
Chapter 5
Backward Stochastic Differential Equations

5.1 Introduction

In this chapter we discuss so-called “backward stochastic differential equations”,
BSDEs for short. Linear BSDEs first appeared a long time ago, both as the equations
for the adjoint process in stochastic control, as well as the model behind the Black
and Scholes formula for the pricing and hedging of options in mathematical finance.
These linear BSDEs can be solved more or less explicitly (see Proposition 5.31
below). However, the first published paper on nonlinear BSDEs, appeared only
in 1990, see Pardoux and Peng [51]. Since then, the interest in BSDEs has
increased regularly, due to the connections of this subject with mathematical finance,
stochastic control, and partial differential equations. We refer the interested reader to
El Karoui et al. [29] and [30], Pham [60] and the references therein for developments
on the use of BSDEs as models in mathematical finance, as well as the connection
of BSDEs with stochastic control (see also [28] and [37]). BSDEs are also an
efficient tool for constructing �-martingales on manifolds with prescribed limit,
see Darling [19]. The connection of BSDEs with semi linear PDEs was initiated in
Pardoux, Peng [54], see also among the now vast literature on the subject [6,48,52]
and [53].

We shall present both the abstract theory of BSDEs, and the connection of BSDEs
with semilinear PDEs (both parabolic and elliptic). Let us motivate the notion of a
BSDE via an associated semilinear parabolic PDE.

To each .t; x/ 2 RC � R
d , we associate the Markov diffusion process fXt;x

s ;

s � tg which is a solution of the SDE

Xt;x
s D x C

Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr ;

where the Brownian motion B has dimension k. The associated infinitesimal
generator reads
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354 5 Backward Stochastic Differential Equations

At '.x/ D 1

2
Tr
�
gg�.t; x/D2'.x/

�C hf .t; x/;r'.x/i:

Let T > 0 be an arbitrary final time, � 2 C.Rd / and F 2 C.Œ0; T ��R
d �R�R

k/.
We consider the following backward semilinear second order PDE

8̂
<̂
ˆ̂:

@u

@t
.t; x/C Atu.t; x/C F.t; x; u.t; x/; .rug/.t; x// D 0;

.t; x/ 2 Œ0; T � � R
d ;

u.T; x/ D �.x/; x 2 R
d :

Suppose that this equation has a classical solution u 2 C1;2.Œ0; T � � R
d /. It then

follows from Itô’s formula that for any 0 � t < s � T ,

u.s; Xt;x
s / D �.X

t;x
T /C

Z T

s

F.r; Xt;x
r ; u.r; Xt;x

r /; .rug/.r; Xt;x
r //

�
Z T

s

.rug/.r; Xt;x
r /dBr :

Considering the pair of adapted processes

�
Y t;xr ; Zt;x

r

� D �
u.r; Xt;x

r /; .rug/.r; Xt;x
r /

�
;

we have that for each .t; x/ 2 Œ0; T � � R
d ,

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z T

s

Zt;x
r dBr ; s � r � T;

and Y t;xt is a deterministic quantity which equals u.t; x/. The solution u of the above
semilinear parabolic PDE is expressed in terms of the solution of this last backward
stochastic differential equation (BSDE). We will see below that this is indeed an
extension of the Feynman–Kac formula (in the sense that if F is affine, then the
Feynman–Kac formula is a consequence of the above representation). Note that the
above computation can be applied to a system of PDEs, rather than a single PDE.
We shall consider only the case where the same second order PDE operator A is
applied to each coordinate ui of u. A probabilistic representation for more general
systems of semilinear PDEs, with a different A for each coordinate of u, can be
found in [55], see also [52] and [58].

Let us now write an abstract version of the above BSDE. Let t D 0, and
forget about the superscript x. Suppose now that we are given a probability space
with filtration .�;F ;Ft ;P/ and for each .y; z/ 2 R � R

k , a measurable process
fF.t; y; z/; 0 � t � T g (F being jointly measurable), together with an FT random
variable �.

We formulate the problem of solving a BSDE as follows: find a pair of adapted
processes f.Yt ; Zt /; 0 � t � T g such that
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Yt D �C
Z T

t

F .s; Ys; Zs/ds �
Z T

t

ZsdBs; 0 � t � T; a.s.

Note that, since the boundary condition for fYt W t 2 Œ0; T �g is given at the
terminal time T , it is not really natural for the solution fYtg to be adapted at each
time t to the past of the Brownian motion fBsg before time t . The price we have
to pay for such a severe constraint to be satisfied is to have the coefficient of the
Brownian motion – the process fZtg – to be chosen independently of fYtg, hence
the solution of the BSDE is a pair of processes. Note that in the case F � 0, Yt D
E.�jFt / and Z is given by the martingale representation theorem from Sect. 2.4.

One may also think of a “backward SDE” as an inverse problem for an SDE,
namely we are looking for a point y 2 R, and an adapted process fZtg, such that
the solution fYtg of

Yt D y �
Z t

0

F .s; Ys; Zs/ds C
Z t

0

ZsdBs

satisfies YT D �.
Finally, note that while the above presentation treats T as a deterministic

quantity, an important alternative is to replace it by a stopping time (or else by C1).
This is essential when giving probabilistic representations of semilinear elliptic
PDEs.

In this chapter, we suppose given a stochastic basis .�;F ;P; fFtgt�0/ with
fBt I t � 0g a k-dimensional Brownian motion and the filtration fFtgt�0 being
the natural filtration of fBt W t � 0g, i.e. for all t � 0:

Ft D FB
t

defD � .fBs W 0 � s � tg/ _ N :

5.2 Basic Inequalities

For convenience we rewrite in this context the Itô formula (2.14) and we give a basic
inequality. First we introduce a notation used in this chapter.

Notation 5.1. For p � 1 we define

np
defD 1 ^ .p � 1/ :

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / satisfy for all t 2 Œ0; T � ; P-a:s.:

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs;
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where

˙ K 2 S0m,
˙ K� .!/ 2 BVloc .Œ0;1Œ IRm/ ; P-a.s. ! 2 �.

5.2.1 Backward Itô’s Formula

If ' 2 C1;2 .Œ0; T � � R
m/, then P-a:s., for all t 2 Œ0; T �:

' .t; Yt /C
Z T

t

�
@'

@t
.s; Ys/C 1

2
Tr
�
ZsZ

�
s '

00
xx .s; Ys/

��
ds

D ' .T; YT /C
Z T

t

h'0
x .s; Ys/ ; dKsi �

Z T

t

h'0
x .s; Ys/ ; ZsdBsi :

(5.1)

From Corollary 2.29 we get for all p 2 R,

�
jYt j2 C "

	p=2 C p

2

Z T

t

R
.p;"/
s ds C p

2

�
L
.p;"/

T � L.p;"/t

	
D
�
jYT j2 C "

	p=2

Cp
Z T

t

D
U
.p;"/
s ; dKs

E
� p

Z T

t

D
U
.p;"/
s ; ZsdBs

E
;

(5.2)

where

.j / U
.p;"/
s D

�
jYsj2 C "

	.p�2/=2
Ys;

. jj/ R
.p;"/
s D

h
jZsj2 jYsj2 C .p � 2/ jZ�

s Ysj2
i �

jYsj2 C "
	.p�4/=2

;

. jjj/ L
.p;"/
t D "

Z t

0

jZsj2
�
jYsj2 C "

	.p�4/=2
ds:

We have
ˇ̌
ˇU .p;"/

s

ˇ̌
ˇ �

�
jYsj2 C "

	.p�1/=2
and

np jZsj2 jYsj2
�
jYsj2 C "

	.p�4/=2 � R.p;"/s � mp jZsj2 jYsj2
�
jYsj2 C "

	.p�4/=2
;

where np
defD 1 ^ .p � 1/ and mp

defD 1 _ .p � 1/.
Moreover

1p
"

Z t

0

jZsj2 1jYs j�p
"ds � 2

p
2L

.1;"/
t :
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In particular for p � 1 and " & 0 we obtain

jYt jp C 1

2

Z T

t

R
.p/
s ds C 1

2
.LT � Lt/ 1p¤1 D jYT jp

C
Z T

t

jYsjp�1 hsgn .Ys/ ; dKsi �
Z T

t

jYsjp�1 hsgn .Ys/ ; ZsdBsi ;
(5.3)

where

sgn W Rm ! R
m; sgn .x/ D

8<
:
0; if x D 0;
x

jxj ; if x ¤ 0;

R.p/s D
(
0; if Ys D 0;�
jZsj2 C .p � 2/ jZ�

s sgn .Ys/j2
	

jYsjp�2 ; if Ys ¤ 0;

and fLt W t � 0g is an increasing continuous progressively measurable stochastic
process such that for all t � 0 (in the sense of convergence in probability)

Lt D 1

2
lim
"!0C

Z t

0

" jZsj2�
jYsj2 C "

	3=2 ds:

The stochastic process fLt W t � 0g has the following property:

Lt .!/ D Ls .!/ ; P-a.s.;

for every interval Œs; t � � fr � 0 W Yr .!/ D 0g, or Œs; t � � int fr � 0 W Yr .!/ ¤ 0g.
Moreover, we have

lim sup
ı!0C

1

ı

Z T

0

jZsj2 1jYs j�ıds � 2
p
2LT and

Z T

0

jZsj2 1YsD0ds D 0:

Since

0 � p

2
np

Z t

s

jYr jp�2 1Yr¤0 jZr j2 dr �
Z t

s

R.p/r dr < 1; for all 0 � s < t � T; a:s:;

it follows that for every p � 1 and 0 � t � T :

jYt jp C p

2
np

Z T

t

jYsjp�2 1Ys¤0 jZsj2 ds � jYT jp

Cp
Z T

t

jYsjp�2 1Ys¤0 hYs; dKsi � p
Z T

t

jYsjp�2 1Ys¤0 hYs;ZsdBsi ; a:s:
(5.4)
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In fact we deduce from Lemma 2.37 a more general inequality:
˙ if  W Œ0; T ��R

m ! R is a function of classC1, convex in its second argument,
then a:s:; 8 t 2 Œ0; T �:

 .t; Yt /C
Z T

t

@ 

@t
.s; Ys/ ds �  .T; YT /C

Z T

t

hr .s; Ys/; dKsi

�
Z T

t

hr .s; Ys/; ZsdBsi :
(5.5)

5.2.2 A Fundamental Inequality

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / satisfy an identity of the form

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; t 2 Œ0; T � ; P-a.s.; (5.6)

where

˙ K 2 S0m .Œ0; T �/ and K� .!/ 2 BV .Œ0; T � IRm/ ; P-a.s. ! 2 �.
˙ Assume that there exist

.a/ D;R;N P-m.i.c.s.p., D0 D R0 D N0 D 0I

.b/ V P–m.b-v.c.s.p. V0 D 0I

.c/ � < 1 � p;

such that as measures on Œ0; T � ; a:s:

dDt C hYt ; dKt i � �
1p�2dRt C jYt jdNt C jYt j2dV t

�C np

2
� jZt j2 dt; (5.7)

where

np
defD 1 ^ .p � 1/ .

By Proposition 6.80, Corollary 6.81 and Corollary 6.82 from Annex C we have:

Proposition 5.2. Let (5.6) and (5.7) be satisfied and moreover

E


YeV 

p

T
< 1:

(A) If p > 1, then there exists a positive constant Cp;�, depending only upon .p; �/,
such that, P-a:s., for all t 2 Œ0; T �:

E
Ft sup

r2Œt;T �

ˇ̌
eVr Yr

ˇ̌p C E
Ft

�Z T

t

e2Vr dDr

�p=2
C E

Ft

�Z T

t

e2Vr jZr j2 dr

�p=2

(5.8)
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� Cp;� E
Ft

"ˇ̌
eVT YT

ˇ̌p C
�Z T

t

e2Vr 1p�2dRr

�p=2
C
�Z T

t

eVr dNr

�p#
:

(B) If p D 1 (and np D 0), then P-a:s., for all 0 � t � T

eVt jYt j � E
Ft eVT jYT j C E

Ft

Z T

t

eVr dNr

and for all 0 < ˛ < 1 there exists a positive constant C˛ , depending only upon
˛ such that

sup
r2Œt;T �

�
E
�
eVr jYr j

��˛ C E

 
sup
r2Œt;T �

ˇ̌
eVr Yr

ˇ̌˛
!

C E

�Z T

t

e2Vr jZr j2 dr

�˛=2

CE

�Z T

t

e2Vr jDr j2 dr

�˛=2

� C˛

"�
E
�
eVT jYT j�

	˛ C
�
E

Z T

t

eVr dNr

�˛#
:

(C) If p � 1 and R D N D 0, then P-a:s., for all t 2 Œ0; T �:
epVt jYt jp � E

Ft epVT jYT jp : (5.9)

Corollary 5.3. Under the assumptions of Proposition 5.2, if there exists a c � 0

such that sups2Œ0;T � jVsj � c, then P-a:s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
jYsjp C E

Ft

�Z T

t

jZsj2 ds

�p=2

� Cp;� e
2c

E
Ft

"
jYT jp C

�Z T

t

1p�2dRs

�p=2
C
�Z T

t

dNs

�p#
:

5.3 BSDEs with Deterministic Final Time

Our main goal in this section is to study backward stochastic differential equations
(abbreviated BSDEs) of the form

� �dYt D F .t; Yt ; Zt / dt CG .t; Yt / dAt �ZtdBt ; 0 � t < T;

YT D �;
(5.10)

or equivalently, a.s. for all t 2 Œ0; T �:
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Yt D �C
Z T

t

F .s; Ys; Zs/ ds C
Z T

t

G .s; Ys/ dAs �
Z T

t

ZsdBs;

whose solution .Yt ; Zt /t2Œ0;T � takes values in R
m � R

m�k , and where we assume in
this section that:

• T > 0 is a fixed final deterministic time;
• � W � ! R

m, the final condition, is an FT -measurable random vector;
• F W �� Œ0; T ��R

m�R
m�k ! R

m is a
�P;Rm � R

m�k�-Carathéodory function,
that is

F .�; �; y; z/ is P-m.s.p., 8 .y; z/ 2 R
m�Rm�k I

F .!; t; �; �/ is a continuous function, dP ˝ dt -a:e:I

• G W � � Œ0; T � � R
m ! R

m is a .P;Rm/-Carathéodory function, i.e.

G .�; �; y/ is P-m.s.p., 8 y 2 R
mI

G .!; t; �; �/ is a continuous function, dP ˝ dt -a:e:I

• A is a P-m.i.c.s.p., A0 D 0.

Note that, by Exercise 1.1, F is .P ˝ Bm ˝ Bm�k;Bm/-measurable and G is
.P ˝ Bm;Bm/-measurable.

We state the following definition:

Definition 5.4. A pair .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of (5.10) if

Z T

0

jF.t; Yt ; Zt /j dt C
NX
iD1

Z T

0

jG .t; Yt /j dAt < 1; P-a.s.

and, a.s. for all t 2 Œ0; T �:

Yt D �C
Z T

t

F .s; Ys; Zs/ ds C
Z T

t

G .s; Ys/ dAs �
Z T

t

ZsdBs : (5.11)

5.3.1 A Priori Estimates and Uniqueness

We now consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; ; t 2 Œ0; T � ; a:s:; (5.12)

where
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• � W � ! R
m, the final condition, is an FT -measurable random vector;

• .!; t; y; z/ 7�! ˆ.!; t; y; z/ W � � Œ0; T � � R
m � R

m�k ! R
mI

• .!; t/ 7�! Qt .!/ W � � Œ0; T � ! R is a P-m.i.c.s.p. such that Q0 D 0.

Note that the BSDE (5.10) can be written in this form with

ˆ.!; t; y; z/ D ˛t .!/ F .!; t; y; z/C ˇt .!/G .!; y/ ; and

Qt .!/ D t C At .!/

where f˛t W t � 0g and fˇt W t � 0g are two real positive P-m.s.p. (given by the
Radon–Nikodym representation theorem), ˛t C ˇt D 1, such that

dt D ˛tdQt and dAt D ˇtdQt :

We define for any 	 � 0

ˆ#
	 .t/

defD sup
jyj�	

jˆ.t; y; 0/j I in particular ˆ#
0 .t/ D jˆ.t; 0; 0/j :

The basic assumptions on ˆ are the following

(BSDE-Hˆ) W (5.13)

� 8 y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � � Œ0; T � ! R
m is

P-measurable;
� there exist three P-m.s.p. 
 W �� Œ0; T � ! R and `; ˛ W �� Œ0; T � ! RC such

that, P-a:s.
.i/ ˛tdQt D dt;

.ii/
Z T

0

h
j
t jdQt C .`t /

2 dt
i
< 1;

(5.14)

and for all y; y0 2 R
m and z; z0 2 R

m�k; dP ˝ dQt -a:e.:

Continuity:�
Cy
�

y �! ˆ.t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y;ˆ.t; y0; z/ �ˆ.t; y; z/i � 
t jy0 � yj2I
Lipschitz condition:

.Lz/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t `t jz0 � zjI
Boundedness condition:

�
By
� Z T

0

ˆ#
	 .s/ dQs < 1; 8 	 � 0:

(5.15)

The assumptions on ˆ yield a continuity behaviour result which we leave as an
exercise for the reader.
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Lemma 5.5. Under the assumption (5.15)

Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; P-a.s.; 8 .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / ;

and the mapping

.Y;Z/ �!
Z �

0

ˆ.s; Ys; Zs/dQs

is continuous from S0m Œ0; T � �ƒ0
m�k .0; T / into S0m Œ0; T �.

We shall show that the monotonicity of ˆ yields an inequality of the form (5.7).
Let (with a > 1 arbitrary)

np
defD 1 ^ .p � 1/ and �s

defD 
s C a

2np
.`s/

2 ˛s:

We have:

Lemma 5.6. Let a; p > 1, r0 � 0 and the assumptions (5.13-BSDE-Hˆ) be
satisfied. Let .Y;Z/ ;

� QY ; QZ� 2 S0m Œ0; T � � ƒ0
m�k .0; T /. Then, in the sense of

signed measures on Œ0; T �:

dD
.r0/
t C hYt ; ˆ .t; Yt ; Zt / dQt i �

h
dR.r0/t C jYt jdN.r0/

t C jYt j2dV t

i

Cnp

2a
jZt j2 dt;

(5.16)

and

˝
Yt � QYt ; ˆ .t; Yt ; Zt / �ˆ.t; QYt ; QZt/

˛
dQt � jYt � QYt j2dV t C np

2a

ˇ̌
Zt � QZt

ˇ̌2
dt

(5.17)
where

D
.r0/
t D r0

Z t

0

jˆ.s; Ys; Zs/j dQs; R
.r0/
t D r0

Z t

0

ˆ#
r0
.s/ dQs C r20

Z t

0

�C
s dQs;

Vt D
Z t

0

�sdQs; N
.r0/
t D

Z t

0

ˆ#
r0
.s/ dQs C 2r0

Z t

0

j�sj dQs:

(5.18)

Proof. The monotonicity property of ˆ implies that for any R
m-valued stochastic

process fUs W s � 0g, jUsj � 1:

hr0Us � Ys;ˆ .s; r0Us; Zs/ �ˆ.s; Ys; Zs/i dQs � 
s jr0Us � Ysj2 dQs:

Since
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jˆ.s; r0Us; Zs/j dQs � �
ˆ#
r0
.s/C ˛s`s jZsj

�
dQs D ˆ#

r0
.s/ dQs C `s jZsj ds

it follows that

r0 hUs;�ˆ.s; Ys; Zs/i dQs C hYs;ˆ .s; Ys; Zs/i dQs

� jr0Us�Ysj2 
sdQsC jr0Us � Ysj
�
ˆ#
r0
.s/ dQsC`s jZsj ds

�

� jr0Us � Ysj2 
sdQs C .r0 C jYsj/ˆ#
r0
.s/ dQs

C a

2np
jr0Us � Ysj2 .`s/2 ds C np

2a
jZsj2 ds:

Hence

r0 hUs;�ˆ.s; Ys; Zs/i dQs C hYs;ˆ .s; Ys; Zs/i dQs

� .r0 C jYsj/ˆ#
r0
.s/ dQs

C
�
r20 jUsj2 � 2r0 hUs; Ysi C jYsj2

	
�sdQsC

np

2a
jZsj2 ds

� �
r0ˆ

#
r0
.s/Cr20 �C

s

�
dQsC jYsj

˝
ˆ#
r0
.s/C2r0 j�sj

˛
dQsC jYsj2 �sdQs

C np

2a
jZsj2 ds:

(5.16) follows if we choose

Us D
( �ˆ.s;Ys ;Zs/jˆ.s;Ys ;Zs/j ; if ˆ.s; Ys; Zs/ ¤ 0;

0; if ˆ.s; Ys; Zs/ D 0:

The inequality (5.17) is obtained as follows:

˝
Ys � QYs;ˆ .s; Ys; Zs/ �ˆ.s; QYs; QZs/

˛
dQs

�
h

s
ˇ̌
Ys � QYs

ˇ̌2 C `s˛s
ˇ̌
Ys � QYs

ˇ̌ ˇ̌
Zs � QZs

ˇ̌i
dQs

� 
s
ˇ̌
Ys � QYs

ˇ̌2
dQs C ˇ̌

Ys � QYs
ˇ̌ ˇ̌
Zs � QZs

ˇ̌
`sds

�
�

sdQs C a

2np
.`s/

2 ds

� ˇ̌
Ys � QYs

ˇ̌2 C np

2a

ˇ̌
Zs � QZs

ˇ̌2
ds:

�

Taking into account Proposition 5.2 with dKs D ˆ.s; Ys; Zs/ dQs , we deduce
from (5.16), first with r0 D 0 and then with r0 > 0:
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Proposition 5.7. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. Then for every
a; p > 1 there exists a constant Ca;p such that for all solutions .Y;Z/ 2 S0m Œ0; T ��
ƒ0
m�k .0; T / of the BSDE (5.12) satisfying

E


YeV 

p

T
< 1;

where again

Vt
defD V

a;p
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds;

the following inequality holds, P-a.s.; for all t 2 Œ0; T �:

E
Ft

 
sup
s2Œt;T �

ˇ̌
eVsYs

ˇ̌p
!

C E
Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Ca;p



E

Ft
ˇ̌
eVT �

ˇ̌p C E
Ft

�Z T

t

eVs jˆ.s; 0; 0/j dQs

	p�
:

(5.19)

Moreover, if p � 2, then for all r0 > 0:

E

�
r0

Z T

0

e2Vs jˆ.s; Ys; Zs/j dQs

�p=2
� Ca;p



E
ˇ̌
eVT �

ˇ̌p

CE

�Z T

0

e2VsdR.r0/s

	p=2 C E

�Z T

0

eVsdN.r0/
s

	p�
:

(5.20)

Corollary 5.8. Let p D 1. Let the assumptions (5.13-BSDE-Hˆ) be satisfied and
ˆ be independent of z 2 R

m�k ( `t � 0 and Vt D N
t D R t
0

sdQs). If .Y;Z/ 2

S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of the BSDE (5.12) satisfying

E sup
s2Œ0;T �

e N
s jYsj < 1;

then the following inequality holds P-a:s., for all t 2 Œ0; T �:

e N
t jYt j � E
Ft e N
T j�j C E

Ft

Z T

t

e N
s jˆ.s; 0/j dQs :

Moreover for all 0 < q < 1

sup
s2Œ0;T �

�
E
�
e N
s jYsj

� 	q C E sup
s2Œ0;T �

ˇ̌
e N
sYs

ˇ̌q C E

�Z T

0

e2 N
s jZsj2 ds

�q=2

� Cq

"�
E
�
e N
T j�j�

�q=2
C
�
E

Z T

0

e N
s jˆ.s; 0/j dQs

�q=2#
:
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Proof. Since

hYt ; ˆ .t; Yt ; Zt / dQt i � jYt j jˆ.t; 0/j dQt C jYt j2 d N
t
the conclusions follow by Corollary 6.81. �

From (5.19) we immediately have:

Corollary 5.9. Let a; p > 1. If

E sup
t2Œ0;T �

ˇ̌
Yte

Vt
ˇ̌p
< 1

and there exists a constant A � 0 such that for all t 2 Œ0; T �:

E
Ft


ˇ̌
eVT �Vt �

ˇ̌p C
�Z T

t

eVs�Vt jˆ.s; 0; 0/j dQs

	p� � A; a:s:;

then for all t 2 Œ0; T �:

jYt jp C E
Ft

�Z T

t

e2.Vs�Vt / jZsj2 ds

�p=2
� A Ca;p; a:s:

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / be a solution of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; (5.21)

where ˆ satisfies .5.13�BSDE-Hˆ/ and . OY ; OZ/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / is a

solution of the BSDE

OYt D O�C
Z T

t

Ô .s; OYs; OZs/dQs �
Z T

t

OZsdBs; (5.22)

where Ô .�; �; �; �/ W �� Œ0; T �� R
m � R

m�k ! R
m is P-measurable with respect to

.!; t/ 2 � � Œ0; T � and continuous with respect to .y; z/ 2 R
m � R

m�k . We clearly
need to assume that

Z T

0

ˇ̌
ˇ Ô .s; OYs; OZs/

ˇ̌
ˇ dQs < 1; P-a.s.

Note that

Yt � OYt D .� � O�/C
Z T

t

dKs �
Z T

t

.Zs � OZs/dBs;
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where

Kt D
Z t

0

h
ˆ.s; Ys; Zs/ � Ô .s; OYs; OZs/

i
dQs;

and by the assumptions .5.13�BSDE-Hˆ/

D
Yt � OYt ; dKt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇˆ.t; OYt ; OZt/ � Ô .t; OYt ; OZt/

ˇ̌
ˇ dQt C

ˇ̌
ˇYt � OYt

ˇ̌
ˇ2 dV t

C np

2a

ˇ̌
Zt � QZt

ˇ̌2
dt

with, as above,

dV t D 
tdQt C a

2np
.`t /

2 dt:

Hence by Proposition 5.2 we have:

Theorem 5.10 (Continuity and Uniqueness). Let a; p > 1 and the assumptions
.5.13�BSDE-Hˆ/ be satisfied. Let

.Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � �ƒ0
m�k .0; T /

be solutions of the BSDEs (5.21) and (5.22) respectively. If

E sup
t2Œ0;T �

�
epVt

ˇ̌
ˇYt � OYt

ˇ̌
ˇp
	
< 1; (5.23)

then there exists a positive Ca;p such that:

E

 
sup
s2Œ0;T �

epVs
ˇ̌
ˇYs � OYs

ˇ̌
ˇp
!

C E

"�Z T

0

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ2 ds

�p=2#

� Ca;p E



epVT j� � O�jp C

�Z T

0

eVs
ˇ̌
ˇˆ.s; OYs; OZs/ � Ô .s; OYs; OZs/

ˇ̌
ˇ dQs

	p�
:

(5.24)

If ˆ D Ô , then for all 0 � t � s � T ,

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇp � E

Ft

�
epVs

ˇ̌
ˇYs � OYs

ˇ̌
ˇp
	
; P-a.s. (5.25)

In particular uniqueness follows in the space Spm
�
Œ0; T � I eV ��ƒ0

m�k .0; T /, where

Spm
�
Œ0; T � I eV � defD

(
Y 2 S0m Œ0; T � W E sup

s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p
< 1

)
:
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Recall the notation

N
t D
Z t

0


sdQs:

Theorem 5.11 (Continuity and Uniqueness). Let p D 1. Assume thatˆ; Ô W ��
Œ0; T � � R

m � R
m�k ! R

m satisfy assumptions .5.13/ and both are independent of
z 2 R

m�k (`t D Ò
t � 0). If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T ��ƒ0

m�k .0; T / are two solu-
tions of the BSDE (5.107) corresponding respectively to .�;ˆ/ and . O�; Ô / such that

E sup
s2Œ0;T �

e N
s
ˇ̌
ˇYs � OYs

ˇ̌
ˇ < 1;

and �s
defD ˆ.s; OYs; OZs/ � Ô .s; OYs; OZs/, then P-a:s., for all t 2 Œ0; T �:

e N
t
ˇ̌
ˇYt � OYt

ˇ̌
ˇ � E

Ft
�
e N
T j� � O�j�C E

Ft

Z T

t

e N
s j�sj dQs

and for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

�
E

�
e N
s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
	 	q C E sup

s2Œ0;T �
eq N
s

ˇ̌
ˇYs � OYs

ˇ̌
ˇq

CE

�Z T

0

e2 N
s
ˇ̌
ˇZs � OZs

ˇ̌
ˇ2 ds

�q=2

� Cq

"�
E
�
e N
T j� � O�j�

�q
C
�
E

Z T

0

e N
s j�sj dQs

�q#
:

Proof. Since

D
Yt � OYt ;

h
ˆ.t; Yt ; Zt / � Ô .t; OYt ; OZt/

i
dQt

E

�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇˆ.t; OYt ; OZt/ � Ô .t; OYt ; OZt/

ˇ̌
ˇ dQt C

ˇ̌
ˇYt � OYt

ˇ̌
ˇ2 d N
t ;

the conclusions follow by Corollary 6.81. �

5.3.2 Complementary Results

In this subsection we generalize the uniqueness result and we shall give a scheme
to obtain the solution as a limit of uniformly bounded solutions of approximate
BSDEs.
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Let a; p > 1 and

V
a;p
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds:

Define

Spm

�
Œ0; T � I eV a;p

	
defD
(
Y 2 S0m Œ0; T � W E sup

s2Œ0;T �

ˇ̌
ˇeV a;ps Ys

ˇ̌
ˇp < 1

)
:

Note that if 1 < a1 < a2 then V a1;p
t � V

a2;p
t and consequently

Spm

�
Œ0; T � I eV a2;p

	
� Spm

�
Œ0; T � I eV a1;p

	
: (5.26)

Let

S
1C;p
m

�
Œ0; T � I eV � defD

[
a>1

S
p
m

�
Œ0; T � I eV a;p � and

S1C;1Cm

�
Œ0; T � I eV � defD

[
a; p>1

S
p
m

�
Œ0; T � I eV a;p � :

Remark 5.12. If Q;
 and ` are deterministic functions, then for all a; p > 1:

S1C;pm

�
Œ0; T � I eV � D Spm

�
Œ0; T � I eV a;p

	
D Spm Œ0; T �

and

S1C;1Cm

�
Œ0; T � I eV � D S1Cm Œ0; T �

defD
[
p>1

Spm Œ0; T � :

Corollary 5.13. Let the assumptions .BSDE-Hˆ/ be satisfied. Then for each p>1,
the BSDE (5.12) has at most one solution

.Y;Z/ 2 S1C;pm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / :

If, moreover,

E exp

�
�

Z T

0

.`s/
2 ds

�
< 1; for all � > 0;

then the BSDE (5.12) has at most one solution

.Y;Z/ 2 S1C;1Cm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / :
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Proof. Let .Y;Z/ ; . OY ; OZ/ 2 S0m .Œ0; T �/ � ƒ0
m�k .0; T / be two solutions of the

BSDE (5.12) corresponding to �.

(A) Let p > 1 be such that .Y;Z/ ; . OY ; OZ/ 2 S
1C;p
m

�
Œ0; T � I eV � � ƒ0

m�k .0; T /.
Then from (5.26) and the definition of S1C;pm

�
Œ0; T � I eV � there exists an a > 1

such that

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt Yt

ˇ̌
ˇp < 1 and E sup

t2Œ0;T �

ˇ̌
ˇeV a;pt OYt

ˇ̌
ˇp < 1;

i.e. the condition (5.23) is satisfied; consequently the estimate (5.24) follows
and uniqueness too.

(B) If .Y;Z/ ; . OY ; OZ/ 2 S1C;1Cm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / then there exist a1; a2,
p1; p2 > 1 such that

E sup
t2Œ0;T �

ˇ̌
ˇeV a1;p1t Yt

ˇ̌
ˇp1 < 1 and E sup

t2Œ0;T �

ˇ̌
ˇeV a2;p2t OYt

ˇ̌
ˇp2 < 1:

Let a > 1 and 1 < p < p1 ^ p2. Put

bi D a

2np
� ai

2npi
:

Since

V
a;p
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds

D V
ai ;pi
t C bi

Z t

0

.`s/
2 ds;

we get

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt Yt

ˇ̌
ˇp D E

(
sup
t2Œ0;T �

ˇ̌
ˇeV ai ;pit Yt

ˇ̌
ˇp exp



pbi

Z T

0

.`s/
2 ds

�)

�
 
E sup

t2Œ0;T �

ˇ̌
ˇeV ai ;pit Yt

ˇ̌
ˇpi
! p

pi
�
E exp



pipbi
pi�p

Z T

0

.`s/
2 ds

�� pi�p
pi

< 1:

Similar we have

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt OYt

ˇ̌
ˇp < 1:

Hence the estimate (5.24) holds and the uniqueness follows. �
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The next Proposition will allow us to extend existence results from situations
where the data satisfy the following strong boundedness condition: there exists a
positive constant C such that for all t 2 Œ0; T �:

j�j C jˆ.t; 0; 0/j C
ˇ̌
ˇe OVT �

ˇ̌
ˇC

Z T

0

e
OVs jˆ.s; 0; 0/j dQs � C < 1; P-a.s.

where

OVt D
Z t

0


C
s dQs C a

2np

Z t

0

.`s/
2 ds:

Let

Vt
defD V

a;p
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds and

ˇt
defD Qt C

Z t

0

j
sj dQs C
Z t

0

.`s/
2 ds C

Z t

0

jˆ.s; 0; 0/j dQs:

We have Vs � Vt � OVs � OVt for all 0 � t � s � T .
Define, for n 2 N

�,

�n D � 1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y; z/ D ˆ.t; y; z/ �ˆ.t; 0; 0/ 1Œn;1Œ .ˇt C jˆ.t; 0; 0/j/ ;

and the stochastic processes

Hn
t D ˇ̌

eVT �Vt �n
ˇ̌C

Z T

t

eVs�Vt jˆn .s; 0; 0/j dQs;

OHn
t D

ˇ̌
ˇe OVT � OVt �n

ˇ̌
ˇC

Z T

t

e
OVs� OVt jˆn .s; 0; 0/j dQs :

It is easy to verify that there exists a positive constant Mn;p;a such that

0 � Hn
0 � kHnkT �




 OHn




T

� Mn;T ; P-a.s.

Proposition 5.14. Let a; p > 1 and the assumptions (5.13-BSDE-Hˆ) be satisfied.
Also assume that

EepVT j�jp C E

�Z T

0

eVs jˆ.s; 0; 0/j dQs

	p
< 1: (5.27)
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If for each n 2 N
�, .Y n;Zn/ 2 S0m Œ0; T � �ƒ0

m�k .0; T / is a solution of the BSDE

Y nt D �n C
Z T

t

ˆn
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs

such that eV Y n 2 Spm Œ0; T �, then

kY nkT C 

eV Y n


T

� M 0
n;p;a; a:s:; (5.28)

and there exists (a unique!) .Y;Z/ 2 Spm
�
Œ0; T � I eV � �ƒp

m�k
�
0; T I eV � such that

lim
n!1



E


eV .Y n � Y /

p

T
C E

�Z T

0

e2Vs jZn
s �Zsj2 ds

�p=2 �
D 0 (5.29)

and, P-a:s. for all t 2 Œ0; T �:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs : (5.30)

Proof. In view of (5.19) we have for all t 2 Œ0; T �:

epVt jY nt jp C jY nt jp � M 0
n;p;a; P-a.s.

and (5.28) follows.
For all n; i 2 N

�:

Y nt � Y nCi
t D �n � �nCi C

Z T

t

d
�
Kn
s �KnCi

s

� �
Z T

t

�
Zn
s �ZnCi

s

�
dBs;

where

Kn
t D

Z t

0

ˆn
�
s; Y ns ; Z

n
s

�
dQs

and similarly for KnCi
t .

Since

˝
Y ns � Y nCi

s ; d
�
Kn
s �KnCi

s

�˛ � ˇ̌
Y ns � Y nCi

s

ˇ̌ jˆ.s; 0; 0/j 1ˇsCjˆ.s;0;0/j�ndQs

C ˇ̌
Y ns � Y nCi

s

ˇ̌2
dVs C np

2a

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;
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we deduce from Proposition 5.2 that

E sup
s2Œ0;T �

epVs
ˇ̌
Y ns � Y nCi

s

ˇ̌p C E

�Z T

0

e2Vs
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�p=2

� Ca;pE
�
epVT j�jp 1ˇT Cj�j�n

�CCa;pE
�Z T

0

eVs1ˇsCjˆ.s;0;0/j�n jˆ.s; 0; 0/j dQs

�p
:

Hence there exists .Y;Z/ 2 S
p
m

�
Œ0; T � I eV � � ƒ

p

m�k
�
0; T I eV � such that (5.29)

holds. The last assertion follows from Lemma 5.16 below, whose proof is left as an
exercise for the reader. �

Clearly from the construction in Proposition 5.14 we have:

Corollary 5.15. Suppose that the assumptions from (5.13-BSDE-Hˆ) are satisfied.
Then the existence of a solution under the conditions (5.27) with p D 2 and some
a > 1 implies existence under the same conditions for any p > 1.

We end this subsection with a continuity result, the easy proof of which is left as
an exercise for the reader.

Lemma 5.16. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. If .Y;Z/ 2
S0m Œ0; T � �ƒ0

m�k .0; T /, then

Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; P-a.s.

and the mapping

.U; V / �!
Z �

0

ˆ.s; Us; Vs/dQs W S0m Œ0; T � �ƒ0
m�k .0; T / ! S0m Œ0; T �

is continuous.

5.3.3 BSDEs with Lipschitz Coefficients

5.3.3.1 BSDEs with Deterministic Lipschitz Conditions

Consider the backward stochastic differential equation: P-a:s., for all t 2 Œ0; T �

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; (5.31)
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under the assumptions

˙ p > 1,

� 2 Lp .�;FT ;PIRm/ ; (5.32)

˙ the function F .�; �; y; z/ W � � Œ0; T � ! R
m is P-measurable for every .y; z/ 2

R
m � R

m�k ,
˙ there exist L 2 L1 .0; T /, ` 2 L2 .0; T / such that8̂

ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
:̂

.I / Lipschitz conditions:
for all y; y0 2 R

m; z; z0 2 R
m�k; dP ˝ dt -a:e:W�

Ly
� jF.t; y0; z/ � F.t; y; z/j � L .t/ jy0 � yj ,

.Lz/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zjI
.II/ Boundedness condition:

.BF / E

�Z T

0

jF .t; 0; 0/j dt
�p

< 1:

(5.33)

We recall the notation

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Theorem 5.17. Let p > 1 and the assumptions (5.32) and (5.33) be satisfied. Then
the BSDE (5.31) has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /. Moreover
uniqueness holds in S1Cm Œ0; T � �ƒ0

m�k .0; T /.

Proof. We first remark that if .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T / then

K�
defD
Z �

0

F .r; Yr ; Zr/ dr 2 Spm Œ0; T � and E lKlpT < 1:

Indeed, since

jF .r; Yr ; Zr/j � jF .r; 0; 0/j C L .r/ jYr j C ` .r/ jZr j ;

then

E sup
t2Œ0;T �

jKt jp � ElKlpT

D E

�Z T

0

jF .r; Yr ; Zr/j dr

�p

� CpE

�Z T

0

jF .r; 0; 0/j dr

�p
C Cp

�Z T

0

L .r/ dr

�p
E kY kpT
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C Cp

�Z T

0

`2 .r/ dr

�p=2
E

�Z T

0

jZr j2 dr

�p=2

< 1:

Uniqueness follows from Corollary 5.13.
We prove existence.
Note that a solution of the Eq. (5.31) is a fixed point of the mapping � W

S
p
m Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / defined by

.Y;Z/ D � .X;U / ;

where

Yt D �C
Z T

t

F .r; Xr ; Ur/ dr �
Z T

t

ZrdBr ; a:s: t 2 Œ0; T � :

By Corollary 2.45 the mapping � is well defined.

Let M 2 N
� and 0 D T0 < T1 < � � � < TM D T , with Ti D iT

M
. Then

˛
�
T
M

� defD sup
0<s�t< T

M

Z s

t

�
L .r/C `2 .r/

�
dr ! 0; as M ! 1:

We show that � is a strict contraction on the Banach space S
p
m ŒTM�1; T � �

ƒ
p

m�k .TM�1; T / with the norm

jjj.X;U /jjjM D
"
E sup
r2ŒTM�1;T �

jXr jp C E

�Z T

TM�1

jUr j2 dr

�p=2#1=p

for M large enough.
Let .X;U / ; .X 0; U 0/ 2 Spm ŒTM�1; T � �ƒp

m�k .TM�1; T /. Then

Yt � Y 0
t D

Z T

t

dKr �
Z T

t

�
Zr �Z0

r

�
dBr ; t 2 Œ0; T �;

where

Kt D
Z t

0

�
F .r;Xr ; Ur/ � F �r; X 0

r ; U
0
r

��
dr:

Since

hYr � Y 0
r ; dKri � ˇ̌

F .r;Xr ; Ur/ � F �r; X 0
r ; U

0
r

�ˇ̌ jYr � Y 0
r j dr

� �
L .r/ jXr �X 0

r j C ` .r/ jUr � U 0
r j
� jYr � Y 0

r j dr
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and

E

 
sup

r2ŒTM�1;T �

ˇ̌
Yr � Y 0

r

ˇ̌p
!
< 1;

we have by (5.8), with D D 0, R D V D 0, � D 0,

ˇ̌̌̌ˇ̌
.Y;Z/ � �

Y 0; Z0�ˇ̌̌̌ˇ̌p
M

D E

 
sup

r2ŒTM�1;T �

ˇ̌
Yr � Y 0

r

ˇ̌p
!

C E

�Z T

TM�1

ˇ̌
Zr �Z0

r

ˇ̌2
dr

�p=2

� CpE

�Z T

TM�1

�
L .r/

ˇ̌
Xr �X 0

r

ˇ̌C ` .r/
ˇ̌
Ur � U 0

r

ˇ̌�
dr

�p

� C 0
p

�Z T

TM�1

L .r/ dr

�p
E sup
r2ŒTM�1;T �

ˇ̌
Xr �X 0

r

ˇ̌p

C C 0
p

�Z T

TM�1

`2 .r/ dr

�p=2
E

�Z T

TM�1

ˇ̌
Ur � U 0

r

ˇ̌2
dr

�p=2

� C 0
p

�
˛p
�
T
M

�C ˛p=2
�
T
M

�� ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌p
M
:

Let M0 2 N
� be such that

C 0
p

h
˛p
�
T
M0

	
C ˛p=2

�
T
M0

	i
� 1

2p
:

Then � is a strict contraction on Spm ŒTM0�1; T ��ƒp

m�k .TM0�1; T / and consequently
the Eq. (5.31) has a unique solution .Y;Z/ 2 Spm ŒTM0�1; T ��ƒp

m�k .TM0�1; T /. The
next step is to solve the equation on the interval ŒTM0�2; TM0�1� with the final value
Y .TM0�1/. Repeating the same arguments, the proof is completed in M0 steps. �

Corollary 5.18. Consider the BSDE: 8 t 2 Œ0; T � ; P-a.s.

