Chapter 8
On the Distribution of Solutions to Diophantine
Equations

Akos Magyar

Abstract Let P be a positive homogeneous polynomial of degree d, with integer
coefficients, and for natural numbers A consider the solution sets

Zpy={meZ": P(m)= A}

We’ll study the asymptotic distribution of the images of these sets when projected
onto the unit level surface { P = 1} via the dilations, and also when mapped to the
flat torus T". Assuming the number of variables n is large enough with respect to
the degree d we will obtain quantitative estimates on the rate of equi-distribution
in terms of upper bounds on the associated discrepancy. Our main tool will be
the Hardy-Littlewood method of exponential sums, which will be utilized to obtain
asymptotic expansions of the Fourier transform of the solution sets

wpaE)= Y &,

meZ", P(m)=A

relating these exponential sums to Fourier transforms of surface carried measures.
This will allow us to compare the discrete and continuous case and will be crucial
in our estimates on the discrepancy.

8.1 Introduction

A fundamental problem in number theory is to find integer solutions of diophantine
equations, that is equations of the form
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P(my,...,my) =2

where P is a polynomial with integer coefficients. The approaches fall into two
broad categories, algebraic and analytic, the latter being especially useful when the
number of variables is large with respect to the degree of the polynomial.

If the polynomial P is also positive and homogeneous of (even) degree d, then
for each natural number A, there is a finite solution set

Zpy={meZ": P(m)= Al (8.1)

One may view these sets as the set of lattice points on the level surfaces { P = A} and
by homogeneity they can be projected onto the unit level surface Sp := {P = 1} via
the dilations m — A~'/¢m. We will study the rate of equi-distribution of the images
of the solution sets Z}.x on the unit level surface Sp as A — oo. Of course one
needs some more conditions on the polynomial P in order to have solutions at all of
the diophantine equation P(m) = A.For example if P(m) = m§+(m3+...+m?2)*
then even for large 7 there are only a sparse set of A’s (namely which can be written
as a sum of an 8-th and a 4-th power) for which there are solutions, and even for
those values of A one cannot have equi-distribution as the first coordinate m; can
take very few values. A natural condition on the polynomial P, introduced by Birch
[4], is that of P being non-singular in the sense that

VP(z) = (01P(),...,0,P(2)) #0, forall zeC" z#0.

Also, there are local or congruence obstructions. For example, the polynomial
P(m) = m‘f + p(m‘zl + ...+ mj) is non-singular, but the equation P(m) = A
can only have an integer solution if A is congruent to a d-th power modulo p.
Nevertheless, as it is implicit in the work of Birch [4], that if P is non-singular
and if the number of variables n is large enough with respect to the degree d,
then there is an infinite arithmetic progression A depending on P, which can be
explicitly determined, such that for each A € A the equation P(m) = A has the
expected number of solutions & A/4=1 in fact the number of solutions can be
asymptotically determined. We will refer to such a set A as a set of regular values
of the polynomial P.

As mentioned earlier, one of the problems we will be interested in is the asymp-
totic distribution of the images of the solution sets Z },’ 5= A Vm; P(m) = A}
as A — oo (A € A), on the unit level surface Sp. First, one can show that there
is a natural measure op on the surface Sp, such that the sets Z jp ;, become weakly
equi-distributed with respect to the measure dop. That is for any smooth function ¢
one has that

— Z b (x) —>/ p(x)dop(x). as A— o0, A€ A,

VEZ/
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where N, is the number of solutions of the equation P (m) = A. To get quantitative
information on the rate of equi-distribution, we define below the discrepancy of a
finite set Z C Sp with respect to caps. For a unit vector £ € R” and positive number
a, define the cap

Cig={xeSp: x-£>a},

where x - £ is the dot product of the vectors x and &. Note that C, ¢ is the intersection
of the surface Sp with the half-space defined by x - § > a, and we will refer to &
as the direction of the cap. The associated discrepancy of a finite set Z C Sp,
consisting of N points, with respect to caps of a given direction & is given by

D(Z,§) =sup [[ZNCogl = Nop(Cag)l. (8.2)
a>0

where | A| denotes the size of a set A.

It turns out that for the solution sets Z }, ;, the discrepancy depends heavily on the
direction of the cap. To see this consider the polynomial P (m) = m% +...4+m2, s0
that one is interested in the distribution of lattice points on spheres, projected back
to the unit sphere. It is well-known that for n > 5, the size of the solution sets are
Ny ~ A37L. If¢§ = (0,...,0,1) then for certain values of a, the boundary of the
cap contain as many as ~ A points from the set Z }’, ;- Indeed, after scaling back
with a factor of 1/2, the boundary of the cap is given by the equation.

m% +...+ mlzl_1 = p for some p depending on A and a. Thus the discrepancy

cannot be smaller than A" ~ N Al “"=2_In contrast, we will show that if the
direction of the cap points away from rational points as much as possible, then one
can obtain much better bounds on the discrepancy. To be more precise let us call a
point & € R"™! diophantine, if for every & > 0 there exists a constant C, > 0 such
that forallg € N

. S
lgell = min lga —m| > Coq™ 17", (8.3)
mezZ'—

Correspondingly a point £ € S"~! is called diophantine if for every 1 < i < n
for which & # 0, the point &' € R"~! is diophantine, where the coordinates of o
are obtained by dividing each coordinate of £ by &; and deleting the i -th coordinate.
It is easy to see that the complement of diophantine points has measure 0 in R*~!
and hence in S”~! as well, see [Lemma 3, Sec. 2.2]. We will show, see also [13], in
dimensions n > 4, that the discrepancy is bounded by above by

1 1
D(Z)p, . £) < Ceo N 707 8.4)
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for all ¢ > 0, when £ is diophantine. This is especially significant in large
dimensions as it is known from the works of Beck and Schmidt [3, 15], see also
[12], that for any set of N points on the unit sphere S"~!, the L? average of the

1__ 1
discrepancy with respect to spherical caps is at least N2 2¢=D . For general non-
singular, positive and homogeneous polynomials P, the same observation shows

that for rational directions (p.e. when § = (0, ...,0, 1)), the discrepancy is at least

1
N ll "=4 while we’ll show that in diophantine directions it is bounded by N ll v

with y; = m, in large enough dimensions.
We will also study the equi-distribution of the solutions when mapped to the
flat torus T" = R"/Z". Let ¢ = (oy,...,a,;) € R" and consider the map 7T, :

7" — T", defined by Ty(m) = (m«y,...,mye,) (mod 1). Then the images of
the solution sets take the form

2,0 = {(may,...,myay); P(my,...,m,) =i} CT".

It is clear that if one of the coordinates of the point « is rational then the
corresponding coordinate of the points in the image set can take only finitely many
different values and the sets £2,, cannot become equi-distributed as A — oco.
It turns out that this is the only obstruction for non-singular polynomials P in
sufficiently many variables. Indeed we will see that if @ € (R\Q)", then for any
¢ € C>°(T") we have that

Nl_l Z o(miay, ..., myay,) — /T”¢>(x)dx, (8.5)

P(m)=2

as A — oo through regular values of the polynomial P. To obtain quantitative
bounds on the rate of equi-distribution, we will assume that each coordinate of the
point & is diophantine, that is ||ge;|| > Ceq~'™%, for all ¢ > 0 and for all ¢ € N
with an appropriate constant C, > 0. Identify the torus with the set [—% %)” and let
K C (—%, %)" be a compact, convex set with nonempty interior. The discrepancy
of the image set §2, , with respect to the convex body K is defined by

D(K,a,1) = Z xx(miay, ..., mya,) — Nyvol,(K),
P(m)=A

where y g is the indicator function of the set K. We will show that for diophantine
points o one has the upper bound

ID(K.a. M) < Cpad™' 70, (8.6)
for some constant y; > 0 depending only on the degree d .

Let us remark that the above is a special case of a more general phenomenon;
namely if (X, ) is a probability measure space, and if T = (7},...,T,) is a
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commuting, fully ergodic family of measure-preserving transformations, then the
images of the solution sets

Quy = A{T" ... T (x); P(my.....m,) = A} C X,

become equi-distributed as A — oo, (A € A), for almost every x € X [11].
To prove such results one needs estimate certain maximal operators associated to
averages over the solution sets P(m) = A, however, as in this generality one cannot
hope for quantitative bounds on the rate of equi-distribution, we will not discuss
such results below.

Crucial to all these results is the structure of the Fourier transform of the indicator
function of the set of lattice points on the level surface {P = A}. This is an
exponential sum of the form

E =Y ert (8.7)

meZ", P(m)=A

Note that @, (0) = N,, that is the number of solutions to the equation P(m) = A,
a quantity which has been extensively studied in analytic number theory. Indeed
for the special case P(m) = m% + ... + m? asymptotic formulae for the number
of solutions were obtained by Hardy and Littlewood, by developing the so-called
“circle method” of exponential sums. Their methods were later further extended by
Birch and Davenport [4, 5], to treat higher degree non-diagonal forms; in fact they
have shown that

o0
Ny = @2(0) = c, A4 7Y " K(q.0.4) + O 179, (8.8)

q=1

for some § > 0. The expression K(1) = Z;il K(q,0,A) is called the singular
series, and it capturers all the local arithmetic information about the polynomial
P. Without recalling the precise definition of the terms K(g,0,1) here (see
Sect. 8.3.1.4), it is enough to note here that for regular values A € A the singular
series K(A) bounded below by a fixed constant Ap > 0. It turns out that one
can derive similar asymptotic formulas for the exponential sums @; (§), which are
uniform in the phase variable £. Namely, we will show that

B1(E) = cp A1y " mga(§) + E(), (8.9)
q=1
where

sup |£(§)] < C AN,
§
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Moreover

mes () =Y K(q.1.2) (g€ —1) 5p(A1 (E —1/q)).

lez"

where 1 is a smooth cut-off function supported near the origin, and 6p is the
Euclidean Fourier transform of the surface measure op

6 () = /S e E G5 ().

To describe the meaning of this formula, note first that for £ near the origin

mia(€) = V() Gp (A1 (5)),

since K(1,0,1) = 1. The term cp Ad~'5p (Aﬁg) can be interpreted as the Fourier
transform of a smooth density supported on the level surface { P = A}. Thus the
first term in the approximation formula may be viewed as an approximation near
the origin via the Fourier transform of a surface carried measure. Notice also that all
other terms are similar involving the Fourier transform & p ()ﬁ (¢—1/q)), and may
be viewed as higher order approximations near the rational points //g. In fact if &
is near a rational point / /g, then the sum expressing m, » (§) has only one nonzero
term taken at [ = [g&], the nearest integer point to g£.

