the claim follows. So this means ky/; ' = k;'l; = £1 and therefore
the claimed uniqueness up to sign.

Let M = {£1} C K. In order to verify the integral formula, consider the map
¢: K/M x AT — AN ~ {1} defined by

¢(kM,a) = a(ka)n(ka).
Lemma 11.2.2 The map ¢ is a C' diffeomorphisms. In the coordinates R/nZ x

R.g 2 (0,s) — (kgM,as) on K/M x A and (t,x) — a;n, on AN one has for the
differential matrix

|det(D@) (0, s)| = |e* — e~ |.

Proof A computation shows that
¢(k9’ax) = Q(kOas)Q(kQ’ as) = ANy,

where
1 '
t=—3 log (¢* sin® 6 + ¢~ cos® 0)
x = (¥ —e ) sinb cosd

According to the Cartan decomposition, the map K/M x At — (G~K)/K is
bijective. By the Iwasawa decomposition, the map AN — G/K is bijective as well,
hence ¢ is bijective.

The map ¢ is continuously differentiable. Once we have shown the claimed formula
for the differential, it follows that the differential matrix is invertible and so the
inverse function is continuously differentiable as well. We have

at ot dx  dt Ox
T 90 ds  9s 90

Jt
det(D)(8, 5) = det (ﬁ B
a0

as
From this one gets the lemma by a computation O

The transformation formula for the variables (x, t) = ¢ (0, s) shows

/f(g)ngZ[// flanyl)dl dy dt
G RJRJK
=2 / ' f N / f(koasl) (e* — ™) dlds do
0 0 K
2 oo
= / [ / f(koagl) (e* — ™) dlds do
0 0 K
=2 / / ” / f(kayl) (e** — ™) di ds dk,
K JO K
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forevery f € L'(G), where the transition from the integral over [0, 7] to the integral
over [0, 27r] in the middle equation is justified by the fact that kg, a; = kga,m with
m = =x1 € M forall & € Rand s > 0. This finishes the proof of the theorem. O

Corollary 11.2.3 The map
K\G/K — [2,00), x = tr(x'x)
is a bijection.

Proof The map is a bijection when restricted to A+, so the corollary follows from
the theorem. m|

Definition A function f on G is said to be K-bi-invariant if it factors through
K\G/K.Wedefine the Hecke algebra H of G to be the set of K -bi-invariant functions
f on G, which are in L'(G). So we can characterize # as the space of all f € L(G)
with Ly f = f = Ry f forevery k € K, where L; f(x) = f(k~'x) and Ry f(x) =
f(xk). We know that for f,g € L'(G),

Li(f+xg)=(Lef)*g and Ri(f *g) = f*(Reg).

We conclude that # is a convolution subalgebra of L'(G). Further, H is stable under
the involution f*(x) = f(x~!), so H is a *-subalgebra of L'(G).

Theorem 11.2.4

(a) The Hecke algebra H is commutative.

(b) For every irreducible unitary representation w of G the space of K-invariants,
VE={veV, :m(k)y=vVk € K}

is zero or one dimensional.

(c) For every irreducible representation w of G and for every f € H we have
n(f) = Pxr(f)Px, where Px : V; — VX denotes the orthogonal projection.

Proof For x € G the Cartan decomposition implies that KxK = Kx 'K, as this
is the case for x € A, since conjugating x € A with (1 ‘1) € K gives x~!. This
implies that for every f € H one has f(x~') = f(x). For general f € L(G) let
FfY@)= f(x~"), then (f xg)V =gV * f¥forall f,g € L'(G).For f,g € H, one
has f¥ = f and likewise for g and f * g, so that

frg=(fxg) =g xf' =g*
So ‘H is commutative, which proves (a).

For (b) assume VX £ 0. The Hecke algebra acts on VX. We show that VX is
irreducible under H, so let U C VHK a closed, H-stable subspace. We show that
U=0orU = VHK. For this assume U # 0, then, as m is irreducible, one has
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(LY (G)U = V,. Let Py : V; — VJTK be the orthogonal projection. Then Pxv =
f x T(k)vdk for v € V, (see Proposition 7.3.3), as we normalize the Haar measure
on K to have volume one. For f € L'(G) let

f(x)=/ / flkxl)dkdl € H.
K JK

It follows that P (f)Px = n(f). Letu € U and f € L'(G). Then
Pxr(f)u= Pxr(f)Pxu=n(flu € U.

So we conclude that U = PxV, = VX and thus VX is irreducible. Finally, to
see that every irreducible *-representation n : ‘H — B(V,) on a Hilbert space
V, is one-dimensional, observe that for each f € H the operator n(f) commutes
with the self-adjoint irreducible set n(#) C B(V,), since ‘H is commutative. Thus
n(H) C CId by Schur’s Lemma (Theorem 5.1.6). As 7 is irreducible, it must be one
dimensional.

For (c) observe that f = f for every f € H. Thus it follows from the above
computations that 7 () = Pxm(f)Pg forevery f € H. O

Let G be the setof all 7 € G such that the space VX of K-invariants is non-zero.
We will now give a list of the w € Gg. For A € C let V;, be the Hilbert space of all
functions ¢ : G — C with firstly, p(ma,nx) = e/@+Vep(x) form = +1 € G, a, €
A,n € N andx € G. By the Iwasawa decomposition, such ¢ is uniquely determined
by its restriction to K. We secondly insist that ¢|x be in L?(K). We equip V;, with
the inner product of L?(K). The group G acts on this space by 7, (y)¢p(x) = ¢(xy).
Note that the restriction to the subgroup K of the representation 7, is the induced
representation IndX, (1) as in Sect. 7.4. The Frobenius reciprocity (Theorem 7.4.1)

implies that
Mk = @8217
leZ

where for [ € Z the character ¢ on K is defined by
e (€ 0 —sinf\ oil?
"\sing coso ] —° -

Proposition 11.2.5 If A € iR, then the representation ;, is unitary.

