Chapter 4
Arrow and the Aggregation of Fuzzy Preferences

Abstract. This chapter builds off of chapter 3 by examining the aggregation of fuzzy
weak preference relations in order to determine how a social preference relation
emerges. Specifically, this chapter focuses on Arrow’s theorem which employs a
deductive analysis of aggregation rules and establishes five necessary conditions for
an ideal aggregation rule. When Arrow’s theorem is applied with fuzzy preferences,
not only do serious complications arise when conceiving the fuzzy definitions of
an ideal aggregation rule, but there exist specific combinations of conditions that
allow for a fuzzy aggregation rule to satisfy all of the fuzzy counterparts of Arrow’s
conditions. Moreover, this chapter shows that a fuzzy aggregation rule exists which
satisfies all five Arrowian conditions including non-dictatorship.

Introduction

Chapter 3 detailed the underlying structure of FWPRs and the complications that
arise when trying to incorporate the logic of exact preferences into the fuzzy frame-
work. Essentially, there is no obvious one-to-one procedure that fuzzifies the un-
derlying assumptions of a rational preference relation. Among these complications,
there exist several methods for extracting a fuzzy choice set, and there is little guar-
antee that these methods will return equivalent results. However, a proper speci-
fication of the fuzzy maximal set, along with other characteristics of an FWPR,
identifies obvious best outcomes that should emerge given a preference relation of
an individual or a collective body. Yet in the case of social preference relations, it
is very unlikely that one will be specified a priori, without the use of some social
welfare function relating individual preferences, i.e. those belonging to voters, com-
mittee members or legislators, to those of a social relation. Even if such an example
exists, the applications of the various fuzzy maximal sets can be done without com-
plication. Thus, it is worthwhile to consider situations where individual FWPRs are
aggregated to form a fuzzy social preference relation.

The goal of this chapter is to examine aggregation of FWPRs in order to deter-
mine how a social preference relation emerges. In doing so, it focuses on a clas-
sic result in social choice theory: Arrow’s Theorem (1951). Because the number
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of aggregation rules is quite large and considering each aggregation individually
can become quite tedious, Arrow employs a deductive analysis of aggregation rules
and establishes five requiste conditions of an ideal rule that possess inherit trade
offs. More simply, if an aggregation rule posssesses four of the five coniditions, it
must violate the fifth, thereby demonstating the impossibility of an ideal aggrega-
tion rule. Nonetheless, these traditional results rely on exact preferences. When the
formal logic of Arrow’s theorem is extended into the fuzzy framework, not only do
serious complications arise when conceiving the fuzzy definitions of an ideal aggre-
gation rule, but there exist specific combinations of conditions that allow for a fuzzy
aggregation rule to satisfy all of the fuzzy counterparts of Arrow’s conditions.

The chapter is organized as follows. The first section introduces the classic results
of Arrow’s theorem and then proposes several fuzzifications of the original five
conditions. Next, Section 2 presents the formal proof of fuzzy Arrow’s theorem
and demonstrates under what conditions a fuzzy aggregation rule will satisfy the
five criteria proposed in Section 1. Finally, Section 3 concludes the chapter with a
discussion on the empirical applications of fuzzy aggregation.

4.1 Fuzzifying Arrow’s Conditions

This section lays out the preliminary definitions used in Arrow’s formal consid-
erations of aggregation rules. To do so, we use the following notation. Let N =
{1,...,n} be a finite set of individuals where n > 2. As in Chapter 3, X is a finite
set of alternatives such that 3 < |X|. Throughout the chapter, each individual i is
assumed to possess an FWPR, p; € .Z (X?), such that p; is reflexive and complete.
In this case, we call p; a fuzzy weak order.!

Let .# % denote the set of all fuzzy weak orders on X. Then a preference pro-
file is an n-tuple of fuzzy weak orders, p = (p1,...,pn) € FZ#" and describes the
fuzzy preferences of all individuals. Throughout, we manipulate the consistency
conditions concerning the weak orders of individuals. When doing so, we will write
“assume p satisfies a particular consistency condition” or “suppose p; is max-x* tran-
sitive for all i € N.” Finally, our definitions related to FPAR’s are written generally
(that is, with domain .% %"), but our results often assume that these definitions re-
flect the transitivity restrictions when appropriate.

For any non-empty S C X, let p]s = (p1]sxs;---sPnlsxs). In words, p]s denotes
the restriction of the preference profile to the subset S x S and, accordingly, p1s
describes only p(x,y) and p(y,x) for x,y € S and every i € N. In addition, for any
FWPR p and all @ € [0,1], p% = {(x,y) € X X X | p(x,y) > a}. Often, p? is called
the a-cut of p.

Finally, forall p € .#%" and x,y € X,

R(X,y;[_)) = {l EN | Pi(xa)’) > O}

! Fuzzy weak orders usually possess some consistency or transitivity condition. However,
throughout this chapter, we vary these types of assumptions. The more general definition
given here permits us to do so.
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and
P(x,y;p) ={i € N | mi(x,y) > 0}.

In words, R(x,y;p) denotes the collection of individuals who view x as at least as
good as y to some degree and P(x,y;p) the collection of individuals who strictly
prefer x to y to some degree.

Definition 4.1. A function f : Z %" — F % is called a fuzzy preference aggregation
rule.

Hence, a fuzzy preference aggregation rule (FPAR) relates a p € .# %" to a social
preference relation f(p) € .#%. When this occurs, f(p)(x,y) represents the degree
to which society, or more specifically the set of N actors, views x as at least as good
as y. Obviously, this encompasses the exact case where f(p)(x,y) € {0, 1}. At times,
we suppress the f(p) and let p denote the social preference relation. In this manner,
we can derive p’s components 1 and 7, which correspond to the social fuzzy indif-
ference and social fuzzy strict preference relations, respectively. Furthermore, we
will at times restrict FPAR’s to particular domains of fuzzy weak orders that satisfy
consistency conditions. For example, we may assume p; is weakly transitive for all
i € N. Then we analyze f : D!, — .#%, where D,, is the set of all weakly transitive
fuzzy weak orders. While this may appear to be an unnecessary technical compli-
cation, the intent is to illustrate the consequences of various types of consistency
conditions without needless notation to redefine FPAR’s in every case. With this
in mind, we assume that any FPAR has an unrestricted domain. That is, an FPAR
must assign a social preference relation to every fuzzy preference profile with the
consistency condition under consideration regardless of the specific combination of
the indvidual p;s. Unrestricted domain is fairly innocuous because the assumption
allows individuals to choose any fuzzy weak order in .#%. In democratic terms,
the aggregation rule does not require individuals to possess certain types of opin-
ions about the possible alternatives. The understanding of an FPAR in Definition 4.1
allows for a greater variety of aggregation rules than that of exact rules.

Example 4.2. Let p € #%". Then the following are examples of fuzzy preference
aggregation rules:

(1) For all x,y € X,
1 n
ply) =) Yoy,
i=1
(2) For all x,y € X and any 3 € (0, 1),

_ 1 lfpl(xay) Zpi(%x)aWENa
plx.y) = { B otherwise,

(3) For all x,y € X,
p(x,y) = max{pi(x,y)}.
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It is easily verified that p is complete and reflexive in all three cases.”
Arrow’s seminal work lays out five requisite and incompatible conditions for pref-
erence aggregation. The original conditions are

* universal admissibility,

* non-negative monotonicity,

* independence of irrelevant alternatives,
* non-imposition and

¢ non-dictatorship.

Efforts to dismiss the relevance of the theorem outright (Little, 1952) were fol-
lowed by attempts to replace certain original conditions. For example, some studies
eliminated non-negative monotonicity (Blau, 1972; Inada, 1955) while others re-
placed it with positive responsiveness (Black, 1969; Fishburn, 1974; May, 1952).
The ultimate result of these reinterpreations was a simpler form of Arrow’s theorm
by Blau (1972) that is generally accepted by contemporary scholars (Austen-Smith
and Banks, 1999). In this form, any preference aggregation rule that is transitive,
weakly Paretian and independent of irrelevant alternatives must be dictatorial. In
the remainder of this section we discuss these terms further and provide several
definitions of their fuzzy counterparts.

4.1.1 Transitivity

There are several fuzzy consistency conditions that correspond to transitivity in
the traditional sense of determing how FWPRs behave across pairwise compar-
ions. In the fuzzy Arrow literature, the most pervasive approach is the use of
some specific form of max-star transitivity. The definition can be used to derive
an infinite number of transitivity conditions and few tudies consider the general
condition of max-star transitivity (Duddy et al., 2011; Fono and Andjiga, 2005;
Fono et al., 2009). However, the most common definitions make use of the Godel
(minimum) and Lukasiewicz t-norm (Banerjee, 1994; Dutta, 1987; Ovchinnikov,
1991; Richardson, 1998). In these two cases, for all x,y,z € X and p € ?(X2),
p(x,z) = min{p(x,y),p(y,2)} or p(x,z) = p(x,y) + p(y,z) — 1, respectively. As
Duddy, Perote-Pefia and Piggins (2007) demonstrate, designating a specific t-norm
for max-star transitivity has important consequences on whether Arrow’s conclu-
sions hold in the fuzzy frame work. Hence, it is important to consider a variety of
consistency defintions. In one of the first applications of fuzzy sets to Arrow’s the-
orem, Barrett, Pattanaik and Salles (1992) propose the following for asymmetric
preferences.

Definition 4.3. Let p be a complete and reflexive FWPR and let 7 be its asymmetric
component.

2 Example 4.2(1) was first proposed by Skala (1978) and is now standard in the fuzzy social
choice literature, 4.2(2) comes from Dutta (1987), and 4.2(3)’s first application to Arrow’s
theorem can be found in Fung and Fu (1975).
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(1) (partially transitive) p is said to be partially transitive if, for all x,y,z € X,
p(x,y) > 0and p(y,z) > 0 implies p(x,z) > 0,

(2) (partially quasi-transitive) p is said to be partially quasi-transitive if, for all
x,y,z2 € X, w(x,y) > 0 and 7(y,z) > 0 implies m(x,z) > 0.

