Chapter 1
Haar Integration

In this chapter, topological groups and invariant integration are introduced. The
existence of a translation invariant measure on a locally compact group, called Haar
measure, is a basic fact that makes it possible to apply methods of analysis to study
such groups. The Harmonic Analysis of a group is basically concerned with spaces
of measurable functions on the group, in particular the spaces L'(G) and L*(G),
both taken with respect to Haar measure. The invariance of this measure allows to
analyze these function spaces by some generalized Fourier Analysis, and we shall
see in further chapters of this book how powerful these techniques are.

In this book, we will freely use concepts of set-theoretic topology. For the
convenience of the reader we have collected some of these in Appendix A.

1.1 Topological Groups

A topological group is a group G, together with a topology on the set G such that the
group multiplication and inversion,

GxG—>G G—G

(x,y) = xy, X xil,

are both continuous maps.

Remark 1.1.1 It suffices to insist that the map « : (x,y) — x~'y is continuous.
To see this, assume that ¢ is continuous and recall that the map G — G x G, that
maps x to (x, e) is continuous (Example A.5.3), where e is the unit element of the
group G. We can thus write the inversion as a composition of continuous maps as
follows x — (x,e) — x'e = x~!. The multiplication can be written as the map
(x,y) — (x‘l, y) followed by the map «, so is continuous as well, if « is.
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Examples 1.1.2

Any given group becomes a topological group when equipped with the discrete
topology, i.e., the topology, in which every subset is open. In this case we speak
of a discrete group

The additive and multiplicative groups (R, +) and (R*, x) of the field of real num-
bers are topological groups with their usual topologies. So is the group GL,(R)
of all real invertible n x n matrices, which inherits the R”z-topology from the
inclusion GL,,(R) € M,,(R) = R”z, where M,,(R) denotes the space of all n x n
matrices over the reals. As for the proofs of these statements, recall that in anal-
ysis one proves that if the sequences a; and b; converge to a and b, respectively,
then their difference a; — b; converges to a — b, and this implies that (R, +) is a
topological group. The proof for the multiplicative group is similar. For the matrix
groups recall that matrix multiplication is a polynomial map in the entries of the
matrices, and hence continuous. The determinant map also is a polynomial and
so the inversion of matrices is given by rational maps, as for an invertible matrix
A one has A~' = det(A)~'A*, where A" is the adjugate matrix of A; entries of
the latter are determinants of sub-matrices of A, therefore the map A +— A~ lis
indeed continuous.

Let A, B C G be subsets of the group G. We write

as

AB={ab:acAbe B} and A '={a"':a€eA},

well as A2 = AA, A3 = AAA and so on.

Lemma 1.1.3 Let G be a topological group.

(a)

(b)

(©)

(d)
(e)
®

For a € G the translation maps x — ax and x — xa, as well as the inversion
x +— x~! are homeomorphisms of G. A set U C G is a neighborhood of a € G
ifand only if a='U is a neighborhood of the unit element e € G. The same holds
with Ua™".

If U is a neighborhood of the unit, then U~! = {u‘l ‘u€ U} also is a neigh-
borhood of the unit. We call U a symmetric unit-neighborhood if U = U™,
Every unit-neighborhood U contains a symmetric one, namely U N U™,

For a given unit-neighborhood U there exists a unit-neighborhood V with
Vic U.

If A, B C G are compact subsets, then AB is compact.
If A,B are subsets of G and A or B is open, then so is AB.

For A C G the topological closure A equals A = (y AV, where the intersection
runs over all unit-neighborhoods V in G.
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Proof (a) follows from the continuity of the multiplication and the inversion. (b)
follows from the continuity of the inversion. For (c), let U be an open unit-
neighborhood, and let A C G x G be the inverse image of U under the continuous
map m : G x G — G given by the group multiplication. Then A is open in the
product topology of G x G. Any set, which is open in the product topology, is a
union of sets of the form W x X, where WX are open in G. Therefore there are
unit-neighborhoods WX with (e,e) € W x X C A.Let V. = WN X. ThenV is a
unit-neighborhood as welland V x V C A, i.e., V% C U. For (d) recall that the set
AB is the image of the compact set A x B under the multiplication map; therefore
it is compact. (e) Assume A is open, then AB = | J,.z Ab is open since every set
Ab is open. For (f) let x € A, and let V be a unit-neighborhood. Then xV~! is a
neighborhood of x, and so xV~' N A # @. Leta € xV~' N A. Then a = xv~! for
some v € V,s0x = av € AV, which proves the first inclusion. For the other way
round let x be in the intersection of all AV as above. Let W be a neighborhood of
x. Then V = x~!'W is a unit-neighborhood and so is V~!. Hence x € AV~!, so
thereisa € A, v € V with x = av~!. It follows a = xv € xV = W. This means
W N A # (. As W was arbitrary, this implies x € A. O

Lemma 1.1.4 Let H be a subgroup of the topological group G. Then its closure H
is also a subgroup of G. If H is normal, then so is H.

Proof Let H C G be a subgroup. To show that the closure H is a subgroup, it
suffices to show that x, y € H implies xy~! € H. Let m denote the continuous map
H x H — G given by m(x,y) = xy~'. The pre-image m~'(H) must be closed
and contains the dense set H x H; therefore it contains the whole of H x H, which
proves the first claim. Next assume that H is normal, then for every g € G the set
gHg™ ! is closed and contains gHg ™! = H; therefore H C gHg~'. Conjugating
by g one gets g~'Hg C H. As g varies, the second claim of the lemma follows. O

In functional analysis, people like to use nets in topological arguments. These have
the advantage of providing very intuitive proofs. We refer the reader to Sect. A.6 for
further details on nets and convergence in general. The next lemma is an example,
how nets provide intuitive proofs.

Lemma 1.1.5 Let G be a topological group. Let A C G be closed and K C G be
compact. Then AK is closed.

Proof Let (xj = ajkj) .o, beanetin AK, convergent in G. As K is compact, one
can replace it with a subnet so that (k;) converges in K. Since the composition in G
and the inversion are continuous, the net a; = x jk/-fl converges too, with limit in

‘A = A. Therefore the limit of x ; = ajk; lies in AK, which therefore is closed. O

Lemma 1.1.6 Letr G be a topological group and K C G a compact subset. Let U
be an open set containing K. Then there exists a neighborhood V of the unit in G
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such that KV UV K C U. In particular, if U is open and compact, then there exist
a neighborhood V of e such that UV = VU = U.

Proof For each x € K choose a unit-neighborhood V, such that xV? C U. By

compactness of K we may find x;,...,x; € K such that K C Ui:l x;Vy, and
K cUl_ Vaxi. SetV =_, Vy. Then KV  Ui_, x; Vi,V C Ui_, xiV2 C U
and similarly VK C U. O

Recall (Appendix A) that a topological space X is a Tj-space if for x # y in X there
are neighborhoods Uy, U, of x and y, respectively, such that y is not contained in U,
and x is not contained in U,. So X is T if and only if all singletons {x} are closed.
The space is called a T,-space or Hausdorff space if the neighborhoods U, and U,
can always be chosen disjoint.

Lemma 1.1.7 Let G be a locally compact group.

(a) Let H C G be a subgroup. Equip the left coset space G/H = {xH : x € G}
with the quotient topology. Then the canonical projectionw : G — G/H , which
sends x € G to the coset xH, is an open mapping. The space G/H is a T|-space
if and only if the group H is closed in G. If H is normal in G, then the quotient
group G/H is a topological group.

(b) For any open symmetric unit-neighborhood V the set H = | -, V" is an open
subgroup.

(c) Every open subgroup of G is closed as well.

Proof (a) LetU C G be open, then 7 '@ (U)) = UH is open by Lemma 1.1.3 (e).
As a subset of G/H is open in the quotient topology if and only if its inverse image
under 7 is open in G, the map 7 is indeed open. So, for every x € G the set G ~\ xH
is mapped to an open set if and only if H is closed. This proves that singletons are
closed in G/H, if and only if H is closed.

Now suppose that H is normal in G. One has a canonical group isomorphism
(G xG)/(Hx H)y— G/H x G/H and one realizes that this map also is a home-
omorphism, where the latter space is equipped with the product topology. Consider
the map o : G x G — G and likewise for G/H. One gets a commutative diagram

GxG——5 G
|

G/H x G/H — G/H.

AsG/H xG/H = (G xG)/(H x H), the map « is continuous if and only if the map
G x G — G/H is continuous, which it is, as & and the projection are continuous.

(b) Let V be a symmetric unit-neighborhood. For x € V" and y € V™ one has
xy € V" and as V is symmetric, one also has x~! € V", so H is an open
subgroup.
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(c) Let H be an open subgroup. Writing G as union of left cosets we get G \ H =
UgeG\H gH.As H isopen,sois gH forevery g € G. Hence the complement G\ H,
being the union of open sets, is open, so H is closed. O

Proposition 1.1.8 Let G be a topological group. Let H be the closure of the set {1}.

(a) The set H is the smallest closed subgroup of G. The group H is a normal subgroup
and the quotient G/H with the quotient topology is a T;- space.