Let us sketch below how this formula will allow us to compare the discrete and
the continuous case and to estimate the rate of equi-distribution of the solution sets
in terms of the discrepancy.

Let y, be the indicator function of the interval [a,b] (b being a fixed num-
ber depending on P), then by taking the inverse Fourier transform y, =
[ #a(t)e*™"dt, and by making a change of variables  — A~1/9¢ , one may write

1Zh, N Cagl = xa(ﬁmf)=/Wa(zﬁ)@(zé)dt,
P(m)=2 R

and also
o (Cag) = /S Halx - ) dop (x) = /R 2u0) 57 (1) dr.

Substituting the asymptotic formula (8.9) into this expression one may study the
contribution of each term separately

1) = /R A Fu 02 my 2 18) di.
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A crucial point is that if || < ¢~! then ¥ (g€ — ) = 0 unless [ = 0, moreover
¥(gt€é) = 1, hence

mg(t€) = K(q,0,1) 6p(A41£).

Writing
R | — 11, + 12,66),
lt]<g™! [t]>¢~!
one has, after a change of variables 1 := A4 ¢ that

1,,(6) = K(q.0.2) L Xa(t)Gp(t§)dt.
[t|<KAd g1

At this point one exploits the cancelation in the normalized exponential sums
K(gq,l,2) and oscillatory integrals 6p (), expressed in estimates roughly of the
form

|K(g.1. V)] < ¢g~"

6p(8)] < (1 + [~

Then, for || = 1, one can extend the integral to the whole real line by making a
small error. This gives

I, (8) ~ K(q,O,l)/R)?a(l)ﬁP(lé) dt = K(q,0,4)0p(Cag).

Thus by formula (8.8), we have that

CPA%_I Zl({ll(é) ~ Nyop(Cug). (8.10)
q=1

To get upper bounds for the discrepancy one needs to estimate the total contribution
of the rest of terms / ; , (£), exploiting the diophantine properties of the point &. In
fact by making a change of variables 7 := g¢, and noting that the only nonzero term
of the sum expressing mq,x(é £€) is taken at [ = [t&], one may write

1

b¥ A7 A7
12,6 =" / 3 (z—) K(q. [t 0) v ({18) 67 (—{zs}) d,
q Jii>1 q q

where {t&} = t& — [t£] denotes the fractional part of the point ¢£. At diophantine
points it is not hard to show that on average [{¢t&}| = |[t&| > c.t™° (see Lemma 6



494 A. Magyar

in Sect. 8.2.2), thus using the cancelation estimates for K(qg,/, 1) and & () again,
the terms I(i ,(§) add up only to a small error.

The organization of the rest of this chapter is as follows. In the next section
we will derive the asymptotic expansion (8.9) for the polynomial P(m) = m% +
oot mi, and prove upper bounds on the discrepancy of lattice points on spheres.
Next, we will extend our approach to general non-singular forms, using the Birch-
Davenport method of exponential sums. Finally, in the last section we will study the
equi-distribution of the images of the solution sets { P(m) = A} modulo 1, when
mapped to the flat torus T” via the map 7.

As for our notations, we will think of the polynomial P hence the parameters
n, d being fixed, and write f = O(g) or alternatively f < g if |f(m)| <
C g(m) for all m € N with a constant C > 0 depending only on the polynomial
P or the parameters n, d. We will also write, f » gifg <« f and f ~ ¢
if both f < g and f > g. If the implicit constant in our estimates depend on
additional parameters ¢, 6, . . . then we may write f = O.s. (g)or f <K s.. g.The
Fourier transform of a function f defined on Z" will be denoted by f , as opposed,
somewhat unconventionally, we will denote the Euclidean Fourier transform of a
function ¢ defined on R” by <;~5 This is to avoid confusion as we will often move
between the discrete and continuous settings.

8.2 The Discrepancy of Lattice Points on Spheres

The uniformity of the distribution of lattice points on spheres has been extensively
studied and proved in dimension at least 4, see [7], and later in dimension 3 [6] using
difficult estimates for the Fourier coefficients of modular forms. These methods,
however, do not take into consideration the direction of the caps, and hence the
bounds obtained are subject to the limitations described in the introduction, arising
from caps whose direction has rational coordinates.

We will assume that the direction & of the caps is diophantine in the sense that
g = g/& satisfies condition (8.3) for each 1 < i < n such that & # 0. In this
case, when Z = {A7"/2m; |m|> = A}, we will obtain the following upper bound
on the discrepancy, defined in (8.2), see also [13].

Theorem 1. Letn > 4 and let £ € S"~! be a diophantine point. Then for every
e > 0, one has
IDa(E )] < Cee AT H (8.11)
We note that for n > 4, and if n = 4 assuming that 4 does not divide A, one has
that Ny > A2~ thus (8.11) implies that

1

|Dn($vk)| =< CS,S le

1
ta5—= T€
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In dimension n = 4, the best previous estimate for the normalized discrepancy
D(&, 1)/ N, was given in [7] of the order of A~!/>*¢ while we get the improvement
A~1/4%e Tncase n = 4 and A = 4 there are only 24 lattice points of length A!/2,
estimates for the discrepancy become trivial in such degenerate cases.

8.2.1 The Fourier Transform of Lattice Points on Spheres

Our first task will be to derive the asymptotic formula (8.9) for the special case
when P(m) = |m|* = m% + ...m2. As we have mentioned this can be viewed
as an extension of the asymptotic formula for the number of representations of a
positive integer A as sum of n squares, and as such our main tool will be the Hardy-
Littlewood method of exponential sums. Because of the quadratic nature of the
problem, there are special tools available this case, most notably the transformation
properties of certain theta functions. Also, we will use the so-called Kloosterman
refinement, mainly to include the case n = 4. For a fixed A € Nand § € T", set
8 = A~! and write

e, (E) = Z e~ 2mdlml? p2mimg Z w(m), (8.12)
|m|2=A |m|2=2A
where the weight function w(x) = e 273mIe27imé ig bounded and absolute

summable. Using the fact that f; > (""=H¢ g = 1 if |m|> = X and is equal to
0 otherwise, one may write

1
(IA)A(%-) — e27r/ S(‘L%-) e—2m’al dOl,
0
where

S(‘Lg) — Z eZﬂiImlza w(m) — Z e2m’ ((@+i8)|m|*+m-§) (8.13)

mezZ" mezZn

is a theta function. It is well-known, at least when £ = 0, that it is concentrated near
rational points a /g with small denominator. To exploit this, one dissects the interval
[0, 1] into small neighborhoods of the set of rational points Zy = {a/q; (a,q) =
1, ¢ < N} for some specific choice of the parameter N. It is easy to see, using
Dirichlet’s principle, that one can choose intervals around the rational points a /g of
length |/,/4| ~ 1/Ngq. This suggests that

1
~ -~ —mriLd Nq g —2mi At
HE Y Y e «/IS(q+r,g)e dr.

q=N (a.g)=1 R
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The idea behind the Kloosterman refinement is to make a specific choice of this
partition (the so-called Farey dissection) and to estimate carefully the errors arising
from the fact that the length of the intervals corresponding to a fixed denominator
are not quite the same. We will use the following general result

Theorem A (Heath-Brown [9]). Let P : Z' — Z be a polynomial with integral
coefficients, let A, N be natural numbers and letw € L'(Z"). Then one has

1

Z w(m) = Z / i e 7S (q. ) dT + E1(X) (8.14)

P(m)=A\ g<N "’ 4N
where
[E\)=C N7 Y (1+|u) ™ max |Su(g. 1) (8.15)
4=N lul<q/2 RN

Here C > 0 is an absolute constant and

Sdg.0 =Y T S@/g + 1), S@ =Y T wim),  (3.16)
(a.g)=1 mezZn

where aa =1 (mod g).

This is proved in [9] for the case A = 0 and for a non-negative weight function
w, however the proof extends without any changes to all A € N and w € L1 (Z").
Let us postpone the proof of the above result to the end of this section and see how
it translates to our situation.

By (8.13) we have that

Stajg+o) =Y i 2 s (m),

mezZ"

with /1, 5(x) = €2 CHORP Writing m := gm, +s, wherem; € Z", s € (Z/qZ)",
and applying Poisson summation, we have

Sa/q+7) = Z ibP Z e AmTIE f (gmy + 5)

s€(Z/qZL)" mEL"
_ Z ehiils\z Z/ o2l (qx+s)E hes(gx +s) e 2mixl g
s€(Z/qZ)" 1ezn VR
L als|24i-s s L
=Y a Y [ hame b
lezn SE(Z/qZ)" R
= Gla.q.1) hes(l/q—§). (8.17)

lez"
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Here G(a, ¢,!) is a normalized Gaussian sum:

. u\.\'\z—.\"l
Gla,q.l)y=q" Y &7 7. (8.18)
S€(Z/qZ)"

The function /. s(x) is of the form e~ with z = 2(§—it), hence, after a change
of variables x := z!/2x, its Fourier transform can be evaluated explicitly,

rlgg—11?

hesl/q—€) = 28— i) e 2o=in, (8.19)

Let us first estimate the error terms S,(g, t) in formula (8.15). Note that on the

range when |t| &~ 1/ qN =~ 1/ qA'/?, one has Re

1 _ $
q2(8—ir)) = Fore = ¢ for
some absolute constant ¢ > 0. Thus

lhes(€—1/q)] < C g% A% eclas=IP, (8.20)
Also, by (8.17)

Sulq: 1) =Y K(g.1, Asu) hes(E = 1/q),

lez"

where

K@l am =Y &7 Gla.l.g), (8.21)
(a,q)=1

These exponential sums have been extensively studied in number theory, various
estimates are known in the literature, going back to the original work of Klooster-
man. We will use the following estimate, which we will take for granted for now,
however for the sake of completeness will include a proof later.

Theorem B. Let K(q,!,A; u) be the exponential sum defined in (8.21). Then one
has for every ¢ > 0,

IK(q, 1, 2:u)| < Cue g™ 75 (A, q1)2 25, (8.22)

where ¢ = ¢q12" with q; odd, and (A, q1) denotes the greatest common divisor of A
and q,.

