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Abstract This contribution is concerned with finite volume schemes approximating
scalar hyperbolic conservation laws on evolving hypersurfaces of R3. Theoretical
schemes assuming knowledge of all geometric quantities are compared to (practi-
cal) schemes defined on moving polyhedra approximating the surface. For the for-
mer schemes error estimates have already been proven, but the implementation of
such schemes is not feasible for complex geometries. The latter schemes, in con-
trast, only require (easily) computable geometric quantities and are thus more use-
ful for practical computations. In (Giesselmann and Müller Number. Math. 2014,
doi:10.1007/s00211-014-0621-5) an estimate for the difference between solutions
of both classes of schemes is proven. This estimate relies on an estimate for the
geometric error of the numerical fluxes, which will be investigated in more detail in
this contribution.

1 Introduction

Hyperbolic conservation laws serve as models for a wide variety of applications
in continuum dynamics. In many applications the problems are posed on (moving)
hypersurfaces. Examples include geophysical flows [16], transport processes on cell
surfaces [14], surfactant flow on interfaces in multiphase flow [3] and petrol flow on
a time dependent water surface. The numerical approximation of such problems was
investigated bymany groups in recent years, the shallowwater equations on a rotating
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sphere for example were simulated in [4, 10, 15]. As we are interested in numerical
analysis we restrict ourselves to the scalar case as a model problem. Well-posedness
analysis can be found in [2, 6, 12] and the convergence of appropriate finite volume
schemes was investigated in [1, 7, 9, 11].

Thehitherto error analysis studied schemesdefinedon the curved surface assuming
exact knowledge of all geometric quantities, e.g. areas and conormals. For engineer-
ing applications posed on hypersurfaces of R3 the geometric quantities are usually
not known exactly but need to be approximated. In particular for moving surfaces for
which the geometric quantities need to be computed in each time step it is desirable
to reduce the computational effort needed to compute the geometric quantities.

In this situation it is important to know to which extent an approximation of the
geometry influences the order of convergence.

We consider the following initial value problem, posed on a family of closed,
smooth hypersurfaces Γ = Γ (t) ⊂ R

3. For a derivation cf. e.g. [6]. For some
T > 0, find u : GT := ⋃

t∈[0,T ] Γ (t) × {t} → R with

u̇ + u∇Γ · v + ∇Γ · f (u, ·, ·) = 0 in GT , (1)

u(·, 0) = u0 on Γ (0), (2)

where ν is the velocity of the material points of the surface and u0 : Γ (0) → R are
initial data. For every ū ∈ R, t ∈ [0, T ] the flux f (ū, ·, t) is a smooth vector field
tangential to Γ (t), which depends Lipschitz on ū and smoothly on t . We impose the
following growth condition

|∇Γ · f (ū, x, t)| ≤ c + c|ū| ∀ ū ∈ R, (x, t) ∈ GT (3)

for some constant c > 0. By u̇ we denote the material derivative of u, given by

u̇(Φt (x), t) := d

dt
u(Φt (x), t),

where Φt : Γ (0) → Γ (t) is a family of diffeomorphisms depending smoothly
on t , such that Φ0 is the identity on Γ (0). Obviously this excludes changes of the
topology of Γ. We will assume that the movement of the surface and also the family
Φt is prescribed. In [8] two approximations of u are considered. They are called
the flat approximate and the curved approximate solution, respectively. The curved
approximate solution is determined by a finite volume scheme defined on the curved
surface, while the flat approximate solution is determined by a finite volume scheme
defined on a polyhedron approximating the surface.We will explain these definitions
in more detail in Sect. 2. In [8] an estimate for the difference of the curved and the flat
approximate solution was obtained. For completeness we will state it as Theorem 1.
In [8] it turned out thatwhile the numerical fluxes of the curved scheme need to satisfy
the classical consistency, conservation and monotonicity conditions, the fluxes of the
flat scheme need to satisfy a geometric error estimate, cf. (9). The main contribution
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of this work is a rather generic framework showing that standard numerical fluxes
satisfy this condition in Sect. 4.

2 The Finite Volume Schemes

For our analysis the family of triangulationsTh(t) of the surfaces needs to be suitably
linked to polyhedral approximations Γh(t) of the surfaces.

