Chapter 3
Irregularities of Distribution and Average Decay
of Fourier Transforms

Luca Brandolini, Giacomo Gigante, and Giancarlo Travaglini

Abstract In Geometric Discrepancy we usually test a distribution of N points
against a suitable family of sets. If this family consists of dilated, translated and
rotated copies of a given d-dimensional convex body D C [0, 1)d, then a result
proved by W. Schmidt, J. Beck and H. Montgomery shows that the corresponding 1.2
discrepancy cannot be smaller than ¢y N /~1/2¢_ Moreover, this estimate is sharp,
thanks to results of D. Kendall, J. Beck and W. Chen. Both lower and upper bounds
are consequences of estimates of the decay of || ¥p (p)ll;2(x, ) for large p, where
7 p is the Fourier transform (expressed in polar coordinates) of the characteristic
function of the convex body D, while X;_ is the unit sphere in R¢. In this chapter
we provide the Fourier analytic background and we carefully investigate the relation
between the L? discrepancy and the estimates of || ¥ p (O 225,y

3.1 Introduction

More than 40 years ago W. Schmidt [51, 52] proved the following theorem on
irregularities of point distribution related to discs.

Theorem 1 (Schmidt). For every distribution & of N points in the torus T? there
exists a disc D C T? of diameter less than 1 such that, for every & > 0,
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|card (ZND) — N |D|| = ¢ NV/¥~¢ |

where | A| denotes the volume.

This result has to be compared with the following earlier results of K. Roth [50]
and H. Davenport [26].

Theorem 2 (Roth). For every distribution 2 of N points in [0, 1]* we have the
following lower bound

/ |card (£ N I,) — Nx1x2|2dx1 dx; > c logN ,
']1‘2

where I, = [0,x1] x [0, x2] for every x = (x1,x2) € [0,1]>. Hence for every
distribution & of N points in the torus T? there exists a rectangle R C T?, having
sides parallel to the axes and such that

|card (ZNR) — N |R|| > ¢ log"/* N .

Theorem 3 (Davenport). For every integer N > 2 there exists a distribution & of
N points in the torus T? such that

/ |card (£ N I,) — le)c2|2 dxydx, <c logN .
‘]1‘2

Schmidt’s theorem has been improved and extended by J. Beck [3] and H.
Montgomery [42], who have independently obtained the following L2 result
(see also [2,4,11]).

Theorem 4 (Beck, Montgomery). Let B C T¢ be a convex body. Then for every
distribution & of N points in T¢ we have

1
/ / / |card (2N (Ao (B +1))) — AN |B||2 dido di > cqNW@=V/
0 so(d) J 14

Hence for every distribution & of N points in T¢ there exists a translated, rotated
and dilated copy B’ of B such that

|card (#NB")—N ‘B/H > ¢NW@-D/2d
J. Beck and W. Chen have proved that the above L? estimate is sharp (see [2],

see also [13,22,35]).

Theorem 5 (Beck and Chen). Let B C R? be a convex body having diameter less
than 1. Then for every positive integer N there exists a distribution & of N points
in T such that
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1
/ / / |card (2N (0 (B +1))) — |B||* dtdo < c¢cqg N@V/4
0 JSo(d) JTd

The large gap between the sharp L? estimates which appear in Theorem 2
and in Theorem 4 seems to be related to the different behaviors of the Fourier
transforms of the characteristic functions of balls and polyhedra. The case of the
ball is enlightening: the main ingredients in the proofs of the results in Theorems 4
and 5 are provided by the sharp estimates of the L? average decay of the Fourier
transform j g of the characteristic function of a convex body B:

/x |75 (p0)|* do G.1)

(here ¥y, = {x eRY: |x| = 1} is the unit sphere in R?) so that the study of the
above problem on irregularities of distribution turns out to be strictly related to the
study of (3.1) (see e.g. [6,11,13,61,62]).

The purpose of this chapter is to exploit the above relation in a detailed and self-
contained way. In the second section we prove the L? results for the average decay
of Fourier transforms of characteristic functions of convex bodies. The third section
contains L? results for polyhedra. In the fourth section we deduce lattice point
results. The fifth and the sixth section are the main part of this chapter and show
how to obtain different proofs of Theorems 4 and 5, depending on the estimates
proved before.

