Stochastic Analysis for Poisson Processes

Giinter Last

Abstract This chapter develops some basic theory for the stochastic analysis of
Poisson process on a general o-finite measure space. After giving some fundamental
definitions and properties (as the multivariate Mecke equation) the chapter presents
the Fock space representation of square-integrable functions of a Poisson process
in terms of iterated difference operators. This is followed by the introduction
of multivariate stochastic Wiener—It6 integrals and the discussion of their basic
properties. The chapter then proceeds with proving the chaos expansion of square-
integrable Poisson functionals, and defining and discussing Malliavin operators.
Further topics are products of Wiener—Itd integrals and Mehler’s formula for the
inverse of the Ornstein—Uhlenbeck generator based on a dynamic thinning proce-
dure. The chapter concludes with covariance identities, the Poincaré inequality, and
the FKG-inequality.

1 Basic Properties of a Poisson Process

Let (X, Z") be a measurable space. The idea of a point process with state space
X is that of a random countable subset of X, defined over a fixed probability
space (§2, <7, IP). It is both convenient and mathematically fruitful to define a point
process as a random element 7 in the space Ny (X) = N, of all o-finite measures y
on X such that y(B) € Z U {oo} for all B € 2. To do so, we equip N, with the
smallest o-field 45 (X) = 45 of subsets of N, such that y + y(B) is measurable
forall B € 2. Then n : 2 — N, is a point process if and only if

{n(B) = kj ={w € 2 :n(w,B) =k} € &
forall B € 2 and all k € Z. Here we write 7(w, B) instead of the more clumsy

n(w)(B). We wish to stress that the results of this chapter do not require special
(topological) assumptions on the state space.
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The Dirac measure §, at the point x € X is the measure on X defined by 6,(B) =
15(x), where 1p is the indicator function of B € 2. If X is a random element of
X, then dx is a point process on X. Suppose, more generally, that X, ..., X, are
independent random elements in X with distribution Q. Then

n:=38x, + -+ 6x, (H

is a point process on X. Because

P(n(B) = k) = (Z)Q(B)k(l —QB)"™, k=0,....m,

n is referred to as binomial process with sample size m and sampling distribution
Q. Taking an infinite sequence Xj, X5, ... of independent random variables with
distribution Q and replacing in (1) the deterministic sample size m by an indepen-
dent Z -valued random variable x (and interpreting an empty sum as null measure)
yields a mixed binomial process. Of particular interest is the case where « has a
Poisson distribution with parameter A > 0, see also (5) below. It is then easy to
check that

Eexp [ -/ u(X)n(dx)} — exp [ - fa- e_”(*))u(dX)} @)

for any measurable function u : X — [0, 00), where p := AQ. It is convenient to
write this as

Eexp[—n(u)] = exp[ — u(1 —e™)], A3)

where v (1) denotes the integral of a measurable function u with respect to a measure
v. Clearly,

u(B) = En(B), Be Z, “

so that p is the intensity measure of 1. The identity (3) or elementary probabilistic
arguments show that 1 has independent increments, that is, the random variables
n(B1),...,n(B,) are stochastically independent whenever By,...,B,, € Z are
pairwise disjoint. Moreover, 1(B) has a Poisson distribution with parameter p(B),
that is

k
PO =k = "L oo u@). kez. )

Let u be a o-finite measure on X. A Poisson process with intensity measure [
is a point process n on X with independent increments such that (5) holds, where
an expression of the form coe™ is interpreted as 0. It is easy to see that these two
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requirements determine the distribution IP, := IP(n € -) of a Poisson process 7. We
have seen above that a Poisson process exists for a finite measure p. In the general
case, it can be constructed as a countable sum of independent Poisson processes,
see [12, 15, 18] for more details. Equation (3) remains valid. Another consequence
of this construction is that n has the same distribution as

1n(X)
=y 6, (6)
n=1
where X1, X5, ... are random elements in X. A point process that can be (almost

surely) represented in this form will be called proper. Any locally finite point
process on a Borel subset of a complete separable metric space is proper. However,
there are examples of Poisson processes which are not proper.

Let n be a Poisson process with intensity measure p. A classical and extremely
useful formula by Mecke [18] says that

E / WG,y = E / B + 6., () ™

for all measurable 2 : N, x X — [0,00]. One can use the mixed binomial
representation to prove this result for finite Poisson processes. An equivalent
formulation for a proper Poisson process is

E / W1 — 8, 0n(dn) = E / B, ) () ®)

for all measurable i : N, x X — [0, co]. Although n — &, is in general a signed
measure, we can use (6) to see that

[ =8 = S a(Fb.x)

i A

is almost surely well defined. Both (7) and (8) characterize the distribution of a
Poisson process with given intensity measure L.

Equation (7) admits a useful generalization involving multiple integration. To
formulate this version we consider, for m € IN, the m-th power (X", Z) of
(X, Z). Let n be a proper point process given by (6). We define another point
process 7™ on X" by

#
n"MC) = Y 1c(Xi.....X;,). Ce2™ 9)
ieesim <0(X)

where the superscript # indicates summation over m-tuples with pairwise different
entries. (In the case n(X) = oo this involves only integer-valued indices.) In the
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case C = B™ for some B € 2~ we have that
n"(B") = n(B)(n(B) —1)---(n(B) —m + 1).

Therefore n™ is called m-th factorial measure of 1. It can be readily checked that,
for any m € NN,

oD = / [ / L1 2g1) € 31(nsn) (10)

m

— Z L{(x1, ... X, X)) € }:| n(m)(d(xl, e X)),
j=1

where nV := 5. This suggests a recursive definition of the factorial measures of a
general point process, without using a representation as a sum of Dirac measures.
The next proposition confirms this idea.

Proposition 1 Let 1 be a point process on X. Then there is a uniquely determined
sequence n'™, m € N, of symmetric point processes on X" satisfying n'V := n and
the recursion (10).

The proof of Proposition 1 is given in the appendix and can be skipped without
too much loss. It is enough to remember that 7™ can be defined by (9), whenever 7
is given by (6) and that any Poisson process has a proper version.

The multivariate version of (7) (see e.g. [15]) says that

]E‘/}Kn,xh...,xm)n“m(d(xh...,xm))
= E/h(n—i-(?xl Foe By X1y e X)W (A L X)), (11)

for all measurable 2 : N, x X" — [0, 00]. In particular the factorial moment
measures of n are given by

En™ = pu™, meN. (12)

Of course (11) remains true for a measurable # : N, x X — R provided that the
right-hand side is finite when replacing & with |A|.
2 Fock Space Representation

In the remainder of this chapter we consider a Poisson process 1 on X with o-finite
intensity measure p and distribution PP,,.
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In this and later chapters the following difference operators (sometimes called
add-one cost operators) will play a crucial role. For any f € F(N,) (the set of all
measurable functions from N,; to R) and x € X the function D, f € F(N,) is defined
by

Dif(x) :=f(x+8)—f(x), x€Ns. (13)

Iterating this definition, for n > 2 and (x},...,x,) € X" we define a function
D}, ... € F(N;) inductively by

D . f:=DyDi" f (14)

Jc{1.2....n} i€l

where |J| denotes the number of elements of J. This shows that D} f is

symmetric in xy, ..., x, and that (xi,...,x,, ) — D”1 X” f(x) is measurable. We

define symmetric and measurable functions 7, f on X" by

Tof (x1,...,x) == EDY, . f(n), (16)
and we set Tof := IEf(n), whenever these expectations are defined. By (-, ), we
denote the scalar product in L*(u") and by || - ||,, the associated norm. Let L2(u")
denote the symmetric functions in L?(i"). Our aim is to prove that the linear
mapping f +> (T,,(f))a>0 is an isometry from L?(IP,) into the Fock space given
by the direct sum of the spaces L2(i"), n > 0 (with L? norms scaled by n!~!/?) and
with L2(1°) interpreted as R. In Sect. 4 we will see that this mapping is surjective.
The result (and its proof) is from [13] and can be seen as a crucial first step in the
stochastic analysis on Poisson spaces.