The relationship in Definition 4.3(1) relates to a special case of max-* transitivitiy
where  has no zero divisors. In this case, for three alternatives x,y,z € X, p(x,y) >0
and p(y,z) > 0 implies p (x,y) *p(y,z) > 0. In addition, Definition 4.3(2) strengthens
the condition of acyclicity in Definition (3). Specifically, partial quasi-transitivity
requires not only 7(z,x) = 0, as in acyclicity, but also 7(x,z) > 0 when 7(x,y) >
0 and 7(y,z) > O for all x,y,z € X. An application of partial quasi-transitivity can
also be found in Dasgupta and Deb (1999). In a similar manner, we can define
consistency conditions of fuzzy aggregation rules, which, like FWPRs, possess more
or less strictness.

Definition 4.4. Let f be an FPAR.

(1) (max-star transitive) f is said to be max-x transitive if, forall p € F %", f(p)
1S max-* transitive,

(2) (weakly transitive) f is said to be weakly transitive if, for all p € Z %", f(p)
is weakly transitive,

(3) (partially quasi-transitive) f is said to be partially quasi-transitive if, for all
pe.FR", f(p) is partially quasi-transitive,

(4) (partially acyclic) f is said to be partially acyclic if, for all p € FZ#", f(p) is
partially acyclic.

Definition 4.4 presents the consistency conditions of fuzzy aggregations rules used
in this text, but there are other consistency conditions previously explored in the
fuzzy Arrow literature, which we will not focus on because they have already been
explicated in the existing literature. These other conditions include minimal transi-
tivity, i.e. min{p (x,y), p (y,x) } = 1 implies p (x,z) = 1 for all x,y,z € X, and negative
transitivity, i.e. w(x,y) > 0 implies max{7(x,z),w(z,y)} > 0 for all x,y,z € X, the
contrapositive of which is called positive transitivity Fono et al. (2009); Fung and
Fu (1975); Richardson (1998).

4.1.2 Weak Paretianism

Weak Paretianism, as the name suggests, determines how an FPAR will behave
when every actor in society holds a certain preference between two alternatives.
In the exact case, an aggregation rule is weakly Paretian if, for two possible alterna-
tives x and y, every i € N strictly prefers x to y then the social preference must prefer
x to y (Austen-Smith and Banks, 1999; Blau, 1972). In this sense, weak Paretian-
ism has little to say about the final social preferences if all actors possess the same
weak preferences between two alternatives or if all actors in N\ {i} strictly prefer x
to y, but individual 7 is indifferent between the two. Weak Paretianism in the fuzzy
context, often called the “Pareto Condition”, has a fairly uniform definition across
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the fuzzy literature (Banerjee, 1994; Barrett et al., 1992; Dasgupta and Deb, 1999;
Dutta, 1987; Fono et al., 2009; Fung and Fu, 1975; Richardson, 1998).

Definition 4.5 (Pareto Condition). Let f be an FPAR. Then f is said to satisfy the
Pareto Condition if, for all p € F#" and x,y € X, m(x,y) > mi}{ll{m(x,y)}.
<

Of course, derivations from Definition 4.5 exist in the fuzzy literature. Examples in-
clude the strict Pareto Condition where mil\rll{m(x, y)} = 1 implies 7(x,y) = 1 for all
S

x,y € X (Ovchinnikov, 1991) and unanimity, which, for all x,y € X and ¢ € [0, 1], re-
quires p (x,y) =t if p;(x,y) =t forall i € N (Duddy et al., 2011; Garcia-Lapresta and
Llamazares, 2000). In addition, when formal arguments do not require constructing
a fuzzy strict preference relation, Definition 4.5 can be applied to FWPRs (Duddy
et al., 2011; Perote-Pefia and Piggins, 2007). To better explicate fuzzy Arrow’s the-
orem, we also consider a weaker assumption than the Pareto Condition that was first
proposed by Mordeson and Clark (2009).

Definition 4.6 (weakly Paretian). Let f be an FPAR. Then f is said to be weakly
Paretian if, for all p € F %" and x,y € X, mij\rll{ft,-(x,y)} > 0 implies 7(x,y) > 0.
e

Obviously, Definition 4.6 relaxes Definition 4.5 because Definition 4.6 no longer
restricts the social strict preference between the two alternatives to a more specific
alpha level. Nonetheless, both definitions correspond to weak Paretianism in the
exact case because min{m;(x,y)} > 0 implies min{m;(x,y)} = 1, which, under a
weakly Paretian aggregation rule, implies 7(x,y) = 1 > min{m;(x,y)}, i € N. It is
still important to distinguish between these two definitions because, as discussed in
a subsequent section, there is an important relationship between these conditions
and the types of FPARSs that satisfy all Arrowian conditions. Example 4.7 illustrates
some basic differences between the conditions.

Example 4.7. Let f be an FPAR and X = {a,b}. Suppose p is reflexive and defined
as follows:

pi(a,b) =.5
pi(b,a) =23
TL',‘(a,b) =.2

forallie N.If f is unanimous, then the social weak preference, p, will be p (a,b) =
.5 and p(b,a) = 3. If f satisfies the Pareto Condition, the social strict preference
relation, 7, will be 7(a,b) > .2. Finally, if f is weakly Paretian, n(a,b) > 0. Notice
the Pareto Condition and weak Paretianism do not guarantee any specific value of
p(a,b) or p(b,a); however, assuming that the social strict preference relation is
regular, all three conditions ensure that p(a,b) > p(b,a).

4.1.3 Independence of Irrelevant Alternatives

Unlike some of the other Arrowian conditions, independence of irrelevant alter-
natives is less normatively democratic, i.e. where the FPAR responds to some
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conditions of the preference profile, and more technically desirable. In theory, an
aggregation rule satisfies the independence of irrelevant alternatives conditions if
the social preference between x and y is solely determined by individuals’ prefer-
ences between x and y. According to Austen-Smith and Banks (1999), the traditional
independence criterion implies two requirements:

(1) the social preference between two alternatives is specifically determined by in-
dividual preferences between two alternatives and

(2) cardinal and relative information contained in indivdual preferences is unrelated
to the societal preference.

In other words, these requirements stipulate that each individual can produce a
ranked list of the alternatives, including ties, and that the aggregation rule only con-
siders the ordinal relationship between x and y when determining the social prefer-
ence. Information such as x is four alternatives higher in the preference ranking than
y or x is 2.5 times more preferred than y becomes trivial. In the fuzzy framework,
the literature has most frequently relied on one definition for independence of irrel-
evant alternatives Banerjee (1994); Barrett et al. (1992); Duddy et al. (2011); Fono
and Andjiga (2005); Fono et al. (2009); Garcia-Lapresta and Llamazares (2000);
Ovchinnikov (1991); Richardson (1998).

Definition 4.8 (ITA-1). Let f be an FPAR. Then f is said to be independent of
irrelevant alternatives, type 1 (IIA-1), if for all p,p’ € .FX" and all x,y € X,

pi(x.y) = pl(x.y) forall i € N implies F(p)(x.y) = F(p') (x.y):

In terms of the two previously discussed criteria, Definition 4.8 certainly satisfies
the first condition where f(f)(x,y) is only related to p],,y because the values of
p(w,z) are left undefined for all w # x and z # y. However, ITA-1 does not faith-
fully reproduce the second condition of ordinality where the strength of an actor’s
preference for one alternative over another becomes arbitrary.

One recent effort to reconsider a fuzzy version of the independence condition ap-
pears in Mordeson and Clark (2009) where the support of fuzzy preference relations
is used.

Definition 4.9 (ITA-2). Let f be an FPAR. Then f is said to be independent
of irrelevant alternatives, type 2 (1IA-2), if for all p,p’ € FZ" and x,y €

X, SUEP(P,'—‘ {x,y}) = Supp(p; ]| {x,y}) for all i € N imples SUPP(]F(Piﬂ {x,y}) =
Supp(f(pi/)—‘ {x,y})'

Definition 4.9 certainly captures some aspects of the ordinal quality of the crisp
independence condition. In words, if there exist two profiles p, p’ € # %" such that,
when restricted to two alternatives x and y, the supports of the individual fuzzy weak
orders in p are identical to those in p’, then the support of the two social preference
relations generated by an IIA-2 FPAR should be identical as well, regardless of
the relationship between the other alternatives and regardless of the specific values
for pi(x,y) and p;(y,x). However, constructing the independence condition in this
manner offers no guarantee that the relationship between f(p)(x,y) and £(p)(y,x)
will be preserved in the fuzzy social preference relation generated by £(p’). This can
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have important consequences when constructing a social strict preference relation
as the following example demonstrates.

Example 4.10. Let X = {x,y} and let p,p’ € FZ". Suppose the fuzzy social pref-
erence relations derived from p and p’, denoted p and p’, respectively, are derived
as follows:

Obviously, Supp(p) = Supp(p’). However, if we were to construct a fuzzy social
strict preference relation by assuming that social strict preference relations, w and
', are regular, then 7(x,y) > 0 and 7’(y,x) > 0.

Example 4.10 begs the question: How truly similar are two preferences relations
when their supports are identical? If we are also interested in creating a social strict
preference, then we may want to consider an independence condition that main-
tains the ordinal relationships between two FWPRs. Such a definition is proposed
by Billot (1992), which has remained largely overlooked in the literature. Before
proceeding, we need the following definition.

Definition 4.11 (equivalent). Let p,p’ € .#(X?) and let Im(p) = {s1,...,s,} and
Im(p’)={n,...,tn} besuch thats; <... <syandf <... <1, We thensay p and
p’ are equivalent, written p ~ p’, if and only if

s =0<«= =0,

2)n=m,
(3) psi=p'i, foralli=1,...,m.

Using this concept of analogous preference relations, we can model a third variant
of the independence condition in the manner of Billot (1992).

Definition 4.12 (ITA-3). Let 7 be an FPAR. Then f is said to be independent of
irrelevant alternatives, type 3 (IIA-3), if for all p,p’ € %" and x,y € X, p; | {xy} ~

pz/-| {x,y} forallie N implies f(p)—‘ {xy} ™~ f(p/ﬂ {x,y}*

Proposition 4.13 demonstrates that the binary relation ~ preserves the ordinal rela-
tionship between p (x,y) and p (y,x) across analogous preference relations.

Proposition 4.13. Let p and p' be FWPRs on X where x,y € X. Suppose p ~ p’.
Then p(x,y) > p(y.x) <= p'(x.y) > p'(3,x).