During this chapter positive constants are denoted by ¢, ¢/, ¢y, ... (they may vary
at every occurrence). By ¢y, ¢, cp, ...we denote constants which depend on d, ¢,
B, ...For positive A and B, we write A &~ B when there exist positive constants ¢;
and ¢, such that ci4A < B < ¢, A.

3.2 Decay of the Fourier Transform: L? Estimates
for Characteristic Functions of Convex and More
General Bodies

3.2.1 Introduction

Let B C R? be a convex body, i.e. a convex bounded set with non empty interior,
and let du be the surface measure on dB. The study of the decay of the Fourier
transforms 7 (§) and [t (§) has a long history and provides several applications
to different fields in mathematics (see [56, Ch. VIII, 5, B]). Of course we have
7B () = 0 as |§] = 400, by the Riemann-Lebesgue lemma. However more is
true, since

175 (E)] <cp|&]7", (3.2)
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for every £ € R?. Indeed, write £ = po in polar coordinates (p > 0,0 € Xy_;)
and for every 0 € X;_; define, for s € R, the parallel section function A (s) =
Aq (s) equal to the (d — 1)-volume of the set B N {UJ‘ + so}. In order to prove
(3.2) it is enough to assume 0 = (1,0,...,0), so that § = (p,0,...,0). Then, if
x = (x1,X2,...,Xq), we have

ip €)= / R / e A (x)) dx) = A(p) . (3.3)
B R

Observe that the variation of the function A, is bounded uniformly in o, then
(see e.g. [64, p.221]) we get (3.2). The case of the cube Q = [—1/2,1/2]%, shows
that (3.2) cannot be improved. Indeed

d . )
fu@=[13%§2,
j=1 /

so that, for the directions orthogonal to the facets (i.e the (d — 1)-faces) of this
cube, e.g. for £ = (p,0,...,0), we have o (p,0,...,0) = sin(7p) /mp and then
we have

limsup €] |70 (£)] > 0.

|&[—>+o0

In the same way it is easy to see that if § = po and o is not orthogonal to any facet
of the cube, then \ o (5)\ < ¢y p~2. More generally, if o is not orthogonal to any
face (of any dimension), then | Xo ($)| < ¢, p~¢, hence this last inequality holds
for almost all directions.

The case of the (unit) ball D = {x € R? : |x| < 1} is of course peculiar, 7p is a
radial function and we have

apE) = &7 Jap 2rIE]) (3.4)

for every £ € R?. Here J /2 is the Bessel function of order d /2. By the asymptotics
of Bessel functions (see [57, Ch. IV, Lemma 3.11], see also [63] for the basic
reference on Bessel functions) we know that

fo®) =7 67T cos (2 g — 7 (@ + 1) /4) + 04 (JE7?) 35)

as || — 4o0.

In certain cases yp (§) admits interesting upper bounds of geometric nature.
When d = 2 we shall see in Lemma 14 that for every convex body B C R? we
have, for large £ = po,
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2B <cpp™

A (—,0_1 + sup y - a) + A (,0_1 + inf y - a)} . (3.6)
yEB yEB

where A is the parallel section function. It is easy to show that (3.6) is false when
d > 3. Indeed let P be the octahedron in R given by the convex hull of the six
points (£1, +1,0), (0,0,%1), and let 0 = (0,0, 1). Then

7 (po) = / 0N gy, dy dvs = A (p)
P
Since

Ap) = (1—|p])% .

then the RHS of (3.6) is ~ p~>. Now observe that the piecewise smooth function
A (p) has continuous derivative at +1, but it is only continuous at 0. Then an
integration by parts shows that

lim sup p? )/i(p)) >0.

p—>—+00

Then neither (3.6) nor an average version of it can be true. On the other hand a
deeper analysis shows that (3.6) holds true for every d as long as dB is smooth and
it has everywhere finite order of contact (see [1] and [16]).

In general (3.6) cannot be reverted. Indeed let B be a ball and recall (3.4), then
the zeros of the Bessel function (see [63]) show that the inequality (3.6) can be
reverted for no d. A. Podkorytov has shown that (3.6) can be inverted “in mean”
(Podkorytov, 2001, personal communication).