Theorem 1 Letf,g € L*(P,). Then

21
Ef ()g(n) = Bf () + Y — (Tuf. Tug)n, (17)
n=1""

where the series converges absolutely.

We will prepare the proof with some lemmas. Let 2 be the system of all
measurable B € 2" with u(B) < oo. Let Fy be the space of all bounded and
measurable functions v : X — [0, 00) vanishing outside some B € %p. Let G
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denote the space of all (bounded and measurable) functions g : N, — R of the

form
g(X) = ale_)((vl) + -4 ane_)f(””),

wheren € N, ay,...,a, € Rand vy,...,v, € Fy.
Lemma 1 Relation (17) holds forf, g € G.

Proof By linearity it suffices to consider functions f and g of the form

f() =exp[—=x()], g(x) = exp[—x(w)]

for v, w € Fy. Then we have for n > 1 that

Df(x) = exp[—x(v)](e™" — 1)®",

(18)

where (e — D)®*(xy,...,x,) 1= ]_[Ll(e_”("f) — 1). From (3) we obtain that

Tof = expl—p(1 — e ")](e™" — D®".

19)

Since v € Fy it follows that T, f € L% (u™), n > 0. Using (3) again, we obtain that

Ef(n)g(n) = exp[—u(l —e )]

On the other hand we have from (19) (putting °(1) := 1) that

>0 1

Z; Tof, Tug)n

n=0

(20)

21
= expl—p(1 —e ] expl—p(1 =™ Y —p"(((" = (™ = 1)®")
n=0""

= exp[—u(2—e" —e )] explu((e™ — D(e™ = D)].

This equals the right-hand side of (20).

To extend (17) to general f, g € L? (IP,;) we need two further lemmas.

Lemma 2 The set G is dense in LZ(]PU).

Proof Let W be the space of all bounded measurable g : N, — R that can be
approximated in L (IP,) by functions in G. This space is closed under monotone and
uniformly bounded convergence and also under uniform convergence. Moreover, it
contains the constant functions. The space G is stable under multiplication and we
denote by .#” the smallest o-field on N, such that y +— h(}) is measurable for all
h € G. A functional version of the monotone class theorem (see e.g. Theorem .21
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in [1]) implies that W contains any bounded .#”'-measurable g. On the other hand
we have that

x(C) = rli>10n+ t_l(l — e_’X(C)), X € Ng,

forany C € 2 . Hence y — x(C) is .#"’-measurable whenever C € 2. Since u is
o-finite, for any C € 2 there is a monotone sequence Cy € 2y, k € IN, with union
C, so that y +— x(C) is N’'-measurable. Hence .#” = .4, and it follows that W
contains all bounded measurable functions. But then W is clearly dense in L? ;)
and the proof of the lemma is complete. O

Lemma 3 Suppose that f,f',f2, ... € L*(P,) satisfy f* — f in L*(P,) as k — oo,
and that h : N, — [0, 1] is measurable. Let n € N, let C € 2y and set B := C".
Then

dim B [ D) =D, PO @G x) =0, 2D
B
Proof By (15), the relation (21) is implied by the convergence
klggolE/ 7(n+ Z;Sx,.) ~r(n+ Z;é’xi)‘h(n)u"(d(xl, LLE) =0 (22)
B i= =

forall m € {0, ...,n}. For m = 0 this is obvious. Assume m € {1,...,n}. Then the
integral in (22) equals

p@r e [ |r(n+ 38) <A (n+ 308, i @ 5
cm i=1 i=1

— (@ "E [ 1)~ la(n = 308, )1" @)
o i=1

< WO EIf(n) —f ()" ("),

where we have used (11) to get the equality. By the Cauchy—Schwarz inequality the
last expression is bounded above by

r(O)" B ) = A 0)D) P EE™ (C)H2.

Since the Poisson distribution has moments of all orders, we obtain (22) and hence
the lemma. O



8 G. Last

Proof of Theorem 1 By linearity and the polarization identity
Hu,v)y = (u+v,u+v)y —(u—v,u—0),

it suffices to prove (17) for f = g € L*(P,). By Lemma 2 there are f* € G,
k € IN, satisfying f* — f in L?(IP,) as k — oo. By Lemma 1, Tf*, k € IN, is a
Cauchy sequence in H:= R & &2 L2 (). The direct sum of the scalar products
(n))~'{-,-),, makes H a Hilbert space. Let f = (f,) € H be the limit, that is

[e’e)
- L _ppe 2

lim ) =T f* = /2 = 0. (23)
k—)oon=0n_

Taking the limit in the identity Ef*(n)? = (Tf*, Tf*)u yields Ef(n)> = (f.f)n.
Equation (23) implies that fo Ef(n) = Tyf. It remains to show that forany n > 1,

fo=T.f, u'-ae. 24)

Let C € %y and B := C". Let uj denote the restriction of the measure u" to
B. By (23) T, f* converges in L?(11%) (and hence in L'(11%)) to f,, while by the
definition (16) of T,,, and the case & = 1 of (22), T, f* converges in L' () to T, f.
Hence these L' (IP) limits must be the same almost everywhere, so that fo=Tof n'-
a.e. on B. Since  is assumed o -finite, this implies (24) and hence the theorem. 0O

3 Multiple Wiener-It6 Integrals

Forn > 1and g € L'(") we define (see [6, 7, 28, 29])

L@ = 2 0 [ o @ @), (25)

JC[n]

where [n] 1= {1,...,n},J¢ := [n] \ J and x; := (x))jes. If J = @, then the inner
integral on the right-hand side has to be interpreted as p"(g). (This is to say that
n(o) (1) := 1.) The multivariate Mecke equation (11) implies that all integrals in (25)
are finite and that I£7,(g) = 0.

Given functions g; : X — R fori = 1,...,n, the tensor product ®)_,g; is
the function from X" to R which maps each (xl, ce,Xy) tO ]_[lzl gi(x). When the
functions gy, . . ., g, are all the same function i, we Write h®" for this tensor product

function. In this case the definition (25) simplifies to

L(h®) =" (Z) D" O R (e (hyy . (26)

k=0
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Let X, denote the set of all permutations of [n], and for g € X" — R define the
symmetrization g of g by

- 1
g(X1,... 7-xn) = ; Z g(xﬂ(l)v'-- 7-x7'[(n))- (27)

‘mex,

The following isometry properties of the operators I,, are crucial. The proof is
similar to the one of [16, Theorem 3.1] and is based on the product form (12)
of the factorial moment measures and some combinatorial arguments. For more
information on the intimate relationships between moments of Poisson integrals and
the combinatorial properties of partitions we refer to [16, 21, 25, 28].

Lemma4 Let g € L>(u") and h € L*>(u") for m,n > 1 and assume that {g #
0} C B" and {h # 0} C B" for some B € Zy. Then

El,(g)L,(h) = L{m = n}m!(g, ). (28)

Proof We start with a combinatorial identity. Let n € IN. A subpartition of
[n] is a (possibly empty) family o of nonempty pairwise disjoint subsets of [n].
The cardinality of Uje,J is denoted by |o||. For u € F(X") we define u, :
XloHn=lol 5 ] by identifying the arguments belonging to the same J € o. (The
arguments Xxp, . .., Xg|4+n—|o| have to be inserted in the order of occurrence.) Now
we take r, s € Z such that r + s > 1 and define X, ; as the set of all partitions of
{L,....,r+s}tsuchthat |JN{l,...,r}| <land |JN{r+1,...,r+ s} < 1forall
J € 0. Letu € F(X"1%). It is easy to see that

/ f u(xr, .. X)) ([A s X))

-y / g dylo). (29)

0EX,

provided that n({u # 0}) < oo. (In the case r = 0 the inner integral on the left-hand
side is interpreted as 1.)