Yt D �C ST � St C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs: (5.34)

If p > 1, S 2 S
p
m Œ0; T �, � 2 Lp .�;FT ;PIRm/ and F satisfies the assump-

tions (5.33), then the Eq. (5.34) has a unique solution .Y;Z/ 2 S
p
m Œ0; T � �

ƒ
p

m�k .0; T /.

Proof. By the substitutions OYt D Yt C St , O� D � C ST and OF .t; y; z/ D
F .t; y � St ; z/ the Eq. (5.34) is transformed into
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OYt D O�C
Z T

t

OF
�
s; OYs;Zs

	
ds �

Z T

t

ZsdBs;

which satisfies the assumptions of Theorem 5.17. �

We now study the case p D 1, where we restrict ourselves to the case where F
does not depend on z.

Corollary 5.19. If S 2 S1d Œ0; T �, � 2 L1 .�;FT ;PIRm/ andF .t; y; z/ � F .t; y/

satisfies the assumptions (5.33) with p D 1, then the BSDE

Yt D �C ST � St C
Z T

t

F .s; Ys/ ds �
Z T

t

ZsdBs (5.35)

has a unique solution .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / such that

Mt D
Z t

0

ZsdBs is a martingale

and

sup
t2Œ0;T �

E jYt j C E sup
t2Œ0;T �

jYt jq C E

�R T
0

jZt j2 dt
	q=2

< 1; 8 0 < q < 1:

Proof. As in the proof of Corollary 5.18 we can reduce the problem to the case
S D 0.

Let n; i 2 N
�. By Theorem 5.17 there exists a unique pair .Y n;Zn/ such that for

all p � 1

.Y n;Zn/ 2 Spm Œ0; T � �ƒp

m�k .0; T / (5.36)

and .Y n;Zn/ is solution of the equation

Y nt D �1j�j�n C
Z T

t

�
F
�
r; Y nr

� � 1jF .r;0/j�nF .r; 0/
�

dr �
Z T

t

Zn
r dBr : (5.37)

Note that

ˇn
defD E j�j 1j�j>n C E

Z T

0

jF .s; 0/j 1jF .r;0/j�nds ! 0 as n ! 1:

By (5.4) for Y ns � Y nCi
s and p D 1 we infer

ˇ̌
Y nt � Y nCi

t

ˇ̌ � ˇn C
Z T

t

L .s/
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�
Z T

t

ˇ̌
Y ns � Y nCi

s

ˇ̌�1
1
Y ns �Y nCi

s ¤0
˝
Y ns � Y nCi

s ;
�
Zn
s �ZnCi

s

�
dBs

˛
:

(5.38)
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Denote by C;C 0 generic constants independent of n and i .
From (5.36)

M
n;nCi
t D

Z t

0

ˇ̌
Y ns � Y nCi

s

ˇ̌�1
1
Y ns �Y nCi

s ¤0
˝
Y ns � Y nCi

s ;
�
Zn
s �ZnCi

s

�
dBs

˛

is a martingale. Then EM
n;nCi
t D 0 and, taking the expectation in (5.38) we deduce

from the backward Gronwall inequality (Corollary 6.62):

E
ˇ̌
Y nt � Y nCi

t

ˇ̌ � C ˇn: (5.39)

Using the Burkholder–Davis–Gundy inequality (1.18) and Doob’s inequality (1.11-
A3), we deduce for 0 < q < 1:

E

"�Z T

0

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2#

� 1

cq
E

 
sup
0�t�T

ˇ̌
ˇ̌Z t

0

�
Zn
s �ZnCi

s

�
dBs

ˇ̌
ˇ̌q
!

� 1

cq .1 � q/


E

ˇ̌
ˇ̌
Z T

0

�
Zn
s �ZnCi

s

�
dBs

ˇ̌
ˇ̌
�q

� 1

cq .1 � q/


E
ˇ̌
Y n0 � Y nCi

0

ˇ̌C E

Z T

0

ˇ̌
F
�
s; Y ns

� � F �s; Y nCi
s

�ˇ̌�q

� 1

cq .1 � q/


E
ˇ̌
Y n0 � Y nCi

0

ˇ̌C L .s/

Z T

0

E
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q

� C ˇqn:

Recalling that Mn;nCi
t is a martingale then, once again by the Burkholder–Davis–

Gundy inequality

E sup
t2Œ0;T �

ˇ̌
ˇMn;nCi

T �Mn;nCi
t

ˇ̌
ˇq � 2qE sup

t2Œ0;T �

ˇ̌
ˇMn;nCi

t

ˇ̌
ˇq

� CqE

"�Z T

0

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2#

� C 0 ˇqn;
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then from (5.38) and (5.39) we obtain for every 0 < q < 1

E sup
t2Œ0;T �

ˇ̌
Y nt � Y nCi

t

ˇ̌q � ˇqn C E

�Z T

0

L .s/
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q
C C 0 ˇqn

� ˇqn C
�Z T

0

L .s/E
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q
C C 0 ˇqn

� C ˇqn:

Hence, there exist Y and Z such that

Y n ! Y; in Sqm Œ0; T � \ C
�
Œ0; T � IL1 .�;F ;P/� ; and

Zn ! Z; in ƒq

m�k .0; T / :

Passing to the limit in (5.37) we deduce that the pair .Y;Z/ solves the problem.

Now, by Corollary 2.47, Mt D
Z t

0

ZsdBs is a martingale, because

S� C
Z �

0

F .s; Ys/ ds 2 S1m Œ0; T � :

Finally, the uniqueness is obtained in the same manner as the estimates for Y n �
Y nCi and Zn �ZnCi . �

5.3.3.2 BSDEs with Random Lipschitz Conditions

We now generalize Theorem 5.17 to a class of BSDEs with random Lipschitz
constants.

We consider the BSDE (5.31) in a more general form:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.40)

We assume that

(BSDE-A0) :

(i) � W � ! R
m is an FT -measurable random vector,

(ii) Q is a P-m.i.c.s.p. such that Q0 D 0I
and the function ˆ W � � Œ0; T � � R

m ! R
m satisfies

(BSDE-LHˆ) N for all y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � �
Œ0; T � ! R

m is P-measurable;
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N there exist P-m.s.p. L; `; ˛ W � � Œ0; T � ! RC, such that

˛tdQt D dt and
Z T

0

�
LtdQt C .`t /

2 dt
	
< 1; P-a.s.I

for all t 2 Œ0; T �, y; y0 2 R
m and z; z0 2 R

m�k; P-a:s.:

Lipschitz conditions
.i/ jˆ.t; y0; z/ �ˆ.t; y; z/j � Lt jy0 � yj;
.ii/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t`t jz0 � zj;

Boundedness condition:

.iii/
Z T

0

ˆ#
	 .t/ dQt < 1; 8 	 � 0;

(5.41)

where

ˆ#
	 .t/

defD sup
jyj�	

jˆ.t; y; 0/j :

Note that the condition ˛tdQt D dt implies that ˆ.t; Yt ; Zt / dQt D
F .t; Yt ; Zt / dt CG .t; Yt / dAt , where G does not depend upon z.

We recall the following notations. For each fixed p > 1 let np D 1^ .p � 1/ and

Vt D V
.p/
t D

Z t

0

LsdQs C 1

np

Z t

0

.`s/
2 ds: (5.42)

The stochastic process V is that from Lemma 5.6 with a D 2. Therefore for all
.Y;Z/ ;

� QY ; QZ� 2 S0m Œ0; T � �ƒ0
m�k .0; T / we have

hYt ; ˆ .t; Yt ; Zt / dQt i � jYt j jˆ.t; 0; 0/j dQt C jYt j2dV t C np

4
jZt j2 dt; (5.43)

and

˝
Yt � QYt ; ˆ .t; Yt ; Zt / �ˆ.t; QYt ; QZt/

˛
dQt � jYt � QYt j2dV t C np

4

ˇ̌
Zt � QZt

ˇ̌2
dt:

(5.44)

Lemma 5.20. Let p � 2 and the assumptions .BSDE-A0/, .BSDE-LHˆ/ be
satisfied. If moreover there exists a constant b > 0 such that

.i/

Z T

0

LsdQs � b and
Z T

0

.`s/
2 ds � b; P-a.s.;

.ii/ E j�jp C E

�Z T

0

jˆ.s; 0; 0/j dQs

�p
< 1;

(5.45)
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then the BSDE (5.40) has a unique solution .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Proof. We have

Vt D
Z t

0

�
LsdQs C 1

np
. `s/

2 ds

�
D
Z t

0

�
LsdQs C . `s/

2 ds
	
:

Since

0 � Vt � 2b; for all t 2 Œ0; T � ;

it follows that for every ı > 0 we can define on S
p
m Œ0; T � � ƒ

p

m�k .0; T / an
equivalent norm by

k.Y;Z/kıV defD


E sup
s2Œ0;T �

eıpVs jYsjp C E

�Z T

0

e2ıVs jYsj2 LsdQs

	p=2

CE

�Z T

0

e2ıVs jZsj2 ds
	p=2�1=p

:

Let � W Spm Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / be defined by

.Y;Z/ D � .X;U /

Yt D �C
Z T

t

ˆ .s; Xs; Us/ dQs �
Z T

t

ZsdBs:

We remark that for all X;U 2 Spm Œ0; T � �ƒp

m�k .0; T /,

Z t

0

jˆ.s;Xs; Us/j dQs �
Z t

0

jˆ.s; 0; 0/j dQs C
Z t

0

jXsjLsdQs C
Z t

0

jUsj `sds

�
Z t

0

jˆ.s; 0; 0/j dQs C b sup
s2Œ0;t �

jXsj C b

�Z t

0

jUsj2 ds

�1=2

and consequently S� D
Z �

0

ˆ .s;X;U / dQs 2 S
p
m Œ0; T �. By the martingale

representation result from Corollary 2.45 it follows that � is well defined.
The fact that BSDE (5.40) has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /
will be a consequence of the fact that � is a strict contraction on the Banach space�
S
p
m Œ0; T � �ƒp

m�k .0; T / ; k�kı
�
, for some ı > 0.

Let .Y;Z/ D � .X;U / and .Y 0; Z0/ D � .X 0; U 0/. We have

Yt � Y 0
t D

Z T

t

dKs �
Z T

t

�
Zs �Z0

s

�
dBs;
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where Kt D
Z t

0

�
ˆ.s;Xs; Us/ �ˆ �s; X 0

s; U
0
s

��
dQs and for all ı > 1

ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs C ˝

Ys � Y 0
s ; dKs

˛

� ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs C ˇ̌

Ys � Y 0
s

ˇ̌ �ˇ̌
Xs �X 0

s

ˇ̌
LsdQs C ˇ̌

Us � U 0
s

ˇ̌
`sds

�

� ˇ̌
Ys�Y 0

s

ˇ̌2
LsdQsC



1

4 .ı � 1/
ˇ̌
Xs�X 0

s

ˇ̌2 C .ı � 1/ ˇ̌Ys�Y 0
s

ˇ̌2�
LsdQs

C
�
1

4ı

ˇ̌
Us � U 0

s

ˇ̌2 C ı
ˇ̌
Ys � Y 0

s

ˇ̌2
`2s

�
ds

� 1

4ı

ˇ̌
Us � U 0

s

ˇ̌2
ds C 1

4 .ı � 1/
ˇ̌
Xs �X 0

s

ˇ̌2
LsdQs C ˇ̌

Ys � Y 0
s

ˇ̌2
ıdVs:

Then by Proposition 5.2-A,

E
�

sup
s2Œ0;T �

epıVs
ˇ̌
Ys � Y 0

s

ˇ̌p �C E

�Z T

0

e2ıVs
ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs

�p=2

C E

�Z T

0

e2ıVs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

�p=2

� Cp

ıp=2
E

�Z T

0

e2ıVs
ˇ̌
Us � U 0

s

ˇ̌2
ds

�p=2

C Cp

.ı � 1/p=2E
�Z T

0

e2ıVs
ˇ̌
Xs �X 0

s

ˇ̌2
LsdQs

�p=2

� Cp

.ı � 1/p=2


.X;U / � �

X 0; U 0�

p
ıV

� 1

2p



.X;U / � �
X 0; U 0�

p

ıV

for ı � 1C 4C
2=p
p . Hence



� .X;U / � � �X 0; U 0�


ıV

� 1

2



.X;U / � �
X 0; U 0�



ıV

and the result follows. �

Theorem 5.21. Let p > 1, np D 1 ^ .p � 1/ and the assumptions .BSDE-A0/,
.BSDE-LHˆ/ be satisfied. Let

Vt D V
.p/
t

defD
Z t

0

�
LsdQs C 1

np
.`s/

2 ds

�
:
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Assume also that there exists ı > p

p�1 such that for q D pı

pCı and nq D 1^ .q � 1/,

.i/ E epVT j�jp C E

�Z T

0

eVs jˆ.s; 0; 0/j dQs

�p
< 1;

.ii/ E

�Z T

0

LsdQs

�ı
C E

�Z T

0

.`s/
2 ds

�ı=2
< 1;

.iii/ E exp



ı

�
1

nq
� 1

np

�Z T

0

.`s/
2 ds

�
< 1:

(5.46)

Then the BSDE (5.40) has a unique solution .Y;Z/ 2 S0m �ƒ0
m�k such that

E

 
sup
t2Œ0;T �

epVt jYt jp
!
< 1: (5.47)

Moreover there exists a positive constant Cp depending only on p such that for all
t 2 Œ0; T �

E
Ft sup

s2Œt;T �

ˇ̌
eVsYs

ˇ̌p C E
Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Cp E
Ft


 ˇ̌
eVT �

ˇ̌p C
�Z T

t

eVs jˆ.s; 0; 0/j dQs

	p�
.

(5.48)

Remark 5.22. We remark that qD pı

pCı defined in Theorem 5.21 satisfies 1<q <p.
If q � 2 then nq D np D 1 and the condition (5.46-iii) is clearly satisfied.

Proof of Theorem 5.21. Uniqueness follows from Theorem 5.10.
Existence. Let t 2 Œ0; T � and

ˇt D t CQt C
Z t

0

LsdQs C
Z t

0

.`s/
2 ds C

Z t

0

jˆ.s; 0; 0/j dQs;

�t D ˇt C jˆ.t; 0; 0/j C Lt C `t :

Define, for n 2 N
�,

Lnt D Lt1Œ0;n� .�t / ;

`nt D `t1Œ0;n� .�t / ;

�n D �1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y; z/ D ˆ

�
t; y1Œ0;n� .�t / ; z1Œ0;n� .�t /

� �ˆ.t; 0; 0/ 1.n;1/ .�t / :
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By Lemma 5.20 we infer that the approximating BSDE

Y nt D �n C
Z T

t

ˆn
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs (5.49)

has a unique solution .Y n;Zn/ 2 Sqm Œ0; T � �ƒq

m�k .0; T /, for all q � 2.
Let

V n
t

defD
Z t

0

�
Lns dQs C 1

np

�
`ns
�2

ds

�
:

We have for all n; i 2 N

0 � V n
t � V nCi

t � .nC i/2 C 1

np
.nC i/3 :

Therefore

E sup
t2Œ0;T �

epV
nCi
t jY nt jp � Cn;i;p

 
E sup
t2Œ0;T �

jY nt j2p
!1=2

< 1;

and since

˝
Y nt ; ˆn

�
t; Y nt ; Z

n
t

�
dQt

˛

� jY nt j jˆ.t; 0; 0/j 1Œ0;n� .�t / dQt C jY nt j2dVn
t C np

4
jZn

t j2 dt

� jY nt j jˆ.t; 0; 0/j 1Œ0;n� .�t / dQt C jY nt j2dVnCi
t C np

4
jZn

t j2 dt;

we obtain, by Proposition 5.2-A, that

E
Ft sup

s2Œt;T �
epV

nCi
s jY ns jp C E

Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�p=2

� Cq E
Ft



epV

nCi
T j�njp C

�Z T

t

eV
nCi
s jˆn .s; 0; 0/j dQs

	p�

� Cq E
Ft



epV

nCi
T j�jp C

�Z T

t

eV
nCi
s jˆ.s; 0; 0/j dQs

	p�
:

By Beppo Levi’s monotone convergence Theorem 1.9 it follows by letting i ! 1
that for all t 2 Œ0; T �,

E
Ft sup

s2Œt;T �
epVs jY ns jp C E

Ft

�Z T

t

e2Vs jZn
s j2 ds

�p=2

� Cp E
Ft



epVT j�jp C

�Z T

t

eVs jˆ.s; 0; 0/j dQs

	p�
:

(5.50)
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Consequently by (5.46�i ) for all n 2 N
�,

E sup
s2Œ0;T �

epVs jY ns jp C E

�Z T

0

e2Vs jZn
s j2 ds

�p=2
� C < 1:

Let ı > p

p�1 , q D pı

pCı 2 .1; p/, nq D 1 ^ .q � 1/ and np D 1 ^ .p � 1/
satisfy (5.46�ii; iii). If we define

�t D
�
1

nq
� 1

np

�Z t

0

.`s/
2 ds and

V
.q/
t D

Z t

0



LsdQs C 1

nq
.`s/

2 ds

�
D Vt C�t ;

we have for all n 2 N
�

E sup
s2Œ0;T �

eqV
.q/
s jY ns jq

� E

h
eq�T sup

s2Œ0;T �
eqVs jY ns jq

i

�
h
Ee

pq
p�q �T

i.p�q/=ph
E sup
s2Œ0;T �

epVs jY ns jp
iq=p

D
h
E exp .ı�T /

i.p�q/=p
 
E sup
s2Œ0;T �

epVs jY ns jp
!q=p

< 1:

Hence for all n; i 2 N
�

E sup
s2Œ0;T �

eqV
.q/
s
ˇ̌
Y ns � Y nCi

s

ˇ̌q
< 1:

Since

˝
Y ns � Y nCi

s ; ˆn
�
t; Y ns ; Z

n
s

� �ˆnCi
�
s; Y nCi

s ; ZnCi
s

�˛
dQs

� ˝
Y ns � Y nCi

s ; ˆ
�
s; Y ns 1Œ0;n� .�s/ ; Zn

s 1Œ0;n� .�s/
�

�ˆ �s; Y nCi
s 1Œ0;nCi � .�s/ ; ZnCi

s 1Œ0;nCi � .�s/
�˛

dQs

� ˝
Y ns � Y nCi

s ; ˆ .t; 0; 0/
˛ �

1.n;1/ .�s/ � 1.nCi;1/ .�s/
�

dQs
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� ˇ̌
Y ns � Y nCi

s

ˇ̌ h jˆ.t; 0; 0/j 1.n;1/ .�s/ dQs

C �
Ls jY ns j dQs C `s jZn

s j ds
� ˇ̌

1Œ0;n� .�s/ � 1Œ0;nCi � .�s/
ˇ̌ i

C ˇ̌
Y ns � Y nCi

s

ˇ̌2 �
LsdQs C 1

nq
`2sds

�
C nq

4

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;

by Proposition 5.2-A, we infer that

E sup
s2Œ0;T �

eqV
.q/
s
ˇ̌
Y ns � Y nCi

s

ˇ̌q C E

�Z T

0

e2V
.q/
s
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV
.q/
T j�n � �nCi jq

C Cq E
hZ T

0

1.n;1/ .�s/ e
V
.q/
s
�jˆ.t; 0; 0/j dQs C Ls jY ns j dQs C `s jZn

s j ds
� iq

� Cq E



eqV

.q/
T j�jq 1.n;1/ .ˇT C j�j/

�

C C 0
q E

�Z T

0

eV
.q/
s jˆ.t; 0; 0/j 1.n;1/ .�s/ dQs

�q

C C 0
q E

"�Z T

0

Ls1.n;1/ .�s/ ds

�q
sup
s2Œ0;T �

eqV
.q/
s jY ns jq

#

C C 0
qE

"�Z T

0

`2s1.n;1/ .�s/ ds

�q=2 �Z T

0

e2V
.q/
s jZn

s j2 ds

�q=2#
:

Note that

.a/

E



eqV

.q/
T j�jq 1.n;1/ .ˇT C j�j/

�
CE

�Z T

0

eV
.q/
s jˆ.t; 0; 0/j 1.n;1/ .�s/ dQs

�q

�
h
E exp .ı�T /

i.p�q/=p�
E
�
epVT j�jp 1.n;1/ .ˇT C j�j/�

	q=p

C
h
E exp .ı�T /

i.p�q/=p
"
E

�Z T

0

eVs jˆ.t; 0; 0/j 1.n;1/ .�s/ dQs

�p#q=p

! 0; as n ! 1I
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.b/

E

"�Z T

0

Ls1.n;1/ .�s/ ds

�q
sup
s2Œ0;T �

eqVs jY ns jq
#

�
"
E

�Z T

0

Ls1.n;1/ .�s/ ds

� qp
p�q

#.p�q/=p  
E sup
s2Œ0;T �

epVs jY ns jp
!q=p

D
"
E

�Z T

0

Ls1.n;1/ .�s/ ds

�ı#p=.pCı/  
E sup
s2Œ0;T �

epVs jY ns jp
!ı=.pCı/

! 0; as n ! 1I

.c/

E

"�Z T

0

`2s1.n;1/ .�s/ ds

�q=2 �Z T

0

e2Vs jZn
s j2 ds

�q=2#

�
"
E

�Z T

0

`2s1.n;1/ .�s/ ds

�ı=2#p=.pCı/ "
E

�Z T

0

e2Vs jZn
s j2 ds

�p=2#ı=.pCı/

! 0; as n ! 1:

Taking into account .a/, .b/ and .c/ we deduce that there exists a pair .Y;Z/ 2
S0m Œ0; T � �ƒ0

m�k .0; T / such that for q D pı

pCı

lim
n!1E

 
sup
s2Œ0;T �

eqVs jY ns � Ysjq
!

C E

"�Z T

0

e2Vs jZn
s �Zsj2 ds

�q=2#
D 0:

Now the inequality (5.48) clearly follows from (5.50) by Fatou’s Lemma.
Finally passing to the limit in (5.49) we deduce using Lemma 5.16 that .Y;Z/ is

a solution of BSDE (5.40). �

5.3.3.3 BSDEs with Locally Lipschitz Coefficients

For a (forward) SDE, it is not hard to deduce from existence and uniqueness under
global Lipschitz conditions an existence and uniqueness result under local Lipschitz
conditions, at least until a possible explosion time. The reason is that one just needs
to follow each path of the solution.

For BSDEs, the situation is dramatically different. Indeed, in a sense, solving a
BSDE amounts to combining the flow of a backward ODE with the operation of
taking continuously in time the conditional expectation, given the current � -algebra
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Ft . A backward stochastic differential equation is not solved by following each
individual path of the solution. Consequently one cannot a priori deduce an
existence and uniqueness result under local Lipschitz conditions from the same
result under global Lipschitz conditions. However, this is in fact possible, because
we have an a priori bound on the solution. This is what we shall explain in this
section.

We consider the BSDE

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.51)

Assume that

N � W � ! R
m is an FT -measurable random vector;

N F W � � Œ0; T � � R
m ! R

m satisfies

.BSDE-LL/:

N for all y 2 R
m, z 2 R

m�k , the function F .�; �; y; z/ W Œ0; T � ! R
m is P-m.s.p.

N there exist measurable functions `; �; 	 W Œ0; T � ! RC and L W Œ0; T � � RC !
RC satisfying:

ı L is continuous and increasing in the second variable,
ı

Z T

0

�
L .t; q/C `2 .t/C � .t/C 	 .t/

�
dt < 1; for all q 2 RC;

ı for all y; y0 2 R
m, z; z0 2 R

m�k , dt -a:e.

.i/ jF.t; y0; z/ � F.t; y; z/j � L .t; jyj _ jy0j/ jy0 � yj;

.ii/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zj;
.iii/ jF.t; y; 0/j � 	 .t/C � .t/ jyj :

(5.52)

Let p > 1 and np D 1 ^ .p � 1/. Define

QV .t/ D
Z t

0

�
� .s/C 1

np
`2 .s/

�
ds:

Observe that for all Y; Y 0 2 S0m Œ0; T � satisfying jY 0j � jY j and all Z 2
ƒ0
m�k .0; T /,

˝
Yt ; ˆ

�
t; Y 0

t ; Zt
�
dt
˛ � ˝

Yt ; ˆ
�
t; Y 0

t ; 0
�
dt
˛C jYt j ` .t/ jZt j dQt

� jYt j 	 .t/ dt C jYt j2 d QVt C np

4
jZt j2 dt:

(5.53)
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Note that if .Y;Z/ 2 S
p
m Œ0; T � � ƒ0

m�k .0; T / is a solution of (5.51), then by
Proposition 5.2-A and the inequality (5.53) there exists a Cp > 0 such that, P-a:s.,
for all t 2 Œ0; T �

E
Ft sup

r2Œt;T �

ˇ̌
ˇe QVr Yr

ˇ̌
ˇp C E

Ft

�Z T

t

e2
QVr jZr j2 dr

�p=2

� Cp E
Ft

"ˇ̌
ˇe QV .T /�

ˇ̌
ˇp C

�Z T

t

e
QV .r/	 .r/ dr

�p#
;

which yields P-a:s., for all t 2 Œ0; T �:

jYt j � �
Cp
�1=p

e
QV .T /


�
E

Ft j�jp�1=p C
Z T

0

	 .r/ dr

�
defD Rt : (5.54)

Define the continuous stochastic processes

ˇt D e
QV .T /


�
E

Ft j�jp�1=p C
Z T

0

	 .s/ ds

�
(5.55)

and

�t .�/ D
Z t

0

L
�
s; �C �

�
E

Fs j�jp�1=p
	

ds; � � 1: (5.56)

Theorem 5.23. Let p > 1 and the assumption .BSDE-LL/ be satisfied. If there
exists a ı > p

p�1 such that for all � � 1

E

h
.�T .�//

ı
i

C E

ˇ̌
ˇe�T .�/�

ˇ̌
ˇp C E

�Z T

0

e�t .�/ jˆ.t; 0; 0/j dt
	p
< 1; (5.57)

then the BSDE (5.51) has a unique solution .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / such

that for all � � 1,

E sup
s2Œ0;T �

ep��s.�/ jYsjp C E

�Z T

0

e2��s.�/ jZsj2 ds

�p=2
< 1: (5.58)

In particular .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T / and (5.54) holds; if � is a bounded
random variable then there exists a constant C > 0 such that P-a.s. ! 2 �

jYt .!/j � C; 8t 2 Œ0; T � :
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Proof. Consider the projection operator 
 W � � Œ0; T � � R
m ! R

m,


t .!; y/ D 
 .!; t; y/ D
8<
:
y; if jyj � Rt .!/ ;
y

jyjRt .!/ if jyj > Rt .!/ :

Note that for all y; y0 2 R
m, 
 .�; �; y/ is a P-m.c.s.p., j
t .y/j � Rt and

ˇ̌

t .y/ � 
t

�
y0�ˇ̌ � ˇ̌

y � y0 ˇ̌ :

The function Q̂ .s; y; z/ defD ˆ.s; 
s .y/ ; z/ is globally Lipschitz with respect to
.y; z/:

ˇ̌ Q̂ .s; y; z/ � Q̂ �s; y0; z
�ˇ̌ D ˇ̌

ˆ.s; 
s .y/ ; z/ �ˆ �s; 
s �y0� ; z�ˇ̌
� Ls

�j
s .y/j _ ˇ̌
s �y0�ˇ̌� j
s .y/ � 
s
�
y0� j

� L .s;Rs/
ˇ̌
y � y0 ˇ̌

� Œ� .s/C L .s;Rs/�
ˇ̌
y � y0 ˇ̌ ;

and

ˇ̌ Q̂ .s; y; z/ � Q̂ �s; y; z0�ˇ̌ D ˇ̌
ˆ.s; 
s .y/ ; z/ �ˆ �s; 
s .y/ ; z0�ˇ̌

� ` .s/ jz � z0j:

Then by Theorem 5.21 the BSDE

Yt D �C
Z T

t

Q̂ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; (5.59)

has a unique solution .Y;Z/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / satisfying (5.58). Since

by (5.53)

˝
Yt ; Q̂ .t; Yt ; Zt / dQt

˛ D hYt ; ˆ .t; 
t .Yt / ; Zt / dQt i
� jYt j 	tdQt C jYt j2 �tdQt C np

4
jZt j2 dt

we infer by 5.54 that jYt j � Rt and consequently Q̂ .t; Yt ; Zt / D ˆ.t; Yt ; Zt /, that
is .Y;Z/ is a solution of the Eq. (5.51). The solution is unique since any solution
.Y;Z/ of (5.51) satisfies jYt j � Rt and consequently it is a solution of (5.59). �
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5.3.4 BSDEs with Monotone Coefficients

5.3.4.1 The First BSDE: Monotone Coefficient ˆ .s; Ys/ dQs

We first consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.60)

We assume that

.BSDE-MH0ˆ/ W (5.61)

N � W � ! Rm is an FT -measurable random vector;
N Q is a P-m.i.c.s.p. such that Q0 D 0I
N ˆ W � � Œ0;1Œ � R

m ! R
m satisfies:

.a/ 8 y 2 R
m; ˆ .�; �; y/ W � � Œ0; T � ! R

m is P-measurable;
.b/ the mapping y �! ˆ.t; y/ W Rm ! R

m is continuous;
.c/ there exist a P-m.s.p. 
 W � � Œ0; T � ! R such that

Z T

0

j
t jdQt < 1; P-a.s.;

and for all y; y0 2 R
m, dP ˝ dQt -a:e.

˝
y0 � y;ˆ.t; y0/ �ˆ.t; y/˛ � 
t

ˇ̌
y0 � y ˇ̌2 I (5.62)

.d/ for all 	 � 0

Z T

0

ˆ#
	 .s/ dQs < 1; a:s:

�

where

ˆ#
	 .t/

defD sup
jyj�	

jˆ.t; y/j :

We recall the notations

S1Cm
�
Œ0; T � I e N
� D

[
p>1
Spm
�
Œ0; T � I e N
�
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and

N
t D
Z t

0


sdQs; O
t D
Z t

0


C
s dQs:

Proposition 5.24. Let p � 1 and the assumptions (5.61-BSDE-MH0ˆ) be satis-
fied. If for all 	 > 0

E
ˇ̌
e N
T �

ˇ̌p C E

�Z T

0

e O
sˆ#
	 .s/ dQs

�p
< 1 (5.63)

then the BSDE (5.60) has a unique solution .Y;Z/ 2 S1m
�
Œ0; T � I e N
� �

ƒ0
m�k

�
0; T I e N
�. Moreover

.j / jYt j � E
Ft
ˇ̌
e N
T � N
t �

ˇ̌C E
Ft

Z T

t

e N
s� N
t jˆ.s; 0/j dQs ,

8t 2 Œ0; T � , P-a.s.,

. jj/ sup
s2Œ0;T �

�
E e N
s jYsj

	q C E sup
s2Œ0;T �

ˇ̌
e N
sYs

ˇ̌q C E

�Z T

0

e2 N
s jZsj2 ds

�q=2
;

� Cq

�
E
�
e N
T j�j�

	q C
�
E

Z T

0

e N
s jˆ.s; 0/j dQs

�q
; 8 q 2 .0; 1/ ;

(5.64)

and for p > 1 there exists a positive Cp (depending only on p) such that, P-a.s.; for
all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �

ˇ̌
e N
sYs

ˇ̌p C E
Ft

�Z T

t

e2 N
s jZsj2 ds

�p=2

� Cp



E

Ft
ˇ̌
e N
T �

ˇ̌p C E
Ft

�Z T

t

e N
s jˆ.s; 0/j dQs

	p�
:

(5.65)

Remark 5.25. If . N
t/t�0 is a deterministic process then the assumption (5.63) is
equivalent to

E
�j�jp�C E

�Z T

0

ˆ#
	.s/dQs

�p
< 1;

and the inequality (5.65) yields: for all t 2 Œ0; T �

jYt j � e2k N
kT


E

Ft j�j C E
Ft

Z T

t

jˆ.s; 0/j dQs

�
:
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Proof of Proposition 5.24. .I / Uniqueness follows from Theorem 5.10 and The-
orem 5.11. If .Y;Z/ 2 S1m

�
Œ0; T � I e N
� � ƒ0

m�k
�
0; T I e N
� is a solution, then by

Proposition 5.2 and

hYs;ˆ .s; Ys/ dQsi � jˆ.s; 0/j jYsj dQs C 
s jYsj2 dQs

the inequalities (5.64-j,jj) follow.
To prove the existence of the solution we write the equation in the form, P-a.s.

Yt D �C
Z T

t

ŒF .s; Ys/C 
sYs� dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; (5.66)

where

F .s; y/ D ˆ.s; y/ � 
sy:

We remark that O
t � O
s D R t
s

C
r dQr � R t

s

rdQr D N
t � N
s .

.II-a/ Existence in the case: there exist b; c > 0 such that for all t 2 Œ0; T �

j�j C jˆ.t; 0/j C
ˇ̌
ˇe O
T �

ˇ̌
ˇC

Z T

0

e O
s jˆ.s; 0/j dQs � b; a:s:; (5.67)

and

Qt C j N
t j C j
t j Cˆ#
b.t/ � c; a:s: (5.68)

Step 1. Yosida approximation of �F .
Since y 7! �F .t; y/ D 
ty � ˆ.t; y/ W Rm ! R

m is a monotone continuous
operator (hence also a maximal monotone operator), it follows that for every
.!; t; y/ 2 � � Œ0; T � � R

m and " > 0 there exists a unique F" D F" .!; t; y/ 2
R
m such that

F.!; t; y C "F"/ D F":

From Annex B, Propositions 6.7 and 6.8, recall that F" .�; �; y/ W ��Œ0; T � ! R
m

is P-m.s.p. for every y 2 R
m and

8 "; ı > 0; 8 t 2 Œ0; T �, 8 y; y0 2 R
m; a:s.

.a/ hF" .t; y/ � F" .t; y0/ ; y � y0i � 0;

.b/ jF" .t; y/ � F" .t; y0/j � 2

"
jy � y0j;

.c/ jF" .t; y/j � jF .t; y/j ; lim
"!0

F" .t; y/ D F .t; y/ ;
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and

˝
y � y0; F".t; y/ � Fı.t; y0/

˛ � ."C ı/
˝
F" .t; y/ ; Fı.t; y

0/
˛
:

Moreover, if jyj � b then

jF".t; y/j � j
t j b Cˆ#
b .t/ : (5.69)

Step 2. Approximating equation.
Let 0 < " � 1. Since y 7�! F" .r; y/ C 
ry is a Lipschitz function with the

Lipschitz constants Lt D 2

"
C c and `t D 0 we infer by Theorem 5.21 that the

approximating equation

Y "t D �C
Z T

t

�
F"
�
r; Y "r

�C 
rY
"
r

�
dQr �

Z T

t

Z"
rdBr (5.70)

has a unique solution .Y "; Z"/ 2 Sqm Œ0; T � �ƒq

m�k .0; T / for all q > 1.
Step 3. Boundedness of .Y "; Z"/0<"�1.

We denote by C;C 0 generic constants independent of "; ı 2�0; 1�. Since

E sup
t2Œ0;T �

eq N
t jY "t jq � eqcE sup
t2Œ0;T �

jY "t jq < 1

and

˝
Y "s ;

�
F"
�
s; Y "s

�C 
sY
"
s

�
dQs

˛ � jF" .s; 0/j jY "s j dQs C 
s jY "s j2 dQs

� jˆ.s; 0/j jY "s j dQs C 
s jY "s j2 dQs

� jˆ.s; 0/j jY "s j dQs C 
C
s jY "s j2 dQs

we deduce, by Proposition 5.2, that for p > 1 and for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �

ˇ̌
ˇe O
sY "s

ˇ̌
ˇp C E

Ft

�Z T

t

e O
s jZ"
s j2 ds

�p=2

� Cp E
Ft

"ˇ̌
ˇe O
T �

ˇ̌
ˇp C

�Z T

t

e O
s jˆ.s; 0/j dQs

�p#
� Cpb

p;

(5.71)

and (5.65) with .Y;Z/ replaced by .Y "; Z"/.
By Corollary 6.81, for p D 1, we have P-a:s., for all t 2 Œ0; T �:

jY "t j � e O
t jY "t j � E
Ft

ˇ̌
ˇe O
T �

ˇ̌
ˇC E

Ft

Z T

t

e O
s jˆ.s; 0/j dQs � b: (5.72)
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Now from (5.69) we deduce

ˇ̌
F"
�
r; Y "r

�C 
rY
"
r

ˇ̌ � ˇ̌
F"
�
r; Y "r

�ˇ̌C j
rY "r j
� ˆ#

b .t/C 2 j
r j b
� c C 2cb:

Step 4. .Y "; Z"/ is a Cauchy sequence in Sqm Œ0; T � �ƒq

m�k .0; T /, q > 0.
Let 0 < "; ı � 1. We have

Y "t � Y ıt D
Z T

t

dK";ıs �
Z T

t

�
Z"
s �Zı

s

�
dBs;

where

K
";ı
t D

Z t

0

�
F".s; Y

"
s /C 
sY

"
s � Fı.s; Y ıs / � 
sY ıs /

�
dQs:

Note that

˝
Y "s � Y ıs ; dK";ıs

˛

D ˝
Y "s � Y ıs ; F".s; Y "s / � Fı.s; Y ıs /

˛
dQs C 
s

ˇ̌
Y "s � Y ıs

ˇ̌2
dQs

� ."C ı/
˝
F".s; Y

"
s /; Fı.s; Y

ı
s /
˛
dQs C 
s

ˇ̌
Y "s � Y ıs

ˇ̌2
dQs

� ."C ı/ c2dQs C c
ˇ̌
Y "s � Y ıs

ˇ̌2
dQs:

Since 0 � Qt � c and for every q > 1

E sup
t2Œ0;T �

eqcQt
ˇ̌
Y "t � Y ıs

ˇ̌q
< 1;

we infer from Proposition 5.2 with D D N D 0, � D 0, that for q � 2,

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌q C E

�Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

�q=2
� C ."C ı/q=2 :

For 0 < q < 2 we have

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌q C E

�Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

�q=2

�
 
E sup
s2Œ0;T �

ˇ̌
Y "s �Y ıs

ˇ̌qC2
!q=.qC2/

C
2
4E

�Z T

0

ˇ̌
Z"
s�Zı

s

ˇ̌2
ds

� qC2
2

3
5
q=.qC2/

� C 0 ."C ı/q=2 :
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Hence there exists .Y;Z/ 2 Tq>0 S
q
m Œ0; T � �ƒq

m�k .0; T / such that

E sup
s2Œ0;T �

jY "s � Ysjq C E

�Z T

0

jZ"
s �Zsj2 ds

�q=2
� C "q=2:

Note that

F"
�
r; Y "r

�C 
rY
"
r D ˆ

�
r; Y "r C "F"

�
r; Y "r

�� � "
rF"
�
r; Y "r

�

and
ˇ̌
F"
�
r; Y "r

�ˇ̌C j
rY "r j � C .

Passing to the limit as " ! 0C in the approximating equation (5.70), we infer,
by Lebesgue’s dominated convergence theorem, that .Y;Z/ is a solution of the
BSDE (5.60). Moreover passing to the limit on a subsequence, by Fatou’s Lemma
we clearly infer that .Y;Z/ satisfies (5.65), (5.64) and

.j / E sup
s2Œ0;T �

ˇ̌
ˇe O
sYs

ˇ̌
ˇp C E

�Z T

0

e O
s jZsj2 ds

�p=2
� Cpb

p; if p > 1;

. jj/ jYt j �
ˇ̌
ˇe O
t Yt

ˇ̌
ˇ � b; for all t 2 Œ0; T � , P-a.s.;

(5.73)

since the same inequalities hold for .Y "; Z"/.
.II-b/ Existence under the assumption (5.67), but without (5.68).

Let

�n D inf ft 2 Œ0; T � W Qt � ng and Qn
t D Qt^�n :

Let �t D Qt C j N
t j C j
t j Cˆ#
b.t/ and O
t D R t

0

C
s dQs .

Since

˝
u � v;ˆ .r; u/ 1�r<n �ˆ.r; v/ 1�r<n

˛ � 
r1�r<n ju � vj2

� 
C
r ju � vj2

by the step .II-a/ the BSDE

Y nt D �C
Z T

t

ˆ
�
r; Y nr

�
1�r<ndQr �

Z T

t

Zn
r dBr

D �C
Z T

t

ˆ
�
r; Y nr

�
1�r<ndQn

r �
Z T

t

Zn
r dBr ; t 2 Œ0; T �

has a unique solution .Y n;Zn/ 2 T
q>0 S

q
m Œ0; T � � ƒ

q

m�k .0; T /. The solution
.Y n;Zn/ satisfies (5.65), (5.64) and (5.73) with .Y;Z/ replaced by .Y n;Zn/. Note
that from (5.73) written for .Y n;Zn/ we have for p � 1,
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E sup
s2Œ0;T �

ˇ̌
ˇe O
s �Y ns � Y nCi

s

�ˇ̌ˇp < 1:

Since

˝
Y nt � Y nCi

t ;
�
ˆ
�
t; Y nt

�
1�t<n �ˆ �t; Y nCi

t

�
1�t<nCi

�
dQt

˛

� ˝
Y nt �Y nCi

t ; ˆ
�
t; Y nt

� �
1�t<n�1�t<nCi

�˛
dQtC
t1�t<nCi

ˇ̌
Y nt � Y nCi

t

ˇ̌2
dQt

� ˇ̌
Y nt � Y nCi

t

ˇ̌
1�t�nˆ#

b .t/ dQt C 
C
t

ˇ̌
Y nt � Y nCi

t

ˇ̌
dQt ;

we conclude by Corollary 6.81, that for q D p if p > 1 and q 2 .0; 1/ if p D 1

there exists a constant Cq such that P-a:s.,

E sup
s2Œ0;T �

eq O
s ˇ̌Y ns � Y nCi
s

ˇ̌q C E

�Z T

0

e2 O
s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq

h�
E

Z T

0

e O
s1�s�nˆ#
b .s/ dQs

�q
1pD1CE

�Z T

0

:e O
s1�s�nˆ#
b .s/ dQs

�q
1p>1

i
:

Taking into account (5.63) we deduce that there exists a pair .Y;Z/ 2
S
q
m

�
Œ0; T � I e O


	
�ƒq

m�k
�
0; T I e O


	
such that as n ! 1

lim
n!1E sup

s2Œ0;T �
eq O
s jY ns � Ysjq C E

�Z T

0

e2 O
s jZn
s �Zsj2 ds

�q=2
D 0:

Now using Lemma 5.16 we infer that .Y;Z/ is a solution of the BSDE (5.76). We
deduce by Fatou’s Lemma from the inequalities (5.65), (5.64) and (5.73) written for
.Y n;Zn/ that the same inequalities hold for the limit .Y;Z/.
.II-c/ Existence without the two assumptions (5.67) and (5.68).

