Uniform Estimate of the Relative Free Energy
by the Dissipation Rate for Finite Volume
Discretized Reaction-Diffusion Systems

André Fiebach and Annegret Glitzky

Abstract We prove a uniform Poincaré-like estimate of the relative free energy by
the dissipation rate for implicit Euler, finite volume discretized reaction-diffusion
systems. This result is proven indirectly and ensures the exponential decay of the
relative free energy with a unified decay rate for admissible finite volume meshes.
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1 Introduction

In a heterostructured domain £2 C R, we consider m diffusing species X; with
initial densities U; which undergo a finite number of reversible chemical reactions.
Besides the densities u; of the species X; we introduce their (dimensionless) chem-
ical potentials v; and chemical activities a;. According to Boltzmann statistics we

have u; = u;e" = u;a;,i = 1,..., m, where the reference densities u; express
the heterogeneity of the system. For the fluxes j; of the species X; we make the
ansatz j; = —d;u;Vv; = —dju;e""Vv; = —d;u;Va;,i = 1, ..., m, with diffusion

coefficients d;. Let % C Z' x 7 be a finite subset. Each pair (o, B) € Z represents
the vectors of stoichiometric coefficients of a reversible reaction

alxl+"'+amxm:ﬁlxl+"'+,3mxm-
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According to the mass action law, the net rate of this pair of reactions is of the form
kap(a® — a®), where kqp is a reaction rate coefficient and a* := H,m: 1 al‘.xi . The net
production rate of species X; resulting from all reactions taking place is

R = z ko (@® — aP)(Bi — ai).
(a.B)e#

The problem under consideration consists of the m continuity equations
%—i—v-ji:Riin]Rer.Q, v-ji=0 onRy x 08, P)
ui(O) = Ui in Q, i = 1,...,m.

The set . := span{e — B : (a,B) € #} C R™ represents the stoichiomet-
ric subspace defined by the reaction system. Our essential assumptions on the
data are

(Al) £ is an open, bounded, polyhedral domain in RN ,N=2,3;
ui, Uy e LY(82), u;, Uy 28>0, i=1,...,m, ZCZ} x 7 finite subset,
kop, d;i : £2 x R — Ry Carathéodory functions satisfying
di(x,a) > 8,c > kep(x,a) > byp(x) faa. x € £2,and alla € RY,
where ||bygll 1 > 0 forall (o, B) € #.
If N = 3 then maxy, g)cg max { er-nzl o, Zinzl ,3,} <3,
</ N 3R = @, where
o = {a eRY: a% = aP for all («, B) € %, fg(ﬁa —U)dx € V}

These assumptions allow us to handle a general class of reaction-diffusion systems,
including heterogeneous materials, reactions occurring in subdomains and diffusion
and reaction rate coefficients depending on the state variables, see [3, Remark 1].

The aim of the paper is to show for finite volume discretized versions of Prob-
lem (P) a Poincaré-like estimate of the discrete relative free energy by the discrete
dissipation rate uniformly for all meshes with (A2), see Theorem 1. The essential
new result is that our proof works without any restriction on the mesh size which is
needed in [4, Theorem 3.2]. Using discrete functional inequalities from [1] instead
of results in [5] the estimate is generalized from Voronoi meshes to admissible finite
volume meshes. More general reaction rate and diffusion coefficients are treated, too.
Finally, for Euler backward in time and finite volume in space discretization schemes,
the discretized free energy along the discrete solutions decays exponentially to its
equilibrium value with a uniform decay rate for all discretizations fulfilling (A2),
see Theorem 2. This gives the discrete counterpart to the behavior in the continuous
case characterized by [6, Theorem 4.3] in a more general setting.
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2 Discretization Scheme and Main Result

An admissible mesh of 2 (see [2]) denoted by .#Z = (&, .7, &) is formed by a
family of grid points 2 in £2, a family .7 of control volumes and a family & of parts
of hyperplanes in RY (which represent the faces of the boxes). Let M be the number
of grid points xx € &, M = #Z7. |K| denotes the measure of the box K € .7.
For K, L € 7 with K # L either the (N — 1) dimensional Lebesgue measure of
K N Liszeroor KN L = & for some o € &. The symbol 0 = K |L denotes the
surface between K and L. The set of interior surfaces is called &;,; C &. Moreover,
for o € & we denote by m, the (N — 1) dimensional Lebesgue measure of the face
o.For o = K|L € &, let d, be the Euclidean distance of xx and x; and o is
assumed to be orthogonal to the line connecting xx and xr. &k is the subset of &
such that 9K = K \ K = Ug gy 0. Concerning the discretization we suppose

(A2) Let .# be an admissible finite volume mesh with
dist(xg,0) > 0dy, YK € T Yo € & N &y (60 > 0).
Let & = {to, t1,...,t,, ...} be apartition of R} with7g =0, ¢, € Ry,
th—1 <th,n €N, 1, - +ooasn — 00, sup,cn(t — th—1) < T < 00.