(b) Every continuous map of G to a Ti-space factors over the quotient G/H.

(c) Every topological group, which is T, is already T, i.e., a Hausdor{f space.

Proof We prove part (a). The set H is a normal subgroup by Lemma 1.1.4. The last
assertion follows from Lemma 1.1.7 (a).

For part (b) let x € G. As the translation by x is a homeomorphism, the closure of
the set {x} is the set xH = Hx. So,if A C G is aclosed set,then A = AH = HA.
Let f : G — Y be a continuous map into a Tj-space Y. For y € Y the singleton {y}
is closed, so f~!({y}) is closed, hence of the form AH for some set A C G. This
implies that f(gh) = f(g)forevery g € Gandeveryh € H.

To show part (c), let G be a topological group that is 7;. Let x # y in G and set
U = G~ {xy~!}. Then U is an open neighborhood of the unit. Let V be a symmetric
unit-neighborhood with V2CcU.Then VN Vx y‘1 = ¢, for otherwise there would
bea,b € V witha = b’lxy’l, SO xy’1 = ab € V2, a contradiction. So it follows
that Vx N Vy = @, i.e., Vx and Vy are disjoint neighborhoods of x and y, which
means that G is a Hausdorff space. m|

The following observation is often useful.

Lemma 1.1.9 Suppose that ¢ : G — H is a homomorphism between topological
groups G and H. Then ¢ is continuous if and only if it is continuous at the unit 1¢.

Proof Assume that ¢ is continuous at 1. Let x € G be arbitrary and let (x;) be
a net with x; — x in G. Then x’lxj — x'x = 15 and we have qb(x)’l(p(xj) =
qb(x"xj) — ¢(1g) = 1y, which then implies ¢(x;) — ¢(x). Thus ¢ is continuous.

O

Notation In the preceding proof we have used the notation x; — x indicating that
the net (x;) converges to the point x.

1.2 Locally Compact Groups

A topological space is called locally compact if every point possesses a compact
neighborhood. A topological group is called a locally compact group if it is Hausdorff
and locally compact.
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Note that by Proposition 1.1.8, every topological group has a biggest Hausdorft quo-
tient group, and every continuous function to the complex numbers factors through
that quotient. So, as far as continuous functions are concerned, a topological group
is indistinguishable from its Hausdorff quotient. Thus it makes sense to restrict the
attention to Hausdorff groups.

A subset A C X of a topological space X is called relatively compact if its closure A
is compact in X. Note that in a locally compact Hausdorff space X, every point has a
neighborhood base consisting of compact sets. A subset S of G is called o -compact
if it can be written as a countable union of compact sets.

Proposition 1.2.1 Let G be a locally compact group.

(a) Fora closed subgroup H the quotient space G/H is a locally compact Hausdorff
space.

(b) The group G possesses an open subgroup, which is o -compact.

(c) The union of countably many open o-compact subgroups generates an open
o -compact subgroup.

Proof For (a)let xH # yH in G/H. Choose an open, relatively compact neigh-
borhood U C G of x with U N yH = @. The set U H is closed by Lemma 1.1.3, so
there is an open, relatively compact neighborhood V of y such that VN UH = @.
This implies VH N UH = {, and we have found disjoint open neighborhoods of
xH and yH, which means that G/H is a Hausdorff space. It is locally compact, as for
given x € H, and a compact neighborhood U of x the set UH C G/H is the image
of the continuous map G — G/H of the compact set U; therefore it is a compact
neighborhood of xH in G/H.

To show (b), let V be a symmetric, relatively compact open unit-neighborhood. For
everyn € Nonehas V' = V" c V.V* = V"+! Therefore H = | J, V" =, V".
An iterated application of Lemma 1.1.3 (d) shows that V" is compact, so H is
o-compact. By Lemma 1.1.7 (b), H is an open subgroup.

Finally, for (c) let L, be a sequence of o-compact open subgroups. Then each L, is
the union of a sequence (K,,,‘,-)j of compact sets. The group L generated by all L, is

also generated by the family (Kn, J')n N and is therefore o -compact. It is also open
since it contains the open subgroup L, for any n. O

1.3 Haar Measure

For a topological space X, we naturally have a o-algebra B on X, the smallest o -
algebra containing all open sets. This o -algebra also contains all closed sets and
is generated by either class. It is called the Borel o-algebra. Any element of this
o-algebra is called a Borel set.
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Fix a measure space (X, A, u), so A C P(X) is a o-algebra and u : A — [0, o0]
is a measure. One calls u a complete measure if every subset of a p-null-set is an
element of A. If 1 is not complete, one can extend . in a unique way to the o -algebra
A generated by A and all subsets of y-null-sets; this is called the completion of A
with respect to . A function f : X — C will be called p-measurable if f=1(S) lies
in A for every Borel set S C C.

Any measure u : A — [0,00] defined on a o-algebra A D B is called a Borel
measure. Unless specified otherwise, we will always assume A to be the completion
of B with respect to j. A Borel measure w1 is called locally finite if every point x € X
possesses a neighborhood U with u(U) < oo.

Example 1.3.1 The Lebesgue measure on R is a Borel measure. So is the counting
measure #, which for any set A is defined by

#A) Y

def | cardinality of A if A is finite
otherwise.

The Lebesgue measure is locally finite; the counting measure is not.
Definition A locally finite Borel measure  on B is called an outer Radon measure if

e wu(A) = infy5 w(U) holds for every A € B, where the infimum is taken over all
open sets U containing A, and

* w(U) = supgy w(K) holds for every open set U, where the supremum is
extended over all compact sets K contained in U.

For the first property one says that an outer Radon measure is outer regular. The
second says that an outer Radon measure is weakly inner regular. For simplicity,
we will use the term Radon measure for an outer Radon measure. In the literature,
one will sometimes find the notion of Radon measure used for what we call an inner
Radon measure; see Appendix B.2 for a discussion.

Note that for an outer Radon measure p one has u(A) = supg -, u(K) for every
measurable A with ©(A) < oo, where the supremum is taken over all subsets of A
which are compact in X. This is proved in Lemma B.2.1.

Example 1.3.2

* The Lebesgue measure on the Borel sets of R is a Radon measure.

* A locally finite measure, which is not outer regular, is given by the following
example. Let X be an uncountable set equipped with the cocountable topology,
i.e., anon-empty setA is open if and only if its complement X \ A is countable. The
Borel o-algebra consists of all sets that are either countable or have a countable
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complement. On this o-algebra define a measure p by (A) = 0if A is countable
and ((A) = 1 otherwise. Then p is finite, but not outer regular, since every open
subset U of X is either empty or satisfies u(U) = 1.

The following assertion is often used in the sequel.

Proposition 1.3.3 Let i be an outer Radon measure on a locally compact Hausdorff
space X. Then the space C.(X) is dense in LP () for every 1 < p < oo.

Proof Fix p as in the lemma and let V. C L”(u) be the closure of C.(X) inside
LP = LP(u). Wehave to show V = L?. By integration theory, the space of Lebesgue
step functions is dense in L” and any such is a linear combination of functions of
the form 1,4, where A C X is of finite measure. So we have to show 1, € V. By
outer regularity, there exists a sequence U, D A of open sets such that 1y, converges
to 14 in L?. So it suffices to assume that A is open. By weak inner regularity we
similarly reduce to the case when A is compact. For given ¢ > 0 there exists an open
set U D A with (U \ A) < ¢. By Urysohn’s Lemma (A.8.1) there is g € C.(X)
with 0 < g < 1, the function vanishes outside U and is constantly equal to 1 on A.
Then the estimate

14— gllh =/ g7 dx < w(U N A) <&
U~NA

shows the claim. O

Let G be a locally compact group. A measure p on the Borel o-algebra of G is
called a left-invariant measure, or simply invariant if u(x A) = u(A) holds for every
measurable set A C G and every x € G. Here x A stands for the set of all xa, where
a ranges over A.

Examples 1.3.4

* The counting measure is invariant on any group.

* For the group (R, +) the Lebesgue measure dx is invariant under translations, so
it is invariant in the sense above.

¢ For the multiplicative group (R*, -) the measure ﬁc—ﬁ is invariant as follows from
the change of variables rule.

Theorem 1.3.5 Let G be a locally compact group. There exists a non-zero left-
invariant outer Radon measure on G. It is uniquely determined up to positive
multiples. Every such measure is called a Haar measure. The corresponding integral
is called Haar-integral.

The existence of an invariant measure can be made plausible as follows. Given an
open set U in a topological group G one can measure the relative sizeof aset A C G
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by the minimal number (A : U) of translates xU needed to cover A. This relative
measure is clearly invariant under left translation, and is finite, if A is compact. One
can compare the sizes of sets and the quotient %, where K is a given fixed compact,
should converge as U shrinks to a point. The limit is the measure in question. It is,
however, hard to verify that the limit exists and defines a measure. We circumvent
this problem by considering functionals on continuous functions of compact support
instead of measures. Before giving the proof of the theorem, we will draw a few

immediate conclusions.