We next note that g € L'(u™) and h € L'(1") and abbreviate f := g ® h. Let
k:=m+mnJ, ;= [m]and J, := {m + 1,...,m + n}. The definition (25) and
Fubini’s theorem imply that

APTACED E il || FE

IC[K] (30)
D (g, )20 (g, ) M (e ),

where I := [k] \ I and x; := (x;)je; for any J C [k]. We now take the expectation
of (30) and use Fubini’s theorem (justified by our integrability assumptions on g
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and h). Thanks to (29) and (12) we can compute the expectation of the inner two
integrals to obtain that

EL L0 = Y (-0 [ g gttt G31)

oEXY

where X is the set of all subpartitions o of [] such that [JNJ;| < 1 and |[JNJ5| <
1 forall J € 0. Let %2 C X be the set of all subpartitions of [k] such that
|J| = 2forall J € 0. Forany w € X% we let X% () denote the set of all

o € X satisfying w C 0. Note that 7 € X (7r) and that for any o € X there
is a unique 7 € X%2 such that o € X% (). In this case

/f(,duk_”"”“" _ /fﬂduk—nnn’

so that (31) implies

ELy (L) = ) / T S G (32)
TESmn 0€ Xy ()
The inner sum comes to zero, except in the case where ||| = k. Hence (32)

vanishes unless m = n. In the latter case we have

CEL@LI = Y [ fedi =tz

reXmd|wl=m

as asserted. ]

Any g € L*(u™) is the L*-limit of a sequence gy € L?>(u™) satisfying the
assumptions of Lemma 4. For instance we may take g := 1(g,mg, where
w(Br) < oo and By 1t X as k — oo. Therefore the isometry (28) allows
us to extend the linear operator I, in a unique way to L*(u™). It follows
from the isometry that I,,(g) = I,(2) for all g € L?*(u™). Moreover, (28)
remains true for arbitrary g € L*>(u™) and h € L*(u"). It is convenient
to set Ip(c) := ¢ for ¢ € R. When m > 1, the random variable I,,(g)
is the (m-th order) Wiener—Ité integral of g € L>(u™) with respect to the
compensated Poisson process 7§ := 1n — u. The reference to 7 comes from
the explicit definition (25). We note that 7(B) is only defined for B € Z.
In fact, {7(B) : B € 2o} is an independent random measure in the sense of

[7].
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4 The Wiener-Ito Chaos Expansion

A fundamental result of Itd [7] and Wiener [29] says that every square integrable
function of the Poisson process 7 can be written as an infinite series of orthogonal
stochastic integrals. Our aim is to prove the following explicit version of this
Wiener—Ito chaos expansion. Recall definition (16).

Theorem 2 Letf € L*(P,). Then T, f € L*(u"), n € N, and

o

F) = Y2 (), (33)

n=0

where the series converges in L*(P). Moreover; if g, € L2(u") for n € Z.y satisfy
) =32 %In(gn) with convergence in L*(P), then gy = Ef (n) and g, = T,.f,
W'-a.e. on X",for alln € IN.

For a homogeneous Poisson process on the real line, the explicit chaos expan-
sion (33) was proved in [8]. The general case was formulated and proved in [13].
Stroock [27] has proved the counterpart of (33) for Brownian motion. Stroock’s
formula involves iterated Malliavin derivatives and requires stronger integrability
assumptions on f (7).

Theorem 2 and the isometry properties (28) of stochastic integrals show that the
isometry f +> (T,(f))n0 is in fact a bijection from L*(IP,) onto the Fock space.
The following lemma is the key for the proof.

Lemma 5 Letf(x) := e ¥V, y € N, (X), where v : X — [0, 00) is a measurable
function vanishing outside a set B € 2" with (t(B) < co. Then (33) holds P-a.s.
and in L*(P).

Proof By (3) and (19) the right-hand side of (33) equals the formal sum

Fi= explopn(l e+ explp(l— e Y SL(E D). (4

n=1

Using the pathwise definition (25) we obtain that almost surely

I=eplp(—e Y Y (k) 0™ = D) (1 = ™)y
n=0 " k=0

1

TGOS

o0 1 o0
=expl-p(1 —e )] )1 = D®H
k=0 " n=k

1
= " =1, (35)
k=0 """
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where N := 1(B). Assume for the moment that 7 is proper and write §x, + - - - + x,
for the restriction of 7 to B. Then we have almost surely that

I = Z H(e—v(Xi) -1 = ﬁe—v(Xi) — e—n(v)’

Jc{l,...N} i€J i=1

and hence (33) holds with almost sure convergence of the series. To demonstrate
that convergence also holds in L*(IP), let the partial sum I(m) be given by the right-
hand side of (34) with the series terminated at n = m. Then since (1 —e™") is
nonnegative and |1 — e=*®)| < 1 for all y, a similar argument to (35) yields

min(N,m) 1
e = 37 P e™ = D)
k=0
N
- ZN(N— D--(N—k+1) _ N
k=0 k!

Since 2" has finite moments of all orders, by dominated convergence the series (34)
(and hence (33)) converges in L>(IP).

Since the convergence of the right-hand side of (34) as well as the almost sure
identity I = ¢~"") remain true for any point process with the same distribution as 7
(that is, for any Poisson process with intensity measure (), it was no restriction of
generality to assume that 7 is proper. O

Proof of Theorem 2 Letf € L?(IP;) and define T,f forn € Z4 by (16). By (28) and
Theorem 1,

ZE(%’"(TJ))Z =2 %IITnflli = Ef (1)’ < cc.
n=0 ’ n=0

Hence the infinite series of orthogonal terms

o0

$:= 3 ()

n=0

converges in L?(IP). Let & € G, where G was defined at (18). By Lemma 5 and
linearity of 1,(-) the sum > oo/ %In(Tnh) converges in L>(IP) to h(n). Using (28)

followed by Theorem 1 yields

oo

B(in) — ) = 3 1Tk~ Tuflly = B( ) — ()

n=0
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Hence if E(f(n) —h(n))? is small, then so is E(f (1) —S)?. Since G dense in L*(IP,))
by Lemma 2, it follows that (1) = S almost surely.

To prove the uniqueness, suppose that also g, € Lf (u") for n € Z 4 are such that
3%, L 1,(gn) converges in L*(IP) to f(n). By taking expectations we must have

n=0 n!

g0 = IEf(n) = Tof . Forn > 1 and h € L*(u"), by (28) and (33) we have

Ef (M1,(h) = EL(Tof)In(h) = nY(Tof , h)n

and similarly with 7,f replaced by g,, so that (T,f — g, h), = 0. Putting h =
T.f — gn gives |Tnf — gulln = 0O for each n, completing the proof of the theorem.
O

S Malliavin Operators

For any p > 0 we denote by Lj the space of all random variables F € L”(P) such
that F = f(n) P-almost surely, for some f € F(N,). Note that the space L is a
subset of L7 (IP) while L”(IP,) is the space of all measurable functions f € F(N,)
satisfying [ | f|? dP,, = E|f(n)|? < oc. The representative f of F € LP(P) is is IP,-
a.e. uniquely defined element of L”(IP,). For x € X we can then define the random

any n € IN and xy,...,x, € X. The mapping (w,x1,...,x,) = D . F(o) is

denoted by D"F (or by DF in the case n = 1). The multivariate Mecke equation (11)
easily implies that these definitions are IP ® p-a.e. independent of the choice of the
representative.

By (33)any F € Lf] can be written as

F=EF+ Y L), (36)
n=1

where f,, 1= %ED”F . In particular we obtain from (28) (or directly from Theorem 1)
that

EF? = (EF)” + ) n!|l fll2. (37)

n=1

We denote by dom D the set of all F' € L% satisfying

Y mnlllfully < oe. (38)

n=1
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The following result is taken from [13] and generalizes Theorem 6.5 in [8] (see
also Theorem 6.2 in [20]). It shows that under the assumption (38) the pathwise
defined difference operator DF coincides with the Malliavin derivative of F. The
space dom D is the domain of this operator.

