Chapter 4
Superirregularity

Jozsef Beck

Abstract Finding the integer solutions of a Pell equation is equivalent to finding the
integer lattice points in a long and narrow tilted hyperbolic region, where the slope is
a quadratic irrational. Motivated by this relationship, we carry out here a systematic
study of point counting with respect to translated or congruent families of any given
long and narrow hyperbolic region. First we discuss the important special case when
the underlying point set is the set of integer lattice points in the plane and the slope
of the given hyperbolic region is arbitrary but fixed; see Theorems 3-21. Then we
switch to the general case of an arbitrary point set of density one in the plane, and
study point counting with respect to congruent copies of a given hyperbolic region;
see Theorem 30. The main results are about the extra large discrepancy that we call
superirregularity. This means that there is always a translated/congruent copy of any
given long and narrow hyperbolic region of large area, for which the actual number
of points in the copy differs from the area as much as possible, i.e. the discrepancy is
at least a constant multiple of the area. Our theorems demonstrate, in a quantitative
sense, that in point counting with respect to translated/congruent copies of any long
and narrow hyperbolic region, superirregularity is inevitable.

4.1 Introduction

Notation. For any real valued function f and positive function g, we write f =
O(g) to indicate that there exists a positive constant ¢ such that | f| < cg, and
also write /' = o0(g) to indicate that f/g — 0. We write ||z|| to denote the
distance of a real number z to the nearest integer. Furthermore, ¢y, ci, ¢, . . . denote
positive constants which may depend on some of the parameters that arise from our
discussion.
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222 J. Beck
4.1.1 Pell’s Equation: Bounded Fluctuations

Our starting point is the well-known Pell’s equation, a standard part of any
introductory course on number theory. The theory of Pell’s equation, while mostly
elementary, is nevertheless one of the most beautiful chapters in the whole of
mathematics. Also, it is very important, since the concept of units plays a key role
in algebraic number theory.

We briefly recall the main results. Consider, for simplicity, the concrete equation
x? —2y? = +£1. This equation has infinitely many integral solutions; in fact, the set
of all integral solutions (xx, ;) € Z? forms a cyclic group generated by the least
positive solution. More precisely, we have

xi + V2 =21+ V2, kel
All integral solutions of x>—2y? = 1 are given by x; +yx v/2 = £(14++/2)%*, while

all integral solutions of x> —2y? = —1 are given by x; + yxv/2 = £(1 4+ +/2)%*+1,
In particular, all positive integer solutions of x> — 2y? = 1 are given by

Xk +uV2=0+vV2)* =3+2vV2)F, k=1,2.3,....

Taking the algebraic conjugate x; — yx /2 = (3 —2+/2)¥, and combining these two
equations, we obtain the explicit formulas

(34 2vV2)F + (3 —22)F (34 2v2)F — (3 —22)F
Xk = and y; = .
2 232

Since 0 < 3 — Zﬁ < %, we have

1
Xy = the nearest integer to 5(3 + 24/2)

and

1
yr = the nearest integer to ;(3 + 2x/§)k .

2

If k is large, the error is very small. For example, the 10-th solution of x> —2y? = 1
in positive integers is the pair x;o = 22,619,537 and y;o = 15,994,428. Here we
find

1
SG+ 24/2)10 = 22619536.99999998895 . . .

and
1

(3 4 2+/2)'% = 15994428.000000007815 . . ..
24/2
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Let F(N) = F(+/2:1; N) denote the number of positive integer solutions of the
Pell equation x> — 2y> = 1 up to N, in the sense that x > land1 < y < N.
We have

(B +2v2)F - (3-2v2)* _ N

k < F(N) if and only if
< F(N) y Wo

which implies the asymptotic formula

log N

o(1). .1)

The formula (4.1) says that the counting function F(N) = F(+/2;1;N) has
an extremely predictable, almost deterministic behavior: it is ¢ log N plus some
bounded error term.

Note that (4.1) has some far-reaching generalizations. Let [y, y»] be an arbitrary
interval, and let F(~/2;[y1, y2]: N) denote the number of positive integer solutions
of the Pell inequality y; < x>—2y? < y,,withx > land 1 <y < N. By using the
theory of indefinite binary quadratic forms, it is easy to prove the following analog
of (4.1). We have

F(V2i[y1,y2l: N) = colog N + O(1), 4.2)

where the constant factor co = co(+/2; Y1, 12) is independent of N.

Furthermore, we can switch from V2 to any other quadratic irrational a. This
means that o is a root of a quadratic equation Ax?> + Bx + C = 0 with integral
coefficients such that the discriminant B> — 44C > 2 is not a complete square.
An equivalent definition is that « = (a 4 ~/d)/b for some integers a, b, d such that
b # 0 and d > 2 is not a complete square. Note that the quadratic irrationals are
characterized by their continued fractions. The continued fractions of « is finally
periodic if and only if « is a quadratic irrational. For example,

24— V15 111 11 _
Y e el ——— — . =1[1:5.2.3,2,3,2,3,.. ] = [1;5.2,3].
17 5+ 24 34243+

Let us go back to (4.2) and to the special case & = /2. If =2 < y; < —1 and
1 <y, <2, then
1 2

(V2y.p) = log(1 + v2)  log3 +2v2)

(4.3)

IFor simplicity of notation, it is more convenient to restrict the second variable y.



224 J. Beck

If—1 <y <1<y, <2, then

1
co(V2: 1, = 4.4)
0(V2:y1,%2) log(3 + 2v2)
Finally, if —1 < y; < y» < 1, then of course
co(v2:y1,72) = 0. (4.5)

4.1.2 The Naive Area Principle

It is very interesting to compare these well-known asymptotic results about the
number of solutions of the Pell equation/inequality to what we like to call the Naive
Area Principle, a natural guiding intuition in lattice point theory. It goes roughly as
follows. If a nice region has a large area, then it should contain a large number of
lattice points, and the number of lattice points is close to the area.

Of course, the heart of the matter is how we define a nice region precisely.
Consider, for example, the infinite open horizontal strip of height one, given by
0 <y < 1,—00 < x < oo. It has infinite area, but it does not contain any lattice
point. The reader is likely to agree that the infinite strip is a nice region, so the Naive
Area Principle is clearly violated here.

A less trivial example comes from the Pell inequality
1

2 2

(4.6)

| =

B A i
This is a hyperbolic region of infinite area, and contains no lattice point except the
origin. The reader is again likely to agree that the hyperbolic region (4.6) is also
nice, so this is again a violation of the Naive Area Principle.

Next we switch from (4.6) to the general Pell inequality
n=x=2y"<p, 4.7

where —0o < y; < y, < oo are arbitrary real numbers. Of course, the hyperbolic
region (4.7) has infinite area. What we want to compute is the area of a finite
segment. Consider the finite region

HWV2 [y i N) = {(x.y) eR? 1y =x? =2)? <yp. x> 1, 1 <y < N}.
4.8)

If N is very large compared to the pair of constants y; and y,, then the finite region
H(~/2;[y1, 2); N) looks like a hyperbolic needle. It is easy to give a good estimate
for the area of this hyperbolic needle. We have
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Y2 — V1
H(V2;[y1, 2] N)) = log N + O(1), 4.9
area(H(~2; [y1, 2] N)) 275 e N+ (1) 4.9)

where the implicit constant in the term O(1) is independent of N, but may depend
on y; and ;.
The proof of (4.9) is based on the familiar factorization

x2=2y% = (x + yV2)(x — yV2), (4.10)

and on the computation of the Jacobian of the corresponding substitution; this
explains the factor 2+/2 in the denominator in (4.9). The details are easy, and go
as follows. In view of the factorization (4.10), it is more convenient to compute the
area of the following slight variant of the region (4.9). Let

H* (V2 [y, 72l N)

={(x,y) eR:y <x?=2y2 <y 1 <x+ yv/2 <2V2N}. (4.11)

Consider the substitution

u=x4+yvV2, wy=x—yv2, (4.12)
which is equivalent to
x_ul-l-uz y_ul—uz
2 7 22

The corresponding determinant is

a(u,v) _ 1 —+/2 _
a(x,y)_'l | =2

Applying the substitution (4.12), we have

\/_ 1 24/2N ya/ui
H*(V2 [y1, 7] N)) = — duy | d
area(H* (VE .yl V) = 5= /1 /y/ i | duy

1 /zﬁN Y2 — VY1 Y2 — V1
= — du; = log N + O(1). (4.13)
2\/5 1 s 1 2\/5 g (1)

Simple geometric consideration shows that
area(H (V2: [y1. y2]: N)) = area(H* (V2: [y1. 2 N) + O(1),

and so (4.13) implies (4.9).
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Now let us return to the Naive Area Principle. Comparing (4.2), (4.8) and
(4.9), it is reasonable to expect, in view of the Naive Area Principle, that the
counting function F(+/2;[y1,y2]; N) is close to the area of the hyperbolic needle
H(~/2;[y1,v2); N). In other words, it is reasonable to expect that

Y2—V1

2v2

Unfortunately, the Naive Area Principle is almost always violated in the quantitative
sense that (4.14) fails for the overwhelming majority of the choices —oco < y; <
y2 < oo. In fact, the two sides of (4.14) have completely different behavior. The
left-hand side of has discrete jumps and the right-hand side is a continuous function
of y; and y,. For example, as y; and y; run in the interval —2 < y; < y, < 2, the
constant factor ¢o(~/2; y1. ¥2) has only 3 possible values, namely

(W21, ) =

(4.14)

1 2
log(3 +2v2)"  log(3 +2v2)

see (4.3)—(4.5). This shows, in a quantitative way, how the general Pell inequality
(4.7) violates the Naive Area Principle.

4.1.3 The Giant Leap in the Inhomogeneous Case: Extra
Large Fluctuations

Using the familiar factorization (4.10), we can rewrite the Pell equation x> —2y? =
41, restricted to positive integers, as

|x2—2y%| <1 or Iyx/z—xl(yﬁ—}-x)fl or ||y~/§||(yx/§+x)§1,
(4.15)

where ||z|| denotes, as usual, the distance of a real number z from the nearest integer.
Notice that in (4.15), x is the nearest integer to y /2, which is an irrational number.
Since y+/2 ~ x, the inequality (4.15) is basically equivalent to the vague inequality

1 +o0(1
lyv2] < ;Toz(y) (4.16)

The vagueness of (4.16) comes from the additional term o(1), which tends to 0
as y — oo. The formula (4.16) is ambiguous, but surely every mathematician
understands what we are talking about here.

An expert in number theory would classify (4.16) as a typical problem in
diophantine approximation. Next we give a nutshell summary of diophantine
approximation.
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The classical problem in the theory of diophantine approximation is to find good
rational approximations of irrational numbers. More precisely, we want to decide
whether an inequality

1
@(n)

m ) 1
— < —_,
n nZp(n)

lne|| < or ‘a— 4.17)

or in general,

1
[no — Bl < ——. (4.18)
ne(n)

where « is a given irrational number and § is a given real number, has infinitely
many integral solutions in 7, and if this is the case, to determine the solutions, or at
least the asymptotic number of integral solutions. Here ¢ () is a positive increasing
function of n.

The diophantine inequality (4.17) is said to be homogeneous, whereas the
diophantine inequality (4.18) is said to be inhomogeneous. For example, in the
homogeneous case, the best possible result is Hurwitz’s well-known theorem, that
for any irrational number «, the inequality

1
nall < —=

V5n

has infinitely many positive integer solutions.
In the inhomogeneous case, we can mention an old result of Kronecker, that for
any irrational number « and any real number 8, the inequality

3
Ina — Bl < —
n

has infinitely many positive integer solutions. Perhaps the strongest inhomogeneous
result is Minkowski’s theorem, that for any irrational number ¢, the inequality

1

Inec = Bl < -

has infinitely many integer but not necessarily positive solutions, unless 0 < § < 1
is an integer multiple of @ modulo one.

The homogeneous case (4.17) has a complete theory based on the effectiveness
of the tool of continued fractions. These are classical results due mostly to Euler
and Lagrange. Unfortunately, we know much less about the inhomogeneous case.
Very recently, the author proved some new results in this direction, and basically
covered the case when « is an arbitrary quadratic irrational and S is a typical real
number. These results form a large part of the forthcoming book [2]; see also the
recent papers [8,9].
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Before formulating our main results, we want to first elaborate on the connection
between homogeneous/inhomogeneous diophantine inequalities, such as (4.17) and
(4.18), and homogeneous/inhomogeneous Pell inequalities.

4.1.3.1 Homogeneous and Inhomogeneous Pell Inequalities
The general form of a quadratic curve on the plane is

anx® 4 apxy + any® + a;x + any +ax = 0. (4.19)
We are interested in the integral solutions (x, y) € Z? of an arbitrary inequality

Y < anx’ +apxy +any’ +apx +any <y, (4.20)

where y; < y, are given real numbers. Note that the inequality (4.20) defines a
plane region, and the boundary consists of two curves of the type (4.19). In the case
of negative discriminant D = afz — 4ajjaxn < 0, the inequality (4.20) defines a
bounded region where the boundary curves are two ellipses. The case of positive
discriminant D = afz — 4aya»n > 0 is much more interesting, because then
the inequality (4.20) defines an unbounded region, where the boundary curves are
two hyperbolas, and thus we have a chance for infinitely many integral solutions of
(4.20).

For simplicity, assume that the coefficients a1, a1z, a»; in (4.20) are integers and
D = afz —4aj1a; > 0. We can factorize the quadratic part in the form

anx? + apxy + any? = aj(x —ay)(x —a'y), 4.21)

where

— D —ap— /D
o = alz—-'_“/— and o = 6112—«/_. (4.22)
2ay; 2ayy

Using (4.21), we can rewrite (4.20) in the form

M <@—ay+p)x—ay+p) =<y, (4.23)
where
a a
p1+p2:_13 and 0/,01"‘0(,022_2.
ap an

Note that yy, y» are generic numbers; the pair y;, y» in (4.20) is not necessarily the
same as the pair y, y» in (4.23).
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Without loss of generality we can assume? that |a;;| < a;; < /D/3, and then
we have o > 0 > o,

For simplicity, assume that the interval [y, y»] is symmetric with respect to 0, so
that it is of the form [yy, y2] = [—V, ¥]. Assume also that we are interested in the
positive integral solutions of (4.23). Since o > 0 > «/, for large positive x and y,
the second factor (x — «’y + py) in (4.23) is also large and positive, implying that
the first factor (x —ay + p1) in (4.23) has to be very small. In other words, x has to
be the nearest integer to (ey — p;). It follows that the symmetric version of (4.20),
namely

—y <anx*+apxy +any* +apnx +any <y,

where y > 0 is a given real number, is equivalent to the diophantine inequality

where ¢ = 4 —ﬂ. (4.24)

c
y+ 0(1)’ a—o D

Let us return to the inequality (4.20). If the linear part a;3x 4 a»3y in the middle
is missing, i.e. aj3 = ap3 = 0, then we have a complete theory based on Pell’s
equation. More precisely, write Q(x,y) = aj;1x> + appxy + axny?. Then y; <
Q(x,y) <y, if and only if

lye —pi <

Q(x,y) =m forsome m € Z satistying y; <m < y;.

We have a complete characterization of the integral solutions of Q(x, y) = m for
any integer m as follows. For any integer m, there is a finite list of primary solutions,
say, (x;,y;), j € J, where |J| < oo, such that every solution x = u, y = v of
Q(x, y) = m can be written in the form

D n
u—ov ==+ (%) (-xj _ayj)

for some j € J andn € Z, where x = up > 0, y = vyp > 0 is the least positive
solution of Pell’s equation x> — Dy? = 4. As a byproduct, we deduce’ that the
number of positive integral solutions of the inequality

120X, y)<y, 1<x=<N, 1<y=<N

has the simple asymptotic form ¢ log N + O(1), where ¢ = c(ai1, a2, a2, Y1, ¥2)
is a constant and the error term O(1) is uniformly bounded as N — oo.

2This is a well-known fact from the reduction theory of binary quadratic forms. We omit the proof;
see, for example, [31].

3For a more detailed proof; see [23].
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Exactly the same holds if there is a non-zero linear part a;3x + a»3y in (4.20),
but its effect cancels out. Note that p; in (4.23) is an integer.

Finally, if p; is not an integer, then we say that (4.23) is an inhomogeneous Pell
inequality. In view of (4.24), an inhomogeneous Pell inequality (4.23) is basically
equivalent to an inhomogeneous diophantine inequality

Ina — B| < f; (4.25)

with ¢ = yaj1/~/D, where o is a quadratic irrational defined in (4.22). The
inequality (4.25) is a special case of (4.18) where ¢(n) is a constant.

4.1.3.2 Some Results

One of the main results in the forthcoming book [2] describes the asymptotic
behavior of the number of positive integral solutions of (4.20) for every non-square
integer discriminant D > 0 and almost all a3, a»3. The number of solutions

» exhibits extra large fluctuations, proportional to the area,

 satisfies an elegant Central Limit Theorem, and

 satisfies a shockingly precise Law of the Iterated Logarithm; see Theorems 3, A
and B below.

For notational simplicity, we formulate the results in the special case of discrim-
inant D = 8, which corresponds to the most famous quadratic irrational & = /2.

Since the class number of the discriminant D = 8 is one, the general form of an
inhomogeneous Pell inequality of discriminant D = 8 is

M=+ ) =200+ B2) <, (4.26)

where y; < y; and B, B2 € [0,1) are fixed constants. For notational simplicity,
we restrict ourselves to symmetric intervals [—y, y] in (4.26); note that everything
works similarly for general intervals [yy, y»].

The factorization

(X + B> =20y + )’ = (x + B —yV2)(x + B+ yV2), (4.27)

where B = B, — 2+/2 and B’ = B + PB2~/2, clearly indicates that the asymptotic
number of integral solutions of (4.26) depends heavily on the local behavior
of nv/2mod 1. In fact, (4.26) is essentially equivalent to the inhomogeneous
diophantine inequality

Inv2 =Bl < = 4.28)

with ¢ = y/2+/2.
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To turn the vague term essentially equivalent into a precise statement, we proceed
as follows. Let F(~/2; B1, B2;y: N) be the number of integral solutions (x, y) € Z?
of the inequality (4.26) with y, = y and y; = —y satisfyingl <y < Nandx > 1.
It means counting lattice points in a long and narrow hyperbola segment. Next let
f(~/2; B:c; N) denote the number of integral solutions 7 of the inequality (4.28)
satisfying 1 < n < N, where B = B, — B2~/2. Now essentially equivalent means
that for almost all pairs f1, B2, we have F(~/2; B1, B2;viN) — f(V2; Bic;N) =
O(1)as N — oo, where ¢ = y/2+/2. More precisely, we have

Lemma 1. Let y > 0 and B, be arbitrary real numbers. Then for almost all B,
there exists a finite 0 < C(fB1, B2, y) < oo such that

1
/0 C(B1.Ba.y) dB < oo
and
|F(V2: B By N) = f(V2: i N)| < C(Br. . )

forall N > 1, where c = y/2/2 and B = By — Ba~/2.

We postpone the simple proof to Sect. 4.3.
In view of Lemma 1, it suffices to study the special case 8, = 0 and 8, = f.
We have

—y<(x+p)P-2y" <y, (4.29)

where y > 0 and B € [0, 1) are fixed constants. For simplicity, let F(~/2; B;y: N)
denote the number of integral solutions (x, y) € Z? of (4.29) satisfying 1 <y < N
and x > 1. Note that F(+/2; B;y; N) counts the number of lattice points in a long
and narrow hyperbola segment, or hyperbolic needle, located along a line* of slope
1/+/2; see Fig. 4.1.

In the special case y = 1 and B = 0, the inequality (4.29) becomes the simplest
Pell equation x> — 2y? = 1. The integral solutions (xx, y) form a cyclic group
generated by the smallest positive solution x = y = 1 in the well-known way. We
have x; + yx+v/2 = (1 + +/2), implying the familiar asymptotic formula

log N

F(~/5§,3=0§)/=1;N)=10g(1—+@

o), (4.30)

where 1 4+ +/2 is the fundamental unit of the real quadratic field Q(+/2).
In sharp contrast to the bounded fluctuation in the homogeneous case 8 = 0, the
inhomogeneous case can exhibit extra large fluctuations proportional to the area;

4If B = 0, then the line is y = x/+/2.
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y=x/V2

inhomogeneous y homogeneous

y=-x/V2

Fig. 4.1 A hyperbolic needle

see Theorem 3 below. To explain this, first we have to compute the mean value of
F(+/2; B;y: N) as B runs through the unit interval 0 < g < 1.