For a function f on a topological space X the support is the closure of the set

{x e X: f(x) #0}.
Corollary 1.3.6 Let u be a Haar measure on the locally compact group G.

(a) Every non-empty open set has strictly positive (> 0) measure.
(b) Every compact set has finite measure.

(c) Every continuous positive function f > 0 with fG fx)du(x) = 0 vanishes
identically.

(d) Let f be a measurable function on G, which is integrable with respect to a Haar
measure. Then the support of fis contained in a o -compact open subgroup of G.

Proof For (a) assume there is a non-empty open set U of measure zero. Then every
translate xU of U has measure zero by invariance. As every compact set can be
covered by finitely many translates of U, every compact set has measure zero. Being
a Radon measure, i is zero, a contradiction.

For (b) recall that the local-finiteness implies the existence of an open set U of finite
measure. Then every translate of U has finite measure. A given compact set can be
covered by finitely many translates, hence has finite measure.

For (c) let f be as above, then the measure of the open set f~!(0, 00) must be zero,
so it is empty by part (a).

To show (d), let f be an integrable function. It suffices to show thatthe set A = {x €
X : f(x) # 0} is contained in an open o -compact subgroup L, as the closure will
then also be in L, which is closed by Lemma 1.1.7 (c). The set A is the union of the
sets A, = {x € X : |f(x)| > 1/n} forn € N, each of which is of finite measure. By
Proposition 1.2.1 (c), it suffices to show that a set A of finite measure is contained in an
open o -compact subgroup L. By the outer regularity there exists an open set U D A
with u(U) < oo. It suffices to show that U lies in a o-compact open subgroup. Let
H C G be any open o-compact subgroup of G, which exists by Proposition 1.2.1
(b). Then G is the disjoint union of the open cosets x H, where x € G ranges over a
set of representatives of G/H. The set U can only meet countably many cosets x H,
since for every coset one has either xH N U = @ or u(xH N U) > 0 by part (a) of
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this corollary. Let L be the group generated by H and the countably many cosets x H
withx HNU # . Then L D U D A and L is o-compact and open by Proposition
12.1 (c). m|

Proof of the theorem Let C.(G) denote the space of all continuous functions from
G to C of compact support.

Definition We say that a map f : G — X to a metric space (X,d) is uniformly
continuous, if for every ¢ > 0 there exists a unit-neighborhood U such that for
x“lyeUoryx~! € Uonehasd (f(x), f(y)< e.

Lemma 1.3.7 Any function f € C.(G) is uniformly continuous.

Proof We only show the part with x 'y € U because the other part is proved simi-
larly and to obtain both conditions, one simply intersects the two unit-neighborhoods.
Let K be the support of f. Fix ¢ > 0 and a compact unit-neighborhood V. As f is
continuous, forevery x € G there exists an open unit-neighborhood V, C V such that
yexV, = |f(x)— f(y)| < ¢&/2. Let U, be a symmetric open unit-neighborhood
with Uf C V.. Then the sets xU,, for x € KV, form an open covering of the
compact set KV, so there are xy,...x, € KV suchthat KV C x;U; N---Nx,U,,
where we have written U; for Uy;-LetU = U, N---NU,. Then U is a symmetric
open unit-neighborhood. Let now x,y € G withx 'y e U.Ifx ¢ KV, theny ¢ K
as x € yU™! = yU C yV. So in this case we conclude f(x) = f(y) = 0. It
remains to consider the case when x € K'V. Then there exists j with x € x;U;, and
soy € x;U;U C x;V;. It follows that

£
2

=£¢&

f() = fODII = 1) = fapl+ 1)) = fFO < §+

as claimed. O

In order to prove Theorem 1.3.5, we use Riesz’s Representation Theorem B.2.2. It
suffices to show that up to positive multiples there is exactly one positive linear map
I: C.G) - C, I # 0, which is invariant in the sense that /(L. f) = I(f) holds
for every x € G and every f € C.(G), where the left translation is defined by
L,f(y) dzdf (x‘ly) . Likewise, the right translation is defined by R, f(y) déff(yx).
Note that L,, f = L, L, f and likewise for R.

Definition We say that a function f on G is a positive function if f(x) > 0 for
every x € G. We then write f > 0. Write CF(G) for the set of all positive functions
f € C.(G). For any two functions f,g € CI(G) with g # 0 there are finitely
many elements s; € G and positive numbers c; such that for every x € G one has
fix) < Z;l':l c jg(sj_lx). We can also write this inequality without arguments as

f< Z?:] cjLy;g. Put
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of . . there are s; € G
(f : ) Einf cit .
fe ; 77 suchthatf <37 c;Lyg

Lemma 1.3.8 For f, f1, f2,8,h € CH(G) withg,h #0,c¢ > 0and y € G one has

(@) (Lyf:g) = (f:g) sotheindex is translation-invariant,
®) (fi+ fr:8) <(fi:8)+(fr:g), sub-additive,

(©) (cf : g) =c(f,g), homogeneous,

@ fi<fo = (fi:g <(f2:g) monotonic,

e (f:h)=(f:8)g:h),

) (f:g) > "L here max f = max{f(x): x € G}.

max g’

Proof We only prove (e) and (f), as the other assertions are easy exercises. For (e)
assume f < Zj ciLs,;gand g < ), djL,yh. Then f < Zj > ¢jdi Ly, h, which
implies the claim. For (f) choose x € G with maxf = f(x). Then maxf = f(x) is

less than or equal to ) ; ;¢ (sj_lx) <) ;cjmaxg. |
Fix a non-zero fy € C(G). For f,¢ € CH(G) with ¢ # 0 let

(f:¢)

J(f, )= J(f ) = .
(f.¢)=Jn(f.9) )

Lemma 1.3.9 For f,g,¢ € CH(G) with f,¢ #0,¢ > 0and s € G one has

@ gy < J(f.9) < (f : fo),

(b) J(Lsf ¢)=I(f.9),

© J(f +8.¢) < J(f.d)+ (g 9),
) J(cf.d) =cI(f.9).

Proof This follows from Lemma 1.3.8. o

The map J (-, ¢) will approximate the Haar-integral as the support of ¢ shrinks to {e}.
Directly from Lemma 1.3.9 we only get sub-additivity, but in the limit this function
will become additive as the following lemma shows. This is the central point of the
proof of the existence of the Haar integral.

Lemma 1.3.10 Let fi, f> € C:F(G) and ¢ > 0. Then there is a unit-neighborhood
Vin G such that

J(f1.0) + I (f2.0) = J(fi + f2.0) +¢)
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holds for every ¢ € CI(G) ~ {0} with support in V.

Proof Choose f' € CH(G)suchthat f’ = 1 on the support of f; + f>. Lete,§ > 0
be arbitrary. Set

=£, h2=ﬁ,
f f

where we set i1;(x) = 0if f(x) =0.Then h; € C}H(G) for j = 1,2.

f=hn+nhH+8f h

According to Lemma 1.3.7, every function in C.(G) is left uniformly continuous,
so in particular, for 4; this means that there is a unit-neighborhood V' such that
for x,y € G with x~'y € V and j = 1,2 one has |h;(x) — h;(y)| < 5. Let
¢ € CH(G) ~ {0} with support in V. Choose finitely many s; € G,c; > 0 with
f < > ickLgo. Then qj(sk_lx) # 0 implies |h;(x) — h;(sx)] < 5, and for all x
one has

Fi) = fOR;(x) <Y ek (s 'x) hj(x)
k
=< ;ck(b (sk_lx) (hj(sk) + %) s

sothat (fj : @) < D, crlhj(si) + 5), implying that (f1 : ¢) + (f2 : ¢) is less than
or equal to ), cx(1 + ¢), which yields

J(f1,0) + I (f2.0) = J(f. ) + &)
<J(fi+ fo,0) +8I(f. o)A + o).

For § — 0 we get the claim. a
Lemma 1.3.8(e) together with (f : f) = 1 implies ﬁ < (f : fo). For
f € CHG) ~ {0} let S; be the compact interval [@,(f : fo)]. The space

S déf]_[ ££0 S¢, where the product runs over all non-zero f € CH(G), is com-

pact by Tychonov’s Theorem A.7.1. Recall from Lemma 1.3.9 (a) that for every
¢ € CI(G)~ {0} we getan element J(f, ¢) € Sy and hence an element (J(f, ¢))
of the product space S. For a unit-neighborhood V let Ly be the closure in S of
the set of all (J(f, ¢))s where ¢ ranges over all ¢ with supportin V. As § is com-
pact, the intersection (7),, Ly over all unit-neighborhoods V' is non-empty. Choose
an element (/4,(f)), in this intersection. By Lemma 1.3.9 and 1.3.10, it follows
that I = Iy, is a positive invariant homogeneous and additive map on C1(G). Any
real valued function f € C.(G) can be written as the difference f, — f_ of two
positive functions. Setting I(f) = I(fy) — I(f-), and for complex-valued func-
tions I(f) = I(Re(f)) + iI(Im(f)), one gets a well-defined positive linear map
that is invariant. This proves the existence of the Haar integral. For the proof of the
uniqueness we need the following lemma.