A very important case is given by the class of convex bodies B such that 0B
is smooth with everywhere positive Gaussian curvature. In this case the decay of
7 (&) resembles the decay for the ball. Indeed we have (see [16,30,32,33] or [56,
Ch. VIIIL, 5, B))

|78(E)| < cp|g|”“HV2 (3.7)

for every £ € RY.

When 9B is flat at some points or irregular, the bound in (3.7) may fail and a
pointwise estimate for j g (§) may lead to poor results in the applications. As a way
to overcome this difficulty, we observe that in several problems (see e.g. [10, 11, 15,
46,48,49,62]) the Fourier transform has to be integrated over the rotations, so that it
may be enough to study suitable spherical averages of j(£). In the next subsection
we will study the L? spherical means

{ / 125 (o) do
Za—1

1/2
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for the case of arbitrary convex bodies, while in the following section we will
consider L? spherical means for polyhedra.

3.2.2 L? Spherical Estimates for Convex Bodies

The main result in this field shows that if B C R is a convex body, then the L?
spherical average of jpz decays of order (d + 1) /2. Of course this agrees with the
case of the ball, where no spherical average is necessary. The following theorem
has been proved by A. Podkorytov in the case d = 2 [45] and L. Brandolini, S.
Hofmann and A. Tosevich for any dimension d [6].

Theorem 6. Let B C RY be a convex body. Then there exists a positive constant
¢ = c¢q such that

175 (0l 2(x,_,) < ¢ (diam (B))"“/~V/2 p=@+D/2. (3.8)

Proof. For every ¢ > 0 consider a convex body B’ C B such that dB’ is smooth
with positive Gaussian curvature and |B\B’| < ¢ (here |A| denotes the Lebesgue
measure of the set A). Assume

5 —
178 (P25, < co™HD2

with ¢ depending on B, but not on B’. Then

”)?B (P‘)“LZ(Ed,I) = ||)?B/ (p')“Lz(Z‘dfl) + “)?B\B’ (IO) ||L2(2d71) = CP_(d+l)/2 + e

and (3.8) follows by choosing suitable B’ (and ¢) as p diverges. Then it is enough
to prove (3.8) assuming B smooth, since the constant ¢ (diam (B))(d_l)/ % must be
independent of the smoothness of dB. For & # 0 let

e—27rir~$
w(t) = W?

Then divw (1) = e~>""¢ and the divergence theorem yields

75 (p0) = / e 2ie gf = — / T (1) -0) du(t) . (3.9)
B B

2wip

where v(?) is the outward unit normal to dB at ¢ and du denotes the surface measure
on dB. Now write the unit sphere X;_; as a finite union of spherical caps U; having
small radius and centers at points y; € Xy_1, in such a way that every spherical cap
U; supports a cutoff function 7;, so that the ;’s provide a smooth partition of unity
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——
T

non singular directions

singular directions

Fig. 3.1 The set §2

of X4_. Although this partition of unity is independent of B, the family {n; (v(7))}
is a partition of unity on dB. We then write

1
2mip

X8 (p0) = — Yo e ) 0)n; (v()) du (o)
"), ,

and it is enough to prove that for every j we have

/Zdl

Now suppose j is given, write 1 for n;, y for y;, and let £2 C 9B be the support
of 1 (v(¢)), so that from now on the inner integral in (3.10) will be on £2. We may
assume 7 supported in a small spherical cap having centeraty = (0,...,0,—1). We
need to consider directions which are essentially orthogonal and directions which
are essentially non orthogonal to §2, and tell them apart. In order to do this, let
¥ 1 R—[0,1] be a € cutoff function such that ¥ (1) = 1 for |¢| < ¢; and
¥ (1) = 0for |t| > ¢z, for 0 < ¢ < ¢, < 1. We write

J..
I

g
Za—1

=S5 +NS.