X (A') represents the set of functions from £2 to R which are constant on each
box of the mesh. For w;, € X () the value at the box K € .7 is called wg. For
wi € X () the discrete H' seminorm Iwrli,. .z and H' norm |wy, Il1,. are defined
by

2 Mg 2
will o= D, Zlwk —wil’ lwal]_y, = wali_g + Iwallza (D
o=K|Le&}y,

For K € 7 we denote by u;k (,) the constant density on K at #,,. Associated to
the grid points we have chemical potentials v; g (¢,) and chemical activities a; g (f,),
i =1,..., m. Moreover we work with the vectors u, v, a € RM" and the vectors
on abox ug, vg, ag € R™. We introduce the mean values on the control volumes
K e .7,

ﬁiKZﬁ/Kﬁi(X)dx, kaﬁK(')Zﬁ/Kkaﬂ(x,-)dx

and the corresponding piecewise constant functions it;;, and kg . The discrete ver-
sion of Problem (P) is

uig (tn) —utix (tn—1) K- 3

o Mg K
Y; (tn)(aiL([n) - ail((tn)) = R;" (ta),
Iy — 11— d,

o=K|Le&x o
uik (tp) = wig €KW =g aig(ty), i=1,....m, n>1,

uix (0) = Uix = meU,dx, i=1,....m, KeZ,

(P.a)

where Y = Y7 (a) is a mean of d; (x, a)u; (x) on the face o and RiK are given by
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RE=RF@0 = D (B —akepx @) (af —af ) KI.
(a.p)eZ

We introduce the operator E:RMm _ RMm Ey = ((ﬁiKe"iK)Key)izl and

Y = {u R (S wiklKl ..., D unklK]) € y].

KeT KeT

The discrete dissipation rate D: RMK — R corresponding to Problem (P 4 ) and
the discrete free energy F : RM” — R take the form

5(V) = Z Z Yig (e"ik —e"iL)(vig — V,'L)&

d
i=1 o=K|Le&Em: a

DD gk (e =P ) (@ — ) i K,
(.p)eZ KeT

m
- UK _
F(u) =Z Z (uiKlnﬁz__K — UK +uiK)|K|-

i=l KeJ

Assuming (A1), Problem (P) has exactly one weak stationary solution (u*, v*) fulfill-
ing f oW* —U)dx € 7, see [6, Theorem 3.2]. It is the thermodynamic equilibrium
and the corresponding constant vector of chemical activities a* lies in 7. Also the dis-
crete Problem (P ;) has a unique stationary solution (u*, v*) withu*—U € %/ which
again represents the thermodynamic equilibrium of the discrete problem (P 4 ), see
[4, Theorem 3.1]. Let uz, v;’;, a;f € X () be the piecewise constant functions cor-
responding tou®, v*, a*. According to [4, Corollary 3.1] we have u};, = u? u;;/u;,
i=1,...,m,v; =v* and a; = a*. Both results from [4] hold true for admissible
meshes, too.

We now prove a Poincaré type inequality (similar to [6, Theorem 4.2] for the
continuous case) which gives for the discretized situation a uniform estimate of the
relative free energy F (n) — F (u™) by the dissipation rate D being independent on
the underlying mesh .. [4, Theorem 3.2] contains a proof for Voronoi meshes with
mesh sizes less than some constant depending on the data of the problem. Here we
establish a uniform estimate for all admissible finite volume meshes fulfilling (A2).