1.3 Haar Measure 13

Lemma 1.3.11 Let v be a Haar measure on G. Then for every f € C.(G) the
function s — fc f(xs)dv(x) is continuous on G.

Proof We have to show that for a given sp € G and given ¢ > 0 there exists a neigh-
borhood U of sy such that for every s € U one has ]fG flxs)— f(xso)dv(x)‘ < e&.
Replacing f by Ry, f(x) = f(xsp), we are reduced to the case so = e. Let K be the
support of f, and let V be a compact symmetric unit-neighborhood. For s € V one
has supp(R; f) C KV.Lete > 0. As f is uniformly continuous, there is a symmet-

ric unit-neighborhood W such that for s € W one has | f(xs) — f(x)| < ﬁ For
s € U = W NV one therefore gets
[ 19— rmave) < [ i - fwidve
G KV
< VW(KV)=c¢.
V(KV)
The lemma is proven. O

Suppose now that p, v are two non-zero invariant Radon measures. We have to show
that there is ¢ > 0 with v = cu. For f € C.(G) with fG f@du@) =1,(f)#0

set Dy(s) o f ¢ fas)d v(t)ﬁ. Then the function Dy is continuous by the lemma.

Let g € C.(G). Using Fubini’s Theorem (B.3.3) and the invariance of the measures
M, v we get

L) (g) = fc /G F(5)g(t) dv(t) dus)

= / [ F()gs ' Hdvt)du(s) = [ / Fs)g(s™ ) duls)dv(t)
GJG GJG

= / [ Fs)gls ™ dvt)du(s) = [ / F@s)dv(t) g(s~")dpu(s)
GJG GJG

=1,(f) /G Dy(s)g(s™ " du(s).

Since 1,(f) # 0 one concludes /,(g) = fG Df(s)g(s_l)d,uv(s). Let f/ be another
function in C.(G) with I,,(f") # 0, so it follows fG (Dy(s)— Dfr(s))g(s_l)du(s) =
0 for every g € C.(G). Replacing g with the function g given by g(s) =
18()A(Dp(s~) = Dpr(s~1) one gets [, [(Dy(s) — Dy(s)gls P dpuls) = 0.
Corollary 1.3.6 (¢) implies that(Df(s)—Df/(s))g(s_l) = Oholds forevery s € G.As
g is arbitrary, one gets Dy = D . Call this function D. For every f with I,,(f) # 0
one has [, f(t)du(t)D(e) = [ f(t)dv(r). By linearity, it follows that this equality
holds everywhere. This finishes the proof of the theorem. O
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Example 1.3.12 Let B be the subgroup of GL,(R) defined by

B:{(l );):x,yeR,y;éO}.

Then I(f) = e« [3 f((l ;))dx% is a Haar-integral on B. (See Exercise 1.8.)

1.4 The Modular Function

From now on, if not mentioned otherwise, for a given locally compact group G, we
will always assume a fixed choice of Haar measure. For the integral we will then
write f ¢ f(x)dx, and for the measure of aset A C G we write vol(A). If the group G
is compact, any Haar measure is finite, so, if not mentioned otherwise, we will then
assume the measure to be the normalized Haar measure, i.e., we assume vol(G) = 1
in that case. Also, for p > 1 we write L?(G) for the L?-space of G with respect to a
Haar measure, see Appendix B.4. Note that this space does not depend on the choice
of a Haar measure.

Definition Let G be a locally-compact group, and let u be a Haar measure on G.
For x € G the measure u,, defined by ©,(A) = w(Ax), is a Haar measure again,
as for y € G one has u,(yA) = uw(yAx) = u(Ax) = u,(A). Therefore, by the
uniqueness of the Haar measure, there exists a number A(x) > 0 with u, = A(x)u.
In this way one gets a map A : G — R.(, which is called the modular function of
the group G. If A = 1, then G is called a unimodular group. In this case every left
Haar measure is right invariant as well.

Let X be any set, and let f : X — C be a function. The sup-norm or supremum-norm
of f is defined by

def

Ifllx =sup|f(x)l.
xeX
Note that some authors use || - || to denote the sup-norm. This, however, is in conflict
with the equally usual and better justified notation for the norm on the space L*°
(See Appendix B.4).
Theorem 1.4.1

(a) The modular function A : G — RZ, is a continuous group homomorphism.
(b) One has A = 1if G is abelian or compact.
(c) Fory € G and f € L'(G) one has R,f e LY(G) and

/ R, f(x)dx = / Fley)dx = AG™) / F)dx.
G G G
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(d) The equality fG f(x’l)A(x’l)dx = fG f(x)dx holds for every integrable
function f.

Proof Part (c) is clear if f is the characteristic function 1,4 of a measurable set A. It
follows generally by the usual approximation argument.

We now prove part (a) of the theorem. For x,y € G and a measurable set A C G,
one computes

A@y)u(A) = pyy(A) = n(Axy) = u,(Ax)
= A(Y)u(Ax) = A(Y)Ax)u(A).

Choose A with 0 < u(A) < oo to get A(xy) = A(x)A(y). Hence A is a group
homomorphism.

Continuity: Let f € C.(G) with ¢ = fG f(x)dx # 0. By part (c) we have

1 1
Ay)=~- [ f(xy ") dx=- [ R~ f(x)dx.
C JG c Jo

So the function A is continuous in y by Lemma 1.3.11.

For part (b), if G is abelian, then every right translation is a left translation, and so
every left Haar measure is right-invariant.

If G is compact, then so is the image of the continuous map A. As A is a group
homomorphism, the image is also a subgroup of R. . But the only compact subgroup
of the latter is the trivial group {1}, which means that A = 1.

Finally, for part (d) of the theorem let f € C.(G) and set I(f) =
Jo F(x7') A (x7") dx. Then, by part (c),

I(sz)=/ f(z*‘x*l)A(x*‘)dx=f F(x2) YA dx
G G

=AY / FeH Az dx = / FeH A dx = 1().
G G

It follows that 7 is an invariant integral; hence there is ¢ > 0 with I(f) =
c fG f(x)dx. To show that ¢ = 1 let ¢ > 0 and choose a symmetric unit-
neighborhood V with |1 — A(s)| < ¢ for every s € V. Choose a nonzero symmetric
function f € CH(V). Then
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|1 —c|/Gf<x>dx= ’/Gf(X)dx—l(f) S/GIf(X)—f(x")A(x")ldx

:/ F) 1 —ANldx < g/ f(x)dx.
14 G

So one gets |1 — ¢| < ¢, and as ¢ was arbitrary, it follows ¢ = 1 as claimed. The
proof of the theorem is finished. a

Lemma 1.4.2 For given 1 < p < oo, and g € LP(G) the maps y + L,g and
y > R, g are continuous maps from G to L”(G). In particular, for every ¢ > O there
exists a neighborhood U of the unit such that

”Lyg_g”p < ¢,

el =
Y IRg —gll, < e

The proof will show that L is even uniformly continuous and in case that G is
unimodular, so is R.

Proof Note that by invariance of the Haar integral we have

ILyg — Ligllp = IILi-1y8 = &llp-

so uniform continuity as claimed follows from continuity at 1, which is the displayed

formula in the lemma. Likewise, for the right translation we have || R, g — Rgll, =
A~ HYP|R-1,g — gll, as follows from part (¢) of the theorem. It remains to show
continuity at the unit element.We first assume that g € C.(G). Choose ¢ > 0. Let K
be the support of g. Then the support of L, g is yK. Let Uy be a compact symmetric
unit-neighborhood. Then for y € Uy one has suppL,g C UpK.

Let § > 0. By Lemma 1.3.7 there exists a unit-neighborhood U C Uy such that for
y € U, the sup-norm || L,g — gl is less than §.

In particular, for every y € U one has

1
P 1
ILyg —gll, = (/ lg(y~"x) — g(X)I”dX> < dvol(UpK)7.
G

By setting § equal to & /vol(UyK)'/?, one gets the claim for g € C.(G).

For general g, choose f € C.(G) such that || f —g|l, < &/3. Choose a unit-
neighborhood U with ||f — L, fll, < &/3 for every y € U. Then for y € U
one has

e € ¢
lg —Lyglly =llg— fllp +If —Lyfllp +ILyf —Lygllp < 3 + 3 + 3=¢
In the last step we have used ||L, f — Lygll, = Il f — gll», i.e., the left- invariance

of the p-norm. This implies the claim for the left translation. The proof for the right-
translation R, is similar, except for the very last step, where instead of the invariance
we use the continuity of the modular function and the equality ||R, f — R, gll, =

A(y™) YPIf =gl »» which follows from part (c) of the theorem. 0
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Example 1.4.3 Let B be the group of real matrices of the form ((l) ’;) with y # 0.
Then the modular function A is given by A ((1, §) = |y| (See Exercise 1.8).

Proposition 1.4.4 Let G be a locally compact group. The following assertions are
equivalent.

(a) There exists x € G such that the singleton {x} has non-zero measure.
(b) The set {1} has non-zero measure.
(c) The Haar measure is a multiple of the counting-measure.

(d) G is adiscrete group.