Proof The map ¢ — ¢|x yields an isomorphism of Hilbert spaces, V;, = L*(K),
where K = K/+1. The representation i, can, on L%(K), be written as 77; (y)p(k) =
e NCAHD gk (ky)). To see this, recall that ¢ = t(ky) is the unique real number such
that a; = a(ky) in the Iwasawa decomposition ky = a(ky)n(ky)k(ky), and therefore

TP Kk) = ¢pky) = ¢ (ayuynky)k(ky)) = P D (k(ky)).

It follows that |7, (y)g(k)|> = el*»ERI4D) (K (ky))|%. By the second assertion of
Theorem 11.1.3, one sees that r; is indeed unitary if A € iR. O
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Definition For a general representation (7, V) of G we let V,; x denote the space of
all K -finite vectors, i.e., the space of all vectors v € V,; such that 7 (K)v spans a finite
dimensional space in V. The vector space Vy k is in general not stable under G, but
is always stable under K. Since V,; has a decomposition V, = €P; <1 Ui, where U;
is an irreducible (hence finite-dimensional) K -representation, it follows that V,; g is
dense in V.

The representations i, for A € iR are called the unitary principal series representa-
tions. One can show that 7, is irreducible and unitarily equivalent to 7w_, if A € iR.
These are the only equivalences that occur. One can show that for 0 < A < 1/2 there
is an inner product on the space V,_g such that the completion of V, g with respect to
this inner product is the space of a unitary representation of G. By abuse of notation,
this representation is again denoted (7;, V). These are called the complementary
series representations. The set G g consists of

* the trivial representation,
* the unitary principal series representations 7;,, where r > 0, and

* the complementary series m; for0 < A < 1/2.

No two members of this list are equivalent. The proofs of these facts can be found
in [Kna01], Chapter II.

Note that the one dimensional space V,X is spanned by the element p; with

pi(mank) = @O+,

By Corollary 11.2.3 there exists for every f € H a unique function ¢ on [0, 00)
such that

fx) =y (tr(x'x)—2).
Consider the special case x € AN, say x = a,n;, then tr (x'x) = (s 4+ 1)e* + ¢~ 2.
For f € H there exists a function % ; such that
T[ir(f)pir = hf(r)pir~

The function & is called the eigenvalue function of f. Here ir can vary in iR U
(0,1/2). Since p;-(1) = 1, we can compute 4 ¢(r) as follows

hf(r)=mr(f)Pir(l)=/Gf(X)Pir(X)dx

Lemma 11.2.6 The map f v+ hy is injective on H. We have hy(r) = trm;.(f),
and for f,g € H the formula
hywg =hghg

holds. The function h y can be computed via the following integral transformations.
First set

qr(x) = A(@s)(x) & /l;qﬁf (x + s2) ds, x> 0.
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The map ¢ — A(¢) is called the Abel transform. Next define

gr(u) o qr(e"+e " =2), ueR.

Then one has
hy = / gf(u)ei“‘ du.
’ R

Proof  For the injectivity take an f € H with hy = 0. Then (f) = 0 for every
7 € G. By the Plancherel Theorem the representation (R, L>(G)) is a direct integral
of irreducible representations and so it follows that R(f) = 0. In particular it follows
that g % f = O for every g € C.(G). Letting g run through a Dirac net, it follows

f=0.

The equation 4 (r) = tr m;-(f) is a consequences of Theorem 11.2.4 and hf,, =
hyhg follows from 7w (f * g) = n(f)m(g) forall f,g € LY(G).

Using Iwasawa coordinates and the K -invariance of f, we compute
hy(r) = / flan)e @D dq dn
AN
o0 o0 .
= 2/ / ¢r (¥ +e ¥ +5* —2) e dsdt,
—00 J—00

where we used the transformation s > e™'s. As g (x) = A¢¢(x) and g is even, we
have

o0
hy(r) = 2/ qr (le +e 2 — 2) 2 dr = / gf(u)ei’” du. O
—00 R

Definition Let Sy, be the space of all infinitely differentiable functions ¢ on
[0, co) such that the function x"¢"(x) is bounded for all m,n > 0.

Lemma 11.2.7 The Abel transform is invertible in the following sense: Let ¢ be
continuously differentiable on [0, 00) such that

¢ (x +57) 1,159 (x +57)| < g(s)
for some g € L'([0,00)), then g = A(¢) is continuously differentiable and
1 )
¢ = —A(q).
T

Moreover, the Abel transform maps S to itself and defines a bijection A :
S[O,oo) e S[O,oo)'
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Proof We first show that for any ¢ satisfying the conditions we have lim,_, o, ¢(x) =
0. To see this, let h(s) = s¢'(s?). Then h is integrable on [0, oo]. It follows that

Y h(J/1)
— $(0) =
6() — $(0) /0 =

Letting y — o0, we see that lim,_, o, ¢(x) exists and since ¢(x + s2) is integrable,
this limit is zero.

Nii
dt zzf h(u) du.
0

Next by the theorem of dominated convergence one sees that g is continuously
differentiable and that ¢’ = A(¢’). Using polar coordinates, we compute

[y aia= [T ) a
T JRJR 0
=—¢ (x+7r7) [ = p(x).

It is easy to see that the Abel transform as well as its inverse map Sy ) to itself. The
lemma follows. o

Lemma 11.2.8 Let E be the space of all entire functions h such that x"h™ (x + ki)
is bounded in x € R for all m,n > 0 and every k € R. Let F be the space of all
smooth functions g on R such that (e" + e™Y' g™ (u) is bounded for all m,n > 0.
Then the Fourier transform

g 1 :
dh)u) 5/ h(rye ™dr,  heeE,
R

defines a linear bijection ® : E — F. Its inverse is given by

N g)r) = /R g(we™ du.