Theorem 1 We assume (A1) and (A2). Let (u*, v*) be the thermodynamic equilib-
rium of (P ). Then for every p > O there is a constant ¢, > 0 such that

F(Ev) — F(u*) < c¢,D(v) )

forallv e JV;:: {V e RMm . ﬁ(ﬁv) —I?(u*) < p,u= Ev € U—I—?'/\},
uniformly for all admissible finite volume meshes.
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Proof In this proof we denote by ¢ (possibly different) positive constants depending
only on the data but not depending on the mesh. Let p > 0 be arbitrarily given.

l.Letu= EveU + % . By [4, Lemma 3.1] there exist constants c¢1, ¢z > 0 not
depending on the mesh .# such that

m m
c1 D I = \Jul 7, < F) = F™) <ca D lluin —uj .. 3
i=1 i=1
Using (A1) and the inequality (x — y) In ’;C > WX =y |2 for x, y > 0, we estimate

Bz Y e - Vet

i=l1 UE(O/nt

+e > /b,gh Wﬂ Vhﬁ/z) dx =: Dy(v), veRM™
(a.p)e#

Therefore it suffices to prove the inequality
Fu)— Fu*) <CDi(v) We.f, (4)

with some constant C > 0 not depending on the mesh .7 .
2.1If (4) would be false, then there would be a sequence of admissible meshes My
and corresponding v, € %, u, = Ev, € U, + %, n €N, such that

F(u,) — F(u}) = C,D(v,) > 0, (5)

and lim, o C,, = +00. Clearly, for eﬁch /\///n we have to use the corresponding
quantities M, E, f, Dy,...andsets &, % , A, But we don’t write them with an index
My. Let ayix = ek, K € 9. BY unin, Vnin, nihs - € X(AMy), i =1,...,m
we denote the corresponding piecewise constant functions. From (3) we obtain

IV anin =/ ayip ||L2 < cllNunin =y, || S — F(lln) F(“Z)) =< c(p). (6)
Thus by assumption and because of a;;, = a; we find a suitable ¢(p) < oo with

I Vaminll 2 <&(p), i=1,...,m, foralln. 7)

3. The definition of D and (4) gives Z;-":l R /am-hﬁ w = ¢D(v,) — 0. Apply-
ing the discrete Poincaré inequality for functions with general boundary values (see
[1, Theorem 5]) we find for \/a,;, € X (Ay,),i =1,...,m

Vanin —ma(Vapn) — 0 in L*(22), where mg(/anin) = / anin dx.

12|
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The discrete Sobolev-Poincaré inequality (see [1, Theorem 3]) gives for g €
[1,00)if N = 2andforg € [1, 6]if N = 3theestimate ||\/anin — mo (Janin)l|lLe <
cgll/anin —mo (Vani)lh .z, = CqU/aninl,.m, + |/ anin — mo (Janin) |l 12)
— 0.

Since mo (/anin) |2] = lI/aninll 11 < cll/aninll 2 < c(p) by (7) for all .4, we
find (for a subsequence, and we restrict our further investigations to this subsequence)

mo (Janin) — ~/a; in R. Using that |\/anin — v/ai| < |/anin — mo(Janin)| +
Imq (anin) — /a;| we conclude

amin — Vai in LYRQ), i=1,....m, (8)
for g € [1,00) if N =2 and for g € [1, 6] if N = 3. From
nin =i = (Nanin = /@) (Sanin +/a) = (Vanin = /@) + 2@ (Smin —/ @)
we find that
lanin = @ill 2 < lI/@nin = Vaill2e +23/@i|/anin — Va2 — 0. (9)

4. Letrp(an) = (a>—al’*)2. Using |bugll .1 = Ibup |1, taking into account

the restriction of the reaction order if N = 3 and (8) we have for all («, 8) € #

0 < |baprap @]l 1 = I1bagnrap(@)llp1
< Nbap nrap(@nn) — bagnrap @1 + 1bag nTap@un)ll 11
= ||botﬁh||L°°||raﬁ(anh) - raﬂ(/a\)”LI +cDi(vy) — 0.

Therefore, with ||bygll; 1 > 0 we find necessarily that

a* =a% Yo, B) € Z. (10)
5. We introduce @ := (U, ..., Uy), U; := U; a;, and show [, (@ — U)dx € .7.

Let y € . (orthogonal complement of .# in R™) be arbitrarily given. Then

[ @@-vra] <y [ @ awmnds|+ |y [ @it = Ve
2 2 2

By (9) the first integral on the right hand side tends to zero, the second is zero since
u, — U, € % . Thus, together with (10) we find @ € <7, and according to (A1) we
obtain that @ = a*. By the definition of # this yields # = u*.

6. Because of (3) and (9) we have

m
dp = Fw) — F)?) < ca D Ml lanin — aflli, >0 (11)

i=1
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as n — oo. Additionally (according to (5)) we find

1 1
C—n:A—%Dl(V,,)—>0asn—>oo. (12)

7. For all n we introduce

1 .
= ( ai’h—l)eX(///n), i=1.....m.

