A New Finite Volume Scheme for a Linear
Schrodinger Evolution Equation

Abdallah Bradji

Abstract We consider the linear Schrodinger evolution equation with a time
dependent potential in several space dimension. We provide a new implicittime finite
volume scheme, using the general nonconforming meshes of [2] as discretization in
space. We prove that the convergence order is & ¢ + k, where h ¢ (resp. k) is the mesh
size of the spatial (resp. time) discretization, in discrete norms L.°°(0, T’; Ho] (£2))
and #1-%°(0, T; L2(£2)). These error estimates are useful because they allow to
obtain approximations to the exact solution and its first derivatives of order h ¢ + k.

1 Motivation and Aim of This Paper

Let us consider the following linear time dependent Schrodinger problem. We seek
a complex valued function u defined on £2 x [0, T'] satisfying

fup(x, 1) + Au(x, 1) — V(x, Dulx, 1) = £(x, 1), (x,1) € 2 x©0,T), (1)

where £2 is an open bounded polyhedral subset in IR, with d € IN'\ {0}, T > 0,
i € C (the set of complex numbers) is the imaginary unit, V is a time dependent
potential and f is a given function.

An initial condition is given by:

u(x,0) =u’(x), x € 2, )
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with homogeneous Dirichlet boundary conditions, that is
u(x, 1) =0, (x,1) € 982 x (0, 7T), 3)

The form (1)—(3) of Schrodinger equation occurs, for example, when d = 1 in
underwater acoustics, cf. [1]. The model (1)—(3) is studied for instance in [1] when
a Galerkin finite element method is used as discretization in space. The stationary
case of Schrodinger equation is also considered using finite volume methods in [3]
where there are some interesting numerical tests. In this work we analyze a new finite
volume scheme for the Schrédinger evolution problem (1)—(3).

2 Definition of the Scheme and Statement of the Main Result

The discretization of §2 is performed using the mesh ¥ = (#, &, &?) described in
[2, Definition 2.1] which we recall here for the sake of completeness.

Definition 1 (Definition of the spatial mesh) Let £2 be a polyhedral open bounded
subset of RY, where d € IN'\ {0}, and 9§2 = 2 \ £2 its boundary. A discretisation
of £2, denoted by 2, is defined as the triplet ¥ = (A, &, &), where:

1. . is a finite family of non empty connected open disjoint subsets of £2 (the
“control volumes”) such that 2 = Ugc 4 K.Forany K € .#,letdK = K\ K
be the boundary of K; let m (K) > 0 denote the measure of K and hg denote
the diameter of K.

2. & is a finite family of disjoint subsets of £2 (the “edges” of the mesh), such
that, for all o € &, o is a non empty open subset of a hyperplane of IR, whose
(d — 1)-dimensional measure is strictly positive. We also assume that, for all
K € ./, there exists asubset & of & suchthat d K = U, ¢, 0. Foranyo € &,
we denote by .#Z, = {K; o € &k}. We then assume that, for any o € &, either
M has exactly one element and then o C 9 §2 (the set of these interfaces, called
boundary interfaces, denoted by &) or .#, has exactly two elements (the set
of these interfaces, called interior interfaces, denoted by &jy). For all 0 € &,
we denote by x, the barycentre of o. For all K € .# and o € &, we denote by
ng o the unit vector normal to o outward to K.

3. & is afamily of points of £2 indexed by .#, denoted by & = (xg) g 4> Such
that for all K € .#, xg € K and K is assumed to be xg—star-shaped, which
means that for all x € K, the property [xx, x] C K holds. Denoting by dk » the
Euclidean distance between xx and the hyperplane including o, one assumes
that dg » > 0. We then denote by Pk , the cone with vertex xx and basis o.

The time discretization is performed with a constant time step k = NLH, where
N € IN*, and we shall denote 1, = nk, forn € [0, N + 1]. Throughout this paper,
the letter C stands for a positive constant independent of the parameters of the space
and time discretizations and its values may be different in different appearance.
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Since we deal with acomplex valued solution, one has to seek for an approximation
in discrete spaces over the field of complex numbers C. Some slight modifications
should be made on the discrete spaces used in [2]. In particular, we define the space
Zgasthesetofall (VK ke (Vo)ges). Wherevg, vy € Clorall K € .4 and for
allo € &,and X9 o C Zgisthesetofally € 2y suchthatv, = Oforallo € &ux.
Let H ,(£2, C) be the space of functions from £2 to C which are constant over each
control volume of the mesh. For all v € 2, we denote by IT v € H 4(82, C) the
function defined by 7T 4 v(x) = vk, fora.e. x € K, forall K € ..