The map ® maps the subspace of even functions E in E to the space of even functions
F® inF.

Proof By some simple estimates, the space F can also be characterized as the space
of all smooth g such that e =% g™ (u) is bounded for every k € R and every m > 0.

The space F is a subspace of the Schwartz space S(R) be definition. By the identity
theorem of holomorphic functions, the restriction i + h|g is an injection of E into
S(R). As the Fourier transform is a bijection on S(R), it suffices to show that it maps
E to F and vice versa.

Forh € E let g = ®(h). With k € R, and m > 0 compute

e—kug(m)(u) — e—ku

- /h(r)rme_"”dr
2mi™" Jp
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1

= — /h(r)r’”e”'(”"k)”dr
zmm R

1 )
= — / h(r +ik)(r +ik)"e """ dr.
2mim R

The latter is the Fourier transform of a Schwartz function and hence a bounded
function in u. It follows that g lies in F.

For the converse, let g € F. Then the Fourier integral

h(r):/g(u)ei"” du
R

converges for every r € C, so h extends to a unique entire function. Further, for
m,n > 0and k € R we have

X"h™(x + ik) = x"i" f u" g(uw)e e du.
R
The latter function is bounded in x € R. So / lies in E as claimed. The last assertion

is clear as the Fourier transform preserves evenness. O

Recall the definition of the function 4 ¢ for f € H as given preceding Lemma 11.2.6.

Proposition 11.2.9 Let HS be the space of all smooth functions f on G of the form
f(x) = @(tr (x"x) — 2) for some ¢ € Sjp.00)- Then HS is a subalgebra of the Hecke
algebra H and the map V : f > hy is a bijection onto the space E®'.

For a given h € E® the function f = W~'(h) is computed as follows. First one
defines the even function

g(u) = 1 / h(r)e ™ dr.
2 R

Then q : [0,00) — Cisdefined to be the unique function with g(u) = g(e"+e~"—2).
Further one sets ¢ = —%A(q’). Then

fx)=¢ (r(x'x)—2).
Proof First note that that the map ¢ — g with g(u) = g(e" +e™ —2)isa

bijection between Sy ) and the space F'. Finally, Lemma 11.2.7 and 11.2.8 give
the claim. a
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11.3 An Explicit Plancherel Theorem

The Plancherel Theorem says that there exists a measure p on G such that for
g € L'(G) N L*(G) one has

lgllz = / 17 (&)l d ().
G
The techniques developed so far allow us as a side-result, to give an explicit measure
on G, for which this equation holds with f € Hgym. Any such computation is called
an Explicit Plancherel Theorem.
Theorem 11.3.1 For every g € Hsym one has

1
2 2
= — Tir tanh (;rr) dr.
llgll3 /II (&) lgs r tanh (;rr) dr

Moreover, for every f € Hgym one has

() = 1 / tr (i, (£)) r tanh (7 dr.
4 R

Proof We show the second assertion first. Let h = hy, ¢ = ¢y and g = g be as
in the discussion at the end of the previous section. Recall in particular that

1 )
A (e” +e ™" — 2) =g = - /Rh(r)e”” dr

(since h is even), from which it follows that g'(u) = i fR rh(r)ei™ dr. Using this
and Lemma 11.2.7 we compute

1
F) =¢0) = —— f Ay () dx.
T JrR

AS g7 () = Ad(e" + e —2) = Ap((e"/ — e™)?), we get g'(u) = (Ap) (e —
e ) (et — 7). Putting x = €2 — ¢=%/2 in the above integral, we get

! g'(w)
rw=-5 ] ﬁd

= 4n2// h(r) drdu

As h is even, the latter equals

rh(r)/ = _ u/2 dudr.

The first step of the following computation is justified by the fact that the integrand
is even. We compute
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i eiru _ e*iru 1 00 eiru _ e*iru
—— | —————du= du
87-[2 v/]R eu/2 _ e—u/2 47T2i f() eu/2 _ e—u/2

1 e8] eiru _ e—iru
—u/2
= — e —du
472 J, 1 —e

_ —u/ iru _ ,—iru —nu g
=— / e (e ey e du
42 0 =0

1

o0 [ L. 00 .
— — Z/ e—Lt(n+§—tr) du _/ e—u(n+§+tr) du
42 =0 0 0

1 i 1 1
_4n2i’1=0n+%—ir n+i4ir

For this latter expression we temporarily write ¥ (r). Then

e +1 1 i 1 1 1 (o)
— — — = ——cCcot(mr).
"\’ 2 42 n+l4+r n—r 4m d

n=0

The last step is the well known Mittag-Leffler expansion of the cotangent function.
We conclude

1 N
Y(r) = e tan (7ir) = yp tanh (7).

The second assertion of the theorem follows. For the first, put f = g * g* and apply
the theorem tOEliS f. Then, on the one hand, (1) = g * g*(1) = ||g||%, and on the
other, for 7 € G,

7 (f) = rr(g)m(g)* = |m(9)lls-

This implies the theorem. o

11.4 The Trace Formula

For g € SLy(R) the two eigenvalues in C must be inverse to each other as the
determinant is one. Since g is a real matrix, its characteristic polynomial is real,
and so the eigenvalues are either both real, or complex conjugates of each other. Let
g # *1. There are three cases.