The triangulation and the definition of the finite volume scheme on Γh are in the
same spirit as the one in [13], developed for the diffusion equation on evolving sur-
faces. They are detailed in [8]. Let us simplymention that a triangulation T̄h(t) of the
polyhedral Γh(t) is given by its decomposition into faces. Note that in what follows
we will consider all faces and edges to be closed sets. We define the triangulation
Th(t) on Γ (t) as the image of T̄h(t) under a projection in normal direction from
Γh(t) to Γ (t). We denote curved cells with K (t) and the curved faces with e(t). A
flat quantity corresponding to some curved quantity is denoted by the same letter
and a bar, e.g. let K (t) ⊂ Γ (t) be a curved cell then K̄ (t) is the corresponding flat
cell. In order to reflect the fact that all triangulations share the same grid topology we
introduce the following notation. We denote by K the family of all curved triangles
relating to the same triangle K̄ (0) onΓh(0).Wedo the same for e, K̄ , ē.Analogously
by Th we denote the family of such families of triangles K .

Wewill use the following notation. By hK (t) := diam(K (t))we denote the diam-
eter of each cell, furthermore h := maxt∈[0,T ] maxK (t) hK (t) and |K (t)|, |∂K (t)| are
the Hausdorff measures of K (t) and the boundary of K (t) respectively. When we
write e(t) ⊂ ∂K (t) we mean e(t) to be a face of K (t).

In addition, we need to impose the following assumption uniformly on all flat
triangulations T̄h(t). There is a constant number α > 0 such that for each flat cell
K̄ (t) ∈ T̄h(t) we have

αh2 ≤ |K̄ (t)| and α|∂ K̄ (t)| ≤ h. (4)

In [8] it was shown that this implies the respective estimate for the curved triangula-
tion.

2.1 The Finite Volume Scheme on Curved Elements

Let us briefly review the notion of finite volume schemes on moving curved surfaces.
We consider a sequence of times 0 = t0 < t1 < t2 < . . . and set In := [tn, tn+1].
We assign to each n ∈ N and K ∈ Th the term un

K approximating the mean value
of u on

⋃
t∈In

K (t) × {t} and to each K ∈ Th and face e ⊂ ∂K a numerical flux
function f n

K ,e : R2 → R, which should approximate
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1

|In| |e(tn)|
∫

In

∫

e(t)
〈 f (u(x, t), x, t), μK (t),e(t)(x)〉 de(t) dt, (5)

where de(t) is the line element, μK (t),e(t)(x) is the unit conormal to e(t) pointing
outwards from K (t) and 〈·, ·〉 is the standard Euclidean inner product. Please note
that μK (t),e(t)(x) is tangential to Γ (t). Then the “curved” finite volume scheme is
given by

u0
K :=

∫

K (0)
u0(x)dΓ (0),

un+1
K := |K (tn)|

|K (tn+1)|un
K − |In|

|K (tn+1)|
∑

e⊂∂K

|e(tn)| f n
K ,e(u

n
K , un

Ke
), (6)

uh(x, t) := un
K for t ∈ [tn, tn+1), x ∈ K (t),

where Ke denotes the cell sharing face e with K and dΓ (0) is the surface element.We
assume the numerical fluxes to be consistent, conservative, monotone, and uniformly
Lipschitz continuous, which is standard in the error analysis of the curved schemes.
Let L denote the Lipschitz constant of the numerical fluxes, then additionally the
CFL condition

tn+1 − tn ≤ α2h

8L
(7)

has to be imposed to ensure stability. Note, that the right hand side of (7) is related
to the minimal diameter of inner circles of cells through the constant α2.

2.2 The Finite Volume Scheme on Flat Elements

In this section we define finite volume schemes on T̄h which are in the spirit of (6)
but only rely on easily accessible geometrical information. We like to point out that
the calculation of areas and lengths is straightforward for flat elements. As well, the
approximation of integrals can be achieved using quadrature formulas by mapping
cells and edges to a standard triangle and the unit interval, respectively, using affine
linear maps. In this fashion we obtain for every time t ∈ [0, T ] quadrature operators
QK̄ (t) on flat cells and Qē(t) on flat edges of order p1, p2 ≥ 1, respectively. In
addition for any compact interval I ⊂ [0, T ] the term QI denotes a quadrature
operator of order p3 ≥ 1 on I. For Lipschitz continuous numerical flux functions
f̄ n
K̄ ,ē