Forall ¢ € 4(£2, C), we define P99 = ((¢(xk) ke » @(X0))ges) € Z5.
We denote by & ,¢ € H ,(£2,C) the function defined by & _; ¢(x) = ¢(xk),
forae. x € K, forall K € .#. We will use the norm || - ||; 24 given by [2, (4.5),
p. 1026].

In order to analyze the convergence, we need to consider the size of the discretiza-
tion Z defined by h g = sup{diam(K), K € .} and the regularity of the mesh given

, hk
by 9@ - max oeg‘mrlr,llg?(Le/// dL,g ’ Keur%rll?’;(e&( dK,g '
The scheme we want to consider in this note is based on the use of the discrete

gradient given in [2]. For u € 2y, we define, for all K € .#

Vgu(x)=Vgosu, a. e. x € Ik, 4)

where Yk  is the cone with vertex xx and basis o and

Nz

VK,JMZVKU+(d

(e —ug —Vgu-(xg — xK)))nK,Us )

K,o

1
where Vg u = —— Z m(o) (uy — ug)ng , and d is the space dimension.
m(K) ’
erpl(
We define the finite volume approximation for (1)—(3) as (u’Zj);V:O] e Z. 59’ 5“2
Withu”@ = ((u'l’()Ke/// (u’;)geéa),foralln €{0,...,N+ 1} and

1. discretization of the initial conditions (2): forallv € 23 ¢

(u%. V) F + (V(O)H//,u()@,ﬂ///v) - (—AMO+V(O)MO,H//[V)

L2(£2) L2(2)’
(6)
2. discretization of Eq. (1): forany n € {1, ..., N}, forallv € Zg
. 1 +1 +1 +1
(0 gt gv) o = e = (Ve T gv)
1 In+t1
= (_ fdt, IT 4 v) , (7
k In L2(£2)
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n n—1

where (u, v)p = / Vo ux) - Vg v(x)dx, 31" = % and (-, )p2@)
2
denotes the IL2-inner product of the space L.2(§2, C).
The main result of the present contribution is the following theorem.

Theorem 1 (Error estimates for the finite volume scheme (6)— (7)) Let §2 be a
polyhedral open bounded subset of R?, where d € IN \ {0}, and 92 = 2\ $2 its
boundary. Assume that the solution of the Schrodinger evolution problem of (1)—(3)
satisfiesu € €%([0, T1; €°*(2, C)) and the time dependent potential V is satisfying
V e €([0,T]; L*®(2,R)) and V(t)(x) > Oforallt € [0, T] and for a.e. x € £2.
Letk = =~ with N € IN*, and denote by t, = nk, forn € {0,..., N + 1}. Let

N1’
= (M, &, P) be adiscretization in the sense of [2, Definition 2.1]. Assume that

09 satisfies 0 > 0.

Then there exists a unique solution (uj) A= %NH for problem (6)—(7).
Assume in addition that V € €7 ([0, T]; L*® (.Q, R)) for all j € {1, 2}. Then, the
following error estimates hold:

e Discrete .°°(0, T} HO1 (82))—estimate: foralln € {0, ..., N + 1}
| Zqulty) — M yguglho.n < Chk+hplulyry 2@y
e Discrete #'1°(0, T; L2(82))-estimate: foralln € {1, ..., N + 1}
19" (P ut) = Mg w2y < Ch+hDllullgago 1y, w2y )
e Error estimate in the gradient approximation: for alln € {0, ..., N + 1}

Vg un@ -V u(tn)”Lz(.Q) < Clk+hp)l M||<(,/2([(),T]; €2(R)) (10)

The following lemma will help us to prove Theorem 1:

Lemma 1 (A new a priori estimate) We consider the same discretizations as in

Theorem 1. Assume that 0 g satisfies 0 > 0 and that there exists ( n 9)NH S 3&” N +2

such that ’7/ = 0and foranyn € {0, ..., N}, forallve Zg,

H al l’l+1 H ) n+1’ (Vt H ﬂ+1 H )
(gl ) o= e = (Vo T L)

= (" V)20 (11)

where " € 1L2(£2, C), foralln € {0,..., N} and V € €([0, T]; L*°(£2,R))
satisfying V(t)(x) > Oforallt € [0, T] and fora.e. x € §2. Assume in addition that
V € €1([0, T]; L®(82,R)) forall j € {1,2}. Then the following estimate holds,
forall j € {0,..., N}
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1 Jj+l1 j+1 j+1
M 90 izeey + WL 2w +1V2 15 (1200
< C(&+ ), (12)

where ' = max)_ || /"l 2q) and 1 = max)_, [ 81" | 12(q)-

Proof 1. Estimate on || 1T ;9! ngl 1.2 (). Acting the discrete operator ! on both
sides of (11) and using the formula 8! (+"s") = s"3'r" 4+ r"~191s" yields