Theorem 3 Let F € L} be given by (36). Then DF € L*(P ® ) iff F € dom D. In
this case we have P-a.s. and for ji-a.e. x € X that

DF =Y nly-i(f(x. ). (39)

n=1

The proof of Theorem 3 requires some preparations. Since

/(inn!ﬂfn(x, ')Ilﬁ_l)u(dx) = inn‘/ (WA
n=1 n=1

(28) implies that the infinite series

oo

DLF =" nlfu(x.) (40)

n=1

converges in L?(IP) for p-a.e. x € X provided that F € dom D. By construction of
the stochastic integrals we can assume that (w, x) — (I,—1f,(x, -)) (@) is measurable
forall n > 1. Therefore we can also assume that the mapping D'F given by (w, x)
D! F(w) is measurable. We have just seen that

E/(D;F)Zu(dx) = Znn!/ If?.  F e domD. (41)
n=1

Next we introduce an operator acting on random functions that will turn out to
be the adjoint of the difference operator D, see Theorem 4. For p > 0 let L (P ® )
denote the set of all H € L”(IP ® p) satisfying H(w,x) = h(n(w), x) for P ® p-a.e.
(w, x) for some representative h € F(N, x X). For such a H we have for y-a.e. x
that H(x) := H(-,x) € L?>(P) and (by Theorem 2)

H(x) = Zln(hn(X, ), P-as., (42)
n=0

where ho(x) := EH(x) and h,(x, xq,...,Xx,) = %ED?I x” H(x). We can then

define the Kabanov—Skorohod integral [3, 10, 11, 26]‘0f H, denoted §(H), by

S(H) =Y Lu1(hn), (43)

n=0
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which converges in L2 (IP) provided that

o0

S+ 1)) / Rdut < oo, (44)
n=0
Here
n+1
o1, X)) o= M;ED; Y c A C0) (45)

is the symmetrization of %,. The set of all H € L% (P ® ) satisfying the latter
assumption is the domain dom § of the operator §.
We continue with a preliminary version of Theorem 4.

Proposition 2 Let F € domD. Let H € L%(IP ® 1) be given by (42) and assume

that
> n+ 1)!/h§dm+1 < o0. (46)
n=0
Then
E / (D.F)H(x)p(dx) = EF§(H). (47)

Proof Minkowski inequality implies (44) and hence H € domé. Using (40)
and (42) together with (28), we obtain that

B [ @) = [ (300 s (29) s (),
n=1

where the use of Fubini’s theorem is justified by (41), the assumption on H and the
Cauchy—Schwarz inequality. Swapping the order of summation and integration (to
be justified soon) we see that the last integral equals

oo

Zn'%’ n— 1 Zn' f;u n— 1

n=1

where we have used the fact that f,, is a symmetric function. By definition (43)
and (28), the last series coincides with IEF§(H). The above change of order is
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permitted since

St [ 1 s o)

n=1
= 3t [ I () 2@
n=1

and the latter series is finite in view of the Cauchy—Schwarz inequality, the finiteness
of (36) and assumption (46). ]

Proof of Theorem 3 'We need to show that
DF =D'F, P® u-ae. (48)

First consider the case with f(y) = e %) with a measurable v : X — [0, c0)
vanishing outside a set with finite p-measure. Then nlf, = T, f is given by (19).
Givenn € N,

1
et [ £ = o el = Dl — D)

which is summable in 7, so (38) holds in this case. Also, in this case, D, f(n) =
(€' — 1)f(n) by (13), while £,,(-,x) = (¢7"® — 1)n~'f,_; so that by (40),

Dif(m) = (e = Dlyy (fum1) = (7@ = Df (1)

n=1

where the last inequality is from Lemma 5 again. Thus (48) holds for f of this form.
By linearity this extends to all elements of G.

Let us now consider the general case. Choose gx € G, k € N, such that Gy :=
gi(n) — Fin L>(P) as k — oo, see Lemma 2. Let H € L%(]P,, ® ) have the
representative h(y, x) := h'(y)1p(x), where i’ is as in Lemma 5 and B € 2. From
Lemma 5 it is easy to see that (46) holds. Therefore we obtain from Proposition 2
and the linearity of the operator D’ that

E/(D;F — D/.Gy)H(x)pu(dx) = E(f — Gy)S(H) — 0 as k — oo. (49)
On the other hand,

E / (D.F — DyGYHMu(dy) = E / (Do f(n) — Dage (A () (),
B
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and by the case n = 1 of Lemma 3, this tends to zero as k — 00. Since D.gx = D,gk
a.s. for p-a.e. x we obtain from (49) that

E / (DL Hh( Op(dn) = E / (D f (D). )1 (d). (50)

By Lemma 2, the linear combinations of the functions 4 considered above are dense
in L*(P, ® p), and by linearity (50) carries through to / in this dense class of
functions too, so we may conclude that the assertion (48) holds.

It follows from (41) and (48) that F € dom D implies DF € L%(]P ® ). The
other implication was noticed in [22, Lemma 3.1]. To prove it, we assume DF €
Lfy (P ® ) and apply the Fock space representation (17) to IE(D,F)? for p-a.e. x.
This gives

[EOm@ =3~ [f @0t i@, )@
n=0

="+ D+ DU fusl 24y

n=0

and hence F € dom D. O

The following duality relation (also referred to as partial integration, or inte-
gration by parts formula) shows that the operator § is the adjoint of the difference
operator D. It is a special case of Proposition 4.2 in [20] applying to general Fock
spaces.

Theorem 4 Let F € domD and H € dom §. Then,
]E/(DXF)H(x),u(dx) = IEFS§(H). (51)

Proof We fix F € domD. Theorem 3 and Proposition 2 imply that (51) holds if
He L% (P ® ) satisfies the stronger assumption (46). For any m € IN we define

H™ (x) := Zln(hn(x, ), xeX. (52)

n=0

Since H™ satisfies (46) we obtain that

E / (DF)H™ (x) 11 (dx) = EFS(H™). (53)
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From (28) we have

oo

[ B - 1@ = ( S allln, -)Ilﬁ)u(dx)
n=m+1
= > .
n=m+1

As m — oo this tends to zero, since
o0
E [ HOPu@) = [ BE©) @ = 3 nlh .,
n=0

is finite. It follows that the left-hand side of (53) tends to the left-hand side of (51).
To treat the right-hand side of (53) we note that

oo oo
ESH—-H™) = Y Elwi1(h)’ = Y 1+ Dkl (54)
n=m+1 n=m+1

Since H € dom $ this tends to 0 as m — oo. Therefore E(§(H) — §(H"™))> — 0
and the right-hand side of (53) tends to the right-hand side of (51). O

We continue with a basic isometry property of the Kabanov—Skorohod integral.
In the present generality the result is in [17]. A less general version is [24,
Proposition 6.5.4].

Theorem S Let H € L% (P ® w) be such that

E [[ @07 pa@n@) < . (55)
Then, H € dom § and moreover
ES(H)? = E / H () + B /f DH®DHMu(AYu(dy).  (56)

Proof Suppose that H is given as in (42). Assumption (55) implies that H(x) €
dom D for p-a.e. x € X. We therefore deduce from Theorem 3 that

g(x,y) = DyH(-x) = ann—l(hn(xs Y, ))
n=1
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IP-a.s. and for u?-a.e. (x,y) € X2. Using assumption (55) together with the isometry
properties (28), we infer that

o0

o0
Sl = Y i, = E [f 00 p@in@) <o
n=1

n=1

yielding that H € dom§.
Now we define H™ € dom §, m € IN, by (52) and note that

IE(S(H(m))z = ZEIn+l(iln)2 = Z(n + 1)'||iln||i+l

n=0 n=0

Using the symmetry properties of the functions 4, it is easy to see that the latter sum
equals

St [ a4 3wt [[ by Do e @ 67
n=0 n=1
On the other hand, we have from Theorem 3 that

DyH(m)(X) = Z nln—l(hn(-xv Ys ))s

n=1

so that
E / H™ (x)*p(dx) + E // DyH"™ (x)DH™ (y) j1(dx) s (dy)

coincides with (57). Hence

ESH™) = B [ #700%u(@) + E [[ D" 0DH" 0u(@on@),
(58)

These computations imply that g, (x,y) := D,H"(x) converges in L*(P ® u?)
towards g. Similarly, g/ (x,y) := D,H"™ (y) converges towards g'(x,y) := D,g(y).
Since we have seen in the proof of Theorem 4 that H™ — H in L*(P ® ) as
m — 00, we can now conclude that the right-hand side of (58) tends to the right-
hand side of the asserted identity (56). On the other hand we know by (54) that
ES(H™)? — E§(H)? as m — oo. This concludes the proof. ]