Let

ˇt
defD Qt C

Z t

0

j
sj dQs C
Z t

0

jˆ.s; 0/j dQs :

Define, for n 2 N
�,

�n D � 1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y/ D ˆ.t; y/ �ˆ.t; 0/ 1Œn;1Œ .ˇt C jˆ.t; 0/j/ :

The condition (5.67) is satisfied:

j�nj C jˆn .t; 0/j C
ˇ̌
ˇe O
T � O
t �n

ˇ̌
ˇC

Z T

t

e O
s� O
t jˆn .s; 0/j dQs

� bn D nC nC ennC ennT
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and consequently by part .II-b/ of this proof there exists a unique pair .Y n;Zn/ 2
S
p
m

�
Œ0; T � I e O


	
�ƒp

m�k
�
0; T I e O


	
such that

Y nt D �n C
Z T

t

ˆn
�
s; Y ns

�
dQs �

Z T

t

Zn
s dBs; t 2 Œ0; T � ; a:s: (5.74)

and the inequalities (5.65), (5.64) for .Y n;Zn/ in the place of .Y;Z/ hold. Since

˝
Y ns � Y nCi

s ; ˆn
�
s; Y ns

�
dQs �ˆnCi

�
s; Y nCi

s

�
dQs

˛

� ˇ̌
Y ns � Y nCi

s

ˇ̌ jˆ.s; 0/j 1Œn;1Œ .ˇs C jˆ.s; 0/j/ dQs C 
s
ˇ̌
Y ns � Y nCi

s

ˇ̌2
dQs

we deduce from Corollary 6.81 that in the case p > 1 we have

E sup
s2Œ0;T �

ep N
s ˇ̌Y ns � Y nCi
s

ˇ̌p C E

�Z T

0

e2 N
s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�p=2

� CpE
�
ep N
T j�n � �nCi jp

�C CpE

�Z T

0

e N
s1ˇsCjˆ.s;0/j�n jˆ.s; 0/j dQs

�p

and in the case p D 1

sup
s2Œ0;T �

�
E e N
s ˇ̌Y ns � Y nCi

s

ˇ̌�q C E sup
s2Œ0;T �

eq N
s ˇ̌Y ns � Y nCi
s

ˇ̌q

C E

�Z T

0

e2 N
s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq

�
Ee N
T j�n � �nCi j

	q C Cq

�
E

Z T

0

e N
s1ˇsCjˆ.s;0/j�n jˆ.s; 0/j dQs

�q

for all 0 < q < 1.
Hence for every p � 1 there exists .Y;Z/ 2 S

q
m

�
Œ0; T � I e N
� � ƒq

m�k
�
0; T I e N
�

(with q D p if p > 1, and 0 < q < 1 if p D 1) such that

lim
n!1E sup

s2Œ0;T �
eq N
s jY ns � Ysj	 C E

�Z T

0

e2 N
s jZn
s �Zsj2 ds

�q=2
D 0:

Using Fatou’s Lemma, the inequalities (5.65) and (5.64) follow from the same
inequalities written for .Y n;Zn/. By Lemma 5.16 we infer that .Y;Z/ is a solution
of the BSDE (5.60). �

Corollary 5.26. Let p � 1. If in Proposition 5.24 we replace the assumption (5.63)
by
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E ep N
T j�jp C E

 Z T

0

sup
jyj�	

ˇ̌
e N
sˆ

�
s; e� N
sy

� � 
sy
ˇ̌
dQs

!p
< 1; 8	 � 0;

(5.75)
then the same conclusions follow.

Proof. We remark that .Y;Z/ solves the BSDE (5.60) if and only if . QYt ; QZt/ WD
.e N
t Yt ; e N
tZt / is solution of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs
�

dQs �
Z T

t

QZsdBs; t 2 Œ0; T � ; a:s:

with

Q� D e N
T �;
Q̂ .t; y/ D �
ty C e N
tˆ.t; e� N
t y/:

Note that Q� and Q̂ satisfy the same assumptions (5.61-BSDE-MH0ˆ) as � and ˆ,
respectively, but with (5.62) replaced by

˝
y0 � y; Q̂ .t; y0/ � Q̂ .t; y/˛ � 0; P-a.s.

and consequently the corresponding N
 and O
 for Q̂ are equal to 0. Therefore the
condition (5.63) for . Q�; Q̂ / means precisely (5.75). �

5.3.4.2 The Second BSDE: Monotone Coefficient F .t; Yt; Zt/ dt

In this subsection we study the BSDE

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a:s:; t 2 Œ0; T � : (5.76)

We shall assume:

(BSDE-MHF ) W (5.77)

� � W � ! R
m is an FT -measurable random vector;

� the function F .�; �; y; z/ W � � Œ0; T � ! R
m is P-measurable for every .y; z/ 2

R
m � R

m�k ;
� there exist some deterministic functions 
 2 L1 .0; T IR/ and
` 2 L2 .0; T IR/ such that
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ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.I / for all y; y0 2 R
m; z; z0 2 R

m�k; dP ˝ dt -a:e: W
Continuity:�

Cy
�

y �! F .t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y; F.t; y0; z/ � F.t; y; z/i � 
 .t/ jy0 � yj2I
Lipschitz condition:

.Lz/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zjI
.II/ Boundedness condition:

.BF /

Z T

0

F #
	 .t/ dt < 1; a:s:; 8 	 � 0;

(5.78)

�
where

F #
	 .t/ D sup fjF.t; y; 0/j W jyj � 	g :

Theorem 5.27. Let p > 1 and the assumptions (5.77-BSDE-MHF ) be satisfied. If
for all 	 � 0:

E j�jp C E

�Z T

0

F #
	 .t/dt

�p
< 1;

then the BSDE (5.76):

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a:s:

has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /. Moreover, uniqueness holds
in S1Cm Œ0; T � �ƒ0

m�k .0; T /, where

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Proof. The uniqueness is proved in Corollary 5.13. Let us prove existence.
We use again a contraction argument, which is slightly different from that in the

proof of Theorem 5.17.
Note that a solution of the Eq. (5.76) is a fixed point of the mapping � W

S
p
m Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / defined by

.Y;Z/ D � .X;U / ;

where

Yt D �C
Z T

t

F .r; Yr ; Ur/ dr �
Z T

t

ZrdBr ; a:s: t 2 Œ0; T � :
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By Proposition 5.24 and Remark 5.25, with ˆ.!; t; y/ D F .!; t; y; Ut .!//, the
mapping � is well defined since for all 	 � 0

E

�Z T

0

ˆ#
	 .t/ dt

�p

� E

 Z T

0

sup
jyj�	

jF .t; y; 0/j dt C
Z T

0

` .t/ jUt j dt
!p

� 2p�1
E

�Z T

0

F #
	 .t/ dt

�p
C 2p�1

�Z T

0

`2 .t/ dt

�p=2
E

�Z T

0

jUt j2 dt
�p=2

< 1:

Let M 2 N
� and 0 D T0 < T1 < � � � < TM D T , with Ti D iT

M
. Since the function

t 7�!
Z t

0

`2 .r/ dr W Œ0; T � ! RC is uniformly continuous, we see that

˛
�
T
M

� defD sup
0<s�t< T

M

Z s

t

`2 .r/ dr ! 0; as M ! 1:

First, we show that the Eq. (5.76) has a unique solution on ŒTM�1; T � in the Banach
space Spm ŒTM�1; T � �ƒp

m�k .TM�1; T /.
Let

N
 .t/ D
Z t

0


 .r/ dr:

To this end it is sufficient to prove that � is a strict contraction on the space
S
p
m ŒTM�1; T � �ƒp

m�k .TM�1; T / with respect to the (equivalent) norm jjj.Y;Z/jjjM

jjj.Y;Z/jjjpM
defD E

" 
sup

r2ŒTM�1;T �

ep N
.r/ jYr jp
!

C
�Z T

TM�1

e2 N
.r/ jZr j2 dr

�p=2#
;

for M large enough.
Let .X;U / ; .X 0; U 0/ 2 Spm Œ0; T � �ƒp

m�k .0; T /. Then

Yt � Y 0
t D

Z T

t

dKr �
Z T

t

�
Zr �Z0

r

�
dBr ; t 2 ŒTM�1; T � ;

where

Kt D
Z t

0

�
F .r; Yr ; Ur/ � F �r; Y 0

r ; U
0
r

��
dr:
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Since

hYr � Y 0
r ; dKri � ˝

Yr � Y 0
r ; F

�
r; Y 0

r ; Ur
� � F �r; Y 0

r ; U
0
r

�˛
dr C 
 .r/ jYr � Y 0

r j2 dr
� ` .r/ jUr � U 0

r j jYr � Y 0
r j dr C jYr � Y 0

r j2 d N
 .r/

and

E

 
sup
r2Œ0;T �

ep N
.r/ ˇ̌Yr � Y 0
r

ˇ̌p
!
< 1;

we have, by Proposition 5.2 with Œt; T � replaced by ŒTM�1; T � and D D R D 0,
� D 0,

E

 
sup

r2ŒTM�1;T �

ep N
.r/ ˇ̌Yr � Y 0
r

ˇ̌p
!

C E

�Z T

TM�1

e2 N
.r/ ˇ̌Zr �Z0
r

ˇ̌2
dr

�p=2

� CpE

�Z T

TM�1

e N
.r/` .r/
ˇ̌
Ur � U 0

r

ˇ̌
dr

�p

� Cp

�Z T

TM�1

`2 .r/ dr

�p=2
E

�Z T

TM�1

e2 N
.r/ ˇ̌Ur � U 0
r

ˇ̌2
dr

�p=2

� Cp
�
˛
�
T
M

��p=2 ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌p
M
:

Let M0 2 N
� be such that

Cp

h
˛
�
T
M0

	ip=2 � 1

2p
:

Then

ˇ̌̌̌ˇ̌
� .X;U / � � �X 0; U 0�ˇ̌̌̌ˇ̌

M0
� 1

2

ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌
M0
:

Hence the Eq. (5.76) has a unique solution in the space S
p
m ŒTM0�1; T �

� ƒ
p

m�k .TM0�1; T /. The next step is to solve the equation on the interval
ŒTM0�2; TM0�1� with the final value Y .TM0�1/. Repeating the same arguments,
the proof is completed in M0 steps. �

Corollary 5.28. Consider the BSDE: 8 t 2 Œ0; T � ; P-a.s.

Yt D �C ST � St C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs: (5.79)

If p > 1, S 2 S
p
m Œ0; T �, � 2 Lp .�;FT ;PIRm/, F satisfies the assumptions

.MHF /, and for all 	 � 0



402 5 Backward Stochastic Differential Equations

E

 Z T

0

sup
jyj�	

jF.t; y � St ; 0/j dt
!p

< 1

then the Eq. (5.79) has a unique solution .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Proof. By the substitutions OYt D Yt C St , O� D � C ST and OF .t; y; z/ D
F .t; y � St ; z/ the Eq. (5.34) is transformed into

OYt D O�C
Z T

t

OF
�
s; OYs;Zs

	
ds �

Z T

t

ZsdBs;

which satisfies the assumptions of Theorem 5.27. �

5.3.4.3 The Third BSDE: Monotone Coefficient ˆ .s; Ys; Zs/ dQs

We now generalize Theorem 5.27 to the case of the general BSDE (5.12) which we
recall here:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.80)

The assumptions will be those from the beginning of Sect. 5.3.1.
Let p; a > 1 and np D 1 ^ .p � 1/. Define

N
t D
Z t

0


sdQs and Vt D V
.a;p/
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds:

We say that Y 2 Spm
�
Œ0; T � I e N
� if Y 2 S0m Œ0; T � and

E sup
s2Œ0;T �

ep N
s jYsjp < 1:

In the same manner Z 2 ƒp

m�k
�
0; T I e N
� if Z 2 ƒ0

m�k .0; T / and

E

�Z T

0

e2 N
s jZsj2 ds

�p=2
< 1:

We first prove the following:

Lemma 5.29. Let p >1 and the assumptions (5.13-BSDE-Hˆ) (i.e. (5.14)
and (5.15)) from Sect. 5.3.1 be satisfied. Moreover assume

.i/ ` 2 L2 .0; T / is a positive deterministic process,

.ii/ E
ˇ̌
e N
T �

ˇ̌p C E

�Z T

0

e N
s jˆ.s; 0; 0/j dQs

�p
< 1:

(5.81)
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If in addition

.h1/ E

�Z T

0

sup
jyj�	

ˇ̌
e N
tˆ

�
s; e� N
t y; 0

� � 
ty
ˇ̌
dQt

	p
< 1, for all 	 � 0, or

.h2/ 
 � 0 and E

�Z T

0

e N
t sup
jyj�	

jˆ.t; y; 0/j dQs

	p
< 1, for all 	 � 0,

then the BSDE (5.80) has a unique solution

.Y;Z/ 2 Spm
�
Œ0; T � I e N
� �ƒp

m�k
�
0; T I e N
� :

Proof. Uniqueness follows from Theorem 5.10. To prove the existence we shall
use the Banach fixed point theorem. Let � W Spm

�
Œ0; T � I e N
� � ƒp

m�k
�
0; T I e N
� !

S
p
m

�
Œ0; T � I e N
� �ƒp

m�k
�
0; T I e N
� be defined by .Y;Z/ D � .X;U /, where

Yt D �C
Z T

t

ˆ .s; Ys; Us/ dQs �
Z T

t

ZsdBs : (5.82)

.A/ � is well defined.
Let .X;U / 2 Spm

�
Œ0; T � I e N
��ƒp

m�k
�
0; T I e N
�. The function Q̂ .!; t; y/ D

ˆ.!; t; y; Ut .!// is monotone

˝
y � y0; ˆ .r; y; Ur/ �ˆ �r; y0; Ur

�˛ � 
r
ˇ̌
y � y0 ˇ̌2 :

Under .h1/ the assumptions of Corollary 5.26 are satisfied, because we have

E

 Z T

0

sup
jyj�	

ˇ̌
e N
tˆ.t; e N
t y; Ut / � 
ty

ˇ̌
dQt

!p

� E

 Z T

0

sup
jyj�	

ˇ̌
e N
tˆ.t; e N
t y; 0/ � 
ty

ˇ̌
dQt C

Z T

0

e N
t ` .t/ jUt j dt
!p

and

E

�Z T

0

e N
t jUt j ` .t/ dt
�p

�
�Z T

0

`2 .t/ dt

�p=2
E

�Z T

0

e2 N
t jUt j2 dt
�p=2

< 1:

Under .h2/ the assumptions of Proposition 5.24 are satisfied because for 
 � 0

we have O
t D
Z t

0


C
s ds D

Z t

0


sds D N
t and



404 5 Backward Stochastic Differential Equations

E

 Z T

0

e O
t sup
jyj�	

ˆ.t; y; Ut /dQt

!p

� E

 Z T

0

e N
t sup
jyj�	

ˆ.t; y; 0/dQt C
Z T

0

e N
t ` .t/ jUt j dt
!p

< 1:

.B/ � is a strict contraction. Let M 2 N
� and 0DT0 < T1 < � � � < TMDT , with

Ti D iT

M
. To prove the existence on ŒTM�1; T � of the solution it is sufficient

to prove that � is a strict contraction on the space Spm
�
ŒTM�1; T � I e N
� �

ƒ
p

m�k
�
TM�1; T I e N
� with respect to the norm jjj.Y;Z/jjjM

jjj.Y;Z/jjjpM
defD E

" 
sup

r2ŒTM�1;T �

ep N
r jYr jp
!

C
�Z T

TM�1

e2 N
r jZr j2 dr

�p=2#
;

for M large enough. The proof continues exactly as in Theorem 5.27.
Iteratively the existence follows on every interval ŒTi�1; Ti �, for i D M ,M�1,
: : : ; 2, 1, and finally we get the existence on Œ0; T �. �

Theorem 5.30. Let the assumptions (5.13-BSDE-Hˆ) (i.e. (5.14) and (5.15)) from
Sect. 5.3.1 be satisfied. Let p; a > 1 be fixed, np D 1 ^ .p � 1/

N
t D
Z t

0


sdQs and Vt
defD V

.a;p/
t D

Z t

0


sdQs C a

2np

Z t

0

.`s/
2 ds:

Assume there exists a ı > p

p�1 such that for q D pı

pCı

.i/ E epVT j�jp C E

�Z T

0

eVs jˆ.s; 0; 0/j dQs

�p
< 1;

.ii/ E

�Z T

0

.`s/
2 ds

�ı=2
< 1;

.iii/ E exp
�
ıa
2

�
1
nq

� 1
np

	 Z T

0

.`s/
2 ds

�
< 1:

(5.83)

If in addition

.h1/ E

�Z T

0

sup
jyj�	

ˇ̌
e N
tˆ

�
s; e� N
t y; 0

� � 
ty
ˇ̌
dQt

	p
< 1, for all 	 � 0, or

.h2/ 
 � 0 and E

�Z T

0

e N
t sup
jyj�	

jˆ.t; y; 0/j dQs

	p
< 1, for all 	 � 0,

then the BSDE (5.80) has a unique solution .Y;Z/ 2 S0m .Œ0; T �/�ƒ0
m�k .0; T /

such that
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E sup
t2Œ0;T �

epVs jYsjp C E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1:

Moreover, for all t 2 Œ0; T �:

E
Ft sup

s�t
epVs jYsjp C E

Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Cp E
Ft



epVT j�jp C

�Z T

t

eVs jˆ.s; 0; 0/j dQs

	p�
:

(5.84)

Proof. Uniqueness follows from Theorem 5.10.
Existence. By Lemma 5.29 we infer that the approximating BSDE

Y nt D �C
Z T

t

ˆ
�
s; Y ns ; Z

n
s 1Œ0;n� .`s/

�
dQs �

Z T

t

Zn
s dBs (5.85)

has a unique solution .Y n;Zn/ 2 Spm
�
Œ0; T � I e N
� �ƒp

m�k
�
0; T I e N
�.

Let `ns D `s1Œ0;n� .`s/ and

V n
t

defD
Z t

0

�

sdQs C a

2np

�
`ns
�2

ds

�
:

We have for all n; i 2 N

N
t � V n
t � V nCi

t � N
t C a

2np
.nC i/2 T:

Therefore

E sup
t2Œ0;T �

epV
nCi
t jY nt jp � Cn;i

 
E sup
t2Œ0;T �

e2p N
t jY nt j2p
!1=2

< 1:

Since

˝
Y nt ; ˆ

�
t; Y nt ; Z

n
t 1Œ0;n� .`t /

�
dQt

˛

� jY nt j jˆ.t; 0; 0/j dQt C jY nt j2dVn
t C np

2a
jZn

t j2 dt

� jY nt j jˆ.t; 0; 0/j dQt C jY nt j2dVnCi
t C np

2a
jZn

t j2 dt
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we obtain, by Proposition 5.2-A, that

E
Ft sup

s2Œt;T �
epV

nCi
s jY ns jp C E

Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�p=2

� Cq E
Ft



epV

nCi
T j�jp C

�Z T

t

eV
nCi
s jˆ.s; 0; 0/j dQs

	p�
:

By Beppo Levi’s monotone convergence Theorem 1.9 it follows for i ! 1 that for
all t 2 Œ0; T �,

E
Ft sup

s�t
epVs jY ns jp C E

Ft

�Z T

t

e2Vs jZn
s j2 ds

�p=2

� Cp E
Ft



epVT j�jp C

�Z T

t

eVs jˆ.s; 0; 0/j dQs

	p�
:

(5.86)

Consequently by (5.83-i ) for all n 2 N
�,

E sup
s2Œ0;T �

epVs jY ns jp C E

�Z T

0

e2Vs jZn
s j2 ds

�p=2
� C < 1:

Let ı > p

p�1 , q D pı

pCı , nq
defD 1^ .q � 1/ and np

defD 1^ .p � 1/ satisfy (5.83-ii; iii).
Clearly 1 < q < p and 0 < nq � np . If we define

�t D a

2

�
1

nq
� 1

np

�Z t

0

.`s/
2 ds and

V
.a;q/
t D

Z t

0




sdQs C a

2nq
.`s/

2 ds

�
D Vt C�t ;

we have, for all n 2 N
�,

E sup
s2Œ0;T �

eqV
.a;q/
s jY ns jq C E

�Z T

0

e2V
.a;q/
s jZn

s j2 ds

�q=2

� E

 
eq�T sup

s2Œ0;T �
eqVs jY ns jq

!
C E

h
eq�T

�Z T

0

e2Vs jZn
s j2 ds

�q=2 i

� �
Eeı�T

� p
pCı

h 
E sup
s2Œ0;T �

epVs jY ns jp
! ı

pCı

C
 
E

�Z T

0

e2Vs jZn
s j2 ds

�p=2! ı
pCı i

� C < 1:
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Hence for all n; i 2 N
�

E sup
s2Œ0;T �

eqV
.a;q/
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
< 1:

Since

˝
Y ns � Y nCi

s ; ˆ
�
s; Y ns ; Z

n
s 1Œ0;n� .`s/

� �ˆ �s; Y nCi
s ; ZnCi

s 1Œ0;nCi � .`s/
�˛

dQs

� ˇ̌
Y ns � Y nCi

s

ˇ̌2

sdQs C ˇ̌

Y ns � Y nCi
s

ˇ̌
`s
ˇ̌
Zn
s 1Œ0;n� .`s/ �ZnCi

s 1Œ0;nCi � .`s/
ˇ̌
ds

� ˇ̌
Y ns � Y nCi

s

ˇ̌
`s jZn

s j ˇ̌1Œ0;n� .`s/ � 1Œ0;nCi � .`s/
ˇ̌
ds

C ˇ̌
Y ns � Y nCi

s

ˇ̌2 �

sdQs C a

2nq
`2sds

�
C nq

2a

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;

by Proposition 5.2-A, we infer that

E

 
sup
s2Œ0;T �

eqV
.a;q/
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q!C E

�Z T

0

e2V
.a;q/
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E

�Z T

0

1.n;1/ .`s/ e
V
.a;q/
s `s jZn

s j ds

�q

� CqE

"�Z T

0

`2s1.n;1/ .`s/ ds

�q=2 �Z T

0

e2V
.a;q/
s jZn

s j2 ds

�q=2#

� Cq

"
E

�Z T

0

`2s1.n;1/ .`s/ ds

�ı=2# p
pCı

"
E

�Z T

0

e2V
.a;q/
s jZn

s j2 ds

�p=2# ı
pCı

! 0;

as n ! 1.
We deduce that there exists a pair .Y;Z/ 2 S0m Œ0; T ��ƒ0

m�k .0; T / such that for
q D pı

pCı

lim
n!1E

 
sup
s�0

eqV
.a;q/
s jY ns � Ysjq

!
C E

"�Z T

0

e2V
.a;q/
s jZn

s �Zsj2 ds

�q=2#
D 0:

Now the inequality (5.84) clearly follows from (5.86) by Fatou’s Lemma.
Finally passing to the limit in (5.85) we deduce via Lemma 5.16 that .Y;Z/ is a

solution of BSDE (5.80). �



408 5 Backward Stochastic Differential Equations

5.3.5 Linear BSDEs

Let m D 1 and consider the BSDE

Yt D �C
Z T

t

Œ.asYs C bs/ dQs C hcs; Zsi ds� �
Z T

t

hZs; dBsi ; (5.87)

where

• � is an FT -measurable random variable;
• Q is a P-m.i.c.s.p. such that Q0 D 0I
• .at /t�0, .bt /t�0 are R-valued P-m.s.p. and .ct /t�0 is an R

k-valued P-m.s.p.;
• for some p > 1 and for all � � 0,

.j / E
��
1C j�jp� exp .�VT /

�
< 1;

. jj/ E

�Z T

0

jbsj exp .�Vs/ dQs

	p
< 1;

(5.88)

where

Vt D
Z t

0

jasj dQs C 1

np

Z t

0

jcsj2 ds:

By Theorem 5.21 the BSDE (5.87) has a unique solution satisfying

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2

� Cp E


 ˇ̌
eVT �

ˇ̌p C
�Z T

0

eVs jbsj dQs

	p�
:

Let

�t D exp


Z t

0

�
ardQr � 1

2
jcr j2 dr

�
C
Z t

0

hcr ; dBri
�
:

Then

d�t D �tatdQt C �t hct ; dBt i ;
d��1

t D ��1
t

�
�atdQt C jct j2 dt

	
� ��1

t hct ; dBt i :

Since for all ı > 0, E Œexp .ıƒT /� < 1 we have E sup
s2Œ0;T �

j�sjı < 1 for all ı > 0.

Consequently there exists 1 < q < p such that
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E

ˇ̌
ˇ̌�T �C

Z T

0

�sbsdQs

ˇ̌
ˇ̌q < 1: (5.89)

By the representation Theorem 2.42 there exists a unique stochastic process R 2
ƒ
q

1�k .0; T / such that

�T �C
Z T

0

�sbsdQs D E

�
�T �C

Z T

0

�sbsdQs

�
C
Z T

0

hRs; dBsi :

Proposition 5.31. Let the assumption (5.88) be satisfied. Then the solution of the
BSDE (5.87) is given by

.a/ Yt D ��1
t E

Ft



�T �C

Z T

t

�sbsdQs

�
;

.b/ Zt D ��1
t Rt � ctYt :

(5.90)

Proof. It is sufficient to verify that .Y;Z/ given by (5.90) is a solution of (5.87). We
have

Yt D ��1
t E

Ft



�T �C

Z T

t

�sbsdQs

�

D ��1
t



E

�
�T �C

Z T

0

�sbsdQs

�
C
Z t

0

hRs; dBsi �
Z t

0

�sbsdQs

�

D ��1
t



E

�
�T �C

Z T

0

�sbsdQs

�
C
Z t

0

h�sYscs C �sZs; dBsi �
Z t

0

�sbsdQs

�
:

Consequently, from Itô’s formula,

dYt D
h
��1
t

�
�at dQt C jct j2 dt

	
� ��1

t hct ; dBt i
i
�tYt

C ��1
t Œh�tYt ct C �tZt ; dBt i � �tbt dQt � � ��1

t hct ; ct�tYt C �tZt i dt
D Œ�atYt dQt � bt dQt � hct ; Zt i dt�C hZt ; dBt i :

Since, moreover, YT D �, we conclude that .Y;Z/ is a solution of the BSDE
(5.87). �

5.3.6 Comparison Results

In this section we again restrict ourselves to the case m D 1.
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5.3.6.1 Lipschitz Case

Let .Y;Z/ 2 S0 Œ0; T � �ƒ0
k .0; T / be a solution of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

hZs; dBsi (5.91)

and
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / a solution of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs; QZs
�

dQs �
Z T

t

˝ QZs; dBs
˛
: (5.92)

Assume that the functions ˆ; Q̂ W � � Œ0;1Œ � R � R
k ! R are

�
P;R � R

k
	

-

Carathéodory functions (P-m.s.p. with respect to .!; t/ and continuous with respect
to .x; z/ 2 R � R

k) such that

Z T

0

jˆ.s; Ys; Zs/j dQs C
Z T

0

ˇ̌ Q̂ �s; QYs; QZs
�ˇ̌

dQs < 1; a.s. (5.93)

We give a comparison result in the case when one of the two functions ˆ and Q̂
satisfies some Lipschitz conditions.

Let p > 1. Without loss of generality we assume thatˆ satisfies the assumptions
of Theorem 5.21. Then the Eq. (5.91) has a unique solution .Y;Z/ satisfying

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2

� Cp E


 ˇ̌
eVT �

ˇ̌p C
�Z T

0

eVs jˆ.s; 0; 0/j dQs

	p�
.

Proposition 5.32. Let p > 1 and the assumptions of Theorem 5.21 be satisfied.
Assume that

� QY ; QZ� is a solution of the BSDE (5.92) and for all ı � 0,

E

�
j� � Q�j exp.ıVT /C

Z T

0

ˇ̌
ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/

ˇ̌
exp .ıVs/ dQs

	p
< 1:

If

.i/ � � Q�; P-a.s. and
.ii/ ˆ.t; QYt ; QZt/ � Q̂ .t; QYt ; QZt/; dP ˝ dQt -a:e: on � � RC:

(a) Then P-a.s: ! 2 �, Yt .!/ � QYt .!/, for all t 2 Œ0; T �.
(b) If moreover there exists a t0 2 Œ0; T Œ such that P-a:s.
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.� � Q�/C
Z T

t0

�
ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/

�
dQs > 0

then Yt0 > QYt0 P-a:s. In particular if � > Q�, P-a:s., then Yt .!/ > QYt .!/, for
all t 2 Œ0; T �, P-a.s. ! 2 �.

Proof. Observe that Yt � QYt can be written in the form

Yt � QYt D .� � Q�/C
Z T

t

˚�
as
�
Ys � QYs

�C bs
�

dQs C ˝
cs; Zs � QZs

˛
ds
�

�
Z T

t

�
Zs � QZs

�
dBs;

where

as D
8<
:

1

Ys � QYs
�
ˆ.s; Ys; Zs/ �ˆ.s; QYs;Zs/

�
; if Ys � QYs ¤ 0;

0; if Ys � QYs D 0;

bs D ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/, and

cs D

8̂
<
:̂

Zs � QZs
˛s
ˇ̌
Zs � QZs

ˇ̌2
�
ˆ.s; QYs;Zs/ �ˆ.s; QYs; QZs/

�
; if ˛s

�
Zs � QZs

� ¤ 0;

0; if ˛s
�
Zs � QZs

� D 0;

(recall that ˛ is a P-m.s.p. such that ˛sdQs D ds).
From jasj � Ls , jcsj � `s , the assumption of the Proposition, and the argument

of the preceding section, we deduce that

sup
s2Œ0;T �

hˇ̌
Ys � QYs

ˇ̌p
exp .ıVs/

i
C E

�Z T

0

ˇ̌
Zs � QZs

ˇ̌2
exp .ıVs/ ds

�p=2
< 1;

for all ı � 0. Hence by Proposition 5.31

Yt � QYt D ��1
t E

Ft



�T .� � Q�/C

Z T

t

�sbsdQs

�
;

which clearly yields the conclusions of Proposition 5.32. �

5.3.6.2 Monotone Case

We now give a comparison result for the solutions of the Eqs. (5.91) and (5.92)
in the case when one of the two functions ˆ and Q̂ satisfies a monotonicity
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condition. To be precise we assume without loss of generality that ˆ satisfies the
assumptions (5.13-BSDE-Hˆ). Let

Vt D
Z t

0

�

C
r dQr C a

2np
.`r /

2 dr

�
:

Then for a; p > 1 and np D .p � 1/ ^ 1,

� QYr � Yr
�C �

ˆ
�
r; QYr ; QZr

� �ˆ.r; Yr ; Zr/
�

dQr

�



C
r

��
Yr � QYr

�C	2 C `r˛r
� QYr � Yr

�C ˇ̌
Zr � QZr

ˇ̌�
dQr

�
h�
Yr � QYr

�Ci2
dVr C np

2a
1 QYr�Yr>0

ˇ̌
Zr � QZr

ˇ̌2
dr:

Proposition 5.33. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. Let .Y;Z/
2 S0 Œ0; T � �ƒ0

k .0; T / be a solution of (5.91) and
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T /

be a solution of (5.92), such that (5.93) and the condition

E




� QY � Y �C eV



p
T
< 1

are satisfied. Assume that P-a.s.:

.i/ � � Q�;
.ii/ ˆ.t; y; z/ � Q̂ .t; y; z/; for all .t; y; z/ 2 Œ0; T � � R � R

k:

Then P-a.s., Yt .!/ � QYt .!/, for all t 2 Œ0; T �.
Proof. Recall from Proposition 2.33 that if

dXt D dKt C hGt ; dBt i ;

then

dXC
t D � .Xt / dKt C � .Xt / hGt ; dBt i C dPt ;

where

� .x/ D
8<
:
0; if x < 0;
1
2
; if x D 0;

1; if x > 0;

and fPt W t � 0g, P0 D 0, is an increasing continuous stochastic process defined
by (2.33).



5.3 BSDEs with Deterministic Final Time 413

We have

d
� QYt � Yt

� D � � Q̂ �t; QYt ; QZt
� �ˆ.t; Yt ; Zt /

�
dQt C ˝ QZt �Zt ; dBt

˛
;

and therefore

� QYt � Yt
�C D . Q� � �/C C

Z T

t

dKr �
Z T

t

�
� QYr � Yr

� ˝ QZr �Zr; dBr
˛
;

with

dKr D �
� QYr � Yr

� �� Q̂ �r; QYr ; QZr
� �ˆ.r; Yr ; Zr/

�
dQr

� � dPr ;

and (see (2.33))

Pt D lim
"!0C

1

2"

Z t

0

	

 QYs � Ys
"

! ˇ̌ QZs �Zs
ˇ̌2

ds:

Since for a; p > 1 and np D .p � 1/ ^ 1,

� QYr � Yr
�C

dKr � � QYr � Yr
�C �

ˆ
�
r; QYr ; QZr

� �ˆ.r; Yr ; Zr/
�

dQr

�
h�
Yr � QYr

�Ci2
dVr C np

2a
�
� QYr � Yr

� ˇ̌
Zr � QZr

ˇ̌2
dr;

we obtain, by the inequality (6.107) from Proposition 6.80, that for all 0 � t � T :

epVt
h� QYt � Yt

�Cip � E
Ft epVT

�
. Q� � �/C�p D 0; P-a.s.

Consequently for all 0 � t � T :

Yt � QYt ; P-a.s.

�

We now give a strict comparison result in the case of monotone coefficients.
Namely, we consider a solution .Y;Z/ 2 S0 Œ0; T � �ƒ0

k .0; T / of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

hZs; dBsi ; a:s:; t 2 Œ0; T � ; (5.94)

and a solution
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs; QZs
�

dQs �
Z T

t

˝ QZs; dBs
˛
; (5.95)
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where ˆ; Q̂ W � � Œ0; T � � R � R
k ! R satisfy:

.CR1/

• ˆ.�; t; y; z/ ; Q̂ .�; t; y; z/ are Ft -measurable for all .t; y; z/ 2 Œ0; T � � R � R
k ,

• ˆ.!; �; �; �/ ; Q̂ .!; �; �; �/ are continuous P-a.s. ! 2 �,
• ˆ satisfies the assumption (5.13-BSDE-Hˆ).

We have

Yt � QYt D .� � Q�/C
Z T

t

�
bsdQs C ˝

cs; Zs � QZs
˛
ds
� �

Z T

t

�
Zs � QZs

�
dBs;

with bs D ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/ and

cs D

8̂
<
:̂

Zs � QZs
˛s
ˇ̌
Zs � QZs

ˇ̌2
�
ˆ.s; Ys; Zs/ �ˆ �s; Ys; QZs

��
; if ˛s

�
Zs � QZs

� ¤ 0;

0; if ˛s
�
Zs � QZs

� D 0;

(recall that ˛ is a P-m.s.p. such that ˛sdQs D ds). Note that jcsj � `s .
Assume that

.CR2/

• � and Q� are FT -measurable random variables;
• for some p > 1 and for all ı � 0,

.j / E


�
1C j� � Q�jp� exp

�
ı

Z T

0

.`r /
2 dr

��
< 1;

. jj/ E

hZ T

0

ˇ̌
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

ˇ̌
exp

�
ı

Z s

0

.`r /
2 dr

�
dQs

ip
< 1:

Then by Proposition 5.31, for all ı � 0

E sup
s2Œ0;T �

hˇ̌
Ys � QYs

ˇ̌p
eı
R s
0 .`r /

2dr
i

C E

�Z T

0

ˇ̌
Zs � QZs

ˇ̌2
eı
R s
0 .`r /

2drds

�p=2
< 1;

and for any stopping times 0 � � � � � T

��
�
Y� � QY�

� D E
F�



��
�
Y� � QY�

�C
Z �

�

�s
�
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�
dQs

�
;

(5.96)
where

�t D exp


Z t

0

hcr ; dBri �
Z t

0

1

2
jcr j2 dr

�
:
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Proposition 5.34. Let .Y;Z/ 2 S0 Œ0; T � � ƒ0
k .0; T / be a solution for (5.94) and� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / be a solution for (5.95), such that

E






� QY � Y �C exp

�Z �

0


C
r dQr

�




p

T

< 1:

Assume that the assumptions .CR1/, .CR2/ are satisfied and QZ is a continuous
stochastic process.
If 0 � t0 < T , A 2 Ft0 and

.i/ � � Q�; P-a.s.;
.ii/ ˆ.t; y; z/ � Q̂ .t; y; z/; 8 .t; y; z/ 2 Œ0; T � � R � R

k; P-a.s.;
.iii/ ˆ

�
!; t0; Yt0 ;

QZt0
�
> Q̂ �!; t0; Yt0 ; QZt0

�
; P-a.s. ! 2 A;

(iv/ Qt0 < Qt ; for t0 < t � T; P-a.s.;

then

.j / Yt .!/ � QYt .!/ ; 8 t 2 Œ0; T � ; P-a.s. ! 2 �; and
. jj/ Yt0 .!/ >

QYt0 .!/ ; P-a.s. ! 2 A:

Proof. By Theorem 5.33 we have

P-a.s.; Yt .!/ � QYt .!/ ; for all t 2 Œ0; T � :

Assume that P
�fYt0 D QYt0g \ A� > 0. Let the stopping time

� D inf
n
s 2 Œt0; T � W�s

�
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�

� 1

2
�t0
�
ˆ.!; t0; Yt0 ;

QZt0/ � Q̂ .!; t0; QYt0 ; QZt0/
� o
;

if the set under inf is non-empty and � D T if the set is empty. Clearly � > t0 a.s. on
fYt0 D QYt0g. Setting in (5.96) � D t0 and � D � we obtain

0 � E
Ft0

�
1fYt0D QYt0 g\A

Z �

t0

�s
�
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�
dQs

�

� 1

2
1fYt0D QYt0 g\A�t0

�
ˆ.!; t0; Yt0 ;

QZt0/ � Q̂ .!; t0; Yt0 ; QZt0/
�
E

Ft0 .Q� �Qt0/

> 0; a.s. on fYt0 D QYt0g \ A;

which is a contradiction. Hence P
�fYt0 D QYt0g \ A� D 0 and the conclusion . jj/

follows. �
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Unlike in the Lipschitz case � > Q� does not imply that Yt > QYt for all t 2 Œ0; T �,
as the following example will show. Let F .x/ D QF .x/ D �p

xC.
Clearly

.Yt ; Zt / D �
t 2; 0

�
; t � 0;

is the unique solution of the BSDE

Yt D 1C
Z 1

t

�
�2
q
Y C
s

�
ds �

Z 1

t

Zs dBs; t 2 Œ0; 1� ;

and ( QYt ; QZt/ D .0; 0/ ; t � 0, is the unique solution of

QYt D 0C
Z 1

t

�
�2
q

QY C
s

�
ds �

Z 1

t

Zs dBs; t 2 Œ0; 1� :

We have Y1 D 1 > 0 D QY1, but Y0 D QY0.

5.4 Semilinear Parabolic PDEs

We need to put our BSDE into a Markovian framework: the final condition � and
the coefficient F of the BSDE will be functionals of B as “explicit” functions of the
solution of a forward SDE driven by fBtg.

Let f W Œ0; T ��R
d ! R

d be continuous and globally monotone in x, uniformly
with respect to t , g W Œ0; T � � R

d ! R
d�d be continuous and globally Lipschitz

in x uniformly with respect to t . Let fXt;x
s I t � s � T g denote the solution of the

SDE

Xt;x
s D x C

Z s

t

f .r; Xt;x
r / dr C

Z s

t

g.r; Xt;x
r /dBr ; t � s � T; (5.97)

and consider the backward SDE

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r / dr �
Z T

s

Zt;x
r dBr ; t � s � T; (5.98)

where � W R
d ! R

m and F W Œ0; T ��R
d �R

m �R
m�d ! R

m are continuous and
such that for some K, 
, p > 0,

j�.x/j � K.1C jxjp/;
sup

jyj�	
jF.t; x; y; 0/j � �.	; x/;
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˝
y � y0; F .t; x; y; z/ � F.t; x; y0; z/

˛ � 
.t; x/jy � y0j2;
jF.t; x; y; z/ � F.t; x; y; z0/j � `.t; x/kz � z0k;

where for each 	 > 0, there exists a K	 > 0 such that �.	; x/ � K	.1C jxjp/ and
one of the two following conditions hold:

• jf .t; x/j C jg.t; x/j � K.1C jxj/ and j
.t; x/j C `2.t; x/ � K;
• jf .t; x/j C j
.t; x/j C `2.t; x/ � K.1C jxj/ and jg.t; x/j � K.

In the case m > 1 we reinforce one of the above conditions into

jF.t; x; y; z/ � F.t; x; y0; z/j � `.t; x/jy � y0�:

This is necessary for our uniqueness proof of the viscosity solution of systems of
PDEs, see Theorem 6.106 in Annex D.

Finally the following additional assumption is needed again for the uniqueness
of viscosity solutions

jF.t; x; r; p/ � F.t; y; r; p/j � mR.jx � yj.1C jpj//;

for all x; y 2 R
d such that jxj � R, jyj � R, r 2 R

m, p 2 R
d , where for each

R > 0, mR 2 C.RC/ is increasing and mR.0/ D 0.

Remark 5.35. (i) Clearly, for each t � s � T , Y t;xs is F t
s D gfBr � Bt ; t � r �

sg _ N measurable, where N is the class of the P-null sets of F . Hence Y t;xt is
a.s. constant (i.e. deterministic).

(ii) It is not hard to see, using uniqueness for BSDEs, that Y t;xtCh D Y
tCh;Xt;x

tCh

tCh ,
h > 0.

We shall denote by

At D 1

2

X
i;j

.gg�/ij.t; x/
@2

@xi@xj
C
X
i

fi .t; x/
@

@xi

the infinitesimal generator of the Markov process fXt;x
s I t � s � T g.

5.4.1 Parabolic Systems in the Whole Space

We first consider the following system of backward semilinear parabolic PDEs

8̂
<̂
ˆ̂:

@ui
@t
.t; x/C Atui .t; x/C Fi.t; x; u.t; x/; .rug/.t; x// D 0;

.t; x/ 2 Œ0; T � � R
d ; 0 � i � mI

u.T; x/ D �.x/; x 2 R
d I

(5.99)
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where F 2 C.Œ0; T � � R
d � R

m � R
m�d IRm/, and � 2 C.Rd ;Rm/ grows at most

polynomially at infinity.
We can first establish the following:

Theorem 5.36. Let u 2 C1;2.Œ0; T � � R
d IRm/ be a classical solution of (5.99).

Then for each .t; x/ 2 Œ0; T � � R
d , f.u.s; Xt;x

s /; .rug/.s; Xt;x
s //I t � s � T g is the

solution of the BSDE (5.98). In particular, u.t; x/ D Y
t;x
t .