: R × R → R we define the finite volume scheme on flat elements by
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ū0
K̄

:= 1

|K̄ (0)| QK̄ (0)(u0(a(·, 0))),

ūn+1
K̄

:= |K̄ (tn)|
|K̄ (tn+1)|

ūn
K̄

− |In|
|K̄ (tn+1)|

∑

ē⊂∂ K̄

|ē(tn)| f̄ n
K̄ ,ē

(ūn
K̄
, ūn

K̄ē
), (8)

ūh(x, t) := ūn
K̄
, for t ∈ [tn, tn+1), x ∈ K (t),

where a in (8)1 is the projection map in normal direction from Γh to Γ, see [5, e.g.].
Note that by (8)3 the function ūh is defined on GT . For the numerical analysis in [8]
the following estimate for the (geometric) error between the numerical fluxes f n

K ,e

and f̄ n
K̄ ,ē

ist crucial:

∣
∣
∣ f n

K ,e(u, v) − f̄ n
K̄ ,ē

(u, v)
∣
∣
∣ ≤ Ch2 ∀ (u, v) ∈ K , K ∈ Th, e ⊂ ∂K , (9)

where K is a compact subset of R2 and C a constant depending only on GT , f
and K . In particular, C depends on the curvature of the surface, which is bounded,
as we consider closed surfaces and finite times. The dependence on the curvature is
rather complex and is related to the approximation of all geometric quantities, see
[8, Lemma 2, 3 and 4] for details. The compact set K is due to L∞-estimates for
the finite volume schemes, cf. [8, Lemma 7 and 9], and allows the control of f and
its derivatives. It was shown in [8] that (9) holds for the Lax-Friedrichs flux, in case
the flat and the curved scheme use the same amount of numerical viscosity.

3 Error Estimate

The main upshot of [8] is the following theorem.

Theorem 1 For initial data u0 ∈ L∞(Γ (0)), let uh denote the solution of the curved
finite volume scheme (6) and let ūh denote the solution of the flat finite volume scheme
(8). Let the quadrature operators QK̄ (0) and the initial data u0 be such that

‖uh(0) − ūh(0)‖L1(Γ (0)) ≤ C h (10)

for some constant C. Let the curved numerical flux functions be consistent, conser-
vative and monotone and let the time step satisfy (7). Let, additionally, (9) hold for
the flat numerical flux functions. Then, for fixed T > 0, the difference between uh

and ūh satisfies
‖uh(T ) − ūh(T )‖L1(Γ (T )) ≤ C h, (11)

for some constant C depending on GT , f, u0.

Remark 1 Note that the arising geometry errors can be neglected compared to the
error between the curved approximate solution and the exact solution, i.e. both
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approximate solutions converge to the entropy solution with the same convergence
rate O(h1/4), see [9, 11]. Numerical examples in [8] show that the proven conver-
gence rate (11) is optimal under the assumptions for the numerical analysis. However,
for most numerical experiments higher orders of convergence are observed.

The analysis indicates that the geometry error poses an obstacle to the construction
of higher order schemes. Numerical experiments in [8] show that this is indeed the
case. Therefore, to obtain higher order convergence, also the geometry of the curved
surface has to be approximated sufficiently accurate. One could think of extending
this work to the case of higher order schemes, DiscontinuousGalerkin or higher order
finite volume schemes e.g., defined on higher order approximations of the moving
surface.

In what follows we will present a generic framework to investigate whether flux
functions satisfy (9).

4 Determining Which Numerical Fluxes Satisfy (9)

In order to construct numerical fluxes for the curved scheme from standard numerical
flux functions, originally developed for equations posed in R, we define, for every
n ∈ N, K ∈ Th, e ∈ ∂K , the function

cn
K ,e(u) := 1

|In| |e(tn)|
∫

In

∫

e(t)
〈 f (u, x, t), μK (t),e(t)(x)〉de(t)dt ∀u ∈ R,

that can be interpreted as an approximation of the flux accross the edge e during the
time interval In .

For a function f̃ : R → R, let G[ f̃ ] : R × R → R be a one-dimensional
numerical flux function that is consistent with f̃ , monotone, conservative, i.e.