To explain the connection of (55) with classical stochastic analysis we assume for
a moment that X is equipped with a transitive binary relation < such that {(x,y) :
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X <y} is a measurable subset of X? and such that x < x fails for all x € X. We also
assume that < totally orders the points of X p-a.e., that is

p(x) =0, xeX, (59)

where [x] ;= X\ {y € X : y<xorx<y}. Forany y € N, let y, denote the
restriction of y to {y € X : y < x}. Our final assumption on < is that (y,y) = x, is
measurable. A measurable function / : N, x X — R is called predictable if

h(x,x) = h()xx, %), (x.x) € Ng x X, (60)

A process H € L?I (P ® ) is predictable if it has a predictable representative. In this
case we have P @ p-a.e. that DyH(y) = 0 for y < x and DyH(x) = O forx < y.In
view of (59) we obtain from (56) the classical Itd isometry

ES(H)? =E / H(x)*11(dx). (61)

In fact, a combinatorial argument shows that any predictable H € Lf] (P ® w) is in

the domain of . We refer to [14] for more detail and references to the literature.
We return to the general setting and derive a pathwise interpretation of the

Kabanov-Skorohod integral. For H € L:] (P ® p) with representative & we define

§/(H) = / 7 — 8, n(dx) — / h(. ) (). 62)

The Mecke equation (7) implies that this definition does IP-a.s. not depend on the
choice of the representative. The next result (see [13]) shows that the Kabanov—
Skorohod integral and the operator 6 coincide on the intersection of their domains.
In the case of a diffuse intensity measure w (and requiring some topological
assumptions on (X, Z7)) the result is implicit in [23].

Theorem 6 Let H € L) (P ® p) Ndom§. Then §(H) = &'(H) P-a.s.

Proof Let H have representative h. The Mecke equation (7) shows the integrability
E [ |h(n — 8, x)|n(dx) < oo as well as

E / Dof (.3 (dx) = Ef(n)8' (), 63)

whenever f : N, — R is measurable and bounded. Therefore we obtain from (51)
that EF$'(H) = EFS(H) provided that F := f() € dom D. By Lemma 2 the space
of such bounded random variables is dense in Lf] (IP), so we may conclude that the
assertion holds. O
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Finally in this section we discuss the Ornstein—Uhlenbeck generator L whose
domain dom L is given by the class of all F' € Lfy satisfying

oo
2 2
Y renlll Al < oo.

n=1

In this case one defines
o0
LF := =Y nl,(f).
n=1

The (pseudo) inverse L™! of L is given by

o0

1
L'Fi==%" ~Li(fy). (64)

n=1

The random variable L™' F is well defined for any F € Lf]. Moreover, (37) implies

that L™'F € domL. The identity LL~'F = F, however, holds only if EF = 0.
The three Malliavin operators D, §, and L are connected by a simple formula:

Proposition 3 Let F € dom L. Then F € dom D, DF € dom § and §(DF) = —LF.

Proof The relationship F € dom D is a direct consequence of (37). Let H := DF.
By Theorem 3 we can apply (43) with &, := (n + 1)f,41. We have

o0 o0
Y 4 Dl = 0+ DI+ D2 furlog

n=0 n=0

showing that H € dom §. Moreover, since I,y (izn) = I,+1(h,) it follows that

S(DF) = Zln-i-l(hn) = Z(l’l + I)In-i-l(ﬁl-i-l) = —LF,

n=0 n=0

finishing the proof. O

The following pathwise representation shows that the Ornstein—Uhlenbeck
generator can be interpreted as the generator of a free birth and death process on X.

Proposition 4 Let F € dom L with representative f and assume DF € L,l7 P ® w).
Then

LF = / (F(n— 82 — Fm)n(dn) + / (F(n + 82 — F(m)(d). ©5)
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Proof We use Proposition 3. Since DF € L}7 (P ® ) we can apply Theorem 6 and
the result follows by a straightforward calculation. O

6 Products of Wiener-It6 Integrals

In this section we study the chaos expansion of 1,(f)1,(g), where f € L?(17) and
g € L}(u9) for p,q € IN. We define for any r € {0,...,p A q} (where p A ¢ :=
min{p, ¢}) and [ € [r] the contractionf . g : XPT4~"~! — R by

Il gCet, .. Xpgari) (66)
= /f(,)’h e ayla-xlv A 7-xp—l)

X g(Yl, s YL XLy e s X Xp—[4-15 - - - ,xp+q—r—l)ﬂl(d(,)717 e 7)’1))7

whenever these integrals are well defined. In particular f *8 g=f®g

In the case ¢ = 1 the next result was proved in [10]. The general case is treated
in [28], though under less explicit integrability assumptions and for diffuse intensity
measure. Our proof is quite different.

Proposition 5 Let f € L2(n”) and f € L2(u9) and assume f . g € L*(u+a—")
forallr€{0,...,pAgyandl €{0,...,r—1}. Then

PAqG r
LN =Y r! (” ) (q) 3 (;)Ipﬂ—r—z(f s g). Pas. (67)
r=0

=0

Proof First note that the Cauchy—Schwarz inequality implies f x" g € L2(uPT972")
forall r € {0,...,p A g}

We prove (67) by induction on p + g. For p A ¢ = 0 the assertion is trivial. For
the induction step we assume that p A ¢ > 1. If F, G € L°, then an easy calculation
shows that

holds PP-a.s. and for p-a.e. x € X. Using this together with Theorem 3 we obtain
that

D, (1,(/)1y(8) = ply—1(f)14(8) + qlp,(f)y—1(8x) + palp—1(f)l4—1(8x),
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where f; := f(x,-) and g, := g(x, -). We aim at applying the induction hypothesis to
each of the summands on the above right-hand side. To do so, we note that

(fx *f» g)(xl PRI ,xp—l+q—r—l) :f *5» g(xh cees Xp—1—1> Xy Xp—1—1+1 - - - axp—l-l—q—r—l)

forallr € {0,...,(p—1) Ag}and ! € {0,...,r} and

I !
(fe % 815 oo s Xp—1dg—1—r—1) = f %01 8, X1+ oy Xp—14g—1—r—1)

forallr € {0,...,(p — 1) A(g—1)}and [ € {0, ..., r}. Therefore the pairs (f, g),
(f, gv) and (f;, &) satisfy for p-a.e. x € X the assumptions of the proposition. The
induction hypothesis implies that

r

(P—DAg _
Dl (Nlg(e) = 3 r!p("rl) (Z)Z(j)c,ﬂ_l_r_l(ﬁ( *19)

r=0 =0

pAg=1) D\ (q—1\ < [r
+ Z r!Q(r) ( r ) Z (l)lp-i—q—l—r—l(f *Zr gx)
r=0

=0
(p—DA(g—=1) p—1\[q-1 .
+ Z r!pQ< e ) ( r ) Z (1) Ip+q—2—r—l(fx *i gx)-
r=0 =0

A straightforward but tedious calculation (left to the reader) implies that the above
right-hand side equals

J4Y r 1
I ——
r=0 =0

where the summand for p + g — r — I = 0 has to be interpreted as 0. It follows that
D.(I,(N)1,(g)) = D;G, P-as., p-ae. x€X,

where G denotes the right-hand side of (67). On the other hand, the isometry
properties (28) show that Itl,(f)I,(g) = EG. Since I,(f)I,(g) € L;(IP) we can
use the Poincaré inequality of Corollary 1 in Sect. 8 to conclude that

E(Ip(f)lq(g) - G)Z = 0.

This finishes the induction and the result is proved. O

If {f # 0} C B” and {g # 0} C B4 for some B € 2 (as in Lemma 4), then (67)
can be established by a direct computation, starting from (30). The argument is
similar to the proof of Theorem 3.1 in [16]. The required integrability follows from
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the Cauchy—Schwarz inequality; see [16, Remark 3.1]. In the case g > 2 we do not
see, however, how to get from this special to the general case via approximation.

Equation (67) can be further generalized so as to cover the case of a finite product
of Wiener—It0 integrals. We again refer the reader to [28] as well as to [16, 21].