Proof. The result follows by applying Itô’s formula to u.s; Xt;x
s /. �

We now want to connect (5.97)–(5.98) with (5.99) in the other direction, i.e.
prove that (5.97)–(5.98) provides a solution of (5.99). In order to avoid restrictive
assumptions on the coefficients in (5.97)–(5.98), we will consider (5.99) in the
viscosity sense. This imposes just one restriction. Indeed for the notion of viscosity
solution of the system of PDEs (5.99) to make sense, we need to make the following
restriction: for 0 � i � k, the i -th coordinate of F depends only on the i -th row of
the matrix z. Then the first line in (5.99) reads

@ui
@t
.t; x/C Atui .t; x/C Fi.t; x; u.t; x/; .rui g/.t; x// D 0;

which we rewrite in the form

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D

2ui .t; x// D 0;

where

ˆ W RC � R
d � R

m � R
d � S

d ! R
m

is defined by

ˆi.t; x; r; p;X/ D �1
2

TrŒ.gg�/.t; x/X� � hf; pi � Fi.t; x; r; pg.t; x//;

for all 1 � i � m, .t; x/ 2 Œ0; T � � R
d , r 2 R

m, p 2 R
d , X 2 S

d .
We add the following assumptions. For each 	 > 0, there exists a K	 such that

for some p > 1, all .t; x/ 2 Œ0; T � � R
d , 	 > 0,

sup
fjyj�	g

jF.t; x; y; 0/j � K	.1C jxjp/;

and there exists aK > 0 such that for all .t; x/ 2 Œ0; T ��R
d , y; y0 2 R

m, z; z0 2 R
d ,

jF.t; x; y; z/�F.t; x; y0; z/jCjF.t; x; y; z/�F.t; x; y; z0/j � K.jy�y0jCjz�z0j/:
The definition of the viscosity solution of a system of elliptic PDEs is given in

Definition 6.94 in Annex D. The adaptation to systems of parabolic PDEs is obvious.
We now establish the main result of this section.
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Theorem 5.37. Under the above assumptions, u.t; x/
defD Y

t;x
t is a continuous

function of .t; x/ and it is the unique viscosity solution of (5.99) which grows at
most polynomially at infinity.

Proof. Uniqueness follows from Theorem 6.106 in Annex D.
The continuity follows from the mean-square continuity of fY t;xs ; x 2 R

d ; 0 �
t � s � T g, which in turn follows from the continuity of Xt;x� with respect to t; x
and Theorem 5.10. The polynomial growth follows from classical moment estimates
for Xt;x� , the assumptions on the growth of f and g, and Proposition 5.7.

To prove that u is a viscosity sub-solution, take any 1 � i � k, ' 2 C1;2.Œ0; T ��
R
d / and .t; x/ 2 Œ0; T / � R

d such that ui � ' has a local maximum at .t; x/. We
assume without loss of generality that

ui .t; x/ D '.t; x/:

We suppose that

�@'
@t
.t; x/Cˆi.t; x; u.t; x/;D'.t; x/;D

2'.t; x// > 0;

and we will find a contradiction.
Let 0 < ˛ � T � t be such that for all t � s � t C ˛, jy � xj � ˛,

ui .s; y/ � '.s; y/;

�@'
@t
.s; y/Cˆi.s; y; u.s; y/;D'.s; y/;D

2'.s; y// > 0;

and define

� D inffs � t I jXt;x
s � xj � ˛g ^ .t C ˛/:

Let now

.Y s; Zs/ D ..Y t;xs^� /i ; 1Œ0;��.s/.Zt;x
s /

i /; t � s � t C ˛:

It follows from the statement in Remark 5.35(ii) that

Y
t;x
tCh D u.t C h;X

t;x
tCh/:

We hence have that (first approximating � by a sequence of stopping times taking at
most finitely many values)

Y t;x� D u.�; Xt;x
� /:
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Consequently .Y ;Z/ solves the one-dimensional BSDE

Y s D ui .�; Xt;x
� /C R tC˛

s
1Œ0;��.r/Fi .r; Xt;x

r ; u.r; Xt;x
r /; Zr/dr

� R tC˛
s

ZrdBr ; t � s � t C ˛:

On the other hand, from Itô’s formula,

. OYs; OZs/ D .'.s; Xt;x
s^� /; 1Œ0;��.s/.r'g/.s; Xt;x

s //; t � s � t C ˛

solves the one-dimensional BSDE, for all s 2 Œt; t C ˛�

OYs D '.�;Xt;x
� / �

Z tC˛

s

1Œ0;��.r/.
@'

@r
C A'/.r; Xt;x

r /dr �
Z tC˛

s

OZrdBr :

From ui .�; Xt;x
� / � '.�;Xt;x

� / and the choices of ˛ and � , we deduce from
Proposition 5.34 that Y t < OYt , i.e. ui .t; x/ < '.t; x/, which contradicts our standing
assumption. �

Remark 5.38. Suppose that k D 1 and F has the special form:

F.t; x; r; z/ D c.t; x/r C h.t; x/:

In that case, the BSDE is linear:

Y t;xs D �.X
t;x
T /C

Z T

s

Œc.r; Xt;x
r /Y t;xs C h.r;Xt;x

r /� dr �
Z T

s

Zt;x
r dBr ;

hence it has an explicit solution (see Proposition 5.31):

Y t;xs D �.X
t;x
T /e

R T
s c.r;X

t;x
r / dr C

Z T

s

h.r; Xt;x
r /e

R r
s c.˛;X

t;x
˛ / d˛ dr

�
Z T

s

e
R r
s c.˛;X

t;x
˛ /d˛Zt;x

r dBr :

Now Y
t;x
t D E.Y

t;x
t /, so that

Y
t;x
t D E



�.X

t;x
T /e

R T
t c.s;X

t;x
s / ds C

Z T

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r /drds

�
;

which is the well-known Feynman–Kac formula.
Clearly, Theorem 5.37 can be considered as a nonlinear extension of the

Feynman–Kac formula.
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Remark 5.39. We have proved that a certain function of .t; x/, defined via the
solution of a probabilistic problem, is the solution of a system of backward parabolic
partial differential equations. Suppose that b, g and f do not depend on t , and let

v.t; x/ D u.T � t; x/; .t; x/ 2 Œ0; T � � R
d :

Then v solves the system of forward parabolic PDEs:

@vi

@t
.t; x/ D Avi .t; x/C Fi.x; v.t; x/; .rvig/.t; x//; 1 � i � m; t > 0; x 2 R

d I

v.0; x/ D �.x/; x 2 R
d :

On the other hand, we have that

v.t; x/ D Y
T�t;x
T�t D NY t;x0 ;

where f. NY t;xs ; NZt;x
s /I 0 � s � tg, solves the BSDE

NY t;xs D �.Xx
t /C

Z t

s

F .Xx
r ;

NY t;xr ; NZt;x
r /dr

�
Z t

s

NZt;x
r dBr ; 0 � s � t:

So we have a probabilistic representation for a system of forward parabolic PDEs,
which is valid on RC � R

d .

5.4.2 Parabolic Dirichlet Problem

We now combine the situation of the preceding subsection with that of Sect. 3.8.3,
and we consider the following system of parabolic semilinear PDEs with Dirichlet
boundary condition

8̂
ˆ̂̂<
ˆ̂̂̂
:

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D2ui .t; x// D 0;

.t; x/ 2 Œ0; T � �D; 0 � i � mI
u.T; x/ D �.x/; x 2 DI
u.t; x/ D �.t; x/; .t; x/ 2 Œ0; T � � @DI

(5.100)

where in addition to the situation in the previous subsection, we give ourselves a
function � 2 C.Œ0; T � � @D/. We assume that

�.T; x/ D �.x/; 8x 2 @D:
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Now, together with the SDE (5.97), for each .t; x/ 2 Œ0; T � �D we consider the
BSDE, for all s 2 Œt; T �

Y t;xs D �.�t;x ^ T;Xt;x
�t;x^T /C

Z T

s

1fr<�t;xgF.r;Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z T

s

Zt;x
r dBr :

(5.101)
Again Itô’s formula allows us to establish the following:

Theorem 5.40. Suppose that the above conditions on the coefficients and the
domain D are satisfied. Let u 2 C1;2.Œ0; T � � DIRm/ \ C.Œ0; T � � DIRm/ be
a classical solution of (5.100). Then for each .t; x/ 2 Œ0; T � �D,

f.u.s ^ �t;x; Xt;x
s^�t;x ; 1fs<�t;xg.rug/.s; Xt;x

s //; t � s � T g

is the solution of the BSDE (5.101).

We now wish to prove that u.t; x/ WD Y
t;x
t is a viscosity solution of (5.100). From

the discussion in Sect. 3.8.3, we deduce that the condition (3.111) is necessary for u
to be continuous.

We now prove the following:

Theorem 5.41. Under the above conditions, including those of Theorem 5.37 and
(3.111), u.t; x/ WD Y

t;x
t is a continuous function from Œ0; T � �D into R

m, and it is
the unique viscosity solution of (5.100).

Proof. Uniqueness follows from the arguments developed in Annex D. The conti-
nuity of u follows from Proposition 3.45 and the argument at the beginning of the
proof of Theorem 5.37.

Let us prove that u is a viscosity sub-solution. Let 1 � i � k, ' 2 C1;2.Œ0; T � �
R
d / and .t; x/ 2 Œ0; T / � D be such that ui � ' has a local maximum at .t; x/,

and ui .t; x/ D '.t; x/. If x 2 D, then the argument in the proof of Theorem 5.37
(with ˛ < d.x; @D/) establishes the required inequality. The same is true if .t; x/ 2
Œ0; T � � @Dnƒ (this time choosing ˛ < d..t; x/;ƒ/). Finally if .t; x/ 2 ƒ, then
�t;x D t , a.s., hence u.t; x/ D �.t; x/. The result follows. �

5.4.3 Parabolic Neumann Problem

We use again the notations from Sect. 5.4.1, and we add a nonlinear Neumann
condition on the boundary of the bounded open connected subset D of Rd , whose
boundary @D is assumed to be of class C2.

Let

G 2 C.Œ0; T � � @D � R
mIRm/
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be such that for some 	 > 0,

jG.t; x; y/ �G.t; x; y0/j � Kjy � y0j; (5.102)

for all .t; x/ 2 Œ0; T � � @D, y; y0 2 R
m.

We now consider the following system of semilinear parabolic PDEs with
nonlinear Neumann boundary condition:

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D2ui .t; x// D 0;

.t; x/ 2 Œ0; T � �D; 0 � i � mI
u.T; x/ D �.x/; x 2 DI
@ui
@n
.t; x/ �Gi.t; x; u.t; x// D 0; 1 � i � m; .t; x/ 2 Œ0; T � � @D:

(5.103)

Let Xt;x be the process solution of the reflected stochastic differential equation,
for all s 2 Œt; T; �, P-a:s.

8̂
ˆ̂̂<
ˆ̂̂̂
:

Xt;x
s CKt;x

s D x C
Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr ;

Xt;x
s 2 D;

Kt;x
s D

Z s

t

n.Xt;x
r /1@D

�
Xt;x
r

�
d lKt;xlr :

(5.104)

To each .t; x/ 2 Œ0; T � �D we associate the BSDE

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr (5.105)

C
Z T

s

G.r;Xt;x
r ; Y t;xr /d

xyKt;x
xy
r

�
Z T

s

Zt;x
r dBr ; t � s � T:

Itô’s formula again allows us to establish the following:

Theorem 5.42. Under the above assumptions on the coefficients and the domainD,
if u 2 C1;2.Œ0; T ��DIRm/\C0;1.Œ0; T ��DIRm/ is a classical solution of (5.103),
then for each .t; x/ 2 Œ0; T � � R

d , f.u.s; Xt;x
s /; .rug/.s; Xt;x

s //I t � s � T g is the
solution of the BSDE (5.104).

Inspired by [59] we now prove:

Theorem 5.43. Under the above conditions, including those of Theorem 5.37, if in
addition either G does not depend upon its third argument, or else the additional
assumptions from Proposition 5.83 below are satisfied, then u.t; x/ WD Y

t;x
t is a

continuous function from Œ0; T � �D into R
m, and it is the unique viscosity solution

of (5.103).

Proof. Uniqueness follows from a combination of the arguments in the proofs of
Theorems 6.106 and 6.112. If G does not depend upon its third argument, then
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the continuity of u follows from Corollary 4.56 combined with the argument at the
beginning of the proof of Theorem 5.37. In the other case, we refer to [46] for the
proof of the continuity of u. We now prove that u is a viscosity sub-solution. Let
1 � i � k, ' 2 C1;2.Œ0; T � � R

d / and .t; x/ 2 Œ0; T / �D be such that ui � ' has
a local maximum at .t; x/, and ui .t; x/ D '.t; x/. The case where x 2 D is treated
as in the proof of Theorem 5.37. Suppose now that x 2 @D. As usual we argue by
contradiction. Suppose that for some ˛ > 0, all .s; y/ 2 B..t; x/; ˛/ \D satisfy

8̂
<
:̂

�@'
@t
.s; y/Cˆi.s; y; u.s; y/;D'.s; y/;D2'.s; y// > 0;

@'

@n
.s; y/ �Gi.s; y; u.s; y// > 0; if y 2 @D:

The contradiction can now be established as in the proof of Theorem 5.37, making
use of the strict comparison result from Proposition 5.34. �

5.5 BSDEs with a Subdifferential Coefficient

5.5.1 Uniqueness

We extend the estimates and the uniqueness result in the case of the multivalued
BSDE

8<
:

�dYt C @' .Yt / dt C @ .Yt / dAt
3 F .t; Yt ; Zt / dt CG .t; Yt / dAt �ZtdBt ; 0 � t < T;

YT D �;

(5.106)

where again T > 0 is a fixed deterministic time and @' and @ are subdifferential
operators attached to the convex lower semicontinuous functions '; W R

m !
��1;C1�.

Such multivalued backward stochastic differential equations are also called
backward stochastic variational inequalities (BSVI).

It is natural here to assume there exists a u0 2 R
m such that @' .u0/ ¤ ; and

@ .u0/ ¤ ;.

IfQt .!/
defD tCAt .!/ and f˛t W t 2 Œ0; T �g is a real positive P-m.s.p. (given by

the Radon–Nikodym representation theorem) such that 0 � ˛ � 1 and

dt D ˛tdQt and dAt D .1 � ˛t / dQt ;

then the Eq. (5.106) becomes

� �dYt C @y‰ .t; Yt / dQt 3 ˆ.t; Yt ; Zt / dQt �ZtdBt ; 0 � t < T;

YT D �;
(5.107)
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where

ˆ.!; t; y; z/
defD ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; y/ ;

‰ .!; t; y/
defD ˛t .!/ ' .y/C .1 � ˛t .!//  .y/ ;

(we use the convention 0 � 1 D 0 and write @‰ for @y‰).
We also remark that if u0 2 Dom .@'/

T
Dom .@ /, Ou01 2 @' .u0/ and Ou02 2

@ .u0/, then

Out .!/ D ˛t .!/ Ou01 C .1 � ˛t .!// Ou02 2 @y‰ .!; t; u0/ :

We shall assume that the following assumptions hold:

�
BSVI-H�;‰;ˆ

� W (5.108)

(i ) � W � ! R
m is an FT -measurable random vector;

(ii) Q is a P-m.i.c.s.p. such that Q0 D 0;
(iii) .!; t/ 7�! ˛t .!/ W � � Œ0; T � ! Œ0; 1� is P-m.s.p. such that ˛tdQt D dt I
(iv) ˆ W ��Œ0; T ��R

m�R
m�k ! R

m satisfies the assumptions (5.13-BSDE-Hˆ);
(v) ‰ W � � Œ0; T � � R

m !� � 1;C1� satisfies

N ‰ .�; �; y/ is P-m.s.p. for all y 2 R
m,

N y 7�! ‰ .!; t; y/ W Rm !� � 1;C1� is a proper convex l.s.c. function,
N 9 u0 2 R

m and an R
m-valued P-m.s.p. .Out /t2Œ0;T � such that

.u0; Out / 2 @y‰ .!; t; �/ ; dP ˝ dt -a:e: .!; t/ 2 � � Œ0; T � :

�

Definition 5.44. A pair .Y;Z/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / of stochastic processes

is a solution of the backward stochastic variational inequality (5.107) if there exist
K 2 S0m Œ0; T �, K0 D 0, such that

.a/ lKlT C
Z T

0

j‰ .t; Yt /j dQt C
Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; a.s.;

.b/ dKt 2 @y‰ .t; Yt / dQt ; a.s. that is: P-a.s.;Z s

t

hy.r/ � Yr ; dKri C
Z s

t

‰.r; Yr /dQr �
Z s

t

‰.r; y.r//dQr ;

8y 2 C.Œ0; T �IRm/; 8 0 � t � s � T;

and P-a.s., for all t 2 Œ0; T �:

Yt CKT �Kt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a.s. (5.109)

(we also say that the triple .Y;Z;K/ is a solution of the Eq. (5.107)).
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Remark 5.45. If K is absolutely continuous with respect to dQt , i.e. there exists a
progressively measurable stochastic process U such that

Z T

0

jUt j dQt < 1; a.s. and Kt D
Z t

0

UsdQs; for all t 2 Œ0; T � ;

then dKt 2 @‰ .t; Yt / dQt means, P-a.s. ! 2 �,

Ut 2 @‰y .t; Yt / ; dQt -a.e.

In this case we also say that the triple .Y;Z;U / is a solution of the Eq. (5.107).

If dKt 2 @‰y .t; Yt / dQt , d QKt 2 @‰y.t; QYt /dQt and

Z T

0

j‰ .t; Yt /j dQt C
Z T

0

j‰.t; QYt /jdQt < 1; a.s.,

then, using the subdifferential inequalities

Z s

t

h QYr � Yr ; dKri C
Z s

t

‰.r; Yr /dQr �
Z s

t

‰.r; QYr/dQr ;Z s

t

hYr � QYr ; d QKri C
Z s

t

‰.r; QYr/dQr �
Z s

t

‰.r; Yr /dQr ;

we infer that, for all 0 � t � s � T

Z s

t

hYr � QYr ; dKr � d QKri � 0; a:s: (5.110)

Let a; p > 1 and

Vt D V
a;p
t

defD
Z t

0




sdQs C a

2np
.`s/

2 ds

�
and N
t D

Z t

0


sdQs:

Recall the notations

Spm
�
Œ0; T � I e N
� D ˚

Y 2 S0m .Œ0; T �/ W e N
Y 2 Spm .Œ0; T �/
�

and

S1Cm
�
Œ0; T � I e N
� D

[
p>1

Spm
�
Œ0; T � I e N
� :

Note that if 
 is a determinist process then Spm
�
Œ0; T � I e N
� D S

p
m .Œ0; T �/.

Proposition 5.46. Let the assumptions
�
BSVI-H�;‰;ˆ

�
be satisfied. Then for every

a; p > 1 there exists a constant Ca;p such that for all solutions .Y;Z/ 2 S0m Œ0; T ��
ƒ0
m�k .0; T / of the BSDE (5.107) satisfying
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E sup
s2Œ0;T �

epVs jYs � u0jp < 1;

the following inequality holds P-a:s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
epVs jYs � u0jp C E

Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

CE
Ft

�Z T

t

e2Vs j‰.s; Ys/ �‰ .s; u0/j dQs

�p=2

� Ca;p



E

Ft epVT j� � u0jp C E
Ft

�Z T

t

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs

�p �
:

(5.111)

Proof. We have

Yt � u0 D � � u0 C
Z T

t

Œˆ .s; Ys; Zs/ dQs � dKs� �
Z T

t

ZsdBs :

Note that

hYt � u0; ˆ .t; Yt ; Zt /i dQt

D hYt � u0; .ˆ .t; Yt ; Zt / �ˆ.t; u0; Zt //i dQt

C hYt � u0; ˆ .t; u0; Zt / �ˆ.t; u0; 0/i dQt C hYt � u0; ˆ .t; u0; 0/i dQt

� jYt � u0j2 
tdQt C jYt � u0j jZt j `tdt C jYt � u0j jˆ.t; u0; 0/j dQt

� jYt � u0j jˆ.t; u0; 0/j dQt C jYt � u0j2 dV t C np

2a
jZt j2 dt;

where np D .p � 1/ ^ 1:
From the subdifferential inequalities we have

j‰.t; Yt / �‰ .t; u0/j � ‰.t; Yt / �‰ .t; u0/C 2 jOut j jYt � u0j ; and
Œ‰.t; Yt / �‰ .t; u0/� dQt � hYt � u0; dKt i ;

so

j‰.t; Yt / �‰ .t; u0/j dQt � hYt � u0; dKt i C 2 jOut j jYt � u0j dQt :

Hence

j‰.t; Yt / �‰ .t; u0/j dQt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� jYt � u0j Œ2 jOut j C jˆ.t; u0; 0/j� dQt C jYt � u0j2 dV t C np

2a
jZt j2 dt:

Now (5.111) follows from Proposition 5.2. �
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Corollary 5.47. Let p D 1. Let the assumptions
�
BSVI-H�;‰;ˆ

�
be satisfied and

ˆ.t; y; z/ � ˆ.t; y/ for all t 2 Œ0; T �, y 2 R
m and z 2 R

m�k (ˆ is independent of
zI `t � 0 and Vt D N
t D R t

0

sdQs). Let

dNt D ŒjOut j C jˆ.t; u0; 0/j� dQt :

If .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of the BSDE (5.107) satisfying

E sup
s2Œ0;T �

e N
s jYs � u0j < 1;

then the following inequality holds P-a:s., for all t 2 Œ0; T �:

e N
t jYt � u0j � E
Ft e N
T j� � u0j C E

Ft

Z T

t

e N
sdNs :

Moreover for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

�
E
�
e N
s jYsj

� 	q C E sup
s2Œ0;T �

eq N
s jYsjq

CE

�Z T

0

e2 N
s jZsj2 ds

�q=2
C E

�Z T

0

e2 N
s j‰.s; Ys/ �‰ .s; u0/j dQs

�q=2

� Cq

"�
E
�
e N
T j� � u0j

� �q C
�
E

Z T

0

e N
sdNs

�q#
:

Proof. From the proof of Proposition 5.46 we have

j‰.t; Yt / �‰ .t; u0/j dQt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� jYt � u0j Œ2 jOut j C jˆ.t; u0; 0/j� dQt C jYt � u0j2 d N
t

and the conclusions follow by Corollary 6.81. �

Remark 5.48. A consequence of (5.111) is the following. Denoting

‚ D eVT j� � u0j C
Z T

0

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs;

then for all t 2 Œ0; T �:

jYt j � ju0j C C1=p
a;p e�Vt �EFt ‚p

�1=p
; a:s: (5.112)

Corollary 5.49. Let p � 2, r0 > 0 and

‰#
u0;r0 .t/

defD sup f‰ .t; u0 C r0v/ W jvj � 1g :
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Then

r
p=2
0 E

�Z T

0

e2Vsd l K ls
�p=2

� C .r0/
a;p



E epVT j� � u0jp

CE

�Z T

0

e2Vs
�
‰#

u0;r0 .s/ �‰ .s; u0/
�

dQs

�p=2

CE

�Z T

0

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs

�p �
:

(5.113)

Proof. Let v 2 C .Œ0; T � IRm/ be arbitrary. From the subdifferential inequality

hu0 C r0v .t/ � Yt ; dKt i C‰.t; Yt /dQt � ‰ .t; u0 C r0v .t// dQt ;

we deduce

r0d l K lt C‰.t; Yt /dQt � hYt � u0; dKt i C‰#
u0;r0 .t/ dQt :

Since

hYt � u0; Out i C‰ .t; u0/ � ‰.t; Yt /;

we see that

r0d l K lt� hYt � u0; dKt i C jOut j jYt � u0j dQt C �
‰#

u0;r0 .t/ �‰ .t; u0/
�

dQt :

Therefore

r0d l K lt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� �

‰#
u0;r0 .t/ �‰ .t; u0/

�
dQt C jYt � u0j ŒjOut j C jˆ.t; u0; 0/j� dQt

C jYt � u0j2 dV t C np

2a
jZt j2 dt:

(5.113) now follows by Proposition 5.2. �

Proposition 5.50 (Uniqueness). Let a; p > 1. Let the assumptions (5.108-BSVI-
H�;‰;ˆ) be satisfied. If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � �ƒ0

m�k .0; T / are two solutions
of the BSDE (5.107) corresponding respectively to � and O� such that

E sup
s2Œ0;T �

epVs
ˇ̌
ˇYs � OYs

ˇ̌
ˇp < 1;

then P-a:s., for all t 2 Œ0; T �:

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇp � E

Ft
�
epVT j� � O�jp� (5.114)
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and there exists a constant Ca;p such that, P-a.s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
epVs

ˇ̌
ˇYs � OYs

ˇ̌
ˇp C E

Ft

�Z T

t

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ2 ds

�p=2

� Ca;p E
Ft epVT j� � O�jp :

(5.115)

Uniqueness in the space S
p
m

�
Œ0; T � I eV � � ƒ0

m�k .0; T / follows. Moreover, if
.`t /t2Œ0;T � is a deterministic process, uniqueness of the solution .Y;Z/ of the
BSDE (5.107) holds in S1Cm

�
Œ0; T � I e N
� �ƒ0

m�k .0; T /.

Proof. Let .Y;Z/, . OY ; OZ/ 2 S0m .Œ0; T � 0/ � ƒ0
m�k .0; T / be two solutions corre-

sponding to � and O� respectively. Then

Yt � OYt D � � O�C
Z T

t

dLs �
Z T

t

�
Zs � OZs

	
dBs;

where

Lt D
Z t

0

h�
ˆ.s; Ys; Zs/ �ˆ

�
s; OYs; OZs

		
dQs �

�
dKs � d OKs

	i
:

Since by (5.110)
D
Ys � OYs; dKs � d OKs

E
� 0, we have for all a > 1:

D
Yt � OYt ; dLt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ2 
tdQt C

ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇZt � OZt

ˇ̌
ˇ `tdt

�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ2



tdQt C a

2np
.`t /

2 dt

�
C np

2a

ˇ̌
ˇZt � OZt

ˇ̌
ˇ2 dt;

where np D .p � 1/ ^ 1. (5.114) and (5.115) follow from Proposition 5.2 and,
consequently, uniqueness follows, too.

Let now .`t /t2Œ0;T � be a deterministic process. If .Y;Z/, . OY ; OZ/ 2 S1Cm .Œ0; T � I
e N
/ � ƒ0

m�k .0; T /, then there exists a p > 1 such that Y; OY 2 S
p
m

�
Œ0; T � I e N
� and

the uniqueness follows from the first step. �

Proposition 5.51 (Uniqueness). Let p D 1. Let the assumptions (5.108-BSVI-
H�;‰;ˆ) be satisfied and ˆ be independent of z 2 R

m�k (`t � 0 and Vt D N
t DR t
0

sdQs). If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � � ƒ0

m�k .0; T / are two solutions of the
BSDE (5.107) corresponding respectively to � and O� such that

E sup
s2Œ0;T �

e N
s
ˇ̌
ˇYs � OYs

ˇ̌
ˇ < 1;

then P-a:s., for all t 2 Œ0; T �:

e N
t
ˇ̌
ˇYt � OYt

ˇ̌
ˇ � E

Ft
�
e N
T j� � O�j�
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and for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

�
E

�
e N
s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
	 	q C E sup

s2Œ0;T �
eq N
s

ˇ̌
ˇYs � OYs

ˇ̌
ˇq

CE

�Z T

0

e2 N
s
ˇ̌
ˇZs � OZs

ˇ̌
ˇ2 ds

�q=2

� Cq

�
E
�
e N
T j� � O�j�

�q
:

Proof. Following the proof of Proposition 5.50 we now have

D
Yt � OYt ; dLt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ2 
tdQt

and the conclusions follow by Corollary 6.81. �

5.5.2 Existence

We consider the following backward stochastic variational inequality (BSVI)

� �dYt C @' .Yt / dt 3 F .t; Yt ; Zt / dt �ZtdBt ; 0 � t < T;

YT D �;
(5.116)

and we suppose that the following assumptions hold:

(A1) � W � ! R
m is an FT -measurable random vector.

(A2) F W � � Œ0; T � � R
m � R

m�k ! R
m satisfies the assumptions (5.77-BSDE-

MHF ) (from Sect. 5.3.4).
(A3) ' W Rm ! .�1;C1� is a proper, convex l.s.c. function.

Recall that the subdifferential of ' is given by

@' .y/ D f Oy 2 R
m W h Oy; v � yi C ' .y/ � ' .v/ ; 8 v 2 R

mg ;

and by .y; Oy/ 2 @' we understand that y 2 Dom .@'/ and Oy 2 @' .y/.
We define

Dom .'/ D fy 2 R
m W ' .y/ < 1g ;

Dom .@'/ D fy 2 R
m W @' .y/ ¤ ;g � Dom .'/ :

Let " > 0 and denote the Moreau regularization of ' by

'" .y/
defD inf

�
1

2"
jy � vj2 C ' .v/ W v 2 R

m

�
D 1

2"
jy � J" .y/j2 C ' .J" .y// ;

(5.117)
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where J" .y/ D .Im�m C "@'/�1 .y/. Note that '" is a C1 convex function and J"
is a 1-Lipschitz function.

We mention some properties (see Annex B: Convex Functions): for all x; y 2 R
m

.a/ r'".y/ D @'" .y/ D y � J" .y/
"

2 @'.J"y/;
.b/ jr'".x/ � r'".y/j � 1

"
jx � yj ;

.c/ hr'".x/ � r'".y/; x � yi � 0;

.d/ hr'".x/ � r'ı.y/; x � yi � �."C ı/ hr'".x/;r'ı.y/i :

(5.118)

Throughout this subsection we fix a pair .u0; Ou0/ 2 @'. Then by (6.26) from Annex
B we have

8<
:
.j / jr'" .u0/j � jOu0j ;
. jj/

jy � J" .y/j2
2"

� '" .y/ � ' .u0/C jOu0j jy � u0j C " jOu0j2 :
(5.119)

We will make the following assumption:

(A4) There exist p � 2, a positive stochastic process ˇ 2 L1 .� � .0; T //, a
positive function b 2 L1 .0; T / and real numbers � � 0, � 2�0; 1Œ such that

for all .u; Ou/ 2 @' and z 2 R
m�k W

hOu; F .t; u; z/i � � jOuj2 C ˇt C b .t/ jujp C � jzj2
dP ˝ dt -a.e., .!; t/ 2 � � Œ0; T � :

(5.120)

We note that if hOu; F .t; u; z/i � 0 for all .u; Ou/ 2 @', then the condition (5.120)
is satisfied with ˇt D b .t/ D � D 0. If for example ' D ID (the convex indicator of
the closed convex setD) and ny denotes any unit outward normal vector toD at y 2
Bd
�
D
�
, then the condition

˝
ny; F .t; y; z/

˛ � 0 for all y 2 Bd
�
D
�

yields (5.120)
with ˇt D b .t/ D � D 0 (for example). In this last case by Itô’s formula for

 
� QY � D �

distD
� QY ��2, where

� �d QYt D F
�
t; QYt ; QZt

�
dt � QZtdBt ; 0 � t < T;

QYT D �;

and by the uniqueness of the triple .Y;Z;U / satisfying (5.107) we infer that
.Y;Z;U / D � QY ; QZ; 0�.
Theorem 5.52 (Existence - Uniqueness). Let p � 2 and assumptions (A1�A4) be
satisfied with this p. Suppose moreover that, for all 	 � 0,

E j�jp C E'C .�/C E

�Z T

0

F #
	 .s/ds

�p
< 1:



5.5 BSDEs with a Subdifferential Coefficient 433

Then there exists a unique pair .Y;Z/ 2 S
p
m Œ0; T � � ƒ

p

m�k .0; T / and a unique
stochastic process U 2 ƒ2

m .0; T / such that

.a/

Z T

0

jF.t; Yt ; Zt /j dt < 1; P-a.s.;

.b/ Yt .!/ 2 Dom .@'/ ; dP ˝ dt -a.e. .!; t/ 2 � � Œ0; T � ;

.c/ Ut .!/ 2 @' .Yt .!// ; dP ˝ dt -a.e. .!; t/ 2 � � Œ0; T � ;

and for all t 2 Œ0; T �:

Yt C
Z T

t

Usds D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a.s. (5.121)

Moreover, uniqueness holds in S1Cm Œ0; T � �ƒ0
m�k .0; T /, where

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Proof. Let .Y;Z/, . QY ; QZ/ 2 S1Cm Œ0; T � � ƒ0
m�k .0; T / be two solutions. Then

Y; QY 2 Spm Œ0; T �, for some p. Uniqueness follows from Proposition 5.50.
The proof of the existence will be split into several steps.

Step 1. Approximating problem.

For " 2 .0; 1� consider the approximating equation: P-a:s., for all t 2 Œ0; T �,

Y "t C
Z T

t

r'"
�
Y "s
�

ds D �C
Z T

t

F
�
s; Y "s ; Z

"
s

�
ds �

Z T

t

Z"
sdBs; (5.122)

where r'" is the gradient of the Moreau regularization '" of '. It follows
(without assumption (A4)) from Theorem 5.27 that Eq. (5.122) has a unique
solution .Y "; Z"/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Step 2. Boundedness of Y " and Z".
Let .u0; Ou0/ 2 @', a > 1 and

V .t/ D V
a;p
t

defD
Z t

0




 .s/C a

2np
`2 .s/

�
ds D

Z t

0

h

 .s/C a

2
`2 .s/

i
ds

(p � 2 yields np D 1 ^ .p � 1/ D 1).

Let .u0; Ou0/ 2 @' be fixed. From Proposition 5.46 with ‰ replaced by '" and
dQs by ds, there exists a constant Ca;p (depending only on a and p) such that the
following inequality holds P-a:s., for all t 2 Œ0; T �:
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E
Ft sup

s2Œt;T �
epVs jY "s � u0jp C E

Ft

�Z T

t

e2Vs j'".Y "s / � '" .u0/j ds

�p=2

CE
Ft

�Z T

t

e2Vs jZ"
s j2 ds

�p=2

� Ca;p



E

Ft epVT j� � u0jp C E
Ft

�Z T

t

eVs Œjr'" .u0/j C jF .s; u0; 0/j� ds

�p �
:

(5.123)
Note that jr'" .u0/j � jOu0j and j'" .u0/j � ' .u0/ C jOu0j2. Hence there exists a

constant C independent of " such that

.a/ E kY "k2T � �
E kY "kpT

�2=p � C;

.b/ E

Z T

0

jZ"
s j2 ds �



E

�Z T

0

jZ"
s j2 ds

	p=2�2=p � C;

.c/ E

Z T

0

j'".Y "s /j ds �


E

�Z T

0

j'".Y "s /j ds
	p=2�2=p � C:

(5.124)

Throughout the proof we shall fix a D 2 and therefore

Vt D
Z t

0

�

 .s/C `2 .s/

�
ds:

Step 3. Boundedness of r'".Y "/.
Using the following stochastic subdifferential inequality given by Lemma 2.38

'".Y
"
t /C

Z T

t

hr'".Y "s /; dY"si � '".Y
"
T / D '".�/ � '.�/;

we deduce that, for all t 2 Œ0; T �,

'".Y
"
t /C

Z T

t

jr'".Y "s /j2 ds � '.�/C
Z T

t

˝r'".Y "s /; F �s; Y "s ; Z"
s

�˛
ds

�
Z T

t

hr'".Y "s /; Z"
sdBsi :

(5.125)

Since jr'" .y/j � jr'" .y/ � r'" .u0/ j C jr'" .u0/j � 1

"
jy � u0j C jOu0j and

E

�Z T

0

jr'"
�
Y "s
� j2jZ"

s j2ds

�1=2

� 1

"
E

"
sup
s2Œ0;T �

jr'"
�
Y "s
� j
�Z T

0

jZ"
s j2ds

	1=2#



5.5 BSDEs with a Subdifferential Coefficient 435

�
"
2

"2
E sup
s2Œ0;T �

jY "s � u0j2 C 2 jOu0j2
#

C E

�Z T

0

jZ"
s j2ds

�

< 1;

we have

E

Z T

t

hr'".Y "s /; Z"
sdBsi D 0:

Under assumption (A4), since r'".Y "s / 2 @' �J" �Y "s ��, it follows that

˝r'".Y "s /; F �s; Y "s ; Z"
s

�˛
D 1

"

˝
Y "s � J"

�
Y "s
�
; F

�
s; Y "s ; Z

"
s

� � F �s; J" �Y "s � ; Z"
s

�˛
C ˝r'".Y "s /; F �s; J" �Y "s � ; Z"

s

�˛

� 1

"

C .s/

ˇ̌
Y "s � J"

�
Y "s
�ˇ̌2 C � jr'".Y "s /j2 C ˇs C b .s/

ˇ̌
J"
�
Y "s
�ˇ̌p C � jZ"

s j2 :
(5.126)

Using here the inequalities (5.119), then from (5.125) we infer that for all t 2 Œ0; T �,

E'".Y
"
t /C .1 � �/E

Z T

t

jr'".Y "s /j2 ds � E'.�/C 2

Z T

t


C .s/E'".Y "s /ds

C C E

Z T

t

�h
1C ˇs C b .s/

�
1C jY "s � u0jp

�C � jZ"
s j2
i	

ds

which yields, via estimates (5.124) and the backward Gronwall inequality (Corol-
lary 6.62), that there exists a constant C > 0 independent of " 2 .0; 1� such that

.a/ E'".Y
"
t /C E

Z T

0

jr'".Y "s /j2 ds � C;

.b/ E
ˇ̌
Y "t � J"

�
Y "t
�ˇ̌2 � C":

(5.127)

Step 4. Cauchy sequence and convergence.

Let "; ı 2 .0; 1�.
We can write

Y "t � Y ıt D
Z T

t

dK";ıs �
Z T

t

Z"
sdBs;

where

K
";ı
t D

Z t

0

�
F
�
s; Y "s ; Z

"
s

� � F �s; Y ıs ; Zı
s

� � r'"
�
Y "s
�C r'ı

�
Y ıs
��

ds:
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Then

hY "t �Y ıt ; dK";ıt i � ."Cı/hr'".Y "t /;r'ı.Y ıt /idtCjY "t �Y ıt j2dV tC 1

4
jZ"

t �Zı
t j2dt;

and by Proposition 5.2, with a D p D 2,

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌2 C E

Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

� C E

Z T

0

."C ı/
˝r'".Y "s /;r'ı.Y ıs /˛ ds

� 1

2
C."C ı/



E

Z T

0

jr'".Y "s /j2 ds C E

Z T

0

ˇ̌r'ı.Y ıs /
ˇ̌2

ds

�

� C 0."C ı/:

Hence there exist .Y;Z;U / 2 S2m Œ0; T ��ƒ2
m�k .0; T /�ƒ2

m .0; T / and a sequence
"n & 0 such that

Y "n ! Y; in S2m Œ0; T � and a.s. in C .Œ0; T � IRm/ ;
Z"n ! Z; in ƒ2

m�k .0; T / and a.s. in L2
�
0; T IRm�k� ;

r'".Y "/ * U; weakly in ƒ2
m .0; T / ;

J"n .Y
"n/ ! Y; in ƒ2

m .0; T / and a.s. in L2 .0; T IRm/ :

Passing to the limit in (5.122) we conclude that

Yt C
Z T

t

Usds D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a.s.

Since r'".Y "s / 2 @'
�
J"
�
Y "s
��

it follows that for all A 2 F , 0 � s � t � T and
v 2 S2m Œ0; T �,

E

Z t

s

1A hr'".Y "r /; vr � Y "r i dr C E

Z t

s

1A'.J"
�
Y "r
�
/dr � E

Z t

s

1A'.vr/dr:

Passing to lim inf for " D "n & 0 in the above inequality we obtain that Us 2
@' .Ys/. Hence .Y;Z;U / 2 S

p
m Œ0; T � � ƒ

p

m�k .0; T / � ƒ2
m .0; T / and .Y;Z;K/,

with Kt D
Z t

0

Usds, is the solution of BSVI (5.116). The proof is complete. �

Remark 5.53. The existence Theorem 5.52 is well adapted to the Hilbert space
setting, since we do not impose an assumption of the form

int .Dom .'// ¤ ;;
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which is very restrictive for infinite dimensional spaces. In the context of Hilbert
spaces Theorem 5.52 holds in the same form (see [57] where some examples of
partial differential backward stochastic variational inequalities are given too).

Let .u0; Ou0/ 2 @' be fixed. From the inequality (5.123) we have for a D p D 2

e2V .t/ jY "t � u0j2 � Ca;p



E

Ft e2V..T / j� � u0j2

C E
Ft

�Z T

t

eV .s/ ŒjOu0j C jF .s; u0; 0/j� ds

�2 �
;

and consequently if j�j C
Z T

0

jF .s; u0; 0/j ds � M0, then a.s. for all t 2 Œ0; T �,

jY "t j � R0 D ju0j C C e2kV kT .ju0j C T jOu0j CM0/ : (5.128)

Corollary 5.54. If in Theorem 5.52 we replace the assumption (A4) by

(A5) There exist M0;L > 0 such that:

.i/ 0 � `t � L; a.e., t 2 Œ0; T � ;

.ii/ j�j C
Z T

0

jF .s; u0; 0/j ds � M0; a.s.,! 2 �;

.iii/ 9R0 > 0 sufficient large such that

E

Z T

0

�
F #
R0
.s/
�2

ds < 1;

(in the proof R0 is defined by (5.128)) the conclusions of Theorem 5.52 hold.

Proof. Let R0 be defined by (5.128). The proof follows the same steps and com-
putations as in Theorem 5.52 with the modification of Step 3: the estimate (5.126)
now takes the following form (considering (5.128)),

˝r'".Y "s /; F �s; Y "s ; Z"
s

�˛ � jr'".Y "s /j
ˇ̌
F
�
s; Y "s ; 0

�ˇ̌C jr'".Y "s /jL jZ"
s j

� 1

2
jr'".Y "s /j2 C �

F #
R0
.s/
�2 C L2 jZ"

s j2 :

Using this inequality in (5.125) we directly obtain (5.127). �

Remark 5.55. We note that if F .!; t; y; z/ D F .y; z/, then the assumption (A5)
becomes j�j � M0; a.s., ! 2 �.
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Remark 5.56. In the particular case where ' is the convex indicator of a convex
subset D � R

m, the BSDE (5.116) is a reflected BSDE. As first noted in [34], the
process K which maintains the solution inside D is absolutely continuous, unlike
in the case of forward SDEs. The intuitive reason for this is that K does not need
to fight against the martingale term. The situation is probably quite different in the
case of nonconvex sets, but reflecting BSDEs at the boundary of nonconvex sets
remains an open problem. The theory of reflected BSDEs was initiated in [25],
where reflection in R above a given continuous adapted process was considered.

5.6 BSDEs with Random Final Time

5.6.1 BSDEs with a Monotone Coefficient

Let us now discuss the existence and uniqueness of a solution to an equation which
we would like to write as

Yt D �C
Z 1

t

ˆ .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; a:s:; 8 t � 0: (5.129)

In most cases the above integrals will not make sense. For this reason we shall give
below a weaker formulation of the above BSDE.