Proof. Suppose p(x,y) > p(y,x) and p(x,y) = s;. Then s; > p(y,x) and p(y,x) &
p*%i. Thus, p(y,x) & p"i. Now (x,y) € p® implies (x,y) € p”i. Hence p’(x,y) > t; >

p'(3,x). O
Proposition 4.13 helps us to interpret IIA-3. For some fuzzy preference profile p,

suppose there exists another profile p’ such that p;(x,y) > p(y,x) if and only if
p/(x,y) > p!(y,x) forall i € N. Then an ITA-3 FPAR will associate equivalent social
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preferences over x and y to p and p’, where £(p)(x,y) > f(p)(y,x) if and only if
F(p")(x,y) > f(p')(y,x). Hence, ITA-3 preserves the ordinal relationship between
the social preference over (x,y) and over (y,x) without considering the specific val-
ues of social preference, thereby satifying the conditions presented earlier in this
subsection.

4.1.4 Dictatorship

In contrast to the other fuzzy Arrow conditions, dictatorship or a dictatorial aggre-
gation rule exhibits very little variation over definitions throughout the literature
(Banerjee, 1994; Barrett et al., 1992; Duddy et al., 2011; Fono and Andjiga, 2005;
Fono et al., 2009; Mordeson and Clark, 2009; Richardson, 1998; Salles, 1998).

Definition 4.14 (dictatorial). Let f be an FPAR. Then f is said to be dictatorial if
there exists an i € N such that for all p € %" and x,y € X, m(x,y) > 0 implies
m(x,y) > 0.

Definition 4.14 is standard in the literature. Obviously a dictatorship over an FPAR
corresponds neatly to a dictatorship in the case of exact preferences, where society
striclty prefers one alternative to another if the dictator does as well. As discussed
previously, some scholars have chosen to avoid fuzzy strict preference relation and
rely on another definition of dictatorship (Billot, 1992; Duddy et al., 2011).

Definition 4.15 (strongly dictatorial). Let f be an FPAR. Then f is said to be
strongly dictatorial if there exists an i € N such that for all p € F %" and x,y € X

pi(xay) :f(p)(xay) .

A strong dictatorship implies a dictatorship assuming that 7 is regular on both the
individual and social levels.

4.2 Making and Breaking Arrow’s Theorem

The traditional proofs of Arrow’s theorem use exact preference relations. This sec-
tion demonstrates the conditions under which Arrow’s conclusion holds in the fuzzy
framework discussed in the previous section. Further, we also detail under what con-
ditions there exists an FPAR that satisfies certain combinations of fuzzy Arrowian
conditions. To prove our main results, we make use of the following definition.

Definition 4.16. Let f be an FPAR, let (x,y) € X x X and let A be a fuzzy subset
of N.

(1) (semidecisive) A is called semidecisive for x against y, written xD; y, if for
every p € F%",

mi(x,y) > 0 for all i € Supp(A) and 7;(y,x) > 0 for all j & Supp(2)

implies 7(x,y) > 0.
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(2) (decisive) A is called decisive for x against y, written xD; y, if for every p €
FR",
m;(x,y) > 0 for all i € Supp(A)

implies 7 (x,y) > 0.

In words, we call A a fuzzy coalition when |Supp(4)| > 1. In addition we say a
coalition A is semidecisive or decisive if it is semidecisive or decisive for all ordered
pairs of alternatives.

There are two comments worth making about Definition 4.16 before proceed-
ing to the formal arguments of fuzzy Arrow’s theorem. First, the fuzzy definition
of (semi)decisiveness introduces another application of fuzzy sets to social choice
theory. Here we use a fuzzy subset of the actors rather than a traditional crisp case.
Such a nuance is necessary when actors possess varied levels of influences within a
coalition. These situations can arise in informal committees where the preferences
of a more senior member may have more influence on the group’s final preferences
than those of a more junior member. Second, it is important to emphasize how very
little semidecisiveness implies about a specific coalition A. Obviously, decisiveness
implies semidecisiveness, but the converse does not hold because semidecisiveness
incorporates the preferences of individuals not in Supp(A). Hence, if there exists a
J € Supp(A) such that 7;(y,x) = 0, we cannot conclude that A is semidecisive for x
against y, and we know very little about the social preference between x and y. Given
these restrictions on semidecisiveness, the following lemma is quite remarkable in
the fact that additional structure on the FPAR implies a semidecisive coalition over
an ordered pair is actually a decisive coalition over all pairs of alternatives.

Lemma 4.17. Let A be a fuzzy subset of N. Let f be a partially quasi-transitive
FPAR that is weakly Paretian and I1A-3 where T is regular. If A is semidecisive for
x against y, then for all (v,w) € X x X, A is decisive for v against w.

Proof. Suppose A is semidecisive for x against y. Let p be a preference profile such
that ;(x,z) >0, forall i € Supp(A) and all z € X\ {x,y}. Let p’ be a fuzzy preference
profile such that

= pi(x,z) and p;(z,x) = pi(z,x),Vi € N (4.1)
> 0,Vi € Supp(1)
> 0,Vi € N\Supp(1)

Since m;(x,z) > 0 for all i € Supp(A), 7/ (x,z) >0 forallie Supp(A) by the def-
inition of p’. Since xD;y, 7'(x,y) > 0 by hypothesis. Since f is weakly Paretian,
7'(y,z) > 0. Since f is partially quasi-transitive, 7’ (x,z) > 0 and p’(x,z) > p’(z,x).
Since pi|(xz} = p;lixzy for all i € N and f is TIA-3, p] (rat ~ P'lqxz) implies
p(x,z) > p(z,x). Hence 7(x,z) > 0. Since p is arbitrary, xD, z. Since z was arbi-
trary in X\ {x,y},

xD;y = xDjz,Vz € X\{x,y}. 4.2)
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Since A is decisive for x against z implies A is semidecisive for x against z, inter-
changing y and z in Eq. (4.2) implies A is decisive for x against y.
Now let p* be another profile such that 7;*(y,z) > 0 for all i € Supp(A) and let
pT be such that
pi" (v,2) = p; (v.2) and p;* (z,y) = p; (z,y), Vi€ N
" (y,x) > 0,Vie N
7. (x,z) > 0,Vi € Supp(1)
z,x) > 0,¥j € N\Supp(A).

i (
+

ml(z,

Then 7" (y,z) > 0 for all i € Supp(4). Since xDyz, 7+ (x,z) > 0. Since f is
weakly Paretian, 7 (y,x) > 0. Since f is partially quasi-transitive, 7" (y,z) > 0.
Since P11 = P; 1gyzp forall i € N and f is TA-3, p*Tg,.0 ~ p ]y, - and so
p*(y,z) > p*(z,y). Thus, 7*(y,z) > 0 and so yD; z because p* is arbitrary. Because
z is arbitrary in X\ {x,y},

xDy = yD;z,Vz & {x,y}. (4.3)

Now because A is decisive for y against z, A is semidecisive for y against z. Thus
by 4.13, A is decisive for y against x. To summarize, we have, for all (v,w) € X x X,

xD;y = xD;v (by 4.13) = xDv = vD;w
by Eq. (4.3). O

Lemma 4.17 lays out the formal argument in the fuzzy framework of what Sen
(1976) labels the “Paretian epidemic”, where a coalition that is semidecisive over an
ordered pair becomes globally decisive after adopting the Arrowian conditions. An
important aspect of Lemma 4.17 is the generalization of strict preference to a regular
fuzzy strict preference relation, which as Chapter 3 illustrated, imposes minimal
assumptions on the structure of FWPRs. Nonetheless, the argument still holds for
certain non-regular strict preference relations but requires a new specification of ITA.
The following definition and proposition explores this relationship formally using
the cosupport of a fuzzy subset U of X. That is, Cosupp(U) ={x € X |U(x) < 1}.

Definition 4.18 (ITA-4). Let f be an FPAR. Then f is said to be independent of
irrelevant alternatives, type 4 (I1A-4), if for all p,p’ € FZ" and x,y € X,

Cosupp(pi] {xy}) = Cosupp(p; ] x,})
for all i € N implies
Cosupp(f(pi)—‘ {x,y}) = Cosupp(f(ﬁi/ﬂ {x,y}) :

Itis easily verified that 75y (x,y) = 1 — p(y,x) and
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_ [ plxy)ifp(y,x) =0,
M) (1) = { 0 otherwise,
are not regular when there is no further structure placed on p besides completeness
and reflexivity.

Lemma 4.19. Let A be a fuzzy subset of N. Let f be a partially quasi-transitive
FPAR that is weakly Paretian and IIA-2 when © = 74y and 1IA-4 when T = Ty).
If A is semidecisive for x against y, then for all (v,w) € X x X, A is decisive for v
against w.

Proof. Suppose A is semidecisive for x against y. Consider a profile p € #%" such
that 7;(x,z) > 0, forall i € Supp(A). Let p’ be the fuzzy preference profile as defined
in Lemma 4.17. By an identical argument, we know 7/(x,z) > 0 for all i € Supp(A)
and 7’(x,y) > 0. Likewise, 7'(y,z) > 0, because f is weakly Paretian. Since f is
partially quasi-transitive, ’(x,z) > 0.

For 1t = m4), né4) (x,z) > 0 implies p’(x,z) > 0 and p’(z,x) = 0. Since

Supp(p;x.z}) = Supp(p; | (x.23)

foralli € N and f is TIA-2,

Supp(p] {x.,z}) = SUPP(PW {x,z}) .

Thus, p(x,z) > 0 and p(z,x) = 0, which implies 74)(x,z) > 0 by the definition of
ﬂ(4>. . . .
For 7t = ), 77:{2) (x,z) > 0 implies p’(z,x) < 1. Since

Cosupp(pi|1x,.3) = Cosupp(p; ] ix2})

foralli € N and f is IIA-4,

Cosupp(py,.}) = Cosupp(p'] .z -

Thus, p'(z,x) < 1, which implies 7, (x,z) > 0 by definition of 7).
Because 7(x,z) > 0 and p € F %" and z € X\{x,y} are arbitrary, we obtain the
following result:
xDyy = xD;z,Vz € X\{x,y}.

The remainder of the proof follows easily from a similar argument using Lemma
4.17.

Before presenting the main results, we prove the following proposition.

Proposition 4.20. Let p be an FWPR on X. Then the following properties are equiv-
alent:

(1) p is weakly transitive.
(2) For all x,y,z € X, p(x,y) > p(y,x) and p(y,z) > p(z,y) with a strict equality
holding at least once, then p(x,z) > p(z,x).
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Proof. Suppose 4.20(1). Assume that p(x,y) > p(y,x) and p(y,z) > p(z,y). Then
p(x,z) > p(z,x). Suppose p(z,x) > p(x,z). Then p(z,y) > p(y,z) by 4.20(1), a con-
tradiction. Hence, p (x,z) > p(z,x). A similar argument shows that p(x,y) > p (y,x)
and p(y,z) > p(z,y) implies p(x,z) > p(z,x).