7 Mehler’s Formula

In this section we assume that 7 is a proper Poisson process. We shall derive a
pathwise representation of the inverse (64) of the Ornstein—Uhlenbeck generator.
To give the idea we define for F € L% with representation (36)

o0
T,F:=FEF + Y ¢ ™IL(f). s=0. (69)

n=1

The family {7 : s > 0} is the Ornstein—Uhlenbeck semigroup, see e.g. [24] and also
[19] for the Gaussian case. If F' € domL then it is easy to see that

. T,F—F
lim =

s—0 N

L

in LZ(IP), see [19, Proposition 1.4.2] for the Gaussian case. Hence L can indeed be
interpreted as the generator of the semigroup. But in the theory of Markov processes
it is well known (see, e.g., the resolvent identities in [12, Theorem 19.4]) that

o
L 'F=— / T,Fds, (70)
0

at least under certain assumptions. What we therefore need is a pathwise represen-
tation of the operators 7. Our guiding star is the birth and death representation in
Proposition 4.

For F e L}7 with representative f we define,

PyF = / EF(® + ) | MiTayu(dp). s € [0. 1], a1

where 7 is a s-thinning of n and where IT v denotes the distribution of a Poisson
process with intensity measure ’. The thinning 7 can be defined by removing the
points in (6) independently of each other with probability 1 — s; see [12, p. 226].
Since

HIL = E[/ﬂ{ﬂ“) + x € '}H(l—x)u(d)():|v (72)
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this definition does almost surely not depend on the representative of F. Equa-
tion (72) implies in particular that

EP,F =EF, Fel,, (73)
while Jensen’s inequality implies for any p > 1 the contractivity property
E(P,F)’ <E|FFP, se€[0.1], FeL]. (74)

We prepare the main result of this section with the following crucial lemma from
[17].

Lemma 6 Let F € L. Then, for alln € N and s € [0, 1],

Dy . (PsF)=s"PDy  F, p'ae (x,...,x) € X", P-as. (75)
In particular
IED)"CI,___’XH P,F = s”IED)”C1 _____ . F, u'-ae(x,...,x,) €X". (76)

Proof To begin with, we assume that the representative of F is given by f(y) =
e %@ for some v : X — [0, 0o) such that u({v > 0}) < oo. By the definition of a
s-thinning,

E[e™"® | 5] = exp [ / log ((1 =) + se‘“‘y’)n(dy)} 7

and it follows from Lemma 12.2 in [12] that

/ exp(—x (W) 11—y (dy) = exp [ )] /(1 — e_”)d,ui|.

Hence, the definition (71) of the operator P, implies that the following function f; is
arepresentative of PsF:

fs(x) :==exp |: —(1- s)/ (1 - e_”)d,u:| exp |:/10g ((1 —5) + se_“(y)))((dy):|.
Therefore we obtain for any x € X that

D\PiF = f;(n + &) — fi(n) = s(e7"W — 1)f;(n) = s(e™"™ — 1)P,F.

This identity can be iterated to yield for all » € IN and all (x1,...,x,) € X" that

PF =s"[] ("™ —1)P,F.

i=1

n
Dy,
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On the other hand we have IP-a.s. that

lF:Ps (e—v(x,‘)_l)F: H(e—v(xi)_l)PJF’

i=1 i=1

PD7

so that (75) holds for Poisson functionals of the given form.

By linearity, (75) extends to all F' with a representative in the set G of all linear
combinations of functions f as above. There are f; € G, k € IN, satisfying Fj :=
fi(n) = F = f(n) in L*(IP) as k — oo, where f is a representative of F (see [13,
Lemma 2.1]). Therefore we obtain from the contractivity property (74) that

E[(P,F; — PsF)*] = E[(Ps(fi — F))*] < E[(fi — F)’] — 0,

as k — oo. Taking B € %2 with u(B) < oo, it therefore follows from [13,
Lemma 2.3] that

E/ﬂ& o PsFe =D PF|pu(d(x1, . ... x,)) = 0,

B"

as k — o00. On the other hand we obtain from the Fock space representation (17)
that ]E|D)’C‘1 ..... . F| < oo for pu"-a.e. (x1,...,x,) € X", so that linearity of P and (74)
imply

B

Again, this latter integral tends to 0 as k — oo. Since (75) holds for any Fj we
obtain that (75) holds IP ® (up)"-a.e., and hence also P ® u"-a.e.
Taking the expectation in (75) and using (73) proves (76). O

The following theorem from [17] achieves the desired pathwise representation of
the inverse Ornstein—Uhlenbeck operator.

Theorem 7 Let F € L%. If EF = 0 then we have P-a.s. that

1
L”F:—/f@fm. (78)
0
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Proof Assume that F is given as in (36). Applying (36) to P,F and using (76) yields

P,F =EF + ) s"L(f,). P-as.se[0.1]. (79)

n=1

Furthermore,

m 1 m
—Z %I,,(fn) = —/s_l Zs"ln(fn)ds, m> 1.
n=1 0 n=1

Assume now that EF = 0. In view of (64) we need to show that the above right-
hand side converges in L?(IP), as m — oo, to the right-hand side of (78). Taking
into account (79) we hence have to show that

o0

1 m 1
R, = s—l(PXF—Zs"In(m)ds= s‘l( > s"ln(.m)ds
[

1 0 n=m+1

converges in L*(P) to zero. Using that EZ,(f,)L,(f,) = 1{m = nin!||f,||> we
obtain

00 1

1 00 5
ER;, < / s—ZE( > s"ln(.m) ds= > a3 / s ds
o n=m+1 n=m+1 0

which tends to zero as m — o0. O

Equation (79) implies Mehler’s formula

o0
P—F =TF+Y ¢ ™L(f). Pas.s>0, (80)

n=1

which was proved in [24] for the special case of a finite Poisson process with a
diffuse intensity measure. Originally this formula was first established in a Gaussian
setting, see, e.g., [19]. The family {P.—s : s > 0} of operators describes a special
example of Glauber dynamics. Using (80) in (78) gives the identity (69).

8 Covariance Identities

The fundamental Fock space isometry (17) can be rewritten in several other
disguises. We give here two examples, starting with a covariance identity from [5]
involving the operators Ps.
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Theorem 8 Assume that 1 is a proper Poisson process. Then, for any F,G &
domD,

1
EFG = EFEG + E / / (DF)(P,D,G)dtu(dx). (81)
0

Proof The Cauchy—Schwarz inequality and the contractivity property (74) imply
that

1 2
- 2 2
(E / 0/ |DXF||PXDXG|dsu(dx>) <E / (DF) (A / (DG (d)

which is finite due to Theorem 3. Therefore we can use Fubini’s theorem and (75)
to obtain that the right-hand side of (81) equals

1
EFEG + / / s'E(DF)(D.P;G)dsi(dx). (82)
0

For s € [0, 1] and p-a.e. x € X we can apply the Fock space isometry Theorem 1 to
D, F and D,P;G. Taking into account Lemma 6, (73) and applying Fubini again (to
be justified below) yields that the second summand in (82) equals

1
/ / s 'ED,F ED,P;G dsu(dx)
0

1
o0
1 — i i n
+ Z; /f / sTUEDM  FEDI! PG s (d(xy, - . 0))p(d)
n=1 0
= / ED,F ED,G(dx)
00 1
1 n n+1 n+1 n
+y = SEDH  FED'™!  Gdsp(d(xi, . . ) p(d)
n=1 0

=Y — [ ED;  FED! . Gu"d(x.....xn).

Inserting this into (82) and applying Theorem 1 yield the asserted formula (81).
The use of Fubini’s theorem is justified by Theorem 1 for f = g and the Cauchy-
Schwarz inequality. O
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The integrability assumptions of Theorem 8 can be reduced to mere square
integrability when using a symmetric formulation. Under the assumptions of
Theorem 8 the following result was proved in [4, 5]. An even more general version
is [13, Theorem 1.5].