Lemma 2. We have

1
ey
/0 F(V2: iy N) 8 = Lotog N + (1), @31

where the implicit constant in the term O(1) is independent of N, but may depend
on y. Moreover, for an arbitrary subinterval 0 < a < b < 1, we have

lim e Jy FV2ZBiyiNY By 432)
N—>00 log N V2 '

The estimates (4.31) and (4.32) express the almost trivial geometric fact that the
average number of lattice points contained in all the translated copies of a given
region, a hyperbola segment in our special case, is precisely the area of the region;
see Lemma 5. We shall give a detailed proof of Lemma 2 in Sect. 4.3.

Now we are ready to formulate our first, and weakest, extra large fluctuation
result, demonstrating that the fluctuations can be proportional to the area. This result
is hardly more than a warmup for, or simplest illustration of, the main results that
will come later.
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Theorem 3. Fory =
in the sense that

1 . . . *
3, there are continuum many divergence points f* € [0, 1)

. F(V2iB*y =1/2%n) . F(N28*y =1/2;n)
lim sup > liminf .

(4.33)
n—00 logn n—>00 logn

Note that the fluctuation czlogn in F(+/2;8*;y = 1/2:n) is as large as
possible, apart from a constant factor. This follows from Lemma 4 in the next
section. It is fair to say that Theorem 3 represents a sophisticated violation of the
Naive Area Principle.

We postpone the proof of Theorem 3 to Sect. 4.3.

Note that Theorem 3 has a far-reaching generalization. It holds for every y > 0,
and we actually have the stronger inequality

F(V2; 8% y; .. F(W2: 8% y;
imsup LBV v FG2T i)

(4.34)
=00 logn 2 n—00 logn

We shall return to this in Sect. 4.4; see Theorem 12.

Another far-reaching generalization of Theorem 3 will be discussed in Sect. 4.9;
see Theorem 21.

Finally, an extra large fluctuation type result for arbitrary point sets, instead of
the set Z2 of lattice points, will be discussed in Sect. 4.10; see Theorem 30.

We refer to these extra large fluctuation type results as superirregularity.

4.2 Defending the Naive Area Principle

The estimate (4.30) and inequality (4.33) display the two extreme cases: (1) the
negligible bounded fluctuations around the main value which is a constant multiple
of log N; and (2) the extra large fluctuations proportional to the area. But what kind
of fluctuations do we have for a typical f satisfying 0 < B < 1? We show that
for a typical B, the asymptotic number of solutions F' (\/5; B:y;N),as N — oo,
justifies the Naive Area Principle. And beyond that, a more thorough look reveals
randomness.

Talking about randomness, note that the two most important parameters of a
random variable are the expectation, or mean value, and the variance. For the
function F (\/5; B;v; N), the estimate (4.31) gives the expectation.

Explaining why the natural scaling is exponential. Note thatforany 1 < M < N,
the counting function is slowly changing in the sense that

F(ﬁ;ﬂ;y;N}—F(ﬁ?ﬂ?)ﬁM): O(log(N/M)), (4.35)
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where ¢4 1log(N/M) is the corresponding area. The geometric reason behind this
is the exponentially sparse occurrence of lattice points in the corresponding long
and narrow tilted hyperbola. The proof of (4.35) is a straightforward application of
Lemma 4 below.

We have the following corollary of (4.35). If M = c¢N, i.e. n runs through
the interval cN < n < N with some constant 0 < ¢ < 1, then the fluctuation
of F(+/2;B:y;N) is a trivial O(1). This negligible constant size change O(1) in
(4.35), as n runs through cN < n < N, explains why it is more natural to switch
to the exponential scaling F(~/2; B;y:e"). In the rest of this discussion, we shall
often prefer the exponential scaling.

The variance comes from the following non-trivial result. For any y > 0, there is
a positive effective constant 0 = o (y) > 0 such that

1 v 2
nggoﬁ/o (F(ﬁ;ﬁ;y;eN)—%N) 4B = (7).

The proof of this limit formula is based on a combination of Fourier analysis
(Poisson summation formula, Parseval formula) and the arithmetic of the quadratic
number field Q(«/f); see [2].

The first probabilistic result, nicely fitting the general scheme of determinism vs.
randomness, is the following; for the proof, see [2].

Theorem A (Central Limit Theorem). The renormalized counting function

F(V2;Biyie) — (y/vV2)N
o(y)vVN ’

has a standard normal limit distribution as N — oc.

0<p<l,

To give at least some vague intuition behind Theorem A, we write
Gi(B) = F(W2:Biyiel) = F(N2: B;y:e/™), j=1,2,....N.

In other words, G (8) is the number of integral solutions n € N of (4.29) satisfying
e/ l<n<el.

Note that G (B) is a bounded function. This follows from Lemma 4 below, and
from the obvious geometric fact that any short hyperbola segment corresponding
to G; is basically a rectangle. More precisely, any short hyperbola segment
corresponding to G; can be approximated by an inscribed rectangle R; of slope
1/+/2 and a circumscribed rectangle R of slope 1/+/2 such that the ratio of the
two areas is uniformly bounded by an absolute constant.

It is time now to formulate

Lemma 4. Every tilted rectangle of slope 1/~/2 and area % contains at most one
lattice point.
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We postpone the proof of this simple but important result to the next section.

Lemma 4 can be easily generalized. The same proof gives that for any quadratic
irrational «, there is a positive constant ¢s = c¢s(«) > 0 such that every tilted
rectangle of slope « and area c5 contains at most one lattice point.

Our key intuition is that the bounded function G, (8) resembles the j-th Rade-
macher function, so the sum

N
F(ﬁ;ﬂ;y:eN)—%N = Z(Gj(ﬁ)—%),

j=1

as a function of B € [0, 1), behaves like a sum of N independent Bernoulli variables

F(ﬁ;ﬁ;y;eN)—%Nm:i:l:tl:t...:tl,
N

referred to often as an N -step random walk.

Our next result, Theorem B, can be interpreted as a variant of Khintchine’s
famous Law of the Iterated Logarithm in probability theory; see [21]. We show
that the number of solutions F(+/2; 8; y;e") of (4.29) oscillates between the sharp
bounds

LG —o/n/ @2+ ¢e)loglogn < F(/2:B:y:e")

7
< %n +0o/n/(2+¢e)loglogn, (4.36)

where ¢ > 0, as n — oo for almost all 8. Note that (4.36) fails with 2 — ¢ in place
of 2 + ¢, where ¢ > 0. Here the main term (y/+/2)n means the area, so (4.36) can
be considered a highly sophisticated justification of the Naive Area Principle.

The estimate (4.36) is particularly interesting in view of the fact that the classical
Circle Problem is unsolved, and seems to be hopeless by current techniques. What
(4.36) means is that we can solve a Hyperbola Problem instead of the Circle
Problem. More precisely, we can prove for long and narrow tilted hyperbola
segments what nobody can prove for large concentric circles. Namely, we can show
that for almost all centers, i.e. for almost all values of the translation parameter
B, the number of lattice points asymptotically equals the area plus an error which,
even in the worst case scenario, is about the square root of the area. For circles the
corresponding maximum error should be the square root of the circumference.

The Law of the Iterated Logarithm is one of the most famous results in classical
probability theory, and describes the maximum fluctuation in the infinite one-
dimensional random walk. The term infinite random walk refers to an infinite
sequence of random Bernoulli trials, where each trial is tossing a fair coin.
Of course, coin tossing belongs to the physical world; it is not a mathemat-
ical concept. But there is a well-known pure mathematical problem, which is
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considered equivalent. We can study the digit distribution of a typical real number
written in binary form

bt by, b
:B—E'i‘?-}-?—i-...,

where each b; = 0 or 1; here we have assumed for simplicity that 0 < 8 < 1. The
infinite 0-1 sequence

by = bi(B).by = b2(B). b3 = b3(B), ...,

i.e. the sequence of binary digits of 0 < § < 1, represents an infinite heads-and-tails
sequence, say, with 1 as heads and 0 as tails. The sum

B,=B,8)=b1+by,+bs+ ...+ b,

counts the number of 1’s, or heads, among the first n binary digits of 0 < 8 < 1.
Borel’s classical theorem about normal numbers asserts that

B.(f) 1
n 2

for almost all 0 < 8 < 1.

Let S, = S,(B) denote the corresponding error term
S, = Su(B) = 2B, (B) —n = number of heads — number of tails,

so that S, = S, (B) represents the number of heads minus the number of tails among
the first n random trials, or coin tosses.
A well-known theorem of Khintchine [21] asserts that

lim sup —Sn h)
n—oo +/2nloglogn

Note that Khintchine’s Theorem is a far-reaching quantitative improvement on
Borel’s famous theorem on normal numbers. The long form of Khintchine’s
Theorem says that for any ¢ > 0 and almost all 8, we have the following two
statements:

o Su(B) < (1 + ¢)4/2nloglogn for all sufficiently large values of n; and
o S:(B) > (1 —e)/2nloglogn for infinitely many values of n.

This strikingly elegant and precise result is the simplest form of the so-called Law
of the Iterated Logarithm, usually called Khintchine’s form.

Let us return to (4.36). The fact that it is an analog of Khintchine’s Law of
the Iterated Logarithm suggests the vague intuition that the lattice point counting

=1 foralmostall0 < g < 1.
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function F(+/2; B;y:¢e") behaves like a generalized digit sum as B runs through
0<p<l.

What we are going to actually formulate below are two generalizations or
refinements of (4.36); see Theorem B. The first generalization is that for almost
all B, (4.36) holds for all y, or in general, for all intervals [y;, y,]. This is a variant
of the so-called Cassels’s form of the Law of the Iterated Logarithm; see [12].

The second generalization of (4.36) is the Kolmogorov—Erd&s form, an ultimate
convergence-divergence criterion, which contains Khintchine’s form as a simple
corollary; see [14, 15,22].

Theorem B (Law of the Iterated Logarithm).
(i) Let ¢ > 0 be an arbitrarily small but fixed constant. Then for almost all B,

14 n
—n—0+ 2+ ¢e)nloglo n<F\/§; Ty e
NG V(2 + e)nloglog (V2 Biyie")

<X nto/Ctemnloglogn (437

V2

holds for all y > 0 and for all sufficiently large n, i.e. for all n > no(B, y).
(ii) Let ¢(n) be an arbitrary positive increasing function of n. Let y > 0 be fixed.
Then for almost all B,

F(V2: Biyie") > %n + p(n)o/n

holds for infinitely many values of n if and only if the series
o0
3 ) 2 (4.38)
n
n=1

diverges. The same conclusion holds for the other inequality

F(V2: Biyie") < %n — p(n)o /1.

Note that (4.37) is sharp in the sense that 2 4 ¢ cannot be replaced by 2 — ¢.

Remarks. (i) By Lemma 1, we have f(+/2;8;¢:N) = F(v/2:8:y:N) + 0(1)
as N — oo, where ¢ = y/2+/2. So Lemma 1 implies that Theorems A
and B remain true if F(+/2;8;y;N) is replaced by the number of solutions
f(¥/2; B; c; N) of the inhomogeneous diophantine inequality (4.28).

(ii) In Theorem B(i), there is a dramatic difference between rational § and almost
all B. For every rational f, the counting function has the form

F(N2:B;y;N) = c(y)logN + O(1) as N - o
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for all y > 0, and it remains valid if +/2 is replaced by any quadratic irrational.
This bounded size fluctuation around the main term ¢ log N, which is typically
not the area, jumps up considerably. By (4.37), we have square root size
fluctuations around the main term, which is the area, so the fluctuations have
size the square root of the area, and this holds for almost all 8 and all y > 0.

Let us return to (4.36). It is a special case of Theorem B(ii) with
o) =(2=x¢) loglogn)l/z.

Indeed, the series (4.38) is divergent or convergent depending on whether we have
2 + ¢ or 2 — ¢ in the definition of ¢ ().

We can obtain a much more delicate result by choosing a large integer k > 4 and
writing

o(n) = (2logyn +2logyn + 2log,n + ... +2log,_n + (2:i:s)logkn)l/2.

Beware that here, and here only, we use the space-saving notation log,n =
loglogn, i.e. it means the iterated logarithm instead of the usual meaning as base
2 logarithm, and in general, log, n = log(log,_, n) denotes the k-times iterated
logarithm of n. With this choice of ¢(n), we have

1
; nlognlog,nlogyn...log,_, n(log, n)'+e/2’

o

Z p(n) =9 )2
n

n=1

which is divergent or convergent depending on whether we have 2 + ¢ or 2 — ¢ in
the definition of ¢(n).
This example clearly illustrates the remarkable precision of Theorem B(ii).
Next we focus on a simple consequence of Theorem B. Let ¢ > 0 be arbitrarily
small but fixed. Then by Theorem B, the inhomogeneous diophantine inequality

Inv2—pll < = (4.39)

has infinitely many integer solutions n > 1 for almost all 8, in the sense of the
Lebesgue measure.
Inequality (4.39) corresponds to the hyperbola segment

C
|y_:3|<;v xilv

where f is fixed, and this has infinite area. But we may go further, and consider
smaller regions

1
x log x loglog x’

ly =Bl < ly =Bl <

xlogx’
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and the like. They all have infinite area, since

N dx

N
d
/ il = loglog N and / —— = logloglog N,
e Xlogx e Xlogxloglogx

and the rest all tend to infinity as N — oo. It is very natural, therefore, to ask the
following question.

Question. Consider the inequalities

c

Inv2—B| < Togn” " > 1y, (4.40)
V2Bl < —————— n=n, (4.41)
nlognloglogn

and so on, where 0 < 8 < 1 is a fixed constant. Is it true that for almost all 8, in
the sense of the Lebesgue measure, the inequalities (4.40), (4.41) and the like have
infinitely many positive integer solutions n?

Well, the answer is affirmative.

Theorem C (Area Principle for +/2). Let W (x) be any positive decreasing
function of the real variable x satisfying

> ¥(n) = oo (4.42)
n=1

Then the inhomogeneous inequality
Inv2 =Bl < ¥r(m)

has infinitely many integral solutions for almost all 0 < B < 1, in the sense of
Lebesgue measure.

Furthermore, there is an interesting generalization of Theorem C where /2 is
replaced by any real .

To explain this generalization, Theorem D below, we recall the basic question of
diophantine approximation. We want to decide whether an inequality

)4

o — —

1 1
. < —, orequivalently, |ga—p|< —,

q

with integers p and g, or more generally, an inequality

lgell < ¥ (q). (4.43)
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where ¥ (g) is a positive decreasing function of ¢, has infinitely many integral
solutions in ¢, and if this is the case, to determine the solutions, or at least the
asymptotic number of integral solutions.

It is perfectly natural to study the inhomogeneous analog of (4.43), the inequality

lgee = Bl < ¥(q). (4.44)

where f is an arbitrary fixed real number. Of course, we may assume that 0 < 8 < 1.

Is there any connection between the solvability of the homogeneous inequality
(4.43) and the inhomogeneous inequality (4.44)? Theorem C is about the special
case & = +/2, and it justifies the Naive Area Principle. Recall that the Naive Area
Principle is a vague intuition claiming that a nice region of infinite area must contain
infinitely many lattice points. We know that the Naive Area Principle is false for the
hyperbolic region —% <x?2-2y? < %, which has infinite area and contains only
one lattice point, namely the origin. This Pell inequality is basically equivalent to

the diophantine inequality

C
lg~/2] < . (4.45)

with ¢ < 27%/2, and (4.45) does not have infinitely many integral solutions in ¢ if
the constant ¢ < 27%/2,

The failure of the Naive Area Principle for (4.45) is compensated by the success
of the Naive Area Principle for the inhomogeneous inequality

lg~2 = Bl < v (q),

which has infinitely many integral solution ¢ for almost all 8, provided that v (x)
is any positive decreasing function of the real variable x satisfying (4.42). This is
the statement of Theorem C. The next result generalizes the special case @ = +/2 to
arbitrary real .

Theorem D (General Area Principle). Let V¥ (x) be any positive decreasing
function of the real variable x satisfying (4.42). For any real number «, at least
one of the following two cases always holds:

(i) The homogeneous inequality (4.43) has infinitely many integral solutions.
(ii) The inhomogeneous inequality (4.44) has infinitely many integral solutions for
almost all 0 < B < 1, in the sense of Lebesgue measure.

Remark. Note that divergence condition (4.42) is necessary. Indeed, if

Z V(n) < oo, (4.46)

n=1
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then the set of pairs (¢, ), for which the inequality (4.44) has infinitely many
integral solutions ¢, has two-dimensional Lebesgue measure zero. This statement
immediately follows from the statement that for every fixed B, the set of «
which satisfy (4.44) for infinitely many ¢ has Lebesgue measure zero. The second
statement has an easy proof as follows. Every such @ in 0 < o < 1 is contained in
infinitely many intervals of the form

[p+ﬁ_1/f(q) p+ﬂ+1/f(q)}
q qg  q q

with integers ¢ > N and 1 < p < ¢, and the total length of these intervals is less
than

23 " v(g).

q=N

which by (4.46) tends to zero as N — oo. This means that Theorem D is a precise
convergence-divergence type result, or we may call it a zero-one law, to borrow a
well-known concept from probability theory.

Let us return to the inhomogeneous inequality (4.44). If « is rational and f is
irrational, then (4.44) has only finitely many integral solutions for any ¥ (g) — 0 as
q — oo. Well, this is trivial. It is less trivial to find an irrational o and a decreasing
function ¥ (x) satisfying (4.42) such that for almost all 8, (4.44) has only finitely
many integral solutions. We can take any irrational 0 < « < 1 with sufficiently
large partial quotients in the sense that

1 1 [ |
a=————...=[a,az,as,...],
a+ a)+ e
where
ap ~ koeh)? (4.47)
and take
v(g) = : (4.48)
qlogq
Then the denominator g of the k-th convergent of « is roughly
Gk ~ a1as . .. ap ~ kk00eh’, (4.49)

and so

1 1
Z =0 (Zk: k(logk)3) =

— log gk
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We recall the well-known fact

1
o— 2k <
qk dkqk+1
which implies
no— 2Pkl LT (4.50)
qk qkqk+1
If g <n < qe+1k™2 and
1
[ne — B < .
nlogn
then by (4.49) and (4.50), we have
npe 1 1 2
< < . 4.51
H qk k2qx + nlogn  k(logk)3qx @.51)
If gx 4+ 1k72 < n < gr41, then define the set
A = [ne - L e — mod 1 (4.52)
T nlogn’ nlogn ’ '

n

where the summation in (4.52) is extended over all n with qk+1k_2 <n < qk+1-
Motivated by (4.51), define the set

B= | [L_; L+;} mod 1 4.53)
0<72q, LIk k(logk)3qr g~ k(logk)3gx

Clearly
Zmeas(Bk) < Z 4 < 00, (4.54)
p T4 k(logk)?
where meas denotes the usual Lebesgue measure, and
log(k?) 1
A) = = _— . 4.55
Xk:meas( K = (Z k(logk)? Xk: k(ogky2 ) =0 @3

It follows from (4.54) and (4.55) that almost all B are contained in only a finite
number of A and in a finite number of By. In view of (4.51)—(4.53), this implies
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that for almost all 8, the inequality (4.44) has only finitely many integral solutions,
where o and v are defined by (4.47) and (4.48).

For the proofs of Theorems A and B, we refer the reader to the forthcoming book
[2]. For the proofs of Theorems C and D, see the recent paper [8]. This section
was a detour, or rather a counterpart; the rest of the chapter is about extra large
fluctuations, i.e. sophisticated violations of the Naive Area Principle.

The next section is technical, and contains the proofs of Theorem 3 and
Lemmas 1-4. The truly interesting new results come later, starting in Sect. 4.4.

4.3 Proving Theorem 3 and the Lemmas

Proof of Lemma 2. First we establish the estimate (4.31). Consider the hyperbolic
needle Hy (y) = Hy(~/2:y), defined by

Hy(y) ={(x.y) eR*: =y x> =2y* <y, | <x + yv/2 < 2V2N}. (4.56)
Comparing (4.11) with (4.56), we see that
Hy(y) = H* (V2 [-y. 7] N).
so by (4.13), we deduce that

area(Hy (7)) = % log N + 0(1). (4.57)

Next we need the following almost trivial result.

Lemma 5. Let A C R? be a Lebesgue measurable set in the plane with finite
measure denoted by area(A). Then

1,1
/ / |(A + x) N Z2| dx = area(A),
0o Jo

where A + X denotes the translation of the set A by the vector x € R2.

Now by Lemma 5, we have

1 el
/0 /0 |(Hy (y) +v) NZ2|dv = area(Hy (y)). (4.58)

If v = (v1,v2) € [0, 1)? is chosen in such a way that v; —v,+/2 = f mod 1 is fixed,
then clearly

|F(V2; B;y: N) — [(Hy (y) +v) N 22| < es(p), (4.59)
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where cg(y) is a constant independent of 8 and N. The estimate (4.31) follows on
combining (4.57)—(4.59).