* gisin SL,(C) conjugate to a diagonal matrix with entries ¢, & for some ¢ € C of
absolute value one. In this case, g is called an elliptic element of G; or

* gisconjugate to = (' }). In this case g is called a parabolic element; or

* g is conjugate to a diagonal matrix with entries ¢, 1/¢ for some ¢ € R, in which
case g is called a hyperbolic element.
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Let g be elliptic, say g is conjugate to (‘”’”i —bi ) As an element of G, the element

g is conjugate to some (Z ‘a” ) in K. This implies that g has a unique fixed point in
H.

Proposition 11.4.1 A uniform lattice ' C G contains no parabolic elements.

Proof Consider the map n : H — [0, co) given by
n(z) = inf{p(z,yz) : y € I', y # £1, y not elliptic}.

It is easy to see that the map 7 is continuous. Further it is I'-invariant and therefore it
constitutes a continuous function I'\H — (0, co). Since '\H = I'\G /K is compact,
the function » attains its minimum, hence there exists 8 > 0 such that n(z) > 6 for all
z € H. Now assume that T contains a parabolic element, say p = g (' 1) g7' € T
for some g € G. Then for y > 1 we have

p(g(yi), pg(yi)) = p(g(yi), g(yi + 1)) = p(yi,yi + 1)

and the latter tends to zero as y — oo, which follows from

1
p(yi, yt+1)</|p()| -,
Im(p(1)) v
where p(t) = yi + t. We therefore have a contradiction! Hence I does not contain
any parabolic element. O

For a hyperbolic element g, with eigenvalues A, 1/A for |A| > 1, define the length of
gasl(g) =2log|Al

Let I' C G be a uniform lattice. For convenience we will assume that I contains
no elliptic elements. Then I" consists, besides &1, of hyperbolic elements only. We
call such a group a hyperbolic lattice. In [Bea95], there are given many examples
of uniform lattices in G without elliptic elements. For instance, every Riemannian
manifold of genus g > 2 is a quotient of the upper half plane by a hyperbolic lattice
in G.

So let I" be a hyperbolic lattice in G. Let rp = ’5 and let (r;);>; be a sequence
in C such that ir; € iR U (0, %) with the property that 7;,; is isomorphic to a
subrepresentation of (R, L*(I'\G)) and the value r = r; is repeated in the sequence
as often as Nr(s;,) times, i.e, as often as Tiy; appears in the decomposition of R.
Let f € H such that the operator R( f) is of trace class, and define ¢ = ¢y, g = g¢
and h = h; as in the previous two sections (See Lemma 11.2.6). Recall that f(x) =
o(tr (x'x) —2), g(u) = Ap(e" + e — 2), where A denotes the Abel transform, and
h(r) = [ g(u)e'™ du. Recall from Lemma 11.2.6 that h(r) = tr m;.(f) for every

ir € iRU (0, %). Moreover, it follows from Theorem 11.2.4 that tr 7(f) = O for

alr € GG k- We therefore get tr R(f) = Z;io h(r;). Suppose that the trace
formula of Theorem 9.3.2 is valid for the function f. Then
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> h(rj) = vol(Ty\G,)O, (£).
Jj=0 [r]

X —ex

e e

Recall the hyperbolic tangent function tanh (x) =

Anelement y € '\ {1} is called primitve, if it is not a power in I', i.e., if the equation
y =o0" withn e Nando € I" impliesn = 1.

Lemma 11.4.2 [f T is a torsion free uniform lattice, every element y of '\ {1} isa
positive power of a uniquely determined primitive element yy. This element generates
the centralizer T',, of y in I". We call it the primitive element underlying y .

Proof Let y € I'\{1}. By assumption, y is hyperbolic. Replacing I"' with a con-
jugate group we may assume that y is the diagonal matrix with entries ¢’, e~ for
some ¢ > 0, as the other case of y = —diag(e’, e™") gives the same result. Then the
centralizer G,, of ¥ in G equals +A, the group of all diagonal matrices in G and
'y =I'N+A. As —1 ¢ T, since I is torsion-free, it follows that there is yp € T’
such that the centralizer I',, in I' is equal to (yp). Replacing y, by yo_l if necessary,
we can assume that y = y for some n € N. It follows that y; is primitive. O

Theorem 11.4.3 Assume that T is a torsion free uniform lattice in SL(2,R). Let
e > 0, and let h be a holomorphic function on the strip {|Im(z)| < % + &}. Suppose

that his even, i.e., h( —z) = h(z) for every z, and that h(z) = O(|z|7>~%) as |z| tends
to infinity. Let g(u) = % fR h(r)e~ ™ dr. Then one has

Zh( =2 (F\G)/rh(r)tanh(nr)dr

Jj=0

L(y0)
+ 2 Sz — i8¢,
[y1#1

where for y # 1, vy is the primitive element underlying y .

Proof We start with functions f € Hgyn, for which the trace formula holds and
then we extend the range of the trace formula up to the level of the theorem. So let
f € Hgym such that the trace formula is valid for f. For instance, f € Cx(G)? =
CX(G) * CX(G) will suffice. At first we consider the class [y'] with y = 1. Then

vol(T'y,\G,)O, (f) = vol(I'\G) f(1).
Theorem 11.3.1 tells us that

f) = L/ tr (7;-(f)) r tanh (wr)dr = L/ h(r)rtanh (zr)dr.
4 R 4 R

Next let y be an element of I' with y # 1 and recall that this implies G, = +A. If
yo = diag(e’, e™") and if we identify A with R via the exponential map, the group
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I'), = (o) corresponds to the subgroup ¢Z. It follows that vol(I', \G,,) = 2t = I(yp),
where the factor 2 is due to the normalization of Haar measure on A.