2
do < ¢ (diam (B))(d_l)/2 p =0

/3 (0 a) 1y (00) (1)

(3.10)

2
do

/Q e (u(1) - o) n (V1)) dp (F)

2
(I =¥ (—0q)) do

/Q e72mPTt (y (1) - o) (v(t)) dp (1)

2
Y (—og) do

/Q 2 (1(1) - o) 5 (0(2)) dps (1)

We term “singular” the directions essentially orthogonal to the hyperplanes tangent
to §2 and “non singular” the remaining ones (Fig. 3.1).
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Note that the phase —2mipo - ¢ has a stationary point in the singular directions.
However this is not an obstacle, and the proof in [6] starts with the easy but
somehow unexpected remark that the L? spherical mean “makes this stationary
point disappear”, as we shall see in a moment. In order to estimate S we write

SZ/// e £ (1 u, 0) dodp (u)dp (1)
eJeJz,
where

Jftu0) =) -0)nw®) ww-o)nww)d—y(@-y)

is smooth in 0. Note that # —u in the above integral is essentially parallel to £2. Then,
writing the integral in do in local coordinates, we can apply [56, Ch. 8, Prop. 4] and
obtain

/ e f (1, u,0) do
Za—1

<c(+pl—up™)

for a large positive integer N. Then

1
S_C/Q/(gmdu(u)du(r)
1
< —d d Z
_C/A|t—1¢5pl} (1+p|l‘—u|)N w(m)dup ()

1
+ ——dpudu(t
C//{V—MZP_‘} (1+,0|l—u|)N w () dp(t)

<cu() / dx—}-p_N/ Ix|™N dx
{xeRd_l:\x\ﬁp_l} {xeRd_l:lx\>p_1}

<cp(2)p V.

Now we need to prove the same estimate for NS. If we were free to integrate by
parts several times,' it should then be easy to handle NS and to end the proof. Since
the constants in our estimates need to be independent of the smoothness of 0B, we
need a more refined argument. As a first step, let us see §2 as the graph of a convex
smooth function x + @ (x). Then, writing X1 > 0 = (01,...,04) = (0/,04)
we have

! Actually the convexity hypothesis allows us to integrate by parts at least once without using any
regularity assumption on dB. In this way we get the bound p—! (uniformly in &), which is enough
to prove the theorem in the dimensions d = 2 and d = 3.
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NS = / / p—2miptextogor) [ (VO .1
Fam TR VIVe (D) +1
2
Vo (x), -1
YWD Vi yo-y) do

VIVe (X)) + 1

2
— / ‘/ e—2ﬂip(a/~x+a,1d>(x))h (O', Vo (X)) dx
Yi—1 o

VY (o-y) do,

where .o/ is the support of

(Vo (x),-1)
VIVe () + 1

and % is a smooth function in the variables o and V@& (x). Note that our choice of
§2 implies that V@ is uniformly bounded on &7 and that |o6’| > ¢ > 0 for a suitable
choice of c.

We will work uniformly in ¢ - y = —ay, so that o; will not play a role. We will
then concentrate on ¢’ or, better, on 0’/ |0’| € X _5. As we did for X;_; we now
write X;_, as a finite union of spherical caps having small radius and supporting
cutoff functions ¢ which give a smooth partition of unity on X;_,. It is enough
to consider the cutoff function ¢ supported on a small spherical cap centered at
(1,0,...,0) € X;_,. We then have to bound

2 ’
o o
/ / e 2rip0" 0PN (5 Vi (x)) dx| ¥ (04) ¢ ( : ) do . (3.11)
Sy | et o]
None of the previous steps has said anything on the coordinates o3,...,04—]
inside 0. We then introduce the change of variables 0 = Z (t, 8), where 0 is a
real variable, T = (11, 172, . .., Ty—3, T4—2), With (7, 0) defined in a neighborhood V'
of the origin in R?~! and
0= (0",04) =(01,02.03,...,04-2,04-1,04)
il g [1=ltl
= —— T1, T2y - - s Td—3, Td—2,
1460207 B R

Ll P O el 1
= 7T7
1+ 62 1+ 62
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Then (3.11) takes the form

J

where J (z, 0) is the Jacobian of the change of variables, times a smooth function.
Let x" = (x2,...,X4—1). Since o4 = Oy, the inner integral in (3.12) equals

2
/ e 2min(0 3t p (5 VP (x))dx| J (1,0) dtdb (3.12)
RA—1

/ ey’ / e 2mib1 D (0, VO (x1, X)) dudd . (3.13)
RI—2 R
Now let

§ = go.x’ (xl) =X + (eX0] (xl,x’) .