Next we prove (4.32). Let 0 < a < b < 1 be fixed. For any M > 1, consider the
parallelogram

QMZ{VZ(Vl,Vz)GRzla§V1—V2«/§§b,0§V1+V2\/§§M}.

If M is large, then &) is a long and narrow parallelogram, but we can then turn
it into a round shape by applying an appropriate automorphism of the quadratic
form x2 — 2y2. The substitution x; = x + 2y, y; = x + y is a fundamental

automorphism,’ and writing
12
A= ,
(i7)

we note that A, k € Z, give rise to infinitely many automorphisms preserving
the lattice points and the area. The eigenvectors of the matrix A are parallel to the
sides of parallelogram %), so on applying an appropriate power AX on the long
and narrow parallelogram &), we obtain a round parallelogram A* &), with sides
parallel to that of &), and

area(AkWM) = area(Py) = 7M.

Here round means that the diameter of parallelogram AX 22y, is O(v/M), so the
number of unit squares [0, )2 +n,neZ? intersecting the boundary of Ak Py, s

O(VM).

Combining this geometric fact with (4.58), we have

area(lt@M) /:@M |(HN ()’) + V) N Z2| dv = area(HN (]/))(1 —+ O(M_l/z)) (460)

If v = (v1,v2) € [0, 1)? is chosen in such a way that v; — n2 = B mod 1 is
fixed, then clearly

|F(V2: B;yiN) — [(Hy(y) +v) N 22| < cs(y, M), (4.61)

where cg(y, M) is a constant independent of § and N. Combining (4.57), (4.60) and
(4.61), we have

A [P F(V2: By N)dB
log N

SIndeed, we have x? — 2y? = (x +2y)*> — 2(x + y)> = —(x* — 2y?).
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_(x b ~172yy 4 8 M)
—(ﬁ+0(10gN))(1+0(M ) + ogN (4.62)

Since M can be arbitrarily large, (4.62) implies (4.32). The proof of Lemma 2 is
now complete. O

Proof of Lemma 5. First assume that A is bounded. Let N be a large integer. In view
of the periodicity of Z?, we have

N N 1 1
/ / |(A+x)ﬂZ2|dx=N2/ / [(4 +x) N Z?| dx.
0 0 0 0

On the other hand,

N N
/ / |(A+x)ﬂZ2|dx:Zarea{xe[O,N]zzneA—i-x}
o Jo

nez?

= Z area{(n — A) N [0, N]*}.

nez?

Without loss of generality, we can assume that the origin is inside A. Let d(A)
denote the diameter of A. Then (n — A) C [0, N]* if n € [d(A), N — d(A)]>. On
the other hand, (n — A) N [0, N]?> = @ if n & [-d(A), N + d(A)]*. Thus we have

(N +2d(A))*-area(A4) > Z area{(n — A) N[0, NJ*} > (N —2d(A))*-area(A).

nez?

Dividing the last inequalities by N2, and combining with the equations above,
we see that Lemma 5 follows as N tends to infinity. If A is unbounded, then we
approximate A by an increasing sequence A; C A, C A3 C ... of subsets of A
such that each Ay is bounded and area(A \ Ax) — 0. The last step is then to use the
continuity of the Lebesgue measure. O

Proof of Lemma 1. For notational simplicity, we restrict our proof to the special
case B, = 0; the general case is the same. Again the key step is to apply Lemma 5.
For 1 < K < L < oo, consider the four regions

Hir(Biy) ={(x.y) eR*:—y < (x+B)*—2y> <y, K<y <L, x>0},
Hgp(Biy) ={(x.y) e R*:2V2y|x + B—yv/2| <y, K<y <L, x>0},
H (By) = {(x.y) € R?: @V2y+D)|x+B—yv2| <y. K<y < L. x>0},
Ag, (Biy) ={(x.y) € R*: (2¥2y = DIx+B - yv2| <y. K <y < L, x>0},
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In view of the factorization (4.27), the condition (x,y) € Hgp(B;y) gives the
estimate x + 8 = y+/2 4 o(1). In fact, we have the stronger form x + 8 =
y+/2 4+ O(1/y). Thus there is a threshold co = co(y) such that

Hi (Biy) C Heo(Biy) C Hg  (Biy)

forall L > K > c9(y). On the other hand, it is trivial that

Hi (Biy) € He(Biy) C Hg  (Biy).

Consider now the special case K = 1, L = oo, B = 0, and study the difference set

D(y) = Hi oo (0:y) \ H o (0; ).

The area of this difference set can be estimated by

o0 1 1
wea(D(y)) = O (/1 (2ﬁy 1 22y + 1) dy)

_ * dy \_
_0(/1 8y2—1)_0(1)'

Combining this with Lemma 5, we have

1 1
/ / |(D(y) + v) N Z*| dv = area(D(y)) < oo. (4.63)
0 0

If v = (v1,v2) € [0, 1)% is chosen in such a way that v; —v,+/2 = f mod 1 is fixed,
then

D(y) +v D Hxr(B:y)AH{E, (B:y), (4.64)

where AAB = (A \ B) U (B \ A) denotes the symmetric difference of the sets A
and B. Combining (4.63) and (4.64), Lemma 1 follows easily. |

Proof of Lemma 4. Consider a rectangle of slope 1/+/2 which contains two lattice
points P = (k,£) and Q = (m, n); in fact, assume that P, Q are two vertices of the
rectangle. We denote the vector from P to Q by v = (m — k,n — £), and consider
the two perpendicular unit vectors

(Y2 L) g el Y2
e = ﬁ,ﬁ an € = \/3, \/3
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Then the two side lengths a and b of the rectangle can be expressed in terms of the
inner products

|pv2 +4|
V3

where p = m — k and ¢ = n — £. Thus we have

lp— g2
—5

a=|e-v|l= and b =ley-v|=

(P2 + q)(p — qV/2)|
; .

area = ab =

Without loss of generality, we can assume that p > 0 and ¢ > 0. Since (p,q) #
(0,0), we have | p —g~/2| = 1/(p + ¢~/2), and so

_ eVt (p =gV _ pV24+q _ ptq 1
3 3(p+qV2) T 3(pV2+49v2)  3V2

proving Lemma 4. O

arca

>

)

1
5

Proof of Theorem 3. We shall show that the set of numbers f in question, the set of
divergence points, contains a Cantor set. This guarantees that the cardinality of the
set is continuum.

We make a standard Cantor set construction, i.e. we apply the method of nested
intervals. For notational convenience, we write F(+/2;8;y:N) = F(B:y:N).
By (4.31), we have

1
vag - Y
/0 FpiyiN)ap = Lo log N +0(1).

Applying this with y = i, we obtain the existence of 0 < §; < 1 and an arbitrarily
large integer N; such that

1
F(,BI;V = 1/4;N1) > glOgNl.

Since 4—11 <

B1 € I and

%, there exists an interval /; = [a,b] with 0 < a < b < 1 such that

1
F(B;y = 1/2;N1) > glog N1 for allp e 1. (4.65)

Nextlet n = (11, n,) € Z? be a lattice point such that 8, = n; — ny~/2 € 1. Since
the equation |x? — 2y?| < % does not have a non-zero integral solution, trivially

1
F(B;y =3/4;N) < ﬁlogN forall N > Ny,
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where N, is a sufficiently large threshold. We can clearly assume that N, > Nj.
Since % > %, there exists® an interval I, = [a, b] with some 0 < a < b < 1 such
that 8, € I, and

1
FB:y=1/2;Ny) < mlogNz forall 8 € I,. (4.66)

We can clearly assume that /5 is a proper subinterval of ;. Let /(0) = I,. Repeating
the second argument, we deduce that there exists another closed subinterval 7(1)
such that 7(0) and /(1) are disjoint, /(0) U I(1) C I; and

1
F(B:y =1/2:NV) < Tog o NV forall B e I(1). (4.67)

We can clearly assume that Nz(l) > N.
By (4.32), we have

1 . B v
|1(0)] I(O)F('B’Y’N)d'g_(1+0(1))ﬁ10gN,

and applying this with y = %, we obtain the existence of 0 < 3 < 1 and a large
integer N3 such that

1
F(,B?);V = 1/4;N3) > §10gN3.

. 1 1
Since 7 < 3
,33 € I3 and

there exists an interval I3 = [a,b] with 0 < a < b < 1 such that

1
F(B;y =1/2;N3) > glogN3 forall B € Is. (4.68)

We can clearly assume that /5 is a proper subinterval of 7(0). Write 1(0,0) = I3.
Similarly, there exists another subinterval 7(0, 1) such that 7(0,0) and 7(0, 1) are
disjoint, 7(0,0) U 1(0, 1) C 1(0) and

1
F(B:y =1/2:N") > g log NV forall B € 1(0,1). (4.69)

There are similar disjoint subintervals 7(1,0) and /(1, 1) of I(1).
Next, letn = (ny,n;) € 72 be a lattice point such that 8, = ni—na/2 € 1(0,0).
Since the inequality |x% — 2y?| < % does not have a non-trivial integral solution,

1
F(Bsy;y =3/4;N) < ﬁlogN forall N > Ny,

%Here a and b are generic numbers.
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where N4 < oo is a sufficiently large threshold. We can clearly assume that Ny >
Nj3. Since % > %, there exists an interval /4 = [a,b] with 0 < @ < b < 1 such that
,34 € I, and

1
F(Biy = 1/2:No) < 155 log Ny forall § € . (4.70)

We can clearly assume that 1, is a proper subinterval of 7(0, 0). Let 1(0,0,0)) = I4.
Repeating the last argument, there exists another closed subinterval (0, 0, 1) such
that 7(0,0,0) and /(0, 0, 1) are disjoint, 7(0,0,0) U 1(0,0,1) C 1(0,0) and

1
F(B:y =1/2:N") < Tog g NV forall B € 1(0,0,1), 4.71)

and so on. Repeating this argument, we build an infinite binary tree
LIDIe Dlyey DIy Do

where €1, &5, €3, ... € {0, 1}.
For an arbitrary infinite 0-1 sequence €1, &>, €3, .. ., let

Bel NIy NlyeyNIyoyes ...

Then by (4.65)—(4.71), there exists an infinite sequence 1 < M; < M, < M3 <
M, < ... of integers such that

1 1
F(B;y =1/2; My—y) > glogMZk_l and F(B;y =1/2; My) < 1—OologM2k,

where k = 1,2, 3,. ... This proves Theorem 3. O

4.4 The Riesz Product and Theorem 12

4.4.1 The Method of Nested Intervals vs. the Riesz Product

At the end of Sect. 4.1, we formulated a far-reaching generalization of Theorem 3;
see (4.34). It states that Theorem 3 actually holds for every y > 0, and we have the
stronger inequality

) F(V2:8*:y:n) y .. F(N2:B*:y:n)
limsuyp — > — > liminf ——
n—00 10gn 2 n—o0o logn

, 4.72)
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where (y/~/2)logn 4+ O(1) is the area of the corresponding hyperbolic region.
Indeed, (4.72) holds for continuum many divergence points 8* = B*(y) € [0, 1).

The proof of Theorem 3 was based on an elementary argument that we may call
the method of nested intervals. To prove (4.72), we need a new idea, and apply a
more sophisticated Riesz product argument. The Riesz product is a powerful tool
in Fourier analysis. A typical application is to prove large fluctuations for lacunary
trigonometric series. To compare the method of nested intervals to the method of
Riesz products, we give a simple illustration; see Facts 1 and 2 below.

Consider a finite cosine sum

N
F(x) = Zaj cos(2mn;x), wherea; = xlforalll <j <N, 4.73)
j=1

and 1 < n; <ny <... < ny are integers. We study the following question. What
can we say about maxo<y<1 F(x)? Well, under different extra conditions, we have
different results. We begin with

Fact 6. If the strong gap condition njy1/n; > 8 holds for every 1 < j < N —1,
then

N
max F(x) > —.
0<x<l 2

Proof. The proof is almost trivial. Let
J1 = {x € [0, 1] : cos(2mn;x) lies between %l and al} .

Since a; = %1, the set J; contains a closed subinterval I of length |I;| > 1/4n;.
Next let

Jr = {x € Iy : cos(2mn,x) lies between 61_22 and az} .

Since a; = =+1, the set J;, contains a closed subinterval I, of length |I5| > 1/4n,.
Next let

J3 = {x € I, : cos(2mnzx) lies between %3 and a3} ,

and so on. Repeating this process N times, we obtain a nested sequence of closed
intervals

0,1]DLDLD>...D 1y

such that a; cos(2Qmngx) > %for allx € I,k =1,2,..., N. Thenclearly F(x) >
N/2forevery x € Iy. O
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This is a typical application of the method of nested intervals. Next comes the
Riesz product argument. The problem that we study is the following. What will
happen if the strong gap conditionn;1/n; > 81is replaced by the weaker condition
njy1/n; > 1+ &> 1, where ¢ > 0 is an arbitrarily small but fixed constant? Can
we still prove a linear lower bound like maxo<y<; F(x) > ¢N with some constant
¢ = c¢(&) > 0 depending only on the value of £¢? Unfortunately, the method of nested
intervals hopelessly collapses. Our new approach is the Riesz product argument. The
following result, a well-known theorem of Sidon in Fourier analysis, is much deeper
than Fact 6.

Fact 7 (Sidon’s Theorem). If the weak gap condition

nj+1
nj

>l4e>1 4.74)

holds for every 1 < j < N — 1, where () < ¢ < % is a fixed constant, then for F(x)
defined in (4.73), we have

1

maxl F(X) > cN with ¢ = m

0=x=<

Proof. Let1 =i(1) <i(2) <...<i(M)beasubsequenceof 1,2,3,..., N such
that

TUAD S 2 0 M-, (4.75)
ni(j) €
and consider the Riesz product
M
R(x) = [ J(1 + ai¢j) cos@rni(j)x)).
j=1

Since a;(j) = %1, we have R(x) > 0. We shall use this Riesz product R(x) as a
test function. First we evaluate the integral

1 M 1
M
/ F(x)R(x)dx = Zaiz(j)/ 0032(27m,-(j)x) dx = ER (4.76)
0 . 0
j=1
Indeed, multiplying out the Riesz product R(x), and then using Euler’s formula

2¢¥ = e + eV, we obtain terms like

ey o R2mi(En iy EniGyEniGyEeEnriG)
Ai(j1)di(jo)i(js) - - - di(jr)€ DT TR) e, 4.77)

where we shall call (4.77) a product of length k > 1. We distinguish two cases.
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Case 8 (short products). k = 1. Multiplying the corresponding terms with F(x)
and integrating from O to 1, we obtain

M 1
M
Zaf(j)/ cosz(Znni(j)x) dx = —,
j=1 0 2
which is precisely (4.76).

Case 9 (long products). k > 2. We can clearly write 1 < j; < jb, < ... < ji.
Then using the elementary inequalities

1+8+<8)2+<8)3+ <l+4+¢e and 1 £ (8)2 (8)3 > !
2 2 2 2 2 2 T 14

ifo0<e< %, we deduce that

. 1
| + i) + Ni(j) + ni(j3) +...%+ I’l,'(jk)| lies between (1 + €)I’l,'(jk) and I—Hni(jk).

Comparing this to the gap condition (4.74), we see that F'(x) and the long products
of R(x) represent disjoint sets of exponential functions

e e .

Using the orthogonality of these functions, the contribution of Case 9 to the integral
fol F(x)R(x) dx is zero. This proves (4.76).

The same argument shows that
1
/ R(x)dx = 1. (4.78)
0

Since R(x) > 0, the condition (4.78) means that the integral fol F(x)R(x)dx is a
weighted average of F'(x), with non-negative weights. It follows from (4.76) that

M 4.79)
R .

1
max F(x) 2/ F(x)R(x)dx
1 0

0=<x=

The inequality (1 + &)" > 2/e clearly holds with r = 2¢'log(2¢™"). Thus by
(4.74) and (4.75), we can choose

M>" =" (4.80)

N N
r o 2ellog2e™!)’

Sidon’s theorem then follows from (4.79) and (4.80). O



4 Superirregularity 253
4.4.2 The Rectangle Property and Theorem 12

Let us return now to Theorem 3 and (4.72). We restate Theorem 3 in a slightly
different form. Recall the notation in (4.56). We have

Hy(V2y) ={(x.y) e R?: —p < x? =2y <y, 1 <x + y/2 < 22N},
(4.81)

that is, Hy (+/2; y) is a long, narrow, tilted hyperbolic needle of slope 1/+/2. Its area
is (y/+/2)log N 4+ O(1); see (4.57). Theorem 3 states, roughly speaking, that in the
special case y = %, there are two translated copies of the same tilted hyperbolic
needle Hy(+/2;y = 1/2) such that one is substantially richer in lattice points
than the other. The discrepancy is proportional to the area, and we have extra large
deviation. More precisely, there is a positive absolute constant cjp > 0 such that
for infinitely many integers N;, where N; — oo, there are translated copies x(ll) +
Hy, (+/2;y) and Xg) + Hy;, (+v/2;y) of the tilted hyperbolic needle Hy, (V2y =
1/2) such that

1220 (& + Hy, (V27 = 1/2))| = 1220 () + Hy, (V257 = 1/2))]
> Clo 10g N;. (482)

In view of the periodicity of the lattice points, we can clearly assume that the pairs
of vectors x(l') and x(z' ) are all in the unit square [0, 1)%, with i — oo.

The extra large deviation result (4.82), which is equivalent to Theorem 3, can
be generalized in several stages. The first generalization is (4.72), or at least an
equivalent form as follows.

Proposition 10. Let y > 0 be an arbitrary but fixed real number, and let N > 2 be
an integer. Then there exists a positive constant §' = §'(y) > 0, independent of N,
such that for the tilted hyperbolic needle Hy (~/2;y) of area (y/~/2)log N + O(1),
there exist translated copies x| + Hy(v/2;y) and X, + Hy (V/2; y) such that

1Z2 0 (xi + Hy (V2:7))| > % log N + §'log N

and

1Z2 0 (%2 + Hy(V2; )| < % log N — 8 log N.

Note that Proposition 10 immediately leads to the existence of a single diver-
gence point B* = B*(y) € [0, 1) in (4.72). To exhibit continuum many divergence
points 8* = B*(y) € [0, 1), we simply have to combine Proposition 10 with the
routine Cantor set argument in the proof of Theorem 3.
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For the second stage of generalization, we replace the set Z2 of lattice points in
the plane with an arbitrary subset .7 C Z? of positive density. Here is an illustration
of such a set .«7. We say that a lattice point n = (n,n,) € Z? is coprime’ if the

coordinates n; and n, are relatively prime. Let Zfoprime denote the set of coprime
2

lattice points in the plane. It is well known from number theory that Z . is a
subset of Z? with positive density 6/

Now let .27 be an arbitrary subset of Z? of positive density § = §(.7) > 0. There
is a natural generalization of Proposition 10 where we replace Z> with .. The price
that we have to pay is that, due to the lack of periodicity of a general subset <7, the

translations are not necessarily in the unit square anymore.

Proposition 11. Let o/ C Z? be an arbitrary subset of positive density § =
8(«7) > 0. Let y > 0 be an arbitrary but fixed real number, and let N > 2 be
an integer. Assume further that M/ N is sufficiently large, depending only on y and
8. Then there exists a positive constant §' = §'(y, 8) > 0, independent of N and M,
such that for the tilted hyperbolic needle Hy (~/2;y) of area (y/~/2)log N + O(1),
there exist translated copies x| + Hy(~/2;y) C [0, M? and x; + Hy(3/2:y) C
[0, M)? such that

|7 0 (x; + Hy(V2:y))| > %logN + 8 log N

and

8

V2

It turns out that the only relevant property of a lattice point set ./ C Z? that we
really use in the proof of Proposition 11 is the rectangle property in Lemma 4, that
every tilted rectangle of slope 1/+/2 and area % contains at most one lattice point.
Of course, the concrete value % of the constant is secondary.

The third stage of generalization goes far beyond the family of lattice point sets

@/ C Z?. The only requirement is that the point set satisfies the rectangle property.

|/ N (x + Hy (V2 7)) < log N — &' log N.