We remark that using only standard estimates for Gaussian sums would yield to a
weaker bound of O(g~"/?>*1), thus the extra cancelation in the sum over (a,q) = 1
is crucial. By this and estimate (8.20) we have

max S,(¢,7) < Coq?* (A, q1) 725, (8.23)

lt|~ %

gN
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The factors (A, ql)%ﬁ are at most A° on average forg < A 2, hence they do not play
any role in our estimates. Indeed, it is easy to see that

Lemma 2. Let 8 € R. Then for every € > 0, one has

Proof. Let 1 < . < A2, First, we show that
Y (g2t < CAtp
a<n

To see this, write d = (A, q;) and g; = dt. Then d divides A and d2"t < u, hence
the left side is majorized by

Yy dtat <tk

d|L reEN

By partial summation, we have

Cath 4+ Y puf ™y scoaHe
uské
|

Going back to the error term E;(A) defined in (8.15), we have by estimate (8.23)
and Lemma 2

|E\(A)] < Cpe AT F5, (8.24)

for all ¢ > 0.
The main term in (8.14) takes the form

1

N .
My := Y [ e sy, Tyd

q<N* 4N

=Y Yk tko [T e a6 -1 329)

g<N lezn

We will do now a number of transformations, to obtain the asymptotic formula (8.9),
described in the introduction. First we insert the functions v (¢& —), the restrict the
summation in / to at most one non-zero term. Then we extend the integral to the
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whole real line and identify it with the Fourier transform of the normalized measure
on the unit sphere.

First, let ¥ (§) be a smooth cut-off function which is constant 1 on [—é, %]” and
is equal to O for & ¢ [—i, 4—11]”. Then by (8.19), one estimates

~ n __ n n
Y (1= ygE = D) hesE —1/q)] < Co (2 + 871 e P@HD < Mgt

lez"

where the last inequality follows from the fact that e™ <« u~# taking the special
value u = W Thus, by (8.15), the total error accumulated by inserting the
cut-off functions in (8.25) is bounded by

|Ex(V)] < CATT2 Y g g)T < G AT (8.26)
g=N

and the main term takes the form

M) = 3 3 Kl a0y wige =1 [ 7 e~ 1. 627

q=<N l€Z"

At this point, the integration can be extended to the whole real line, exploiting the

fact that now there is at most one nonzero term in the /-sum. For |t| > ,%N > § one
n

has |5.5(6 —1/q)| < T2, thus the total error obtained in (8.27) by extending the
integration is

B0 Yot [ ctarsaate e

1
q=N ey

Finally, we identify the integrals, and show that

Lemma 3.
L(§) == €™ / e s dr = AT a8, (8.29)
R

where o is one-half of the surface area measure on the unit sphere in R".

Proof. By using (8.19) and making a change of variables: t = At to take out the
dependence on A, one has that

279 21 —2it L A
Il(g) =e€ AZ e (2(1 — l[)) 2e 20—in dt
R
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Let n := A'/2£, then out task is to show that
2 —2mit . -1 —m ~
J(n) =e e 20 —it)) 2e 2=indt = o(n).
R

We now insert an extra convergence factor e "’ * into the integral defining J ().
Denoting the resulting integral by J? we have J¥ — J as n — 0; moreover for
any test function ¢ in the Schwartz space

/ oI () dy = 11113)/ d()J7 (n) dn.

R” V= R4

Also,
/ d(nJ? () dn = / ¢(x)J7 (x) dx. (8.30)
R4 R4

~ 7yl
Note, that by (8.19) we have that &, (1) = (2(1 — it))_"/ze_zﬂi“) , thus

JV(X) — e2ﬂ/ e—Zﬂite—2n|x|2(1—it)e—nytz dt = y_%e_n(l_‘x‘Z)/ye_ﬂlxlz.
R
Inserting this into (8.30), and letting y — 0, we obtain
dsdn = [ ¢t dat.
R" R"

and thus J(n) = 6(n), as we wanted to prove. Note that

dt /2

- _ _ —2mit =
6(0) = J(0) = /Re QL —it)/2  I'(n/2)

This identifies o as one-half of the surface area measure of the unit sphere. O

Substituting the above formula (8.29) into the expression (8.27), the main term
finally takes the form

My(A) == A" YN T K(g. LA 0) i (gE —DEAPE—1/g).  (831)

g<N lezn

Note, that all error terms (8.15), (8.24), (8.26), and (8.28), we obtained in the

process of transforming the main term into the above expression is of magnitude
n—1 ..
O.(A"% T¢). Summarizing we have proved
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Theorem 4. Let n > 4. Then one has

G1(E) = A7 Y mga®) + Ei6),

g<i?
where
161 (6)] = (8.32)
holds uniformly in & for every ¢ > 0. Moreover
mga(§) = > K(q.L.2)¥(gs —1) (A2 (E —1/q)) (8.33)

lez"

where

K(qs lv A) = (] Z Z i “(“\2—2)+x1 .

(a.q)=1s€(Z/qL)"

Here G denotes the Fourier transform of the smface area measure o on S"~! and ¥

. . 1
is a smooth cut-off function supported on _Z’ Z]” which is constant 1 on [ 5l

8.2.2 Some Properties of Diophantine Points

We will derive here a few elementary properties of diophantine points, needed later
in our estimates on the discrepancy. Crucial among them is the factif £ € " !isa
diophantine point, then ||¢&|| > T° on average for | <t < T, where ||| denotes
the distance of a point £ € R” to the nearest lattice point. To start, let us call a point
a € R" of type ¢ if it satisfies condition (8.3) with a given € > 0.

Lemma 5. For every € > 0 the set of points a € [0, 1]~ of type & has measure 1.

Proof. If a point & € R"™! is not of type € then there are infinitely many positive

integers ¢ such that: ||g&| < q_n%l_E . This means that there exists an m € Z
such that: |€ — m/g| < g~ #-1—¢. However the sum of the volumes of all such
neighborhoods around the points m /g € [0, 1]"~! is bounded by

o0
anl—ne<c

n=1

thus the set of points which belong to infinitely many of such neighborhoods has
measure 0. O
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This shows that the set of points @ € R”~! which are not diophantine has measure
0. Indeed « is diophantine if it is of fype &, = (1/2)* for all k € N. Next we show
that ||ga|| = 1 on average.

Lemma 6. Let o € [0,1]""! be diophantine, Q > 1 and 1 < k < n — 1. Then for
every ¢ > 0, we have

> lgal ™ < . 0 (8.34)

90

Proof. Let & > 0. Consider the set of points {ga} € [-1/2,1/2]" !, for 1 < q <
0.1f q| # g then

£

Hqre} — {gae}] = (g1 — go)e]| = Co Q7170

thus the number of points in a dyadic annulus 27/ < |lga| < 27/ ! is bounded by
2=(1=1J 91%¢ and the sum in (8.34) is convergentfor | <k <n — 1. |

Lemma 7. Let & € S"~! be diophantine, and assume that max; |£;| = |&,|. Let
t>1, a=(o,...0p1), a; =&; /&, and q = [t§,]. Then one has

1
61l = — llge]|
n

Proof. Note that
1§ = t&pa; = [thylaj & [|16, et
hence
lgaj —mj| < |t§; —m;| + ||t&,]|.
Thus taking m; = [t§;], we have
lgajll < ll2&; 1| + llz&all-

Summing for 1 < j <n — 1 proves the lemma. O

Lemma 8. Suppose £ € S"~' is diophantine, and lett > 1 and T > 1. Then for
every ¢ > 0, one has

A (8.35)

Moreover, for1 <k <n—1

T
/ Il < ¢, 71 (8.36)
1
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Proof. By permuting the coordinates of £, one can assume that max; |§;| = |&,|.
Inequality (8.35) follows immediately from Lemma 7 and the definition of a
diophantine point. Similarly (8.35) is reduced to (8.34) by observing that for a fixed
g, the set of £’s for which ¢ = [¢£,] is an interval of length at most 1/§, < 4/n. O

8.2.3 Upper Bounds on Discrepancy

We have developed all the necessary tools to prove Theorem 8.11, our main result
in this section. The argument will follow the broad outline given at the end of the
introduction, in addition we will use the standard stationary phase estimate on the
Fourier transform of the surface area measure on the unit sphere S =1 see for
example [17]

n—1

165 < (14§D

(8.37)

Now, for given a > 0 let y, denote the indicator function of the interval [a, 1 + a].
The discrepancy may be written as

DN = Y Otm N [ wpdow. 639

m[2=2

The function y, can be replaced with a smooth function ¢, s by making a small
error in the discrepancy. Indeed, let 0 < ¢ () < 1 be smooth function supported
in [—1,1]", such that [ ¢ = 1. For a given § > 0 let ¢f5 = Ju4s * ¢5, where
¢s(t) = 871 (¢t 87") and define the smoothed discrepancy as

Dy(¢is 60 = ) ¢f5(k‘%m-é)—M/SH ¢ (x-£)do(x).  (8.39)

|m|2=2
Lemma 9. One has
|Du (€. 2)| < max (|Du($. & V. | Du(¢s. €. M) + O@N,). (8.40)

Proof. Note that ¢ (1) < xa(t) < ¢.f5(1) thus

Y GsATIm < Y W@TImeH < Y L0 TImg)

|m[>=A |m[>=A m[>=A

and

N, /S”—l ¢ 5(x-§) do(x) = Ny /S”_l Ya(x-E)do(x) = N, /S”_l bos(x-§) do(x)
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Subtracting the above inequalities, (8.40) follows from the fact that

@ oot <8

|

In what follows, we take § = A™" and write ¢, s for QSai&, as our estimates work
the same way for both choices of the sign. By taking the inverse Fourier transform
of ¢, 5(t) one has

> 47 mep) = [Mgshaeoa  san

2= K

also
/ bas (x-§)do(x) = / a5 (1) G (1€) di (8.42)
Sn—l R

We substitute the asymptotic formula (8.9) into (8.41) and study the contribution of
each term separately. Accordingly, let

s = /RA%an,g(m%) Mg (t§) d, (8.43)
and
E), = /R A2 G5 (tA2) & (t8) dr. (8.44)
To estimate the error term in (8.44) note that

/A%Msa,s(m%)m <C /(1 +[e)7'(1 4 8Je) dr < C log A.
R R
Thus by (8.32) one has for every ¢ > 0
|Ea| < CA'5 e (8.45)

Next, decompose the integral in (8.43) as

Iy = / + / =1, + 17 (8.46)
lel<1/8¢ l1=1/8¢ '

Here an important observation is that if || < 1/ 8¢ then ¥ (gt — 1) = 0 unless
I = 0, moreover ¥ (tq§) = 1 since |tq§;| < 1/ 8¢ for each j. Hence
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mgi(t§) = K(g,0,4) 5(A7 1§).

Thus by (8.43) and a change of variables: ¢ := tA!/2

Iy, = K(q.1.2) " bas (1) G (18) dt. (8.47)
q

lt]<a2/
Lemma 10. Orne has for every ¢ > 0
PPl ST / Gus (B do(0)] < CATH 848)
sn—=
g=it

Proof. Using (8.37), one has

/ o 1as()G@E) |dr < CATT T (8.49)
|

11242 /38q

Thus by (8.42) and (8.47)
_n=l n—1
13 = K@O0) [ gus (-8 do) | = CA7F T [K(q.0.0)
Substituting §¢ = 0 in (8.33) one has
|N: =y Y K(q.0.0)] < CA'THe (8.50)
qsk%
Using (8.22) and (8.50), the left side of (8.48) is estimated by

n—1

c, | asmte 4 Z ¢ (A,ql)%ﬁ < C, A7 *E (8.51)
g=r?
O

To estimate the remaining error terms one needs to exploit the diophantine
properties of the direction £.