Suppose 4.20(2). Let x,y,z € X. Suppose p(x,y) > p(y,x) and p(y,z) > p(z,y).
Suppose p(z,x) > p(x,z). Then by (2), p(z,x) > p(x,z) and p(x,y) > p(y,x) imply
p(z,y) > p(y,2), a contradiction. Hence, p(x,z) > p(z,x). 0

Corollary 4.21. Let p be an FWPR on X. If p is weakly transitive, then p is partially
quasi-transitive.

As Proposition 4.20 and Corollary 4.21 show, weak transitivity is more restrictive
than partial quasi-transitivity. This added assumption, when paired with the condi-
tions of independence and weak Paretianism, implies a dictatorial FPAR. To illus-
trate this formally, the results in Lemmas 4.17 and 4.19 make it sufficient to show
that Supp(A) = {i}, where A is any semidecisive coalition under the Arrowian con-
ditions. In such a case, m;(x,y) > 0 implies 7(x,y) >0 forall p € %" andx,y € X,
and A is a dictator rather than a coalition.

Theorem 4.22 (Fuzzy Arrow’s Theorem). Let f : D" — F % be a fuzzy aggre-
gation rule. Suppose 1 is regular, and f is weakly Paretian, weakly transitive and
IIA-3. Then f is dictatorial.

Proof. Since f is weakly Paretian, there exists a decisive A for any pair of alterna-
tives, namely, Supp(A) = N. For all (u,v) € X x X, let m(u,v) denote the size of the
smallest |Supp(A)| for a A semidecisive for u against v. Let m = A{m(u,v) | (u,v) €
X x X'}. Without loss of generality, suppose A is semidecisive for x against y where
|[Supp(2)| = m. If m = 1, the proof is complete. Suppose m > 1. Let i € Supp(1),
and let z € X\ {x,y}. Consider any fuzzy profile p such that

mi(x,y) > 0,m(y,z) > 0 and m;(x,z) >0
mj(z,x) > 0,7j(x,y) >0 and 7;(z,y) > 0,Vj € Supp(A)\{i}
e (z,x) > 0, m(x,y) > 0 and m(z,y) > 0,Vk & Supp(R).

Since A is semidecisive for x against y and 7;(x,y) > 0 for all j € Supp(4),
m(x,y) > 0. Since |Supp(A)| = m, it is not the case that m(z,y) > 0, or otherwise
A’ is semidecisive for z against y, where Supp(A’) = Supp(A)\{i}. However, this
contradicts the minimality of m since |Supp(A’)| = m — 1. Because 7 is regular,
7(z,y) = 0 implies p(y,z) = p(z,y). Since p(x,y) > p(y,2), p(x,2) > p(z,x) by
weak transitivity and Proposition 4.20. Hence 7(x,z) > 0. By IIA-3, A* is semide-
cisive for x against z, where Supp(A*) = {i}. However, this contradicts the fact the
m> 1. a

The added assumption of weak transitivity, rather than partial quasi-transitivity, in
Theorem 4.22 allows Arrow’s results to hold in the fuzzy framework with a general
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strict preference relation without putting added assumptions on individual prefer-
ences such as those in Fono and Andjiga (2005) and Mordeson and Clark (2009).
However, we can relax the transitivity condition of the FPAR and still obtain sim-
ilar results by specifying a strict preference relation. To do so, we make use of the
following proposition.

Proposition 4.23. Let p be an FWPR on X. If p is partially transitive, then p is
partially quasi-transitive with respect to T = Ty).

Proof. Let x,y,z € X. Suppose 7(x,y) > 0 and m(y,z) > 0. Then p(x,y) > 0,
p(y,x) =0, p(y,z) >0, and p(z,y) = 0. Hence, p(x,z) > 0. Suppose 7(x,z) = 0.
Then p(z,x) > 0. However, p(y,z) > 0 and p(z,x) > 0 implies p(y,x) > 0, a contra-
diction. Hence 7(x,z) > 0. 0

Using this proposition, we can relax the transitivity condition on f to partial transi-
tivity when 7 = 74).
Let D,denote the set of all partially transitive fuzzy weak orders.

Theorem 4.24 (Fuzzy Arrow’s Theorem 2). Let f : D}y — F X be an FPAR. Sup-

pose T = Ty). Let f be weakly Paretian, partially transitive, and IIA-2. Then f is
dictatorial.

Proof. Since f is partially transitive and 7 = T(4)s f is partially quasi-transitive by
Proposition 4.23. Further, because f is weakly Paretian, there exists a decisive A for
any pair of alternatives. Let m(u,v) denote the size of the smallest |Supp(A)| for a
A semidecisive for u against vin X. Let m = A{m(u,v) | (u,v) € X x X}. Likewise,
suppose A is semidecisive for x against y where |Supp(A )| = m, and suppose m > 1.
Now consider a p € F %" such that p is identical to p in Theorem 4.24.

Then 7(x,y) > 0 because A is semidecisive for x against y and 7;(x,y) > 0 for all
Jj € Supp(A)\{i}. In addition, 7t(z,y) = 0, else A’ is semidecisive for z against y, a
contradition of the minimality of m. Thus, p(y,z) > 0. Since f is partially transitive,
p(x,y) >0and p(y,z) > 0imply p(x,z) > 0. Suppose 7(x,z) = 0. Then p(z,x) >0
by definition of 7(4). However, p(y,z) > 0 and p(z,x) > 0 imply p(y,x) > 0 by the
partial transitivity of . This contradicts 7(x,y) > 0. Hence 7(x,z) > 0. By I1A-2,
A* is semidecisive for x against y, where Supp(A*) = {i}. However, this contradicts
m> 1. a

Theorems 4.22 and 4.24 lay out the consequences of two specific combinations of
assumptions on fuzzy aggregation rules. Given an FPAR that satisfies these defini-
tions of transitivity, weak Paretianism and independence of irrelevant alternatives,
the FPAR must be dictatorial under a variety of social strict preference relations.
However, the implication of dictatatorship cannot be generalized over all derivations
of fuzzy Arrowian conditions. Thus, we now consider under what circumstances a
nondictatorial FPAR can satisfy fuzzy Arrowian conditions. The key to these series
of formal arguments lies in the concept of neutrality.

Definition 4.25 (neutral). Let f be an FPAR. Then f is said to be neutral if, for
all p,p’ € FZ" and all w,x,y,z € X, p/(x,y) = p/(w,z), foralli € N, implies
F(P)(x,y) = f(p")(w2).
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In words, neutrality guarantees that an aggregation rule treats every pair of alterna-
tives in a similar manner across preference profiles, i.e., the labeling of alternatives
is arbitrary and does not affect the aggregation of preferences. In the exact case, neu-
trality has an important part in May’s (1952) theorem characterizing the importance
of majority rule as the only anonymous, neutral, and monotone choice function if
there are two alternatives. In Arrowian context, Blau (1972) first noticed the logic
of neutrality plays an important part in the formal arguments; however, he is unable
to use neutrality to prove Arrow’s theorem. Ubeda Ubeda (2003) first showed that
ITA and weak Paretianism imply neutrality and that neutrality can be used in a more
direct proof of Arrow’s theorem. In the fuzzy case, this relationship no longer holds.
This occurs because the concept of weak Paretianism is ordinal: for any two alter-
natives x and y, p;(x,y) > pi(y,x) for all i € N implies p(x,y) > p(y,x) in the social
preference relation when r is regular. Yet neutrality, as defined in Definition 4.25, is
cardinal in conception and weak Paretianism is insufficient to imply neutrality even
when paired with ITA. Thus, we consider another characteristic of FPARs.

Definition 4.26 (unanimous in acceptance). Let f be an FPAR. Then £ is said to
be unanimous in acceptance if, for all p € .Z %", pi(x,y) = 1 for all i € N implies
f(p)(x,y) = 1 Duddy et al. (2011).

Unanimity in acceptance is significantly less restrictive than unanimity (see Sec-
tion 4.1.2) and requires the social preference to take a specific value only when all
individuals definitely view one alternative as at least as good as another. Further,
Definition 4.26 has no implications for a fuzzy aggregation rule when there exist
some x,y € X and p € .FZ%" such that p;(x,y) = c forall i € N and ¢ € [0, 1). This
seemingly insubstantial condition allows Duddy et al. (2011) to obtain the following
relationship.
Let Z%™ denote the set of all max-x transitive fuzzy weak orders.

Proposition 4.27. Let f : FR#*" — F R be an FPAR. Suppose f is max —  transi-
tive, IIA-1 and unanimous in acceptance. Then f is neutral.

Proof. The proof, which comes from Duddy et al. (2011), demonstrates that f is
neutral by considering all combinations of (x,y), (w,z) € X x X.

Case 1: (x,y) = (w,z). The proof follows immediately from the ITA-1 definition.

Case 2: (x,y),(x,z) € X xX.Let p € FZ*" be such that p;(y,z) = pi(z,y) = 1
for all i € N. Then, by max-x transitivity of all individ-
uval weak orders, p;(x,y) > pi(x,z) * pi(z,y) = pi(x,z) and
pi(x,2) = pi(x,y) * pi(y,z) = pi(x,y). Next, pi(x,y) > pi(x,z) and
pi(x,2) > pi(x,y) imply p;(x,y) = pi(x,z) for all i € N. Similarly,
by max-x transitivity, pi(y,x) > pi(»,z) * pi(z,x) = pi(z,x) and
pi(Z,X) 2 pi(z,y) *pi(yvx) = pi(yvx); and pi(yvx) = pi(Z,X), for all
i € N. Because p;(y,z) = pi(z,y) =1 foralli e N, p(y,z2) = p(z,y) = 1.
Hence, by the previous arguments, p(x,y) > p(x,z), p(x,z) > p(x,y),
p(y.x) = p(z,x), and p(z,x) = p(y,x). Thus, p(x,y) = p(x,z) and
p (y,x) = p(z,x) for the social preference as well.
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The above arguments apply to all p € FZ™ such that p;(y,z) =
pi(z,y) = 1 for all i € N. Let 4" denote the set of all such profiles. Be-
cause the individual preferences between y and z are “irrelevant” so to
speak, the proof now uses IIA-1 to prove the conclusion.