Theorem 12. Let & be a finite set of points in the square [0, M| with density 8, so
that the number of elements of P is | 2| = §M?. Assume further that & satisfies
the following rectangle property, that there is a positive constant ¢; = c1(£?) > 0
such that every tilted rectangle of slope 1/~/2 and area ¢, contains at most one
element of the set . Let

7We also say that such a point is visible, explained by the geometric fact that the line segment with
n and the origin as endpoints does not contain another lattice point. If n = (11, n,) € Z?* were not
coprime, then the point (n,/d, n,/d) € Z?*, where d > 2 is the greatest common divisor of ; and
n,, would lie on this line segment.
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§' =8(c1,y.6) = 10728« (4.83)
where

1077¢; 1077¢?

k = min %,Jcly, oy (4.84)

Furthermore, assume that both N and M/ N are sufficiently large and satisfy

10" (y + y™)(N +2y)

N > 20007 g M o>
- 6’1516

(4.85)

Then for the tilted hyperbolic needle Hy (~/2;y) of area (y/~/2)log N + O(1),
there exist translated copies x| + Hy(~/2;y) C [0, M? and x; + Hy(3/2:y) C
[0, M)? such that

5
120 (x; + Hy(V2; )| > TglogN + 6 log N

and

|2 N (x, + Hy(V2:y))| < %logN — 8 log N.

Note that Propositions 10 and 11 are special cases of Theorem 12, with & = Z?
and & = o respectively.

Unfortunately, the proof of Theorem 12 is rather difficult and long, and the very
complicated details cover the next four sections. But the main idea is quite simple.
It is basically a sophisticated application of the Riesz product.

4.5 Proof of Theorem 12 (I): Proving Extra Large Deviations
via Riesz Product

Since the proof is long and complicated, a convenient notation here makes a
big difference. It is much simpler for us to work with hyperbolic regions in
the usual horizontal-vertical position instead of the tilted position. It means that,
instead of working with the set Z? of lattice points in the plane and the family of
tilted hyperbolic needles of a fixed quadratic irrational slope, as in the setting of
Theorem 12, we rotate back. In other words, we rotate Z> by a quadratic irrational
slope, and consider the family of hyperbolic needles in the usual horizontal-vertical
position.

Let y > 0 be an arbitrary real number, and let N > 2 be a large integer. Consider
the hyperbolic region
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N y=T/x
Hy(N) = hyperbolic needle

y=-v/x

Fig. 4.2 A hyperbolic needle in usual horizontal-vertical position

H,(N)={(x,y) eR*: =y <xy <y, l <x <N} (4.86)

see Fig. 4.2. Again we refer to H, (V) as a hyperbolic needle.

Notice that H,(N) is basically the horizontal-vertical version of the tilted
hyperbolic needle Hy (+/2;y); see (4.56) or (4.81). To emphasize the difference
between the tilted and the horizontal-vertical versions, we have made a major
change in the notation, and switched the location of the parameters y and N.

The area of H, (N ) equals the integral

N
area(H,(N)) = 2/ r dx =2ylogN.
1 X

Let rot,Z? denote the rotated copy of Z? by the angle §, where tanf = « is the
slope and using the origin as the fixed point of the rotation. If @ # 0 is a quadratic
irrational, then the continued fractions for « is finally periodic. This is a well known
number-theoretic fact; for example, if « = 1/ ﬁ, then

1 1 1 1 1 _

Periodicity implies that the continued fraction digits, formally known as the partial
quotients, form a bounded sequence. It is well known that boundedness yields

kllkal = c11 = c1i(a) > 0 for all integers k > 1, (4.87)

where ¢;; = ¢11(a) > 0 is some positive constant depending only on ¢, and ||z||
denotes the distance of a real number z to the nearest integer. If « = 1/+/2, then
(4.87) follows from the factorization x> —2y? = (x — y+/2)(x + y+/2). If x and y
are integers, then
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1< [x2=2y% = |(x — yvV2)(x + yV2)| = |xa — y|V2|x + y/2],

and we choose x = k and y to be the nearest integer to ka. This explains why in
the special case @ = 1/+/2 that the choice ¢;; = % in (4.87) works.

Inequality (4.87) has an important geometric interpretation, namely that there
is another constant cj; = cj2(«) > 0, depending only on «, such that for every
axes-parallel rectangle R,

Irot,Z* N R| <1 whenever area(R) = c2(a). (4.88)

Ifa = 1/\/5, then cpp, = % is a good choice in (4.88), in view of Lemma 4.
The following statement is just a slight generalization of Theorem 12.

Proposition 13. Let & be a finite set of points in the square [0, M? with density §,
so that the number of elements of P is | 2| = §M?. Assume further that & satisfies
the following rectangle property, that there is a positive constant ¢; = c1(£?) > 0
such that every axes-parallel rectangle of area ¢, contains at most one element of
the set 2. Let §' = §'(c1,v.8) be defined by (4.83) and (4.84), and assume that
both N and M/ N are sufficiently large and satisfy (4.85). Then for the hyperbolic
needle H,(N) given by (4.86), there exist translated copies X, + H,(N) C [0, M]*
and x, + H,(N) C [0, M]? such that

|2 N (x1 + Hy(N))| >28ylogN + §'log N (4.89)
and
|2 N (x2+ Hy(N))| <28ylog N —§ log N. (4.90)

Remarks. (i) The term 28y log N in (4.89) and (4.90) represents the expectation,
since the set & has density 6 and the hyperbolic needle H,(N) has area
2y log N. The extra terms +4' log N show that the deviation from the expec-
tation is proportional to the expectation, justifying the terminology extra large
deviation.

(ii) The constant factors such as 1072 and 10'! are certainly very far from best
possible. Since the proof is complicated, our primary goal is to present the basic
ideas in the simplest form, and we do not care too much about optimizing these
constant factors.

We begin our long proof of Proposition 13.
Consider the point-counting function

fx) =|ZNEx+ H,(N))|. (4.91)
Ifx e [0, M — N] x [y, M — y], then clearly

x+ H,(N) C [0, M]*. (4.92)
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This explains why we choose the rectangle [0, M — N] x [y, M — y] to be our
underlying domain in the proof.
Let

A(X) = f(x) — 6 -area(H,(N)) = f(x) —28ylog N (4.93)

denote the discrepancy function; A(x) deserves its name if (4.92) holds.

In order to show that A(x) > §’log N > 0 holds for some x = x;, we apply
the test function method initiated by Roth [26]. The basic idea of this method is to
construct a positive test function 7'(x) > 0 such that

1 M—N M-y
(M — N)(M —2y) /0 /y AT dx > cizlogN >0, (4.94)

and

1 M-N M-y
T(x)dx < cy4. (4.95)
(M—N)(M—2)f)/o /y
Combining (4.94) and (4.95) with the general trivial inequality
/ A(x)T (x) dx < max A(x) / T (x) dx, (4.96)
which holds for any positive function 7'(x) > 0, we conclude that
max A(x) > c15log N

with some positive constant ¢j5 > 0.
Similarly, to show that A(x) < —§ log N < 0 for some X = X,, we construct a
positive test function 7*(x) > 0 such that

1 M—=N M-y .
(M — N)(M —2y) /0 /y AXT*(x) dx < —ciglogN <0,  (4.97)

and again

1 M—N M-y .
(M — N)(M —2y) /0 /y T*(x)dx < c7. (4.98)

Clearly (4.97) and (4.98) lead to the inequality
min A(x) < —cjglog N <0

with some positive constant cjg > 0.
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Let us return to (4.94) and (4.95). We shall express the test function 7°(x) in
terms of modified Rademacher functions, sometimes called Haar wavelet, and this
is another idea that we borrow from Roth’s pioneering paper [26]. The benefit of
working with modified Rademacher functions is that we have orthogonality and,
what is more, we have super-orthogonality; see the key property below.

Note that Roth simply took the sum of certain modified Rademacher functions,
and applied the Cauchy—Schwarz inequality instead of (4.96). For his argument,
orthogonality was sufficient. It was Haldsz’s innovation® to express 7'(x) as a Riesz
product of modified Rademacher functions; see Haldsz [19]. The main point is that
the Riesz product takes advantage of the super-orthogonality. Here we develop an
adaptation of the Roth—Haldsz method for hyperbolic regions.

Following the Roth—Haldsz approach, we shall express the test function 7(x) as
a Riesz product of modified Rademacher functions, in the form

Tx) =[]+ pR;(x). (4.99)
jes

where 0 < p < 1 is an appropriate constant to be specified later, ¢ is some
appropriate index-set and R;(x), j € _#, are certain modified Rademacher
functions to be defined below. We assume that the test function 7'(x) is zero outside
the rectangle [0, M — N] x [y, M —y].

Suppose that 1072 > n; > 0 and 1072 > 1, > 0 are small positive real numbers,
to be specified later, such that

M-N M-2y
m 2

2m, (4.100)

where m > 1 is an integer. Let j be an arbitrary integer in the interval 0 < j <n
where 2" ~ N, thatis, n = log, N 4+ O(1) in binary logarithm. We decompose the
rectangle [0, M — N| x [y, M — y] into 2" x 2" = 4™ disjoint translated copies of
the small rectangle

[0.27 1] x [0,277 2], (4.101)

and call these congruent copies of the small rectangle (4.101) j-cells. For each of
the 4™ j-cells, we independently choose one of the three patterns +—, —+ and 0;
see Fig. 4.3.

As Fig. 4.3 shows, the pattern +— actually means a two-dimensional pattern
as follows. We divide the j-cell into four congruent subrectangles, and define
a step-function on the j-cell, with value 41 on the upper-right and lower-left
subrectangles, and value —1 on the upper-left and lower-right subrectangles.

8Hal4sz used this method, among many other things, to give an elegant new proof of Schmidt’s
well-known discrepancy theorem; see [27].
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Fig. 4.3 The patterns +—,

—+and 0 — _|_ _|_ — O O

+| - | =]+ o0

Similarly, the pattern —+ means the step-function with value —1 on the upper-
right and lower-left subrectangles, and value 41 on the upper-left and lower-right
subrectangles.

Finally, the pattern 0 means that the step-function is zero on the whole j -cell.

In the sequel, we shall simply refer to these two-dimensional patterns as +—,
—+ and 0, representing the bottom rows in Fig. 4.3.

By making an independent choice of +—, —+ and O for each j-cell, we obtain a
particular modified Rademacher function R (x) of order j, defined over the whole
rectangle [0, M — N] x [y, M — y]. We define R, (x) to be 0 outside the rectangle
[0.M —N]x[y.M —y].

Since for each of the 4™ j-cells there are 3 options, namely +—, —4- and 0, the
total number of modified Rademacher functions R (x) of order j is 3% Let Z2(j)
denote the family of all 3*" modified Rademacher functions of order ;. Note that the
notation R;(x) is somewhat ambiguous in the sense that it represents any element
of this huge family Z(j).

Super-Orthogonality: Key Property of the Modified Rademacher Functions.
Ifk > 1and 0 < j1 < ... < jix < n, then in every elementary cell of size
2/1ny x 27Jkn,, the product R, (X) ... R}, (X) of k modified Rademacher functions
satisfies one of the three familiar patterns in Fig. 4.3.

Note that an elementary cell of size 2/in; x 27/kp, arises as a non-empty
intersection of a jj-cell and a ji-cell, where j; < ji. The proof of the above key
property is almost trivial. It is based on the fact that for any k > 2, the intersection
of any k cells of different orders j; < ... < jj is either empty or equal to the
intersection of the jj-cell and the ji-cell, i.e. the intersection of the first and the
last. We emphasize that in each of the 3 patterns the integral of the corresponding
step-function is zero.

Since every modified Rademacher function R (x) has values £1 or 0, and since
0 < p < 1, it is clear that the Riesz product (4.99) defines a positive test function
T'(x). The index-set ¢, a subset of {0,1,2,...,n}, will be specified later. Note
in advance that ¢ is a large subset of {0,1,2,...,n}, in the sense that | #| >
cro(n + 1).

Next we check the second requirement (4.95) of the test function. Multiplying
out the Riesz product (4.99), we have

T =[]0 +pR;x)
jes
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=1+p Y Ri®+0> Y Ry(®OR,(X)

jeS J1<j2
Ji€F
3
+0° Y RMOR,XR;(X) + ... (4.102)
J1<J2<J3
Ji€Z

in the form 1 plus the linear part plus the quadratic part plus the cubic part and so
on. Substituting (4.102) into the left hand side of (4.95), we have

1 M—N M-y
(M—N)(M—zy)/o /y Tx)dx

— pk M—-N ,pM-—y | |
_1+1§(M_N)(M—2y) Z/O /y R, (x)... Ry (%) dx

J1<..<Jk

Ji€SL
=1. (4.103)

The vanishing integrals in the last step occurs as a consequence of the super-
orthogonality of the modified Rademacher functions. For each of 3 patterns that
the integrand takes, the integral is zero. Clearly (4.103) gives (4.95) with c14 = 1.

Finally, we turn to requirement (4.94). The verification of this is by far the most
difficult part of the proof. This is where we make the critical decision on how we
choose an appropriate modified Rademacher function R (x) from amongst the huge
family %(j) of size 3*". We choose the best R; (x) € Z(;) in order to synchronize
the trivial errors. The synchronization argument is at the very heart of the proof.
Note that if we did not synchronize the trivial errors, then they might cancel out,
and we would then not be able to guarantee extra large deviation.

The Trivial Errors and Synchronization. By (4.91) and (4.93), the discrepancy
function equals

A(X) = |2 N (x+ H,(N))| — § - area(H, (N)).

and so we can write

/OM_N /M_y A(x)T (x) dx
¥

M—N (M—y
_ / / S 1—§-area(Hy(N) | T(x)dx
0 Y

PiePN(x+H,(N))
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:/OM_N /yM_y Z 1] T(x)dx

PiePN(x+H,(N))

—(M — N)(M —2y)8 - area(H, (N)), (4.104)

where in the last step we have used (4.103), and where P, P>, Ps, ... denote the
elements of the given point set &.
Changing the order of summation and integration, we obtain

M—N M-y
/ / > | Tedx= ) / T(x)dx, (4.105)
0 4 P, € PN (x+Hy(N)) pegp” Pi—Hy(N)
where
Pi— H,(N)={P,—w:we H,(N)}

denotes a reflected and translated copy of the hyperbolic needle H,, (V). Combining
(4.104) and (4.105), we have

1 M—-N M—y
(M — NY(M —2y) /0 /y A(x)T (x) dx

1

B sz (M —N)YM =2y) Jp—m )

T(x)dx —§ - area(H,(N)). (4.106)

To evaluate (4.106), we return to the Riesz product (4.102). Note that the term 1 in

fact denotes the characteristic function y p of the rectangle B = [0, M —N|x[y, M —

y], since by definition the modified Rademacher functions are all zero outside B.
We begin with the contribution of 1 = yp in (4.102), and note simply that

/ xp(x)dx = / dx = area(B N (P; — H,(N))). (4.107)
Pi—H,(N) BN(P;—Hy(N))

Geometric Ideas. Next we study the contribution of the linear part of (4.102) in
(4.106). Synchronization means that we want to make the sum

> / R;(x) dx (4.108)
PiE(@ Pz_Hy(N)

large and positive for every j € _#, where the index-set # C {0,1,2,...,n}
will be specified later. We decompose the underlying rectangle B = [0, M — N| x
[y, M — y] into j-cells. Let € be an arbitrary j-cell; it has size 1;7,. Consider a
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P —Hy(N)

.
A

>

Fig. 4.4 Intersection of a j-cell with a hyperbolic arc P; — H, (N)

single term in (4.108), and restrict it to the j-cell . The geometric meaning of the
integral

/ R;(x)dx (4.109)
ECN(Pi—Hy(N))

plays a crucial role in the argument below; see Fig. 4.4.

Since the j-cell is very small, the hyperbolaarc P;—H, (N ) can be approximated
by its tangent line locally. This explains the tilted straight line segment in Fig. 4.4.
The arrows indicate the inside of the hyperbolic needle, i.e. the arc in the picture is
the upper arc of the needle.

The value of integral (4.109) depends heavily on which of the 3 patterns happens
to show up in the restriction of R;(x) to the j-cell €. The patterns +— and —+
give two integrals whose sum is 0, whereas the pattern O clearly gives an integral
with value 0.

How do we choose the right pattern +—, —4 or 0 in an arbitrary j-cell €'? Well,
for a fixed point the choice is trivial. For every fixed point P; € &2, exactly one of
the two patterns +— and —4 will make the integral (4.109) positive, unless both
integrals are equal to 0. The problem is that we are dealing with a large sum

R; (x)dx (4.110)

Pe? /%Q(PI_HV(N))

instead of just a single term (4.109), and we have to make (4.110) positive. The
difficulty is that different points may prefer different patterns; say, for P;, the pattern
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+— may make the integral (4.109) positive, whereas for another point P;, the pattern
—-+ may make the integral (4.109) positive.

To overcome this difficulty, we will apply the Single Dominant Term Rule, which
means the following. If the sum (4.110) is dominated by a single term (4.109), then
by an appropriate choice between the patterns +— and —4-, we can always make
this dominant term positive. We then show that the contribution from the remaining
terms to (4.110) is relatively negligible. If there is no dominant term in (4.110), then
we choose the pattern 0.

Of course, we have to define precisely what domination means. The success of
the Single Dominant Term Rule is based on the fact that single term domination is
quite typical: it happens very often among the 4™ j-cells.

What is single term domination in (4.110)? To explain this, we have to talk about
slopes. The slope of the diagonal of a j-cell is

47 /o~ 47

since n; and 7, are almost equal.” Since the hyperbola is a smooth curve, the
intersection of a translated and reflected hyperbolic needle P; — H, (N) with the
Jj-cell € is almost like the intersection of 4 with a half-plane, or the intersection of
¢ with two nearly parallel half-planes. Since half-planes have well-defined constant
slopes, as an intuitive oversimplification, we shall use the terms half-plane and slope
for the intersections ¢ N (P; — H,(N)). Single term domination occurs if

* there is precisely one half-plane ¢’ N (P; — H,(N)) with slope close to 47/ that
intersects ¢’; and

* this intersection is a large triangle in only one of the four subrectangles of %,
namely the lower right subrectangle, where the pattern is constant.

Here the intersection requirement large triangle from the lower right subrectangle
guarantees that the integral (4.109) is far from zero, and the integral (4.109) of this
dominant term is called the trivial error.

An Important Consequence of the Rectangle Property. As indicated above, single
term domination means that there is exactly one half-plane € N (P; — H, (N)) with
slope close to 47/ It is important to point out that we cannot have two half-planes
with slopes very close to 47/ such that both are upper arcs. As shown Fig. 4.5, if
¢ N (P, — H,(N)) and € N (P, — H,(N)) are both upper arcs with slopes very
close to 47/, then the two points P;, and P;, have to be in the same axes-parallel
rectangle of area c;, namely, in an axes-parallel rectangle where the slope of the

“We do not distinguish between positive and negative slopes. Note that the reflected hyperbolic
needle —H, (N) has two long arcs: the upper arc, which is increasing, and the lower arc, which is
decreasing; here the lower arc is below the upper arc. When we say that P; — H,, (N) intersects
¢, then it always means that at least one of the two long arcs of P, — H,(N) intersects . For
example, in the trivial error discussed at the end of this paragraph, the intersection comes from the
upper arc.
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Pil 7HV(N)

gl

+ \\+

Fig. 4.5 Forbidden configuration

diagonal is close to 47/. But two points in the same axes-parallel rectangle of area
¢ is impossible: it contradicts the hypothesis of Proposition 13.

What can happen, however, is that we have two half-planes with slopes very close
to 47/ such that one is an upper arc and the other one is a lower arc. For example,
it can happen that ¢ N (P;, — H,(N)) is an upper arc and ¢ N (P, — Hy,(N)) is
a lower arc with both slopes'® close to 47/. To overcome this difficulty, we switch
to a 2 x 2 configuration of j-cells. More precisely, instead of working with a single
j-cell €, we switch to a 2 x 2 configuration of four neighboring j-cells €1, ¢,
¢5 and 64, where 6 is the upper left, 63 is the upper right, %3 is the lower left
and % is the lower right member of the 2 x 2 configuration. The simple geometric
idea is the following. Assume that the upper arc of P;;, — H, (N) intersects both &>
and %3 satisfying the requirement large triangle from the lower right subrectangle,
where the pattern is constant. Then obviously the lower arc of P;, — H, (N) cannot
intersect both of %, and %3, since the slopes are close to 4~/ . Therefore, either %,
or ¢; will be a j-cell with single term domination. That is, we can always save at
least one of the four neighboring j-cells €}, 6, %3 and 6}. See Fig. 4.6, where 63
has single term domination.

10Again, we do not distinguish between positive and negative slopes.