Lemma 11. Let £ € S"! diophantine. Then for every g > 0, we have

S 2| < G T (8.52)

1
q=A2
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Proof. First, note that Y (q& —1) = Ounless / = [¢g&], that is the closest lattice point
to the point ¢& € R". Using the notation {g&} = ¢& — [¢&] one may write

A3
mg (&) = K(q,[qtE], 1) v ({q1€}) o (7 {qté})

By making a change of variables ¢ := gt, it follows from estimates (8.22) and (8.37)
that

12,] < C.(A3 /)™ T ¢7" T+ (A, q1)7 25 U, (8.53)

where
~ 1 _n—1
= / (ot A /)] €15 a
[t]>1/8

and ||7£|| denotes the distance of the point ¢ £ to the nearest lattice point. For g < A!/?
one has

Bast A2 /)| <C A2 /)~ 1] (1 + 8]~ (8.54)

To estimate the integral J; we use (8.54), and integrate over dyadic intervals 2/ <
|t] < 2/F1 (j > —3). For a fixed j we have

2J+1
/ N1+ 807 eE T T dr < Co27F (1 4 827) 7! (8.55)
2

J

Summing over j this gives: J; < C; (A%/q)_lks. Substituting into (8.53) one
estimates

17,1 < C AT TH g ()t 28 (8.56)

Summing over ¢ < A2 and using Lemma 2, estimate (8.52) follows. O

Theorem 1 follows immediately from Lemmas 9-11, and estimate (8.45).

8.2.4 The Kloosterman Refinement

For the sake of completeness we include below the proofs of Theorems A—B. The
present form of Theorem A was given by Heath-Brown [9] in his study of non-
singular cubic forms, the idea going back to Kloosterman. Theorem B follows from
the multiplicative properties of Kloosterman sums and Weil’s estimates [14].
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To start let w be an absolutely summable weight function, P be an integral
polynomial, N a fixed positive integer, and write

I—1/N+1

Ii= )" w(m)= /_ S(a) da, (8.57)

Pimei 1/N+1

with S(@) = 3, czn € ' ™yw(m), P’'(m) = P(m)— A. Breaking up the interval
[-1/N + 1,1 —1/N + 1] according to the Farey dissection of order N (see [8],
Ch. 3.8), we have

=Y > /S(a/q + B)dp.

q=N (a.g)=1

Here for fixed a the inner integral is over the interval

|:a+a’ a a+a"’ ai|
9+4qd q q+4q9" ¢

where a’/q’,a/q,a” /q" are consecutive Farey fractions. Since ga’ —¢’a = —1 and
qa” — q"a = 1 the range of B is given by

—(q+q) "' <gB<(q+q")".

Since for consecutive Farey fractions, we have g + ¢’,¢ + ¢” > N, one may write
I as

1/gN
> [, S saaspas (3.58)

q=<N

where the inner sum is restricted to 1 <a <g¢, (a,q) = 1, and

1 1
q’fm—q (B <0), q”fﬁ—q (B> 0). (8.59)

The numbers ¢’, " are completely specified by a as ¢/ = —¢” = a~' (mod q)
and N —gq < ¢q’,q"” < N, thus (8.58) eventually restricts the summation in a. The
point is that if |8] < ¢~'(¢ + N)~!, then (8.58) places no restriction on @, and
otherwise @ = a~! (mod ¢) must lie in one of two intervals J(q, B) < (0, ¢). Then
one estimates

Y Saqtp= Y SGap Y - Y &

a€i@.p) (=1 rer@p) 4 =g
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1Y s@p Y e

q

lul<q/2 teJ(q.B)
< Y0 (1 [u) 7 Su(g. B, (8.60)
lul<q/2

where

Sug.B) =Y. &"ISG/q+P).

(s.9)=1

using the estimate

1 opiit _
D I A A (A 17)
qtel(q,ﬂ)

Since
GN)"'—¢' @+ N) ' =N g+ N)T <N
and
g7 (q+N)"' = (@2qN)"".

the total contribution to (8.58) arising from the ranges |B| > ¢~ '(g + N)7! is

KNTZY Y (4 uh)™ max [Su(g, B (8.61)

1
I=<N lul=q/2 3=qN|pI=1

The remaining range for 8 gives

1/q(g+N)
/_ So(q. B) dp.

q=<N "’ ~Vag+N)

If one integrates for || < 1/¢gN instead, the resulting error is again of the form
of (8.61). Thus summarizing the above estimates, we have

1/q(g+N)
=y Solg. HAB+ONT YD 30 (+l)™ | max _IS.(q. B,

1
q=n Y ~1ala+N) 4=N |u|=q/2 2= !

and Theorem A follows.
From the standard estimate for the Gaussian sums G(a,l,q) < ¢
immediate that

/2t s
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|K(q. 1. M) < g2+ (8.62)

Also, G(a, [, q) is a product of one dimensional sums, thus for ¢ odd, by completing
the square in the exponent, it may be written in the form (see also [14], Ch. 4)

1112

_ —n _n q n _27”-7117 n
Gla,l.q)=q "€, (=) e 7 G(1,0,9)",
a

where (%) denotes the Jacobi symbol, €, is a 4th root of unity, and a denotes the

multiplicative inverse of @ mod ¢. Substituting this into (8.21) we have

n - ad+aau—|11%)
K@.l.hin) =g G(L0.g" 3 ()7 s63)
(a.q)=1

The sum in (8.63) is a Kloosterman sum or Salie sum depending on whether n is
even or odd. Weil’s estimates [14, Ch. 4] imply

1K(g.1. A1) < Cog™ "7 F (X, )7 (8.64)

Estimate (8.22) follows by writing ¢ = ¢i¢2, with ¢; odd and ¢, = 2",
applying (8.64) to g1, (8.62) to g = 2" and using the multiplicative property

K(q,1,h;u) = K(q1,1 @2, A ugn?) K(qa,1 @1, A ugi®), (8.65)

where ¢;q; = 1 (mod ¢3), and g,q> = 1 (mod q). Property (8.65) is well-known,
and is an easy computation using the Chinese Remainder Theorem. This finishes
the proof of Theorem B.

8.3 The Discrepancy of Lattice Points on Hypersurfaces

We will study now the uniformity of distribution of lattice points on a homogeneous,
non-singular, hypersurface. We will show that if the dimension of the underlying
Euclidean space is large enough with respect to the degree of the hypersurface, then
there are non-trivial upper bounds on the discrepancy with respect to caps.

The analysis will be similar to what we have carried out for spheres, however in
this generality we will use the Birch-Davenport method of exponential sums, which
will allow us to develop uniform asymptotic formulae for the Fourier transform of
the set of lattice points on the hypersurface.

To formulate our main result in this section, let P (m) be a positive, homogeneous
polynomial of degree d with integer coefficients, and for A € N, define the
hypersurface

Sy={xeR"; P(x) =2}
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We will write S for S}, the unit level surface. Recall that the polynomial is called
non-singular if for all z € C"/{0}

VP(z) = (01(2),...,0,(2)) #0 (8.66)

Our main result in this section is the following upper bound of the set of
solutions Z,, = {A=Y4m; P@(m) = A} with respect to the family of caps
C, ¢ corresponding to a given diophantine direction £, defined in (8.2). Similar but
somewhat weaker results have been obtained in [13].

Theorem 12. Letn > d(d—1)2¢T", and let P(m) be a positive, homogeneous non-
singular polynomial of degree d with integer coefficients. If§ € S"~! is diophantine,
then we have

|Dp (£, 1) < Cgp Ala= D07 (8.67)

. 1
with Yd = W

To see why this upper bound is non-trivial, note that as P is positive, we have
that P(x) ~ |x|?, thus on average for L < A < 2L, the surface S, contains
~ A4~ Jattice points. Indeed there are ~ L"/“ lattice points m in the region
L < P(m) < 2L, and they lie on L hypersurfaces. As we have mentioned, because
of congruence obstructions, one cannot have that |Z" N S;| ~ A"/¢~! for all large
A, but it can be shown that this holds all A € A, for an infinite arithmetic progression
A C N. Such a set A will be called a set of regular values. Thus one has

Corollary 13. Let n > d(d — 1)2%*', P(m) be a positive, homogeneous non-
singular polynomial of degree d with integer coefficients, and let A be a set of
regular values for P. If§ € S"~! is diophantine, then we have

|Dp(E,A)| < Cee N, 77, (8.68)

foreach A € A, withy,; =
on the surface S).

m, where N) denotes the number of lattice points

8.3.1 The Fourier Transform of the Set of Lattice Points
on Hypersurfaces

We will now generalize the asymptotic formula (8.9) describing the structure of
the Fourier transform of lattice points on spheres, using the Birch-Davenport [4,
5, 16] version of the Hardy-Littlewood method of exponential sums. This method
was developed to count solutions of (systems of) diophantine equations, when the
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number of variables is large enough with respect to the degrees of the polynomials,
and it is one of the most far reaching application of analytic tools in the area of
diophantine equations. In spite of this there are very few accessible description of
this method, so perhaps it is of interest to discuss it in detail in the case of a single
non-singular homogeneous polynomial.

8.3.1.1 Minor Arcs Estimates

To start, let ¢ be a smooth cut-off function which is constant 1 on the unit level
surface S = {P = 1},and let N = A'/¢_ Then

1
B©= Y = [ S@he e 569)

P(m)=A

where

S(a,§) = Y TG n/N) (8.70)

mezZ"

As is usual in the circle-method, we will now define a family of small intervals,
which we will call major arcs on which the exponential sum S («, £) is concentrated.
Let 0 < 6 < 1 be a parameter, and for a given pair of natural numbers a, g such
that (a, ¢) = 1, define the corresponding major arc centered at a/q by

Log(0) ={a: 2la —a/q| < ¢ 'N~ITE@=D0
moreover let

L) = g Lay(6).

g<N@=D9 (a.q)=1

If @ ¢ L(0), the we say « is in a minor arc. The following properties of the major

arcs are immediate from their definition.

Proposition 14. (i) If 6, < 6, then 6, C L(6).

(ii) If 6 < ﬁ then the intervals L, 4(0) are disjoint for different values of a
and q.