By the Iwasawa decomposition, the set G, \G can be identified with NK/ &= 1. As
f is K-bi-invariant and f(x) = ¢(tr (x’x) — 2) for every x € G, the orbital integral
O, (f) equals

/ fn yng)ds = / P (e’ +e ¥ +57(e —e ") —2) ds,
R R

so that
1

et — e—l

O,(f) =

Ag (e +e7* —2)

1 1
= 8@ = S sl

By the general trace formula as stated before the theorem, we see that the theorem
holds if f € Hym is admissible for the trace formula.

We now derive the trace formula for the special case of the heat kernel. Let
h(r) = hy(r) = e G,
—t L12
Note that i, € E and so Proposition 11.2.9 applies. One gets g(u) = f/%e_?. Let

fi =W (h,) with ¥ : Heym — E°¥ as in Proposition 11.2.9. Recall from Sect. 9.2
the definition of the space Cypir(G) of uniformly integrable functions on G.

Proposition 11.4.4 The function f; lies in Cuit(G)?, so the trace formula is valid

for f.

Proof Note that h, = htz/z, which means f; = f;,> * f;/» and so, in order to show
that the trace formula is valid for f;, it suffices to show that f; € Cyni(G) for every
t > 0, as it then follows that f; € Cuit(G)?. Let r > 0 and define

def

Ur) = K{a; :0<s <r}K CG.

Then U(r) is an open neighborhood of the unit. Note that U (r) = {x € G : tr (x'x) <
e”" 4 e~?"} and the boundary satisfies

Wr)={xeG:tr(x'x)=e” +¢ ¥} =Ka K.

Lemma 11.4.5 For 0 <r < 5 we have

Ur)a,U(r) Cc U(s +2r)\U(s — 2r).

Proof As U(r) is invariant under K-multiplication from both sides, it suffices to
show everything modulo K -multiplication on both sides. Suppose thatfor0 < y < r



11.4 The Trace Formula 213

and k € K we can show that a,ka, and a,ka, both lie in U(x +r)~U(x —r). Then,
modulo K-multiplication one has ayka; = a, fors —r <t < s + r. Iterating the
argument with 7 taking the part of s, one gets for 0 <y’ < r,

aykask'ay = ak"ay € Ut +r)\U({t —r) C U(s +2r)\U(s — 2r).

So it suffices to show that for k € K one has a,kay, aska, € U(s +r)\U(s —r) for
0 < y < r and arbitrary 5. For x € G let T(x) = tr (x"x). Note that

T(a b>=a2+b2+c2+d2.
c d

We have to show that
eZ(x—r) +62(r—s) < T(aykas) < eZ(H—r) +e—2(s+r).

Now any k € K can be written as k = (¢ —?) for some a,b € R with a® + b* = 1.
Then

e’a  —e’ b
T(aykas) =T (es—yb e—(y+s)a>

= 20t 4 p7204s) b2(82(y7s) 426y Q2048 672(y+5)).

Here we have used a> = 1 — b%. Now b € [ — 1, 1] and the above is a quadratic
polynomial in b, which takes its extremal values at the zero of its derivative, i.e., at
b =0oratb = %1. In both cases we get the claim. a

The proof of the proposition now proceeds as follows: One notes that the function
¢ with fi(x) = ¢, (trx'x — 2) is monotonically decreasing. This follows from
¢ = —nlA(qt’). Hence Lemma 11.4.5 implies that (f;)yy(as) < fi(as—o) for
0 < r < s/2. (Recall the notation fy(x) = sup |f(UxU)|.) Therefore it suffices to
show that for any r > 0,

/ ¢.(tr (x'x) —2 —2r)dx < oo.
{xeG:T(x)=2r}

For this we use the integration formula of the Cartan decomposition in Theorem
11.2.1, which shows that the integral equals

27 / s (ez" +e 2 Zr) (ezx — e_zx) dx.
X e 2¥ 2521
Substituting u = €** 4 e¢~>* this becomes

JT/ ¢,(u—2—2r)du=n/ ¢ (x)dx.
u>2r+2 0

As h, € E®, the function ¢, lies in Sjp,«) and so this integral is indeed finite. O



214 11 SLy(R)

The trace formula for the function f; says
2 (142 vol(I'\G) |
(142 (12
Ze (4+f)t = —/ re~GH) tanh (r) dr
— 4w R

00 1 [

_ M) gy i

+ [%;1 d02 — 102 27 [ ¢ e,
Y

where we used the equation g,(u) = % fR h,(r)e'™ dr, which follows from inverse
Fourier transform and the fact that &, is even. Let w(¢) denote either side of this
equation. For a complex number s with Re(s?) < —% let

a(s) & / ~ w()e' &+ dr.
1

By realizing p via the left hand side of the trace formula gives

e

als) :Z _sz

/:0

and using the right hand side of the trace formula gives

vol(I'\G) / e
r
4r 2

a(s) = — tanh (7rr) dr
1(0) L[ e
0 2L
+ Z A2 oI 2 [R 2 _2¢ dr.

[y1#(1]

Now take & as in the assumptions of the theorem, but with the stronger growth
condition (z) = O(exp (—alz|*)) for some a > 0 and [Im(z)| < § +¢.For T > 0,
let Ry denote the positively oriented rectangle with vertices :I:T + z”' By the
Residue Theorem we can compute

2_ .2

L/ T hs)ds = —(h(r)+h( ) = h(r)
Rt

2mi r2 —s2

whenever r lies in the interior of the rectangle, and O else. For T — oo this converges
s2—r2
to h(r) for every r € RU (0, l). Thus, using the realization a(s) = Zfo 0 % it

follows that that 5~ f Ry a(s)sh(s)ds converges to the right hand side of Theorem
11.43if T — oc. On the other hand, using the realization of «(s) given by the left
hand side of the trace formula and interchanging the order of integration, which is
justified by the growth condition on /, shows that # f Ry a(s)sh(s)ds equals
T T
YolM\G) / rh(r)tanh (wr)dr + Z ___fw) 1 / h(r)e' Y dr.
4 T -T

1072 — oI/
1 € ¢ L
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This converges to the left hand side of Theorem 11.4.3 if T — oo since g(I(y)) =
% IS h(r)e™ ) dr.