266 J. Beck

\LLL “ %
Pil 7H}’(N)

P, —Hy(N)

)

Fig. 4.6 A 2 x 2 configuration of j-cells

Choosing a Short Vertical Translation. Next we explain how one can satisfy the
intersection requirement large triangle from the lower right subrectangle, where the
pattern is constant. This is very important, since this requirement guarantees that the
dominant integral (4.109) is far from zero. First we pick an arbitrary point P; € &.
Then of course the hyperbolic needle P; — H, (N) has a long arc such that the slope
is close to 477; long in fact means length of roughly 2/. Therefore, for each point
P; € &, there is a j-cell € such that the intersection ¢ N (P; — H,(N)) has
slope close to 47/. Unfortunately, nothing guarantees that P, — H, (N) intersects
only one of the four subrectangles, where the pattern is constant. The solution is
very simple. We apply a short vertical translation of the point set &2, but of course
the modified Rademacher functions and the test function 7'(x) remain fixed in the
rectangle B = [0, M — N] x [y, M — y]. Here a short vertical translation means
that the length of the vertical translation runs from O to 1. For a j-cell, a translation
of length from 0 to 27/, already suffices: as the point P; moves up vertically, the
intersection ¢’ N (P; — H, (N)) changes, and has good positions where P; — H, (N)
intersects only the lower right subrectangle, where the pattern is constant, and at
the same time, this intersection is a large triangle. Since the slope is close to 47/,
a positive constant percentage of the translations is good. If we apply translations
from O to 1, then it will work for all ;.

It follows from a standard averaging argument that there is'! a vertical translation
0 < ty < 1 which is good for many pairs (P;, j) at the same time, where P; € &
is a given point and j € {0,1,2,...,n} is an order of the modified Rademacher
function. Here many means a positive constant percentage of all pairs.

1

"n fact, the majority will do.



4 Superirregularity 267

Of course, a vertical translation has a bad side effect. It causes some points to
leave the underlying square [0, M ]?. However, luckily for us, it suffices to use short
translations of length at most 1, so that we lose relatively few points, and only those
that are close to the boundary. Note that the rectangle property in the hypothesis of
Proposition 13 guarantees that there are at most O (M) points close to the boundary,
which clearly is negligible compared to the number §M 2 of points in Z.

Summarizing the Vague Geometric Intuition. A typical vertical translation of length
0 < f9 < 1 has the property that for a positive constant percentage of the
pairs (j, %), where j € {0,1,2,...,n} and ¥ is a j-cell, we have single term
domination, so that'2

1
Z / Rj(X)dXZ—/ Rj(X)dXZC’20>O, 4.111)
pe ) ENPi—Hy(N)) 2 CN(Pijy—Hy(N))

where P;, is the dominating point, i.e. the intersection & N (P;, — H,(N)) has
slope close to 47/, and this intersection is a large triangle from the lower right
subrectangle of €, where the pattern is constant. We shall explain the missing details
of (4.111) later, and give an explicit value for cy.

The Single Term Domination Rule and (4.111) give

1
2 X GE N =) Sy oy BT

JEF PieP i—Hy (N)

>cnl| 7| = enn+1)>0. (4.112)

The geometric intuition requires that j € ¢ satisfies an inequality like
1 ; N
max{l,—} <2/ fmin%N,—}. (4.113)
4 14

To guarantee (4.113), we choose ¢ to be the interval of integers j €
{0,1,2,...,n} satisfying

1
log, (max { 1, —}) < j <log, N —log,(max{1, y}). 4.114)
Y

We emphasize that this was just an intuitive proof of (4.112). We shall return to
(4.111) and (4.112) later, and show how we can make the whole argument perfectly
precise and explicit.

We shall complete the proof of Proposition 13 in the next three sections. Note
that (4.112) is the most difficult part.

12Here we skip a lot of technical details!
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4.6 Proof of Theorem 12 (II): More on the Riesz Product

Applying Super-Orthogonality. We next turn to the contribution of the quadratic,
cubic and higher order terms of the Riesz product (4.102) to (4.106). Let k > 2,
andlet 0 < j; < ... < jx < n. Suppose that €* is the non-empty intersection
of k cells of orders j; < ... < ji. Then €* is an elementary cell of size 2/1n; x
27Jkn, = 2/17Jk ;. Super-orthogonality yields that the product R, (x) ... R, (X)
of k modified Rademacher functions of the given orders, restricted to ¢*, equals
one of the 3 patterns +—, —+ or 0.

Assume that the translated and reflected hyperbolic needle P; — H,, (V) intersects
€™, and let slope = slope(6™* N (P;—H,(N))) denote the slope'? of the intersection
€¢* N (P; —H,(N)). Simple geometric consideration shows that, roughly speaking,
the integral

1

_ R, (x)...R; (x)dx

area(6*) Jorap—m, vy 7

is negligible unless the slope of the intersection €™* N (P; — H,(N)) is close to
2=(1+J0) | the slope of the diagonal of ©’*. More precisely, we have

1

area(¢*) R; (X)...Rj (x)dx

/‘;”*O(P,-—HV(N))

< min { W,slope-2/‘+1k} ) (4.115)
Note that (4.115) is a straightforward corollary of the geometry of the 3 possible
patterns of R, (X)... R, (x) in €*.

The hyperbolic needle H, (N ) is bounded by the long curves y = y/x and its
reflection y = —y/x, with 1 < x < N. The slope is the derivative (—y/x)" =
yx~2. The number of elementary cells €* of size 2/1~/knn, intersecting a fixed
hyperbolic needle P; — H, (N ) is estimated from above by the simple expression

N 2
2( . ) (4.116)
2]1;71 2—]k772

Here the factor 2 comes from the two long boundary hyperbolic curves, the first term
comes from the pointed end of the hyperbolic needle, and the second term comes
from the wide part of the hyperbolic needle. A more detailed explanation of (4.116)
goes as follows.

13We do not distinguish between positive and negative slopes.
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Let us start with the pointed end of the hyperbolic needle H, (N).

Case A. As x runs through the interval N > x > /y2U1T/)/2  the slope of the
intersection ¢’* N (P; — H,(N)) is yx~2, which is less than 2~U1+/¢)_ the slope of
the diagonal of €*. It follows that in this range, P; — H, () intersects fewer than

2N
271

elementary cells € of size 2/ /¥ 5 n,, with total area not exceeding 41, N 277k,

Case B. As x runs through the interval /y2U1*/0)/2 > x > 1, the slope of the
intersection ¢’* N (P; — H,(N)) is greater than 2~U1+/4)_ the slope of the diagonal
of ¢*. It follows that in this range, P; — H, (N) intersects fewer than

2y
Z_jk ]72

elementary cells €* of size 2/17/ 5 n,, with total area not exceeding 41,y2/1.

In Case A, we view the hyperbola xy = y as y = y/x. In Case B, we switch
the role of the coordinate axes and view the same hyperbola as x = y/y. Thus by
(4.115) and (4.116), we have

/ Rj(x)...Rj, (x)dx
Pi—Hy (N)

2 y2/1tik ) y2— Uit
547)2N2_1"-—/ dx+4r)1y2]‘-—/ ——dy
4 2 4 2

nJ btz x v J i tin2 y

. L 21+ jk . L .
= 8np2 /K (ﬁ2(11+]k)/2 — VT) + 8pp2/1 (ﬁz—(11+1k)/2 — yz—(]1+]k))

<8y (i + )2V 2, (4.117)

Recall that the contribution 1 = y g in (4.102), where B = [0, M — N]x [y, M —
y]. Combining (4.102), (4.106) and (4.107), we have

1 M—N M-y
(M — N)(M —2y) /0 /y AX)T (x) dx

B Z area(B N (P; — H,(N)))
B (M —N)(M —2y)

— & -area(H,(N))
Piep?
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1
+p R;(x)dx
jgj PIZG;@ (M = N)M =2y) Jp—m, )

1
k
+Z,0 Z Z (M — N)(M=2y) /i—Hy(N) R ). .. R (x) dx.

k>2 J1<.<jk PieZ??
Ji€SL
(4.118)

Using (4.117), it is easy to estimate the last term in (4.118). We have

1
k
IILD DR D v T

k>2 J1<.<jk PieZ?
Ji€F

. 87 (m + 1) 201 —ik)/2
=Y > > O — T3 (4.119)

/ Rj(x)...R; (x)dx
Pi—Hy(N)

k>2 0<j1<..<jk<n P;e2?
For convenience, let us write ¢ = ji — j;. We estimate the sum

n—k+1 n—ji

Yo > > 27412, (4.120)

k>2 1=0 g=k—1 j1<jp<.<jk—1<j11+q

In the innermost sum in (4.120), the indices j, ..., jx—1 can be chosen from among
the ¢ — 1 numbers lying between j; and j; + ¢ in (Z:é) ways. To simplify (4.120),
we can let the indices j; and ¢ run up to n. Then we change the order of summation.
Thus we have

n—k+1 n—ji

SV S S MRS

k=2 J1=0 g=k—1 ji<jp<..<jk—1<j1+q

n n _ n n q+1 _
S50 o Vil SSiED 3 w0 o |

k=2  1=0g=k—1 J1=0g=1
4.121)

Note that the innermost sum
q+1 q+1
wfqg—1 2 k— (49 —1 2 -1
= = 1+ p) .
3 () = (i) =

It follows that if 0 < p < +/2 — 1, then
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q+1 n n
ZZz WZp (Z 2) =YY 271221+ )

1=0g=1 1=0g=1
(n+1),0 +p (n+1)p 1+p\"!
e
_ (n+Dp? +0o\' (n+ Dp?
7 (1 ﬁ) = A1, (4.122)

Combining (4.119)—(4.122), we obtain
Lemma 14. If0 < p < /2 — 1, then

202 2 Grs N)(M 27)

k>2 Jj1<..<jr Pie?
.}lej

3 Ed
= M- N)YM —2y)

/ R (x)...Rj (x)dx
—H,(N)

(n 4+ 1)p?
«/_—1—,0

8/v(m + m2) - (4.123)

We return to (4.118). The contribution from the first term on the right hand side
is o(1), so that it is negligible. To see this, we recall that | £?| = §M?, and also that
P,—H,(N)CB=[0,M—N]x[y,M —y] for all but O(M) points P; € Z.
Thus

area(B N (P; — H,(N)))
P;(, M —NYM —2y) ea(Hy (N))
_ M+ 0oM)
= - N — 2y eI = 8 areadH (V)
=0 (Nk)MgN) =o(l). (4.124)

For the second term on the right hand side of (4.118), we have the estimate (4.112).
Thus combining (4.112), (4.118), (4.123) and (4.124), we obtain

1 M-N M-y
(M—N)(M—Zy)/o /y AX)T (x) dx

(n + 1)p?
ﬁ—l—p

> cnp(n+ 1) —cu —o(1),
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where the constants, the first one yet unspecified, are positive and 0 < p < /2 — 1.
By choosing a sufficiently small p in the range 0 < p < +/2 — 1, we clearly have

1 M—N M—y
A(x)T (x) dx
(M—N)(M—2)’)/o /y
> co5p(n + 1) > ¢ log N >0,

proving (4.94), and thus proving Proposition 13 in the positive direction; see (4.89).
It remains to clarify the missing details in (4.111) and (4.112); see also the paragraph
Summarizing the Vague Geometric Intuition at the end of Sect. 4.5.

Single Term Domination: Clarifying the Technical Details. The geometric ideas
introduced in Sect. 4.5 lead to the following conclusion. At least half of the short
vertical translations &2 + (0, tp), where 0 < ty < 1, of the given point set & have
the property that for at least 1 % of the pairs (j, ¢), where j € {0,1,2,...,n} and
% is a j-cell of the underlying rectangle B = [0, M —N|x[y, M —y], there is single
term domination. This property includes, among other requirements to be specified
later, that there is a dominating point P;, = P;,(j, %) € & such that

« ¢ N (P, — H,(N)) has slope between 24~/ and 747/;

* P, — H,(N) intersects only the lower right subrectangle of ¢, and the
intersection is a large triangle, meaning that the area is at least % of the area
of €, that is, the area is at least n;1,/32.

Then, by choosing the pattern +— in the j-cell 4", we have

R;(x)dx > % (4.125)

[ro”ﬂ(Pfo—Hy(N))

To justify the notion single term domination, we shall show that for a typical pair
(j, %), the contribution of the remaining points P; € &, with i # iy, in the j-cell
% is negligible, in the sense that

> / R;(x)dx| < 72, (4.126)
P d EOPI—Hy, (V) 40
i#io

To prove (4.126), let P; # P;, be another point in & such that P; — H,(N)
intersects %, i.e. the upper or lower arc of the boundary of the hyperbolic needle P; —
H,(N) intersects the j-cell €. We are going to distinguish four cases, depending
on the type of the intersection of P; — H,(N) with ¥, corresponding to upper or
lower arc, and close to horizontal or close to vertical, relative to the diagonals of &’.

Case 15. The upper arc of P; — H, (N) intersects ¢, and the slope is less than the
slope of the dominant needle P;, — H, (N); see Fig. 4.7.
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4

P, — Hy(N)
+ |

Pin _HY(N)

Fig. 4.7 Upper arc of P; — H,(N) intersects €, with slope less than slope of P;; — H,(N)

Let P;, = (ai,, bi,) and P; = (a;, b;) denote the coordinates of the two points in
question. By the hypothesis of Case 1, we have a; > a;,. Write

h:hi:ai—ai0>0 and V=Vi=b,'—bi0,

where of course & denotes horizontal and v denotes vertical. The rectangle property
guarantees that 2|v| > ¢; > 0.

Let (A1, A2) denote the coordinates of the lower left vertex of the j-cell €.
The intersection of the line x = A; with the upper arcs of P;, — H,(N) and P; —
H, (N) give two points, and the hypothesis of Case 1 implies that these intersection
points are close to each other. More precisely, with x = 1 4 a;, — A, where a;, —
A1 > 0 and the additional term 1 comes from the fact that the hyperbolic needle
H,(N) begins at x = 1, we have the upper bound

Do )

Since b; — b;, = v, we can rewrite (4.127) in the form

(-5) -1

<227 . (4.127)

yh

- 27Ty, 4.128
x(x +h) < " ( )

-V
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On the other hand, we know that the slope of the upper arc of € N (P;, — H,(N))
satisfies the inequality

i Y
415;5

4. (4.129)

N
(oY REN|

We claim that if 7, and so also 7,, is a small constant, then the upper arc of
P;y — H,(N) intersects a large number of j-cells different from ¢ such that the
slope is still almost equal to 4=J, Indeed, the horizontal size of % is 2/ n and,
assuming that (4.129) holds, the inequality
4 < v T4

_— <
6 T (x+L02/n)* "6

(4.130)

has constant times 1/71; consecutive integer solutions in £. If n; > 0 is small, then
of course 1/n; is large, justifying our claim.

Returning to (4.128) and (4.129), and then substituting x by x + £2/n;, we have
the respective inequalities

vh
(x+22in)(x + €2/ + h)

—v| <27y, (4.131)

and (4.130). If (4.129) holds, then there are at least ,/y /107, consecutive integer
solutions £ of (4.130).

The basic idea is the following. If £ runs through these integer solutions of (4.130)
while y, x, h and v remain fixed, then the function

yh
(x +02/n)(x +02/n + h)’

(4.132)

as a function of £, has substantially different values, and we expect only very few
of them to be very close to a fixed v in the quantitative sense of (4.131). Of course,
here we assume that 7, is small.

Next we work out the details of this intuition. We begin by noting that (4.130)

implies
6y . . 6y ..
,/?”21 > x + 027 > ,/7”21. (4.133)

Using this in (4.132), we have the good approximation

vh vh h

(tQ2in)(x+@in+h)  Jy2i(J72i +h) 2@ +h/ )
(4.134)
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We now distinguish two cases. First assume that 0 < & < Jer2/71 where ¢ > 0
is the positive constant in the rectangle property. Then the rectangle property yields

— J
v =S h > fzf —— =2Jc2” (4.135)
and
h h e
_ < NS, (4.136)
200 +h/y) 2020 2

The assumption

m < ? (4.137)

together with (4.134)—(4.136), implies that (4.131) has no solution.
We can assume, therefore, that the lower bound

h > Jci2/™! (4.138)

holds. Now we go back to the basic idea. We claim that if we switch £ to £ + 1 in
the function (4.132), then its value changes by at least as much as

m27/2
—_— (4.139)
1+ /y/a
Indeed, by (4.133), we have
h 1 h
Y Y (4.140)

(x+2im)(x + i +h) 72 +2m Sy +h

We also have the routine estimate

1 1 1 1
_ : = (1-
VY2 v +2m Sy ( 1+m/ﬁ)

\/12] (% = (%)2 + (%)3 T ) ~ y% (4.141)

Furthermore, by (4.138), we have

yh y
- > .
V72 +h T 2 y]e + 1

Then the error estimate (4.139) follows on combining (4.140)—(4.142).

(4.142)
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Let us return to (4.132) and (4.139), and apply them in (4.131). We deduce that
among the constant times 1/7; consecutive integer values of £ satisfying (4.130),
there are only constant times (1 + +/y/c;) that will satisfy (4.131). More explicitly,
it is safe to say that

at most 10 (1 + 4 /l) values of £ will satisfy both (4.130) and (4.131). (4.143)
C1

The next step is

A Combination of the Rectangle Property and the Pigeonhole Principle. We recall
(4.138), that h > /c12/~!. Consider the power-of-two type decomposition

2N fe2) <h <2712/, r=0,1,2,.... (4.144)

We claim that for a fixed point P, = (a;,, bi,) € < and for a fixed integer r > 0,

there are at most
y r
10,/ —2 (4.145)
C1

other points P; = (a;,b;) € &, with P; # P;,,suchthath = h; = a; —a;, > 0
andv = v; = b; — by, satisfy (4.131), thus implicitly (4.130) also, and (4.144).

To establish the bound (4.145), first note that if 4 = h; satisfies (4.144), then by
(4.134) and (4.144), we have

vh h
(x +27m)(x + €20 +h) ~ 202 + 1/ J7)
zrﬁzj 2=J

AN N R YN RN

so that a solution of (4.131) gives the approximation

' 1
v=v; &= 27/ +2n ). 4.146
=2 (e =) 0
Assuming
Ny < ! (4.147)
2 ) .
8(1/y +1/c1)
then (4.146) yields the good approximation
2—J

V= (4.148)

YN RINGE
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Suppose on the contrary that there are more than (4.145) other points P; =
(a,-,bi) e X, with P; 7é Pio’ suchthath = h; = a; —aj, > Oandv =v; = b; _bi()
satisfy (4.131), thus implicitly (4.130) also, and (4.144). Then by the Pigeonhole
Principle and (4.148), there must exist two points P;,, P;, € &, with i| # i, such
that

2—J 28 Jer2/ €12/
Vip & — ~vi, and |k —hy| < oL - —.
1/J7 +277/Jc1 10/y/c12 10y

Since the product

2=/ C]Zj _ C1
Uy +277/Jcr v 1427 y/e

we conclude that there exists an axes-parallel rectangle of area less than ¢; and
which contains at least two points of 7, namely P;, and P;,. This contradicts the
rectangle property, and establishes the bound (4.145).

If h = h; falls into the interval (4.144), then

<y,

slope(€ N (P — Hy(N)) = —L— < L~ X ymi
X

, (4.149)

where 47/ almost equals the slope of the diagonals of the j-cell €. By (4.149), we
have

1 / 10y
R;(x)dx| < . (4.150)
area(?) |Jenp,—H, (V) ! a4
Furthermore, (4.150) holds for all j-cells ¢ satisfying
5 . 7 .
34 ! < slope(¢ N (P;, — H,(N))) < 64 /. (4.151)

Let us return now to (4.126). Combining (4.143)—(4.145) and (4.150), we have

1 / y y .. 10y
R;(x)dx| < 10(1—!—1/—’101/—2’—
Z Z area(€) |Jenp—m,v)) ’ ; c1 . a4

3/2 2 3/2 2
— 1000 ((1) n (1) ) 327 = 2000 ((l) n (l) )  (4.152)
C1 C1 =0 C1 C1

Pe?? €
i#ip (4.151)
Case 1
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Since there are at least /107, consecutive integer solutions £ of (4.130), assuming
that (4.129) holds, we have

Z > 10;71 (4.153)

(4151)

Recall that in order to prove (4.126), we distinguish four cases. Inequalities
(4.152) and (4.153) complete Case 1. The remaining three cases will be discussed
in the next section. Note that these cases are quite similar to Case 1, but there are
some annoying differences in the minor details. We shall complete the proof of
Proposition 13 in Sect. 4.8.

4.7 Proof of Theorem 12 (IIT): Completing the Case Study

Let us return to (4.125) and (4.126). Again we assume that there is a dominating
point P, = P;(j.¢) € & such that

s ¢ N (P, — H,(N)) has slope between 247/ and 247/;
* P, — H,(N) intersects only the lower right subrectangle of ¢, and the
intersection is a large triangle, meaning that the area is at least % of the area

of &, that is, the area is at least 7,7,/32.

Againlet P; # P;, be another point in & such that P; — H, (N) intersects ¢, i.e. the
upper or lower arc of the boundary of the hyperbolic needle P; — H, (V) intersects
the j-cell €. We now discuss the second case, which is quite similar to the first
case. Roughly speaking, we switch the roles of the horizontal and the vertical.