Since V@ is small we have gé’x, > ¢ > 0, so that we may write (3.13) as
/ e~ 2o’ / e PO [ (r.0,5.x") dsadx, (3.14)
RI—2 R

where

h (: (r.0), Vo (ge_,i/ (5) ’xl))

H(1.0,5.x") = . (ge_)lr, (S))

is smooth in 7 and bounded.
Let us introduce the difference operator A :

M1 @I =1 (s+@p7") = 6.

Since A_, [e™27Po15] = (e™91 — 1) ¢~ 27915 and since

/RA_,,(f)g=/RfA_p<g) ,

then (3.14) equals

1 —27zip‘t-x’/ —2mipoys ’ ’
prrr— /Rd_z e i A, e | H (,0,5.x") dsdx

_ 1 —2mipr-x’ —2mi ’ ’
= e”i"l——léd—ze TpTx Ae TIPS A, [H (t, H,S,x)] dsdx .
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Then, by Minkowski integral inequality and by the boundedness of (e’”"l - 1)_1
on V, we have

e}

Let us rewrite the inner integrals as

J

— [ [ [, [ (c6sx)) 4, [ (2.6.5.5)]
RA—2 JRI—2 Jy

x J (r,0) dtdfdx' dy .

2

12
/ e~ A TH (2,60,5,x')] d¥| T (,0) dt d9§ ds .
Rd—2

2
J(t,0) dtdb

[ s o
RI—2

We define

30{

Jat¢

f(@

N
DNf=ZZSI:p

k=0 |a|=k

so that we can integrate by parts several times in t and obtain, for every positive
integer N,

/Ve—Zm'pP(x/—y')Ap [H (1;7 Q,S,xl)] Ap [H (‘1,', 0,s, y/)] J (‘L’, 9) dtdf

v (L+plx" =y
x DN (A,[H (v.0.5,x)] Ay [H (2.0.5,Y)] J (x.0)) dtrdb

1
) (+ ol — D"
x DN (A,[H (v.0.5,x")]) DY (A, [H (z.6.5.)")] J (1.0)) drdb .

Since H and J are smooth in 7, the term
D"V (A, [H (1.0.5,y")] J (x.0))
is bounded. For the remaining term

DY (A, [H (z.6.5.x")])
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we seek a better estimate. Observe that for every o we have

o 0 H ,
WA [H (r.0,5.x")] = Apaa(t,é,s,x)
H 1\ FH /
= (r,@,s—i—zp,x) ara (r.6,5,x')

d 0*H 0.5+ ro, d
T — .
2p dr 0t O 2p’x "

Since 38 s smooth in V@, we can bound - 9 31"‘ A (uniformly in v and ) by a linear
combination of 5—=—. Being @ convex, its Hesman matrix is positive definite and

we can bound every matrlx entry by the trace A, so that we have

1 ! r
DNAH (¢,0,s,x 50—/ K( -1 (s—}——),x/) dr,
p[ ( )] 0 Jo 80.x 2

K= yosA® .

where

Summarizing,

VNS

<c/ {/ /Rd B o 2mirTx A o[H (v.6,5,x")] ax
se [ U fo [ e, (05 )] 4, H (20.0.01)]

x J (v,0)drdf dy dy}'"* ds

1
AT ;
R [Jri=2 Jre=2 (1 4 p|x" = y'])

1/2
x/ DV (A, [H (z.0,5.x)]) drd@dx’dy’} ds
%

ool (+5))+

1/2
/
~ 4y dx} ds .

) 1/2
J (t,0) drd@} ds

* /1; <1+p|x )
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By the Cauchy-Schwarz inequality the last term is smaller than

) 1 1/2
—1/2 /
cp” /7 sup {/ ——d? }
o UJri2 (142"
1/2

AT G O I

< C,O_(d_l)/z

AL [ (w5 ) v

< cp D2 sup y/diam (B)
6

x { /0 l /1; /R dizK(gg_’i, (s),x") ax’ dsdr}

1/2
< cp~@=Y/2 /diam (B) { /R kW dy} .

sup /diam (B)
0

1/2

1/2

Finally,

L e
[ ko a=[ soma- ;/ﬂ Gy O

0’® , ,
= = ny)dydy + ...
/ﬂf{ /amy’) dyt )
where .27/’ is the projection of ./ on the hyperplane y; = 0, and
A (¥)={y:(n.y)ed}.