This proves the theorem for 4 satisfying the stronger growth condition. For arbitrary
h,let a > 0 and set h,(z) = h(z)exp(—az*). Then the function &, satisfies the
stronger growth condition for |Im(z)| < % + ¢ and the limita — 0, using Lebesgue’s
convergence theorem for the integrals, gives the claim. O

11.5 Weyl’s Asymptotic Law

In the proof of the trace formula, we have used the “heat kernel” h,(r) = e~ (),
The reason for this being called so is the following. The Laplace operator for
hyperbolic geometry on H,

() ()

is invariant under G, i.e., AL, = L,A for every g € G. Therefore A defines a
differential operator on the quotient I'\H, which we denote by the same letter. It
can be shown that its eigenvalues are A; = (le + r]?) for j > 0. Since this requires
additional arguments from Lie theory and is not essential for our purposes, we will
not give the proof, but only mention the fact as an explanation for the terminology.
The interested reader may consult Helgason’s book [HelO1].

The hyperbolic heat operator is e='» for t > 0. This is an integral operator whose
kernel k,(z, w) describes the amount of heat flowing in time # from point z to point

w. Therefore
o0 1 N o0
Ze—(ﬁq)t = e = e
=0 j=0

is the heat trace on I'\H.

Proposition 11.5.1 Ast — 0, one has

o0
t;e—(iw})z — —VOIE{;[\H).

e—t/4

Vart

00 o0
(3 et t_“’lg{\H) / re 4™ tanh (r) dr
4 —00
=0

Proof As g(u) =

M2 .
e~ 4, the trace formula for the heat kernel gives

(o) e 4w
1) oo e
[y1#1
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Substituting r with r/+/f shows that the first summand equals

1(I"\H
Vol\HD )e*’/“/ re™" tanh <nL> dr.
4 R NG

The integral equals fooo 2re~"" tanh (71 #) dr. As t — 0, the tanh-term tends to 1
monotonically from below; therefore the integral tends to

o0 2 2
/ 2re " dr = —e "
0

i 1) e i
[gl N2 _ e l2 far
Y

tends to zero as t — 0. This is clear as the sum is finite for every 0 < ¢ < 1 and each
summand tends to zero monotonically as soon as ¢t < [/2, where [ is the minimal
length I(y) for y € T'\{1}. O

0
=1.
0

It remains to show that

We use this proposition to derive Weyl’s asymptotic formula.

Theorem 11.5.2 For T > 0, let N(T') be the number of eigenvalues A; = % + r}
of A thatare < T.Then, as T — oo, one has

vol(T"\IH) T

N(T) ~ o )

where the asymptotic equivalence ~ means that the quotient of the two sides tends
tol,as T — oc.

Proof We need alemma. Recall the definition of the I"-function from Sect. 11.2.6.

Lemma 11.5.3 Let 1 be a Borel measure on [0, 00) such that

t—0

lim ¢ / e dur) =C
[0,00)
for some C > 0. Then the following hold.

(a) Iffis a continuous function on [0, 1], then

o0
lim ¢ fle™™e ™ du() =C / fle™ e " dx.
t—0 [0,00) 0

(b) One has
limt/ dud) =C.
=0 Jio.4y
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Proof (a) By The Stone-Weierstrafl Theorem A.10.1, the set of polynomials is dense
in C([0, 1]). We first show that it suffices to prove the lemma for polynomials in the
role of f. So let f, — f be a convergent sequence in C([0, 1]) and assume the
lemma holds for each f,,. We have to show that it holds for f as well. Let ¢ > 0.
Then there exists ng such that || f, — {01 < € for every n > ng. For such n one
gets

t/ (fule™) = fle™™)) e du)| < stf e~ du(h),
[0,00) [0.00)

and the latter tends to eC as t — 0.

On the other hand,

< ¢C.

‘C/O (fule™) = fle™)) e " dx

So it suffices to prove the lemma for a polynomial and indeed for f(x) = x", in
which case it comes down to

lim 7 / e gy = (n+ 1) Mim ¢ / e du(n)
[0,00) [0,00)

t—0 t—0

_ C
T+

o0
0

Now for (b). Consider any continuous function f > 0 on the interval such that
fx) = )lc for x > ¢~!. Then

t / fle™) e du) =t / du(r),
[0.41 (0,1

so that for the limit superior we have the bound

lim supt/ dup()) < lim t/ f(e_”‘) e dur)
[0,4] [0,00)

1—0 t—0
[e.¢]
= Cf f(@ix) Eix d.x
0

= C+C‘/1oo f(efx) e "dx.

As the last integral can be chosen arbitrarily small, by using the Monotone Con-
vergence Theorem we get that the limit superior in question is < C. Similarly, by
choosing f(x) to vanish for x < e~! and satisfy 0 < f(x) < 1/x one gets

t—0

lim inft/ du(r) > C. O
(0,1}
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To get the theorem, we apply part (b) of the last lemma to the measure u = Zjio 7y

Indeed, substituting T = % the left hand side of the above equation becomes

lim7_. +N(T), while, by the proposition, we have C = lim,_.o¢ Yt =

vol(I"'\H) 0
47

11.6 The Selberg Zeta Function

As in the previous sections, let I be a torsion free hyperbolic uniform lattice in
SL(2,R). The compact surface I'\H is homeomorphic to a 2-sphere with a finite
number of handles attached. The number of handles g is > 2. It is called the genus
of the surface I'\H (See [Bea95]).