Theorem 9 Assume that n is a proper Poisson process. Then, for any F € L2,

1
E [ [ @D ) <. (83)
0
and for any F,G € L2,
1
EFG = EFEG + E / / E[DF | nV1E[D:G | n]dtu(dx). (84)
0

Proof Tt is well known (and not hard to prove) that ) and  — n” are independent
Poisson processes with intensity measures 714 and (1 — 7) i, respectively. Therefore
we have for F' € Lf] with representative f that

E[D,Fln] = [ D@ + 1)1 (d) 85)

holds almost surely. It is easy to see that the right-hand side of (85) is a measurable
function of (the suppressed) w € 2, x € X, and 7 € [0, 1].
Now we take F,G € L% with representatives f and g. Let us first assume that

DF,DG € L*>(P ® ). Then (83) follows from the (conditional) Jensen inequality
while (85) implies for all # € [0, 1] and x € X, that

E(D.F)(P.D,G) = ED,F / Dig(” + )M 1—p, (dp)
= EE[D,F E[D,G | n]] = EE[D,F | n”|E[D:G | n”].

Therefore (84) is just another version of (81).
In this second step of the proof we consider general F,G € Lfy. Let Fy € Lfy,

k € IN, be a sequence such that DF; € L*(P ® u) and E(f — F;)?> — 0 as k — oo.
We have just proved that

Var[Fy — F'] = E / (B[D.Fy | ] = B[DF' | "]’ u*(d(x, 1), k1€,
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where 11* is the product of & and Lebesgue measure on [0, 1]. Since L*(P ® u*) is
complete, there is an 4 € L>(IP ® p*) satisfying

lim I& / (h(x,1) = E[D.Fy | n"])* 1" (d(x, 1)) = 0. (86)
k—>00
On the other hand it follows from Lemma 3 that for any C € X

E|E[D:Fy | ] — E[D.F | ]| n* (d(x, 1))

cx[0.1]

< / E|D,Fy — DyFlu* (d(x. 1)) — 0

Cx[0,1]

as k — oo. Comparing this with (86) shows that h(w, x, 1) = E[D,F | n®](w) for
P® pu*-ae. (w,x,t) € 2 x C x [0, 1] and hence also for P ® u*-a.e. (w,x,t) €
2 x X x [0, 1]. Therefore the fact that & € L*(IP ® u*) implies (84). Now let Gy,
k € IN, be a sequence approximating G. Then Eq. (84) holds with (f;, Gi) instead
of (f,G). But the second summand is just a scalar product in L?(IP ® u*). Taking
the limit as k — oo and using the L?-convergence proved above yield the general
result. O

A quick consequence of the previous theorem is the Poincaré inequality for
Poisson processes. The following general version is taken from [30]. A more direct
approach can be based on the Fock space representation in Theorem 1, see [13].

Theorem 10 Forany F € L2,
VarF < B / (DsF)* 11 (dx). (87)

Proof Itis no restriction of generality to assume that 7 is proper. Take F = G in (84)
and apply Jensen’s inequality. O

The following extension of (87) (taken from [17]) has been used in the proof of
Proposition 5.

Corollary 1 For F € L},
EF? < (EF)’+E / (D<F)?pu(dx). (88)

Proof Fors > 0 we define

Fy =1{F > s}s + 1{—s < F < s}F — 1{F < —s}s.
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By definition of Fy; we have F € Lf] and |D,F,| < |D,F| for pu-a.e. x € X. Together
with the Poincaré inequality (87) we obtain that

EF < (BR) +E [(D.F)0(@) < (BR) +E [ (D5,

By the monotone convergence theorem and the dominated convergence theorem,
respectively, we have that EF? — EF? and EF, — EF as s — oo. Hence letting
s — oo in the previous inequality yields the assertion. O

As a second application of Theorem 9 we obtain the Harris-FKG inequality for
Poisson processes, derived in [9]. Given B € 27, a function f € F(N,) is increasing
onBif f(y + 8x) = f(y) forall y € N, and all x € B. It is decreasing on B if (—f)
is increasing on B.

Theorem 11 Suppose B € 2. Let f,g € L*(P,) be increasing on B and
decreasing on X \ B. Then

Ef(megmn) = Ef(n) Eg(n). (89)

It was noticed in [30] that the correlation inequality (89) (also referred to as
association) is a direct consequence of a covariance identity.

Acknowledgements The proof of Proposition 5 is joint work with Matthias Schulte.

Appendix

In this appendix we prove Proposition 1. If y € N is given by

r=2_8 (90)

for some k € INy U {oo} and some points xi, x2, ... € X (which are not assumed to
be distinct) we define, for m € IN, the factorial measure y™ € N(X™) by

™M (C) = Z# {(x;,....x;) €CY, Ce 2™ 1)
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These measures satisfy the recursion

XD = / I:/]l{(xls---sxm-‘rl) € -} x(dxm+1) (92)
— le{(xl, e Xy X)) € -}} 2™ d(x1, ... X).
j=1

Let N.so denote the set of all y € N with y(X) < oo. For y € N.y the
recursion (92) is solved by

m—1
1 = [ [t ey (x—Z&,)(dx@---x(dxl), 93)
=1

where the integrations are with respect to finite signed measures. Note that y™ is
a signed measure such that y(C) € Z for all C € 2™™. At this stage it might
not be obvious that ™ (C) > 0. If, however, y is given by (90) with k € IN,
then (93) coincides with (91). Hence X(m) is a measure in this case. For any y €
N_oo We denote by x™ the signed measure (93). This is in accordance with the
recursion (92). The next lemma shows that X(m) is a measure.

Lemma 7 Let y € N_o and m € N. Then y"(C) > 0 forall C € 2.

Proof Let By,...,B, € % and let I, denote the set of partitions of [m]. The
definition (93) implies that

A Br X x By) = Y ex [ [ x(NiesB), (94)

w€ll, JET
where the coefficients ¢, € R do not depend on By, ..., B,, and y. For instance
XV (B1 x By x B3) = x(B1) x(B2) x(B3) — x(B1) x(B2 N B3)
— x(B2) x(B1 N B3) — x(B3) x(B1 N By) + 2x(B1 N B N B3).

It follows that the left-hand side of (94) is determined by the values of y on the
algebra generated by By, .. ., B,,. The atoms of this algebra are all nonempty sets of
the form

B=B!N-.-NBn»

where iy, ..., i, € {0,1} and, for B C X, B' := Band B” := X \ B. Let A denote
the set of all these atoms. For B € A we take x € B and let yp := y(B)J,. Then the
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measure

X = ZXB

BeA

is a finite sum of Dirac measures and (94) implies that
(X)) (B1 x -+ x By) = g™ (Bi x -+ X By).

Therefore it follows from (91) (applied to x’) that y™ (B; x --- x B,,) > 0.

Let A,, be the system of all finite and disjoint unions of sets By X --- X By,.
This is an algebra; see Proposition 3.2.3 in [2]. From the first step of the proof and
additivity of ™ we obtain that y*(A) > 0 holds for all A € A,,. The system M
of all sets A € 2™ with the property x™(A) > 0 is monotone. Hence a monotone
class theorem (see e.g. Theorem 4.4.2 in [2]) implies that M = 2. Therefore X(m)
is nonnegative. O

Lemma 8 Let y,v € Nooo and assume that y < v. Let m € IN. Then )((’") < plm,

Proof By a monotone class argument it suffices to show that
X" By x - x By) < v (By X X By) 95)

for all By, ...,B, € Z . Fixing the latter sets we define the system A of atoms of
the generated algebra as in the proof of Lemma 7. For B € A we choose x € B and
define yp := x(B)d, and vg := v(B)J,. Then

¥y = Z)(B, Vo= Z\)B

BeA BeA

are finite sums of Dirac measures satisfying y’ < v’. By (94) we have
M, x...xB,) = ("B, x---xB
X (Brx X By) = (1) (B X -+ X Bp).
A similar identity holds for v and (v')™. Therefore (91) (applied to y’ and v’)
implies the asserted inequality (95). O

We can now prove a slightly more detailed version of Proposition 1.

Proposition 6 For any y € N, there is a unique sequence x"™, m € N, of sym-
metric o-finite measures on (X", Z™) satisfying yV := x and the recursion (92).
Moreover, the mapping y — x" is measurable. Finally, y™ (B™) < x(B)™ for all
meWNandB e 2.