We formulate the following assumptions:

.BSDE-H1/ (5.130)

.i/ p; a > 1, np D 1 ^ .p � 1/,
.ii/ � 2 Lp .�;F1;PIRm/ and .�; �/ 2 S

p

d � ƒ
p

d�k .0;1/ is the unique pair
such that

�t D � �
Z 1

t

�sdBs; t � 0; a:s:;

(in particular .�t /t�0 is given by �t D E
Ft �).

.iii/ .!; t/ 7�! Qt .!/ W � � Œ0;1Œ! R is a P-m.i.c.s.p. such that Q0 D 0.

� 8 y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � � Œ0;1Œ! R
m is

P-measurable;
� there exist ` 2 L2loc .RCIRC/ (a deterministic function) and two P-m.s.p

; ˛ W � � Œ0;1Œ! R, ˛ � 0, such that ˛tdQt D dt and

Z T

0

j
t jdQt < 1; for all T > 0;P-a.s.I
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� for all y; y0 2 R
m and z; z0 2 R

m�k; dP ˝ dQt -a:e.:

Continuity:�
Cy
�

y �! ˆ.t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y;ˆ.t; y0; z/ �ˆ.t; y; z/i � 
t jy0 � yj2 I
Lipschitz condition:

.Lz/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t ` .t/ jz0 � zjI
Boundedness condition:

�
By
� Z T

0

ˆ#
	 .s/ dQs < 1; 8 	; T � 0;

(5.131)

�

where ˆ#
	 .t/ D sup fjˆ.t; y; 0/j W jyj � 	g.

Define

N
t D
Z t

0


sdQs

and

Spm
�
e N
� D

(
Y 2 S0m W E sup

s2Œ0;T �

ˇ̌
e N
sYs

ˇ̌p
< 1 for all T � 0

)
:

Note that

N
t � N
C
t � 

 N
C



t
D sup

s2Œ0;t �

�Z s

0


rdQr

�C
�
Z t

0


C
r dQr :

Finally we recall the usual notation

Vt D V
a;p
t

defD
Z t

0


sdQs C a

2np

Z t

0

`2 .s/ ds: (5.132)

Theorem 5.57. Let p; a > 1 and V be defined by (5.132). Let the assumptions
.BSDE-H1/ be satisfied and

.i/ E

 
sup
t2Œ0;T �

ep N
t j�jp
!
< 1 < 1; for all T � 0;

.ii/ E

�Z 1

0

eVt jˆ.t; �t ; �t /j dQt

�p
< 1:
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If, moreover, for all 	 � 0

.h1/ E

�Z T

0

sup
jyj�	

ˇ̌
e N
tˆ

�
s; e� N
t y; 0

� � 
ty
ˇ̌
dQt

	p
< 1, or

.h2/ 
 � 0 and E

�Z T

0

e N
t sup
jyj�	

jˆ.t; y; 0/j dQs

	p
< 1,

then there exists a unique solution .Yt ; Zt /t�0 2 S0m �ƒ0
m�k of the BSDE (5.129) in

the sense that (here 80 � t � T means for all t and all T such that 0 � t � T )

8̂
ˆ̂̂<
ˆ̂̂̂
:

.j / Yt D YT C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:; 8 0 � t � T;

. jj/ E sup
0�t�T

epVs jYsjp < 1; for all T � 0;

. jjj/ lim
T!1 E epVT jYT � �T jp D 0:

(5.133)

Moreover

E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1; for all T � 0;

and there exists a constant Ca;p depending only on .a; p/ such that for all t � 0,

E
Ft sup

s�t
ˇ̌
eVs .Ys � �s/

ˇ̌p C E
Ft

�Z 1

t

e2Vs jZs � �sj2 ds

�p=2

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
; a:s:

(5.134)

Proof. Uniqueness. If .Y;Z/ and
� OY ; OZ

	
are two solutions of (5.133) in the space

S
p
m

�
e N
� � ƒ0

m�k D S
p
m

�
eV
� � ƒ0

m�k . Then from (5.24) there exists a positive
constant Ca;p depending only on .a; p/, such that

E

 
sup
t2Œ0;T �

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇp
!

C E

�Z T

0

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ2 ds

�p=2

� Ca;pE e
pVT

ˇ̌
ˇYT � OYT

ˇ̌
ˇp ! 0; as T ! 1;

where we have used ..5:133/.jj //. Uniqueness follows.

Existence. Note that

�t D E
Fn� �

Z n

t

�sdBs; t 2 Œ0; n� ; a:s:;
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and since E
�
supt2Œ0;T � ep N
t j�jp� < 1, by Corollary 6.83

E sup
t2Œ0;T �

ep N
t j�t jp C E

�Z T

0

e2 N
t j�t j2 dt
�p=2

� Cp E

 
sup
t2Œ0;T �

ep N
t j�jp
!
< 1:

(5.135)
Hence

.�; �/ 2 Spm
�
Œ0; T � I e N
� �ƒp

m�k
�
0; T I e N
�

� Spm
�
Œ0; T � I eV � �ƒp

m�k
�
0; T I eV � :

For any fixed n 2 N
�, we consider the approximating equation

Y nt D E
Fn�C

Z n

t

ˆ
�
s; Y ns ; Z

n
s

�
dQs �

Z n

t

Zn
s dBs; t 2 Œ0; n� ; a:s:

By Lemma 5.29, this equation has a unique solution .Y n;Zn/ 2 S
p
m

�
Œ0; n� I e N
� �

ƒ
p

m�k
�
0; nI e N
�. We set Y ns D �s and Zn

s D �s for s > n.
Since the approximating equation can be written in the form: P-a.s., for all t 2

Œ0; n�,

Y nt � �t D
Z n

t

ˆ
�
s; �s C �

Y ns � �s
�
; �s C �

Zn
s � �s

��
dQs �

Z n

t

�
Zn
s � �s

�
dBs;

we deduce from (5.19) that P-a.s., for all 0 � t � n,

E
Ft sup

s�t
epVs jY ns � �sjp C E

Ft

�Z 1

t

e2Vs jZn
s � �sj2 ds

�p=2

� Ca;pE
Ft

�Z n

t

eVs jˆ.s; �s; �s/j dQs

�p

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
(5.136)

where Ca;p is a constant depending only upon .a; p/. In particular for i 2 N
�:

E sup
s�n



eVs �Y nCi
s � �s

�

p C E

�Z 1

n

e2Vs
ˇ̌
ZnCi
s � �s

ˇ̌2
ds

�p=2

� Ca;pE

�Z 1

n

eVs jˆ.s; �s; �s/j dQs

�p
! 0; as n ! 1:

(5.137)

Note that by uniqueness

Y nCi
t D Y nCi

n C
Z n

t

ˆ
�
s; Y nCi

s ; ZnCi
s

�
dQs �

Z n

t

ZnCi
s dBs; t 2 Œ0; n� ; a:s:
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Using the inequality (5.24) in this context we infer that

E

 
sup
t2Œ0;n�

epVt
ˇ̌
Y nCi
t � Y nt

ˇ̌p!C E

�Z n

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

� Ca;pE e
pVn

ˇ̌
Y nCi
n � �n

ˇ̌p ! 0; as n ! 1:

Hence

E

 
sup
s�0

epVs
ˇ̌
Y nCi
s � Y ns

ˇ̌p!C E

�Z 1

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

� E

 
sup
s2Œ0;n�

epVs
ˇ̌
Y nCi
s � Y ns

ˇ̌p!C 2p=2E

�Z n

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

C E

�
sup
s>n

epVs
ˇ̌
Y nCi
s � �s

ˇ̌p�C 2p=2E

�Z 1

n

e2Vs
ˇ̌
ZnCi
s � �s

ˇ̌2
ds

�p=2

! 0; as n ! 1:

This shows there exist progressively measurable stochastic processes Y W RC�� !
R
m and Z W RC �� ! R

m�k such that

lim
n!1E

 
sup
s�0

epVs jY ns � Ysjp
!

C E

�Z 1

0

e2Vs jZn
s �Zsj2 ds

�p=2
D 0: (5.138)

From (5.136) we deduce by letting n ! 1 that for all t � 0, P-a.s.,

E
Ft sup

s�t
ˇ̌
eVs .Ys � �s/

ˇ̌p C E
Ft

�Z 1

t

e2Vs jZs � �sj2 ds

�p=2

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
:

(5.139)

Since .�; �/ 2 S
p
m

�
Œ0; T � I eV � � ƒp

m�k
�
0; T I eV �, for all T > 0, it clearly follows

from (5.139) that

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1:

Let 0 � t � T � n. Now by Lemma 5.5 we can pass to the limit in

Y nt D Y nT C
Z T

t

ˆ
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs; a:s:; t 2 Œ0; T � (5.140)
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and taking into account (5.139) we deduce that .Y;Z/ satisfies (5.133). The proof
is complete.

Remark 5.58. If, moreover, there exists a constant b such that supt�0 Vt � b,
P-a.s., then the conditions (5.143-.jjj/) can be replaced by the stronger statement
than (5.133):

�
jjj0
�

lim
T!1 E epVT jYT � �jp D 0: (5.141)

Indeed using the backward Burkholder–Davis–Gundy inequality (2.51) we have

cpE

�Z 1

t

j�r j2 dr

�p=2
� E sup

s�t
j� � �sjp � CpE

�Z 1

t

j�r j2 dr

�p=2
:

�

Let � W � ! Œ0;1� be a stopping time and � 2 Lp .�;F� ;PIRm/, p > 1. We
now consider the BSDE

Yt D �C
Z �

t^�
ˆ .s; Ys; Zs/ dQs �

Z �

t^�
ZsdBs; a:s:; 8 t � 0; (5.142)

in the sense which will be made precise in the next theorem. Plainly the
BSDE (5.142) a particular case of Eq. (5.129) where ˆ is of the form 1Œ0;��ˆ,
since by Lemma 2.43 Zt D 0 for all t > � .

Recall that the unique pair .�; �/ 2 Spd �ƒp

d�k .0;1/ such that

�t D � �
Z 1

t

�sdBs; t � 0; a:s:;

satisfies �t D E
Ft^� � and �t D 1Œ0;�� .t/ �t .

Define

Vt
defD
Z t^�

0


sdQs C a

2np

Z t^�

0

`2 .s/ ds and N
t D
Z t^�

0


sdQs:

We deduce from Theorem 5.57:

Corollary 5.59. Let a; p > 1 and � W � ! Œ0;1� be a stopping time. Let the
assumptions .BSDE-H1/ with ˆ.s; y; z/ D 1Œ0;�� .s/ˆ .s; y; z/ be satisfied and
� 2 Lp .�;F� ;PIRm/. Assume moreover

.i/ E

�
epk N
CkT^� j�jp

	
< 1; for all T � 0;

.ii/ E

�Z �

0

eVt jˆ.t; �t ; �t /j dQt

�p
< 1;
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and for all 	 � 0

.h1/ E

�Z T^�

0

sup
jyj�	

ˇ̌
e N
tˆ

�
s; e� N
t y; 0

� � 
ty
ˇ̌
dQt

	p
< 1, or

.h1/ 
 � 0 and E

�Z T^�

0

e N
t sup
jyj�	

jˆ.t; y; 0/j dQs

	p
< 1.

.A/ Then there exists a unique solution .Yt ; Zt /t�0 2 S0m�ƒ0
m�k , .Yt ; Zt / D .�; 0/

if t > � , of the BSDE (5.142) in the sense that

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

.j / Yt D YT C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:;

for all 0 � t � T;

. jj/ E sup
s2Œ0;T �

epVs jYsjp < 1; for all T � 0;

. jjj/ lim
T!1 E epVT^� jYT^� � �T^� jp D 0:

(5.143)

Moreover

E

�Z �

0

e2Vs jZsj2 ds

�p=2
< 1

and there exists a constant Ca;p depending only on .a; p/ such that for all
t � 0,

E sup
t^��s��

ˇ̌
eVs .Ys � �s/

ˇ̌p C E

�Z �

t^�
e2Vs jZs � �sj2 ds

�p=2

� Ca;pE

�Z �

t^�
eVs jˆ.s; �s; �s/j dQs

�p
:

(5.144)

.B/ If, moreover, there exists a constant b such that sup0�t�� Vt � b, P-a.s., then
the conditions (5.143-.jjj/) can be replaced by

�
jjj0
�

lim
T!1 E epVT^� jYT^� � �jp D 0: (5.145)

�

5.6.2 BSVIs with Random Final Time

In this section we are interested in the following generalized backward stochastic
variational inequality (BSVI for short):
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8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt on RC;

(5.146)

where @', @ are the subdifferentials of the convex lower semicontinuous functions
',  , fAt W t � 0g is a progressively measurable increasing continuous stochastic
process, and � is a stopping time.

In fact we will define and prove the existence of the solution for an equivalent
form of (5.146):

8<
:
Yt C

Z 1

t

dKs D �C
Z 1

t

ˆ .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; t � 0;

dKt 2 @y‰ .t; Yt / dQt ; on RC;
(5.147)

with Q, ˆ and ‰ adequately defined.
We mention that the presence of the process A is justified by the possible

applications of Eq. (5.146) in obtaining a probabilistic interpretation for the solution
of PDEs with Neumann boundary conditions; since � is a stopping time the
BSVI (5.146) can be used for elliptic PDEs.

Because (5.146) is quite a complicated equation, in order to simplify the
presentation we shall restrict ourselves to p D 2. The case p � 2 can be found
in [47].

We begin to give the main assumptions for this section.

(A1) The random variable � W � ! Œ0;1� is a stopping time.
(A2) The random variable � W � ! R

m is F� -measurable, E j�j2 < 1 and the
stochastic process .�; �/ 2 S2m �ƒ2

m�k .0;1/ is the unique pair associated to
� given by the martingale representation formula (Corollary 2.44)

8<
:
�t D � �

Z 1

t

�sdBs; t � 0; a.s.,

�t D E
Ft � D E

Ft^� � and �t D 1Œ0;�� .t/ �t :

(A3) The process fAt W t � 0g is a progressively measurable increasing continuous
stochastic process such that A0 D 0,

Qt .!/ D t C At .!/ ;

and f˛t W t � 0g is a real positive p.m.s.p. (given by the Radon–Nikodym
representation theorem) such that ˛ 2 Œ0; 1� and

dt D ˛tdQt and dAt D .1 � ˛t / dQt :
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(A4) The functions F W ��RC �R
m�R

m�k ! R
m and G W ��RC �R

m ! R
m

are such that

�
F .�; �; y; z/ ; G .�; �; y/ are p.m.s.p., for all .y; z/ 2 R

m � R
m�k ,

F .!; t; �; �/ ; G .!; t; �/ are continuous functions, dP ˝ dt -a.e.,

and P-a.s.,

Z T

0

F #
	 .s/ ds C

Z T

0

G#
	 .s/ dAs < 1; 8 	; T � 0;

where

F #
	 .!; s/ WD sup

jyj�	
jF .!; s; y; 0/j ; G#

	 .!; s/ WD sup
jyj�	

jG .!; s; y/j :

(A5) Assume that there exist three progressively measurable positive stochastic
processes 
; �; ` W � � RC ! RC such that

Z T

0

�

s C .`s/

2
	

ds C
Z T

0

�sdAs < 1; for all T > 0; P-a.s.,

and P-a.s. ! 2 �, for all t 2 Œ0; � .!/�, y; y0 2 R
m, z; z0 2 R

m�k ,

.i/ hy0 � y; F.t; y0; z/ � F.t; y; z/i � 
t jy0 � yj2 ;
.ii/ hy0 � y;G.t; y0/ �G.t; y/i � �t jy0 � yj2 ;
.iii/ jF.t; y; z0/ � F.t; y; z/j � `t jz0 � zj :

(5.148)

Let us introduce the functions

H .!; t; y; z/ WD 1Œ0;�.!/� .t/ Œ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; t; y/� ;
N
t WD

Z t

0

1Œ0;�� .s/ 
sds; N�t WD
Z t

0

1Œ0;�� .s/ �sdAs;

�t WD 1Œ0;�� .t/ Œ
t˛t C �t .1 � ˛t /� ; N�t WD
Z t

0

1Œ0;�� .s/ �sdQs D N
t C N�t ;

�t D 1Œ0;�� .t/ ˛t `t ; O�t D
Z t

0

1Œ0;�� .s/ .`s/
2 ˛sdQs D

Z t^�

0

.`s/
2 ds:

(5.149)
The relations (5.148) yield

.a/ hy0 � y;H.t; y0; z/ �H.t; y; z/i � �t jy0 � yj2 ;

.b/ jH.t; y; z0/ �H.t; y; z/j � �t jz0 � zj : (5.150)

Let

Vt D
Z t

0

1Œ0;�� .s/
� �

s C .`s/

2
	
˛s C �s .1 � ˛s/

�
dQs D N�t C O�t : (5.151)
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Concerning ' and  we shall assume:

(A6) '; W R
m ! Œ0;C1� are proper convex lower semicontinuous (l.s.c.)

functions, @' and @ are the subdifferentials of ' and  , respectively, and
there exists a u0 2 R

m such that 0 2 @' .u0/ \ @ .u0/ (which is equivalent
to ' .u0/ � ' .y/ and  .u0/ �  .y/ for all y 2 R

m). Define

‰ .!; t; y/ D 1Œ0;�.!/� .t/ Œ˛t .!/ ' .y/C .1 � ˛t .!//  .y/� :

(A7) If P .� > N/ > 0, for all N 2 N
�, then for every N� 2 �; u0 D conv f�; u0g

there exist two progressively measurable stochastic processes N�.1/; N�.2/ such
that N�.1/t 2 @' �EFt N��, N�.2/t 2 @ �EFt N�� a.e. t � 0 and

E

�Z �

0

eVs j N�.1/s jds

�2
C E

�Z �

0

eVs j N�.2/s jdAs

�2
< 1I

if N�s D 1Œ0;�� .s/ Œ N�.1/s ˛s C N�.2/s .1 � ˛s/�, then N�s .!/ 2 @‰ �!; s;EFs N�� and

E

�Z �

0

eVs
ˇ̌ N�s ˇ̌ dQs

�2
< 1

(in the case N� D � we define �t D E
Ft � and in the place of . N�.1/; N�.2/; N�/ we

shall use the notation . O�.1/; O�.2/; O�/).
Remark 5.60. In place of the assumption (A7) we can consider two particular
cases:

.A0
7/ � W � ! O, where O is the closed convex set defined by

O
defD fy 2 R

m W ' .y/ D ' .u0/ and  .y/ D  .u0/g I

or
(A00

7 ) there exist r0 > 0 and v0 2 Dom .'/ \ Dom . / such that

.i/ � W � ! B .v0; r0/ � int .Dom .'// \ int .Dom . // ;

.ii/ E
�
eV� .� C A�/

�
< 1:

Indeed:

.A0
7/ )(A7): since N�t D E

Ft N� 2 O for all t � 0 we can set N�.1/ D N�.2/ D N� D 0

for every N� 2 �; u0I
.A00

7 / ) (A7): by Proposition 6.2-.d/ there exists an M0 > 0 such that
@' .u/ � B .0;M0/ and @ .u/ � B .0;M0/ for all u 2 B .v0; r0/ and
consequently

ˇ̌ N�.1/t ˇ̌ C ˇ̌ N�.2/t ˇ̌ � 2M0 for all N� 2 �; u0 because E
Ft N� 2 B .v0; r0/

for all t � 0. Observe that from
�
A00
7 -ii
�

it follows that P .� D 1/ D 0.
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Definition 5.61. By the notation dKt 2 @ .Yt / dAt we shall understand that:

• K is an R
m-valued locally bounded variation stochastic process;

• Y is an R
m-valued continuous stochastic process such that

Z T

0

 .Yt / dAt < 1,

a.s. 8T � 0; and
• P-a.s., for all 0 � t � s

Z s

t

hy .r/ � Yr ; dKri C
Z s

t

 .Yr/ dAr �
Z s

t

' .y .r// dAr , 8y 2 C .RCIRm/ ;

(we have an analogous definition for dKt 2 @' .Yt / dt ).
Remark 5.62. The condition 0 2 @' .u0/ \ @ .u0/ does not restrict the generality
of the problem because from Dom .@'/ \ Dom .@ / ¤ ; it follows that there
exists u0 2 Dom .@'/ \ Dom .@ / and Ou01 2 @' .u0/, Ou02 2 @ .u0/ I in this case
equation (5.146) is equivalent to

8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
d OKs D �C

Z �

t^�

h OF .s; Ys; Zs/ ds C OG .s; Ys/ dAs
i

�
Z �

t^�
ZsdBs; t � 0;

d OKt 2 @ O' .Yt / dt C @ O .Yt / dAt ; on RC;

where OF .s; y; z/ D F .t; y; z/ � Ou01, OG .s; y; z/ D G .t; y/ � Ou02, O' .y/ D ' .y/ �
hOu01; y � u0i, O .y/ D  .y/ � hOu02; y � u0i, @ O' .y/ D @' .y/ � Ou01, @ O .y/ D
@ .y/ � Ou02 and d OKt D dKt � Ou01dt � Ou02dAt .

Let " > 0 and define the Moreau–Yosida regularization of ' by

'" .y/ WD inf

�
1

2"
jy � vj2 C ' .v/ W v 2 R

m

�
;

which is a C1 convex function and r'".x/ D @'" .x/ 2 @' .J"x/, where J"x D
x � "r'".x/. (For further properties see Annex B, Section “Convex Functions”.)
Since 0 2 @' .u0/ we deduce that ' .u0/ D '" .u0/ � '" .u/ � ' .u/, J" .u0/ D u0
and r'".u0/ D 0.

We introduce the compatibility conditions between '; and F;G:

(A8) There exists a c > 0 and two progressively measurable stochastic processes
f; g: � � RC ! RC satisfying

E

Z �

0

e2Vs jfsj2 ds C E

Z �

0

e2Vs jgsj2 dAs < 1;
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such that for all " > 0, t � 0, y 2 R
m, z 2 R

m�k , P-a.s.

.i/ hr'" .y/ ;r " .y/i � 0;

.ii/ hr'" .y/ ;G .t; y/i � c jr " .y/j ŒjG .t; y/j C gt � ;

.iii/ hr " .y/ ; F .t; y; z/i � c jr'" .y/j ŒjF .t; y; z/j C ft � ;

(5.152)

and

.iv/ hr'" .y/ ;�G .t; u0/i � c jr " .y/j ŒjG .t; u0/j C gt � ;

.v/ hr " .y/ ;�F .t; u0; 0/i � c jr'" .y/j ŒjF .t; u0; 0/j C ft � :
(5.153)

Example 5.63. .e1/ If ' D  then the compatibility assumptions (5.152) and
(5.153) are clearly satisfied.

.e2/ Let m D 1. Since r'" and r " are increasing monotone functions on R, we
see that, if G .t; u0/ D F .t; u0; 0/ D 0 and

.y � u0/G .t; y/ � 0 and .y � u0/ F .t; y; z/ � 0; 8 t; y; z;

then the compatibility assumptions (5.152) and (5.153) are satisfied.
.e3/ Let m D 1. If '; W R ! .�1;C1� are the convex indicator functions

' .y/ D
�

0; if y 2 Œa; b� ;
C1; if y … Œa; b� ; and  .y/ D

�
0; if y 2 Œc; d � ;

C1; if y … Œc; d � ;

where �1 � a � b � C1 and �1 � c � d � C1 are such that
Œa; b� \ Œc; d � ¤ ; (see the assumption (A6)), then

r'" .y/ D 1

"

�
.y � b/C � .a � y/C� ; and

r " .y/ D 1

"

�
.y � d/C � .c � y/C� :

The assumption .A8-i/ is clearly fulfilled; the next compatibility assumptions
(A8-ii; iii; iv; v) are satisfied if for example G .t; u0/ D F .t; u0; 0/ D 0 and

G .t; y/ � 0; for y � a; G .t; y/ � 0; for y � b;

and, respectively,

F .t; y; z/ � 0; for y � c; F .t; y; z/ � 0; for y � d:
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We complete the assumptions with some general boundedness conditions

(A9) For all 	 > 0

.i/ E e2V�
�
j� � u0j2 C '.�/ � '.u0/C  .�/ �  .u0/

	
< 1;

.ii/ E

�Z �

0

eVsF #
	 .s/ ds

�2
C E

�Z �

0

eVsG#
	 .s/ dAs

�2
< 1;

.iii/ E


Z �

0

e2Vs
ˇ̌
ˇF #
	 .s/

ˇ̌
ˇ2 ds C

Z �

0

e2Vs
ˇ̌
ˇG#

	 .s/
ˇ̌
ˇ2 dAs

�
< 1;

.iv/ E

�Z T

0

eVsdQs

�2
< 1, for all T � 0I

(5.154)

and some special boundedness conditions

(A10) There exist L; b > 0 such that for all 0 � t � � , P-a.s.

.a/ `t C
Z �

0

.`s/
2 ds � L;

.b/ eV� j� � u0j C jH .t; u0; 0/j C
Z �

0

eVs jH .s; u0; 0/j dQs � b ,
(5.155)

where again H is defined by

H.t; y; z/ D ˛tF.t; y; z/C .1 � ˛t /G.t; y/:
We also recall the definition of

‰.t; y/ D ˛t'.y/C .1 � ˛t / .y/:

Since V � 0, we remark that under (A10) we have

j� � u0j � ˇ̌
eV� .� � u0/

ˇ̌ � b

and for all t � 0,

j�t � u0j � eVt j�t � u0j D E
Ft
�
eVt j�t � u0j

� � b:

Therefore by Proposition 6.80-A, for all q > 0

E

�Z �

0

e2Vs j�sj2 ds

�q=2
� Cb;p: (5.156)

Using the definition of Q, H and ‰ we can rewrite (5.146) in the form

8<
:
Yt C

Z 1

t

dKs D �C
Z 1

t

H .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; t � 0;

dKs 2 @y‰ .s; Ys/ dQs on RC:
(5.157)
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Definition 5.64. We call .Yt ; Zt /t�0 a solution of (5.157) if

.d1/ .Y;Z/ 2 S0m �ƒ0
m�k ,

.d2/ .Yt ; Zt / D .�t ; �t / D .�; 0/, if t > � ,

.d3/ P-a.s., for all T � 0,

Z T

0

ŒjF .s; Ys; Zs/j C j' .Ys/j� ds C
Z T

0

ŒjG .s; Ys/j C j .Ys/j� dAs < 1;

.d4/ there exists a K 2 S0m such that P-a.s.

.i/ lKlT < 1; 8T � 0;

.ii/ dKt 2 @y‰ .t; Yt / dQt ;

.d5/ e
2VT jYT � �T j2 C

Z 1

T

e2Vs jZs � �sj2 ds
prob:�����! 0; as T ! 1,

.d6/ P-a.s., for all 0 � t � T ,

Yt CKT �Kt D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs (5.158)

(we also say that the triplet .Y;Z;K/ is a solution of (5.157)).

Remark 5.65. If there exists a constant C such that supt2Œ0;�� jVt .!/j � C ,
P-a.s. ! 2 �, then the condition .d5/ from Definition 5.64 is equivalent to

jYT � �j2 C
Z 1

T

jZsj2 ds
prob:�����! 0; as T ! 1: (5.159)

In the rest of this book, a constant depending upon p > 0 is denoted by CpI
in this section since we are only considering the case p D 2 we will denote the
corresponding constant by C2.

We now give the main result.

Theorem 5.66. Let the assumptions (A1–A10) be satisfied. Then the backward
stochastic variational inequality (5.157) has a unique solution .Y;Z;K/ 2 S0m �
ƒ0
m�k � S0m such that

.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1 E

h
e2VT jYT � �T j2 C

Z 1

T

e2Vs jZs � �sj2 ds
i

D 0:

(5.160)

Moreover there exists U .1/; U .2/ 2 ƒ0
m, with U .1/ 2 @'.Yt / dP ˝ dt a.e. and

U
.2/
t 2 @ .Yt / dP ˝ dAt a.e., so that with Ut D 1Œ0;��.t/Œ˛tU

.1/
t C .1 � ˛t /U

.2/
t �,

dKt D UtdQt 2 @y‰.t; Yt /dQt ,
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Ut D 1Œ0;�� .t/
h
˛tU

.1/
t C .1 � ˛t / U .2/

t

i

and for all 0 � t � T ,

Yt C
Z T

t

UsdQs D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs:

The solution also satisfies for some positive constants:

.A/ for all t � 0 and all q > 0,

.j / jYt � u0j � eVt jYt � u0j � Cb;

. jj/ E

�Z 1

0

e2Vr jZr j2 dr

�q=2
� Cq;bI

(5.161)

.B/ for all t � 0,

E
Ft sup

s�t
ˇ̌
eVs .Ys � u0/

ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZsj2 ds

�

CE
Ft

Z 1

t

e2Vs1Œ0;�� .s/ Œj' .Ys/ � ' .u0/j ds C j .Ys/ �  .u0/j dAs�

� C2 E
Ft



e2V� j� � u0j2 C

�Z �

t

eVs .jF .s; u0; 0/j ds C jG .s; u0/j dAs/
	2�I

(5.162)
.C / for all t � 0,

E sup
s�t

e2Vs jYs � �sj2 C E

Z 1

t

e2Vs jZs � �sj2ds

CE

Z 1

t

e2Vs j‰ .s; Ys/ �‰ .s; �s/j dQs

� C2E
�Z 1

t

1Œ0;�� .s/ eVs
�j O�sjdQs C .jF.s; �s; 0/j C `s j�sj/ dsx

C jG.s; �s/j dAs
�	2I

(5.163)

.D/ for all t � 0

E
�
e2Vt .'.Yt / � '.u0/C  .Yt / �  .u0//

�
C1

2
E

Z 1

t

1Œ0;�� .s/ e2Vs
� ˇ̌
U .1/
s

ˇ̌2
ds C ˇ̌

U .2/
s

ˇ̌2
dAs

	

� E
�
e2V� .'.�/ � '.u0/C  .�/ �  .u0//

�
C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Ys; Zs/j2 C jfsj2

�
ds

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Ys/j2 C jgsj2

�
dAs :

(5.164)
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Proof. Uniqueness. If .Y;Z;K/, .Y 0; Z0; K 0/ are two solutions, in the sense of
Definition 5.64, that satisfy (5.160), then

E sup
t2Œ0;T �

e2Vs jYs � Y 0
s j2 < 1:

Applying the monotonicity and Lipschitz property of the functionH and taking into
account that

˝
Ys � Y 0

s ; dKs � dK0
s

˛ � 0

for dKs 2 @y‰.s; Ys/dQs and dK0
s 2 @y‰.s; Y 0

s /dQs , then

hYs � Y 0
s ;
�
H .s; Ys; Zs/ �H.s; Y 0

s ; Z
0
s/
�

dQs � dKs C dK0
si

� jYs � Y 0
s j2dVs C 1

4
jZs �Z0

sj2ds:

Using Corollary 6.82 from Annex C, it follows that

E sup
s2Œ0;T �

e2Vs
ˇ̌
Ys � Y 0

s

ˇ̌2 C E

Z T

0

e2Vs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

� C2 E
�
e2VT

ˇ̌
YT � Y 0

T

ˇ̌2	 ����!
T!1 0;

which yields the uniqueness.
The proof of the existence will be split into several steps.

A. Approximating problem. Let n 2 N
� and " D 1

n
.

Let

‰n .!; t; y/ D 1Œ0;n^�.!/� .t/ Œ˛t .!/ '" .y/C .1 � ˛t .!// " .y/�
ry‰

n .!; t; y/ D 1Œ0;n^�.!/� .t/
�
˛t .!/ry'" .y/C .1 � ˛t .!//ry " .y/

�
Hn .!; t; y; z/ D 1Œ0;n� .t/H .!; t; y; z/

D 1Œ0;n^�.!/� .t/ Œ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; t; y/�

and

ˆn .!; t; y; z/ D Hn .!; t; y; z/ � ry‰
n .!; t; y/ :

We note that

jˆn .t; u0; 0/j dQt

D 1Œ0;n^�� .t/
�jH .t; u0; 0/j dQt C ˇ̌ry‰

n .t; u0/
ˇ̌
dQt

�
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D 1Œ0;n^�� .t/ jH .t; u0; 0/j dQt

� 1Œ0;n^�� .t/ ŒjF .t; u0; 0/j dt C jG .t; u0/j dAt �

and

ˇ̌ry‰
n.s; y/ � ry‰

n.s; y0/
ˇ̌ � n1Œ0;n^�� .t/

ˇ̌
y � y0 ˇ̌ :

We consider the approximating stochastic equation: for all t � 0,

Y nt C
Z 1

t

ry‰
n.s; Y ns /dQs D �C

Z 1

t

Hn.s; Y
n
s ; Z

n
s /dQs �

Z 1

t

Zn
s dBs; (5.165)

or equivalently

8̂
ˆ̂̂<
ˆ̂̂̂
:

Y nt � u0 D �
E

Fn� � u0
�C

Z n

t

ˆn.s; u0 C �
Y ns � u0

�
; Zn

s /dQs

�
Z n

t

Zn
s dBs; 8 t 2 Œ0; n� ;

.Y nt ; Z
n
t / D .�t ; �t /; 8 t > n:

(5.166)

To show the existence of a solution .Y n;Zn/ of (5.166) we intend to use
Lemma 5.29-.h2/.

Since hy0 � y;r'" .y0/ � r'" .y/i � 0 (and similarly for r ") we notice that
ˆn satisfies the inequalities

.a/ hy0 � y;ˆn.t; y0; z/ �ˆn.t; y; z/i
� 1Œ0;n^�� .t/ Œ
t˛t C �t .1 � ˛t /� jy0 � yj2 � �t jy0 � yj2

.b/ jˆn.t; y; z0/ �ˆn.t; y; z/j � 1Œ0;n^�� .t/ `t˛t jz0 � zj � ˛tL jz0 � zj :
(5.167)

Consequently the corresponding assumptions (5.13-BSDE-Hˆ) forˆn are satisfied.
We have

E

�
e2 N�n ˇ̌EFn� � u0

ˇ̌2	 � E

�
e2 N�n j� � u0j2

	
� b2 < 1:

For the assumption .h2/ from Lemma 5.29 we have for all 	 > 0,

E

�Z n

0

e N�s sup
jyj�	

jˆn .s; y; 0/j dQs

	2

� E

�Z n^�

0

e N�s
ˇ̌
ˇF #
	 .s/

ˇ̌
ˇ ds C

Z n^�

0

e N�s
ˇ̌
ˇG#

	 .s/
ˇ̌
ˇ dAs

C
Z n^�

0

e N�s sup
jyj�	

ˇ̌ry‰
n.s; y/

ˇ̌
dQs

	2
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� 3E

�Z n^�

0

e N�s
ˇ̌
ˇF #
	 .s/

ˇ̌
ˇ ds

�2
C 3E

�Z n^�

0

e N�s
ˇ̌
ˇG#

	 .s/
ˇ̌
ˇ dAs

�2

C 3E

�Z n^�

0

e N�sn .	C ju0j/ dQs

�2
< 1

because ry‰
n.s; u0/ D 0 and

sup
jyj�	

ˇ̌ry‰
n.s; y/

ˇ̌ D sup
jyj�	

ˇ̌ry‰
n.s; y/ � ry‰

n.s; u0/
ˇ̌ � n sup

jyj�	
jy � u0j :

By Lemma 5.29-.h2/ Eq. (5.166) has a unique solution .Y n;Zn/ 2 S0m�ƒ0
m�k such

that

E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E

Z n

0

e2Vs jZn
s j2 ds < 1:

Consequently for all T > n,

E sup
s2Œ0;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2

� E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E sup
s2Œn;T �

ˇ̌
eVs

�
E

Fs � � u0
�ˇ̌2

� E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C b2 < 1:

Now we remark that

j‰n.s; y/ �‰n.s; u0/j dQs D .‰n.s; y/ �‰n.s; u0// dQs

� ˝
y � u0;ry‰

n.s; y/
˛
;

and therefore

j‰n.s; Y ns / �‰n.s; u0/j dQs C ˝
Y ns � u0; ˆn

�
s; Y ns ; Z

n
s

�
dQs

˛

� jY ns � u0j jH .s; u0; 0/j dQs C jY ns � u0j2 dVs C 1

4
jZn

s j2ds:

By Proposition 6.80 we have for all q; T > 0

E

�Z T

0

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�q=2
C E

�Z T

0

e2Vs jZn
s j2 ds

�q=2

� CqE

"
sup
s2Œ0;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌q C
�Z T

0

eVs jH .s; u0; 0/j dQs

�q#
;

(5.168)
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and

E
Ft sup

s2Œt;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z T

t

e2Vs jZn
s j2 ds

�

CE
Ft

�Z T

t

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�

� C2 E
Ft


 ˇ̌
eVT

�
Y nT � u0

�ˇ̌2 C
�Z T

t

eVs jH .s; u0; 0/j dQs

	2�
:

(5.169)

B. Boundedness of Y n and Zn.

If n � T , then

E
Ft
ˇ̌
eVT

�
Y nT � u0

�ˇ̌2 D E
Ft
ˇ̌
eVT EFT .� � u0/

ˇ̌2 � b2:

Passing to the limit as T ! 1 in (5.169) we infer (by the Beppo Levi monotone
convergence theorem) that for all t � 0

E
Ft sup

s�t
ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZn
s j2 ds

�

CE

�Z 1

0

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�

� C2 E
Ft


 ˇ̌
eV� .� � u0/

ˇ̌2 C
�Z 1

t

eVs jH .s; u0; 0/j dQs

	2�
:

(5.170)

In particular, using the assumption (5.155), we deduce that for all t � 0

jY nt � u0j � eVt jY nt � u0j � C2b
2 defD R0: (5.171)

Moreover from (5.168) for all q > 0

E

�Z 1

0

e2Vr jZn
r j2 dr

�q=2
� Cq;b: (5.172)

C. Estimates on jY nt � �t j and jZn
t � �t j for large t � 0.

If there exists an N0 > 0 such that � .!/ � N0, P-a.s. ! 2 �, then Y nt D �t D �

and Zn
t D �t D 0 for all t � N0.

We next consider the case where P .� > N/ > 0 for all N 2 N
�.

Since

�t D �n �
Z n

t

�sdBs;8 t 2 Œ0; n� ;
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we infer, from (5.166), that .Y n;Zn/ satisfies for all t 2 Œ0; n� the equality

Y nt � �t D
Z n

t

ˆn
�
s; �s C �

Y ns � �s
�
; �s C .Zn

s � �s/
�

dQs �
Z n

t

.Zn
s � �s/dBs :

We have

‰n.t; u0/ � ‰n.t; �t / � ‰.t; �t / D ‰.t;EFt �/ � E
Ft ‰.t; �/:

From
˝ry‰

n .t; �t / ; y � �t
˛ � ‰n .t; y/ � ‰n .t; �t / � hy � �t ;ry‰

n .t; y/i we
infer that

j‰n .t; y/ �‰n .t; �t /j � ‰n .t; y/ �‰n .t; �t /C 2
ˇ̌ry‰

n .t; �t /
ˇ̌ jy � �t j

� hy � �t ;ry‰
n .t; y/i C 2

ˇ̌ry‰
n .t; �t /

ˇ̌ jy � �t j
� hy � �t ;ry‰

n .t; y/i C 2j O�t j jy � �t j

where O�t 2 @y‰ .t; �t / is given by the assumption (A7). Using the inequality (5.167))
it follows that, as signed measures on RC,

ˇ̌
‰n

�
t; Y nt

� �‰n .t; �t /
ˇ̌
dQt C hY nt � �t ; ˆn.t; Y nt ; Zn

t /i dQt

� jY nt � �t j
h
2j O�t j C jH.t; �t ; �t /j

i
dQt C jY nt � �t j2dV t C 1

4
jZn

t � �t j2dt: (5.173)

Since

E sup
t2Œ0;T �

e2Vt jY nt � �t j2 � 2E

"
sup
t2Œ0;T �

e2Vt jY nt � u0j2 C sup
t2Œ0;T �

e2Vt j�t � u0j2
#

� 2R20 C E sup
t2Œ0;T �

e2Vt
ˇ̌
E

Ft � � u0
ˇ̌2 � 2R20 C E sup

t2Œ0;T �
E

Ft

�
e2Vt j� � u0j2

	

� 2R20 C b2

by Proposition 5.2 we deduce that for 0 � t � T ,

E sup
s2Œt;T �

e2Vs jY ns � �s j2 C E

Z T

t

e2Vs jZn
s � �s j2ds

CE

Z T

t

e2Vs
ˇ̌
‰n

�
s; Y ns

� �‰n .s; �s/
ˇ̌
dQs

� Cp

"
E

�
epVT

ˇ̌
Y nT � �T

ˇ̌2	C E

�Z T

t

eVs
h
j O�sj C jH.s; �s; �s/j

i
dQs

	2#
:

(5.174)

Recall that .Y ns ; Z
n
s / D .�s; �s/; 8 s > n. Passing to the limit T ! 1 in (5.174),

we obtain by the Beppo Levi monotone convergence theorem
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E sup
s�t

epVs jY ns � �sj2 C E

Z 1

t

e2Vs jZn
s � �sj2ds

CE

Z 1

t

e2Vs
ˇ̌
‰n

�
s; Y ns

� �‰n .s; �s/
ˇ̌
dQs

� C2E
�Z 1

t

eVs
h
j O�sj C jH.s; �s; �s/j

i
dQs

	2
:

(5.175)

D. Boundedness of r'".Y nt / and r ".Y nt /.
By the stochastic subdifferential inequality from Lemma 2.38 and Remark 2.39, for
all 0 � t � T

e2Vt
�
'".Y

n
t / � '" .u0/

� � e2VT
�
'".Y

n
T / � '" .u0/

�
C
Z T

t

e2Vs hr'".Y ns /; ˆn.s; Y ns ; Zn
s /i dQs �

Z T

t

e2Vs hr'".Y ns /; Zn
s dBsi

(and a similar inequality for  "). We infer that

e2Vt
�
'".Y

n
t / � '" .u0/C  ".Y

n
t / � '" .u0/

�C
Z T

t

1s�n^� e2Vs
h
˛sjr'".Y ns /j2

C hr'".Y ns /;r ".Y ns /i C .1 � ˛s/ jr ".Y ns /j2
i
dQs

� e2VT
�
'".Y

n
T / � '" .u0/C  ".Y

n
T / � '" .u0/

�

C
Z T

t

1Œ0;n� .s/ e2Vs hr'".Y ns /C r ".Y ns /;H.s; Y ns ; Zn
s /i dQs

�
Z T

t

e2Vs hr'".Y ns /C r ".Y ns /; Zn
s dBsi :

(5.176)

Using the definition of the function H.t; y; z/ given in (5.149), the compatibility
assumptions (5.152) yield

hr'".y/;H.t; y; z/i D 1Œ0;�� .t/ hr'".y/; ˛tF .t; y; z/C .1 � ˛t /G.t; y/i
� 1Œ0;�� .t/

h
˛t jr'".y/jjF.t; y; z/j C c .1 � ˛t / jr ".y/j .jG.t; y/j C gs/

i
(5.177)

and respectively

hr ".y/;H.t; y; z/i D 1Œ0;�� .t/ hr ".y/; ˛tF .t; y; z/C .1 � ˛t /G.t; y/i
� 1Œ0;�� .t/

h
c ˛t jr'".y/j .jF.t; y; z/j C fs/C .1 � ˛t / jG.t; y/jjr ".y/j

i
:

(5.178)

Recall that ' .y/ � '" .u0/ D ' .u0/ and  .y/ �  " .u0/ D  .u0/.
From (5.152), (5.176–5.178) and the inequality a .x C y/ � 1

2
a2 C x2 C y2 we

obtain
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e2Vt
�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

�

C1

2

Z T

t

1Œ0;n^�� .s/ e2Vs
h
jr'".Y ns /j2ds C jr ".Y ns /j2dAs

i

� e2VT
�
'".Y

n
T / � '.u0/C  ".Y

n
T / �  .u0/

�
C .1C c/2

Z T

t

1Œ0;n^�� .s/ e2Vs
�
jF.s; Y ns ; Zn

s /j2 C jfsj2
	

ds

C .1C c/2
Z T

t

1Œ0;n^�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs

�
Z T

t

e2Vs hr'".Y ns /C r ".Y ns /; Zn
s dBsi :

(5.179)

The stochastic integral from this last inequality has the property

E
Ft

Z T

t

e2Vr hr'".Y nr /C r ".Y nr /; Zn
r dBri D 0;

because by r'" .u0/ D r " .u0/ D 0 we have

jr'".Y ns /C r ".Y nr /j � 2n jY ns � u0j

and by (5.171) and (5.172)

E

�Z T

t

e4Vs jr'".Y ns /C r ".Y ns /j2 jZn
s j2ds

�1=2

� 2nR0 E

�Z T

0

e2Vs jZn
s j2ds

�1=2
< 1:

Let T � n. By Jensen’s inequality it follows that

E
�
e2VT

�
'".Y

n
T /C  ".Y

n
T /
�� � E

�
e2VT .'.�T /C  .�T //

�
� E

�
e2VT .'.�/C  .�//

�
:

Now from inequality (5.179) we infer by Beppo Levi’s monotone convergence
theorem for T ! 1

E
�
e2Vt

�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

��
C1

2
E

Z 1

t

1Œ0;n^�� .s/ e2Vs
h
jr'".Y ns /j2ds C jr ".Y ns /j2dAs

i

� E
�
e2V� .'.�/ � '.u0/C  .�/ �  .u0//

�
C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Y ns ; Zn

s /j2 C jfsj2
�

ds

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs:

(5.180)
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By (5.171), (5.168) and the assumption (5.154(iii)) we deduce that there exists a
constant C independent of n such that

E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Y ns ; Zn

s /j2 C jfsj2
�

ds

� E

Z 1

t

1Œ0;�� .s/ e2Vs
h
2
ˇ̌
ˇF #
R0Cju0j .s/

ˇ̌
ˇ2 C 2L2 jZn

s j2 C jfsj2
i
ds � C

and

E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs

� E

Z 1

t

1Œ0;�� .s/ e2Vs

ˇ̌
ˇG#

R0Cju0j .s/
ˇ̌
ˇ2 C jgsj2

�
dAs � C:

Therefore from (5.180) we have

E
�
e2Vt

�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

�� � C; for all t � 0 (5.181)

and

E

Z 1

0

1Œ0;n^�� .r/
h
e2Vr jr'".Y nr /j2dr C e2Vr jr ".Y nr /j2dAr

i
� C: (5.182)

Since

'" .y/ � '.u0/ D "

2
jr'" .y/j2 C Œ' .y � "r'" .y// � '.u0/�

we see from (5.181) that, for all t � 0,

E

h
e2Vt

�
j"r'".Y nt /j2 C j"r ".Y nt /j2

	i
� 2C" (5.183)

(recall that " D 1=n).