The Selberg zeta function for I" is defined for s € C with Re(s) > 1 as
2y =[] (1 = e+,
v k=0
where the first product runs over all primitive hyperbolic conjugacy classes in I.
Theorem 11.6.1 The product Z(s) converges for Re(s) > 1 and the function Z(s)
extends to an entire function with the following zeros. For k € N the number s = —k

is a zero of multiplicity 2(g — 1)(2k + 1), where g is the genus of T'\H. For every
Jj = 0 the numbers

5 +ir;, and 5~ ir;

are zeros of Z(s) of multiplicity equal to the multiplicity Nr(m;,;). These are all
zeros.

Proof Leta,b € C with real part > % Then the function

1 1
a2+r2 b2+r2

h(r) =

satisfies the conditions of the trace formula of Theorem 11.4.3. One computes
(Exercise 11.5),

efalul e*blul

2a 2b

g(u) = 1 / h(r)e ™ dr =
R

21

We compute, formally at first,

%,(5) = 0 (log (l—[ l_[ (1 — g(5+k)l()/o)))>

v k>0

—o(-xEy et

Y k>0 n=1
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oo
— Z Z Z e*n(SJrk)l(V())l(yO).
v k=0 n=1

If o runs over all primitive classes, then y = y will run over all classes # 1. Using
I(yg) = nl(yo) we get

z ,
Z6) =D e i)

Y k=0

_ Z —siyy o) I(vo)
1 — g_[(}’)

_ Z o~ I(vo)
N2 _ =l/2”

Up to this point we have ignored questions of convergence. To deal with these,
note that the geometric side of the trace formula for our function s equals
Y9 [ rh(r) tanh (r) dr plus

1 e e L(v)
2 2 < a b ) A2 — o2
[y1#1

By the trace formula, the latter sum converges absolutely for all complex numbers
a,bwithRe(a),Re(b) > % In the special case b = 2a > 1 all summands are positive
and the estimate

e—d)  p2y)  mdly)  pmaly) | g—al)
_ - _ —
a 2a a 2a 2 a

shows that the series

- 1(yo) zZ' 1
al(y) _ -
E e Ve = —(a+ 2)

1(y)/2 —I(y)/2
e e
[y1#1

converges locally uniformly absolutely for Re(a) > % To be precise, for every ag >

% consider the open set U = {Re(a) > ap}. Fora € U and every y € I'\\{1} one has

le=4!0)| = ¢~Re@Iy) ~ g=al(¥) This shows locally uniform absolute convergence
of the logarithmic derivative

%(s) _ Z Z i efn(erk)l(Vo)l(yo)

Yo k>0 n=1

for Re(s) > 1. By direct comparison we conclude the absolute locally uniform

. —n(s+k)l(yp) . . .
convergence of the series — " 3,3 % “—,——, which is the logarithm of

Z. This implies the locally uniform convergence of the product Z(s) in the region
{Re(s) > 1}.
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The geometric side of the trace formula for 4 equals

vol(N'\G) / iy tanh oy 4 2 (a N l) 1z (b 4 l) .
47T R 2a Z

The spectral side is

il 1 N 1 1 1 N 1
j:02a a+ir; a-—ir; 2b \b+ir; b—ir; '

The trace formula implies that this series converges for complex numbers a, b with
Re(a),Re(b) > % Being a Mittag-Leffler series, it converges for all a, b € C, which
are not one of the poles %ir;, and it represents a meromorphic functionin, say a € C
with simple poles at the &ir; of residue 1/2a times the multiplicity of %ir;.

We want to evaluate the integral

f rh(r)tanh (7r)dr.
R

The Mittag-Leffler series of tanh equals

[e¢]

1 1 1
tanh (7z) = ; ,
ZZ+l(n—i— DHooz—im+ D

where the sum converges absolutely locally uniformly outside the set of poles
i(% + Z). For n € N the path y, consisting of the interval [—n,n] and the half-
circle in {Imz > 0} around zero of radius n will not pass through a pole. Note that
the function tanh (r7) is periodic, i.e, tanh (7 (r + 2i)) = tanh (;rr). Further, it is
globally bounded on any set of the form {z € C : |z — i(k + 1/2)| > ¢ Vk € Z}
for any ¢ > 0. As rh(r) is decreasing to the power r 3, it follows that the integral
fyﬂ rh(r) tanh (;rr) dr converges to the integral in question. By the residue theorem
we conclude

/rh(r) tanh (7rr) dr = 2mi Z res,—.(rh(r) tanh (7 r)).

zImz>0

We have

hr) 1 1 + 1 1 1 + 1
rh(r) = = - = .
2\r+ia r—ia 2\r+ib r—ib

We will assume a # b, both in C\(% + Z). Then the poles of rh(r) and of tanh (;rr)
are disjoint and we conclude that the integral equals

1 1
7i tanh (mia) — mtanh(mb)—i—ZzZ (;(n+ )+m+i(n+l)_m)—(...),
2
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where the dots indicate the same term for b instead of a. Plugging in the Mittag-Leffler
series of tanh, one shows that the integral equals

a+j3+n b+3+n)

n=0

From hyperbolic geometry (see [Bea95] Theorem 10.4.3) we take

Lemma 11.6.2 The positive number wn\(;) is an integer. More precisely, it is equal

to g — 1, where g > 2 is the genus of the compact Riemann surface I'\H.