Case 3: Now for any profile p € #%*" such that p;(x,y) = pi(x,z) forall i € N,
there exists a p’ € 4" such that p;(x,y) = p/(x,y) = p/(x,z) = pi(z,x).
ITA-1 implies p (x,y) = p(y,x) = p’(y,x) = p’(x,y). For two distinct pro-
files p,p’ € FZ" such that p;(x,y) = p/(x,z) for all i € N, there also
exists a profie p* € ¥" such that p;(x,y) = pj(x,y) = p/(x,z) = p}(x,2).
By IA-1, p(x,y) = p*(x,y) = p*(x,2) = p'(x,2).

Case 4: (x,y),(w,y) € X x X. The same conclusions can be proved using sym-
metric logic in Case 2. The first step is to assume p;(x,w) = p;(w,x) = 1
foralli e N.

Case 5: (x,y),(w,z) € X x X. Let p € ZZ™ such that p;(y,2) = pi(z,y) =
pi(x,w) = pi(w,x) =1 for all i € N. Because p; is max-* transitive,
pi(x,y) = pi(x,z) and pi(x,z) = pi(x,y), and thus pi(x,y) = pi(x,2),
for all i € N. Because f satisfies max-* transitivity and unanimity in
acceptance, p(x,y) = p(x,z). Further, p;(x,z) > pi(x,w) * pi(w,z) and
pi(w,z) > pi(w,x) * pi(x,z) imply p;(x,z) = pi(w,z), for all i € N. To
summarize, p;(x,y) = pi(x,z) = pi(w,z) for all i € N. And because the
conditions of unanimity in acceptance and max-x* transitivity have been
met, an identical argument applies to the social preference relation and

p(x,y) =p(x,z) =p(wz).

The above arguments apply to all p; that are max-x* transitive such that
pi(y,z) = pi(z,y) = pi(x,w) = pi(w,x) = 1 for all i € N. Let 4" denote
the set of all such profiles. Because the individual preferences between
y and z and between x and w are “irrelevant” so to speak, the proof now
uses ITA-1 to prove the conclusion.
Case 6: Now for any profile p € .Z%*" such that p;(x,y) = pi(w,z) foralli € N,
there exists a p’ € 4" such that p;(x,y) = p/(x,y) = p!(w,z) = pi(w,2).
ITA-1 implies p(x,y) = p(w,z) = p’(w,z) = p’(x,y). For two distinct
profiles p,p’ € FZ%" such that p;(x,y) = p/(w,z) for all i € N. Then
there exists a profile p* € 4" such that p;(x,y) = p; (x,y) = pj*(w,z) =
pi/(sz)' By IIA-1, p(x,y) = p*(x,y) = p*(W,Z) = p/(sz)'
Case 7: (x,y),(w,z) € X x X where x = z or y = w. (This case is similar to Cases

2 and 3.) Let a denote an arbitrary alternative that is distinct from x
and w. One exists because |X| > 3. Take any profile p € F%*" where
pi(avy) = pi(y,a) = pi(x’w) = pi(wax) = pi(Zva) = pi(a,z) = 1. Cases
2 and 3 imply pi(x.y) = pilx,a) = pilw;a) = pi(w,2) and p(x.y) —
p(x,a) = p(w,a) = p(w,z) by unanimity in acceptance and max-x tran-
sitivity.

Let W"denote the set of all such profiles. Let (r,...,r,)€ Z%™ be such that

rj(x,y) = rj(z,w) for all j € N. Then there exists (r’l,...,r;,) € W" such that
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ri(x,y) =rj(z,w) = (xy,)f ( w) for all j € N. TIA-1 implies that £(p)(x,y) =
F)cw) = F')(23) = 7)) Whire p = (1. 1) a0 = (1 1)

Take any pair of distinct profiles p” = (r/l/, ...,r) and p* = (ri,...,ry) in FRZ"
such that r:]f (x,y) = r/}/f (z,w) for all j € N. Then there exists (r}*,...,r;*) € W"
s~uc}}l that r; (xly) = ri(z,w) = ri*(x,y,) = rj*(z,w) for all j € N. IIA-1 implies
FP)xy)=F(p ) zw) = F(p™(x.y) —f(P )z w) 0

While we do not use Proposition 4.25 to establish further results, it does illustrate
that neutrality is not necessarily a strong restriction to place on an aggregation rule.
As Proposition 4.27 demonstrates, neutrality arises naturally from the combination
of max-* transitivity, IIA-1, and unanimity in acceptance. We have already dis-
cussed the importance of max-* transitivity and IIA-1; if one can justify Definition
4.26 and its application to fuzzy aggregation rules, neutrality is the natural conclu-
sion. With a few more assumptions, we can use neutrality to derive a specific fuzzy
aggregation rule.

In what follows, we show how neutrality can be used to classify a wide range of
FPARs and determine whether these FPARs satisfy fuzzy Arrowian conditions. To
do this, we need the following lemma.

Lemma 4.28. Let f be an FPAR. Then the following conditions are equivalent.

(1) f is neutral;
(2) There exists a unique function f,, : [0,1]" — [0, 1] such that, for all x,y € X and
all p € FR", fu(pr(x,y), . pu(x,3)) = F(P)(x,3).

Proof. (1) = (2): Letx,y € X. Let (ay,...,a,) € [0,1]". Then there exists p €
FR" such that p;(x,y) =a; foralli=1,...,n. Define f; : [0, 1]" — [0, 1] as follows:

fn((alv""aﬂ)) :f(p)(xvy)'

It remains to be shown that f; is single-valued. Let w,z € X. Then there exists a
p' € FA" such that p!(w,z) = a; for all i = 1,...,n. Thus, p;i(x,y) = p}(w,z) for
all i € N. Since f is neutral, f(p)(x,y) = f(p')(w,z). Thus, f, is single-valued. In
addition, uniqueness of fn is guaranteed by construction.

(2) = (1):Letp,p’ € FZ" and w,x,y,z € X. Suppose p;(x,y) = p}(w,z) for
all i € N. Then,

TP)x.y) = falpr(x,y),- - pu(x.y)) = fa(P1(W.2); -, Py (w,2))
= f(p)(w2) .

Thus, f is neutral. O

In words, f, is the auxillary function associated with a specific FPAR £, and g;
can be interpreted as the weak preference intensity of player i for one alternative
over another. By itself, Lemma 4.28 may seem unremarkable, but the lemma is
an important step in examining the implications of neutrality on fuzzy aggregation
rules. To derive a unique aggregation rule, we need one more definition.
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Definition 4.29. Let f be a neutral FPAR, and let f, be an auxillary function asso-
ciated with f. Then f is said to be

(1) linearly decomposable if, for all (aj,...,a,) € [0,1]", fulai,...,an) =
arfu(1,0,...,0) + ...+ anf,(0,,...,0,1);

(2) additive if, for all (ay,...,an),(b1,...,by) € [0,1]" such that a; + b; € [0,1],
i=1,...,n, ful(ar,...,an)+ (bi,....by)) = fu((ai,-..,an)) + fu((b1,-..,bn)).

Linear decomposability implies two criteria. First, the condition requires that the
collective preference between two alternatives is the sum of the n collective pref-
erences when only one individual preference is considered at a time by the FPAR.
Second, the specific individual preference intensity (a;) can be “removed” from the
individual preference relation (p;), and “reapplied” directly to the FPAR that only
considers the preference of individual i. The stronger assumption of additivity re-
quires that given a preference profile, the collective preference for one alternative
over another can be created by first decomposing the preference intensities of the
individuals, then applying the FPAR to those two profiles of preference intensities,
and finally adding the two collective preferences.

The followinig lemma states the relationship between the conditions in Definition
4.29.

Lemma 4.30. Let f be a neutral FPAR. If f is linearly decomposable, then f is
additive.

Proof. Because f is neutral, there exits an auxillary function f, associated with f
such that £, ((ay,...,a,)) = f(p)(x,y) forall p € FZ#", x,y € X, and (ay,...,a,) €
[0,1]". Let (ar,...,an),(b1,...,by) € [0,1]" be such that a; + b; € [0, 1] for all i =
1,...,n. Then,

fallar,...;an)+ (b1,....by)) = fu((a1 +b1,...,an+Dby))
= (a1 +b1)fn((1,0,...,0)) +...
+(an + by)fn(0,...0,1)
= a1 f,((1,0,...,0) +...
+anfn((1,0,...,0))+ b1 £,((1,0,...,0)
+...+bufu((1,0,...,0))
:fn((aly---,a2))+fn((b1,~~-7bn)

as desired. O

Finally, Theorem 4.31 and Corollary 4.32, which are simplified generalizations of
Garcia-Lapresesta and Llamazares (2000), illustrate the effects of a neutral and lin-
ear decomposable FPAR. To do so, it introduces the concept of restricting an auxil-
lary function between the interval [0,1], denoted fAn|[07]]n, because, under additivity,
there is no guarantee that the sum of two n-tuples of preferences intensities will have
components less than or equal to one. The restriction places no added assumptions
on FPARs or individual preferences, but it allows us to obtain the following result.
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Theorem 4.31. Let f be a neutral fuzzy aggregation rule. If f is linearly decom-
posable, then there exists a unique linear transformation f, of R" into R such that

Floap = fu-

Proof. Because f is neutral, there exits an auxillary function f, associated with f
such that f,((ay,...,a,)) = f(p)(x,y) forall p € FZ", x,y € X, and (ay,...,a,) €
[0,1]". Fori=1,...,n,let I; = (uy,...,uy), where u; = 1 and u; = 0 for j # i. Then
there exists a unique linear transformation f of R” into R such that f(1;) = w;,
where w; = fn(L) for all i € N. Since f, is additive by the previous lemma,

iwi = ifn(ii)

l :},,((1,...,1))31.
Now,

fn(lﬁ‘iciii) = izn‘icifn(n) .

Thus if ¢; € [0, 1], for i € N, then
n _ n _
fn(zcili) = Zcifn(li) € [07 1]
i=1 i=1

n
because ¥ w; < 1. Let ((ay,...,an)) €10,1]". Then

i=1

I
=
=

Q
=

2
=
N
=

fn‘[O,l]"((alv---aan)) n

since f is linearly decomposable. O

Corollary 4.32. Let f be a neutral FPAR. If f is linearly decomposable, then, for
allp € ZF#" and all x,y € X,

f(ﬁ)(xay) = zn‘,wipi(xay) )

=1
wi = fu(1;) foralli € N.