E. Cauchy sequences and convergence.

Note that by assumption (A10) and (5.156) we have j�s � u0j � b and

E

�Z 1

n

1Œ0;�� .s/ eVs `s j�sj ds

�2

� E


�Z 1

n

1Œ0;�� .s/ .`s/
2 ds

��Z 1

0

1Œ0;�� .s/ e2Vs j�sj2 ds

��
! 0; as n ! 1:
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Hence by assumption (5.154ii)

E

�Z 1

n

eVs jH.s; �s; �s/jdQs

	2

� 3E

�Z 1

n

1Œ0;�� .s/ eVsF #
bCju0j .s/ ds

�2
C3E

�Z 1

n

1Œ0;�� .s/ eVsG#
bCju0j .s/ dAs

�2

C3E
�Z 1

n

eVs1Œ0;�� .s/ `s j�sj ds

�2
! 0; as n ! 1;

and by (5.175),

E sup
s�n

e2Vs jY nCi
s � �sj2 C E

Z 1

n

e2Vs jZnCi
s � �sj2ds

CE

Z 1

n

e2Vs
ˇ̌
‰nCi �s; Y nCi

s

� �‰nCi .s; �s/
ˇ̌
dQs

� CpE
�Z 1

n

eVs
hˇ̌
ˇ O�s
ˇ̌
ˇC jH.s; �s; �s/j

i
dQs

	2 �! 0; n ! 1:

(5.184)

By uniqueness it follows that, for all t 2 Œ0; n�,

Y nCi
t � Y nt D Y nCi

n � �n C
Z n

t

dKn;is �
Z n

t

.ZnCi
s �Zn

s /dBs; a:s:;

where on Œ0; n�

dKn;is

D �
HnCi .s; Y nCi

s ; ZnCi
s /�Hn.s; Y

n
s ; Z

n
s /�ry‰

nCi .s; Y nCi
s /Cry‰

n.s; Y ns /
�

dQs

D �
H.s; Y nCi

s ; ZnCi
s / �H.s; Y ns ; Zn

s / � ry‰.s; Y
nCi
s /C ry‰.s; Y

n
s /
�
dQs:

By (6.28, with a D 0, " D 1=n and ı D 1= .nC i/)

�˝Y nCi
s � Y ns ;

�ry‰.s; Y
nCi
s / � ry‰.s; Y

n
s /
�
dQs

˛
� ."C ı/1Œ0;�� .s/

�˝r'".Y nCi
s /;r'ı.Y ns /

˛
ds C ˝r ".Y nCi

s /;r ı.Y ns /
˛
dAs

	
;

and using (5.150) we have on Œ0; n�

˝
Y nCi
s � Y ns ; dKn;is

˛

� "C ı

2
1Œ0;�� .s/

h �jr'".Y ns /j2 C jr'ı.Y nCi
s /j2� ds

C �jr ".Y ns /j2 C jr ı.Y nCi
s /j2� dAs

i

CjY nCi
s � Y ns j2dVs C 1

4
jZnCi

s �Zn
s j2ds:
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Since by (5.171),

E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 � 2E sup

s2Œ0;n�
e2Vs

hˇ̌
Y nCi
s � u0

ˇ̌2 C jY ns � u0j2
i

� 2R20 < 1;

we obtain by Proposition 5.2 that

E sups2Œ0;n� e2Vs jY nCi
s � Y ns j2 C E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds

� C Ee2Vn jY nCi
n � �nj2

C."C ı/ C E

Z n^�

0

e2Vs
�jr'".Y ns /j2 C jr'ı.Y nCi

s /j2� ds

C."C ı/ C E

Z n^�

0

e2Vs
�jr ".Y ns /j2 C jr ı.Y nCi

s /j2� dAs:

(5.185)

The estimates (5.182) and (5.184) give us

E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 C E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds

� E sup
s�n

e2Vs jY nCi
s � �sj2 C C

n
�! 0; as n ! 1:

Hence

E sup
s�0

e2Vs jY nCi
s � Y ns j2

� E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 C E sup

s�n
e2Vs jY nCi

s � �sj2 �! 0; as n ! 1

and

E

Z 1

0

e2Vs jZnCi
s �Zn

s j2ds

� E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds C E

Z 1

n

e2Vs jZnCi
s � �sj2ds �! 0; as n ! 1:

F. Passage to the limit.

Consequently there exists .Y;Z/ 2 S0m �ƒ0
m�k such that

E sup
s�0

e2Vs jY ns � Ysj2 C E

Z 1

0

e2Vs jZn
s �Zsj2ds �! 0; as n ! 1:

We have that .Yt ; Zt / D .�; 0/ for t > � , since Y nt D �t D � and Zn
t D �t D 0 for

t > � .
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Taking into account (5.183) and

j‰n.s; y/ �‰n.s; u0/j
D 1Œ0;n^�� .s/ Œ˛s .'" .y/ � '" .u0//C .1 � ˛s/ . " .y/ �  " .u0//�
� 1Œ0;n^�� .s/ ˛s Œ' .y � "r'" .y// � '.u0/�

C1Œ0;n^�� .s/ .1 � ˛s/ j .y � "r " .y// �  .u0/j ;

the inequality (5.162) follows from (5.170) by Fatou’s Lemma.
Also by Fatou’s Lemma from (5.175) we obtain (5.163) and from (5.171)

and (5.172) we deduce (5.161).
From (5.182) there exist two p.m.s.p. U .1/ and U .2/, such that along a subse-

quence still indexed by n, we have for " D 1
n

! 0

eV r'".Y n/1Œ0;�^n� * eV U .1/1Œ0;�/; weakly in L2 .� � RC; dP ˝ dt IRm/ ;
eV r ".Y n/1Œ0;�^n� * eV U .2/1Œ0;�/; weakly in L2 .� � RC; dP ˝ dAt IRm/ :

Using (5.183) and applying Fatou’s Lemma we have

E

�
e2Vt Œ' .Yt / � '.u0/�

	
� lim inf

n!C1E

�
e2Vt

�
'
�
Y nt � "r'".Y nt /

� � '.u0/
� 	

� lim inf
n!C1E

�
e2Vt

�
'"
�
Y nt
� � '.u0/

� 	
;

and similarly for  . Passing to lim infn!C1 in (5.180) we obtain (5.164).
From (5.165) we have for all 0 � t � T � n, P-a.s.

Y nt C
Z T

t

ry‰
n.s; Y ns /dQs D Y nT C

Z T

t

H.s; Y ns ; Z
n
s /dQs �

Z T

t

Zn
s dBs;

and passing to the limit we conclude that

Yt C
Z T

t

UsdQs D YT C
Z T

t

H.s; Ys; Zs/dQs �
Z T

t

ZsdBs; a.s. (5.186)

with

Us D 1Œ0;�� .s/
�
˛sU

1
s C .1 � ˛s/ U 2

s

�
; for s � 0: (5.187)

By (5.118�b), we see that, for all E 2 F , 0 � s � t and X 2 S2m,

E

Z t

s

˝
e2Vrr'".Y nr /; Xr � Y nr

˛
1Edr C E

Z t

s

e2Vr '.Y nr � "r'".Y ns //1Edr

� E

Z t

s

e2Vr '.Xr/1Edr:
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Passing to lim inf for n ! 1 in the above inequality we obtainU .1/
s 2 @'.Ys/; dP˝

ds-a.e. and, with similar arguments, U .2/
s 2 @ .Ys/; dP˝dAs-a.e. Summarizing the

above conclusions we conclude that .Y;Z;U / is a solution of the BSVI (5.157).

We want to highlight the fact that the assumption (A10-b) is too strong for many
applications. The next two results are concerned with the existence of a solution for
the backward stochastic variational inequality (5.146) recalled here for convenience:

8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; for t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;

(5.188)

without the boundedness conditions from (A10).
Consider the closed convex sets

O' D fy 2 R
m W ' .y/ D ' .u0/g ;

O D fy 2 R
m W  .y/ D  .u0/g ; and

OD O' \ O :

Since every point of O is a minimum point for ' and  , it follows that r'" .u/ D
r " .u/ D 0 for all u 2 O.

Theorem 5.67. Let the assumptions .A1/ ; : : : ; .A9/ be satisfied and assume that
there exists a ı0 > 0 such that

B .u0; ı0/ � int .O/ : (5.189)

Assume moreover there exists ı 2 .0;1� and q D 1C ı
2Cı (with q D 2 if ı D 1)

such that

.i/ for 0 < ı < 1: E

�Z 1

0

.`s/
2 ds

�1Cı
< 1;

.i 0/ for ı D 1: .`s/s�0 is a deterministic process and
Z 1

0

.`s/
2 ds < 1;

.ii/ lim
t!1E

�Z 1

t

1Œ0;�� .s/ eVs jjF.s; �s; 0/jds C jG.s; �s; /j dAs
	q D 0:

(5.190)

Then the BSVI (5.188) has a unique solution .Y;Z;K/ 2 S0m � ƒ0
m�k � S0m in the

sense of Definition 5.64 such that for q D 1C ı
2Cı and q D 2 if ı D 1,
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.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1

"
E eqVT jYT � �T jq C E

�Z 1

T

e2Vs jZs � �sj2 ds

�q=2#
D 0:

(5.191)
Moreover the inequalities (5.162) and (5.163) hold.

Proof. .I/Uniqueness. The proof of uniqueness is similar to that given for
Theorem 5.66 except that now by Corollary 6.82 from Annex C, we have

E sup
s2Œ0;T �

eqVs
ˇ̌
Ys � Y 0

s

ˇ̌q C E

�Z T

0

e2Vs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

�q=2

� Cq E
�
eqVT

ˇ̌
YT � Y 0

T

ˇ̌q� ����!
T!1 0:

.II/Existence. Step 1. Approximation of the problem’s data to satisfy .A10/. Let

�s D 1Œ0;�� .s/ Œ
s˛s C �s .1 � ˛s/� ; dQs D ds C dAs;

ˇt D Qt^� C
Z t^�

0

�sdQs C
Z t^�

0

jF .s; u0; 0/j ds C
Z t^�

0

jG .s; u0/j dAs;

�t D t C ˇt C `t C jF .t; u0; 0/j C jG .t; u0/j and

�t D t C `t :

Define, for n 2 N
�,

`nt D `t1Œ0;n� .�t / ;

�n D .� � u0/ 1Œ0;n� .ˇ� C j� � u0j/C u0 2 �; u0;
OFn .t; y; z/ D F

�
t; y; z1Œ0;n� .�t /

� � F .t; u0; 0/ 1.n;1/ .�t / ;

OGn .t; y/ D G .t; y/ �G .t; u0/ 1.n;1/ .�t / ;

OHn .t; y; z/ D
h
˛t OFn .t; y; z/C .1 � ˛t / OGn .t; y/

i
1Œ0;�� .t/ ;

and

V n
t D

Z t^�

0

h

sds C �

`ns
�2

ds C �sdAs
i

D Vt �
Z t^�

0

.`s/
2 1.n;1/ .�s/ ds:

Let .�n; �n/ be given by the martingale representation theorem (Corollary 2.44): for
all t � 0, �nt D E

Ft �n and
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�nt D �n �
Z 1

t

�ns dBs;

or equivalently, for all T > 0

�nt D E
FT �n �

Z T

t

�ns dBs; t 2 Œ0; T � :

It is easy to verify that

E sup
t�0

e2Vt j�n � u0j2 � E sup
t�0

e2Vt j� � u0j2 � E

�
e2V� j� � u0j2

	
< 1;

E sup
t�0

e2Vt j�n � �j2 � E

h
e2V� j� � u0j2 1ˇT Cj��u0j>n

i
:

Applying Corollary 6.83, first on Œt; T � and then letting T ! 1, we infer that for
all t � 0

.a/ EFt sup
s�t

e2Vs j�s � u0j2 C E
Ft

Z 1

t

e2Vs j�sj2 ds � C2 E
Ft

�
e2V� j� � u0j2

	
;

.b/ EFt sup
s�t

e2Vs j�ns � u0j2 C E
Ft

Z 1

t

e2Vs j�ns j2 ds � C2 E
Ft

�
e2V� j� � u0j2

	
;

.c/ EFt sup
s�t

e2Vs j�ns � �sj2 C E
Ft
R1
t
e2Vs j�ns � �sj2 ds

� C2 E
Ft

h
e2V� j� � u0j2 1ˇT Cj��u0j>n

i
:

(5.192)
Since the assumptions .A1, : : : ;A9/ are satisfied by (�, F , G, ',  , V , 
, �, `) it
follows that the same assumptions are satisfied replacing (�, F , G, ',  , V , 
, �,
`) by (�n, OFn, OGn, ',  , V n, 
, �, `n).

With respect to (A10) we have

`nt C
Z 1

0

�
`ns
�2

ds � nC
Z n

0

n2ds D nC n3

and

eV
n
� j�n � u0j C

ˇ̌
ˇ OHn .t; u0; 0/

ˇ̌
ˇC

Z �

0

eV
n
s

ˇ̌
ˇ OHn .s; u0; 0/

ˇ̌
ˇ dQs

� eV� j�n � u0j C jH .t; u0; 0/j 1Œ0;n� .�t /C
Z �

0

eVs jH .s; u0; 0/j 1Œ0;n� .�s/ dQs

� nC ennC enn2 D bn:

Hence
�
�n; OFn; OGn;
; �; `n; V n

	
satisfies (A10).

Step 2. Approximating equation and estimates. By Step 1 we are in the conditions
of Theorem 5.66 and therefore the approximating equation
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8<
:
Y nt C

Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs 2 @y‰

�
s; Y ns

�
dQs

has a unique solution .Y n;Zn;Kn/ 2 S0m � ƒ0
m�k � S0m,

�
Y ns ; Z

n
s

� D �
�ns ; 0

�
for

s > � and Un
s D ˛sU

1;n
s C .1 � ˛s/ U 2;n

s such that

.j / E sup
s�0

e2V
n
s jY ns � u0j2 C E

Z 1

0

e2V
n
s jZn

s j2 ds < 1;

. jj/ lim
T!1 E

h
e2V

n
T

ˇ̌
Y nT � �nT

ˇ̌2 C
Z 1

T

e2V
n
s jZn

s � �ns j2 ds
i

D 0:

(5.193)

Moreover the inequalities (5.161), (5.162), (5.163) and (5.164) hold with (�, F , G,
',  , V , 
, �, `, Cb , Cq;b) by (�n, OFn, OGn, ',  , V n, 
, �, `n, Cn, Cq;n).

Using in (5.193) V nCi
t � .nC i/3 � V n

t we get for all i 2 N

.j 0/ E sup
s�0

e2V
nCi
s jY ns � u0j2 C E

Z 1

0

e2V
nCi
s jZn

s j2 ds < 1;

�
jj0
�

lim
T!1 E

h
e2V

nCi
T

ˇ̌
Y nT � �nT

ˇ̌2 C
Z 1

T

e2V
nCi
s jZn

s � �ns j2 ds
i

D 0:

(5.194)

Since hY ns � u0; U n
s � 0i � 0 and

j‰.s; Y ns / �‰.s; u0/j dQs C
D
Y ns � u0; OHn

�
s; Y ns ; Z

n
s

� � Un
s

E
dQs

� jY ns � u0j
ˇ̌
ˇ OHn .s; u0; 0/

ˇ̌
ˇ dQs C jY ns � u0j2 dVn

s C 1

4
jZn

s j2ds

� jY ns � u0j 1Œ0;�� .s/ .jF .s; u0; 0/j ds C jG .s; u0/j dAs/C jY ns � u0j2 dVnCi
s

C1

4
jZn

s j2ds;

we infer by Corollary 6.82 for p D 2 and 0 � t � T ,

E
Ft sup

s2Œt;T �

ˇ̌
ˇeV nCi

s
�
Y ns � u0

�ˇ̌ˇ2 C E
Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�

CE
Ft

�Z T

t

e2V
nCi
s j‰.s; Y ns / �‰.s; u0/j dQs

�

� C2 E
Ft


 ˇ̌
ˇeV nCi

T

�
Y nT � u0

�ˇ̌ˇ2

C
�Z T

t

1Œ0;�� .s/ eV
nCi
s .jF .s; u0; 0/j ds C jG .s; u0/j dAs/

	2�
:

(5.195)



468 5 Backward Stochastic Differential Equations

But by (5.192-b) and V nCi
T � VT we have



E

Ft

�ˇ̌
ˇeV nCi

T
�
Y nT � u0

�ˇ̌ˇ2
��1=2

�
h
E

Ft

�
e2V

nCi
T jY nT � �nT j2

	i1=2 C
h
E

Ft

�
e2VT j�nT � u0j2

	i1=2

�
h
E

Ft

�
e2V

nCi
T jY nT � �nT j2

	i1=2 C
h
E

Ft

�
e2V� j� � u0j2

	i1=2
:

Using Beppo Levi’s monotone convergence theorem and (5.194-jj00) we can pass to
the limit in (5.195), first lim supT!1 and then limi!1. We obtain

E
Ft sup

s�t
ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZn
s j2 ds

�

CE
Ft

�Z 1

t

e2Vs j‰.s; Y ns / �‰.s; u0/j dQs

�

� C2 E
Ft



e2V� j� � u0j2

C
�Z 1

t

1Œ0;�� .s/ eVs .jF .s; u0; 0/j ds C jG .s; u0/j dAs/
	2�

;

(5.196)

and, in particular,

E sup
s�0

e2Vs jY ns � u0j2 < 1: (5.197)

Step 3. Cauchy sequence and convergences. Let

Kn
t D

Z t

0

h OHn

�
s; Y ns ; Z

n
s

� � Un
s

i
dQs:

We have for any j > i > 1

˝
Y ns � Y nCi

s ; d
�Kn

s � KnCi
s

�˛

� ˝
Y ns � Y nCi

s ;H
�
s; Y ns ; Z

n
s 1Œ0;n� .�s/

� �H �
s; Y nCi

s ; ZnCi
s 1Œ0;nCi � .�s/

�˛
dQs

� ˝Y ns � Y nCi
s ;H .s; u0; 0/

˛ �
1Œn;1Œ .�s/ � 1ŒnCi;1Œ .�s/

�
dQs

� ˇ̌
Y ns � Y nCi

s

ˇ̌ h jH .s; u0; 0/j 1Œn;1Œ .�s/ dQs

C1Œ0;�� .s/ `s
ˇ̌
1Œ0;n� .�s/ � 1Œ0;nCi � .�s/

ˇ̌ jZn
s j ds

i

C ˇ̌
Y ns �Y nCi

s

ˇ̌2 �
�sdQs C 1Œ0;�� .s/ 1Œ0;nCj � .�s/ .`s/2 ds

	
C 1

4

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;
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then for all T > 0, by Proposition 5.2 with q D 1 C ı
2Cı 2 .1; 2/ and q D 2 if

ı D 1,

E

 
sup
s2Œ0;T �

eqV
nCj
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q!C E

�Z T

0

e2V
nCj
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌q

CCq E
�Z T

0

1.n;1/ .�s/ e
V
nCj
s

h
jH .t; u0; 0/j dQs C 1Œ0;�� .s/ `s jZn

s j ds
i�q

:

But

E

�Z T

0

1.n;1/ .�s/ e
V
nCj
s 1Œ0;�� .s/ `s jZn

s j ds
i�q

� E

"�Z T

0

1Œ0;�� .s/ .`s/
2 1.n;1/ .�s/ ds

�q=2 �Z T

0

e2V
nCj
s jZn

s j2 ds

�q=2#

� ƒn;ı �


E

�Z T

0

e2Vs jZn
s j2 ds

�� q
2

;

with

ƒn;ı D

8̂
ˆ̂<
ˆ̂̂:

"
E

�Z T

0

1Œ0;�� .s/ .`s/
2 1.n;1/ .�s/ ds

�1Cı# 1
2Cı

, if 0 < ı < 1;

Z 1

0

.`s/
2 1.n;1/ .�s/ ds, if q D 2 (ı D 1, ` is deterministic);

the last inequality is obtained by Hölder’s inequality since 1
2Cı C 1

2=q
D 1. Thus

E

 
sup
s2Œ0;T �

eqV
nCj
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
!

C E

�Z T

0

e2V
nCj
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌q C Cq E

�Z T

0

eVs
h

jH .t; u0; 0/j 1.n;1/ .�s/ dQs

�q

CCq ƒn;ı �


E

�Z T

0

e2Vs jZn
s j2 ds

�� q
2

:

(5.198)
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Here we have

�
E e2V

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌2	1=2

�
�
E e2V

nCj
T jY nT � �nT j2

	1=2
C
�
E e2V

nCj
T

ˇ̌
�nT � �nCi

T

ˇ̌2	1=2

C
�
E e2V

nCj
T

ˇ̌
�nCi
T � Y nCi

T

ˇ̌2	1=2

�
�
E e2V

nCj
T jY nT � �nT j2

	1=2
C
�
E e2V

nCj
T

ˇ̌
�nCi
T � Y nCi

T

ˇ̌2	1=2

C
h
E

�
e2V� j� � u0j2 1ˇ�Cj��u0j>n

	i1=2
;

and as T ! 1 we infer

lim sup
T!1

E e2V
nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌2 � E

�
e2V� j� � u0j2 1ˇ�Cj��u0j>n

	
:

Using (5.196) for the boundedness of E

Z 1

0

e2Vs jZn
s j2 ds we get from (5.198) as

T ! 1 and then passing to the limit as j ! 1:

E

 
sup
s�0

eqVs
ˇ̌
Y ns � Y nCi

s

ˇ̌q!C E

�Z 1

0

e2Vs
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� C
h
E

�
e2V� j� � u0j2 1j��u0j>n

	iq=2

CC E

�Z �

0

eVs
h

jH .t; u0; 0/j 1.n;1/ .�s/ dQs

�q
C C ƒn;ı;

which yields by (5.190) the existence of a pair .Y;Z/ 2 S0m �ƒ0
m�k such that

lim
n!1

"
E sup

s�0
eqVs jY ns � Ysjq C E

�Z 1

0

e2Vs jZn
s �Zsj2 ds

�q=2#
D 0: (5.199)

Now by Fatou’s lemma from (5.196) we obtain (5.162) and consequently (5.191-j ).
To verify (5.191-jj), following the proof of Theorem 5.66, we have

ˇ̌
‰
�
s; Y ns

� �‰ .s; �s/
ˇ̌
dQs C

D
Y ns � �s; OHn

�
s; Y ns ; Z

n
s

� � Un
s

E
dQs

� jY ns � �sj
h
j O�sj C j OHn.s; �s; �s/j

i
dQs

CjY ns � �sj2dVnCi
s C 1

4
jZn

s � �sj2ds:
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By (5.192-a) and (5.197) we have

E sup
s�0

e2V
nCi
s jY ns � �sj2 � E sup

s�0
e2Vs jY ns � �sj2 < 1:

Furthermore, using (5.194-jj00) and (5.192-c), we have

lim sup
T!1

E e2V
nCi
T jY nT � �T j2 � E

�
e2V� j� � u0j2 1ˇ�Cj��u0j>n

	
:

In the same manner as above when we proved (5.196) we obtain, by Corollary 6.82
for p 2 .1; 2�, similar inequalities with .�s; �s/ in place of .u0; 0/ and passing
successively to the limit T ! 1 and i ! 1 we get that for all t � 0

E sup
s�t

epVs jY ns � �sjp C E

�Z 1

t

e2Vs jZn
s � �sj2ds

�p=2

CE

�Z 1

t

e2Vs
ˇ̌
‰
�
s; Y ns

� �‰ .s; �s/
ˇ̌
dQs

�p=2

� Cp



E .epV� j� � u0jp 1ˇ�Cj��u0j>n/

CE

�Z 1

t

1Œ0;�� .s/ eVs
�j O�sj C j OHn.s; �s; �s/j

�
dQs

	p�
:

(5.200)

Since j OHn.s; �s; �s/j � jH.s; �s; 0/jC`s j�sjCjH.s; u0; 0/j1.n;1/ .�s/, from (5.200)
with Fatou’s Lemma applied to the left-hand side and the Lebesgue dominated
convergence theorem applied to the right-hand side we infer by taking the limit
as n ! 1

E sup
s�t

epVs jYs � �sjp C E

�Z 1

t

e2Vs jZs � �sj2ds

�p=2

CE

�Z 1

t

e2Vs j‰ .s; Ys/ �‰ .s; �s/j dQs

�p=2

� Cp E
�Z 1

t

1Œ0;�� .s/ eVs
h
j O�sjdQs C jH.s; �s; 0/j dQs C `s j�sj ds

i 	p
;

(5.201)

which yields (5.163) if we choose p D 2.
In the case p D q D 1C ı

2Cı 2 .1; 2/, by Hölder’s inequality, we have

E

�Z 1

t

1Œ0;�� .s/ eVs `sj�sjds
	q

� E


�Z 1

t

1Œ0;�� .s/ .`s/
2 ds

	q=2�Z 1

t

e2Vs j�sj2ds
	q=2�

�


E

�Z 1

t

1Œ0;�� .s/ .`s/
2 ds

	1Cı� 1
2Cı


E

Z 1

t

e2Vs j�sj2ds

� q
2

:
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In the case p D q D 2, ı D 1 and ` is a deterministic process

E

�Z 1

t

1Œ0;�� .s/ eVs `sj�sjds

�2
�
�Z 1

t

.`s/
2 ds

�
E

�Z 1

t

e2Vs j�sj2ds

�
:

Using the assumptions (5.190) and (5.154-ii), from (5.201) we infer (5.191-jj).
Step 4. Estimates on the subdifferential term dKns D Un

s dQs 2 @y‰
�
s; Y ns

�
dQs .

We now use the assumption (5.189) on the interior of Dom .'/. From the proof of
Corollary 5.49 we have

ı0 d l Kn lt C
D
Yt � u0; OHn

�
t; Y nt ; Z

n
t

�
dQt � dKnt

E

� �
‰#

u0;ı0 .t/ �‰ .t; u0/
�
dQt C jY nt � u0j

h
jOut j C

ˇ̌
ˇ OHn .t; u0; 0/

ˇ̌
ˇ
i
dQt

C jY nt � u0j2 dV t C 1

4
jZn

t j2 dt;

where

‰#
u0;ı0 .t/ D sup

˚
1Œ0;�� .t/ Œ˛t' .u0 C ı0v/C .1 � ˛t /  .u0 C ı0v/� W jvj � 1

�
D sup

˚
1Œ0;�� .t/ j˛t' .u0/C .1 � ˛t /  .u0/j

�
D ‰ .t; u0/ ;

and Out D 0 2 @y‰ .!; t; u0/. Hence

ı0d l Kn lt C
D
Y nt � u0; OHn

�
t; Y nt ; Z

n
t

�
dQt � dKnt

E

� jY nt � u0j jH .t; u0; 0/j dQt C jY nt � u0j2 dV t C 1

4
jZn

t j2 dt:

By Proposition 6.80-B we obtain

ı0E

Z T

0

e2Vsd l Kn ls

� C2



E e2VT jY nT � u0j2 C E

�Z T

0

eVs jH .s; u0; 0/j dQs

�2 �
� C:

From the convergence (5.199) and the equality

Y n0 CKn
t D Y nt C

Z t

0

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z t

0

Zn
s dBs; 8 t � 0;

it follows, via Lemma 5.16, that there exists a K 2 S0m such that

kKn �KkT
prob:���! 0; as n ! 1:
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As in Proposition 1.20 and Corollary 1.22 we obtain

E

Z �

0

e2Vsd l K ls� lim inf
n!C1E

Z �

0

e2Vsd l Kn ls� C

and

dKt 2 @y‰ .t; Yt / dQt on RC:

Finally passing to the limit in

Y nt CKn
T �Kn

t D Y nT C
Z T

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs;

we complete the proof. �

Remark 5.68. In this last theorem, in contrast to the results in Theorem 5.66, we
have not been able to show that the process K is absolutely continuous.

To end this section we discuss a particular case of BSVI (5.146) that we recall
here for the convenience of the reader:

8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;

(5.202)

where the assumptions (A1), : : : ; (A10) from the beginning of this section will to be
replaced by

.L1/: (A1) C (A2) C (A3) are satisfied;

.L2/: the functions F W ��RC �R
m�R

m�k ! R
m and G W ��RC �R

m ! R
m

satisfy

F .�; �; y; z/ ; G .�; �; y/ is p.m.s.p., for each .y; z/ 2 R
m � R

m�k ,

and there exists an L > 0 such that, P-a.s. ! 2 �, a.e. t � 0, for all y,
y0; z; z0

.i/ hy0 � y; F.t; y0; z/ � F.t; y; z/i � L
2

jy0 � yj2 ;
.ii/ jF.t; y; z0/ � F.t; y; z/j �

q
L
2

jz0 � zj ;
.iii/ jF .!; t; y; 0/j � L

2
.1C jyj/ ;

.iv/ hy0 � y;G.t; y0/ �G.t; y/i � L jy0 � yj2 ;
.v/ jG .!; t; y/j � L .1C jyj/ :

(5.203)
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We remark that in this case 
t D L
2

1Œ0;�� .t/, `t D
q

L
2

1Œ0;�� .t/, �t D L1Œ0;�� .t/
and

Vt D
Z t^�

0

h

sds C �sdAs C .`s/

2 ds
i

D LQt^� ;

F #
	 .s/ D sup

jyj�	
jF .t; y; 0/j � L

2
.1C 	/ ;

G#
	 .s/ D sup

jyj�	
jG .t; y/j � L .1C 	/ :

.L3/: (A6)C(A7)C(A8) are satisfied;

.L5/: assume that

E e2LQ�

�
1C j�j2 C j'.�/j C j .�/j

	
< 1: (5.204)

We highlight that under .L1/ ; : : : ; .L5/, the assumptions (A1), : : : ; (A9) are
satisfied. Also from .L5/ we have

.2L/j

j Š
E
�
.� C A�/

j
� � E e2LQ� < 1; for all j 2 N

�;

and consequently � < 1, P-a.s. Moreover it is not difficult to verify that by .L2/,
.L5/ and (5.192-a) the condition (5.190) is satisfied for all ı 2 .0;1/ and for all
q D 1 C ı

2Cı 2 .1; 2/. Hence with the exception of assumption (5.189) on the
interior of Dom .'/ all other assumptions of Theorem 5.67 are satisfied.

Theorem 5.69. Under the assumptions .L1/ ; : : : ; .L5/ the BSVI (5.202) has a
unique solution .Y;Z;K/ 2 S0m �ƒ0

m�k � S0m in the sense of Definition 5.64 which
satisfies for all q 2 .1; 2/:

.j / E sup
s�0

e2LQs jYs � u0j2 C E

Z 1

0

e2LQs jZsj2 ds < 1;

. jj/ lim
T!1

"
E eqLQT jYT � �T jq C E

�Z 1

T

e2LQs jZs � �sj2 ds

�q=2#
D 0:

Moreover there exist U .1/; U .2/ 2 ƒ0
m, U .1/

t 2 @' .Yt / and U
.2/
t 2 @ .Yt /,

dP˝dt -a.e. such that dKt D UtdQt 2 @y‰ .t; Yt / dQt , where

Ut D 1Œ0;�� .t/
h
˛tU

.1/
t C .1 � ˛t / U .2/

t

i
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and

Yt C
Z T

t

UsdQs D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:

The inequalities (5.162), (5.163) and (5.164) hold with Vt D LQt .

Proof. The proof is similar to that of Theorem 5.67: the Steps 1–3 are exactly the
same. To pass to the limit in the approximating equation

8̂
<̂
ˆ̂:
Y nt C

Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs D U 1;n

s ds C U 2;n
s dAs;

with U 1;n
s ds 2 @' �Y ns � ds; U 2;n

s dAs 2 @ �Y ns � dAs;

(5.205)

we need a new argument for Step 4 since now the interior condition (5.189) is not
satisfied.
Step 40. Estimates on subdifferential termsU 1;n and U 2;n. By Theorem 5.66 we have

E
�
e2V

n
t
�
'.Y nt / � '.u0/C  .Y nt / �  .u0/

��
C1

2
E

Z �

t^�
e2V

n
s

h ˇ̌
U 1;n
s

ˇ̌2
ds C ˇ̌

U 2;n
s

ˇ̌2
dAs

i

� E
�
e2V

n
� .'.�n/ � '.u0/C  .�n/ �  .u0//

�
C4E

Z 1

t

1Œ0;�� .s/ e2V
n
s

h
j OFn.s; Y ns ; Zn

s /j2ds C j OGn.s; Y ns /j2dAs
i
:

Note that V n
t D Vt � �nt , where �nt D

Z t^�

0

L
2

1.n;1/ .�s/ ds. Since

'.�n/ � '.u0/ D .' .�/ � '.u0// 1Œ0;n� .ˇ� C j� � u0j/ ;
 .�n/ �  .u0/ D . .�/ �  .u0// 1Œ0;n� .ˇ� C j� � u0j/ ;

j OFn.s; Y ns ; Zn
s /j � L

2

�
1C jY ns j�C

r
L

2
jZn

s j 1Œ0;n� .�s/C jF .s; u0; 0/j 1Œ0;n� .�s/ ;

j OGn.s; Y ns /j � L
�
1C jY ns j�C jG .s; u0/j 1Œ0;n� .�s/ ;

we obtain

E

h
e2V

n
t
�
'.Y nt / � '.u0/C  .Y nt / �  .u0/

�i � C;

and

E

Z 1

0

1Œ0;�� .s/ e2V
n
s

h ˇ̌
U 1;n
s

ˇ̌2
ds C ˇ̌

U 2;n
s

ˇ̌2
dAs

i
� C:
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Consequently there exist two p.m.s.p. U .1/ and U .2/, such that along a subsequence
still indexed by n,

eV U 1;ne�
n

1Œ0;�� * eV U .1/1Œ0;��; weakly in L2 .� � RC; dP ˝ dt IRm/ ;
eV U 2;ne�

n

1Œ0;�� * eV U .2/1Œ0;��; weakly in L2 .� � RC; dP ˝ dAt IRm/ :

Passing to the limit in (5.205) the result follows in a standard manner (see the proof
of Theorem 5.66). �

Remark 5.70. If � D T < 1 is a deterministic final time, then the assertions of

Theorem 5.69 are also true with q D 2 (and ı D 1) by setting `s D
q

L
2

1Œ0;T � .s/.

5.6.3 Weak Variational Solutions

In this subsection we discuss again the existence and the uniqueness of a solution
.Y;Z/ of BSVI (5.146) that we recall here:
8<
:
Yt C

Z �

t^�

dKs D �C
Z �

t^�

ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs ��
Z �

t^�

ZsdBs ; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;
(5.206)

under the assumptions (A1); : : : ; (A9) presented in Sect. 5.6.2. Adding the assump-
tion (A10) we have Theorem 5.66. Replacing the assumption (A10) by (5.190)
and the interior condition (5.189) we have Theorem 5.67. Furthermore if the
stochastic processes .
t /t�0, .�t /t"0, .`t /t�0 are constants and some boundedness
assumptions (5.203-iii; v) and (5.204) are satisfied then we can renounce assumption
(A10), and obtain the existence and uniqueness of a solution .Y;Z/ for (5.206): see
Theorem 5.69.

The aim of this subsection is to obtain existence and uniqueness under the
assumptions (A1); : : : ; (A9) and (5.190), i.e. to see what happens in Theorem 5.67
without the interior condition (5.189). It is not clear how we can obtain some
estimates on the subdifferential term dKns D Un

s dQs 2 @y‰
�
s; Y ns

�
dQs , except

for the particular case treated in Theorem 5.69. For this reason we shall give a
weak variational formulation for the solution as in [47]. The stochastic variational
formulation for forward SDEs was introduced by Răşcanu in [62].

Let us define the space Lpm, p � 0, of continuous semimartingalesM of the form

Mt D � �
Z t

0

ƒrdQr C
Z t

0

‚rdBr ;

where � 2 R
m, ƒ and ‚ are two p.m.s.p. such that on every interval Œ0; T � � RC,

ƒ 2 Lp ��IL1 .0; T IRm/�, ‚ 2 Lp ��IL2 �0; T IRm�k��.
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For an intuitive introduction, let M 2 L0m and .Y;Z;K/ be a solution

of (5.157), in the sense of Definition 5.64. By Itô’s formula for
1

2
jMt � Yt j2 and

the subdifferential inequality

Z T

t

hMr � Yr ; dKri C
Z T

t

‰ .r; Yr / dQr �
Z T

t

‰ .r;Mr/ dQr

we obtain the inequality

1

2
jMt � Yt j2 C 1

2

Z T

t

j‚r �Zr j2 dr C
Z T

t

‰ .r; Yr / dQr

� 1

2
jMT � YT j2 C

Z T

t

‰ .r;Mr/ dQr C
Z T

t

hMr � Yr ;ƒr �H .r; Yr ; Zr/idQr

�
Z T

t

hMr � Yr ; .‚r �Zr/dBri:

Therefore, we propose the following weak formulation for the solution.

Definition 5.71. We call .Yt ; Zt /t�0 a weak variational solution of (5.206) if
.Y;Z/ 2 S0m �ƒ0

m�k , .Yt ; Zt / D .�t ; �t / D .�; 0/ for t > � and

.i/

Z T

0

.jH .r; Yr ; Zr/j C‰ .r; Yr // dQr < 1; P-a.s., for all T � 0;

.ii/
1

2
jMt � Yt j2 C 1

2

Z s

t

j‚r �Zr j2 dr C
Z s

t

‰ .r; Yr / dQr

� 1

2
jMs � Ys j2 C

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

hMr � Yr ;ƒr �H .r; Yr ; Zr/idQr �
Z s

t

hMr � Yr ; .‚r �Zr/dBr i;
8 0 � t � s � �; 8M� D � � R �

0
ƒrdQr C R �

0
‚rdBr 2 L0m;

.iii/ e2VT jYT � �T j2 C
Z 1

T

e2Vs jZs � �s j2 ds
prob:�����! 0; as T ! 1:

(5.207)

Theorem 5.72. Let the assumptions .A1; : : : ;A9/ and (5.190-.i 0/ and .ii, with
q D 2/) be satisfied. Then the BSVI (5.206) has a unique weak variational solution
.Y;Z/ 2 S0m �ƒ0

m�k in the sense of Definition 5.71 such that

.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1



E e2VT jYT � �T j2 C E

Z 1

T

e2Vs jZs � �sj2 ds

�
D 0:

(5.208)

Moreover the inequalities (5.162) and (5.163) hold.
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Proof. Existence We remark that we are in the conditions of Theorem 5.67 without
the interior condition (5.189). Therefore we start with the same approximating
equation as in the proof of Theorem 5.67

8<
:
Y nt C

Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs 2 @y‰

�
s; Y ns

�
dQs � 1Œ0;�� .s/ @'

�
Y ns
�
dQs

(5.209)

and we follow exactly the same Steps 1–3 as there.
We obtain the existence of .Y;Z/ 2 S0m �ƒ0

m�k such that

E

"
sup
s�0

e2Vs jY ns � Ysj2 C
Z 1

0

e2Vs jZn
s �Zsj2ds

#
�! 0; as n ! 1;

.Yt ; Zt / D .�; 0/ for t > � and .Y;Z/ satisfies (5.208), the inequalities (5.162)
and (5.163), and (5.207-i; iii).