(i) |L(B)] < N=d+d=10,

We will now derive standard Weyl-type estimates, following [4], for the expo-
nential sum S(w, £), when « is in a minor arc. It will be useful to introduce the
notations

Dy P(m) = P(m) — P(m +h), App(m) = $(m)(m + h),
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and inductively

wP),  Ap  pp = Ap(Ap k).

Note, that the above expressions are independent of the order of the vectors
h', ..., h*. We will also use repeatedly the expression

1> ¢m> =D pm)(m +h) =" Ay (m).
m m,h m,h

Writing ¢y (m) = ¢(m/N), and taking averages, we have

INTIS(@ ) = N7 Y et el PO Ay gy (m)
h'm

< N Z |N—n ZEZHzaDhIP(m)A 1¢N(m)|

h!

Note that the summation is restricted to |h'| < N and |m| < N. Applying the
Cauchy-Schwarz inequality d — 2 times, one has

INTS@.6) T < N N N ”|Z el = P AL gy ()

(8.71)

Note that the implicit constant in (8.71) depends only on the dimension n and the
degree d, and the summation again is restricted to |2'| < N and |m| < N. The
point is that after taking d — 1 “derivatives”, the polynomial D, _,+—1 P becomes
linear, i.e. it is of the form

na—1 P(m) = Zm,cp (h', ... %Y, (8.72)

where the coefficients @; : Z"@=D _ 7 are multi-linear forms. In fact writing the
homogeneous polynomial P as

P(m): E ajl ..... jdmjl...mjd,
1<ji..ja

so that the coefficients a;, . ;, are independent of the order of the indices
J1s--+5 Jd—1, 1t is not hard to see that

('Y =d Y g e bR (8.73)

Jd—1
Jlsesjd—1



8 Diophantine Equations 513

For simplicity let us introduce the notations

h= (', ... k7Y,
Unp(x) = Ap pa—19n(X),
@(h) := (@1(h), ..., Pu(h)).

Now, by (8.72) the inner sum in (8.71) is the Fourier transform the function ¥y at
& = ad(h). To estimate it, note that

k
(£ vt

(where the implicit constant depends only on 7, d and k), and that the function ¥y 5,
is supported on |x| < N. Thus integrating by parts k-times we have that

< N7*, forall k €N,

[Ty a(E)] < N" (1+ NE[)7,

where lf/N,h denotes the Fourier transform of ¥y (x) considered as function on R".
Thus by Poisson summation

[Pna®] < D [OnaE =D < N" (1 + N[ED

lezr

Here we used the notation ||| = max; [|§; |, for a point § = (&,...,&),
where ||&; || denotes the distance of the j-th coordinate £; from the nearest integer.
Plugging this, into inequality (8.71) we have

INTS@ O < NS (4N fad@ ), (8.74)
heZnd=1 |h| KN

for all k € N. We will fix now k = n + 1, and use the multi-linearity of the forms
@;(h', ..., h?™"), to estimate the right side of inequality (8.74) by the number of
(h',...,h?=HZ"4=D |h/| < N such that |a®(h)|| < N~'. More generally, for
given parameters 7, 7, let us introduce the quantities

AN, N a)=|{he Z'"V; |h| < N, [la®;(W)| < N7, 1 <j <n}.
(8.75)

Lemma 15.

(N7"|S(a, &))" < N"@=Dg(N, N7, ). (8.76)
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Proof. Consider the points {o @(h)} € —%, %]" , where { } denotes the fractional
part, and divide the cube [—%, %]” into N" cubes B; of size % Now if By =
[—ﬁ, ﬁ]“, then for each fixed i’ = (h',...,h972), the cube By will contain

at least as many points of the form {a @(h’, h%~")}, as any of the other cubes
B,. Indeed, this follows immediately from the linearity of the forms @; in the
variable 4!, Since the center of the cubes By are N™'s = (3,...,%) with
—N/2 <s; < N/2, the right side of (8.74) is bounded by

N7Md=D Z A+ s)™" ' 2N, N a) « N"DR(N, N7 a).

N N
3 SSLeSn <y

O

Next, we will use that fact that the quantities Z(N*, N7, «) can be compared
to each other for different values of the parameters t, n, in fact we will need the
following

Lemma 16. Ler 0 < 0 < ﬁ Then we have
N7"@=D (NN~ o) « N7"@=D0 gp (N9 N—IFE=DE oy, (8.77)

This is based on the following result

Lemma 17 (Davenport [5]). Let Li(u),...,L,(u) be n real linear forms in n
variables uy, ..., uy,, say

Lj(u) = lekuk,
3

which are symmetric in the sense that Ajx = Apj. Let 1 < K < K> and for
0 < r < 1let U(r) denote the number of integer solutions of the system
lug] < rKy,  |IL;(w)|| < rK5". (8.78)
Then for all 0 < r < 1 we have
U(l) < r"u(r). (8.79)
This is Lemma 3.3 in [5] and is an application of the geometry of numbers.
Let us remark here only that the solutions of (8.78) can be viewed as lattice points

(u,v) € Z*"* which are inside the convex symmetric body r B, where

B ={(u,v) e R lye| < Ky, |v; — Ljw| < K;', 1 <k,j <n}.
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Proof (of Lemma 16). We will apply Lemma 17 in each variable 4',..., h?~' . Fix
h =2 ... k", writteu = h' and L;(u) = o ®;(u,hk'). From (8.73) it is
clear that the linear forms L ; (1) are symmetric, thus we can apply Lemma 17, with
K=K, =N,r; = N°7! r, = 1foreach A'. Summing over /' gives

Z(N, N 'a) « N"UO|(h € 27D |h'| <« NP, |W'|<N, |a ®(h)|| < NP2},

Next, set u = h?, fix the remaining variables and apply Lemma 8.69 with K; =
N, K; = N?>% and r = NY'. Continuing this procedure for all the variables
h',...,h?"! eventually, we have

%(N,N_la) & Nn(d—l)(l—S)% (NO,N_d+(d_l)9,()[),

which is the same as (8.77). ]

Note that if there is a point & € Z"“~V | |h| < N such that ||a®;(R)| <
N=4+@=D8 and @, (h) # 0, then setting ¢ = |®; (h)|, we have that

< 1 N—d+d=Do

q

a
a__
q

for some a € Z" such that (a,q) = 1. Thus « € L(0) by the definition of major
arcs, hence if « is in a minor arc, we have

(N N74HE@=D6 oy = |{h € 2"~V |h| < N, &1(h) = ... = ®,(h) = 0}.
(8.80)

which is the number of lattice points 4 € Z"@~) of size |h| < N on the variety
Se :=1{ze C"" N &(z) =... = D,(z) = 0}.
By (8.73) it is easy to see that @;(h,...,h) = (d —1)!1(3/9;) P (h), thus if we set
A:={h,....h); heC'ycC'¥D,
then
SeNA={heC"; 0,P(h)=...=03,P(h) =0} = {0},

by our assumption that the polynomial P is non-singular. Then by basic facts from
algebraic geometry it follows that

D :=dim Sy <n(d —-1)—n.
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The dimension of the algebraic set Sp is defined algebraically, however it is
well-known, see [10], Ch. 7, that if it has dimension D then every bounded part
of it can be covered by O(p~?) balls of diameter p for any 0 < p < 1. Combining
this with the fact that Sy is homogeneous, we have

[{h € "7V N Sp: |h|<KN}<|(h € (NT2)"“7 0 Sp: B < 1} <N’
(8.81)

Then by (8.76), (8.77) and (8.81), we have the following estimate on the minor arcs.
Lemma 18. Let0 < 0 < 1. Ifa ¢ L(0), then we have uniformly in &

1S(a, £)] < N 027 (8.82)

We will also need a variant of the above estimate when the cut-off function ¢ is
replaced by the indicator function y of a cube of side length ~ 1 centered near the
origin. The estimate below is proved in [4], however it easily follows from (8.82).
Indeed, choose a cut off function ¢ such that y¢p = y, and let P;(m) = P(m) +
m - £ . Then by Plancherel’s identity

Y e p(m/N)x(m/N) = (8.83)

mezZ"

= /n (Z eZﬂiaPl(m)—m-§¢(N/P)) (N"7(NE)) dE < N (log N)".

mezZ"

Here T” is the flat torus, and the above estimate follows using (8.82) for the first term
of the integral uniformly in &, and the fact that [|[N" g(N &)1y < (log N)".

Corollary 19. Let 1 < a < g be natural numbers s.t. (a,q) = 1. The for the
exponential sum

. aP(m)—l-s
Ga,q.ly=q" Y &7 0,
SE(Z/qZ)"
one has
G(a.q.1)] < ¢ @ (log q)". (8.84)

Proof. Set N =g, =a/q, & =1/q,0 =1/2(d — 1) and notice that @ ¢ L(0).
Indeed, for ¢; < ¢“~1% we have

a aq

q 41

L N B
q19 q1
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Then (8.84) follows from (8.83), choosing y to be the indicator function of [0, 1)",
and identifying (Z/gZ)" with [0,¢q)" N Z". O

Corollary 20. If |a| < P~9/2 then one has
1S(c.£)] < N" (N¥|a]) @0t

Proof. Choose  such that [a| = N=4+@=D9 thatis (N?|a|)7T = N?. The
major arcs L, 4(6) are disjoint since (d —1)0 < d /2, moreover « is an endpoint of
the interval Lo 1(0) hence o ¢ L, (). By (8.82) this gives

1S(@, £)] < N0 — Nn (N9 |g|)” @0

8.3.1.2 Approximations on the Major Arcs

We will now derive an asymptotic expansion for the Fourier transform of the lattice
points on the hypersurface S; = {P = A} along the lines as in Sect. 8.2.
Throughout this section we will assume that n is sufficiently large, in particular
that n > ng := d(d —1)29F!  set y; == and for simplicity of notation
introduce the quantity D := (d — 1)2¢71.