G[ f̃ ](u, ν) = −G[− f̃ ](ν, u) ∀u, ν ∈ R,

and Lipschitz-continuous. From G : C1(R) → C1(R2) we derive a generic family
of corresponding numerical flux functions

f n
K ,e(u, ν) := G[cn

K ,e](u, ν) for all u, ν ∈ R (12)

for the curved scheme. Note that monotonicity, conservation, Lipschitz-continuity
and consistency for the surface numerical fluxes are inherited from the 1-D numerical
fluxes. The Lax-Friedrichs flux from [8] for the curved scheme on moving surfaces
can be recovered by LF f n

K ,e(u, ν) = LFG[cn
K ,e](u, ν)with the one-dimensional Lax-

Friedrichs flux

LFG[ f̃ ](u, ν) := 1

2

(
f̃ (u) + f̃ (ν)

)
+ λ(u − ν),
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for a sufficiently large diffusion coefficient λ ≥ 0. The flat scheme from [8] can be
recovered by replacing cn

K ,e accordingly, i.e.

LF f̄ n
K̄ ,ē

(u, ν) = LFG[c̄n
K̄ ,ē

](u, ν)

with

c̄n
K̄ ,ē

(u) := 1

|In| QIn

[
1

|ē(tn)| Qē(·)
(
〈 f (u, ·, ·), μ̄K̄ (·),ē(·)〉

)]

.

In this manner we can also construct Godunov numerical fluxes on moving surfaces
with the help of the one-dimensional Godunov numerical flux functions

GVG[ f̃ ](u, v) :=
{
minw∈I (u,ν) f̃ (w) if u ≤ ν,

maxw∈I (u,ν) f̃ (w) if ν ≤ u.

In order to show that (9) holds for the (geometric) error between flat and curved
numerical fluxes that are based on the same one-dimensional flux functions, we
recall from [8, Proof of Lemma 5] that for every compact K ⊂ R there exists
c = c(K ) > 0 such that

|cn
K ,e(u) − c̄n

K̄ ,ē
(u)| =: |En

K ,e(u)| ≤ ch2 ∀u ∈ K . (13)

This estimate at hand it is an easy exercise to show that both, the Lax-Friedrichs and
the Godunov scheme satisfy (9), as for any compact K ⊂ R

‖iG[ f̃1] −i G[ f̃2]‖L∞(K 2) ≤ ‖ f̃1 − f̃2‖L∞(K ) i = LF, GV. (14)

For the Engquist-Osher flux the situation is slightly different. However, it can be
shown analogously to the derivation of (13) that

∣
∣
∣
d cn

K ,e

d u
(u) −

d c̄n
K̄ ,ē

d u
(u)

∣
∣
∣ ≤ ch2. (15)

Moreover, the Engquist-Osher numerical flux operator

EOG[ f̃ ](u, v) = f̃ (0) +
∫ u

0
max{ f̃ ′(s), 0} d s +

∫ v

0
min{ f̃ ′(s), 0} d s

safisfies
‖EOG[ f̃1] −EO G[ f̃2]‖L∞(K 2) ≤ C(K )‖ f̃ ′

1 − f̃ ′
2‖L∞(K ) (16)

for any compact K ⊂ R. Thus, the Engquist-Osher flux satisfies (9).
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(a) t = 0. (b) t = 1.57. (c) t = 4.00.

Fig. 1 Flat approximate solution for (1)–(2) at three different times with Godunov numerical flux
functions for the following problem, which was originally studied in [8]: A deforming torus is
considered as computational domain Γ and T = 4 as final time. Within the time interval [0, 2] the
left half of the torus undergoes compression whereas the right half is stretched, while Γ (t) remains
constant for t ∈ [2, 4]. ABurgers-type flux function f = f (u, x) = 1

2u2(x2,−x1, 0)T and constant
initial values u0 ≡ 1 are chosen. The time step size is chosen dynamically for each time step in
order to guarantee stability. In spite of the constant initial values, a shock wave is induced due to the
change of geometry (compression and rarefaction) and the nonlinearity of the flux function. Note
that the actual computationwas performed on a deforming polyhedron approximating the deforming
torus. All simulations have been performed within the DUNE-FEM module using AluGrid as grid
implementation. Confer [8] for implementation references and more detailed simulations
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