Case 16. The upper arc of P; — H,(N) intersects ¢, and the slope is greater than
the slope of the dominant needle P;, — H, (N); see Fig. 4.8.

Let P;, = (ai,. bi,) and P; = (a;, b;) denote the coordinates of the two points in
question. By the hypothesis of Case 2, we have a;, > a;. Write

h:hiza,-o—ai>0 and V=Vi=b,'0—b,',

where again /& denotes horizontal and v denotes vertical. The rectangle property
guarantees that 2|v| > ¢; > 0.

Let (A;, Az) denote the coordinates of the upper left vertex of the j-cell €. The
intersection of the line y = A, with the upper arcs of P;, — H,(N) and P, — H,(N)
give two points, and the hypothesis of Case 16 implies that these intersection points
are close to each other. More precisely, with y = A, — b;,, we have the upper bound
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P —Hy(N)
(A1,42) @
(g

Fig. 4.8 Upper arc of P; — H, (N) intersects ¢, with slope greater than slope of P;; — H,(N)

(- 75) - (=-3)

Since a;, —a; = h > 0, we can rewrite (4.154) in the form

(5-5%0) -
y y+v y(y +v)

We emphasize that y 4+ v > 0, otherwise

<2-2n. (4.154)

<2/t (4.155)

02y+v=(Az—bi0)+(bi0—bi)=A2—bi,

so that b; > A,, which means that the whole upper arc of P; — H, (N ) is above the
j-cell €. But this is impossible, since in Case 2 we assume that the upper arc of
P; — H,(N) intersects €.

Since we switch the roles of the horizontal and the vertical, we focus on the
reciprocal of the slope. We know that the reciprocal of the slope of the upper arc of
¢ N (P, — H,(N)) satisfies the inequality

i 14
415;5

4 (4.156)

e
wn| N
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We claim that if 7,, and so also 7, is a small constant, then the upper arc of
P;y — H,(N) intersects a large number of j-cells different from ¢ such that the
reciprocal of the slope is still almost equal to 4/. Indeed, the vertical size of ¥ is
27/ 1, and, assuming that (4.156) holds, the inequality

. y 6 .
4 < — <4 4.157
70 T (y+H27Im)? T 5 @157
has constant times 1/7, consecutive integer solutions in £. If 5, > 0 is small, then
of course 1/7;, is large, justifying our claim.

Returning to (4.155) and (4.156), and then substituting y by y +#£27/ 1,, we have
the respective inequalities

yv
y+277m)(y +L£27/n +v)

h| <2/%y, (4.158)

and (4.157). If (4.156) holds, then there are at least ,/y /107, consecutive integer
solutions £ of (4.157).

The basic idea is the same as in Case 15. If £ runs through these integer solutions
of (4.157) while y, y, h and v remain fixed, then the function

yv
G+ +0277n+v)’

(4.159)

as a function of £, has substantially different values, and we expect only very few
of them to be very close to a fixed / in the quantitative sense of (4.158). Of course,
here we assume that 7, is small.

Next we work out the details of this intuition. We begin by noting that (4.157)

implies
,/7”2—1 <y 4027y, < ,/?”2—1. (4.160)

Using this in (4.159), we have the good approximation

yv - yv . v
b+ 27Ty + 27T +v) JV27I (Y27 4y 271 Q7T +vyy)
(4.161)

We now distinguish three cases. First assume that v < 0. Since y 4+ v > 0, we have
y~! < (y +v)7!, and so by (4.158), we have

2/t > |h| = h. (4.162)
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Combining (4.162) with the rectangle property, we deduce that

> s Sy (4.163)
1

(4.164)

we have

v [v| 2/

27T vy 2y —270) 1y =27/

Combining (4.158), (4.161)—(4.163) and (4.165), we conclude that

> /y2/. (4.165)

. 1 . .
2ty > h > Eﬁzf —2/ 1y,
which is an obvious contradiction if

m< (4.166)

f

This proves that v > 0.
Next assume that 0 < v < /c127/ 71, where ¢; > 0 is the positive constant in
the rectangle property. Then the rectangle property yields

Ci C1 i
h>_—->___— =9 27/ 4.167
= Ve ( )
and
d v Ny (4.168)

- - < - -
27927 +v/Sy) 277270 T2

The assumption

m < \/—2_, (4.169)

together with (4.161), (4.167) and (4.168), implies that (4.158) has no solution.
We can assume, therefore, that the lower bound

v> Je 27! (4.170)
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holds. Now we go back to the basic idea. We claim that if we switch £ to £ + 1 in
the function (4.159), then its value changes by at least as much as

m2' 4.171)
14+ Vy/e .
Indeed, by (4.160), we have
yv 1 yv
4.172)

O+ 027y +02Tm+v) 2T 72+

We also have the routine estimate

1 1 ! !
VY2 2T 42 2 ( Ltm/Jy )

b (m (m\, (mY Y
o= (ﬁ - (ﬁ) + (ﬁ) x) SRR LE)

Furthermore, by (4.170), we have

yv Y
. > .
S22 v T 2 e + 1

The error estimate (4.171) follows on combining (4.172)—(4.174).

Let us return to (4.159) and (4.171), and apply them in (4.158). We deduce that
among the constant times 1/7, consecutive integer values of £ satisfying (4.157),
there are only constant times (1 + /y/c;) that will satisfy (4.158). More explicitly,
it is safe to say that

(4.174)

at most 10 (1 + /L) values of £ will satisfy both (4.157) and (4.158). (4.175)
C1

As in Case 15, the next step is

A Combination of the Rectangle Property and the Pigeonhole Principle. We recall
(4.170), that v > /c;27/~1. Consider the power-of-two type decomposition

2N o2 <v<2Jer27, r=0,1,2,.... (4.176)

We claim that for a fixed point P;, = (a;,, bi,) € < and for a fixed integer r > 0,

there are at most
[V or
10, /=2 4.177)
(4]
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other points P; = (a;,b;) € &, with P; # P;,,suchthath = h; = a;; —a; > 0
and v = v; = b;, — b; > 0 satisfy (4.158), thus implicitly (4.157) also, and (4.176).

To establish the bound (4.177), first note that if v = v; satisfies (4.176), then by
(4.161) and (4.176), we have

yv v
O+ 2Ty + 27 m+v) 272 v/ 7)
2" Jer27) 2/

Sl Jari/ gy Uy +er/da

so that a solution of (4.158) gives the approximation

: 1
h=h; ~2 (1/ﬁ+2_r/ﬁ12n1). (4.178)
Assuming
m < ! , (4.179)
8(1/ /¥y + 1/ /cr)
then (4.178) yields the good approximation
= 2 (4.180)

VN T N

Suppose on the contrary that there are more than (4.177) other points P; =
(a,-,bi) e &, with P; 7é Pio’ such that h = h; = aj, — a; > Oandv = v; =
bi, — b; > 0 satisfy (4.158), thus implicitly (4.157) also, and (4.176). Then by the
Pigeonhole Principle and (4.180), there must exist two points P;, P;, € &7, with
i1 # iy, such that

2/ 2 Je2 2
hi, ~ — ~ hj, and |v; —v,| < Ver — 1 '
1y +277/er 10yyjer2r 10y

Since the product

27 C12_j . |
/v +277 /e 7 14+27"/y/c1

we conclude that there exists an axes-parallel rectangle of area less than ¢; and
which contains at least two points of &7, namely P;, and P;,. This contradicts the
rectangle property, and establishes the bound (4.177).

<y,
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If v = v; falls into the interval (4.176), then

1 Y Y .Y

< ~

= ~ . ] )
slope(6 N (P — H,(N))) (v +v)? ~ v a4 4, (4.181)

where 4/ almost equals the reciprocal of the slope of the diagonals of the j-cell &.
By (4.181), we have

1
area(?%)

10y
C14r.

=

(4.182)

/ R;(x)dx
E€N(P;—Hy(N))

Furthermore, (4.182) holds for all j-cells & satisfying (4.151). Let us return now to
(4.126). Combining (4.175)—(4.177) and (4.182), we have

10
5210(1+\/Z)10 [Yor 22V
Ci g a4
r>0
3/2 2 3/2 2
— 1000 (1) +(l) 3277 = 2000 (1) +(1) (4.183)
C1 1 =0 1 C1

a perfect analog of (4.152). This completes Case 16.

1
Z Z area (%)

/ R;(x)dx
EN(Pi—Hy(N))

Pe? €
i#ig (4.151)
Case 2

Case 17. The lower arc of P; — H,(N) intersects ¢, and the slope is less than the
slope of the dominant needle P;, — H, (N); see Fig. 4.9.

Let P;, = (ai,. bi,) and P; = (a;, b;) denote the coordinates of the two points in
question. By the hypothesis of Case 17, we have a; > a;,. Write

hzhiza,-—aio>0 and V=Vi=b,'—b,'0,

where again /1 denotes horizontal and v denotes vertical. It is obvious from the
geometry of Case 17 that v > 0. The rectangle property guarantees that hv > ¢; > 0.

Let (A, Ay) denote the coordinates of the lower left vertex of the j-cell . The
intersection of the line x = A with the upper arc of P;;, — H,(N) and the lower
arc of P; — H,(N) give two points, and the hypothesis of Case 3 implies that these
intersection points are close to each other. More precisely, similar to Case 1, with
x =1+ a;, — A1, we have the upper bound

\(b,ﬁg)_(b,._x;h)

<227 np,. (4.184)
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%

Fig. 4.9 Lower arc of P; — H, (N ) intersects ¢, with slope less than slope of P;, — H,(N)

Since b; — b;, = v, we can rewrite (4.184) in the form

Y Y
‘(x+x+h) '

Note that (4.185) is an analog of (4.128) in Case 15, the only difference being that
a minus sign is replaced by plus sign. This means that we can basically repeat the
argument in Case 15. In fact, the plus sign helps and makes Case 17 simpler than
Case 15. On the other hand, we know that the slope of the upper arc of € N (P;, —
H, (N)) satisfies the inequality (4.129).

Again, if 71, and so also 7, is a small constant, then the upper arc of P;,—H, (N)
intersects a large number of j-cells different from % such that the slope is still
almost equal to 47/, Indeed, the horizontal size of ¢ is 2/7; and, assuming that
(4.129) holds, the inequality (4.130) has constant times 1/7; consecutive integer
solutions in £.

Returning to (4.129) and (4.185), and then substituting x by x + £2/n;, we have
the respective inequalities (4.130) and

<27/ *y,. (4.185)

Y + Y
x+4£02in  x+4L£2in+h

—v| <27/t y,. (4.186)
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If (4.129) holds, then there are at least ,/y /107 consecutive integer solutions £ of
(4.130).

The basic idea is the same as in Case 15. If £ runs through these integer solutions
of (4.130) while y, x, & and v remain fixed, then the function

Y + Y
X+402n  x+L2in +h’

(4.187)

as a function of £, has substantially different values, and we expect only very few
of them to be very close to a fixed v in the quantitative sense of (4.186). Of course,
here we assume that 7, is small.

Next we work out the details of this intuition. We begin by noting that (4.130)
implies (4.133). Using this in (4.187), we have the good approximation

Y n Y 14 Y
x4+ €27 x+€21m+h VY2 ﬁ2f+h'

(4.188)

We now distinguish two cases. First assume that 0 < 7 < c12/ _2/ /Y, where
c1 > 01is the positive constant in the rectangle property. Then the rectangle property
yields

Cl

i
[v] > \/_y —— =2/c2” (4.189)
On the other hand, assuming that
m < 4 (4.190)
it then follows from (4.186) and (4.188) that
2y + 270y, <4 fy2. (4.191)
=< fZ 7 2 .
Since (4.189) and (4.191) contradict each other, we can therefore assume that
27172
hs < (4.192)

N

which is an analog of (4.138) in Case 1. Now we go back to the basic idea. We claim
that if we switch £ to £ + 1 in the function (4.187), then its value changes by at least
as much as

m27 72, (4.193)
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an analog of (4.139). Indeed, (4.193) follows immediately from the routine estimate

1 1 1 1 M
VYY v +2m o Sy ( 1+ nl/ﬁ) y2
Let us return to (4.187) and (4.193), and apply them in (4.186). We deduce that

at most 10 values of £ will satisfy both (4.130) and (4.186). (4.194)

As in Cases 15-16, the next step is

A Combination of the Rectangle Property and the Pigeonhole Principle. We recall
(4.192), that h > ¢;2/72/ /7. Consider the power-of-two type decomposition

N r=90,1,2,.... .
\/7 \/7

We claim that for a fixed point P;, = (a;,, bi,) € < and for a fixed integer r > 0,
there are at most

10-2" (4.196)

other points P; = (a;,b;) € &, with P; # P;,,suchthath = h; = a; —a;, > 0
andv = v; = b; — by, satisfy (4.186), thus implicitly (4.130) also, and (4.195).

To establish the bound (4.196), first note that if 4 = h; satisfies (4.195), then by
(4.188) and (4.195), we have

14 4 4 4 —j 1
y s ~ . . ~ 727 1+ ——— ),
x + €27y +x—i—€2/m+h Jr2/ * SY2 4+ h VY ( * 1+012r_1/y)

so that a solution of (4.186) gives the approximation

. 1 .
=vi~ P27 [ 1+ ———— ) £ 27y, 4.197
v Vi \/7 ( + 1+C12r_1/)/) n2 ( )
Assuming
V7
< > 4.198
<100 ( )

then (4.197) yields the good approximation

v=v ~ Jy27/ (1 + (4.199)

1+ C12"_1/)/) '
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Suppose, contrary to the bound (4.196), that there are more than 10 - 2" other points
P, = (a,-,bi) e &, with P; 7é Pio, such that h = h; = a; — a, > 0 and
v =v; = b; — bj, satisfy (4.186), thus implicitly (4.130) also, and (4.195). Then
by the Pigeonhole Principle and (4.199), there must exist two points P;,, P;, € &,
with iy # iy, such that

A 2r¢2/ 71 2/
Vi, & ﬁz_] 1+ —7—— = Vip and |/’l,’1 —/’l,'2| < ! /ﬁ = €1 .
1+c2—1/y 102" 207
Since the product
. 1 12/
27711+ . < ¢y,
vr ( I-FQT‘VV) 2y

we conclude that there exists an axes-parallel rectangle of area less than ¢; and
which contains at least two points of 7, namely P;, and P;,. This contradicts the
rectangle property, and establishes the bound (4.196).

If h = h; falls into the interval (4.195), then

14

- (y/c1)’
(x + h)?

y
2= 42

slope(€' N (P, — H,(N))) = <

47 (4.200)

where 47/ almost equals the slope of the diagonals of the j-cell €. By (4.200), we
have

1
area(%)

10(y/c1)?
4r—2

=

(4.201)

/ R;(x)dx
EN(Pi—Hy(N))

Furthermore, (4.201) holds for all j-cells & satisfying (4.151). Let us return now to
(4.126). Combining (4.194)—(4.196) and (4.201), we have

. / 10(y/c1)®
Rj(x)dx| < » 10-10-2" - ————
Z Z area(%) EN(Pi—Hy,(N)) 109 B Z

41‘—2
Pie? € r>0
i#io (4.151)
Case 3
v\ v\
= 16000 (—) > 27" =132000 (—) . (4.202)
c1 C1

r>0

This completes Case 17.

Case 18. The lower arc of P; — H,(N) intersects ¢, and the slope is greater than
the slope of the dominant needle P;, — H, (N); see Fig. 4.10.
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¢

Py — Hy(N)

o

(A1,42) &

Fig. 4.10 Lower arc of P, — H, (N ) intersects ¢, with slope greater than slope of P;; — H,(N)

Let P, = (a;,, bi,) and P; = (a;, b;) denote the coordinates of the two points
in question. By the hypothesis of Case 4, we have a;, > a;. We want positive real
numbers, and write

h=hi=ai0—ai>0 and V=Vi=bi—bi0>0,

where again & denotes horizontal and v denotes vertical. The rectangle property
guarantees that zv > ¢; > 0.

Let (A, A;) denote the coordinates of the lower left vertex of the j-cell 4. We
have b; > Ay > b;, and b; — A» > A»—b;,. The intersection of the line y = A, with
the upper arc of P, — H,(N) and the lower arc of P; — H, (N give two points, and
the hypothesis of Case 4 implies that these intersection points are relatively close
to each other in the following quantitative sense. Write y = A, — b;, > 0. Then
b — Ay = (b; — b;)) —y =v—y >y, and we have the upper bound

(= 25) = (=-5)

Since a;, —a; = h > 0, we can rewrite (4.203) in the form

(55
y v=y

<2-2/p. (4.203)

<2/ %y, (4.204)
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Now we basically repeat the argument of Case 16. But, just like Case 17 is a simpler

version of Case 15, Case 18 is a simpler version of Case 16. Case 18 is similar to

Case 17 in the technical sense that the two critical functions
14

A= ad S =TT

(4.205)

are in synchrony, in the sense that each is a sum of two parts that increase or decrease
together as y varies.

As in Case 16, we switch the roles of the horizontal and the vertical, and focus
on the reciprocal of the slope. We know that the reciprocal of the slope of the upper
arc of € N (P;, — H,(N)) satisfies the inequality (4.156). We know also that if 7,
and so also 7y, is a small constant, then the upper arc of P;; — H, (N) intersects a
large number of j -cells different from % such that the reciprocal of the slope is still
almost equal to 4/ .

Returning to (4.156) and (4.204), and then substituting y by y +#£27/ ,, we have
the respective inequalities (4.157) and

4 |4

_ _ _h| <2/, 4.206
y+L277n  v—(y +4£277n) n ( )

If (4.156) holds, then there are at least ,/y /107, consecutive integer solutions £ of
(4.157).

The basic idea is the same as in Case 16. If £ runs through these integer solutions
of (4.157) while y, x, h and v remain fixed, then the function

y B y
y4+27Iin, v—(y+027In)

(4.207)

as a function of £, has substantially different values, and we expect only very few
of them to be very close to a fixed / in the quantitative sense of (4.157). Of course,
here we assume that 7, is small.

Next we work out the details of this intuition. We begin by noting that (4.157)
implies (4.160). Since the functions f3(y) and f4(y) given by (4.205) are in
synchrony, we can basically repeat the argument of (4.187), (4.193) and (4.194)
in Case 3, and conclude that if we switch £ to £ + 1 in the function (4.207), then its
value changes by at least as much as

M2/ 72,
an analog of (4.171) and (4.193). Thus we deduce that

at most 10 values of £ will satisfy both (4.157) and (4.206). (4.208)
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As in Cases 15—17, the next step is

A Combination of the Rectangle Property and the Pigeonhole Principle. In this
case, since v — (y + €277 1p) > y + €27/ 15, we have

v>2(y + €277 ). (4.209)

In view of (4.160), we can assume that

v > ,/6—)/2_”'1.
7

Consider the power-of-two type decomposition

6y o
2*“,/7”2—1“<v§2’,/7”2—1+2, rF=0.102..... (4.210)

We claim that for a fixed point P, = (a;,, bi,) € & and for a fixed integer r > 0,
there are at most

100y2"
Cl

4.211)

other points P; = (a;,b;) € &, with P; # P, suchthat h = h; = a;, —
a; > 0andv = v; = b; — b;, > 0 satisfy (4.206), thus implicitly (4.157) also,
and (4.210).

To establish the bound (4.211), first note that if v = v; satisfies (4.210), then by
(4.160), (4.206) and (4.209), and assuming that

m < 4, (4.212)
we have
4 i+1 |4 i+1 j
h=h < ——+2/7"n < ———+2/""n <2/y2/. (4.213)
y+4L27In, 277 \/6y/7

Suppose, contrary to the bound (4.211), that there are more than 100y2" /¢, other
points P; = (a;,b;) € &, with P; # P;,, suchthath = h; = a;, —a; > 0 and
v =v; = b; —b;, > 0 satisfy (4.206), thus implicitly (4.157) also, and (4.210). Then
by the Pigeonhole Principle and (4.213), there must exist two points P;,, P;, € 2,
with i; # iy, such that

. 2" J6y/T27i*2 6/7 _.
max{h; , h;,} <2/y2/ and |v;; —v;,| < v/ _a / 277,
100127 /¢, 25./7
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Since the product

. —CI 6/72_j = EC1 <
NG 7

Nz

we conclude that there exists an axes-parallel rectangle of area less than ¢; and
which contains at least two points of &7, namely P;, and P;,. This contradicts the
rectangle property, and establishes the bound (4.211).