(17//, 8%y, H///V)]LZ(Q) (ot v)F—(V(tn_H)B oy, H///v)

- (315/", n, V)]LZ(Q) + (81V(z,,+1)1'1//{ 0. 0y v)

L2(£2)
@) (13)

Choosing v = Bln"‘H in (13) and taking the imaginary part of the result, we get

Re(H 32yt T v)
a0y W) o

=1 (aly",n ) (alw My, I ) . (14
m( M) oy T (tnt- DIy Ny Mgy v @) (14)
Some calculations lead to the expression, for all function (a)")N tle (L2(£2, C))N+2:

_ony2
L2(2) @ ”U(Q)

n+1,2 n)2 . n+1 n
16 R )~ 1615 g + 20 m (0™ 0 )u(m

15)

Gathering (14) with (15) when o"*! = IT 48y, using the fact that V e
€'(10, T]; L°°(£2,R)), and the Cauchy Schwarz 1nequality, we get

1 +l 1 2
< 2kC(54 I L 2 @) N a8 05 I o)- (16)

Let us prove an L.*°(0, T’; L2(£2, C))-estimate. Taking v = r;”+1 in (11) and
using the fact that V is a real valued function, and taking the imaginary part to get

Re (17/, 3l My gl)wm = Im (" Ly V) (7
This with (15) when "™ = IT //m"“ and the Cauchy Schwarz inequality yields
” H///U”-H ”]LZ(.Q) ” H%HJHLZ(Q) < 2k‘y” H///’?n+ ”]LZ(Q) (18)
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Summing (18) over n € {0,..., j}, where j € {0,..., N}, and using the fact

J
1 .
nY = 0 yields | Iy 1F2o) < 267 D I 405 i) Applying a

n=0
Young’s inequality (as applied in (20) below) and using the discrete Gronwall’s
lemma yields

i+1
Mty ey < € (19)
Inserting this estimate in (16) and summing the result over n € {1, ..., j}, where

jel{l,..., N}yields
1 J+1 112

< 2kC(,5ﬂ+§”1)ZII 18" L2 o)-

n=1
This with a Young’s inequality leads to
j+1
10" 0 I ) < Z 1T 9" W 11F 2 ) + 20 T8 0172
+87%(C)? (ywﬂl) : (20)

‘We now estimate || H,/[Blnlgjniz To this end, we set n = 0 and v = 9’ n}@ in

82,0y

1
(11) and we use the fact that 3" r;lg = %@ (this stems from 770@ =0)

1 1
b =2 (VO TLg b, Laly)

(11,0 1,) . 21
(700"l o @1)

. 112
iy 3" ngli2g) — L2(2)

Taking the imaginary part in (21) and using the Cauchy Schwarz inequality implies
| IT 93" n £J||L2(Q) < .. This with inequality (20) and the discrete version of the
Gronwall’s lemma yields the desired estimate #1:°°(0, T; L?)-estimate in (12).

2. Estimate on || 17///779 "I ..z~ Choosing v = Bln"H in (11) and taking the
real part yields

n+1 1 n+l +1 n+1
o'y (v tn) T o', )
((n VRN QAT A Ny Lzm))

= Re(—". 4 V)]LZ (22)

)"
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Writing (n”+1 9! "H)F and (V(th)H//[ n"“ a1 4 n"H)L . in a similar
manner to that of (15) and gathering this with (22) leads to

g e = ity e + (VD gty M) o

- (V(tn-‘rl)n.//[ 77’1@7 H/” 772))]142(9)
< 2kRe (" V)12 - (23)

Summing (23) over n € {0,...,j}, where j € {0,..., N}, using 'the Cauchy
Schwarz inequality and [2, Lemma 4.2] yields | r;J'H % < Cks Y g0,

n@ ||]Lz(9). This with the estimate on || 17 4 3" n@ ||]Lz(9) (it is proved in in the
previous item) yields

I77 o = CF + 7). (24
This with the inequality norm [2, (4.6), p. 1026] implies the desired estimate

L0, T; H'(£2))- estimate in (12).
4. Estimate (24) with [2, Lemma 4.2] implies the

a in (12). |

3. Estimate | Vy nj ||(Lz(g))

estimate concerning || Vg 779 ”(]LZ(.Q))

Sketch of the proof of Theorem 1: The uniqueness of (u';l%)nG (0 N11) satisfying

(6)—(7) can be deduced using the [2, Lemma 4.2]. As usual, we use this uniqueness to
prove the existence. To prove the error estimates (8)—(10), we compare the solution
u'_’@ with the solution: for any n € {0, ..., N + 1}, find ﬁng € X, such that