Proof The equivalence of (a) and (b) is clear by the invariance of the measure.
Assume (b) holds. Let ¢ > 0 be the measure of {1}. Then for every finite set £ C G
one has vol(E) = ), vol({e}) = c#E. Since the measure is monotonic, every
infinite set gets measure oo, and so the Haar measure equals ¢ times the counting
measure.

To see that (c) implies (d) recall that every compact set has finite measure, and by
locally compactness, there exists an open set of finite measure, i.e., a finite set U that
is open. By the Hausdorff axiom one can separate the elements of U by open sets,
so the singletons in U are open; hence every singleton, and so every set, is open, i.e.,
G is discrete. Finally, if G is discrete, then each singleton is open, hence has strictly
positive measure by Corollary 1.3.6. O

Proposition 1.4.5 Let G be a locally compact group. Then G has finite volume under
a Haar measure if and only if G is compact.

Proof 1f Gis compact, it has finite volume by Corollary 1.3.2. For the other direction
suppose G has finite Haar measure. Let U be a compact unit-neighborhood. As the
Haar measure of G is finite, there exists a maximal number n € N of pairwise disjoint
translates xU of U. Let 71U, ..., z,U be such pairwise disjoint translates, and set
K equal to the union of these finitely many translates. Then K is compact, and for
every x € G one has K NxK # ¢. This means that G = K K !, which is a compact
set. O

1.5 The Quotient Integral Formula

Let G be a locally compact group and let H be a closed subgroup. Then G/H
is a locally compact Hausdorff space by Proposition 1.2.1. For f € C.(G) let
FHEx) & f y J(xh)dh. For any x the function mapping % to f(xh) is continuous
of compact support, so the integral exists.
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Lemma 1.5.1 The function f liesin C.(G/H), and the support of f is contained
in (supp(f)H)/H. The map f — ¥ from C.(G) to C.(G/H) is surjective.

Proof Let K be the support of f. Then K H/H is compactin G/H and contains the
support of £, which therefore is compact. To prove continuity, let x, € G and U a
compact neighborhood of x. For every x € U, the function 4 +— f(xh) is supported
in the compactset U"' K NH. Putd = ju;(U~'K N H), where 15 denotes the given
Haar measure on H. Given ¢ > 0 it follows from uniform continuity of f (Lemma
1.3.7) that there exists a neighborhood V C U of xg such that | f(xh) — f(xoh)| < 5
for every x € V, from which it follows that

LF7 () — fH o)l < / | f(xh) — f(xoh)|dh < €

U-'KNH
for every x € V, which proves continuity of .

Write 7 for the natural projection G — G/H. To show surjectivity of the map
f — fH, we first show that for a given compact subset C of the quotient G/ H
there exists a compact subset K of G such that C C 7 (K). To this end choose a
pre-image y. € G to every ¢ € C and an open, relatively compact neighborhood
U. C G of y.. As 7 is open, the images 7 (U,) form an open covering of C, so there
arecy,...c, € Csuchthat C C 7 (K) with K being the compact set Uq U--- Uﬁcn.

Apply this construction to the set C being the support of a given g € C.(G/H). Let
¢ € C.(G) be such that ¢ > 0 and ¢ = 1 on K, which exists by Urysohn’s Lemma
(Lemma A.8.1). Then set f = g¢/¢p where g is non-zero and f = 0 otherwise.
This definition makes sense as ¢/ > 0 on the support of g. One gets f € C.(G) and

[ =got/p" =3g. 0

Remark 1.5.2 For later use we note that in the proof of the above lemma we also
showed that for any compact set C C G/H there exists a compact set K C G such
that C C 7(K). By passing to 7 ~'(C) N K if necessary, we can even choose K such
that 7(K) = C.

A measure v on the Borel o-algebra of G/ H is called an invariant measure if v(x A) =
V(A) holds forevery x € G and every measurable A C G/H. Let Ag be the modular
function of G and Ay the modular function of H.

Theorem 1.5.3 (Quotient Integral Formula) Let G be a locally compact group, and
let H be a closed subgroup. There exists an invariant Radon measure v # 0 on the
quotient G/H if and only if the modular functions Ag and Ay agree on H. In this
case, the measure v is unique up to a positive scalar factor. Given Haar measures
on G and H, there is a unique choice for v, such that for every f € C.(G) one has
the quotient integral formula

/ F)dx = / / F(xhydh dox.
G G/HJH
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We will always assume this normalization and call the ensuing measure on G/H the
quotient measure.

The quotient integral formula is valid for every f € L'(G).

The last assertion says that if f is an integrable function on G, then the integral
fAx) = f y J(xh)dx exists almost everywhere in x and defines a v-measurable,
indeed integrable function on G/H, such that the integral formula holds.

See Exercise 1.10 for a generalization of the quotient integral formula.

Proof Assume first that there exists an invariant Radon measure v # 0 on the quo-
tient space G/H. Define a linear functional / on C.(G) by I(f) = fG/H FHE() dv(x).
Then I(f) is a non-zero invariant integral on G, so it is given by a Haar measure. We
write I(f) = [, f(x)dx.For hy € H one gets

AG(ho)[ f(x)dx :/ f(xhg") dx :/ Ryt f(x)dx
G G G

:/ [f(xhhgl) dh dv(x)
G/H JH

— Anho) / f Flxhydhdv(x)
G/H JH

= AH(ho)/Gf(X)dX-

As f can be chosen with fG f(x)dx # 0, it follows that Ag|lyg = Ap.

For the converse direction assume Ag|y = Ay, and let f € C.(G) with f7 = 0.
We want to show that f ¢ S (x)dx = 0. For let ¢ be another function in C.(G). We
use Fubini’s Theorem to get

0://f(xh)¢(x)dhdx:/ /¢(x)f(xh)dxdh
GJH HJG

:/ AG(h’l)/q)(xh’l)f(x)dxdh

H G

:/ / Ap (h7") ¢ (xh™") dh f(x)dx
GJH

=/ f ¢(xh)dh f(x)dx =/¢H(x)f(x)dx.
GJH G

As we can find ¢ with ¢ = 1 on the support of £, it follows that fG fx)dx = 0.
This means that we can unambiguously define a non-zero invariant integral on G/ H
by I1(g) = [; f(x)dx, whenever g € C.(G/H) and f € C.(G) with f# = g. By
Riesz’s Theorem, this integral comes from an invariant Radon measure. In particular,
it follows that the quotient integral formula is valid for every f € C.(G). All but the
last assertion of the theorem is proven.
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We want to prove the quotient integral formula for an integrable function f on G.
It suffices to assume f > 0. Then f is a monotone limit of step-functions, so by
monotone convergence one may assume f is a step-function itself and by linearity
one reduces to the case of f being the characteristic function of a measurable set A
with finite Haar measure. We have to show that 1# is measurable on G/ H and that its
integral equals |, ¢ 1a(x) dx. We start with the case of A = U being open. Note that
by Lemma B.3.2 the function g(xH) = supoqui(? f g ®(xh)dh is measurable on
=¢=1u

G/H and coincides with 1/. A repeated use of the Lemma of Urysohn and Lemma
B.3.2 shows the claim for A = U,

/ /lu(xh)dhdx=/ / sup ¢(xh)dhdx
G/HJH G/H J H 0=¢=1y

= sup / /d)(xh)dhdx
0<p<1y JG/H JH

= sup /¢(x)dx=/ sup ¢(x)dx
G G

0=¢=<1y 0=¢=<ly

= / 1y(x)dx.
G

If A = K is a compact set, then let V be a relatively compact open neighborhood of
K. Then 1y = 1y — 1y k. The claim follows for A = K. For general A of finite
measure and given n € N, by regularity and Lemma B.2.1, there are a compact set
K, and an open set U, such that K, C A C U, and w(U, \ K,) < 1/n. We can
further assume that the sequence U, is decreasing and K, is increasing. Let g be the
pointwise limit of the increasing sequence 1%1 and let & be the limit of 1y,. Then
g and h are integrable on G/H, one has 0 < g < 1¥ < h and h — g is a positive
function of integral zero, hence a nullfunction. This means that 121 coincides with g
up to a nullfunction and thus is measurable. One has

/ lg(x)dx = / g(x)dx = lim lgl(x) dx
G/H G/H " JG/H

=lim/ lkn(x)dxzf 14(x)dx. O
e G

The quotient integral formula should be understood as a one-sided version of Fubini’s
Theorem for product spaces. As for Fubini, it has a partial converse, which we give
now. Let u be a measure on a set X. Recall that a measurable subset A C X is
called o -finite if A can be written as a countable union A = (J72, A; of sets with
1(A;) < oo for every j. If X itself is o-finite, one also says that the measure u is
o -finite.