According to Theorem 4.31 and Corollary 4.32, a neutral and linearly decompos-
able aggregation rule must be a weighted mean aggregation rule. A weighted mean
FPAR is a generalization of Example 4.2(1). Such a generalization emphasizes two
important distinctions between exact and fuzzy aggregation rules. First, there is a
difference between the possible rules modeled under exact preferences and those
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modeled under the fuzzy framework. Corollary 4.32 allows scholars to consider
committee or other voting bodies where individuals do not contribute equally to
the social preference. In other words, some opinions are more relevant to the final
collective preference than others. These situations can arise on any committee that
produces a social fuzzy preference, which affected by seniority, professional rank,
or any number of other social factors could influence the group’s final decision.
However, this rule is not necessarily anonymous, i.e. the labeling of the individuals
does matter, because each individual has a preassigned weight to his or her prefer-
ence. If the weighted mean is anonymous, then it is easily verified that w; = ’11 for
alli e N.

Second and more importantly, neutrality does not imply a dictatorship. Unlike
the findings in Ubeda (2003), fuzzy neutrality, when paired with linear decompos-
ability, does not guarantee a non-dictatorial FPAR. This brings us one step closer to
identifying conditions under which fuzzy social choice permits FPARSs to satsify all
Arrowian conditions.

Definition 4.33 (weighted mean rule). Let f be an FPAR. Then f is said to be the
weighted mean rule if, for all p € .F %" and all x,y € X,

FB)(y) = iwfpi(x’y),

=

n
where ¥ w; =1andw; >0 foralli e N.
i=1
Obviously, the weighted mean is non-dictatorial and independent of irrelevant alter-
natives under IIA-1. What remains to be shown is whether the FPAR satisfies weak
Paretianism and max-x* transitivity, which we now consider.

Proposition 4.34. Let f be an FPAR as defined in Definition 4.33. If 1 is regular;
then f is weakly Paretian.

Proof. Let x,y € X. Suppose 7;(x,y) > 0 for all i € N. Because 7 is assumed to be
regular, 7;(x,y) > 0 implies p;(x,y) > p;(y,x). Further, w; - p;(x,y) > w; - p(y,x) for
all i € N because w; € (0, 1]. Hence,

wi - pi(x,y) > Y wi-pi(y,x) .
—1 =1

L

1

Thus, f(p)(x,y) > f(p)(y,x), and by regularity of the social strict preference,
m(x,y) > 0. Hence, f is weakly Paretian. O

As a result of Proposition 4.34, the weighted mean is weakly Paretian. Further, it
satisfies stronger Paretian conceptualizations as well.

Definition 4.35 (positive responsiveness). Let f be an FPAR and let 7 be the
social strict preference with respect to f(p), where p € .Z%". Then f satisfies
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positive responsiveness with respect to 7 if, for all p,p’ € F %" and all x,y € X,
F(P)(x,y) = f(p)(y,x) and there exists a j € N such that p; = p] for all i # j and
(mj(x,y) = 0 and 7 (x,y) > 0 or 7;(y,x) > 0 and 7}(y,x) = 0) imply 7' (x,y) > 0.

In other words, positive responsiveness requires that given a preference profile in
which there is no social strict preference between two alternatives x and y, if one
individual who has no strict preference for x over y acquires such a preference or
who has a strict preference for y over x and loses such a preference, then the FPAR
should “respond” and exhibit a social strict preference for x over y. To show that
the weighted mean satisfies positive responsiveness, we make use of the following
proposition.

Proposition 4.36. Let p € F% and let © and 7, be two different types of strict
preference with respect to p such that for all x,y € X, n(x,y) > 0 if and only if
T (x,y) > 0. Let f be an FPAR and p € F%". Then f satisfies positive respon-
siveness with respect to 1t if and only if f satisfies positive responsiveness with
respect to T(,).

Proof. Suppose f satisfies positive responsiveness with respect to 7. Suppose for
all p,p' € F#" and all x,y € X, f(p)(x,y) = f(p)(y,x) and there exists a j € N
such that p; = p/ for all i # j and (m;(x,y) = 0 and 7}(x,y) > 0 or m;(y,x) > 0
?md (3, %) = 0). Because 7(x,y) > 0 if and only if 7(,)(x,y) > 0 and 7'(x,y) >0
if and only if ﬂ:E*)(x,y) >0 forall x,y € X, forall p,p’ € . F%" and all x,y € X,
F(P)(x,y) = F(p)(y,x) and there exists a j € N such that p; = p! for all i # j
and ((,;(x,y) = 0 and Tc(’*>(x,y) >0 or 7(,;(y,x) > 0 and né*)j(y,x) = 0). Then
m(x,y) > 0 since f satisfies positive responsiveness with respect to 7. Thus,
7r<*>(x, y) > 0 by hypothesis. Hence, f satisfies positive responsiveness with respect
o 7).

Using Proposition 4.36, we can characterize the weighted mean as satisfying posi-
tiveness responsiveness with respect to any regular 7.

Proposition 4.37. Let fbe an FPAR as defined in Definition 4.35. Then f satisfies
positive responsiveness with respect to any regular 1.

Proof. By Proposition 4.36, it suffices to show that the weighted mean rule satisfies
positive responsiveness with respect to 73), where 73)(x,y) = max{0, (p(x,y) —

P} Let p,p’ € F2" and x,y € X. Suppose F(5)(x,y) = F(5)(,x) and p; =
p/ for all i € N\{j}. In addition, suppose either

Proof. mj(x,y) =0and (x,y) >0 or
m;i(y,x) > 0 and 7}(y,x) =0, O

where strict reference is of type 3. Then 7’(x,y) = max{0,p’(x,y) — p’(y,x)}, and
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p/(xay)fpl(yax) = (Wi'pi/(xay)iwi'pi/(yax))

M=

Il
=

n—1

Y, i pilx,y) = wi- pi(y,x))
Li#j

Fwjepi(x,y) = wi- pi(y,x)

= 2 i pix,y) = wi- pi(3,x)) —wj- (pj(6,y) = pj(x))

Il
=

+w; - (pj(x,y) = pj(3x))
= —wj-(pj(x,y) = p;j(n,x)) +w;- (pj(x,y) — pj(y,x))
> 0,
where the inequality holds if either (1) or (2) hold. Hence, the weighted mean sat-

isfies positive responsiveness with respect to 73). The desired result now follows
from the definition of regularity and Proposition 4.36. a

The weighted mean also satsifies the Pareto Condition under specific definitions of
strict preference.

Proposition 4.38. Let f be an FPAR as defined in Definition 4.35. Then f satisifies
the Pareto Condition with respect to T = 71y and T = 7(3).

Proof. Letx,y € X. Let my,, = r'n%\rll{ﬂ:,-(x, ¥)}. There is no loss in generality is as-
1S

suming m, , = m (x,y). If m, , = 0, the proof is complete. Suppose otherwise. Then,

X, T, (X,
LS wid.. 4wy wa 2 y)—1)+...+Wn( nl y)—l)
mxvy mx_’y
T I,
=w- ](X’y)+...+wn. n(x.y)
My My.y
Thus,
T (x,y) = myey S wi - (6,) + W T (x, ). (4.4)

Because m,, > 0, m;(x,y) > 0 for all i € N. Thus, p;(x,y) > p;(y,x) for all i € N.
Hence,

zn:wi~pi(x,y) > zn:Wi'Pi()’ax) .

i=1 i=1

Suppose 7= ). By (3.3). p1(5.3) < T wi-pilx.y). oF mey < m(x.y) = p(x.y).

Hence f satisfies the Pareto Condition with respect to ().
Suppose = 7(3). Similarly by (3.3),
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=

P1) 1039 < i i(63) ~ )] = S pie) - S 0.9

or myy < p(x,y) — p(y.x) = m(x,y). Hence f satisfies the Pareto Condition with
respect to 73). |

Unlike Positive Responsiveness, the relationship between the weighted mean and
the Pareto Condition in Proposition 4.38 cannot be generalized to the case of any
regular strict preference relation. The reason for this is the lack of some type of
behavioral assumptions on the relationship between the strict and weak preference
relationship, such as monotonicity or p = tUr for a specified t-conorm U. The
following example presents a case where the weighted mean aggregation rule does
not satisfy the Pareto Condition with respect to a regular strict preference rule.

Example 4.39. Let X = {x,y}, N = {1,2} and f be an FPAR as defined in Definition
4.35, where w; = ; for all i € N. Suppose the strict preference relation is defined as
follows:

3 ifp(x,y) =.6and p(y,x) = .4,

m(x,y) =490 ifp(yx) > p(x,y),
1  otherwise.

It is obvious that 7 is regular. Now consider a profle p € .#%? such that
p1(x,y) = .5, pa(x,y) = .7, and py(y,x) = pa2(y,x) = .4. For this profile, the social
preference relation is p(x,y) = .6 and p(y,x) = .4 because f is the weighted mean.
Then the individual and social strict preference relations are as follows:

mi(x,y) = 1,
m(x,y) = 1,
n(x,y) = .3,

and the weighted mean does not satsify the Pareto Condition with respect to 7 al-
though 7 is regular.

Currently, the only Arrowian condition unaccounted for is max-* transitivity.
Because the assumption max-* transitivity is unusually general in the fuzzy frame-
work, the weighted mean does not lend itself to developing one single formal argu-
ment detailing whether the FPAR satisfies the condition. Nonetheless, we can use
the concept of a zero divsor to determine what type of transitivity conditions to
consider.

Example 4.40. Let f be an FPAR that is defined in 4.35. Let N = {1,2}, X = {x,y,7}
and w; = ; for all i € N. Suppose p € .FZ%? is defined as follows:

p1(x,z) = pa(x,2) =0,
pi(x,y) = p2(y,2) = 1,
p1(»2) = p2(x,y) =0,
pi(z,x) = pi(y.x) = pi(z,y) = 1,
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for all i € N. It is easily verified that p; is max-x* transitive under all t-norms using
the boundary conditions. Then the social preference relation, f(p), is, by Definition
4.35, as follows:

p(X,Z) =0,
p(xay) = p(y,z) =.5,
p(z.x) =pv.x)=p(zy) =1

If the social preference relation is to be max-*, then p(x,z) > p(x,y) *p(y,z) for
all x,y,z € X. If * has no zero divisors, p(x,y) * p(y,z) > 0. However, p(x,z) =0 #
p(x,y)* p(y,z), a contradiction. Thus, f cannot be max-* transitive when * has no
zero divisors.