(I’,i’:l@s V)F + ( V(tn)n///ﬁ’éja H% V)]LZ(_Q)
= (=Aulty) + V)ultn), [y v)L22). YV E Zg,0. (25)

Step 1: Comparison between u and ﬁ’o‘j Using techniques of the proof of
[2, Theorem 4.8] yields, for all v € £ ¢

(9@”(@1) - I/,i’;j, V)F + (V(tn)(t@L//M(tn) - H%ﬁ’_oljx H.// v)]LZ(_Q)

= D D Fxo (ultn) (7k = Vo) + (V(t)r (uta)), g V)12 @),
KG%GE@QK
(26)

2

%k 5 (u@ )| ] s

where the expression Eg (u(t,)) = Z Z :112;)

Ketl oceby
satisfying the estimate Eg (u(t,)) < Chgl|| u||(g([0’T]; @) andr(u) = Z 4 u—
u. Taking v = Pqu(ty) — i, in (26) yields
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W E+ (Vg v Mg gy = T B Aro (uw) (5 = To)
Ke i oeék

+ ( V() (u(tn)), 11y V)LZ(_Q) . @D

This with [2, Lemma 4.2], the Cauchy Schwarz inequality, the Sobolev inequality of
[2, Lemma 5.4], and the inequality norm [2, (4.6), p. 1026] yields that

| @@u(tn) - ﬁ@lfp’” < Chgl u”%’([()j]; 2(2))" (28)

This with [2, (4.6), p. 1026], [2, Lemma 4.2], and [2, Lemma 4.4] implies the error
estimate:

| Z.qutn) — gyl o.0 + | Vulty) = Voi" I 20
< Ch@” M”fg([()’T]; C2(R)) (29)

‘We will now derive an 7/1’(’0(0, T; ]LZ)—estimate. Acting the discrete operator 81 on
Eq.(26) to get, foranyn € {1,..., N + 1}

(0" (Poun —iy) v) + (Vad' (P ut) = Maity) M),

= > > Pk (9u) (k= Fo) + (T + T2 = Ta, M M2y
KE.%UEéDK
(30)

where T| = a! (V) (P u(ty)—u(ty)), To = V(tn—l)al (('@/// u(ty) — u(ty))),
and T3 = 8! (V (1)) (32/// u(ty—1) — H%ﬁ'_éjfl).Thanks to Taylor expansions and
L0, T; H(; (£2))-estimate in (29) with [2, Lemma 5.4], we have

||Ti||IL2(Q) = Ch@” u”(gl([oj]; €2(2)) Vie {1: 2, 3}' (31
Taking v = 9! (,@@u(tn) — ﬁ’éj) in (30), using [2, Lemma 4.2], and gathering this
with the Cauchy Schwarz inequality, [2, Lemma 5.4], [2, (4.6), p. 1026], and (31) to

get
l 31 (9///“(1‘;1) - H%/ﬁ’;j) ||]L2(.Q) < Chgll “||<gl([o,T]; €2(2))" (32)

Using the same techniques followed in (30)—(32), we are able to prove
192 (Z.aut) = Myiy) 2@y < Chollullgagory 2@y G3)

Step 2: Comparison between ii'y, and u';,. Writing (25) in the step n + 1, summing
the result with (7) and using (1) yields, foralln € {0, ..., N}
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. 1 n+1 n+1 n+1
l (8 ITyng Iy V)]LZ(Q) —(ng ", VIF— (V(tn+l)n//ﬂ70j Ay v)]LZ(_Q)
= (yn’ n//[ V)ILP(.Q) 5 (34)

where 1%, = u'y, — i, and " is given by
. R 1 Int1
I =i Utnsr) — I 057 + §/ Au()dt — Aultygr)
In

1 In41

- %/ V(@O u®)dt + V (tp1)u(tng1). (35)
tn

Thanks to suitable Taylor expansions and (32)—(33), we are able to justify that

S+ A< Clk+hg)|u lz20.71; w2(2))> Where & and .| are defined in Lemma

1. In addition to this, 170@ = 0 (it stems from (2)). One remarks that (n'—'@)i\;—‘;}l is

satisfying hypothesis of Lemma 1, one can apply estimate (12) of Lemma 1 to obtain

j+1 j+1 j+1
T4 3" 05 gy + 1y ow + 1 V9 15" paigyye
< C(k+ h,@)“ MH%Z([O,T]; C2(52)) (36)

This with estimates (29) and (32) implies estimates of Theorem 1. |

3 Conclusion and a Perspective

We considered the linear Schrodinger evolution equation. A convergence analysis
of a new finite volume scheme is provided. We plan to consider the case when the
spatial spatial domain is not bounded and to use the absorbing boundary conditions.
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