Corollary 1.5.4 Suppose that H is a closed subgroup of G such that there exists an
invariant Radon measure = 0 on G/H. Let f : G — C be a measurable function
such that the set A = {x € G : f(x) # 0} is o-finite. If the iterated integral
fG/H fH | f(xh)| dh dx exists, then fis integrable.
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Proof It suffices to show that | f| is integrable. So choose a sequence (A;,),en Of
measurable sets in G with finite Haar measure such that A = Uf;l A,,, and define
fu: G — Cby f, = min(|f]| - 14,,n). Then (f,)nen is an increasing sequence
of integrable functions that converges point-wise to | f|. It follows from Theorem

1.5.3 that [, f,(x)dx = fG/H [y fu(xh)dhdx < fG/H Sy | f(xh)| dh dx for every
n € N. The result follows then from the Monotone Convergence Theorem. O

Corollary 1.5.5

(a) If H is a normal closed subgroup of G, then the modular functions Ag and Ay
agree on H.

(b) Let H be the kernel of Ag. Then H is unimodular.

Proof (a) The Haar measure of the group G/H is an invariant Radon measure, so
(a) follows from the theorem. Part (b) follows from part (a). O

Proposition 1.5.6 Let G be a locally compact group, K C G a compact subgroup
and H C G a closed subgroup such that G = H K . Then one can arrange the Haar
measures on G, H, K in a way that for every f € L'(G) one has

/f(x)dX=//f(hk)dkdh.
G HJK

Proof The group H x K acts on G by (h,k).g = hgk™'. As this operation is
transitive, G can be identified with H x K /HN K, where we embed H N K diagonally
into H x K. The group H N K is compact; therefore it has trivial modular function
and the modular function of H x K is trivial on this subgroup. By Theorem 1.5.3
there is a unique H x K -invariant Radon measure on G up to scaling. We show that
the Haar measure on G also is H x K -invariant, so the uniqueness implies our claim.
Obviously, the Haar measure is invariant under the action of H as the latter is the
left multiplication. As K is compact, we have Ag(k) = 1 for every k € K and so
[ fxkydx = [, f(x)dx forevery f € C.(G) by Theorem 1.4.1 (c). O

Lemma 1.5.7 Let H be a closed subgroup of the locally compact group G such that
there exists a G-invariant Radon measure on G/H. Fix such a measure. For given
1 <p<oo,and g € LP(G/H) the map y — L,g is a uniformly continuous map
from G to L?(G/H). In particular, for every ¢ > 0 there exists a neighborhood U of
the unit such that

yeU = |Lyg—zgl, < e

Proof The lemma is a generalization of Lemma 1.4.2 and the proof of the latter
extends to give a proof of the current lemma. O
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1.6 Convolution

An algebra over C is a complex vector space .4 together with a map A4 x A — A,
called product or multiplication and written (a, b) +— ab, which is bilinear, i.e., it
satisfies

alb+c)=ab+ac, (a+b)c=ab+ac, Ailab)= (ra)b = a(Ab)
fora,b,c € Aand A € C, and it is associative, i.e., one has
a(bc) = (ab)c

for all a,b,c € A. The algebra A is called a commutative algebra if in addition for
all a,b € A one has ab = ba.

Example 1.6.1

e The vector space A = M,,(C) of complex n x n matrices forms an algebra with
matrix multiplication as product. This algebra is not commutative unless n = 1.

» Foraset S the vector space Map(S, C) of all maps from S to C forms a commutative
algebra with the point-wise product, i.e., for f, g € Map(S, C) the product fg is
the function given by (fg)(s) = f(s)g(s) fors € S.

Definition Let G be a locally-compact group. For two measurable functions f, g :
G — C define the convolution product as

7ege0 = [ For0 .
G
whenever the integral exists.

Theorem 1.6.2 If f,g € L'(G), then the integral f % g exists almost everywhere
in x and defines a function in L'(G). The L'-norm satisfies || f * glli < II.f1llgll-
The convolution product endows L'(G) with the structure of an algebra.

Proof Let f,g be integrable functions on G. Then f and g are measurable in the
sense that pre-images of Borel-sets are in the completed Borel-o-algebra. Let the
function ¥ be defined by ¥(y,x) = f(y)g(y~'x). We write ¥ as a composition
ofthemapa : G x G — G x G; (y,x) — (y,y’lx) followed by f x g and
multiplication, which are measurable. We show that « is measurable. Recall that
we need measurability here with respect to the completion of the Borel o-algebra.
Since « is continuous, it is measurable with respect to the Borel o -algebra, so we
need to know that the pre-image of a null-set is a null-set. This however is clear, as
o preserves the Haar measure on G x G, as follows from the formula
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ffd)(y,X)dxdy:/[d)(y,y”X) dxdy, ¢ €C(G xG),
GJG GJG

and Fubini’s Theorem. Being a composition of measurable maps, ¥ is measurable.
Let S(f) and S(g) be the supports of f and g, respectively. Then the sets S(f) and
S(g) are o-compact by Corollary 1.3.6 (d). The support of ¥ is contained in the
o-compact set S(f) x S(f)S(g), and therefore is o-compact itself. We can apply the
Theorem of Fubini to calculate

ILf gl S/chlf(y)g(fIX)Idydx=/G/G|f(y)g(y71X)Idxdy

=/ f IfOMgldxdy = [l fllvllglh < oo.
GJG

The function ¥ (x, -) is therefore integrable almost everywhere in x, and the function
f * g exists and is measurable. Further, the norm || f * g||; is less than or equal to
foG [V (x,y)ldxdy = || fllillglli. Associativity and distributivity are proven by
straightforward calculations. g

Recall that for a function f : G — C and y € G we have defined

Ry(f)(x) = f(xy) and L,(f)x) = f(y"x).

Lemma 1.6.3 For f,g € L'(G)and y € G one has R, (f*xg) = f*(R,g) and
Ly(f*g)=(Lyf)*g.

Proof We compute

Ry(f # g)(x) = /G f@g ('xy) dz= /G f@Ryg (z7'x) dz = [ * (Ryg)(x),
and likewise for L. m|
Theorem 1.6.4 The algebra L'(G) is commutative if and only if G is abelian.

Proof Assume L'(G) is commutative. Let f, g € L'(G). For x € G we have
0=fxgx)—gx* flx)= /G feng (™) — s f (y'x) dy
= /G g (A Hfay™) = f(y7'x0) ay.

Since this is valid for every g, one concludes that A (y™') f (xy™") = f (y~'x)
holds for every f € C.(G). For x = 1 one gets A = 1, so G is unimodular and
f (xy’l) =f (y’lx) for every f € C.(G) and all x,y € g. This implies that G is
abelian. The converse direction is trivial. a
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Definition By a Dirac function we mean a function ¢ € C.(G), which

* s positive, i.e., ¢ > 0,
* has integral equal to one, fG ¢(x)dx = 1,and

* is symmetric, ¢(x ") = ¢(x).

A Dirac family is a family (¢y)y of Dirac functions indexed by the set U of all
unit-neighborhoods U such that ¢y has support inside U. Note that the set ¢/ can
be partially ordered by reversed inclusion which makes it a directed set. So a Dirac-
family is a net, which we also refer to as a Dirac net

Lemma 1.6.5 If ¢ and  are Dirac functions, then so is their convolution product
¢ * . To every unit neighborhood U their exists a Dirac function ¢y such that ¢y
as well ¢y * ¢y have support inside U.

Proof 1If ¢ and i are positive, then so is their convolution product. For the integral
we have [ ¢ * ¥ (x)dx = [, ¢(x)dx [, ¥(x)dx =1 and symmetry is preserved
by convolution. For the second assertion, let U be a given unit neighborhood. Then
their exists a symmetric unit neighborhood W C U such that W? C U as well.
The Lemma of Urysohn (A.8.1) yields a function 7 € C.(G) with 0 #= h > 0 and
supp(h) C W. Set ¢y (x) = h(x) + h (x~") and scale this function so it has integral
one. Then supp(¢y * ¢y) C supp(dy)supp(py) C W2 C U, so ¢y satisfies the
claim. O

Lemma 1.6.6 Let ¢ > 0. For every f € L'(G) there exists a unit-neighborhood U
such that for every Dirac function ¢y with support in U one has

Nfxdu— flli <&, Nouxf—fli <e.

For every continuous function f on G and every compact set K C G there exists a
unit-neighborhood U such that for every Dirac function ¢y with support in U one
has

If*xdu — fllxk <& lgu=f—flx <e,
where || gl k = sup,ex |§(x)I.

In other words this means that the net (¢y * f)y indexed by the set of all unit-
neighborhoods, converges to f in the L' norm if f € L'(G) and compactly
uniformly, if f is continuous.
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Proof Ttsuffices to consider ¢y * f, as the other side is treated similarly. We compute
H@wf—fm=/W/¢meO”ﬂ—f@mhdx
G lJG
< [ [ ounr 7x) = seolayax
GJG

Z/(;¢U(y)||Lyf_f||ldy'

The claim nor follows from Lemma 1.4.2.

For the last statement let f be continuous and let K C G be compact. Since a
continuous function on a compact set is uniformly continuous, for every ¢ > 0 there
exists a unit-neighborhood U, such that for x € K, y~!'x € U one has |f(y) —
f(x)| < e. Let now ¢y be a Dirac function with support in U. Then |¢y * f(x) —

F@I= [oouo " OIf ()~ f@ldy < e U

1.7 The Fourier Transform

A locally compact abelian group will be called an LCA-group for short. A character
of an LCA-group A is a continuous group homomorphism

x:A — T,

where T is the circle group, i.e., the multiplicative group of all complex numbers of
absolute value one.