After a change of variables a +— a + % and the same for b, comparing the two sides
of the trace formula tells us that

Z’( +1> aZ/(b+1>+4(1 )i 1 1
S T 2 a(l — _
z 2} bZ 2 gnzo a+i+n b+i+n

+§: 1 N 1 a 1 L 1
“a+ir; a—ir; bb+ir; bb—ir;

Fixing an appropriate b, this extends to a meromorphic function on C with simple
polesata = —nanda = % +ir;. Itfollows that Z extends to an entire function on C
and by a theorem from Complex Analysis (see [Rud87], Theorem 10.43) it follows
that the poles of % are precisely the zeros of Z with multiplicity the respective
residues. These are 2(2n 4 1)(g — 1) for a = —n and 1 in all other cases. O

We define the Ruelle zeta function of " as the infinite product

R(s) = ]_[(1 — ey,
[v]

Corollary 11.6.3 The product defining the Ruelle zeta function converges for
Re(s) > 1 and the so defined Ruelle zeta function extends to a meromorphic function
on C. Its poles and zeros all lie in the union of R with the two vertical lines Re(s) = %
and Re(s) = —%. One has

Ris) — Z(s)
D=7+

Proof The correlation between the Ruelle and the Selberg zeta function is immediate
from the Euler product. The rest of the Corollary follows from this and Theorem
11.6.1. =

Note that, as r; € i [—%, %] U R, the Selberg zeta function satisfies a weak form of
the Riemann hypothesis, as its zeros in the critical strip {0 < Re(s) < 1} are all in
the set {Re(s) = %} with the possible exception of finitely many zeros in the interval
[0, 11.
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Note further, that one has a simple zero at s = 1 and no other poles or zeros in
{Re(s) > 1}. This information, together with the product expansion, suffices to
use standard machinery from analytic number theory as in [Cha68] to derive the
following theorem.

Theorem 11.6.4 (Prime Geodesic Theorem). For x > 0 let 7w (x) be the number of
hyperbolic conjugacy classes [y]in T with [(y) < x. Then, as x — 00,

2x

7T(x) ~ Z

11.7 Exercises and Notes

Exercise 11.1 Show that [, “ 32 gy = 5 tanh (xr).

(Hint: Write sin (ru) = %(ei”‘ — e~"*) and thus decompose the integral into the sum
of two integrals, each of which can be computed by the residue theorem.)

Exercise 11.2 Show that g € G = SL,(R) is
hyperbolic < [tr (g)| > 2,
parabolic & |tr (g)| = 2,
elliptic < |tr (g)| < 2.

Exercise 11.3 Show that a circle or a line in C is described by the equation Azz +
Bz 4+ Bz + C = 0, where A, C € R. Show that the linear fractional z — Z‘ij[s for

(¢ %) € GLy(C) maps circles and lines to circles and lines.

Exercise 11.4 Let A € M,,(C). Show that
det(exp (A)) = exp (tr (A)).

Exercise 11.5 Leta € C with Re(a) > 0. Show that [, e~ dr =

a’4r?

Exercise 11.6 Let G be a locally compact group and K a compact subgroup. The
Hecke algebra H = L'(K\G/K) is defined to be the space of all L'-functions on
G which are invariant under right and left translations from K. Show that # is an
algebra under convolution. Show that for every (, V;) € G the space VX of K-
invariants is either zero, or an irreducible -module in the sense that it does not
contain a closed H-stable subspace.

Exercise 11.7 Continue the notation of the last exercise. The pair (G, K) is called
a Gelfand pair if H is commutative. Show that if (G, K) is a Gelfand pair, then for
every (, V) € G the space VX is at most one dimensional.
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Exercise 11.8 Keep the notation of Exercise 11.6. Suppose that there is a continuous
map G — G, x — x such that (xy)° = y“x“ and (x°)° = x as well as x“ € KxK
for every x € G. Show that G is unimodular and that (G, K) is a Gelfand pair.

(Hint: Let pu be the Haar measure on G and set u°(A) = w(A€). Show that u¢
is a right Haar measure and that fG fx)dux) = fG f(x)du(x) holds for every
f € H. Consider the equation [, f(xy)du(x) = A(y™") [; f(x)du(x) for f € H
and make the integrand on the right hand side K -bi-invariant.)

Exercise 11.9 Let f € H with tr (r;.(f)m;(x)) = O for every x € G and every
r € R. Show that f = 0.

Exercise 11.10 Let A denote the hyperbolic Laplace operator. Show that the
function z — Im(z)* for s € C is an eigenfunction of A of eigenvalue s(1 — s).

Exercise 11.11 Read and understand the proof of the prime number theorem in
[Cha68]. Apply the same methods to give a proof of Theorem 11.6.4.

Notes

The Selberg zeta function has been introduced in Selberg’s original paper on the
trace formula [Sel56]. It has fascinated mathematicians from the beginning as its
relation to the trace formula is similar to the relation of the Riemann zeta function to
the Poisson summation formula and, as we have seen, a weak form of the Riemann
hypothesis can be proved for the Selberg zeta function. However, Selberg’s zeta
continues to live in a world separate from Riemann’s, and although many tried, no
one has found a bridge between these worlds yet.

The name Prime Geodesic Theorem for Theorem 11.6.4 is derived from the following
geometric facts. On the upper half plane H there is a Riemannian metric given by
M’ which is left stable by the action of the group G, in other words, G acts
by isometries. If I' C G is a torsion-free discrete cocompact subgroup, the quotient
IM\H will inherit the metric and thus become a Riemannian manifold, the projection
H — I'\H is a covering. A closed geodesic ¢ in '\H is covered by geodesics of
infinite lengths in H and any such geodesic is being closed by an element y € I,
which is uniquely determined up to conjugacy. The map ¢ +— y sets up a bijection
between closed geodesics and primitive conjugacy classes in I". The number /(y) is
just the length of the geodesic c. So indeed, Theorem 11.6.4 gives an asymptotic of
lengths of closed geodesics. This theorem has been generalized several times, the
most general version being a theorem of Margulis [KH95], which gives a similar
asymptotic for compact manifolds of strictly negative curvature.
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