Going back to the integral defined in (8.69), for a given 6, write

1
(d—1)2d+1>

on(E) = / S(a. &) dar + / S(@.&)da = AyE) + ENE).  (8.85)
a€L(6) agL(0)

It follows from our assumptions on n, that there is a 0 < such that

1
2(d—1)°
n02=9D > d 4 ny,

thus (8.71) implies that S(A,£) < N"~¢=" for A ¢ L(6). Thus we have the
estimate, uniformly in &

|EL(E)] <« N"—d=ma, (8.86)

We will fix a 0 < z<+—1> so that (8.86) holds, and will do a number of
transformations on the main term Ay (§) which are similar the ones we have used
in the special case of the spheres. For a given « € L,,(0) for some (a,q) = 1,
g < NU=V8 write « = a/q + B, with || < N=9+@=D0 and m = gm, + s with
my € 2", s € (Z/qZ)". Applying Poisson summation as in (8.17), we have
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S(a/q + ﬂ’s) — Z ezni%P(m)eZHimeﬂ,N(m)

mez"

= Y Gla.q.) Hyn(/q 5. (8.87)

s€(Z/qZ)"

where H 5. is the Fourier transform of the function Hg y (x) = e*™! PP (m/N),
and G(a,q,!) is the exponential sum defined in (8.84). Thus we have

L& = )Y > Y Gl hE—1/9, (8.88)

g<NW@=D0 (a,q)=1 l€Z"

where

L& —=1/q) :/ H(/q—§Be " dp

|Bl<N—d-+a=10

We shall approximate the functions A, (§) with functions B; (§) where the cut-off
function ¥ (g€ —[) have been inserted in (8.88), that is let

Bi§) =) > Gla,l.9)ygE—1) Ih(E—1/q9)

aq ezl

Next, we extend the integration in § and define

My =) > Gla,l,.q)¥(gs—1) LiE—1/q9)

aq Il

with
LE—1/q) = /R H(E—1)g. pye> d. (8.89)

A crucial point is to identify the integrals I, (1), in fact we will show that

Iy(n) = 6:(n).

First we estimate the errors obtained.

Lemma2l. If0< 6 < ﬁ then one has uniformly in &
[ 42(6) = Bu(®)] < N7,
Proof. If we set

up®) =Y Gla.q.1)(1 =y (g€ =) Hyp(E —1/q).
1
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then it is enough to show that |ug(§)] < N n=d=nya uniformly for |B| <

N=4+@=D0 and ¢ € T". Let n = £ — t/q, and estimate Hy (1) by partial
integration:

I:IN.ﬂ (n) < N"

/ eZniNdﬁ P(x)¢(x) Q2NN g
Rl1

< N"|Nn|™K

/ (d/d?’])K (eZm' NeB P(x)¢(x) eZniNx~n dx
Rl’l

< N"|Ny|~% (1 + N?|BD*¥.
Now, on the support of 1 — 1 (gé — ) we have that
Nl = NIE—=1/q] > N'77D9,

hence for [8] < N™4+@=D% and § < 1/2(d — 1), choosing 0 < t < 1 — (d — 1)
we have

lupE) < N"(N/q)™™ > (1 4 |g€ — 1)K < N"=RA=@=00),
=r/a

The Lemma follows by choosing K sufficiently large. O

In order to estimate the error obtained by extending the integration in 8, we will
need the following

Lemma 22. For givenn, L > 0 let

I(L, n) — /eZJTiL(P(x)-Fx.n)QS(x) dx.
Then one has
I(L.n) < (1+L)"D, (8.90)

with D = (d — 1)2¢71,

Proof. The estimate is obvious for L < 1,solet L > 1.1If || > C with a large
enough constant C, then the gradient of the phase L|P’(x)+n| > L on the support
of ¢ and (8.90) follows by partial integration.

Suppose || < C and introduce the parameters 6, N, « suchthat L = N@=1¢
o = N~?L. Note that if § < 2¢~!/n, then we have N > L%, Changing variables
y = Nx yields

I(L,p) = N7" | Xrie@O+NTIng /N dy.
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We compare the integral to a corresponding exponential sum

N_nS(Ol,ﬂ) — N Z eZnia(P(m)-l-Nd—lm.n)¢(m/N)'

mez"
If y =m + z where m € Z" and z € [0, 1]", then it is easy to see that

|ezma(P(y)+Nd*1y~n) _ezma(P(m)+Nd*1m~n)| <« N—1+(d—1)9’

since |oe| = N~4t@=D8 apnd |n| < C. Thus
(L) = N7"S(@)] « N7 « N=3 < 175,
Also, by Corollary 20
INT"S(e.n)| < N[0 = L

and (8.90) follows. ]

We remark that a better uniform estimate can be obtained by using real variable
methods, exploiting the fact that P(x) ~ |x|?. However we have chosen to estimate
integral using exponential sums as this method works also for indefinite forms P.
Now, it is easy to prove.

Lemma 23. We have, uniformly in &

|BA(§) — My (§)] < N7

Proof. One has by (8.90)

n

/ |H(E—1/q)|dB <« N"™ b « N'" 47,
|Bl> N —d+(d—1p

The factors ¥ (q& — I) restrict the sum in / to at most one non-zero term, moreover
by (8.84) we have |G(a,q.,l)] < ¢~ pT° < g3, say. Thus

|B/\(‘§>:)_M/\(‘§>:)| <K ( Z Z q_3) N”_d_”yd < Nn—d—nyd'

g<N@=10 (a.q)=1

Summarizing, we have the asymptotic formula

D1 (§) = My (§) + Ex(§),
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where

M@E = > Y. > Gla.qhygE—)hLE-1/9),

g<NU@=D0 (a,q)=11€Z"
and
|EA(E)] < N"=47md,

uniformly in § € T".

8.3.1.3 The Singular Integral

We will now identify the integrals I, (n) with the Fourier transform of a certain
natural measure supported on the surface S, = {P = A}. Note that by assumption
that the polynomial P is non-singular and positive, S; is a smooth, compact hyper-
surface in R".

There is a unique n — 1-form dop (x) on R"\{0} such that

dP Ndop =dxi AN ... Ndxy, (8.91)

called the Gelfand-Leray form (see [1,2], Sec.7.1). To see this, suppose that say
01 P(x) # 0 on some open set U. By a change of coordinates: y; = P(x),y; = x;
for2 < j <n, Eq. (8.91) takes the form

dy, Adop(y) =01H(y)dy, A...ANdy,

where x; = H(y),x; = y; is the inverse map. Thus the form dop(y) =
A H(y)dy, A...Ady, satisfies (8.91).

We define the measure o, as the restriction of the n — 1 form dop to the level
surface ;. This measure is absolutely continuous with respect to the Euclidean
surface area measure dSp 3, more precisely one has

Proposition 24.
_dSi(x)
[P/

where dS) denotes the Euclidean surface area measure on the level surface
{P = A}

doj(x) (8.92)

Proof. Choose local coordinates y as before; in coordinates y level surface S and
surface area measure dS, takes the form

Sy={xi=HQR,y2,....¥n), X; =y;; 2= j <n},
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and
dSi(y) = (1+ ) 05 HOLy)' P dy, A+ A dy,.
j=2
Using the identity P(H(y), y2,...,Yn) = Y1, o0ne has
I P(x)01H(y) =1, 0:P(x)d; H(y) +9;P(x) =0,

This implies that

O H(y) = (1+ Y 03Hy)?-|P'(x)7,
j=2
and (8.92) follows by taking y; = A. O

A crucial observation is that the measure doy, considered as a distribution on R”,
has a simple oscillatory integral representation.

Lemma 25. Let P(x) be a non-singular, homogeneous polynomial, and let A be a
real number. Then in the sense of distributions

o (x) = / 2t (POO=MI gy (8.93)
R
This means that for any smooth cut-off function x(t) and test function ¢ (x) one has

lim / / P POy (1) (x) dxdt = / ¢ (x)doy(x). (8.94)

e—>0

Proof. Let U be an open set on which d, P # 0, and by a partition of unity we can
assume that supp ¢ € U . Changing variables y; = P(x), y; = x; the left side
of (8.94) becomes

lim [ [ POy (G081 H () dydi = / GO HOL Y)Y,

e—>0

where y' = (y2,...yn).
The last equality can be seen by integrating in ¢ and in y; first, and using the
Fourier inversion formula:

e—0

lim / / POy (g (1) dyydi = g(A).

On the other hand S} NU = {x; = H(A,y2,...y4), X; = yj},and ox(y) =
[01H(A, y)|dy' inparameters y' = (y2,..., yYu). O
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Now it is easy to identity the integrals 1, (n) defined in (8.89). Indeed by (8.94),
we have

Ik(n) — /” /Re—Zﬂi (P(x)—M)B eZnix-n¢(x/P) d,B dﬂ
= [ o0 Py dy = 510

Also, by homogeneity, 5 () = A"/?~15(A/9y), where o is the Gelfand-Leray
measure restricted the unit level surface S = { P = 1}. Thus we have shown

Theorem 26. Letd > 2,n > d(d — 1)2d+1, and let P be a positive, homogeneous,
non-singular polynomial of degree d. Then we have

1 (§) = My(§) + Ex(§), (8.95)

where

MyE) =20 3 3 N Gla.q. ) y(gE-D G AT (E-1/q)).  (8.96)

g=NI=19 (a.q)=11€Z"

and
|Ej(§)| < N"—d=nmva (8.97)

uniformly in § € T", where y; = m-

Let us remark that following the error estimates carefully, in fact it was shown
that

|E;(5)] < N"™4=5+2 = yn—d=ny;

with some constant ¥, > y4 forn > d(d — 1)2?*!. This will be utilized in our
estimates on the discrepancy, to swallow certain small factors of size N°.

We will also need an estimate on the decay of the Fourier transform of the
measure o0, later in our upper bounds on the discrepancy.

Lemma 27. One has
I6(5)] < (1+ g~ D!

Proof. Suppose || > 1, and choose a cut-off ¢ such that ¢o = o . Then by (8.94),
we have

58 = / g (x) do(x)

§—0

= lim//e_z”ix'gez”i(P("‘)_l)’qb(x))((St) dxdt
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We decompose the range of integration into two parts

°®= /IIIZCISI /” +/tscE /” Sk

Note that if |¢| < C|&|, with a sufficiently small constant ¢ > 0, then one has for
the gradient of the phase

|(tP(x) —x-§)'| = |P'(x) — §| = [£]/2.
thus integrating by parts K times yields
L] < Cy (1 +[E)~FF

For |t| = C|&| we have by (8.90)
| / PO (x) dx| < || 7P,
hence
I < / (|75 dr < [E[7BH,
[t|=Clg]

with D = (d —1)2¢71. O

8.3.1.4 The Singular Series

In order to get nontrivial upper bounds on the discrepancy for the set of lattice
points on hypersurfaces, one needs to ensure that there are many lattice points on
the surface. We will do this, by showing the existence of a regular set of values A
corresponding to a non-singular polynomial P. Most of what we discuss below is
standard, for example it is implicit in [4], so we only include the details for the sake
of completeness.

Recall that we have a fixed 6 slightly smaller than m, so that the asymptotic
expansion (8.96) holds with an error term of size O(N"~¢~"7¢), where N = A/¢

and y; = m . Taking £ = 0 this means that

@00 = A47" 3" K(q.0,4) + O(N""47"),

lsN(dfl)Q
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where

- a(P(s)—A)—s-l

K@.0MN= Y Glagh=q" Y Y &7 .