Example 1.7.1

 The characters of the group Z are the maps k — e>™*, where x varies in R/Z
(See [Dei05] Sect. 7.1).

¢ The characters of R/Z are the maps x > e2™k* where k varies in Z (See [Dei05]
Sect. 7.1).

Definition The set of characters forms a group under point-wise multiplication,

called the dual group and denoted A. Later, we will equip the group A with a
topology that makes it an LCA-group.

Let f € L'(A) and define its Fourier transform to be the map f ‘A —C given by

ﬂﬂﬁﬂfmﬂﬁm.

This integral exists as x is bounded.
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Lemma 1.7.2 For f,g € L'(A) and x € A one has | f()| < || fIl1 and Frg=
fé.
Proof The first assertion is clear. Using Fubini’s Theorem, one computes,
f*g(x) = / fg)x(x)dx = / / Fg (y7'x) dy x(x)dx
A AJa
= / ) f g (y'x) x()dx dy
A A

= /A FOxdy /; g0 x()dx = FOOE(X). O

1.8 Limits

In this section we shall give a construction principle for locally compact groups as
limits, i.e., direct and projective limits. The reader mostly interested in developing
the theory may proceed to the next chapter.

We first recall the notion of a partial order on a set I. This is a relation < such that
for all a,b,c € I one has a < a, (reflexivity); a < b and b < a impliesa = b
(antisymmetry); a < b and b < c implies a < c (transitivity).

Definition A directed set is a tuple (I, < ) consisting of a non-empty set / and a
partial order < on I, such that any two elements of / have a common upper bound,
which means that for any two a, b € [ there exists an element ¢ € [ witha < ¢ and
b<ec.

Examples 1.8.1

e The set N of natural numbers is an example with the natural order <. In this
case the order is even linear, which means that any two elements on N can be
compared. Every linear order is directed.

* Let Q2 be an infinite set and let I be the set of all finite subsets of €2, ordered by
inclusion, so A < B < A C B. Then [ is directed, as for A, B € I the union
C = A U B is an upper bound.

* Directed sets are precisely the index sets of nets (x;);¢;.

Direct Limits

A direct system of groups consists of the following data
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e adirected set (1, <),
e afamily (G;);¢; of groups and

* afamily of group homomorphisms ¢ij G — Gj,ifi <,

such that the following axioms are satisfied:

¢/ = Idg, and ¢fog/ = ¢, ifi <j <k
Examples 1.8.2

* Let G be a group and let (G;);<; be a family of subgroups, such that for any two
indices i, j € I there exists an index k € I, such that G;, G; C Gy. Then the G;
form a direct system, if on / one installs the partial order

i<j & G;,CGy,
and if for group homomorphisms ¢ij one takes the inclusions.

* Let X be a topological space, fix xo € X and let I be the set of all neighborhoods
of xo in X. For U € I let Gy be the group C(U) of all continuous functions from
U to C. We order I by the inverse inclusion, i.e., U <V < U D V. The
restriction homomorphisms

oy C(U) — C(V), o5(f)=flv

form a direct system.

Definition Let ((G,'),-e I (q)ij )i< j) be a direct system of groups. The direct limit of

the system is the set

lim G,’ déf]_[ G,‘ / ~,

iel iel
where | [ denotes the disjoint union and ~ the following equivalence relation: For
a€G;andb € G;wesaya ~ b, if thereis k € [ withk > i, j and ¢ (a) = ¢(b).

On the set G = lim G; we define a group multiplication as follows. Let a € G;
and b € G; and let [a] and [b] denote their equivalence classes in G. Then there
is k € I with k > i and k > j. We define [a][b] to be the equivalence class of
the element ¢} (a)¢5(b) in Gy, so [al[b] = [¢(a)¢’(b)]. Some authors also use the
notion inductive limit instead of direct limit.

Proposition 1.8.3 The multiplication is well-defined and defines a group structure
on the set G. This group is called the direct limit of the system (Gi, ¢;) For every
i € I the map
vi: G — |[G; > G
jel

is a group homomorphism.
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The direct limit has the following universal property: Let Z be a group and for every
i € I let a group homomorphism «; : G; — Z be given, such that o; = o} o ¢/
holds if i < j. Then there exists exactly one group homomorphism o : G — Z
making all diagrams

commutative.

Note that in this construction the word “group” can be replaced with other algebraic
structures, like rings. Then one assumes that the structure homomorphisms ¢; are
ring homomorphisms and gets a ring as direct limit.

Proof To show well-definedness, we need to show that the product is independent
of the choice of k. If k' is another element of 7 with X’ > i, j, there exists a common
upper bound [ for k and k’, sol > k, k’. We show that the construction gives the same
element with [ as with k. Then we apply the same argument to k" and /. Note that by
definition for every ¢ € Gy one has [c] = [#;(c)]. Gs ¢ is a group homomorphism,
it follows that

[6f @i ()] = [#; (6@ B)] = [¢r(@f @)y (¢;1))] = [di(@)g}®)].

This proves well-definedness. The rest is left as an exercise to the reader. O
Examples 1.8.4

 Inthe case of the direct system (C(U))y, where U runs through all neighborhoods
of a point in a topological space, one calls the elements of lim C(U) germs of

continuous functions.

* A special example of a direct limit is the direct sum of groups. So let S # (J be
an index set and for each s € S let G, be a group. Let I be the directed set of all
finite subsets of S. For each E € I we let G be the finite product of groups,

Ge=[]G.
seE

For E C F in I we have the natural group homomorphism ¢£ : Gg — GrF
sending x to (x, 1,...,1). The direct limit constructed in this way is called the
direct sum of the groups G and is denoted as

$oa..

ses
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Since all groups G can also be embedded into the product []
that the direct sum is isomorphic to the subgroup of []
elements x with x; = 1 for almost all s € S.

ses Gs we find

+es G consisting of those

1

Definition We say that a direct system ((G,);e/, (d)j )i<j) is a Mittag-Leffler direct
system, if the kernel of the homomorphism ¢>{< stabilizes as k grows. More precisely,
if for every i € I there is a kg > i such that for every k > k( one has

ker(¢f) = ker(,°).
In particular, it follows that ker(y;) = ker (¢f0).

Examples 1.8.5

* The case of a family of subgroups provides an example of a Mittag-Leffler system,
as here the structure homomorphisms are indeed injective.

* The system of germs of continuous functions at a point is in general not a Mittag-
Leffler system.

Definition Suppose that (Gi, ¢>;7 ) is a direct system of topological groups, i.e., each
G; is a topological group and each ¢/ is continuous. Then one defines the direct
product topology on the limit G = lim G; to be the topology generated by the maps

¥ G; — G, i.e.,itis the finest topology that makes all maps G; — G continuous.
Recall that amap f : G — X into some topological space is continuous if and only
if all compositions f o v; are continuous (see Appendix A.5).

Proposition 1.8.6 Ler (G,-, ¢ij ) be a direct system of topological groups with limit
G. Assume that all structure homomorphisms ¢ij are open maps.

(a) The limit G is a topological group, when equipped with the inductive limit
topology. The natural homomorphisms v; : G; — G are open maps.

(b) Suppose that all the groups G; are Hausdorff, then the limit G is Hausdor{f if
and only if each of the kernels of the maps V; : G; — G is closed.

(¢) If the system is Mittag-Leffler and all G; are Hausdorff, then G is Hausdorf{f.

(d) Ifall G; are locally compact groups and ker(y;) is closed for each i € I, then
G is a locally compact group.

Proof (a) A subset U of G is open if and only if the pre-image 1//171(U) C G is
open in G; for every i € I. Since the structure homomorphisms are open, the maps
Y + G; = G are open as well and a set U C G is open if and only if it can be
written as U = Uie[ ¥;(U;) for some open sets U; C G;. We use this to show that
the natural continuous bijection
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11_1:1’1 Gi X Gj - GxG

i
is also open, hence a homeomorphism. As any open subset of the left hand side is a
union of images of open subsets of G; x G, it suffices to show that the image of an
open subset of G; x G; in G x G is open. For this it suffices to assume that the open
set be arectangle, i.e., of the form U; x U; for open sets U; C G; and U; C G;. But
then the images of U; and U in G are open, hence the image of U; x U; in G x G
is open.

We need to show continuity of the multiplication map G x G — G. As G x G
is homeomorphic with the direct limit of the G; x G, it suffices to show that the
compositemap « : G; x G; — G x G — G is continuous, where the second map
is multiplication. Choose some k¥ € I with k > i, j. Then « also equals the map
G; xGj = G x Gy — Gy — G. In the second description the continuity follows
from the continuity of the multiplication map of Gy. The inversion is dealt with in a
similar way. This shows that G is a topological group if all G; are.