Because of (b,ix — bpir)?> < #(A fanik — Janir)* forall o = K|L € &y
it results Z?;l |bm~h|% w = ch(vn)/X% — 0. As demonstrated in Step 3 (for
/anin), the discrete Poincaré and Sobolev-Poincaré inequality ensure for b,;j the
convergence ||bpin — mobpin)llpe — 0,i =1,...,m, forq € [1,00)if N =2
and for g € [1,6]if N = 3. Usinga; = a’ =ay;,, (6) and (11) we obtain

nih’

|mobuin)|182] <

Anih —

I anin — a:;,'h”Ll

f

C C C
—Ianin — Jar, 2 < —(F(u,) — F)Y? < —x, =c
An An An

IA

for all .#,,. Thus we find (for a subsgquence) mgo (bpin) — E inRR. By |b,in — E| <
|buin — mo (bpin)| + |mo (buin) — bi| we conclude fori =1, ..., m that

buin — 79: in LY(2) forg € [1,00) if N =2 and forg € [1,6]if N =3. (13)

8. Wedefiney = (31,...,9m), yi = ZEMT — 2b;a;1; and show Joydx e .7

!—'et 14 le 7+ Since 2byinaipin = (Unin — u:ih)/)‘n + bnih(«/zj_ +/ anih)«/ajunih
1t results

m m
‘)/ / ?d«V‘ = 2‘ Z/ biajtninyi dX‘ = 2‘ > /(bnihaiﬁnihyi + (b — bnih)aiﬁnih)/i)dX‘
2 /2 /2
i=1 i=1
< [y o x|+ cllbuallya VG = Vi + clibw, ~ Bl 1l
2

where the first term on the last line is zero since u,,, u’ € 7 + U, and the last two
terms tend to zeroasn — oo by (8) and (13), respectively. This leads to f o ydx € .7
9. By the definition of r4g(a,;) and by, we obtain for all (o, B) € Z,

m m
2
@ rap(amn) = ([T Cubuin + D% = [T Gunbuin + 1)
i=1 i=1
m

Z buin(@i = Bi)) + Cn, (14)
= (s )
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where |Q,] < ¢23(lbynl + 1P with 0 < po < 2maxy, g)esp max { X1 o,
> ,31-}. (A1) ensures pg < 6if N = 3. Since A,, - 0 asn — oo (see (11)), we
find 35| Qnll 1 < cAn [ (1ban] + 1)P0 dx — 0 as n — oo. This together with (12)
and (14) gives

n—0o0

tim [ b (3 buin (s - ﬂi))2dx =0 V(& p) € Z.
$2 i=1

Therefore, from (Al) we conclude b = (b], .. ,Em) € .7+ This together
with the definition of 3 and [, ydx € . (see Step 8) leads to b - Joydx =
S [ 2utb? dx = 0 which ensures b = 0 and 3 = 0.

10. Using the definition of A, (see (11)), (3), byin — Oin L4(.Q) and (8) we find

m

1 (1 T — Apin—a; 2

1= (Fan) = F)) = ¢ 3 lunlos | 2407,
i=1

m — -2 — 2 m A —
=< CZ/Q (7W («/am‘h + \/171) dx < Czb;%ihai (ai + |Vanin — J;i|2) dx
i=1 " i=1
m
< ¢ Mbninl3a (1 4+ Ianin = Vail3.) = 0.
i=1

This contradiction shows that the assumption made at the beginning of Step 2 of the
proof was wrong, i.e., (4) holds, and the proof is complete. O

3 Conclusions

Since F U) — F (u*) < c(U, u*,u) =: p uniformly for all discretizations we have
v(t,) € A, for n > 1 for solutions (u,v) to (P,). Following the proof of [4,
Theorem 3.3], but now using the improved result of our Theorem 1, we can choose
in step 3 of that proof one A > 0 such that ke“cp < 1 uniform for all .Z, see
(A2), too. Especially we do not have any upper restriction on the mesh size, can use
admissible finite volume meshes, and obtain

Theorem 2 We assume (A1) and (A2). Then there exists a universal A > 0 such
that for all solutions (u, v) to (P ;) the estimate

F(u(ty) — Fu*) <e ™ (F(U) — F*)) Vn>1

holds uniformly for all discretizations, especially the scheme (P y) is dissipative.
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Theorem 2 (as discrete version of [6, Theorem 4.3]) enables us to provide uniform
positive lower bounds for the particle densities for the solutions of (P ) if the order
of all reactions is less or equal to two and N = 2, see [3, Lemma 4, Theorem 4].
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