Let M� D � � R �
0
ƒrdQr C R �

0
‚rdBr 2 L0m. By Itô’s formula for 1

2
jMt � Y nt j2

we deduce that, for all 0 � t � s,

1

2
jMt � Y nt j2 C 1

2

Z s

t

j‚r �Zn
r j2 dr C

Z s

t

‰
�
r; Y nr

�
dQr � 1

2
E jMs � Y ns j2

C
Z s

t

‰
�
r;Mn

r

�
dQr C

Z s

t

hMr � Y nr ;ƒr � OHn

�
r; Y nr ; Z

n
r

�idQr

�
Z s

t

hMr � Y nr ; .‚r �Zn
r /dBri:

Passing to the lim inf it follows that the pair .Y;Z/ satisfies the inequality (5.207-ii).

Uniqueness. In order to prove the uniqueness of the solution, let
� OY ; OZ

	
2 S0m �

ƒ0
m�k and

� QY ; QZ� 2 S0m � ƒ0
m�k be two weak variational solutions of (5.206)

corresponding to O� and Q�, respectively. Therefore for all M� D � � R �
0
ƒrdQr CR �

0
‚rdBr 2 L0m,

1

2

�
jMt � OYt j2 C jMt � QYt j2

	
C 1

2

Z s

t

�
j‚r � OZr j2 C j‚r � QZr j2

	
dr

C
Z s

t

�
‰.r; OYr/C‰.r; QYr/

	
dQr

� 1

2

�
jMs � OYsj2 C jMs � QYsj2

	
C 2

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

�
hMr � OYr ;ƒr �H.r; OYr ;Zr/i C hMr � QYr ;ƒr �H.r; QYr ; QZr/i

	
dQr

�
Z s

t

�
hMr � OYr ; .‚r � OZr/dBri C hMr � QYr ; .‚r � QZr/dBri

	
; 8 0 � t � s:
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Let Y D OYC QY
2

, Z D OZC QZ
2

and hr D 1

2

h
H.r; OYr ; OZr/CH.r; QYr ; QZr/

i
.

From the convexity of ' we see that

2'.Yr/ � '. OYr/C '. QYr/;
and using the identity

2

�
u C v

2
;
f C g

2

�
C 1

2
hu � v; f � gi D hu; f i C hv; gi ;

we obtain

hMr � OYr ;ƒr �H.r; OYr ; OZr/i C hMr � QYr ;ƒr �H.r; QYr ; QZr/i
D 2 hMr � Yr ;ƒr � hri C 1

2
h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/i;

and
Z s

t

hMr � OYr ; .‚r � OZr/dBri C
Z s

t

hMr � QYr ; .‚r � QZr/dBri

D 2

Z s

t

hMr � Yr ; .‚r �Zr/i dBr C 1

2

Z s

t

h OYr � QYr ; . OZr � QZr/dBri:

Therefore, since

1

2

�
jm � uj2 C jm � vj2

	
D ˇ̌

m � u C v

2

ˇ̌2 C 1

4
ju � vj2 ;

we have for all M� D � � R �
0
ƒrdQr C R �

0
‚rdBr 2 L0m

ˇ̌ OYt � QYt
ˇ̌2 C

Z s

t

ˇ̌ OZr � QZr
ˇ̌2

dr � 8Bt;s .M/C ˇ̌ OYs � QYs
ˇ̌2

C2
Z s

t

h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/idQr

�2
Z s

t

h OYr � QYr ; . OZr � QZr/dBri; 8 0 � t � s;

(5.210)

where

Bt;s .M/ D 1

2
jMs � Ysj2 C

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

hMr � Yr ;ƒr � hridQr � 1

2
jMt � Yt j2

�1
2

R s
t

j‚r �Zr j2 dr �
Z s

t

‰ .r; Yr / dQr �
Z s

t

hMr � Yr ; .‚r �Zr/ dBri:
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Let

M"
t D e

�Qt
Q"



Y0 C 1

Q"

Z t

0

e
Qr
Q" YrdQr

�
: (5.211)

Clearly, M" 2 L0m since M"
t D M"

0 C R t
0
dM"

r D Y0 C
Z t

0

Yr�M"
r

Q"
dQr C

Z t

0

0dBr .

By Lemma 6.21 it follows that for all 0 � t � s � T

.a/ lim
"!0C

�
supr2Œ0;T � jM"

r � Yr j
� D 0;

.b/ lim
"!0C

Z s

t

1Œ0;�� .r/ '
�
M"
r

�
dr D

Z s

t

1Œ0;�� .r/ '.Yr/dr;

.c/ lim
"!0C

Z s

t

1Œ0;�� .r/  
�
M"
r

�
dAr D

Z s

t

1Œ0;�� .r/  .Yr/dAr

and consequently

lim sup
"!0C

Bt;s .M
"/ � 0;

because ‰
�
r;M"

r

�
dQr D 1Œ0;�� .r/

�
'
�
M"
r

�
dr C  

�
M"
r

�
dAr

�
.

Using the inequality

h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/idQr � j OYr � QYr j2dVr C 1

4
j OZr � QZr j2dr

from (5.210) with M D M", " ! 0C, we obtain that for all 0 � t � s,

ˇ̌ OYt � QYt
ˇ̌2 C 1

2

Z s

t

ˇ̌ OZr � QZr
ˇ̌2

dr � ˇ̌ OYs � QYs
ˇ̌2 C 2

Z s

t

ˇ̌ OYr � QYr
ˇ̌2

dVr

�2
Z s

t

h OYr � QYr ; . OZr � QZr/dBri;

which yields, by Proposition 6.69

e2Vt
ˇ̌ OYt � QYt

ˇ̌2 C 1

2

Z s

t

e2Vr
ˇ̌ OZr � QZr

ˇ̌2
dr � e2Vs

ˇ̌ OYs � QYs
ˇ̌2

� 2
Z s

t

e2Vr h OYr � QYr ; . OZr � QZr/dBri:

Taking the expectation and then passing to the limit as s ! 1 uniqueness follows
(see the properties of the solutions given in (5.208)).
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5.7 Semilinear Elliptic PDEs

5.7.1 Elliptic Equations in the Whole Space

We will first consider elliptic PDEs in R
d , and then in a bounded open subset of Rd ,

with Dirichlet boundary condition.
Let fXx

t I t � 0g denote the solution of the forward SDE:

Xx
t D x C

Z t

0

f .Xx
s / ds C

Z t

0

g.Xx
s / dBs; t � 0; (5.212)

where f W R
d ! R

d is continuous and globally monotone, g W R
d ! R

d�d is
globally Lipschitz, and consider the backward SDE

Y xt D Y xT C
Z T

t

F .Xx
s ; Y

x
s ; Z

x
s / ds �

Z T

t

Zx
s dBs; for all t; T s.t. 0 � t � T;

(5.213)

where F W R
d � R

k � R
k�d ! R

k is continuous and such that for some K, K 0,

 < 0, p > 0,

jF.x; y; z/j � K 0.1C jxjp C jyj C jzj/;
˝
y � y0; F .x; y; z/ � F.x; y0; z/

˛ � 
jy � y0j2;
jF.x; y; z/ � F.x; y; z0/j � Kkz � z0k:

We assume moreover that for some � > 2
CK2, and all x 2 R
d ,

E

Z 1

0

e�t jF.Xx
t ; 0; 0/j2dt < 1; (5.214)

which essentially implies that � < 0.
Under these assumptions, the BSDE (5.213) has a unique solution, in the sense

of Theorem 5.27.
It is not hard to see, using uniqueness for BSDEs, that

Y xt D Y
Xxt
0 ; t > 0: (5.215)

Denote by

A D 1

2

X
i;j

.gg�/ij.x/
@2

@xi@xj
C
X
i

fi .x/
@

@xi
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the infinitesimal generator of the Markov process fXx
t I t � 0g, and consider the

following system of semilinear elliptic PDEs in R
d

Aui .x/C Fi.x; u.x/; .rug/.x// D 0; x 2 R
d ; 0 � i � k: (5.216)

As in Sect. 5.4, one easily establishes the following:

Theorem 5.73. Let u 2 C2.Rd IRm/ be a classical solution of (5.216) such that for
some M;q > 0,

ju.x/j � M.1C jxjq/; 8x 2 R
d :

Then for each x 2 R
d , f.u.Xx

t /; .rug/.Xx
t //I t � 0g is the solution of the

BSDE (5.213). In particular u.x/ D Y x0 .

We now want to prove that (5.212)–(5.213) provide a viscosity solution to (5.216)
Again, for the notion of a viscosity solution of the system of PDEs we

need (5.216) to make sense, therefore we need to make the following restriction: for
0 � i � k, the i -th coordinate of F depends only on the i -th row of the matrix z.

Define the mapping

ˆ W Rd � R
m � R

d � S
d ! R

m

by

ˆi.x; r; p;X/ D �1
2

TrŒg.x/g�.x/X� � hf .x/; pi � Fi.x; r; pg.x//; 1 � i � m:

Then the system (5.216) reads

ˆi.x; u.x/;Dui .x/;D
2ui .x// D 0; x 2 R

d ; 0 � i � m:

All the assumptions from Theorem 5.37 are assumed to hold below (with of
course f , g and F independent of the time variable t ). The notion of a viscosity
solution of (5.216) is defined by Definition 6.94 in Annex D.

We can now prove the following:

Theorem 5.74. Under the above assumptions, u.x/
defD Y x0 is a continuous function

which satisfies

jY x0 j � c

s
E

Z 1

0

e�t jF.Xx
t ; 0; 0/j2dt ; (5.217)

for any � > 2
CK2, and it is a viscosity solution of (5.216).

Proof. The continuity follows from the mean-square continuity of fY x� ; x 2 R
d g.

The inequality (5.217) follows from (5.134) with � D 0 (hence � D 0 and � D 0).
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To prove that u is a viscosity sub-solution, we take any 1 � i � m, ' 2 C2.Rd /

and x 2 R
d such that ui � ' has a local maximum at x. We assume without loss of

generality that

ui .x/ D '.x/:

We suppose that

ˆi.x; u.x/;D'i .x/;D
2'i .x// > 0;

and we will find a contradiction.
Let ˛ > 0 be such that whenever jy � xj � ˛,

ui .y/ � '.y/;

ˆi .y; u.y/;D'i .y/;D
2'i .y// > 0;

and define, for some T > 0,

� D infft > 0I jXx
t � xj � ˛g ^ T:

Let now

.Y t ; Zt / D ..Y xt^� /i ; 1Œ0;��.t/.Zx
t /
i /; 0 � t � T:

.Y ;Z/ solves the one-dimensional BSDE

Y t D ui .X
x
� /C

Z T

t

1Œ0;��.s/Fi .Xx
s ; u.X

x
s /; Zs/ds �

Z T

t

ZsdBs; 0 � t � T:

On the other hand, from Itô’s formula,

. OYt ; OZt/ D .'.Xx
t^� /; 1Œ0;��.t/.r'g/.Xx

t //; 0 � t � T

solves the BSDE

OYt D '.Xx
� / �

Z T

t

1Œ0;��.s/A'.Xx
s /ds �

Z T

t

OZsdBs; 0 � t � T:

From ui � ', and the choice of ˛ and � , we deduce with the help of Proposition 5.34
that Y 0 < OY0, i.e. ui .x/ < '.x/, which is a contradiction. �

5.7.2 Elliptic Dirichlet Problem

We now give a similar result for a system of elliptic PDEs in an open bounded
subset of Rd , with Dirichlet boundary condition, following [20]. Let D � R

d be
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a bounded domain (i.e. D is an open bounded subset of Rd ), whose boundary @D
is of class C1. We are given a function � 2 C.Rd / and we consider the system of
elliptic PDEs

�
ˆi.x; u.x/;Du.x/;D2u.x// D 0; 1 � i � m; x 2 DI
ui .x/ D �i .x/; 1 � i � m; x 2 @D: (5.218)

The process fXx
t I t � 0g is defined as in the preceding subsection. For each

x 2 D, we define the stopping time

�x D infft � 0I Xx
t 62 Dg:

Let f.Y xt ; Zx
t /I 0 � t � �xg be the solution, in the sense of Corollary 5.59, of

the BSDE

Y xt D �.Xx
�x
/C

Z �x

t^�x
F .Xx

s ; Y
x
s ; Z

x
s / ds �

Z �x

t^�x
Zx
s dBs; t � 0: (5.219)

Using Itô’s formula, it is not hard to establish the following:

Theorem 5.75. Let u 2 C2.DIRm/\C0.DIRm/ be a classical solution of (5.218).
Then for each x 2 R

d , f.u.Xx
t /; .rug/.Xx

t //I t � 0g is the solution of the
BSDE (5.219). In particular u.x/ D Y x0 .

We now assume that P.�x < 1/ D 1, for all x 2 D, that the set

ƒ D fx 2 @DI P.�x > 0/ D 0g is closed, (5.220)

and that for some � > 2
CK2, and all x 2 D,

Ee��x < 1:

We again define u.x/ D Y x0 . Besides some arguments which we have already
used, the continuity of u also relies on the following:

Proposition 5.76. Under the condition (5.220), the mapping x ! �x is a.s.
continuous on D.

Proof. Let fxn; n 2 Ng be a sequence in D such that xn ! x, as n ! 1. We first
show that

lim sup
n!1

�xn � �x a.s. (5.221)

Suppose that (5.221) is false. Then

P.�x < lim sup
n!1

�xn/ > 0: (5.222)
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For each " > 0, let

�"x D infft � 0I d.Xx
t ;D/ � "g:

From (5.222), there exists " and T such that

P.�"x < lim sup
n!1

�xn � T / > 0:

But since Xxn� ! Xx� uniformly on Œ0; T � a.s., this implies that

P.lim sup
n!1

�"=2xn
� �"x < lim sup

n!1
�xn � T / > 0;

which would mean that for some n, Xxn exits the "=2-neighbourhood of D before
exiting D, which is impossible.

We next prove that

lim inf
n!1 �xn � �x a.s. (5.223)

For this part of the proof, we will need the assumption (5.220) that ƒ is closed.
It suffices to prove that (5.223) holds a.s. on�M D f�x � M g, withM arbitrary.

From the result of the first step, for almost all ! 2 �M , there exists an n.!/ such
that n � n.!/ implies �xn � M C 1. From the a.s. (on �M ) uniform convergence
of Xxn� ! Xx� on the interval Œ0;M C 1�, Xx� hits the set

fXxn
�xn I n 2 Ng � ƒ D ƒ

on the random interval Œ0; lim infn �xn � a.s. on �M . The result follows, since Xx�
exits D when it hits ƒ. �

We now prove the following:

Theorem 5.77. Under the assumptions of Theorem 5.74, the above conditions on

D and the condition (5.220), u.x/
defD Y x0 is continuous on D and it is a viscosity

solution of the system of Eq. (5.218).

Proof. We only prove that u is a sub-solution. Let 1 � i � m, ' 2 C2.Rd / ui � '

have a local maximum at x 2 D, such that ui .x/ D '.x/. If x 2 ƒ, then �x D 0,
and hence u.x/ D �.x/. If however x 2 D [ .@Dnƒ/, the result follows by the
same argument as in the proof of Theorem 5.74.

5.7.3 Elliptic Equations with Neumann Boundary Conditions

The data and assumptions are the same as in Sect. 5.4.3, except that we suppress the
dependence of all coefficients upon the time variable. Moreover we also assume that
all assumptions of Section 5.4.1 are satisfied.
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Consider the following system of semilinear elliptic PDEs with nonlinear
Neumann boundary condition

8<
:
ˆi.x; u.x/;Dui .x/;D2ui .x// D 0; x 2 D; 0 � i � mI
@ui
@n
.x/ �Gi.x; u.x// D 0; x 2 @D; 1 � i � m:

(5.224)

Let Xx be the process solution of the reflected stochastic differential equation, for
all t � 0; P a.s.

8̂
<̂
ˆ̂:
Xx
t CKx

t D x C
Z t

0

f .r; Xx
r /dr C

Z t

0

g.r; Xx
r /dBr ;

Xx
t 2 D; Kx

t D
Z t

0

n.Xx
r /1@D

�
Xx
r

�
d lKxlr :

(5.225)

To each x 2 D we associate the BSDE

Y xt D Y xT C
Z T

t

F .r; Xx
r ; Y

x
r ; Z

x
r /dr C

Z T

t

G.r; Xx
r ; Y

x
r /d lKxlr (5.226)

�
Z T

t

Zx
r dBr ; for all pairs 0 � t < T:

Itô’s formula again allows us to establish the following:

Theorem 5.78. Let u 2 C2.DIRm/\C1.DIRm/ be a classical solution of (5.224).
Then for each x 2 R

d , f.u.Xx
t /; .rug/.Xx

t //I t � 0g is the solution of the
BSDE (5.226). In particular u.x/ D Y x0 .

We now have:

Theorem 5.79. Under the above conditions and those of Theorem 5.43, u.x/ WD
Y x0 is a continuous function of x, and it is a viscosity solution of (5.224).

The proof of this Theorem is easily done by combining the arguments in the
proofs of Theorems 5.74 and 5.43.

5.8 Parabolic Variational Inequality

The aim of this section is to prove the existence of a viscosity solution for the
following parabolic variational inequality (PVI) with a mixed nonlinear multivalued
Neumann–Dirichlet boundary condition:
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8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

@u.t; x/

@t
C Atu .t; x/C F .t; x; u.t; x/; .rug/.t; x// 2 @' .u.t; x// ;

t 2 .0; T / ; x 2 D;
�@u.t; x/

@n
CG .t; x; u.t; x// 2 @ .u.t; x// ; t 2 .0; T / ; x 2 Bd .D/ ;

u.T; x/ D �.x/; x 2 D;
(5.227)

where the operator At is given by

At v.x/ D 1

2
Tr
�
g.t; x/g�.t; x/D2v.x/

�C ˝
f .t; x/;rv.x/˛;

and D is an open connected bounded subset of Rd of the form

D D ˚
x 2 R

d W � .x/ < 0� ; Bd .D/ D ˚
x 2 R

d W � .x/ D 0
�
;

where � 2 C3
b

�
R
d
�
, jr� .x/j D 1; for all x 2 Bd .D/. The outward normal

derivative of v at the point x 2 Bd .D/ is given by

@v .x/

@n
D

dX
jD1

@� .x/

@xj

@v .x/

@xj
D hr� .x/ ;rv .x/i :

The functions f W RC � R
d ! R

d , g W RC � R
d ! R

d�d , F W RC � D �
R � R

d ! R, G W RC � Bd .D/ � R ! R and � W D ! R are continuous.
Assume that for all T > 0, there exist a;L > 0 (which can depend on T ) such that
8t 2 Œ0; T � ; 8x; Qx 2 R

d :

jf .t; x/ � f .t; Qx/j C jg .t; x/ � g .t; Qx/j � a jx � Qxj ; (5.228)

and 8t 2 Œ0; T �, 8x 2 D, x0 2 Bd .D/, y; Qy 2 R; z; Qz 2 R
d :

.i/ .y � Qy/ ŒF.t; x; y; z/ � F.t; x; Qy; z/� � L
2
jy � Qyj2;

.ii/ jF.t; x; y; z/ � F.t; x; y; Qz/j �
q

L
2
jz � Qzj;

.iii/ jF.t; x; y; 0/j � L
2
.1C jyj/ ;

.iv/ .y � Qy/ ŒG.t; x0; y/ �G.t; x0; Qy/� � Ljy � Qyj2;
.v/ jG.t; x0; y/j � L .1C jyj/ :

(5.229)

We also assume that

.i/ ';  W R ! .�1;C1� are proper convex l.s.c. functions,
.ii/ 0 D ' .0/ � ' .y/ and 0 D  .0/ �  .y/ ; 8 y 2 R;

.iii/ �.x/ 2 int .Dom .'// \ int .Dom . // for all x 2 D;
(5.230)
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and the compatibility conditions:
for all " > 0, t � 0, x 2 Bd .D/, Qx 2 D, y 2 R and z 2 R

d

.i/ r'" .y/G .t; x; y/ � jr " .y/j jG .t; x; y/j ;
.ii/ r " .y/ F .t; Qx; y; z/ � jr'" .y/j jF .t; Qx; y; z/j ; (5.231)

where aC D max f0; ag and r'" .y/, r " .y/ are the unique solutions U and V ,
respectively, of equations

@'.y � "U / 3 U and @ .y � "V / 3 V

(for the Moreau–Yosida approximations r'", r " see section “Convex function”
from Annex B and for the compatibility conditions see Example 5.63). We mention
that in the one dimensional case (which is our case here)

@' .y/ D �
'0� .y/ ; '0C .y/

�
and @ .y/ D �

 0� .y/ ;  0C .y/
�
:

Since D is bounded and � is continuous it follows from (5.230-iii) that there
exists an M0 > 0 such that

sup
x2D

j�.x/j C sup
x2D

' .�.x//C sup
x2D

 .�.x// � M0:

Let .t; x/ 2 Œ0; T � � D be arbitrarily fixed. Consider the stochastic basis�
�;F ;P; �F t

s

�
s�0
	

, where the filtration is generated by a d -dimensional Brownian

motion as follows: F t
s D N if 0 � s � t and

F t
s D � fBr � Bt W t � r � sg _ N ; if s > t:

From Theorem 4.54 and Theorem 4.47 we infer that there exists a unique pair
.Xt;x; At;x/ W � � Œ0;1Œ ! R

d � R
d of continuous progressively measurable

stochastic processes such that, P-a.s.:

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

.j / Xt;x
s 2 D and Xt;x

s^t D x for all s � 0;

. jj/ 0 D At;xu � At;xs � At;xv for all 0 � u � t � s � v;

. jjj/ Xt;x
s C

Z s

t

r� �Xt;x
r

�
dAt;xr D x C

Z s

t

f
�
r; Xt;x

r

�
dr

C
Z s

t

g
�
r; Xt;x

r

�
dBr ; 8 s � t;

. jv/ At;xs D
Z s

t

1Bd.D/
�
Xt;x
r

�
dAt;xr ; 8 s � t:

(5.232)

Then by Proposition 4.55 and Corollary 4.56 we have for all p � 1, � > 0 and
s � t ,
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.j / E sup
r2Œt;s�

jXt;x
r �Xt;y jp C E sup

r2Œt;s�

ˇ̌
At;xr � At;yr

ˇ̌p � CeC.s�t/ jx � yjp ;

. jj/ Ee�A
t;x
s � exp

�
C�C C�t C C2�2

2
t

�
;

(5.233)

and for every T > 0, p � 1 and continuous functions h1; h2 W Œ0; T � �D ! R, the
mappings

.t; x/ 7! �
Xt;x� ; At;x�

� W Œ0; T � �D ! S
p

d Œ0; T � � Sp1 Œ0; T �

and

.t; x/ 7! E

Z T

t

h1.s; X
t;x
s /ds C E

Z T

t

h2.s; X
t;x
s / dAt;xs W Œ0; T � �D ! R

are continuous.
We consider the backward stochastic variational inequality (BSVI):

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂:

Y t;xs C
Z T

s

dKt;xr D �
�
X
t;x
T

�C
Z T

s

1Œt;T � .r/ F
�
r; Xt;x

r ; Y t;xr ; Zt;x
r

�
dr;

C
Z T

s

1Œt;T � .r/G
�
r; Xt;x

r ; Y t;xr
�

dAt;xr �
Z T

s

hZt;x
r ; dBri ; 8 s 2 Œ0; T � ;

Y t;xs D Y
t;x
t , Zt;x

s D 0, Kt;x
s D U t;x

s D V t;x
s D 0, 8 s 2 Œ0; t � ;

Kt;x
s D

Z s

0

�
U t;x
r dr C V t;x

r dAt;xr
�
; 8 s 2 Œ0; T � ;

U t;x
s 2 @' �Y t;xs �

and V t;x
s 2 @ �Y t;xs �

a:e: on � � Œt; T � :
(5.234)

Note that the backward stochastic variational inequality (5.234) satisfies the assump-
tions of Theorem 5.69 and Remark 5.70 with � D T , � D �

�
X
t;x
T

�
satisfying (A00

7 ),


s D L
2

1Œ0;T � .s/, `s D
q

L
2

1Œ0;T � .s/, �s D L1Œ0;T � .s/, Vs D LQ
t;x
s^T , u0 D 0, where

Qt;x
s D s C At;xs and E

�
e�Q

t;x
T

	
< 1, for all � > 0:

Therefore (5.234) has a unique solution .Y t;x; Zt;x; Kt;x/ of continuous progres-
sively measurable stochastic processes such that

E sup
r2Œt;T �

e2LQ
t;x
r
ˇ̌
Y t;xr

ˇ̌2 C E

�Z T

t

e2LQ
t;x
r
ˇ̌
Zt;x
r

ˇ̌2
dr

�
< 1;

and dKt;xs D U t;x
s ds C V t;x

s dAt;xs , where U t;x; V t;x are progressively measurable
stochastic processes and U t;x

s 2 @'
�
Y t;xs

�
, V t;x

s 2 @'
�
Y t;xs

�
dP˝dt � a:e. on

� � Œt; T �.
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Moreover by (5.162) and (5.164) the solution satisfies for all s 2 Œt; T �:

E
Fs sup

r2Œs;T �
e2LQ

t;x
r jY t;xr j2 C E

Fs

�Z T

s

e2LQ
t;x
r jZt;x

r j2 dr

�

CE
Fs

Z T

s

e2LQ
t;x
r
�
'
�
Y t;xr

�
dr C ˇ̌

 
�
Y t;xr

�ˇ̌
dAt;xr

�

� C2E
Fs



e2LQ

t;x
T

ˇ̌
�
�
X
t;x
T

�ˇ̌2

C
�Z T

s

eLQ
t;x
r
�ˇ̌
F
�
r; Xt;x

r ; 0; 0
�ˇ̌

dr C ˇ̌
G
�
r; Xt;x

r ; 0;
�ˇ̌

dAt;xr
� 	2�

� C2 E
Fs



e2LQ

t;x
T M0 C

�
eLQ

t;x
T � eLQt;x

s

	2�

� CM0E
Fs

�
e2LQ

t;x
T

	
;

(5.235)

and

E

h
e2LQ

t;x
s '.Y t;xs /C  .Y t;xs /

i
C 1

2
E

Z T

s

e2LQ
t;x
r

�
jU t;x
r j2 dr C jV t;x

r j2 dAr
	

� E

h
e2LQ

t;x
T

�
'.�

�
X
t;x
T

�
/C  .�

�
X
t;x
T

�
/
�i

C4E
Z T

s

e2LQ
t;x
r
�jF.r; Y t;xr ; Zt;x

r /j2
�

dr C 4E

Z T

s

e2LQ
t;x
r
�jG.r; Y t;xr /j2� dAr

� CM0;LEe
2LQ

t;x
T :

(5.236)
We define

u.t; x/ D Y
t;x
t ; .t; x/ 2 Œ0; T � �D; (5.237)

which is a deterministic quantity since Y t;xt is F t
t � N -measurable.

From the Markov property, we have

u.s; Xt;x
s / D Y t;xs :

By (5.236) we infer that

u.t; x/ 2 Dom .'/ \ Dom . / for all .t; x/ 2 Œ0; T � �D: (5.238)

In the sequel we shall prove that u defined by (5.237) is a viscosity solution
of (5.227). Reversing the time by Qu .t; x/ D u .T � t; x/, the PVI (5.227)
becomes (6.137) and the uniqueness of the viscosity solution follows from Theo-
rem 6.112.

We now give the definition of the viscosity solution of the PVI (5.227).
A triple .p; q;X/ 2 R�R

d�S
d is a parabolic super-jet to u at .t; x/ 2 .0; T /�D

if for all .s; y/ 2 .0; T / �D
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u.s; y/ � u.t; x/C p.s � t /C hq; y � xi C 1
2
hX.y � x/; y � xi

Co.js � t j C jy � xj2/I

the set of parabolic super-jets is denoted P2;Cu.t; x/. The set of parabolic sub-jets
is defined by P2;�

O u D �P2;C
O .�u/.

Let

ˆ.t; x; y; q;X/ D �1
2

Tr
�
.gg�/.t; x/X

� � hf .t; x/; qi � F .t; x; y; qg.t; x// ;
�.t; x; y; q/ D hr�.x/; qi �G.t; x; y/:

We clearly have

ˆ
�
s; y; r;rv.y/;D2v.y/

� D �Asv.y/ � F .s; y; r;rv.y/g.s; y// : (5.239)

Definition 5.80. Let u W Œ0; T � �D ! R be a continuous function, which satisfies
u.T; x/ D � .x/ ; 8 x 2 D.

(a) u is a viscosity sub-solution of (5.227) if:

ˇ̌
ˇ̌ u.t; x/ 2 Dom .'/ ; 8.t; x/ 2 .0; T / �D;

u.t; x/ 2 Dom . / ; 8.t; x/ 2 .0; T / � Bd .D/ ;

and for any .t; x/ 2 .0; T / �D and any .p; q;X/ 2 P2;Cu.t; x/:

8̂
<̂
ˆ̂:

.d1/ p Cˆ.t; x; u.t; x/; q; X/C '0� .u.t; x// � 0 if x 2 D;

.d2/ min
n
p Cˆ.t; x; u.t; x/; q; X/C '0� .u.t; x// ;

�.t; x; u.t; x/; q/C  0� .u.t; x//
o

� 0 if x 2 Bd .D/ :

(5.240)

(b) The viscosity super-solution of (5.227) is defined in a similar manner as above,
with P2;C replaced by P2;�, the left derivative replaced by the right derivative,
min by max, and the inequalities � by �.

(c) A continuous function u W Œ0;1/ � D is a viscosity solution of (6.137) if it is
both a viscosity sub- and super-solution.

Theorem 5.81. Let the assumptions (5.228), (5.229), (5.230) and (5.231) be
satisfied. If u defined by (5.237) is continuous on Œ0; T � � D, then u is a viscosity
solution of PVI (5.227).

Proof. We show only that u is a viscosity sub-solution of (5.227) (the proof of the
super-solution property is similar).

Let .t; x/ 2 Œ0; T � �D and .p; q;X/ 2 P2;Cu.t; x/.
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Cases. .t; x/ 2 Œ0; T � � Bd .D/.
Aiming to deduce a contradiction we suppose that

min
n
�pCˆ.t; x; u.t; x/; q; X/C'0�

�
u.t; x/

�
; �.t; x; u.t; x/; q/C 0�

�
u.t; x/

�o
>0:

It follows by continuity of F , G, u, f , g, �, ˆ, � left continuity and
nondecreasing monotonicity of '0� and  0� that there exists " > 0, ı > 0 such
that for all .s; x0/ 2 Œ0; T � �D, js � t j � ı, jx0 � xj � ı,

� .p C "/Cˆ
�
s; x0; u.s; x0/; qC .X C "I /

�
x0 � x� ; XC"I

�C'0�
�
.u.s; x0/

�
> 0

(5.241)
and

�.s; x0; u.s; x0/; q C .X C "I /
�
x0 � x�/C  0�

�
u.s; x0/

�
> 0: (5.242)

Now since .p; q;X/ 2 P2;Cu.t; x/ there exists 0 < ı0 � ı such that for all s 2
Œ0; T � ; s ¤ t; x0 2 D, x0 ¤ x, js � t j � ı0, jx0 � xj � ı0 we have

u.s; x0/ < Ou.s; x0/ defD u.t; x/C .p C "/ .s � t /C hq; x0 � xi
C1

2

˝
.X C "I / .x0 � x/; x0 � x˛:

By (5.239) the condition (5.241) becomes

� @Ou.r; x0/
@t

�As Ou.s; x0/�F �s; x0; u.s; x0/;r Ou.s; x0/g.s; x0/
�C'0�

�
.u.s; x0/

�
> 0:

(5.243)
The condition (5.242) can be written as follows

˝r Ou.s; x0/;r�.x0/
˛ �G.s; x0; u.s; x0//C  0�

�
u.s; x0/

�
> 0: (5.244)

Let

�
defD �

t C ı0� ^ inf
˚
s > t W jXt;x

s � xj � ı0� :
We note that .Y t;xs ; Zt;x

s /, t � s � � , solves the BSDE

8̂
ˆ̂̂<
ˆ̂̂̂
:

Y t;xs D u
�
�;X

t;x
�

�C
Z �

s

�
F.r;Xt;x

r ; Y t;xr ; Zt;x
r / � U t;x

r

�
dr �

Z �

s

Zt;x
r dBr

C
Z �

s

�
G.r;Xt;x

r ; Y t;xr / � V t;x
r

�
dAt;xr ;

U t;x
s 2 @' �Y t;xs �

and V t;x
s 2 @ �Y t;xs �

dP ˝ dt -a:e:
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Moreover, it follows from Itô’s formula that

. OY t;xs ; OZt;x
s / D �Ou.s; Xt;x

s /; .r Oug/ .s; Xt;x
s /

�
; t � s � �

satisfies

OY t;xs D Ou.�; Xt;x
� / �

Z �

s

h@Ou.r; Xt;x
r /

@t
C Ar Ou.r; Xt;x

r /
i
dr �

Z �

s

OZt;x
r dBr

C
Z �

s

˝rx Ou �r; Xt;x
r

�
;r�.Xt;x

r /
˛
dAt;xr :

Let . QY t;xs ; QZt;x
s / D . OY t;xs � Y t;xs ; OZt;x

s �Zt;x
s /. We have

QY t;xs D �Ou.�; Xt;x
� / � u

�
�;X

t;x
�

� �C
Z �

s

h
� @Ou.r; Xt;x

r /

@t
� Ar Ou.r; Xt;x

r /

�F.r;Xt;x
r ; Y t;xr ; Zt;x

r /C U t;x
r

i
dr �

Z �

s

QZt;x
r dBr

C
Z �

s

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ �G.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr :

Let

ˇs D As Ou.s; Xt;x
s /C F.s;Xt;x

s ; Y t;xs ; Zt;x
s / and

Ǒ
s D As Ou.s; Xt;x

s /C F.s;Xt;x
s ; Y t;xs ; OZt;x

s /:

Since j Ǒ
s �ˇsj �

q
L
2

j OZt;x
s �Zt;x

s j, there exists a bounded d -dimensional p.m.s.p.

f�sI t � s � �g such that Ǒ
s � ˇs D h�s; QZt;x

s i and therefore

QY t;xs D Ou.�; Xt;x
� / � u.�; Xt;x

� /C
Z �

s

h
� @Ou.r; Xt;x

r /

@t
C h�r ; QZt;x

r i � Ǒ
r C U t;x

r

i
dr

C
Z �

s

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ � g.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr �

Z �

s

QZt;x
r dBr :

Let

ƒs D exp

�Z s

t

h�r ; dBri � 1

2

Z s

t

j�r j2 dr

�
; t � s � �:

Then by Itô’s formula,

ƒs D 1C
Z s

t

ƒr h�r ; dBri ; t � s � �;
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and so

d. QY t;xr ƒr/ D ƒr

h@Ou.r; Xt;x
r /

@t
C Ǒ

r � U t;x
r

i
dr Cƒrh QZt;x

r C QY t;xr �r ; dBri

Cƒr

h
� ˝rx Ou.r; Xt;x

r /;r�.Xt;x
r /

˛C g.r;Xt;x
r ; Y t;xr / � V t;x

r

i
dAt;xr :

Then

QY t;xt D E

h
ƒ�

�Ou.�; Xt;x
� / � u.�; Xt;x

� /
� iC E

Z �

t

ƒr

h
� @Ou.r;Xt;xr /

@t
� Ǒ

r C U t;x
r

i
dr

CE

Z �

t

ƒr

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ � g.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr :

(5.245)
Since U t;x

r 2 @' �Y t;xr �
and V t;x

r 2 @ �Y t;xr �
, we have

U t;x
r dr � '0�

�
u.r; Xt;x

r /
�
dr; V t;x

r dAt;xr �  0�
�
u.r; Xt;x

r /
�
dAt;xr ;

and therefore by (5.243) and (5.244)

�@Ou.r; Xt;x
r /

@t
� Ǒ

r C U t;x
r > 0;

and
h˝rx Ou.r; Xt;x

r /;r�.Xt;x
r /

˛ � g.r;Xt;x
r ; Y t;xr /C V t;x

r

i
dAt;xr � 0:

Moreover, the choice of ı0 and � implies that u.�; Xt;x
� / < Ou.�; Xt;x

� /. Hence

0 D Ou .t; x/ � u .t; x/ D QY t;xt � E

h
ƒ�

�Ou.�; Xt;x
� / � u.�; Xt;x

� /
� i
> 0;

which is a contradiction. It follows that (5.240-d2) holds.

Cases. .t; x/ 2 Œ0; T � �D.
The proof follows the same steps from Case 5.8, where we now choose ı and ı0

such that B .x; ı0/ � B .x; ı/ � D and, by condition (5.232-iv), At;xr D 0 for all
t � r � � .

This proves that u is a viscosity sub-solution of PVI (5.227). Symmetric
arguments show that u is also a super-solution; hence u is a viscosity solution of
PVI (5.227).

Corollary 5.82. We have

u.t; x/ 2 Dom .@'/ ; 8.t; x/ 2 Œ0; T � �D:
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Proof. Let .t; x/ 2Œ0; T � �D be fixed. We have two cases:

.1/ Dom .@'/ D Dom .'/, and so, from (5.238), u.t; x/ 2 Dom .@'/.

.2/ Dom .@'/ ¤ Dom .'/. Let b 2 Dom' n Dom .@'/. Then b D sup.Dom'/

or b D inf Dom'. If b D sup.Dom'/ and u.t; x/ D b, then .0; 0; 0/ 2
P2;Cu.t; x/ since

u.s; y/ � u.t; x/C o
�js � t j C jy � xj2�

and from (6.143-d1) it follows that '0�.b/ D '0�
�
u.t; x/

�
< 1 and consequently

b 2 Dom .@'/; a contradiction which shows that u.t; x/ < b. Similarly for b D
inf.Dom'/. �

The problem now is to see when .t; x/ 7�! u.t; x/ D Y txt W Œ0; T � �D ! R is
continuous. A recent result of Maticiuc and Răşcanu [46] gives a sufficient condition
for u to be continuous. The idea is to show that if .tn; xn/ ! .t; x/ then .Y tn;xn� /n2N�

is tight in the Skorohod space D .Œ0; T � ;R/ of càdlàg functions endowed with the
S -topology (introduced by Jakubowski in [41]). This topology makes the mapping
y 7�! R s

0
G .r; y .r// dAr continuous from D .Œ0; T � ;R/ into R. The result is the

following:

Proposition 5.83. Let the assumptions (5.228), . . . , (5.231) be satisfied. If more-
over there exists an L0 > 0 such that

.i/ F is independent of z;
.ii/ g .t; x/ is an invertible matrix, for all .t; x/ 2 Œ0; T � �D;
.iii/ jG .t; x; y/ �G .t 0; x0; y0/j � L0 .jt � t 0j C jx � x0j C jy � y0j/

for all t; t 0 2 Œ0; T � , x; x0 2 Bd .D/ , y; y0 2 R

(5.246)
then the function

.t; x/ 7! u .t; x/ D Y
t;x
t W Œ0; T � � D ! R

is continuous.

Finally let f; g; F;G be independent of t and .Xx
s , Axs , Y xIt

s , ZxIt
s , UxIt

s ,
V xIt
s /0�s�t be defined by

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
:

.j / Xx
s 2 D for all s � 0;

. jj/ 0 D Ax0 � Axu � Axs for all 0 � u � s;

. jjj/ Xx
s C

Z s

0

r�.Xx
r /dAxr D x C

Z s

0

f .Xx
r /dr C

Z s

0

g.Xx
r /dBr ;

8 s � 0;

. jv/ Axs D
Z s

0

1Bd.D/
�
Xx
r

�
dAxr ; 8 s � 0;
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and
8̂
ˆ̂̂<
ˆ̂̂̂
:

Y xIt
s C

Z t

s

.U xIt
r dr C V xIt

r dAxr / D �.Xx
t /C

Z t

s

F .Xx
r ; Y

xIt
r ; ZxIt

r /dr;

C
Z t

s

G.Xx
r ; Y

xIt
r /dAxr �

Z t

s

hZxIt
r ; dBri ; 8 s 2 Œ0; t � ;

U xIt
s 2 @'.Y xIt

s / and V xIt
s 2 @ .Y xIt

s / a:e: on � � Œ0; t � :

Summarizing Theorem 5.81 and Theorem 6.112 we have:

Theorem 5.84. Let the assumptions (5.228),. . . ,(5.231) be satisfied. Assume there
exists a continuous function m W Œ0;1/ ! Œ0;1/, m .0/ D 0, such that

.i/ yG .x; y/ � 0; 8x 2 Bd .D/ and y 2 R;

.ii/
ˇ̌
F.x; y/ � F.x0; y/

ˇ̌ � m .jx � x0j/ 8 x; x0 2 D and y 2 R:
(5.247)

If .t; x/ 7�! u.t; x/
defD Y

xIt
0 W Œ0; T � � D ! R is continuous (this is true in

particular under the assumptions of Proposition 5.83), then u is the unique viscosity
solution of the parabolic variational inequality

8̂
ˆ̂<
ˆ̂̂:

@u.t; x/

@t
� Au .t; x/C@' .u.t; x// 3 F .x; u.t; x/; .rug/.t; x// ; t > 0; x 2 D;

@u.t; x/

@n
C @ .u.t; x// 3 G .x; u.t; x// ; t > 0; x 2 Bd .D/ ;

u.0; x/ D �.x/; x 2 D;

where the operator A is given by

Av.x/ D 1

2
Tr
�
g.x/g�.x/D2v.x/

�C ˝
f .x/;rv.x/˛:

5.9 Invariant Sets of BSDEs

Let fBt W t � 0g be a k-dimensional standard Brownian motion defined on some
complete probability space .�;F ;P/. We denote by fFt W t � 0g the natural
filtration generated by fBt ; t � 0g and augmented by the P-null sets of F .