(b) Suppose that G is Hausdorff. Then for giveni € [ themap ¢; : G; — G
is continuous, hence its kernel is closed, as it is the pre-image of the closed set
{1}. Conversely, assume all kernels ker(y;) are closed and let y # 1 in G. Then
there exists i € I and y; € G; such that y = v;(y;). Now v; is open, and so
U = ¥;(G; \ ker(y;)) is an open neighborhood of y which does not contain 1.
Therefore, G is Hausdorff.

(c) Now suppose the system is a Mittag-Leffler direct system and that all G; are
Hausdorff. Leti € I and fix kg € I such that H; = ker(¢f) = ker (q)lk °> holds for

every k > ko. Then the closed subgroup H; is also the kernel of v;, so G is Hausdorff
by part (b).

(d) Finally, suppose that all G; are locally compact groups and the kernels ker(v;)
are closed. Then G is Hausdorff by (b), further, as each v; : G; — G is open as well,
a compact unit neighborhood U inside G; maps to a compact unit neighborhood in
G, which therefore is locally compact. a

Examples 1.8.7

e If all G; are open subgroups of a given topological group H with their subspace
topology, then the limit is their union and the limit topology is the subspace
topology as well.

o If (Gi, q&lt" ) is a direct system of discrete groups, then the limit is a discrete, hence
a locally compact group.

* This example shows that the Hausdorff property in the direct limit can fail if
the system does not satisfy the Mittag-Leffler condition. Let V be an infinite-
dimensional Hilbert space and let D # V be a dense subspace of V. Let I be the
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set of all finite subsets of D, for each « € I let V,, denote the (finite-dimensional)
linear span of « and set
G, =V/V,.

We order I by setinclusion, then if &« < f there is a natural projection ¢ : G, —
G g. This family of maps forms a direct system. Each V;, is a Hilbert space, hence
a Hausdorff topological group and the structure maps are open, but the direct
limit, which can be identified with V /D is no longer Hausdorff, indeed, it carries
the trivial topology.

Projective Limits

There is a dual construction to the direct limit, called the projective limit.
Definition A projective system of groups consists of the following data

e adirected set (1, <),
* afamily (G;);¢; of groups and

* afamily of group homomorphisms
7l G;— G, ifi<],

such that the following axioms are met:

k
J

n! = 1dg, and 7/ om

ok i .
; =, ifi <j<k

Note that, in comparison to a direct system, the homomorphisms now run in the
opposite direction.

Example 1.8.8 Let p be a prime number. Let / = N with the usual order. For
neNletG, =2Z/p"Zand form > nletn," : Z/p"Z — 7/ p"Z be the canonical
projection. Then (Gn, n,’,") form a projective system of groups.

Definition Let (G;,7/) be a projective system of groups. The projective limit of
the system is the set
G = limG;
«—

ofalla € [[;.; Gi such that q; = Jrij(a‘,-) holds for every pairi < jin /.
Proposition 1.8.9 The projective limit G of the system (G;) is a subgroup of the
product [];.; G;. Let w; : G — G; be the map given by the projection to the i-th
coordinate. Then 1; is a group homomorphism. The projective limit has the following
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universal property: If Z is a group with group homomorphisms «; : Z — G, such
that o; = 7} o« holds for all i < j in I, then there exists exactly one group

homomorphism « : Z — G, such that all diagrams

Gl<n—!G

N

commute.

As in the case of direct limits, one can replace the word “group” with, say, the
word “ring”. Then one assumes that the structure homomorphisms 7/ are ring
homomorphisms and gets a ring as projective limit.

Proof The proof is left to the reader. g

Definition Again assume that the groups G; in a given projective system are topo-
logical groups and that all structure homomorphisms 7/ are continuous. Then one
equips G = lim G; with the topology induced by the projections p; : G — G; and

calls this the projective limit topology.

Since the topology of the product [[; G; is induced by the projections as well, the
projective limit G carries the subspace topology of the product. Hence the question
of locally compactness is connected to the same question for products.

Lemma 1.8.10 Let [ be an index set and for every i € I let there be given a non-
empty locally compact space X;. Then the product space X = [[,.; X; is locally
compact if and only if almost all the spaces X; are compact.

iel

Proof Let E C I be a finite subset and for each i € E let U; C X; be a subset.
These data define a rectangle

R=R(Uicp)=]]U: x ] Xi.

icE icl\E
A rectangle is open if and only if every U; is open.

By definition of the product topology, every open set is a union of open rectangles.
The intersection of two open rectangles is again an open rectangle. If X #  is
locally compact, there therefore exists a non-empty open rectangle with compact
closure. The closure of a rectangle R((U;);) is the rectangle R((Ui),-), and for this to
be compact, almost all X; must be compact.

The converse direction follows from Tychonov’s Theorem and the simple observation
that a finite product of topological spaces is locally compact if and only if all factors
are locally compact. a
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Proposition 1.8.11 Let (Gi, nij ) be a projective system of topological groups with
limit G. Then G is a closed subgroup of the product [ |; G; and carries the subspace
topology, hence it is a topological group. If all G; are Hausdorff, then G is Hausdorff.
If all G; are locally compact and all but finitely many are compact, then G is locally
compact.

Proof The assertions of this propositions are clear by what has been said above. O

Definition A profinite group is a locally compact group isomorphic to a projective
limit of finite groups.

Example 1.8.12 Let p be a prime number. The profinite group

Zp=limZ/p"Z

is called the group of p-adic integers, see Sect. 14.1.

1.9 Exercises

Exercise 1.1 Determine the Haar measures of the groups Z, R, (R*, ), T.

Exercise 1.2 Give an example of a locally compact group G and two closed subsets
A, B of G such that AB is not closed.

(Hint: There is an example with G = R.)

Exercise 1.3 Let G be a topological group and suppose there exists a compact subset
K of G such that xK N K # @ for every x € G. Show that G is compact.

Exercise 1.4 Let G be alocally compact group with Haar measure p, andlet S C G
be a measurable subset with 0 < ©(S) < oco. Show that the map x +— (S N xS)
from G to R is continuous.

(Hint: Note that 15 € L2(G). Write the map as (1g, L,-11g) and use the Cauchy-
Schwarz inequality.)

Exercise 1.5 Let G be a locally compact group with Haar measure p, and let S be
a measurable subset with 0 < ©(S) < oco. Show that the set K of all k € G with
w(S NkS) = u(S) is a closed subgroup of G.

Exercise 1.6 Let G be alocally compact group, H a dense subgroup, and u a Radon
measure on G such that u(hA) = w(A) holds for every measurable set A C G and
every h € H. Show that u is a Haar measure.
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Exercise 1.7 Let G be a locally compact group, H a dense subgroup, and p a Haar
measure. Let S C G be a measurable subset such that for each & € H the sets

ASN(GNS) and SN(G\S)

are both null-sets. Show that either $ or its complement G . § is a null-set.

(Hint: Show that the measure v(A) = w(A N S) is invariant.)

Exercise 1.8 Let B be the subgroup of GL,(RR) defined by

B:{(l f}):x,yeR,y;ﬁO}.

Show that I(f) = fou fo £ ('})dx% is a Haar-integral on B. Show that the
modular function A of B satisfies: A ( ! ;‘) =yl

Exercise 1.9 Let G be a locally-compact group. Show that the convolution satisfies
fr@@xh)y=(fxgxh fx(@+h)=fxg+ fxh

Exercise 1.10 Let G be a locally compact group, and let x : G — RZ, be a
continuous group homomorphism.

(a) Show that there exists a unique Radon measure © on G, which is y-quasi-
invariant in the sense that u(xA) = x(x)u(A) holds for every x € G and every
measurable subset A C G.

(b) Let H C G be a closed subgroup. Show that there exists a Radon measure v on
G/H withv(xA) = y(x)v(A)forevery x € G and every measurable A C G/H,
if and only if for every & € H one has x (h)Ag(h) = Ay (h).

(Hint: Verify that the measure p is x-quasi-invariant if and only if the corresponding
integral J satisfies J(L, f) = x(x)J(f). If I is a Haar-integral, consider J(f) =

1(xf).)

Exercise 1.11 Let G, H be locally compact groups and assume that G acts on H
by group homomorphisms & +— £k, such that the ensuing map G x H — H is
continuous.

(a) Show that the product (i, g)(h', g') = (h8h/, gg') gives H x G (with the product
topology) the structure of a locally compact group, called the semi-direct product
HxG.

(b) Show that there is a unique group homomorphism § : G — (0, c0) such that
u(8A) = 6(g)un(A), where g is a Haar measure on H and A is a measurable
subset of H.
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(©) ShowthatfH fCx)dug(x) =46(g) fH f(x)dug(x)for f € C.(H)anddeduce
that § is continuous.

(d) Show that a Haar integral on H x G is given by

//f(h,g)é(g)duﬂ(h)dua(g)-
HJG

Exercise 1.12 For a finite group G define the group algebra C[G] to be a vector
space of dimension equal to the group order |G|, with a special basis (v4)4ei, and
equipped with a multiplication vV dzetvgg/. Show that C[G] indeed is an algebra over

C. Show that the linear map v, — 1y, is an isomorphism of C[G] to the convolution
algebra LY(G).
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