(a,q)=1 (a,.q)=1 se€(Z/qZ)"

To exploit the multiplicativity of the terms K(g,0,1) we need to extend the
summation for all ¢ € N, and estimate the error obtained. This can be done by
using (8.84) which yields

1K(q.0.2)| < (log q)"q~ 5",
thus for a sufficiently small ¢ > 0

> 1K(q.0.0)] <. NTUTDIGT20 « N

g=>N@=1o

ifn >d(d— 1)2‘“‘1, by our choice of the parameters, D and y,. Indeed, we have
that (n/D — 2) > 2ny,, thus choosing 6 sufficiently close to (but smaller than)
1/2(d — 1), the above estimate holds. It is well-known, and easy to see from the
Chinese Remainder Theorem, that K(g1,0,1)K(q2,0,1) = K(q192,0,1) for q;
and ¢, being relative primes, which implies that

Y Kg.0.0) =[] Q_ k0.0 = [] K,®),

q=1 p prime r=0 p prime
where the last equality is used to define the arithmetic factors K,(A) =

o0

> K(p",0,4). Note that K(1,0,4) = 1 and by estimate (8.84) we have that
r=0

K,(A) =1+ O(p~5%?) = 1 + O(p~?) . Thus choosing R = Rp sufficiently
large, we have that

2= ] 1KWwi=2 (8.98)

p>R p prime

An important and well-known fact, which we will explain below, is that the
arithmetic factors K,(A) can be interpreted as the density of solutions of the
equation P(m) = A among the p-adic integers (see [4]). Thus the main term in
the asymptotic formula (8.8) is the product of the densities of the solutions in the p-
adic integers and the density of solutions among the real numbers and is an instance
of the so-called local-global principle.

To see this, define

r(p®.2) = [{m € (Z/(p*Z)" : P(m) = X (mod p")}|,

One has
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Proposition 28.

K
Y K (' 0.2) = pEr(p ).
r=0

Proof. Note that

K
p

_ 278 (P(m)—A) L

rpf = ) ) e
b=1

m (mod pX)

since the inner sum is equal to pX or 0 according to whether P(m) = A (mod p¥)

or not. Next one writes b = apK_", where (a,p) = 1,1 <a < p" forr =
0,1,..., K, and collects the terms corresponding to a fixed r which turn out to be
K(p",0,4). O

Let us remark that this implies K ,(1) = limg—oo p"®~Dr(pX, 1), which can
be viewed as the density of the solutions among the p-adic integers.

To count the number of solutions modulo pX, one uses the p-adic version of
Newton’s method.

Lemma 29. Let p be a prime, A and let k, [ be natural numbers such that | > 2k.
Suppose there is an mo € Z" for which

P(mg) = A (mod p'),

moreover suppose, that p* is the highest power of p which divides all the partial
derivatives 9 ; P (my).
Then for K > I, one has p~ X" Vrp(pK, 1) > p~n=D),

Proof. For K = [ this is obvious. Suppose it is true for K, and consider all the
solutions m, (mod p™*') of the form m; = m + pX~*s where s (mod p). Then

P(m + pX*s) =1 = P(m) — A + pX*P'(m)-s =0 (mod p*™),

which yields @ + b - s = 0 (mod p) where apX = P(m) — A and bp* = P’(m).
Then b; # 0 (mod p) for some j hence there are p"~! solutions of this form. All
obtained solutions are different mod (pX+1), and m, satisfies the hypothesis of the
lemma. O

We remark that in case of m = 1, k = 0 the above argument shows that there
are exactly p§=D@=D solutions m for which m = mq (mod p) and P(m) =
A(mod pX). It is not hard to establish now the existence of a set of regular values
for the polynomial P.
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Lemma 30. et P(m) be a homogeneous non-singular polynomial of degree d > 2,
then there exists an infinite arithmetic progression A and constants 0 < cp < Cp,
such that for all A € A

cp <K) <Cp

Proof. Let Ag = P(myp) # 0 for some fixed mo # 0. Let py, ..., ps be the set of
primes less then R. Let k be an integer s.t. pf» does not divide d A¢, forall j < J,
where d is degree of P(m). By the homogeneity relation P’(mg) - m = dAg it
follows that p’; does not divide some partial derivative 0; P (my). Fix [ s.t. [ > 2k
and define the arithmetic progression

A={A+k ]_[JJ»:l pﬁ» : k > ko}. Then we claim that A is a set of regular
values. Indeed by Proposition 28 one has for A € A

. —n(N—1 —I(N—1
Kpj(k):Nh—Igop/n( )rQ(p;V,/\)zpj "

This together with (8.98) ensures that the singular series K(A) remains bounded
from below, and the error term becomes negligible by choosing k = kp large
enough. O

Let us remark that along the same lines it can be shown, that all large numbers
are regular values of P(m), if for each prime p < R and each residue class
s (mod p), there is a solution of the equations P(m) = s (mod p) such that
P'(m) # 0 (mod p). This is the case for example for P(m) =}, m‘f.

8.3.2 Upper Bounds for the Discrepancy

We will prove Theorem 12 by extending the arguments given in Sect. 8.2 to the case
of a general homogeneous non-singular hypersurface. Our main tool again will be
the asymptotic expansion (8.95)

GrE) = AT YT mga(®) + Ea(),

g<Nd—Dé

where

mea(€) = Y K(q.1.2) ¥ (g —1) (7 (E—1/q)).

lez"

Note that 0 < 6 <
estimates

s and N = A4, Moreover we will need the decay

I6(5)] < (1+[g))~ D! (8.99)

1Kp(g.1.0)] <. q Dt (8.100)
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Recall that the discrepancy of the set Z),, = {A~"/m: P(m) = A} with respect
tocaps Co¢ = {x € Sp : |x-§ > a} may be written as

DrEN = Y 1O Vim-g) - N, /S Ka(x ) do(x),

P(m)=A\

where N, is the number of solutions of the diophantine equation P(m) = A, and
Xa 1s the indicator function of an interval [a, b], b being a fixed constant such that
|x-&| < b forall x € Spand £ € S" .

We turn to the proof of Theorem 12. As before, it will be enough to estimate the
“smoothed” discrepancy

DrGus& M = 3 dusGim- =Ny [ fuse-9)doo,

P(m)=A

for, say 6 = A™". Taking the inverse Fourier transform of the functions ¢, s, we
have

> tas (k“/dm-é‘)=/ﬁq3a,s(tﬁ)cm(tg)dt (8.101)
P(m)=A R
also
/ Gus (x-£) do(x) = / Fos(0)5(15) . (8.102)
i1 R

Moreover, as in (8.43) and (8.44), set
loi= [ F33s02 8 myae6)
and
6 1= [ Mhusrh e dr
First, we estimate the error term using (8.95)

|6 < N"‘d_"W/(l + 1)+ 8! (8.103)
R

<K AT (log A) < ATV, (8.104)
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Next, we decompose the integral I, ; as in (8.46), and observe that for |t < 1/8q
mga(tE) = K(q,0,1) 5(A7 t8).
Lemma 31. We have

P D / as (x-§) do(x)| « AUV (8.105)
Sp

g<N@=10
Proof. By the above observation and a change of variables t = A'/?¢ , we have

dYooL= ). K@g0.} o s (1) 5(E) dr.

g<N@—10 g<N@—18 lt|<N/8q

We extend the integration to the whole real line to exploit (8.102), the error obtained
is bounded by

[ GesO]15(E)] df < [ (Ut 1)y bdi < N~B+gh1,
[t|=N/8q [t|>N/8¢q

Thus

PERED SN K(q,o,k)/scm,s(x-é)d%(x)

qu(dfl)G qu(dfl)Q
L N7BFLONT g e« NT(8.106)
g<N@=10

using the facts that (d — 1)0 < % and 5 —2 > nya, choosing ¢ > 0 sufficiently
small. O

Lemma 32. One has

Dol < N (8.107)

g<Nd—Dé

Proof. Since V¥ (gé — 1) = 0 unless [ = [¢€], the nearest lattice point to the point
q&, we have that

g (18) = K(q. [g16. 1) v (qi)) & (% {qrs}) .
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By making a change of variables ¢ := tq, it follows from (8.99) and (8.100)
[12,] < N™ot2g71%e g,

where
D= [ BN I
lt]=1/8
Note that forg < N@=D¢ < N1/2
~ q _ _
|bas N/ < 1] H A+ 18~
By a dyadic decomposition of the range of integration, using (8.36), we have

q . i1 i
AR > 27 (14682))7 < g NI

j==3
with ¢’ = nde. Choosing ¢ > 0 sufficiently small, this implies

Yoohl < Y NI « NTHERZ g N (8.108)

qu(dfl)G qul/Z

|

Finally, we remark that Theorem 12 follows immediately from estimates (8.103)—
(8.107). |

8.3.3 The Distribution of the Solutions Modulo 1

We will study the distribution of the images of the solutions of a diophantine equa-
tion P(m) = A on the flat torus T" = R"/Z", viathe map T, : (my,...,m,) —
(may,...,mya,) (mod 1), where ¢ = (¢p,...,0,) € R” is a given point. We
will assume, as before, that P is a positive, homogeneous, non-singular polynomial
of degree d, and n > ny is large enough with respect to the degree. Note that if
one of the coordinates «; is rational, say equal to a/q, then m;¢; can take at most ¢
different values modulo 1, so the images of the solution sets

20 :={mo,...,mya,): P(my,...,m,) =1} CT" (8.109)

cannot become equi-distributed on the torus as A — oo, even if one restricts to
regular values only. In the opposite case, we have
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Theorem 33. Let o = («y,...,a,) be point such that «; is irrational for all 1 <
i <n, and ¢ be a smooth function on T". If A is a set of regular values of the form
P, then one has

lim  N7'OY gOmaen.. .. macy) =/ #(x) dx, (8.110)
-

A—00, €A
P(m)=A

where N, is the number of solutions of the equation P(m) = A.