Example 4.40 suggests that when considering max-x* transitivity conditions for the
weighted mean rule, we should consider definitions in which * has a zero divisor.
If not, it is obvious then that the weighted mean will not satisfy the fuzzy Arrowian
condition of transitivity. However, the converse of this relationship is not necessarily
true as shown in the following example.

min{a,b} ifa+b>1,
0 otherwise. ~

In this case, * is the nilpotent minimum, and * has a zero divisor. Let X = {x,y,z}
and N = {1,2}. Suppose p = {p1,p2} € .Z % and is defined as follows:

Example 4.41. Suppose a*x b = {

pi(x.y) =8

pi(a,b) =.3,Y(a,b) € X x X\{(x,y)}, where a # b
p2(x,2) = .4 p2(y,2) = .8

pa(a,b) = .5,¥(a,b) € X x X\{(x,2),(y,z)}, where a # b.

Suppose f is an FPAR defined in Definition 4.35 and w; = ; for all i € N. Then
F(p)(x,2) = .35, f(p)(x,y) = .65, and f(p)(y,z) = .55. However, .35 # .65% .55 =
.55. Hence, f is not max-x trasitive when x is the nilpotent minimum.

Given this relationship, we illustrate two transitivity conditions that use a t-norm
with zero divisors.

Proposition 4.42. Let f be a fuzzy aggregation ruled defined in Definition 4.35, and
let p € FR" be max- transitive. Then f is max-« transitive if, for all a,b € [0, 1],
* is defined as follows for all a,b € [0,1]:

(1) axb=max{a+b—1,0}

or
a ifb=1,
(2)a*b: b ifa=1,

0 otherwise.
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Proof. (1) Let x,y,z € X. Then by max-x* transitivity of p; and the definition of x,
pi(x,2) > pi(x,y) + pi(y,z) — 1 for all i € N. By definition of f,

1

4

wi-pi(x,2) = Y wi-pi(x,y)+ X wi- pi(y,2) — Y wi
=1 =1 =1 =1

p(x.z) = p(x.y) +p(yz) — 1.

(2) Let x,y,z € X. Suppose p(x,y) * p(y,z) = 0. Then the proof is complete. Sup-
pose p(x,y) * p(y,z) > 0. Then there are two cases to consider.

a. First, suppose p(x,y) = 1 and p(y,z) > 0. Then, p;(x,y) =1 for all i €
N, by the definition of f. Further, by max-x transitivity of p;, p;(x,z) >
n

pi(x,y) * pi(y,z) and p;(x,z) > pi(y,z) for all i € N. Hence, X w; - pi(x,z) >
=1

Zwi- pi,2)- Thus, p(x,y) +p(3,2) = p(v:2) < p(x:2).

1=

b. Second, a similar argument can be made for the case when p(y,z) = 1 and
p(x,y) > 0. Hence, p(x,2) > p(x,y) % p(3,2). O

Proposition 4.42 provides two examples of t-norms under which the weighted mean
is max-* transitive. Proposition 4.42(1) uses the Lukasiewicz t-norm, and Propo-
sition 4.42(2) uses the drastic t-norm. Let H;,Hp C # % be such that H; and
Hp contain all the fuzzy preference relations that are max-* transitive under the
Lukasiewicz and drastic t-norm, respectively. We are now able to state two possibil-
ity results in the fuzzy Arrowian context.

Theorem 4.43. Let strict preference be regular. Then there exists a nondictatorial
f H = Hp or f: Hjy — Hp and satisfying 1IA-1, Positive Responsiveness and
weak Paretianism.

Proof. Let f be an FPAR as defined in 4.35. The result follows from Propositions
4.36,4.37 and 4.42, and the immediacy of ITA-1 from the definition of the weighted
mean.

By specifying a strict preference relation we can obtain another possibility result
that includes an FPAR satsifying the Pareto Condition. O

Theorem 4.44. Let strict preference be w1y or 7). Then there exists a nondicta-
torial f : H} — Hp, or fr H}, — Hp and satisfying 1IA-1, Positive Responsiveness,
weak Paretianism and the Pareto Condition.

Proof. Let f be an FPAR as defined in Definition 4.35. The result follows from
Theorem 4.43 and Proposition 4.42. a

The transitivity conditions in Theorems 4.43 and 4.44 are quite restrictive and can
be relaxed given another FPAR.

Definition 4.45. Define the fuzzy aggregationrule f : # %" — .F % as follows. For
allpe F#" ,allx,ye X andall t: F%" — (0,1),



78 4 Arrow and the Aggregation of Fuzzy Preferences

1 ifx=y,
fp)x,y) =<1 if 7;(x,y) > 0,Vie N,
7(p) otherwise.

In words, Definition 4.45 is similar to a fuzzy Pareto rule, where the social strict
preference for one alternative x over another y is positive if every individual strictly
prefers x to y and the social strict preference is regular. The FPAR in Definition 4.45
is clearly reflexive, complete, weakly Paretian and IIA-1. It also satisfies IIA-3. To
see that Definition 4.45 satisfies IIA-3 consider the following proposition.

Proposition 4.46. Let strict preference be regular. Let f be a fuzzy aggregation rule
defined in Definition 4.45. Then f is IIA-3.

Proof. Letp,p' € F%" and x,y € X. Suppose p;] () ~ P} | {ry} forall i € N. Then
by Proposition 3.13, pi(x,y) > pi(y,x) if and only if p/(x,y) > p/(x,y) forall i € N.
By the definition of f, f(p)(x,y) =1 if and only if f(p’)(x,y) =1, and f(p)(y,x) =

©(p) if and only if F(p')(y,x) = T(p). Hence, F(P)]pey) ~ F(P)] fey- 0

To see that see when f(p) in Definition 4.45 is max-* transitive, we use a series
of propositions that first consider max-min transitivity and then generalize to an
arbitrary t-norm.

Proposition 4.47. Let & = ni(y) and p € FZ. If p is max-min transitive, then 7 is
max-min transitive.

Proof. Let p € FZ be such that p is max-min transitive, i.e.
p(x,z) = min{p(x,y),p(»2)}

for all x,y,z € X. This proof will show that
7(x,2) = min{7x(x,y), 7(y,2)} -

To do so, suppose contrary. Then there exists an x,y,z € Z such that

p(x,z) = min{p(x,y),p(y,2)} (4.5)
and

m(x,z) <min{7(x,y),m(y,2)}. (4.6)
Then

0<m(x,y)=p(x,y) > p(yx) 4.7)
and

0<m(yz)=p»z)>p(zy). (4.8)
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By Egs. (4.7) and (4.8), p(x,y) > 0 and p(y,z) > 0, which implies p(x,z) >0
by Eq. (4.5). Suppose 7(x,z) > 0. Then by definition of ), 7(x,2) = p(x,z) >
min{p (x,y),p(y,2)} = min{7m(x,y), w(y,z) }, where the latter equality holds by Egs.
(4.7) and (4.5). Since this contradicts Eq. (4.6), 7(x,z) = 0. Hence,

p(z,x) = p(x,2). (4.9)
There are now two cases to consider.

Proof. Suppose min{p(x,y),p(y,2)} = p(x,y). Then p(y.2) > p(x,y). Hence, by
transitivity,

p(x,2) = p(x,y). (4.10)

By transitivity, p(y,x) > min{p (y,2).p(z,x)}. Because p(y.2) > p(x.y) and Eq.
(3.8), min{p(3,2),p (22} = min{p(x.y),p (¥.2)} = p(x,y). Then p(3,x) > p(x.y);
however, this contradicts Eq. (4.7).

Suppose min{p (x,y),p(y,z)} = p(y,z), which implies p (x,y) > p(y,z). Then by
transitivity,

P(va)ZP(%Z) (411)

By transitivity, p(z,y) > min{p(z,x),p(x,y)}; and p(z,y) = p(z,x), or p(z,y) =
P(y)- 1 p(zy) > p(ex). then p(z,y) > plax) > plx.2) > p(r.2) by Eags. (4.9)
and (4.11). However, this contradicts Eq. (4.8). If p(z,y) > p(x, ) then p(z,y) >
p(x,y) > p(y,2) by the assumption of p(x,y) > p(y,z). However, this also con-
tradicts Eq. (4.8). Thus, 7(x,z) > min{z(x,y),7(y,2)}, and 7 is also max-min
transitive. O

a

Proposition 4.47 demonstrates that when strict preference is of type one, max-min
transitivity of an FWPR p implies max-min transitivity of the strict preference re-
lation derived from p. Like Proposition 4.38 and Example 4.39, this relationship
between the max-min transitivity of p and 7;) cannot be generalized to the case
of all regular strict relations because the ordinal concept of strict preference is in-
sufficient for the cardinal concept of max-min transitivity. Nonetheless, assuming
that strict preference is of type one allows us to show the max-min transitivity of
individual preference relations and obtain the following result.

Proposition 4.48. Let 1 = (1), p € F %" and f be an FPAR defined in Definition
(4.45). Suppose p; is max-min transitive for all i € N. Then f is max-min transitive.

Proof. Let x,y,z € X. Suppose p € F X be such that p; is max-min transitive for
all i € N. If min{f(p)(x,y),f(p)(y,2)} = 7(p), then the proof is complete. Sup-
pose the contrary. Then min{f(p)(x,y), f(p)(y,z)} = 1. By the definition of f,
mi(x,y) > 0 and m;(y,z) > 0 for all i € N. By Proposition 4.47, we have m;(x,z) >
min{7;(x,y), 7:(y,z)} foralli € N. Thus, m;(x,z) > 0 foralli € N and f(p)(x,z) = 1.
Hence, f 1S max-min transitive. O
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To see when f(p) in Definition 4.45 is max-* transitive under any specified t-norm,
consider the following proposition, which uses the boundary condition to prove the
result.

Proposition 4.49. Let p € .Z % be such that p is max-min transitive. Let * be an
arbitrary t-norm. Then p is max-x transitive.

Proof. For any a,b € [0,1],axb<ax1=aand axb < 1xb= b by the boundary
condition of *. Because a*b < a and axb < b, axb < min{a,b}. Let x,y,z € X.

By transitivity of p, p(x,z) > min{p(x,y),p(y,z)} > p(x,y) * p(y,z). Hence, p is
max-+ transitive. ad

We can now state another possibility result with less restrictive transitivity condi-
tions.