If v = v; falls into the interval (4.210), then

! Y y 1
¢ i = Sx 4, 4.214
slope(6' N (P; — Hy(N)))  (y+v)2 ~ 2 4 (4.214)

where 4/ almost equals the reciprocal of the slope of the diagonals of the j-cell &
By (4.214), we have

1

10
e <7 (4.215)

/ R;(x)dx
EN(P;—H,(N))

Furthermore, (4.215) holds for all j-cells & satisfying (4.151). Let us return now to
(4.126). Combining (4.208), (4.210), (4.211) and (4.215) we have

1 / y 10
Ri(x)dx| <Y 10-100=2" - —
P;@ ; area(6) |Jenqp—m,00) ; o 4
i#io (4.151)
Case 4
_ Y N~ s _ %
= 10000 Z 277 = 20000~ (4.216)
C1 C1

r>0

This completes Case 18.

4.8 Completing the Proof of Theorem 12

In this section, we shall finally complete the proof of Proposition 13. Let us return
to (4.125) and (4.126). We are now ready to clarify the technical details of the single
term domination.

Let P, € & and j € _Z be arbitrary.

Property 19. The slope y/x? of the hyperbolic needle P;, — H, (N) satisfies

i _ 7
J =
4 =a°s

4~ 4.217)

N W
AN
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E

Fig. 4.11 Short vertical translations

Note that (4.217) holds if and only if

6_y2j<x< 6_)/2]"
V 7 A

and this is an interval of length greater than /y’ 2/ /6. Since a j-cell € has horizontal
side 1y 2/, there are more than

vr2'/6 _ v

m2, 6

j-cells € with the slope of the intersection ¢ N (P;,, — H,(N)) satisfying
Property 19.

It would be not too difficult to prove directly, by using some familiar arguments
from uniform distribution, that among these more than ,/y/61n; j-cells €, at least
1 % has the following additional property.

Property 20. The hyperbolic needle P;, — H, (N) intersects only the lower right
subrectangle of %, and the intersection is a large triangle, meaning that the area is
at least 31—2 the area of ¥, i.c. the area is at least 7;7,/32.

It is technically simpler, however, to force Property 20 in an indirect way, by
using the trick of short vertical translations; see Fig. 4.11. This geometric trick was
already mentioned at the end of Sect. 4.5.

More precisely, for every real number 7, satisfying 0 < #y < 1, consider all
j-cells € such that, with B = [0, M — N] x [y, M — y], we have

€N (P, +(0,10)—H,(N))CB (4.218)
and
5 . 7 _.
64 J < slope(€ N (P, + (0,1) — H,(N))) < 34 7, (4.219)

Simple geometric consideration shows that for, say, at least 5 % of the pairs (¢, %),
where € satisfies (4.218) and (4.219), € N (P;, + (0,10) — H,(N)) also satisfies
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Property 20, i.e. P;, + (0,%)) — H, (N) intersects only the lower right subrectangle
of €, and the intersection is a large triangle of area at least 7,17,/32.

For the proof of the positive direction (4.89), we choose the pattern 4+— in every
j-cell € satisfying (4.218) and (4.219). Naturally, we choose the opposite pattern
—+ for the negative direction (4.90). Then

R;(x)dx > % (4.220)

/;fﬂ(PiO+(0,l‘0)—Hy(N))

Finally, if the j-cell ¥ does not satisfy both (4.218) and (4.219), then we choose
the pattern 0. Therefore, by (4.220) and summarizing Cases 1-4, we have

/01 2 2 /P R;(x)dx | do

Jj€F PyeP io +(0.00)—Hy (N)

1L /Y mm
=2 2 %o 3

JE€J Piye?
(4.222)
1
-> > / / R; (x) dx| drg
e 7 0 [Jenpito.u0)-H,W)
i#ig (4.219)
ST "\ (7Y
= - 4000 | | — —
=2 ) ( 3840 "' o) &
j€F Piye?
(4.222)
Y y
+32000 (—) + 20000—)), (4.221)
C1 C1
where the summation over P;, € & is under the restriction
P, +(0,t9) — H,(N) C B forall ¢ satisfying 0 < 1y < 1, (4.222)

the summation over % is under the restriction (4.219), the summation over P; € &
with i # iy encompass Cases 15-18, and finally the factor % comes from the
5 % mentioned earlier. Furthermore, we have used in the last step the inequalities
(4.152), (4.183), (4.202) and (4.216) for every #y satisfying 0 < #p < 1.

In our discussion in Sects. 4.6 and 4.7, we have made some assumptions on 1,

and 7,. Corresponding to Cases 15—18, we have assumed respectively that
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NG 1
’”“mn{ 2 8(1/f+1/@}
fa Y Ja 1
'“<mm%2ﬁ 82 8(1/f+1/@}
n2<min{ﬁ,ﬁ},
2 100
771<4:

see (4.137), (4.147), (4.164), (4.166), (4.169), (4.179), (4.190), (4.198) and (4.212).
Since

1 | VT
TN YN

we can guarantee all of the above requirements on 7; and 7, by imposing the single
inequality

V7 ‘/_ “ } (4.223)
10008 "2y

max{ny, n2} < mln{
Let us return to (4.221). We have
3/2 2 2
Ve o (s000 () 4+ (2) ) + 32000 () + 200002
3840 c c 1 C

> ‘7/678 ?)2’ (4.224)

assuming that (4.223) holds and 7, satisfies the additional inequality

1108 ((y % )2
—_ > — — — . 4.225
m = VY ((Cl) * (Cl ( )

Since 1, and 7, are almost equal, in view of (4.100), we can satisfy both (4.223)
and (4.225) by the choice

1078¢, 10782
VY Ve 107 l } . (4.226)

nR :mmizoo’ 10" 207 22
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Substituting (4.226) in (4.224) and then returning to (4.221), we have

Y
R;(x)dx | drp > Z > 7630
JEF PiyeP

(4.222)

[z
0 JEF PiyeP Piy+(0,10)—Hy(N)

where ij is now a dummy variable. Clearly there exists 7y, satisfying 0 < 7, < 1,
such that

y }:/ Ridx= Y AULEY (4.227)
: +(0.10)—H,, (N : 7680
je g Pez i +(0,0)—Hy (N) jE€F Piep

(4.228)

Note that in (4.227), we have substituted the dummy variable i by i, together with
a corresponding summation restriction

P; +(0,20) — H,(N) C B forall # satisfying 0 < fp < 1. (4.228)

Next we return to (4.118), and replace the point set &2 by the translated point set
Z + (0,1p). Then Lemma 14 gives

1 M—N M-y
(M — N)(M —2y) /0 /y AX)T (x) dx

_ Z area(B N (P; + (0,7)) — H,(N)))
B (M —N)(M —2y)

— & -area(H,(N))
Pie?

1
P3P (M—N)(M—2y)/ Rj(x)dx+ E;, (4.229)

jej Pe? i+(0st0)_Hy(N)

where the error E satisfies

- 2] . (4 Dp?
= =M=z BV

Recall that & is a finite subset of the square [0, M]?> with cardinality || =
8M?. Since 0 < ty < 1, the rectangle property implies, via elementary calculations,
that the condition

|E} (4.230)

P+ (0.1) — H,(N) C B =[0.M — N] x [y, M —y] (4.231)

holds for all but at most

QN + 4y + )M
Cl

(4.232)
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points P; € &. Thus

Z area(B N (P; + (0,1)) — H,(N)))

M —N(M —29) — & -area(H,(N))

Pie?
_ 8M?+ 6c'(2N + 4y + DM
(M —N)(M —2y)

-area(H,(N)) — § - area(H,(N))

M2
= ((M “NH =2 - 1) 8 -area(H,(N))

"N +4y + )M
(M —N)(M —2y)

-area(H, (N)),

with some constant 0 satisfying —1 < 6 < 1. Since area(H,(N)) = 2ylogN, it
then follows that

Z area(B N (Pi + (0.1%) — Hy(N))) § -area(H,(N))

= MMM -2y

- 3N +6y+1
T (M- N)(M —2y)

2y log N. (4.233)

Combining (4.229), (4.230) and (4.233), we deduce that

1 M—-N M-y
(M — N)(M —2y) /0 /y A(x)T (x) dx

1
e3> (M —N)(M —2y) / R;(x)dx+E>, (4.234)

JEYZ PieP i +(0,10)—Hy (N)

where the error E, satisfies

| 2| (n + 1)p?
|E>| < Brm+m) —(————
7 TT R B A  p ps
3N + 6y + 1
T 10N (4.235)

(M —N)(M —2y)

Combining (4.227), (4.234) and (4.235), we then conclude that

1 M—N M-y
(M - N)(M —2)/)/0 /y AX)T (x) dx

> Z 1 VY2
=0 & M =N (M ~2y) £, 7680
(4.228)
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| 2| (n + 1)p?
_ .8 + )—
1
NTO+L g, (4.236)

(M —N)(M —2y)

Recall that ¢ is an interval of integers satisfying (4.114), so that

1
|/|z(n+1>—1og2(y+;).

On the other hand, it follows from (4.231) and (4.232) that

5 o syt QN H 4y DM

Pie? c
(4.228)
Thus
1
) .1
L N2y =,
(4.228)
1 IN +4y +1
> ((n +1) - log, ()/ + —)) (8 - i) . (4237
y aM

Let us now return to (4.236). If p is small, then p? is negligible compared to
p. Let p = 1079, say. Substituting this and the estimate (4.237) into (4.236), and
assuming that N and M/ N are both large, we deduce that

1
area(B) /B AXx)T (x) dx

1 2N +4y + 1\ J7m
> 1)—1 - §— .
=0 =ows (v 5)) (- 25)

More precisely, the assumptions on N and M are given by (4.84) and (4.85), and
the choice for n is made precise by

N
— < 2" < N.
2

These choices, together with the definition (4.226) for 1,, ensure that

1
area(B)

/ AX)T(x)dx > §'log N, (4.238)
B
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where 8’ = §'(c1,y,8) > 0 is a positive constant independent of N and M, and
defined by (4.83) and (4.84).

It now follows from (4.238) that there exists a translated copy x; + H, (V) of the
hyperbolic needle H,(N) such thatx; + H,(N) C [0, M]* and

|2 N (x; + Hy(N))| > 28ylog N + &' log N.
This establishes the inequality (4.89). The proof of the other inequality (4.90) is the
same, except that we replace the pattern +— by the opposite pattern —+.

Thus the long proof of Proposition 13 is complete. This also completes the proof
of Theorem 12.

4.9 Yet Another Generalization of Theorem 3

Leto > 0,0 < f < 1 and y > O be arbitrary but fixed real numbers,
and let f(«; B;y; N) denote the number of integral solutions of the diophantine
inequality'*

lne—pl <X, 1<n<N.
n
This inequality motivates the hyperbolic region

y-Bl<f 1=x=w

which has area 2y log N.
Let us return to the special case @ = /2. Combining Lemmas 1 and 2, we have

1
| 1z pivinyap = 29108 N + O (4239)
0
and for an arbitrary subinterval [a, b] with 0 < a < b < 1, we have the limit formula

b
im 5ea Jo S(W2 By N)dB
N—>00 log N

2y. (4.240)

There is a straightforward generalization of (4.239) and (4.240) for arbitrary o > O,
and the proof is the same. We have

1
/ Fl@: iy N)dB = 2y log N + O(1), 4241)
0

4Note that the special case @ = ﬁ was introduced in Sect. 4.1; see (4.28).
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and for an arbitrary subinterval [a, b] with 0 < a < b < 1, we have the limit formula

l b . . .
lim mfa Sfla;B;v:N)dB _ 2y

(4.242)
N—>o0 log N

The formulas (4.239)—(4.242) express the almost trivial geometric fact that the
average number of lattice points contained in all the translated copies of a given
region equals the area of the region; see Lemma 5. It is natural, therefore, to study
the limit

i fle;Biy:N)
m ———.

(4.243)
N—oo 2ylog N

The case of rational « in (4.243) is trivial. Indeed, if N — oo, then the function
f(o; B;y; N) remains bounded for all but a finite number of values of 8 = B(«)
in the unit interval. When f(o; B;y; N) tends to infinity, it behaves like a linear
function ¢,7 N, which is much faster than the logarithmic function log N.

If « is irrational, then we have the following non-trivial result, which can be
considered a far-reaching generalization of Theorem 3.

Theorem 21. Let o > 0 be an arbitrary irrational, and let y > 0 be an arbitrary
real number. There are continuum many divergence points B* = B*(a,y) € [0,1)
such that
r flasp*iysn) o faiBriyin)
im sup ——— > liminf —————.
n—>c0 logn n—>00 logn

To prove Theorem 21, we can clearly assume that 0 < o < 1. We need the
continued fractions

1 1 1 [ |
0=——/..=|ay,az,as,...].
ar+ a+ az+ R

For irrational e, the digits a,a,, as, ... form an infinite sequence, with a; > 1 for
alli > 1. For k > 2, the fractions

Pk
qk

=lay,...,ax]

are known as the convergents to «. It is well known that py, g are generated by the
recurrence relations

Dk = Ak Pk—1 + Pr—2, Gk = Arqk—1 + qr—2, (4.244)

with the convention that py = 0,q0 = 1, p1 = 1 and ¢; = a;.
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Another well-known fact about the convergents is the inequality

‘ Die—1 1
o — iy k]
k-1 qk—19k
which clearly implies
lgr—rell < : (4.245)
Akqk—1
Write n = £qi—;. Then by (4.245), we have
14 2 2
Inell = [[€qx—1a| < = =—,
akqk—1  arlq—  agn
and so ||na| < y/n holds whenever £2/a; < y,i.e. whenever
1 <t< Jya. (4.246)
Now let
Ni = [Vrvailqi-1. (4.247)

where |z| denotes the lower integral part of a real number z. It then follows from
(4.246) that the homogeneous diophantine inequality |[na| < y/n has at least

k
> Lvral

i=1

integer solutions »n satisfying 1 < n < Nj. Formally, we therefore have

k
fle:B=0y:No) = > [ /vai). (4.248)

i=1
We distinguish two cases, and start with the much harder one.

Case 22. For all sufficiently large values of k, we have

k
> LVyai) < 100- 2y log Ni. (4.249)

i=1
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We proceed in four steps.

Step 1. The crucial first step in the argument is to show that the condition (4.249)
implies the exponential upper bound

l_[(a, ) <e (4.250)

i=1

for all sufficiently large values of k, where ¢/ = ¢’(y) is a finite constant
independent of k.

To derive (4.250), we use the well-known principle that the exponential functions
grow faster than polynomials, in the form of an elementary inequality as follows.

Lemma 23. For any fixed positive ¢ > 0, the inequality
(x 4+ 1)° < (8c%e 2)eV™

holds for every x > 1.

Proof. We start with the trivial observation that x + 1 < 2x for all x > 1, which
leads us to the function g(x) = (Zx)"e_‘/; , which we wish to maximize. It is
easy to compute the derivative of g(x) and show that its value is maximized when
x = 4c¢?. The desired inequality follows from (x + 1)"3_‘/; <g(x)<g@c®). O

By repeated application of (4.244), we have
Gk—1 = Ak—19k—2 + qk—3 = (ak—1 + Dgr—

< (k-1 + D(ak—2 + Dgr—3 = ... = H(Gi + D). (4.251)
i=1

Combining this with (4.247) and (4.249), we have

k k—1
> (Jyai —1) < 100-2y <1ogﬁ + log J/ai +log [ J(ai + 1))
i=1 i=1
k
< 200y <log Vv + log H(ai + 1)) . (4.252)
i=1

Applying the exponential function, the inequality (4.252) becomes

k k
[Tevt =y [T + 17, (4253

i=1 i=1

and this inequality holds for all sufficiently large &, i.e. for all k > k.
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Applying Lemma 23 with ¢ = 400,/y and x = a; foreachi = 1,2,... Jk+1,
and then multiplying these inequalities together, we obtain

k k
[ J@ + D*V7 < (800, /y)* V7 [ Teve.

i=1 i=1

Raising this to the ,/y-th power, we have

k k
[ [@ + D* < 800y)*7* [ Tev. (4.254)

i=1 i=1
We next combine (4.253) and (4.254) to obtain

k k
[T + 1% < 800y)* " ey TT(a: + 1),

i=1 i=1

which, on removing a common factor and then taking 200y-th root, becomes

k
[Tt + 1) < 800y)* > fy = (/7 ((800y)*e!/*7 )", (4.255)
i=1

Since this holds for all k > ky, the inequality (4.250) follows.

Step 2. We shall next show that small digit a; implies a local rectangle property.
It follows from (4.255) that, for all sufficiently large &,

ai + 1 < (1000y)%e ™7 (4.256)

holds for at least k/2 values of i in 1 < i < k. In other words, at least half of the
continued fraction digits a; of « are small, less than a constant depending only on
y, in the precise quantitative sense of (4.256).

Next we show that, for every small digit a;, the rectangle property must hold
locally, in some power-of-two range around ¢;. To prove this, we basically repeat
the proof of Lemma 4, and use some facts from the theory of continued fractions;
see Lemma 24 below. The details go as follows.

As in the proof of Lemma 4, we consider a rectangle of slope 1/« and which
contains two lattice points P = (k,f) and Q = (m,n); in fact, assume that P
and Q are two vertices of the rectangle. We denote the vector from P to Q by
v = (m — k,n — £), and consider the two perpendicular unit vectors

( o 1 ) d ( 1 o )
e = , and e, = L — .
: Vi+a?2 JVT+a? ? Vi+a?2 V142
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Then the two sides a and b of the rectangle can be expressed in terms of the inner
products e; - v and e; - v. We have

a:|el.v|zw and b:lez.v|:M’
V1+a? V1+a?

where p = m — k and ¢ = n — £. Thus the area of the rectangle is equal to

|pa +qllp — qa|

area = ab =
1+ a2

(4.257)

Without loss of generality we can assume that p > 0 and ¢ > 0, and that p is the
nearest integer to go. Then | p —qo| = ||ga||. Next we need the following fact from
the theory of continued fractions.

Lemma 24. If1 < q < g, then

lgell = llgi—1et]] > ————.
: (a; +2)gi—1

We postpone the proof of Lemma 24.

Now assume that

q"T“ <q<gq. (4.258)
Applying Lemma 24 and (4.258), we have

1
> .
(ai +2)qi-1 — 4(ai +2)q

lp—qo| = llqa| > |lgi—1c]| >

Substituting this in (4.257) and assuming (4.258), we have

(pe+q)lp—qo| _ qlp—qe| _ 1

area = ab = .
. 1+ a2 S T1¥e? T Ha+2( 1)

(4.259)

Let us elaborate on the meaning of (4.259). It is about a rectangle of slope 1/«
which contains two lattice points P = (k,£) and Q = (m,n); in fact, P and Q
are two vertices of the rectangle. We write the vector from P to Q as v = (p,q)
and, without loss of generality, we can assume that p > 0 and g > 0, and that p is
the nearest integer to ga. If ¢ is large, then /1 + a2q is very close to the diameter
of this long and narrow rectangle. It means that ¢ is basically a size parameter of
the rectangle. Assume that the restriction (4.258) holds. Then the inequality (4.259)
tells us that the area of this long and narrow rectangle is at least 1/4(a; +2)(1 +a?),
that is, the area is not too small if g; is not too large.



4 Superirregularity 305

We can therefore rephrase (4.258) and (4.259) together in a nutshell as follows.
A small digit a; yields the rectangle property locally. This means that we have a
good chance to adapt the Riesz product technique.

For the convenience of the reader, we interrupt the argument, and include a proof
of Lemma 24 which is surprisingly tricky.

Proof of Lemma 24. Recall (4.244), that
Dk = Qi Pk—1 + Pk—2, Gk = Qkqk—1 + Gi—2.
These recurrences hold for any ay, including arbitrary real values. Writing
o =[ay,...,ak—1, %],

with

1 1
g+1+ A4+2+

o = ag + oo = lak; ak+1, a2, .- ],

we obtain the useful formula

_ %k Pr-1 + Pk—2
Gi—1 + Gr—

and it follows that

qik—1Pk—2 — Pk—14k—2

qk—10 — Di—1 = (4.260)
Ok qk—1 + qk—2
It is not difficult to show that
Gk—1Pk—2 — Pik—19k—2 = —(qk—2Pk—3 — Pk—2qk—3)- (4.261)

Since po = 0,90 = 1, p1 = 1 and ¢; = a;, we have q; po — p1go = —1. It follows
by induction, using (4.261), that

Qk—1 Pk—2 — Pk—1qk—2 = (=1)F 7", (4.262)
Combining this with (4.260), we have

(—Dt!