Proof For y € N.o the functionals defined by (93) satisfy the recursion (92) and
are measures by Lemma 7.
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For a general y € N, we proceed by induction. For m = 1 we have y!) =
x and there is nothing to prove. Assume now that m > 1 and that the measures
2, ..., x™ satisfy the first m — 1 recursions and have the properties stated in the
proposition. Then (92) enforces the definition

1) = / K1s oo X 2 C) X" (d(x1s - . . X)) (96)

for C € 27!, where

K(xl,...,xm,)(, C)

= [ 1) € C @) = Y EG ) € C

j=1

The function K: X x Ny x ™ — (—00, 0] is a signed kernel in the following
sense. The mapping (x1,...,Xu, ) — K(xi,...,%n, X, C) is measurable for all
Ce 2"t while K(xy, ..., X, x.-) is o-additive for all (xy, ..., X,, x) € X"xN,.
Hence it follows from (96) and the measurability properties of y™ (which are part
of the induction hypothesis) that y ¥ (C) is a measurable function of y.

Next we show that

K&i, oo Xm0, C) =0 y™-ae. (x1,...,x,) € X" 97)

holds for all y € N, and all C € 2*!. Since y is a measure (by induction
hypothesis) (96), (97) and monotone convergence then imply that ™1 is a
measure. Fix y € N, and choose a sequence (y,) of finite measures in N, such
that y, T x. Lemma 7 (applied to y, and m + 1) implies that

K&i, oo X . ©) =0 () ™-ae. (x1,....xn) € X", neN.
Indeed, we have for all B € 2™ that
/K(xl, e X X ©) ) ™ (A (x1, X)) = () " T((B xX) N C) > 0.
B
Since K(xy, ..., Xn, -, C) is increasing, this implies

K@i, ..o X, 1, C) =0 (gn)™-ae. (x1,...,%n) € X" neN.

By induction hypothesis we have that (y,)™ 1 y so that (97) follows.
Finally we note that y" (B™) < y(B)™ follows by induction. In particular, y"
is o-finite. To prove the symmetry of y it is then sufficient to show that the
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restriction of y™ to B™ is symmetric, for any B € 2" with y(B) < oc. This fact
follows from (94). O

Forany y € N, B € 2 with y(B) < oo, and m € IN it follows by induction that
X" (B") = x(B)(((B) = 1)--- (x(B) —m +1).

Since y and ™ are o-finite, this extends to any B € 2". In particular y™ is the
zero measure whenever y(X) < m.

References

1. Dellacherie, C., Meyer, P.A.: Probabilities and Potential. North-Holland Mathematics Studies,
vol. 29. North-Holland Publishing Company, Amsterdam/New York (1978)

2. Dudley, R.M.: Real Analysis and Probability. Cambridge University Press, Cambridge (2002)

3. Hitsuda, M.: Formula for Brownian partial derivatives. In: Proceedings of the 2nd Japan-USSR
Symposium on Probability Theory, pp. 111-114 (1972)

4. Houdré, C., Perez-Abreu, V.: Covariance identities and inequalities for functionals on Wiener
space and Poisson space. Ann. Probab. 23, 400-419 (1995)

5. Houdré, C., Privault, N.: Concentration and deviation inequalities in infinite dimensions via
covariance representations. Bernoulli 8, 697-720 (2002)

6. 1td, K.: Multiple Wiener integral. J. Math. Soc. Jpn. 3, 157-169 (1951)

7. 1t6, K.: Spectral type of the shift transformation of differential processes with stationary
increments. Trans. Am. Math. Soc. 81, 253-263 (1956)

8. Ito, Y.: Generalized Poisson functionals. Probab. Theory Relat. Fields 77, 1-28 (1988)

9. Janson, S.: Bounds on the distributions of extremal values of a scanning process. Stoch.
Process. Appl. 18, 313-328 (1984)

10. Kabanov, Y.M.: On extended stochastic integrals. Theory Probab. Appl. 20, 710-722 (1975)

11. Kabanov, Y.M., Skorokhod, A.V.: Extended stochastic integrals. In: Proceedings of the School-
Seminar on the Theory of Random Processes, Druskininkai, 25-30 November 1974. Part 1.
Vilnius (Russian) (1975)

12. Kallenberg, O.: Foundations of Modern Probability, 2nd edn. Springer, New York (2002)

13. Last, G., Penrose, M.D.: Fock space representation, chaos expansion and covariance inequali-
ties for general Poisson processes. Probab. Theory Relat. Fields 150, 663—-690 (2011)

14. Last, G., Penrose, M.D.: Martingale representation for Poisson processes with applications to
minimal variance hedging. Stoch. Process. Appl. 121, 1588-1606 (2011)

15. Last, G., Penrose, M.D.: Lectures on the Poisson Process. Cambridge University Press www.
math.kit.edu/stoch/~cost/seite/lehrbuch_poissonlde (2016)

16. Last, G., Penrose, M.D., Schulte, M., Thile, C.: Moments and central limit theorems for some
multivariate Poisson functionals. Adv. Appl. Probab. 46, 348-364 (2014)

17. Last, G., Peccati, G., Schulte, M.: Normal approximation on Poisson spaces: Mehler’s formula,
second order Poincaré inequalities and stabilization. Probab. Theory Relat. Fields (2014, to
appear)

18. Mecke, J.: Stationire zufillige MaBe auf lokalkompakten Abelschen Gruppen. Z. Wahrschein-
lichkeitstheor. Verwandte Geb. 9, 36-58 (1967)

19. Nualart, D.: The Malliavin Calculus and Related Topics. Springer, Berlin (2006)

20. Nualart, D., Vives, J.: Anticipative calculus for the Poisson process based on the Fock space.
Séminaire Probabilités XXIV. Lecture Notes in Mathematics, vol. 1426, pp. 154—165. Springer,
Berlin (1990)


www.math.kit.edu/stoch/~cost/seite/lehrbuch_poissonlde
www.math.kit.edu/stoch/~cost/seite/lehrbuch_poissonlde

36

21.

22.

23.

24.

25.

26.

217.

28.

29.
30.

G. Last

Peccati, G., Taqqu, M.S.: Wiener Chaos: Moments, Cumulants and Diagrams. Bocconi &
Springer Series, vol. 1, Springer, Milan (2011)

Peccati, G., Thile, C.: Gamma limits and U-statistics on the Poisson space. ALEA Lat. Am. J.
Probab. Math. Stat. 10, 525-560 (2013)

Picard, J.: On the existence of smooth densities for jump processes. Probab. Theory Relat.
Fields 105, 481-511 (1996)

Privault, N.: Stochastic Analysis in Discrete and Continuous Settings with Normal Martingales.
Springer, Berlin (2009)

Privault, N.: Combinatorics of Poisson Stochastic Integrals with Random Integrands. In:
Peccati, G., Reitzner, M. (eds.) Stochastic Analysis for Poisson Point Processes: Malliavin
Calculus, Wiener-Ito Chaos Expansions and Stochastic Geometry. Bocconi & Springer Series,
vol. 7, pp. 37-80. Springer, Cham (2016)

Skorohod, A.V.: On a generalization of a stochastic integral. Theory Probab. Appl. 20, 219-233
(1975)

Stroock, D.W.: Homogeneous chaos revisited. Séminaire de Probabilités XXI. Lecture Notes
in Mathematics, vol. 1247, pp. 1-8. Springer, New York (1987)

Surgailis, D.: On multiple Poisson stochastic integrals and associated Markov semigroups.
Probab. Math. Stat. 3, 217-239 (1984)

Wiener, N.: The homogeneous chaos. Am. J. Math. 60, 897-936 (1938).

Wu, L.: A new modified logarithmic Sobolev inequality for Poisson point processes and several
applications. Probab. Theory Relat. Fields 118, 427438 (2000)



	Stochastic Analysis for Poisson Processes
	1 Basic Properties of a Poisson Process
	2 Fock Space Representation
	3 Multiple Wiener–Itô Integrals
	4 The Wiener–Itô Chaos Expansion
	5 Malliavin Operators
	6 Products of Wiener–Itô Integrals
	7 Mehler's Formula
	8 Covariance Identities
	Appendix
	References