Proof. For simplicity, let us introduce the notation m oo = (my, ..., m,a,). By
using the inverse Fourier transform ¢(8) = Y_;cz ¢(1)e*™ P!, we have

Z p(moa) = Z q;(;) Z p2ri(milion +...mylyon)

P(m)=A lezn P(m)=A
=Y ¢l o) = Ni$(0) + o),  (8.111)
leZn
where
Ty(o) = Z A1) &3l o). (8.112)
leZn,1#0

Substituting the asymptotic expansion (8.95) into the above expression we have

i)=Y, Y muloa)pd) + Y Exl oa)p().

g<N@=0 [0 170
Using the fact that qAb(Z) < Cy(1 4 |[])™ forall M € N, estimate (8.97) implies

Y IE oa)p(D)] < N"™7 ||| <« N7, (8.113)
140

where N = A4 and y; > 0 is a constant depending on d. Also, by (8.100) one
has

n A N
Imga(l oa)| <. N" dg~pt1te5 (; gl oa||). (8.114)

Since « € (R/Q)” by our assumption and / # 0 we have that ||g/ o | > 0, thus

mgr(loa)y -0 as A — oo.
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Let ¢ > 0 be fixed, then by (8.114) one estimates crudely

Y D mgaloa) ()] < N 3" g7 < NI (8.115)

q=N°® |40 q=Ne

Also, for a fixedg < N°

> Imgaloa) ()] < N" 7%, (8.116)

[[|=N¢

by using the decay estimate |p(/)| < (14 |/|)~2".
Since for regular values A € A the number of solutions is N, =~ Al =
N4 (8.110) follows from (8.114)—(8.116). O

Leta = («y,...,®,) be a point such that each of its coordinates ¢; is diophantine
in the sense that ||/a;|| > C.|I|~'=¢ for I € Z/{0}, for every ¢ > 0. We will call
such points o diophantine, and we can extend this definition to points ¢ € T" as o
diophantine if and only if @ + m is such for any m € Z". Note that this condition on
« is different from the notion used in Sects. 8.2-8.3, nevertheless (8.3) implies that
the set of diophantine points of the torus has measure 1. Also, it is immediate from
the definition that for any [ = (Iy,...,[,) € Z",] # 0 we have that

1 oal > C. 17" (8.117)

For diophantine points o we will derive quantitative estimates on the discrepancy
of the sets 2, , with respect to both smooth functions and compact, convex bodies.
To be more precise, for a smooth function ¢ € C%(T") define the associated
discrepancy as

D(¢.a.2) = Y qb(moa)—NA/T”qS(x)dx. (8.118)

P(m)=2

Theorem 34. Let o € T" be a diophantine point, and let ¢ € C°(T"). Then for
n>ng =dd—1)2¢%" one has

|D(¢p,a, A)| < Aa=1=mma, (8.119)

with a constant g > 0 depending only on the degree d.

Proof. We will argue as in the proof of Theorem 33, using condition (8.117) and
the decay estimates (8.99) and (8.100). To start, observe that by (8.111)—(8.112)

D(¢,a,A) = Th(a) < Z Z Imgy.al |<]3(l)| + (N4,

g<NW@=D8 [£0
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Since « is assumed to be diophantine we have for all ¢ > 0

) N BRI
ID(¢.a.2) < N"™4 " N gb ! (1+;||qloa||) l6(1)] (8.120)

g<NW@=9 10

n—d —5+1 N b i —2n
<L N Yo D g 1+W (L+ 1)~

g=N@=D8 10

Now the parameter 6 in the asymptotic formula (8.95) was chosen such that (d —
1)6 < 1/2, accordingly we will set ¢ = (1 —2(d — 1)60)/4. This will ensure that

N &
q2+£|lll+s > N,

for | <gq < N@=D% and 0 < |I| < N?, thus by (8.120)

S T v —
g<NW@—DO 0<|l|<N*®

with, say ns = (1 —2(d — 1)0)/8D. The rest of the sum is estimated crudely by

Nn—d Z Z q—%+l(1+|l|)—2n < Nn—d—sn'
g<NU@=DO |I|=N*

This finishes the proof of Theorem 34. O

Finally, we will study the discrepancy of the image sets £2,, with respect to
compact, convex bodies K C (—l, %)", when the flat torus T” is identified as
a set with —%, %)”. Let us remark that in this case one cannot hope for better
upper bounds than O (A4 ="'~ 7 ). Indeed, consider the discrepancy with respect to the
family of cubes K, = [—c, c¢]". The number of solutions of the equation P(m) = A
is &~ A"/~ but (as P(m) ~ |m|?) each coordinate can take < A'/¢ values, thus
the number of solutions m = (m, ..., m,) with m, being fixed is at least )ﬁ_l_%,
for some value of m,. Fix such an m| and let c; = m«; (mod 1). This means that
the boundary of the cube K., contains at least A 1=z points of the set 2, so the
discrepancy changes by at least this much as ¢ passes through c; and thus one cannot
have a better uniform upper bound on it. We will prove a similar upper bound, of the
form O(Ad~'="4) with a constant n; > 0 depending only on the degree d which as
uniform over a large family of convex bodies.

We will use the fact that if K C (—%, %)” is a closed convex set with non-empty
interior then there exist convex sets K and K3 such that for sufficiently small § > 0

B(K1,8) € K € B(K3.8) € (-1, 1)",
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where B(K, §) is the set of points whose distance to the set K is at most §. To make
our estimates uniform for a large family of convex bodies, define the quantity §x as
the largest § > O for which there exists a point x such that x + Bs € K and also

K + Bs C [—%, %]”, where Bj is the closed ball of radius § centered at the origin.

Lemma 35. Let K C (—%, %)” be a closed convex body, and let x be a point in the
interior of K. For given 0 < § < §x/10, Cy = 2/8k, and A; = /\2_1 =1-—Cyé;
define the convex bodies K| = x + M1 K, K; = x + A, K.

If ¢ > 0 is a smooth cut-off function supported in (—1,1)" such that [ ¢ =1,
then we have

XK ¥ Qs < Xk = Xk, * Ps, (8.121)

where y g stands for the indicator function of a set K, and ¢s(x) = § "¢ (x/3).

Proof. From the definition it is immediate that K; € K € K> € (—3,3)". By

translation invariance we may assume that xo = 0 and then it is enough to show that
B(K1,8) € K and B(K,8) C K. Since K = x¢ + A1 K> = A1 K, both claim can
be shown the same way. Indeed, assume indirect that there is y € K; and 7 ¢ K
such that |y — z| < §. Then by the Hahn-Banach Theorem there is a unit vector v
for which

v~y+52v~z>maxv'x2)kl_ly-z,
xek

since )Ll_l y € K. Also, by our assumption Bs, € K, hence
yz>=v-z—8>68k—8>08k/2.
This implies
AMd > (1 =2y 2> Coddk/2,

which is a contradiction since A; < 1 and Co§x > 2. The same argument shows
that B(K,8) € K, and (8.121) follows. |

For a closed, convex body K < (—%, %)” and a diophantine point ¢, define the
discrepancy

D(K.a. V)= > xx(ma.....muay) — Nyvoly(K).
P(m)=2A

where y is the indicator function of K considered as a function on T”, and vol,, (K)
denotes the volume of the body. We have the following uniform estimate on the
discrepancy.
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Theorem 36. Let n > d(d — 1)2¢F! and let P be a non-singular integral

polynomial in n variables, and let « € R" be diophantine and let §y > 0. Then

for a closed, convex body K C (—%, %)” such that §x > 6y we have

|ID(K,a, )| « N"—47n (8.122)

where ng > 0 is a constant depending only on d, and the implicit constant in (8.122)
depends only on the polynomial P, the point o and on 8y and is independent of K.

Proof. Let us use the notation ¢g s = yg * ¢s. By (8.121) we have for § < ¢
(¢ > 0 being sufficiently small)

Z ¢K1,5(moa)_N)L/; ¢K2.5 = D(K’aak) = Z ¢K2,5(moa)_N/\/’; ¢K1.5'

P(m)=2 P(m)=2

and also
| @i — ) = CavoL (K
Tn

with a constant C < §;'. Thus

[D(K, . )| = max [D(¢x, .. A)| + O(N"~%8). (8.123)

To estimate the discrepancy with respect to the smooth functions ¢k, s we proceed
as before, with exception that now we have the estimates on their Fourier transform

6,5 = 1k, (PG| < (1 + 8|17,

in particular ||¢A>K,. slln < 87". Thus
1Y Eall o)y, 5| < N"47ms, (8.124)
10

For the main terms, we have

. ; N BN
S Il o0l < N gTEH (1 ) T s

0<|l/|<N¢

« N"A=e =) = hAign (8.125)
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forg < N@=19 choosing e = (1 —2(d — 1)0)/4 as before. Also

Y Imgaloa) g, s(D] < N"q=5H 3" (14 8|1~

UE UE

& N'"4g=5H1 (1 + 8N®)™2" N, (8.126)

Let § = N~ then the right side of both (8.125) and (8.126) is O(N"~?~i5
¢~ 511, Summing for 1 < ¢ < N@~D? and using (8.123) we obtain the estimate

ID(K,a, )| « N"4~p,

Finally note that the exponent 7y := ;% depend only on the parameter ¢ and D,
hence ultimately only on dimension d, while the implicit constants in our estimates
depend on the parameter §; and not on the body K. This finishes the proof of
Theorem 36. O

8.3.4 Some Possible Further Directions

Our estimates on the uniformity of the distribution of solutions to diophantine
equations in many variables are by no means exhaustive. In fact even in the case
of the sphere, it is not clear if our upper bounds are sharp or even what should be the
sharp bounds. A closely related problem is to find lower bounds for the mean square
average of the discrepancy of the lattice points on spheres over the family of all
spherical caps. It is expected that the lattice points are far from optimally distributed
and essentially higher lower bounds can be obtained then the uniform lower bounds
given in [3, 15] and [12]. To obtain nontrivial lower bounds one may exploit the fact
that lattice points in small caps are concentrated on lower dimensional spheres.

For higher degree polynomials it is unrealistic to expect sharp bounds in the
generality we have discussed. The special case of the polynomial P(m) = mf +
ce mZ (d even) deserves special attention as the number of the solutions of the
equation P(m) = A, the so-called Waring problem, has been studied extensively. In
fact much sharper asymptotic formulas have been obtained than the ones which
can derived from the Birch-Davenport method [18]. In general we have only
considered positive polynomials of even degree, however there are natural analogues
for indefinite forms. Indeed one may identify the solution set of the diophantine
equation P(my,...,m,) = 0 within the box |m;| < N as the set of lattice points
Zp(N) =S NZ"N[—=N,N]" where S = {P = 0} is the zero surface of P. One
can shrink this set by a factor of N and study the discrepancy with respect to caps
as N — oo.

Let us also remark that weaker bounds we have obtained for the distribution of the
solutions modulo 1 seemed partly because of we have allowed very rough convex
sets K. It might be true that better upper bounds can be given by assuming some
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smoothness of the boundary of the convex body, however it is not even immediately
clear how to improve the bounds on the discrepancy with respect to balls.

Finally, as we mentioned in the introduction, the uniformity of distribution of the

solutions modulo 1, is a special case of a more general phenomenon. It can be shown
[11] that the images of the solution sets { P(m) = A} become equi-distributed when
mapped to a probability measure space X via a fully ergodic commuting family of
measure preserving transformations. It would be interesting to see if one can get
estimates for the rate of equi-distribution for other measure preserving systems than
the flat torus with the coordinate shifts.
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