_— (4.263)
Upqr—1 + Gk—2

qk—1¢& — Pk—1 =

which implies

1 1
> )
-1 + qr—  (ax + 2)qr—1

lgk—1¢|| = |qr—10t — pr—1| =
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It remains to prove that, if p and g are integers with 0 < g < g, then
lgoe — p| = |gk—100 — p—1]. (4.264)
To prove this, we define integers u and v by the equations
P =upk-1+vpk, ¢ = ugr—1 + vg. (4.265)

Note that (4.265) is solvable in integers u and v, since the determinant of the system
is 1, in view of (4.262). Since 0 < ¢ < ¢qj, we must have u # 0. Moreover, if
v # 0, then u and v must have opposite signs. Since gx—jo¢ — px—1 and g — pi
also have opposite signs, in view of (4.263), we conclude that

lga — p| = |lu(qr—12 — px—1) + v(gra — pi)
= |u(gr—10t — pr—1)| + [v(grer — pi)|

> |u(gr—10 = pr—1)| = |qk—10 — pr—1l,

proving (4.264). O

Step 3. We next employ the Riesz product technique. Let us return to Theorem 12,
and the basically equivalent Proposition 13. A trivial novelty is that in this section,
the slope is 1/«, whereas in Theorem 12 and Proposition 13, the slopes are respec-
tively 1/ v/2 and 0. The Riesz product (4.99) is defined by using some appropriate
modified Rademacher functions R;(x) € Z(j) for j with 1 < 2/ < N, i.e. for
log, N + O(1) values of ;. In the hypothesis of Theorem 12 and Proposition 13, we
have the unrestricted rectangle property; here we have a restricted rectangle property
instead, meaning that the rectangle property holds only for O(log N') values of the
power-of-two parameter j, where 0 < j <log, N + O(1). Indeed, by (4.250) and
(4.251), we have

k
log Ni = loggx—1 + O(1) < log[ [(a; + 1) + O(1) = O(log N).

i=1

and by (4.256), the continued fraction digit a; of « is small for at least k /2 values
of i in1 <i <k, if k is sufficiently large. For these small values of the continued
fraction a;, the rectangle property holds in the power-of-two range around ¢;y, i.e.
when 2/ ~ g;_; see (4.258) and (4.259). This means that we can easily save the
Riesz product technique developed earlier in Sects. 4.5—4.8. The minor price that
we pay is a constant factor loss, due to the fact that log, N is replaced by c5log N,
where 3 = ¢pg(y) is a small positive constant depending only on y > 0. Thus we
obtain the following result.
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Lemma 25. Let I = [a,b], where 0 < a < b < 1, be an arbitrary subinterval
of the unit interval. Assume that (4.249) holds. Then there exists a constant §' =
8'(y) > 0, depending only on y > 0, such that the following hold:

(i) For all sufficiently large integers N, there is a subinterval I, = [a;,bi] of I,
possibly depending on N and with a < a, < by < b, such that for all B, € I,

f(a; B1;v; N) > 2ylog N + §'log N.

(ii) For all sufficiently large integers N, there is a subinterval I, = [a, b,] of I,
possibly depending on N and with a < a, < by, < b, such that for all B, € I,

o P2y < 2y 10 —o'lo .
fla; Br;v; N) <2ylogN — 8 log N

Step 4. The last step, the construction of a Cantor set, is routine. Combining the
method of nested intervals with Lemma 25, we can easily build an infinite binary
tree of nested intervals the same way as in the proof of Theorem 3. The divergence
points B* arise as the intersection of infinitely many decreasing intervals, which
correspond to an infinite branch of the binary tree. Since a binary tree of countably
infinite height has continuum many infinite branches, we obtain continuum many
divergence points, proving Theorem 21 in Case 22.

Case 26. The inequality

k
> Lvyai] > 1002y log Ny (4.266)

i=1
holds for infinitely many integers k > 1, where Ny is defined by (4.247).

The estimate (4.241) tells us that 2y log Ny is the average value of f(«; B;v; Nk)
as B runs through the unit interval. On the other hand, combining (4.248) and
(4.266), we deduce that

f(@: B =0:y; Ny) > 1002y log N

for infinitely many integers k > 1. In other words, for infinitely many values
N = N, the homogeneous case B = 0 gives at least 100 times more integer
solutions than the average value 2y log Nj. This represents an extreme bias; in
fact, an extreme surplus. The proof of Theorem 3 is based on a somewhat similar
extreme bias, a violation of the Naive Area Principle, in the sense that the Pell
inequality —1 < x?> — 2y2 < 1 has no integer solution except x = y = 0,
while the corresponding hyperbolic region has infinite area. The only difference
is that whereas in Theorem 3, we have an extreme shortage of solutions for the
homogeneous case f = 0, we have here an extreme surplus. But this difference is
irrelevant for the method of nested intervals, as it works in both cases. This means
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that in Case 2, we can simply repeat the Cantor set construction in the proof of
Theorem 3. This completes the proof of Theorem 21.

Theorem 21 is a qualitative result. In contrast, we complete this section with a
quantitative result.

Proposition 27. Let o > 0 and y > 0 be arbitrary real numbers. Then there is an
effectively computable positive constant §' = §'(y) > 0, depending only ony > 0,
such that for every sufficiently large integer N, there exist two real numbers By (N)
and B,(N) in the unit interval, with 0 < B1(N) < B2(N) < 1, such that

| f(e: Bi(N);y: N) — f(o; B2(N); y: N)| > §' log N.

We just outline the proof in a couple of sentences, since it is basically the same as
that of Theorem 21, without the Cantor set construction. Indeed, letg,—; < N < gq.
Since g = a¢qe—1 + qi— < (a¢ + 1)q¢—1, we have

N
l1<—<a;+1.
qe—1
Again we distinguish two cases.

Case 28. We have

-1
| yN
ZLA/ya,-J + L V—J < 100-2ylog N.
‘ qe—1
i=1

Then by repeating the argument of Case 1 in the proof of Theorem 21 above, we
obtain Proposition 27; see Lemma 25.

Case 29. We have

{—1

N
S Lvrarl + L ;—J > 100 -2y log N.
i=1 =1

Then
fla;8=0;y;N) > 100-2ylog N,

and so we can choose 8;(N) = 0. Finally, for 8>(N), we can choose any below
average point; in other words, we can choose 8,(N) to be any 8 that satisfies the
inequality f(a; B;y; N) < (2+ 0(1))ylog N; see (4.241).
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4.10 General Point Sets: Theorem 30

What will happen if we drop the rectangle property in Theorem 12 or Proposi-
tion 13? Can we still exhibit extra large deviations for hyperbolic needles? This is
the subject of this last section.

Suppose that &2 is a finite point set of density § > 0 in a large square [0, M]?,
so that | #?| = §M?. We shall make a very mild technical assumption, that & is
not clustered. More precisely, we introduce a new concept called the separation
constant and denoted by 0 = 0(?), and say that & is o-separated if the usual
Euclidean distance between any two points of & is at least 0. For example, the set
of integer lattice points in the plane is clearly 1-separated, so that o(Z?) = 1.

Our basic idea is the following. We show that if & is o-separated with some
not too small constant ¢ > 0, then the rectangle property holds, at least in a
weak statistical sense, for the majority of the directions which we shall call the
good directions. For example, in Theorem 12, the slope 1/+/2 is a concrete good
direction. This is how we will be able to save the Riesz product argument in the proof
of Theorem 12 or Proposition 13, and still prove extra large deviations, proportional
to the area, for hyperbolic needles, at least for the majority of the directions.

In the rest of the section, we work out the details of the vague intuition, and this
will give us Theorem 30. The obvious handicap of this majority approach is that for
an arbitrary point set & which is not clustered, we cannot predict whether a given
concrete direction is good or not.

Another, and purely technical, shortcoming is that in Theorem 30, we cannot
get rid of the assumption that & is not clustered. This technical difficulty is rather
counterintuitive, since at least at first sight, clusters actually seem to help us create
extra large deviations. However, some technical difficulties prevent us from adapting
the Riesz product technique for clustered point sets &2. It remains an interesting
open problem to decide whether or not the separation constant 0 = (&) in
Theorem 30 plays any role.

In Theorem 30, we change'® the underlying set, and switch from the large square
[0, M]? to the large disk

disk(0; M) = {x e R* : |x| < M}

of radius M and centered at the origin.

Let & be a finite point set of density § > 0 in the large disk disk(0; M), so that
| 2| = §mM?; here we assume that the radius M is large. We also assume that &2
is not clustered. More precisely, we assume that &2 is g-separated for some positive
constant 0 = (&) > 0. The goal is to count the number of elements of & in
rotated and translated copies of our usual hyperbolic needle H,, (V).

5The reason behind this change is rotation-invariance. Theorems 3 and 12 are about translated
copies, whereas Theorem 30 is about rotated and translated copies of the hyperbolic needle.
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Let 1072 > 5 > 0 be a small positive real numbers, to be specified later. Let
J be an arbitrary integer in the interval 0 < j < n, where 2" ~ N, thatis, n =
log, N + O(1) in binary logarithm. We decompose the large disk disk(0; M) into
disjoint translated copies of the small rectangle

[0.27 7] x [0,277 ]; (4.267)

in other words, we form a rectangle lattice starting from the origin. We shall focus
on the copies of (4.267) which are inside the large disk disk(0; M ), and ignore the
copies of (4.267) that intersect the boundary circle or are outside the disk. Note
that there are O(2/nM) copies of (4.267) that intersect the boundary circle of the
large disk. If 2/ = o(M), then there are (1 + o(1))wM?n~2 copies of (4.267)
that are inside the large disk disk(0; M'). We call these translated copies of the small
rectangle (4.267) j-cells. More precisely, we call them j-cells of angle 0.

In general, let O be an arbitrary angle, with 0 < 6 < . Let Roty denote the
rotation of the plane by the angle 6, assuming that the fixed point of the rotation
Roty is the origin. We decompose the large disk disk(0; M) into disjoint translates
of the rotated copy

Rotg ([0, 2/ ] x [0,27/ 7)) (4.268)

of the small rectangle (4.267). We shall focus on the translated copies of (4.268)
which are inside the large disk disk(0; M). Again, if 2/7 = o(M), then there
are (1 + o(1))mM?n~2 translated copies of (4.268) that are inside the large disk
disk(0; M). We call these translated copies of the small rectangle (4.268) j-cells of
angle 6.

We want to prove, in a quantitative form, that if &2 is not clustered, then for
a typical angle 8 € [0, ), the overwhelming majority of the j-cells of angle 6
that contain at least one point of & actually contain exactly one point of &2. A
quantitative result like this, a statistical version of the rectangle property, will serve
as a substitute for the rectangle property, and it will suffice to save the Riesz product
technique developed in Sects. 4.5-4.8.

Statistical Version of the Rectangle Property: An Average Argument. Suppose that
P, , P;, € &, where i # i,, are two arbitrary points. We define the angle-set by

angle(P;,, P;,; j) = {6 € [0, ) : there is a j-cell of angle 8 containing P;, and P;,}.

The angle-set angle(P;,, P;,; j) is clearly measurable. Let |angle(P;, Pi,; j)l
denote the usual one-dimensional Lebesgue measure, i.e. length.
The basic idea is to estimate the double sum

Z langle(P;,, P;,; ).
P; P,eP
i1#i
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Simple geometric consideration shows that

2_/n

1Py Py’

|angle(P,-1, Piz;j)l <2-

where 27/ 7 is the length of the short side of a j-cell and | P;, P;,| denotes the usual

Euclidean distance between P;, and P;,, and so
1
J
> langle(Pi. Pyl <27p D0 D0 ik (4.269)
Pil ,PiZE(@ P’l S P,Z€3z
i1#iz i1#iy

Since & is o-separated, it is easy to give an upper bound to the inner sum in (4.269).
Using a standard power-of-two decomposition, we have

1
Y oley oy ol
P,e”? 1<t<L P,eP 1t
i1#is i1 70

25_10<|P,'1 Piz ‘52‘50

1 +1y2 8n [ 1o .
< Y g m@tY = Y 2t <=2k @210
1=<¢<L 1<{<L

where L denotes the largest integer such that'® 2L < 2/F1y, and where the
estimate 77(2¢+!)? arises from the fact that a square of side /2 cannot contain
two points from &, since & is o-separated. From (4.270), and using the fact that
2Lo < 2/%1y, we conclude that

1 16 167 20ty 25y
Y < S L R L 4.271)
o, PPl = o o -
i1 70

Combining (4.269) and (4.271), and using the fact that | 22| = §mM?, we then
obtain

227n2J 25712 25M?
3 Jangle(Py,. Po; )] <27yl 2| 2 = X0 4272)
I:‘il,P,'2€3z o
i1#i

16Note that 277 is the length of the long side of a j -cell.



312 J. Beck

Recall that the disk disk(0; M) of radius M contains (1 + o(1))mM?n2 j-cells
of a given angle 6, and that 0 runs through the interval 0 < 6 < m. It is natural,
therefore, to normalize the sum (4.272) and consider the average

1 , 2°8
S D langle(Py. Pl <t (4.273)
7] Piquizev@
i1#is

Consequences of Inequality (4.273). Let us return to Sect. 4.8. Recall that the last
step in the proof of Proposition 13, and indirectly the proof of Theorem 12, is to
choose the parameters 7; and 7, as sufficiently small positive constants independent
of M and N; see (4.226). In fact, in view of (4.100), n; and 7, are almost equal.

In similar fashion, we assume here that the parameter y of the hyperbolic needle,
the density § of &2 and the separation constant o of & are fixed positive constants,
and consider 7, which of course plays the role of 7; and 7,, as a parameter that we
shall eventually choose as a sufficiently small positive constant independent of M
and N.

Since the area of a j-cell is n?, we can say roughly that the probability that a
Jj-cell of any angle contains a point of &7 is

density x area = §1°. 4.274)

On the other hand, in view of (4.273), the probability that a j-cell of any angle
contains exactly two points of &2 does not exceed cyon*, which is negligible
compared to 817 in (4.274) if n is small enough.

In general, the probability that a j-cell of any angle contains exactly p points of
P, where 2t < p <21 with € = 1,2,3, ..., does not exceed c30n*4~¢, where the
constant factor c3 is independent of £. Indeed, p points from & means that we can
choose (‘;) pairs P;,, P;,, implying that those rich j-cells show up with multiplicity

(P) L L 1415
2 2

in (4.273), explaining the factor 4=¢ in c3on*4~¢. The point here is that even the sum
of the products

Z 24+1n44—z

>1

is negligible compared to the §n? in (4.274) if n is small enough.

Summarizing, we can say that (4.273) implies the following general picture about
the distribution of the elements of & in the j-cells of any angle. Let 6 € [0, ) be
a typical angle, and consider the j-cells of angle 6. The overwhelming majority of
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the points P € & turn out to be singles, meaning that if the point P is contained in
some j-cell € of angle 8, then € does not contain any other point of &. Here the
vague term overwhelming majority in fact has the quantitative meaning of 1 — O (n?)
part of Z. Note that 1 — O(5?) is almost 1 if 7 is small.

Furthermore, rich j-cells turn out to be very rare in the following sense. Let
£ > 0 be a fixed integer. The proportion of the j-cells € of angle 6 containing p
points of &, where 2t < p < 26+1 compared to those j-cells which contain at
least one point of &, does not exceed c3; n24_‘5, where the constant factor c3; is
independent of £. Since 2° is negligible compared to 4° if £ is large, the term very
rare is well justified.

We can say, therefore, that a weaker statistical version of the rectangle property
holds for the majority of the angles 8 € [0, ), assuming that > 0 is a sufficiently
small constant depending only on the parameter y of the hyperbolic needle, the
density 6 of & and the separation constant o of Z.

A simple analysis of the Riesz product argument in Sects. 4.5—4.8 shows that this
weaker statistical version of the rectangle property is a good substitute for the strict
rectangle property, and thus we can prove the following result.

Theorem 30. Let &2 be a finite set of points in the disk disk(0; M) with density
8, so that the number of elements of & is |P| = SnM?. Assume that P is o-
separated for some o > 0. Assume further that both N and M /N are sufficiently
large, depending only on vy, § and o. Then there exist a positive constant §' =
8'(0,7,8) > 0, independent of N and M, and a measurable subset &/ C [0,2),
of Lebesgue measure greater than % - 27, such that for every angle 6 € <, there
exist translated copies X + Rotg H,,(N) C disk(0; M) and x, + Rotg H,(N) C
disk(0; M) of the rotated hyperbolic needle Rotg H,, (N ) such that

|2 N (x; + Rotg H,(N))| > 28y log N + §' log N
and
|2 N (x2 + Rotg H,(N))| < 28ylogN — & log N.

As indicated at the beginning of this section, it is reasonable to guess that clusters
just help to create extra large fluctuations. This intuition motivates the following

Open Problem. Can one prove a version of Theorem 30 which makes no reference
to the separation constant ¢ = o(Z)? In other words, can we simply drop 0 =
o (&) from the hypotheses of Theorem 30?

The author guesses that the answer is affirmative but, unfortunately, cannot
prove it.

Finally, we briefly mention a closely related problem, where we cannot drop the
separation constant 0 = o (<) from the hypotheses. Note that Theorems 3-21 all
concern the extra large fluctuations of the measure-theoretic discrepancy, meaning
the difference between the number of points of &2 and its expectation of density



314 J. Beck

times area. What we study last here is the large fluctuations of the +1-discrepancy,
or 2-coloring discrepancy.

This means that we have an arbitrary 2-coloring ¢ : &2 — {%1} of the given
point set &7, with +1 representing red and —1 representing blue, say. Extra large
fluctuations of the +1-discrepancy means that there is a translated, or rotated and
translated, copies H' and H” of the hyperbolic needle H, (N) such that

Z @(P) > c3p -area(H') = c33log N > 0
PePNH’

with some positive constants ¢3; and ¢33 and

Z @(P) < —c34 -area(H"”) = —c35log N <0
Pe®NH"

with some positive constants ¢34 and ¢3s.

The Riesz product technique can be easily adapted to prove extra large fluctua-
tions of the +1-discrepancy. For example, we have the following +1-discrepancy
analog of Proposition 13.

Proposition 31 (2-Coloring Discrepancy for Translated Copies). Let & be a
finite set of points in the square [0, M]*> with density 8, so that the number of
elements of P is |P| = SM?. Let ¢ : & — {£1} be an arbitrary 2-coloring
of P. Assume that & satisfies the following rectangle property, that there is a
positive constant ¢, = ¢1(Z?) > 0 such that every axes-parallel rectangle of area c)
contains at most one element of the set . As in Proposition 13, let §' = §'(c1,7y, 8)
be defined by (4.83) and (4.84), and assume that both N and M/ N are sufficiently
large and satisfy (4.85). Then for the hyperbolic needle H,(N) given by (4.86),
there exist translated copies x, + H,(N) C [0, M]* and x, + H,(N) C [0, M]?
such that

Y. ¢(P)z8logN
Pe2N(x1+Hy(N))

and

> @(P) < —§'log N.
PePN(x2+Hy(N))

Similarly, one can easily prove the following analog of Theorem 30.

Proposition 32 (2-Coloring Discrepancy for Rotated and Translated Copies).
Let & be a finite set of points in the disk disk(0; M) with density §, so that the
number of elements of P is | P| = SnM?. Let ¢ : & — {%1} be an arbitrary
2-coloring of P. Assume that & is o-separated with some o > 0. Assume further
that both N and M/ N are sufficiently large, depending only on y, § and o. Then
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there exist a positive constant §' = §'(o,y,8) > 0, independent of N and M, and
a measurable subset of C [0,27), of Lebesgue measure greater than % - 27,
such that for every angle 0 € </, there exist translated copies x| + Rotg H,(N) C
disk(0; M) and x, + Rotg H,,(N) C disk(0; M) of the rotated hyperbolic needle

Rotg H, (N) such that

> ¢(P) = §'logN
PePN(x1+Roty Hy (N))
and
Z @(P) < —68"log N.
PEPN(x2+Rotg Hy (N))

We want to point out that in Proposition 32 on the +1-discrepancy of hyperbolic
needles, we definitely need some extra condition implying that &2 is not too
clustered. Indeed, it is easy to construct an extremely clustered point set & for
which the £1-discrepancy of the hyperbolic needles is negligible. For example,
we can start with a typical point set in general position, and split up every point
into a pair of points being extremely close to each other. The two points in these
extremely close pairs are joined with a straight line segment each, and we refer
to these line segments as the very short line segments. Consider the particular 2-
coloring of the point set where the two points in the extremely close pairs all have
different colors, with one 41 and the other —1. We can easily guarantee that this
particular 2-coloring has negligible =+ 1-discrepancy for the family of all hyperbolic
needles congruent to H, (). If the original point set is in general position and the
point pairs are close enough, than the arcs of any congruent copy of H,, (V) intersect
at most two very short line segments. Since the boundary of H, (N) consists of 4
arcs, the +1-discrepancy is at most 4 - 2 = 8, which is indeed negligible.
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