Let x 2 R
d , 0 � t � QT � T . Consider the SDE

8<
:
Xt;x
s D x C

Z s

t

b.r; Xt;x
r /dr C

Z s

t

�.r; Xt;x
r /dBr ; t � s � T;

Xt;x
s D x; 0 � s � t;

(5.248)
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and the BSDE
8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

Y t;xs D �.X
t;x

QT /C
Z QT

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z QT

s

Zt;x
r dBr ;

t � s � QT ;
Y t;xs D �.X

t;x

QT /; QT � s � T;

Y t;xs D Y
t;x
t ; 0 � s � t:

(5.249)

The aim of this section is to state necessary and sufficient conditions which
guarantee that the solution of the BSDE (5.249) does not leave a given set

E D fE.t; x/ � R
m W .t; x/ 2 Œ0; T � � R

d g;

i.e., under which we have that for all 0 � t � QT � T , x 2 R
d and �.Xt;x

QT / 2
E. QT ;Xt;x

QT / a:s: ! 2 �:

Y t;xs 2 E.s;Xt;x
s / a:s: ! 2 �; 8s 2 Œt; QT �:

As a by-product, we will derive a result on the existence of constrained viscosity
solutions to some PDEs. Together with the Eqs. (5.248) and (5.249), we consider
the following system of semilinear parabolic PDEs

8<
:
@ui .t; x/

@t
C A.t/ui .t; x/C fi .t; x; u.t; x/; ��.t; x/rxui .t; x// D 0;

u.T; x/ D �.x/; .t; x/ 2 Œ0; T � � R
d ; 1 � i � n;

(5.250)

with the second order differential operator

A.t/'.x/ D 1

2
TrŒ���.t; x/D2

x'.x/�C < b.t; x/;rx'.x/ >

D 1

2

mX
j;`D1

.���/j`.t; x/
@2'.x/

@xj @x`
C

mX
jD1

bj .t; x/
@'.x/

@xj
; ' 2 C2

�
R
d
�
;

where b W Œ0; T ��R
d ! R

d ; � W Œ0; T ��R
d ! R

d�k and fi W Œ0; T ��R
d �R

m �
R
k ! R; 1 � i � n.
We make the following standard assumptions:

.AV1/ We assume that the functions b W Œ0; T ��R
d ! R

d , � W Œ0; T ��R
d ! R

d�k ,
F W Œ0; T ��R

d �R
m �R

m�k ! R
m and f W Œ0; T ��R

d �R
m �R

k ! R
m

are continuous and such that, for some constants L > 0 and q � 2,

jb .t; x/ � b .t; Qx/j C k� .t; x/ � � .t; Qx/k � L jx � Qxj ;
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i/ jF .t; x; y; z/j � L
�
1C jxjq C jyj C kzk� ;

ii/ jF .t; x; y; z/ � F .t; x; y; Qz/j � L kz � Qzk ;
iii/ hF .t; x; y; z/ � F .t; x; Qy; z/ ; y � Qyi � L jy � Qyj2

and

j / jf .t; x; y; u/j � L
�
1C jxjq C jyj C juj� ;

jj/ jf .t; x; y; u/ � f .t; x; y; Qu/j � L ju � Quj ;
jjj/ hf .t; x; y; u/ � f .t; x; Qy; u/ ; y � Qyi � L jy � Qyj2 ;

for all t 2 Œ0; T �, x; Qx 2 R
d , y; Qy 2 R

m, and z; Qz 2 R
m�k , u; Qu 2 R

k .
.AV2/ We assume that � W R

d ! R
m is a Borel measurable function of at most

polynomial growth, i.e., there are some a > 0; q � 1 such that, for all
x 2 R

d ,

j�.x/j � a.1C jxjq/; 8x 2 R
d :

We shall now recall some basic properties of forward and backward stochastic
differential equations.

Proposition 5.85. Under the assumptions .AV1/ and .AV2/:

I. Equations (1.1) and (1.2) have unique solutions Xt;x 2 S2d Œ0; T � and

�
Y t;x; Zt;x

� 2 S2m Œ0; T � �ƒ2
m�k Œ0; T �

with Zt;x
s D 0 for s 2 Œ0; t � [ Œ QT ; T � and the solutions satisfy:

II. For all p � 2, there exist some constants Cp > 0, q 2 N
�, which don’t depend

on t; t 0 2 Œ0; T � and x; x0 2 R
m, such that

a/ E
�
sups2Œ0;T � jXt;x

s jp� � Cp.1C jxjp/;
b/ E

�
sups2Œ0;T � jXt;x

s �Xt 0;x0

s jp
	

�
� Cp.1C jxjp C jx0jpq/.jt � t 0jp=2 C jx � x0jp/;

(5.251)

and

c/ E
�
sups2Œ0;T � jY t;xs jp� � Cp.1C jxjpq/;

d/ E

�
sups2Œ0;T � jY t;xs � Y t 0;x0

s j2
	

� C2ŒEj�.Xt;x
T / � �.Xt 0;x0

T /j2;
CE

R T
0

j1Œt;T �.r/F.r; Xt;x
r ; Y t;xr ; Zt;x

r /

�1Œt 0;T �.r/F.r; Xt 0;x0

r ; Y t;xr ; Zt;x
r /j2dr�:

III. There are some Borel measurable functions u W Œ0; T � � R
d ! R

m, and v W
Œ0; T � � R

d ! R
m�d such that for all 0 � t � s � QT � T
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Y t;xs D u
�
s ^ QT ;Xt;x

s^ QT
	
; Zt;x

s D .v�/
�
s ^ QT ;Xt;x

s^ QT
	
; dP ˝ ds � a:e:

(see [30]).

For the convenience of the reader we recall the definition of a viscosity solution
corresponding to the PDE (5.250).

Definition 5.86. a) A lower semicontinuous function u W Œ0; T � � R
d ! R

m is a
viscosity super-solution of (5.250), if, firstly, ui .T; x/ � �i .x/, for all x 2 R

d ,
1 � i � n, and secondly, for any 1 � i � n, ' 2 C1;2..0; T / � R

d / and .t; x/ 2
Œ0; T � � R

d such that ui � ' achieves a local minimum at .t; x/, it holds that

@

@t
'.t; x/C A.t/'.t; x/C fi .t; x; u.t; x/; .�

�r'/.t; x// � 0:

b) An upper semicontinuous function u W Œ0; T � � R
d ! R

m is a viscosity sub-
solution of (5.250), if, firstly, ui .T; x/ � �i .x/, for all x 2 R

d , 1 � i � n, and
secondly, for any 1 � i � n, ' 2 C1;2..0; T / � R

d / and .t; x/ 2 Œ0; T � � R
d such

that ui � ' attains a local maximum at .t; x/, we have that

@

@t
'.t; x/C A.t/'.t; x/C fi .t; x; u.t; x/; .�

�r'/.t; x// � 0:

c) Finally, a continuous function u W Œ0; T � � R
d ! R

m is a viscosity solution
of (5.250) if it is both a viscosity super-solution and a viscosity sub-solution of this
equation.

From Sect. 5.4.1 of this chapter we have:

Proposition 5.87. We suppose that the function f satisfies hypothesis .AV1/ and
that � W R

d ! R
m is a continuous function satisfying .AV2/. Let Xt;x and

.Y t;x; Zt;x/ be the solutions to (5.248) and (5.249), respectively, where the driver F
of BSDE (1.2) is of the form

F.t; x; y; z/ D .f1.t; x; y; z
�e1/; : : : ; fn.t; x; y; z�en//;

and ei denotes the unit vector pointing in the i -th coordinate direction of Rm. Then
u.t; x/ D Y

t;x
t , .t; x/ 2 Œ0; T � � R

d , is a deterministic continuous function of at
most polynomial growth. This function is a viscosity solution to (5.250). Moreover
if, for each R > 0, there exists a continuous function ˛R W RC ! R, ˛R.0/ D 0,
such that, for all t; y; z; x; x0 with jxj � R, jx0j � R,

jf .t; x; y; z/ � f .t; x0; y; z/j � ˛R.jx � x0j.1C kzk//; (5.252)

then u is the unique viscosity solution in the class Cpol .Œ0; T � � R
d ;Rm/.
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We now give the notion of the viability property for BSDEs and PDEs. We recall
some notations. For any closed set S � R

d we denote by x ! dS.x/ D minfjx�y W
y 2 Sg the distance function to S , and for x 2 R

d , we denote by…S.x/ WD fz 2 S :
dS.x/ D jx � zjg the set of projections of x on S .

For all t 2 Œ0; T �; x 2 R
d , let E.t; x/ be a non-empty and closed subset of Rm.

We consider the following set of moving constraints

E D fE.t; x/ W .t; x/ 2 Œ0; T � � R
d g:

Definition 5.88 (Viability for BSDEs). The moving set E.t; x/, .t; x/ 2 Œ0; T � �
R
d , is viable (invariant) for the BSDE (5.249) (or Eq. (5.249) is said to be E-

viable on Œ0; T �) if, for all .t; x/ 2 Œ0; T � � R
d ; QT 2 Œt; T �, and all Borel

measurable functions � W R
d ! R

m of at most polynomial growth, such that

�. Qx/ 2 E. QT ; Qx/; P ı
h
X
t;s

QT
i�1

.d Qx/-a.s., it holds that the solution of (1.2) satisfies

Y t;xs 2 E.s;Xt;x
s /; 8s 2 Œt; QT �; P-a.s.

Viability for PDEs: Equation (5.250) is said to be E-viable (E-invariant) on Œ0; T �
if, for all QT 2 Œ0; T � and � 2 Cpol .R

d ;Rm/ such that �. Qx/ 2 E. QT ; Qx/; for all
Qx 2 R

d , it holds that there exists a viscosity solution u 2 Cpol .Œ0; QT � � R
d ;Rm/

of (5.250) with time horizon QT and terminal condition u. QT ; x/ D �.x/, x 2 Rm,
such that

u.t; x/ 2 E.t; x/; 8.t; x/ 2 Œ0; QT � � R
d :

From Proposition 5.87 we see immediately that:

Remark 5.89. If BSDE (5.249) is E-viable then PDE (5.250) is also E-viable.

Therefore the next result also concerns constrained the BSDEs and the PDEs.

Theorem 5.90 (Viability Criterion for BSDEs). Assume that .AV1/ and .AV2/
are satisfied and moreover

.i/ the function .t; x/ 7! d2E.t;x/.y/ W Œ0; T � � R
d ! R is jointly upper

semicontinuous,
.ii/ there exist some constants M > 0, p � 1 such that

d2E.t;x/.0/ � M.1C jxjp/; 8.t; x/ 2 Œ0; T � � R
d :

Then the following assertions .c/ and .cc/ are equivalent:
.c/ Equation (5.249) is E-viable on Œ0; T �.
.cc/ For any sufficiently large C > 0 and for every z 2 R

m�d , the function
h.t; x; y/ D d2E.t;x/.y/ is an upper semicontinuous viscosity sub-solution of
the PDE
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@V.t; x; y/

@t
C Lz.t/V .t; x; y/C Cd2E.t;x/.y/ D 0;

.t; x; y/ 2 Œ0; T � 2 R
d � R

m:
(5.253)

In the above relation, Lz.t/ denotes the following second order differential
operator

Lz.t/'.x; y/ D 1

2
TrŒ�z�

�
z .t; x; y/D

2
.x;y/

'.x; y/�

C ˝
Bz.t; x; y/;r.x;y/'.x; y/

˛
;

(5.254)

where

�z.t; x; y/ D
 
�.t; x/

z�.t; x/

!
; Bz.t; x; y/ D

 
b.t; x/

�F.t; x; y; z�.t; x//

!
:

This theorem yields:

Corollary 5.91 (Viability Criterion for BSDEs). We assume that the moving sets
of Theorem 5.90 are independent of the spatial variable, E.t; x/ � E.t/, .t; x/ 2
Œ0; T � � R

m. Then the following assertions .j / and . jj/ are equivalent:

.j / Equation (5.249) is E-viable on Œ0; T �.
. jj/ The function h.t; y/ D d2E.t/.y/ is an upper semicontinuous viscosity sub-

solution of the PDE:

@V.t; y/

@t
C Az.t I x/V.t; y/C Cd2E.t/.y/ D 0; .t; y/ 2 Œ0; T � � R

m;

for all x 2 R
d , z 2 R

m�d , where

Az .t I x/ .y/ D 1

2
TrŒz���.t; x/z�D2

y .y/��
˝
F.t; x; y; z�.t; x//;ry .y/

˛
;

and C > 0 is any sufficiently large constant.

Before proving the main results stated above, we shall present some clarifying
examples. In the first example we find a criterion such that a family of moving balls
has the viability property for a given BSDE.

Example 5.92 (Control Security Tube). We consider an arbitrary function r 2
C1.Œ0; T �IRC/ with r .t/ > 0 for all t 2 Œ0; T �, and we put

E.t/ D fy 2 R
m W jyj � r.t/g; t 2 Œ0; T �:

Then the square-distance function is

d2E.t/.y/ D h0 .t; y/ D ..jyj � r.t//C/2;
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and, for jyj > r.t/, the operator Az.t/ applied to h0 at .t; y/ takes the form

Az.t/h0 .t; y/ D jyj � r.t/
jyj jz� .t; x/j2 C r .t/

jyj3 j .z� .t; x//� yj2

� 2 jyj � r.t/
jyj hF.t; x; y; z�.t; x//; yi :

Hence, the inequality in Corollary 5.91(jj) yields that, for all .t; x; y; z/ 2 Œ0; T � �
R
d � R

m � R
m�d with jyj > r.t/,

2
jyj � r.t/

jyj
�hF.t; x; y; z�.t; x//; yi C jyj r 0.t/

�

� jyj � r.t/
jyj kz� .t; x/k2 C r .t/

jyj3 j .z� .t; x//� yj2 C C .jyj � r .t//2 ;

from where we easily deduce the following necessary condition for the E-viability
of BSDE (5.249):

For all .t; x; y; z/ with jyj D r.t/ and .z� .t; x//� y D 0,

2r .t/ r 0 .t/C 2 hF.t; x; y; z�.t; x//; yi � kz� .t; x/k2 : (5.255)

If the assumption (AV1-i ) is replaced by

i 0/ jF .t; x; y; z/j � L .1C jyj/ ;

for all .t; x; y; z/, then this condition is not only necessary but also sufficient as the
following argument proves. We fix any .t; x; y; z/ 2 Œ0; T � � R

d � R
m � R

m�d
with jyj > r.t/, and for simplicity of notation we put y D jyj�1 r .t/ y and, for
1 � j � m

ı uj D .z� .t; x//j D Pd
iD1 z�;i �i;j .t; x/,

ı Ouj D jyj�2 ˝uj ; y˛y; u?
j D uj � Ouj ,

ı Ou D .Ou1; : : : ; Oum/ ; u? D �
u?
1 ; : : : ; u

?
m

� D u � Ou.

From the assumptions (AV1) and (AV1-i 0) we get that, for some generic constant C
which can change from line to line but does not depend on .t; x; y; z/,

2
jyj � r.t/

jyj
�hF.t; x; y; u/; yi C jyj r 0.t/

�

D 2 hF.t; x; y; u/; y � yi C 2 .jyj � r.t// r 0.t/

� 2 hF.t; x; y; u/; y � yi C 2 .jyj � r.t// r 0.t/C C .jyj � r .t//2

� 2
˝
F.t; x; y; u?/; y � y˛C 2 .jyj � r.t// r 0.t/C C .jyj � r .t//2
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C C .jyj � r .t// jOuj

D 2
jyj � r.t/

jyj
�˝
F.t; x; y; u?/; y

˛C C jyj jOuj C jyj r 0.t/
�

C C .jyj � r .t//2

� 2
jyj � r.t/

jyj
�˝
F.t; x; y; u?/; y

˛C jyj r 0.t/C C .jyj � r .t//�

C C .jyj � r.t// kOuk C C .jyj � r .t//2 :

Thus, since jyj r 0.t/ � r .t/ r 0.t/C C .jyj � r .t//, for all .t; y/ 2 Œ0; T � � R
m, we

can deduce from (5.255) that

2
jyj � r.t/

jyj
�hF.t; x; y; u/; yi C jyj r 0.t/

�

� jyj � r.t/
jyj



u?

2 C C .jyj � r.t// kOuk C C .jyj � r .t//2

� jyj � r.t/
jyj kuk2 C r.t/

jyj kOuk2 C C .jyj � r .t//2

� jyj � r.t/
jyj kuk2 C r.t/

jyj3 ju�yj2 C C .jyj � r .t//2 :

This proves the sufficiency of (5.255).

The next example shows that, in the general case, there is no possibility of null-
controllability of BSDEs; although we don’t consider controlled equations, we can
interpret the choice of the coefficients as controls.

Example 5.93. For any given .t0; y0/ 2 �0; T Œ � R
m, we introduce the family of

moving constraints

E .t/ D
�
R
m; if t ¤ t0;

fy0g ; if t D t0:

The associated square-distance function is of the form:

h .t; y/ D d2E.t/ .y/ D
�
0; if t ¤ t0;

jy � y0j2 ; if t D t0:

This function is upper semicontinuous in .t; y/ 2 Œ0; T ��R
m, and if t D t0; y ¤ y0,

then, for every a 2 R, there is some 'a 2 C1;2 .Œ0; T � � R
m/ with

�
@

@t
;ry;D

2
y

�
'a .t0; y/ D .�a; 2 .y � y0/ ; 2I /
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such that h � 'a achieves a local maximum at .t0; y/. Since

Az .t0I x/ 'a .t0; y/ D jz� .t; x/ j2 � 2 hF.t; x; y; z�.t; x//; y � y0i

does not depend on a 2 R, we can choose a > 0 sufficiently large in order to
guarantee that the inequality in Corollary 5.91(jj) is not satisfied. This shows that
Eq. (5.249) cannot be E-viable.

The proof of Theorem 5.90 reduces to that of the following two lemmas, see [15].

Lemma 5.94. Under our standard assumptions we have the equivalence between
the following statements:

i) Equation (5.249) is E-viable on Œ0; T �.
ii) There exists a C > 0 such that, for all t; QT with 0 � t � QT � T , and for

all x 2 R
d , the solution of BSDE (5.249) with time horizon QT and arbitrary

Borel measurable terminal function � W Rd ! R
m of at most polynomial growth

satisfies:

d2E.t;x/.Y
t;x
t / � eC.

QT�t/
Ed2

E. QT ;Xt;x
QT
/
.Y

t;x

QT /:

Lemma 5.95. Let Y t;x be the solution of BSDE (5.249) with time horizon QT and
arbitrary terminal function � 2 Cpol

�
Œ0; QT � � R

d
�
.

Let C be a positive constant and h W Œ0; T � � R
d � R

m ! R be an upper
semicontinuous function of at most polynomial growth such that, for some positive
constants M;p > 0,

jh.t; x; y0/ � h.t; x; y/j � M jy � y0j.1C jxjp C jyjp C jy0jp/ (5.256)

for all .t; x/ 2 Œ0; T � � R
d and all y; y0 2 R

m. Then the following assertions are
equivalent:

i) For all x 2 R
d and t; QT with 0 � t � QT � T , it holds that

h.t; x; Y
t;x
t / � eC.

QT�t/
Eh. QT ;Xt;x

QT ; Y
t;x

QT /:

ii) For every z 2 R
m�d , the function h is a viscosity sub-solution of the equation

@V .t; x; y/

@t
CLz.t/V .t; x; y/CCh.t; x; y/ D 0 on Œ0; QT ��R

d �R
m: (5.257)

Recall that Lz.t/ is defined in (5.254).

Proof of Lemma 5.94. We first remark that .ii/ obviously implies .i/. Thus, it
only remains to show that .ii/ can be deduced from .i/. Let QT 2 Œ0; T �; .t; x/ 2
Œ0; QT � � R

d . For simplicity of notation we put u .t; x/ D Y
t;x
t , and we select
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a Borel measurable mapping Ou W Œt; T � � R
d ! R

m such that Ou.s; x0/ 2Q
E.s;x0/.u.s; x0//, for all .s; x0/ 2 Œt; T � � R

d . Recall that
Q

E.s;x0/ .z/ D˚
y 2 E.s; x0/ W jz � yj D dE.s;x0/ .z/

�
. Then, since Eq. (1.2) is E-viable, the unique

square integrable adapted solution
� QY t;x; QZt;x

�
of the BSDE

QY t;xs D Ou. QT ;Xt;x

QT /C
Z QT

s

F.r; Xt;x
r ; QY t;xr ; QZt;x

r /dr �
Z QT

s

QZt;x
r dWr ; s 2 Œt; T � ;

is such that QY t;xs 2 E.s;Xt;x
s /, t � s � T , P-a:s:

Consequently, Ed2
E.s;X

t;x
s /
.Y t;xs / � EjY t;xs � QY t;xs j2, and a standard estimate of

EjY txs � QY txs j2 involving Itô’s formula and Gronwall’s formula, yields the desired
result:

Ed2
E.s;X

t;x
s /
.Y t;xs /

� EjY t;xs � QY t;xs j2 � eC.
QT�s/

EjY t;xQT � QY t;xQT j2

D eC.
QT�s/

EjY t;xQT � Ou. QT ;Xt;x

QT /j2 D eC.
QT�s/

Ed2
E. QT ;Xt;x

QT
/
.Y

t;x

QT /;

0 � t � s � QT � T , x 2 R
d . This completes the proof of Lemma 5.94.

We now come to the proof of Lemma 5.95.

Proof of Lemma 5.95. We first show that, under the assumption .i/, we have (ii).
To this end we fix an arbitrary function ' W Œ0; T � � R

d � R
m ! R of class C1;2;2

pol

and a point .t; x; y/ 2 .0; T / � R
d � R

m such that the mapping h � ' achieves
a global maximum at .t; x; y/. For an arbitrary but fixed z 2 R

m�d we denote by
.Y "; Z"/ 2 S2m Œt; t C "� �ƒ2

m�k .t; t C "/ the unique solution of the BSDE

Y "s D �".X
t;x
tC"/C

Z tC"

s

F .r; Xt;x
r ; Y "r ; Z

"
r /dr �

Z tC"

s

Z"
r dWr ; t � s � t C ";

where

�".x
0/ D y C z.x0 � x/ � "zb.t; x/ � "F.t; x; y; z�.t; x//:

From the assumption made on h in assertion (i), we obtain

h.t; x; Y "t / � h.t; x; y/
� eC"ŒEh.t C ";X

t;x
tC"; Y "tC"/ � h.t; x; y//�C .eC" � 1/h.t; x; y/

� eC"ŒE'.t C ";X
t;x
tC"; Y "tC"/ � '.t; x; y/�C .eC" � 1/h.t; x; y/:
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Then, with the help of a Taylor expansion of ', we get

1

"

�
h.t; x; Y "t / � h.t; x; y/�

� eC"Œ
@'

@t
.t; x; y/C 1

"
E

*
r.x;y/'.t; x; y/;

 
X
t;x
tC" � x
Y "tC" � y

!+
C

C 1

2"
E

*
D2
.x;y/

'.t; x; y/

 
X
t;x
tC" � x
Y "tC" � y

!
;

 
X
t;x
tC" � x
Y "tC" � y

!+
C

C1

"
E�t;x;y.t C ";X

t;x
tC"; Y "tC"/�C

eC" � 1
"

h.t; x; y/;

(5.258)

where,

�t;x;y.t 0; x0; y0/

D
Z 1

0

�
@

@t
'
�
t C �

�
t 0 � t� ; x0; y0� � @

@t
'.t; x; y/

� �
t 0 � t� d�

C
Z 1

0

Z �

0

D�
D2
.x;y/'

�
t; x C #

�
x0 � x� ; y C #

�
y0 � y�� �D2

.x;y/'.t; x; y/
	

 
x0 � x
y0 � y

!
;

 
x0 � x
y0 � y

!+
d#d� .

Note that

 
X
t;x
tC" � x
Y "tC" � y

!
D

tC"Z

t

 
b.r; Xt;x

r /

z.b.r; Xt;x
r / � b.t; x// � F.t; x; y; z�.t; x//

!
dr

C
tC"Z

t

 
�.r; Xt;x

r /

z�.r; Xt;x
r /

!
dWr:

Hence,

lim
"!0

1

"
E

 
X
t;x
tC" � x
Y "tC" � y

!
D
 

b .t; x/

�F.t; x; y; z�.t; x//

!

and

lim
"!0

1

"
E

*
D2
.x;y/'.t; x; y/

 
X
t;x
tC" � x
Y "tC" � y

!
;

 
X
t;x
tC" � x
Y "tC" � y

!+

D 1

2
Tr
�
.�; z�/ .�; z�/� .t; x/D2

.x;y/'.t; x; y/
	
:
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Moreover, from the assumptions on h,

1

"
jh.t; x; Y "t / � h.t; x; y/j � M

"
jY "t � yj.1C jxjp C jyjp C jY "t jp/:

Therefore, applying the following auxiliary lemma, the proof of which will be given
at the end of this section, we can take the limit as " ! 0 in (5.258) and obtain
assertion .ii/.

Lemma 5.96. Under the assumptions of Lemma 5.95, and with the notations
introduced above, we have

a/ lim
"&0

1

"2
jY "t � yj2 D 0;

b/ lim
"&0

1

"
Ej�t;x;y."; Xt;x

tC"; Y "tC"/j D 0;

for all .t; x; y/ 2 Œ0; T � � R
d � R

m.

We shall now prove the reverse implication: Under the assumption that .ii/ holds
we have to show the validity of .i/. For this we first remark that, for any continuous
function ˆ W Œ0; T � � R

d � R
m � R � R

mCn � S
mCn � R

m�d ! R satisfying
the standard assumptions of monotonicity with respect to the R

mCn-variable and of
degenerate ellipticity with respect to the S

mCn-variable (see Annex D),

.˛/

ˇ̌
ˇ̌
ˇ̌
ˇ
h.t; x; y/ is a viscosity sub-solution of the PDE
ˆ.t; x; y; @th.t; x; y/;r.x;y/h.t; x; y/;D

2
.x;y/h.t; x; y/I z/ D 0;

for all z 2 R
m�d

if and only if

.ˇ/

ˇ̌
ˇ̌
ˇ̌
ˇ
h.t; x; y/ is a viscosity sub-solution of the PDE
ˆ.t; x; y; @th.t; x; y/;r.x;y/h.t; x; y/;D

2
.x;y/h.t; x; y/Ig.t; x// D 0;

for all g 2 Cpol .Œ0; T � � R
d IRm�d /:

Indeed, in order to see that .ˇ/ implies .˛/, it suffices to choose g 2 Cpol .Œ0; T �

� R
d IRm�d / with g.t; x/ D z 2 R

m�d . On the other hand, to get the necessity of
.ˇ/ under .˛/, we remark that, for all test functions ' 2 C1;2;2 for which h � '

achieves a local maximum at .t; x; y/, and with the notation

.a; p; S/ D
�
@

@t
';r.x;y/';D

2
.x;y/'

�
.t; x; y/ ;

we have that ˆ.t; x; y; a; p; S I z/ � 0; for all z 2 R
m�d , and hence also for

z D g.t; x/, where g runs over the set of functions belonging to Cpol .Œ0; T � � R
d I
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R
m�d /. We now fix any g 2 Cpol .Œ0; T ��R

d IRm�d / and consider the unique square

integrable adapted solution .X; Y
t;x;y

/ of the (forward) SDE

 
Xt;x
s

Y
t;x;y

s

!
D
 
x

y

!
C

sZ

t

 
b.r; Xt;x

r /

�F.r;Xt;x
r ; Y

t;x;y

r ; g.r; X
t;x
r /�.r; X

t;x
r //

!
dr

C
sZ

t

 
�.r; Xt;x

r /

g.r; X
t;x
r /�.r; X

t;x
r /

!
dWr; s 2 Œt; T �:

Of course, here the process Xt;x is nothing else than the unique solution of

SDE (5.248). Moreover, we denote by
� QY t;x;yk;� ; QZt;x;y

k;�
	

2 S2m
�
t; QT � � ƒ2

m�k
�
t; QT �

the unique solution of the BSDE

QY t;x;yk;s D hk. QT ;Xt;x

QT ; Y
t;x;y

QT /C C

Z QT

s

hk.r; X
t;x
r ; Y

t;x;y

r /dr

�
Z QT

s

QZt;x;y

k;r dWr ; s 2 Œt; QT �;

where QT 2 Œ0; T � and .hk/k�1 � Cpol .Œ0; T � � R
d � R

m/ is a monotonically
decreasing sequence of continuous functions with at most polynomial growth, such
that its pointwise limit is equal to h. Then the function

Vk.t; x; y/ D QY t;x;yk;t ; .t; x; y/ 2 Œ0; QT � � R
d � R

m;

is a continuous viscosity solution of the equation

8<
:
@Vk.t; x; y/

@t
C Lg.t;x/.t/Vk.t; x; y/C Chk.t; x; y/ D 0;

Vk. QT ; x; y/ D hk. QT ; x; y/; .x; y/ 2 R
d � R

m;

and it is the unique solution in the class of continuous functions of at most
polynomial growth. We also note that, by the Markov property,

QY t;x;yk;s D Vk.t; X
t;x
s ; Y

t;x;y

s /; s 2 Œt; QT �:
Since, due to assumption .ii/, h is an upper semicontinuous viscosity sub-solution
of at most polynomial growth of the above PDE, we know that h must be smaller
than or equal to the viscosity solution Vk . Thus,

Eh.s;Xt;x
s ; Y

t;x;y

s /

� EVk.s; X
t;x; Y

t;x;y

s /

D Ehk. QT ;Xt;x

QT ; Y
t;x;y

QT /C C

Z QT

s

Ehk.r; X
t;x
r ; Y

t;x;y

r /dr; s 2 Œt; QT �;
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then, by passing to the limit as k ! 1 and applying Gronwall’s inequality, we
obtain the following estimate

Eh.s;Xt;x
s ; Y

t;x;y

s / � eC.
QT�s/

Eh. QT ;Xt;x

QT ; Y
t;x;y

QT /:

Setting s D t and y D u.t; x/ D Y
t;x
t and using the assumption (5.256) we obtain

for some positive constant C1,

h.t; x; u.t; x//

� eC.
QT�t/

Eh. QT ;Xt;x

QT ; Y
t;x;y

QT /

� eC.
QT�t/h

Eh. QT ;Xt;x

QT ; Y
t;x

QT /

CM E

�
jY t;x;yQT � Y t;xQT j.1C jXt;x

QT jp C jY t;x;yQT jp C jY t;xQT jp/
	 i

� eC.
QT�t/



Eh. QT ;Xt;x

QT ; Y
t;x

QT /

CC1.1C jxjpq C jyjp/
 
E

Z QT

t

ˇ̌
Zt;x
r � .g�/ .r; Xt;x

r /
ˇ̌2

dr

!1=2 �

for all g 2 Cpol .Œ0; T ��R
d IRm�d /. Since by a result from [30] (Theorem 4.1) there

is a Borel measurable function v W Œ0; QT ��Rd ! R
m�d such that

Zt;x
s D .v�/

�
s; Xt;x

s

�
; s 2 Œt; QT �; ds dP � a:e:;

we deduce that by density (and Lebesgue’s dominated convergence theorem)

h.t; x; u.t; x// � eC.
QT�t/

Eh. QT ;Xt;x

QT ; Y
t;x

QT /:

Since this result holds true for all x 2 R
d ; 0 � t � QT � T , we have proved .i/.

Let us now prove Lemma 5.96.

Proof of Lemma 5.96. We first prove part a) of the lemma. Obviously, we have that

Y "t D �".X
t;x
tC"/C

Z tC"

t

F .r; Xt;x
r ; Y "r ; Z

"
r /dr �

Z tC"

t

Z"
r dWr

D y C
Z tC"

t

z
�
b
�
r; Xt;x

r

� � b.t; x/� dr

C
Z tC"

t

�
F.r;Xt;x

r ; Y "r ; Z
"
r / � F.t; x; y; z�.t; x/� dr

�
Z tC"

t

�
Z"
r � z�.r; Xt;x

r /
�
dWr:
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Thus for 0 < " <
1

6L2
,

jY "t � yj2 C E

Z tC"

t

ˇ̌
Z"
r � z�.r; Xt;x

r /
ˇ̌2

dr

� 3" jzj2
Z tC"

t

E
ˇ̌
b.r; Xt;x

r / � b.t; x/ˇ̌2 dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; Z
"
r / � F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r /

ˇ̌2
dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r // � F.t; x; y; z�.t; x/ˇ̌2 dr

� 3" jzj2
Z tC"

t

E
ˇ̌
b.r; Xt;x

r / � b.t; x/ˇ̌2 dr C 1

2
E

Z tC"

t

ˇ̌
Z"
r � z�.t; Xt;x

r /
ˇ̌2

dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r // � F.t; x; y; z�.t; x/ˇ̌2 dr;

which yields

lim sup
"&0

1

"2
E jY "t � yj2 C lim sup

"&0

1

2"2
E

Z tC"

t

ˇ̌
Z"
r � z�.r; Xtx

r /
ˇ̌2

dr � 0:

Finally, the proof of part b) of Lemma 5.96 uses the same argument as that of
Lemma 4.82. The only difference is that the role of the diffusion process Xt;x in the
proof of Lemma 4.82 is now replaced by that of the pair .Xt;x; Y "/.

5.10 Exercises

Without further mention, .�;F ;P; fFt gt�0/ will be a stochastic basis, fBt W t � 0g
will be a k-dimensional Brownian motion with respect to this basis and Ft D FB

t

for all t � 0.

Exercise 5.1. Consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; (5.259)

under the assumptions (5.41). Let

Vt D
Z t

0

LsdQs C 1

np

Z t

0

.`s/
2 ds:
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Show that if p � 2 and for all ı � 0

E
ˇ̌
eıVT �

ˇ̌p C E

�Z T

0

eıVt jˆ.t; 0; 0/j dQt

	p
< 1;

then the BSDE (5.259) has a unique solution .Y;Z/ 2 S0m Œ0; T ��ƒ0
m�k .0; T / such

that

E sup
s2Œ0;T �

eıpVs jYsjp C CE

�Z T

0

e2ıVs jZsj2 ds

�p=2
< 1; for all ı � 0:

Remark. Note that our assumptions hold in particular if both Vt has exponential
moments of all orders (e.g. the tail of its law behaves like that of a Gaussian random
variable) and j�j C E

R T
0

jˆ.t; 0; 0/jdQt has a finite moment of some order p > 1.

Exercise 5.2 (g-Expectation). Consider the BSDE: P-a.s., for all t 2 Œ0; T �

Yt D �C
Z T

t

g .s; Ys; Zs/ ds �
Z T

t

hZs; dBsi ; (5.260)

where we assume:

.i/ � 2 Lp .�;FT ;PIR/, p > 1;
.ii/ for every .y; z/ 2 R � R

k , the function g .�; �; y; z/ W � � Œ0; T � ! R is P-
measurable;

.iii/ g satisfies the assumptions of Theorem 5.27 (F replaced by g) and
g .t; y; 0/ D 0 for all y 2 R, a.e. t 2 Œ0; T �.

Then by Theorem 5.17 the BSDE (5.260) has a unique solution .Y;Z/ 2
S
p
1 Œ0; T � � ƒ

p

k .0; T /. Moreover if � W � ! Œ0; T � is a stopping time and
� 2 Lp .�;F� ;PIR/ then .Yt ; Zt / D .�; 0/ for all t � � .

Define the g-expectation of � by Eg .�/
defD Y0 and the conditional g-

expectation of � with respect to Ft by Eg .�jFt /
defD Yt . Clearly E0 .�/ D E�

and E0 .�jFt / D E .�jFt /.

Show that:

1. Eg .a/ D a, for all a 2 R:

2. �1 � �2, P-a.s. H) Eg .�1/ � Eg .�2/.
3. �1 � �2, P-a.s. and Eg .�1/ D Eg .�2/ H) �1 D �2, P-a.s.
4. If g .t; �; �/ W R � R ! R is a convex function, a.e. t 2 Œ0; T �, then Eg W
Lp .�;FT ;P/ ! R is convex, too.

5. Let U 2 Lp .�;Ft ;P/. Then Eg .1A�/ D Eg .1AU /, for all A 2 Ft , if and only
if U D Yt .

6. Eg .ajFt / D a, for all a 2 R.
7. Eg .�jFt / D �, for all � 2 Lp .�;Ft ;P/.
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8. �1 � �2, P-a.s. H) Eg .�1jFt / � Eg .�2jFt /, P-a.s.
9. Eg .1A�jFt / D 1AEg .�jFt /, for all A 2 Ft .

Exercise 5.3 (Peano Type Result). Consider the BSDE

Yt D �C
Z T

t

G .s; Ys; Zs/ ds �
Z T

t

hZs; dBsi ;

where � 2 Lp .�;FT ;PIR/, p � 2, and G W Œ0; T � � R � R
k ! R is a function

such that

• G .�; x; z/ W Œ0; T � ! R is measurable for all x 2 R and z 2 R
k ,

• G .t; �; �/ W R � R
k ! R is continuous for all t 2 Œ0; T �,

• there exists an L > 0 such that for all .t; y; z/ 2 Œ0; T � � R � R
k ,

jG .t; y; z/j � L .1C jyj C jzj/ :

Under these conditions we shall prove that the BSDE (5.260) has at least one
solution .Y;Z/ 2 Sp Œ0; T � �ƒp

k .0; T /.

Let 0 < " � "0 D 1 ^ .1=L/ and G" W Œ0; T � � R � R
k ! R,

G" .t; y; z/ D inf

�
G .t; u; v/C 1

"
jy � uj C 1

"
jz � vj W .u; v/ 2 R � R

k

�
:

Prove that:

1. For all t 2 Œ0; T �, y; y0 2 R and z; z0 2 R
k :

(a) jG" .t; y; z/j � L .1C jyj C jzj/ I
(b) jG" .t; y; z/ �G" .t; y0; z0/j � 1

"
.jy � y0j C jz � z0j/ I

(c) yG" .t; y; z/ � L jyj C �
LC L2

� jyj2 C 1

4
jzj2 I

(d) 0 < ı < " H) Gı .t; y; z/ � G" .t; y; z/ I
(e) if lim

"!0
.y"; z"/ D .y; z/, then lim

"!0
G" .t; y"; z"/ D G .t; y; z/.

2. The BSDEs

Y "t D �C
Z T

t

G"
�
s; Y "s ; Z

"
s

�
ds �

Z T

t

Z"
sdBs;

Ut D �C
Z T

t

L .1C jUsj C jVsj/ ds �
Z T

t

ZsdBs

have unique solutions .Y "; Z"/, .U; V / 2 Sp Œ0; T � �ƒp

m�k .0; T / and:
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(a)

E
Ft

 
sup
s2Œt;T �

jY "s jp
!

C E
Ft

�Z T

t

jZ"
s j2 ds

�p=2

� Cp exp
��
LC L2

�
.T � t /�



E

Ft j�jp C Lp .T � t /p
�

where Cp is a constant depending only on p.
(b) For all 0 < ı < " � "0 D 1 ^ .1=L/, P-a.s.,

Y
"0
t � Y "t � Y ıt � Ut ; for all t 2 Œ0; T � ;

and there exists a Y 2 Sp Œ0; T � such that

lim
"!0

E

 
sup
s2Œ0;T �

jY "s � Ysjp
!

D 0:

(c) There exists a Z 2 ƒp

m�k .0; T / such that

lim
"!0

E

�Z T

0

jZ"
s �Zsj2 ds

�p=2
D 0:

Exercise 5.4 (BSDE Reflected Above 0). Let � 2 L2
�
�;FB

T ;PIR�, where
fBt ; 0 � t � T g is a k-dimensional BM, and F W R � R

k ! R be a Lipschitz
continuous mapping. Consider for each n 2 N the solution f.Y nt ; Zn

t /; 0 � t � T g
of the BSDE

Y nt D � C
Z T

t

F .Y ns ; Z
n
s /ds C n

Z T

t

.Y ns /
�ds �

Z t

0

hZn
s ; dBsi ;

and let Kn
t D n

R t
0
.Y ns /

�ds.

1. Show that Y nC1
t � Y nt , 0 � t � T .

2. Show that

sup
n

E

 
sup
0�t�T

jY nt j2
!
< 1:

3. Deduce that there exists a progressively measurable process fYt ; 0 � t � T g
such that Y nt ! Yt a.s. for all t 2 Œ0; T �, and

E

 
sup
0�t�T

jYt j2
!
< 1:
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4. Show that Y nt � QY nt , where f QY nt ; 0 � t � T g solves the BSDE

QY nt D � C
Z T

t

F . QY ns ; QZn
s /ds � n

Z T

t

QY ns ds �
Z t

0

˝ QZn
s ; dBs

˛
:

5. Identify limn!1 QY nt and deduce that Yt � 0, 0 � t � T , a.s., and (with the
help of Dini’s theorem) that sup0�t�T .Y nt /� ! 0 in mean square.

6. Show that fZn
t ; 0 � t � T g is a Cauchy sequence in ƒ2

k .0; T /. Hint: check
that

Z T

t

.Y ns � Y ps /.dKns � dKps / �
Z T

t

�
.Y ps /

�dKns C .Y ns /
�dKps

� ! 0:

7. Deduce thatKn
t converges in probability to a progressively measurable increas-

ing continuous stochastic process Kt .
8. Show that the just constructed triple f.Xt ; Zt ;Kt /; 0 � t � T g is a unique

progressively measurable solution of the reflected BSDE: for all t 2 Œ0; T �,
P-a.s.

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

.i/ Y is a continuous stochastic process, Yt � 0;

.ii/ K is c.i.s.p.;
Z T

0

YsdKs D 0;

.iii/ E

Z T

0

jZsj2dt < 1;

.iv/ Yt D � C
Z T

t

F .Ys; Zs/ds CKT �Kt �
Z T

t

hZs; dBsi :

9. With the help of Tanaka’s formula applied to .Yt /C D Yt , show that in the sense
of inequality between measures,

0 � dKt � 1fYtD0g ŒF .Yt ; Zt /�
� dt:

Deduce that K is absolutely continuous.
10. Show that the points 2–9 constitute a particular case of Theorem 5.52.

Exercise 5.5. Let � 2 L0 .�;FT ;PIR/ be such that 0 � � � 1, P-a.s. Prove that
the BSDE

Yt D �C
Z T

t

Ys .1 � Ys/ ds �
Z T

t

hZs; dBsi

has a unique solution .Y;Z/ 2 S21 Œ0; T � �ƒ2
k .0; T /. Moreover

E

�Z T

0

jZsj2 ds

�p=2
< 1; for all p > 0;

0 � Yt � 1; P � a:s.
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Exercise 5.6. Let " > 0, � W R ! R be a continuous bounded function and g W
R ! R be a bounded Lipschitz continuous function. Consider the PDEs

8<
:

u0
t .t; x/C 1

2
u00
xx .t; x/ D 0; .t; x/ 2�0; T Œ�R;

u .T; x/ D � .x/ x 2 R;
(5.261)

and
8̂
<̂
ˆ̂:
.u"/0t .t; x/C 1

2
.u"/00xx .t; x/C sin

�x
"

	
g
�
u" .t; x/ ; .u"/0x .t; x/

� D 0;

.t; x/ 2�0; T Œ�R;
u .T; x/ D � .x/ ; x 2 R:

(5.262)

1. Write the BSDEs in .Y t;x; Zt;x/ and respectively in .Y "It;x ; Z"It;x/ such that
u .t; x/ D Y

t;x
t and u" .t; x/ D Y

"It;x
t are viscosity solutions of the PDEs (5.261)

and, respectively, (5.262). Are the corresponding viscosity solutions unique?
2. Prove that

lim
"!0

u" .0; x/ D u .0; x/ ; for all x 2 R:

Exercise 5.7. Let E be a non-empty closed subset of R
m, g W R

k ! E be a
bounded Borel measurable function and F W � � Œ0; T � ! R

m be a bounded
progressively measurable stochastic process. Let .Y;Z/ 2 S1m Œ0; T � �ƒ1

m�k .0; T /
be such that

Yt D g .BT /C
Z T

t

Fsds �
Z T

t

ZsdBs; a:s:; t 2 Œ0; T � :

Show that .i/ ) .ii/, where:

.i/ P-a.s., fYt W t 2 Œ0; T �g � E, for all bounded Borel measurable function g W
R
k ! E;

.ii/ E is a convex set.
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