Theorem 4.50. Let © = 7(y). Then there exists a nondictatorial f:FR" — FR*
satisfying IIA-1, IIA-3, weak Paretianism and the Pareto Condition.

Proof. Let f be defined by Definition 4.45. Clearly, f is reflexive and complete, and
it satisfies ITA-1, weak Paretianism and the Pareto Condition. By Proposition 4.46,
f is IIA-3, and Proposition 4.49 generalizes Propositions 4.47 and 4.48. Thus, f is
max-* transitive. g

Theorem 4.50 achieves a more general possibility result, but using Definition (4.45)
has two important consequences. First, individual and social preferences must
be max-x* transitive under the same t-norm definition. For example, given some
p € FZ%", it is impossible to guarantee the max-min transitivity of f(p) when p
is only max-x transitive under the drastic t-norm. Second, as illustrated by Dutta
(1987), adding the requirement of positive responsiveness to Theorem 4.50 will void
the possibility results. This occurs because, when f(p)(x,y) = f(p)(y,x) for some
X,y € X, an individual i € N switching from complete indifference between x and
y (pi(x,y) = pi(y,x)) to some strict preference between the two (p;(x,y) # pi(y,x))
does not necessarily imply that the social preference will exhibit strict preference as
well (f(p)(x,y) # F(p)(3,%))-

Even with these two considerations, the importance of Theorems 4.43, 4.44, and
4.50 remains: the fuzzy Arrowian framework allows for the nondictatorial aggrega-
tion of fuzzy preferences in a manner that satisfies normative democratic criteria.
Further, as Theorem 4.31 demonstrates, the concept of a neutral FPAR can be used
to derive an aggregation rule that is unique and not necessarily dictatorial when, in
the exact case, neutrality implies dictatorship. Not only do the results in the fuzzy
preference framework reveal substantive conclusions that are distinct from previous
approaches using exact preferences, but also they suggest that the traditional, neg-
ative results of social choice theory are unsubstantiated when groups possess fuzzy
preferences.
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4.3 Empirical Application II: The Spatial Model and Fuzzy
Aggregation

Section (4.2) discussed the difficulty that arises when using FWPRs in empirical
analyses. Most often, researchers will not have the necessary data to create indi-
vidual FWPRs for every member in a group of political actors. However, fuzzy
numbers can be used to represent the degree to which an actor views an alternative
as ideal i.e., the o function, and an FWPR can be estimated using such a function.
This section further extends the analysis in Section (4.2) by illustrating how a fuzzy
preference aggregation rule can be used to predict policy decisons of a group of
actors.

In the spatial model, alternatives can be represented by k-dimensional Euclidean
space or R, When k = 1, o is identical to the fuzzy numbers presented in the
previous empirical example, where, for some x € X, o(x) denotes the degree to
which x is ideal. In this case, o; : R! — [0, 1] for all i € N. It is often assumed that &
is normal, which requires there exists x € X such that o(x) = 1. In words, normality
ensures that every actor views at least one alternative as ideal. Let .%.4"(X) denote
all the fuzy subsets of X such that the fuzzy subset is normal. When N is the set of
actors, it is assumed each actor prossesses a preference function, preference function
profile can be written as 6 = (07, ...,0,).

Table 4.1 Sigma Values of Four Alternatives

o1(-) o2(-) o3(+)
w=.1 0 0 0
x=.5 033 1.0 O
y=57 01 10 0.1
z=.68 0 0.2 0.65

Let N = {1,2,3} and let X = [0, 1] C R!. Figure 4.1 presents a fairly traditional
profile of preference functions over the set of alternatives where no actor possesses
more than three areas of discrete indifference. For example, player 1 is indifferent
between all alternatives in the intervals [0,.1] and [.6,1] (o7 (x) = 0) and between all
alternatives in the interval [.35,.5] (o7 (x) = .33). The fuzzy numbers presented in
Figure 4.1 are sufficient to characterize the degree to which any alternative in X is
ideal for all three actors. Table 4.1 provides the sigma values of four alternatives in
X. Here, w € X is outside the support of ideal alternatives for all three players, and
y € X is in the support of ideal alternatives for all three players. In addition, y is in
the core of player two’s set of ideal alternatives.

Given the fuzzy preference functions in Figure 4.1, we can create preference
relations based on the degree to which each alternative is ideal. Section (4.2) gave
two examples of such procedures. First, for all x,y € X and all o € F .4 (X),

PG (x.y) = Vit €[0,1] [ o(y) 1 < o (x)},
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Fig. 4.1 Example of a Three Player Fuzzy Spatial Model

which can be simplified to the following if * = min:
_J 1 ifolx)=a(y),
Py (%.y) = { o(x) otherwise.
We have already shown that p(g) is reflexive, strongly connected and max-min tran-

sitive. Table 4.2 presents the preference profile p() over the four alternatives se-

lected in Table 4.1.

Table 4.2 Inferred FWPRs Using p(c)

IS

wWXxyz
1001
1111
1.111
1001

i=2

N = =

i=3wxyz

wxyz
1000 w 1100
1111 x 1100
1111 y 111.1
1.2.21 z 1111
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A second procudure used for inferring an FWPR from a preference function is

1 ifx=y,
Py (x,y) = (c(x)—o()+c)Al ifo(x) > o(y),
l1-[o(y)—ox)+1—c)Al] otherwise.

where ¢ € [0,1] forall x,y € X and 0 € #.4(X). Itis obvious that p(y) is reflexive
and complete when ¢ > 0.We also know p(,y) is weakly transitive (see Proposition
(4.20)). If we set c to a specific value, we can infer another preference profile as well.
Let ¢ = .5; Table 4.3 illustrates the preference profile p(,y) in this case. In contrast to
P(c)» the image of p(y;) contains more elements for each actor than image of p(g).

Table 4.3 Inferred FWPRs Using p(ys) when ¢ = .5

i=1lw x y z i=2wxyz i=3wxyz
w 1 .17 4 5 w 1003 w 1540
x .83 1 .73 .83 x 1151 x 5140
y 6271 .6 y 1511 y 6610
z 517 4 1 z 7001 z 1111

We can now apply an FPAR f to the preference profiles P(c) and p(ay). When f
is the weighted mean rule from Definition (4.33), assume w; = é for all i € N. Then
Table 4.4 illustrates f(p(g)) and f(py)) over the four alternatives {w,x,y,z}. When
f is the fuzzy Pareto rule from Definition (4.45), assume (Pc)) = (P(m)) = -5, and
Table 4.5 reports the results of the fuzzy Pareto rule over the same four alternatives.

Table 4.4 The Weighted Mean Rule Using p(g) and p(y) when w; = é

FPe)w x vy z fPmy) w x y z
w1330 .33 w1 222727
x 11 .67.67 x 78 1 .54 .61
y 171 .7 y 7346 1 53
7 1 4 4 1 7 73.39.47 1

Tables 4.4 and 4.5 reveal an important distinction between the weighted mean and
fuzzy Pareto rule. The weighted mean is more susceptible to the specific procedure
chosen to infer fuzzy preference relations than the fuzzy Pareto rule. While the fuzzy
Pareto rule returns two identical social preference relations regardless of how the
inidividual preference relations were created, the weighted mean exhibits significant
differences between the social preference relation from p(g) and the one from pyyy).

We can also calculate the maximal sets from the four newly aggregated social
preference relations. In Section (4.2), the fuzzy maximal set is defined as follows:
forallx € X,
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Table 4.5 The Fuzzy Pareto Rule Using p(¢) and p(y;) when 7(p) = .5

FPG) wxyz Fpay) wxyz
w 1555 w 1555
X 5155 X 5155
y 1.51.5 y 1.51.5
b4 5551 b4 5551

M(p, p)(x) = p(x)+ (@(V{r € [0, 1] [ (w) * p (w,x) x1 < p(x,w), Yw € Supp(u)})),

where u € #(X). M(p, 1) can be simplified by assuming that y(x) = 1 forallx € X
and * = ® = min. The first assumption acknowleges that all alternatives are fully
possible. The second merely specifies a t-nrom. With these two assumptions, the
maximal set can be written as

M(p,X)(x) = (A(v{r € [0,1] | p(w.x) At < plx,w), ¥ € X})).

As before, M(p,X)(x) signifies the degree to which x € X is a maximal alternative
given the FWPR p. Let S = {w,x,y,z} C X. Then Table 4.6 shows the final calcula-
tions for M(f(p),S) and M(f (p(ar),S) where f is either the weighted mean rule or
the fuzzy Pareto rule. Furthermore, Figure 4.2 plots the four maximal sets over the
entire set of alternatives. As before, the fuzzy Pareto rule returns identical results
regardless of the specific profile, and the core of the fuzzy Pareto’s maximal set is
the support all three players’ preference functions. In these cases (Figures 4.2(c)
and 4.2(d)), the researcher could predict almost any alternative to be selected by
the group of players. In contrast, the core of the weighted mean rule differs from
P(c) and pyy), which lead to different predictions about what alternative would be
selected. In Figure 4.2(a), the core of f (;3<G)) is the alternative where all three play-
ers’ fuzzy preference functions intersect at the maximum degree. In Figure 4.2(b),
however, the core of f (P(m)) is the maximum intersection between players 2 and
3, which is the maximum intersection for any two players in the example. Hence,
f (P(c)) appears to be more collegial and consensus-driven than f (P(my) when fis
the wieghted mean rule.

Table 4.6 Results for M(f(ﬁ(G)7S) and M(f(ﬁ(M) ,S)

Weighted Mean Fuzzy Pareto
M(f(pG)»S) M(f(Par).S) M(f(P(G).S) M(f(P(ar):S)
w 0 22 5 5
X 0.67 1.0 1 1
y 1.0 46 1 1
b4 0.4 .39 1 1
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Alpha Level
Alpha Level

Alpha Level
Alpha Level

(¢) Fuzzy Pareto: p(g) (d) Fuzzy Pareto: p(yy

Fig. 4.2 Maximal Set

Using either FPAR, the procedures described in the definitions of p() and p()
allow for easy estimation of individual FWPRs without requiring researchers to
gather data concerning the degree to which an individual prefers every alternative
over every other alternative. When aggregating the individual preference relations,
the researcher can choose any number of FPARs, and the maximal set can clearly
relate the social preference relation back to individual preference functions. In the
example presented in this section, the weighted mean rule generates a maximal set
with one alternative in its core while the fuzzy Pareto rule results in a maximal set
whose core spans the support of the individual preference function.
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