Since 2 o 2 > 0 then

0’ 9P 90
V) dyr < o— (sup A (V') ') = o— (infa ('), ¥
/mw) dy? 1.y dn = 3y, (up i () Y) o (inf 71 (') .)")
<2sup|VP|
of

and therefore

/ K (y) dy <c|a|.
Rd—2
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Thus

VNS < cp~¥=D/2 /diam (B) /| /'] < cp~“"V/? (diam (B))?~V/? .

|

Remark 7. The above proof shows that the term (diam (B))(d_l)/ % in the statement
of Theorem 6 can be replaced by the term

(1 (9B) + diam (B) p)'/* |
where p is the maximum of (d — 2)-dimensional surface area of the projections

of B on (d — 1)-dimensional hyperplanes. When B has large eccentricity, this
provides a better estimate.

3.2.3 Estimates for Bounded Sets

In certain problems the spherical mean |75 (p)ll;2(s, ,) can be replaced by
“easier” averages such as

/ 175 ©F de.
Ap=|E|<Bp

In this way we can get non trivial lower bounds (which for spherical averages are
impossible e.g. because of the zeros of the Bessel functions) and also deal with
sets more general than convex bodies. The following result is taken from [11], see
also [27].

Theorem 8. Let B C RY and assume the existence of positive constants c¢| and c,
such that

ci [ = [(B\(B+h)U((B+h\B)| <c || (3.15)

for every h € R?. Then there exist four positive constants o, B, y, § such that
ar < | is@P & <p o (3.16)
{yo=[€|<5p}

forevery p > 1.
Proof. We first show that

/ 1Z5@) dE <cp. (3.17)
€120}
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In order to prove (3.17) it is enough to show that for every integer k > 0 we have

/ 25@)F dE<c2 . 3.18)
{2k slgl <2k 1}

By (3.15) and the Parseval identity we have

e 1= [ lznte+ i =P de= [ (e <1 |a@F de

We split the set {2F < || < 2¥*!} into a bounded number of subsets such that in
each one of them we have (for a suitably chosen & with || &~ 27) the inequality
\ezmg-h — 1\ > ¢. This proves (3.18), so that the estimate from above in (3.16)
follows from (3.17). Again (3.18 ) implies

log, (yp)

[ eiserassate Y. [ 62178 OF di (3.19)
{‘E‘SVP} =1 2k§‘$‘§2k+1

log, (yp) log, (vp)
<catea Yy 22"/k 18 ©)) dE <es+es Y 2%27F <eyp.
k=1 2

k+1
<|§|=<2 k=1

Then, by (3.17) and (3.19),
cr 1h] < [ |1t 1) = 2P ds
R
eh 12 a
=/ e 12 7€) dt
Rd

< 4n2|h|2/ RO ds+4/ 25®) de
{IEl<yp} {

yo=<|§1=8p}

+4 veE d
/{ T e

sc [l o7 waf  ln@F at

{yp=|&1<ép}

so that, if |2| = p~!, y is suitably small and § suitably large, we have

5 €1 ¢ 2, o=l -1 ‘1
175@) d& > —|h|— = |yplh>+8 o7 | = —p",
/{VpSEISz?p} 4 4 [ ] 8

and this ends the proof. O

It is easy to see that a convex body satisfies (3.15).
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Remark 9. M. Kolountzakis and T. Wolff [37] have proved that for every set B C
R? having positive finite measure we have

/ 25@) dE = c o
{I&|=p}

We can use Theorem 8 to prove that (3.8) is best possible up to the constant
involved.

Theorem 10. Ler B C RY be a convex body. Then

limsup p“* 72 |1 25 (0 125, > O - (3.20)

p—>+00

Proof. 1f (3.20) fails, then there exists a function ¢ (p) such that ¢ (p) — 0 as p —
~+00 and

128 (o)l 2s,_,) < &(p) p D/

for p > 1. This contradicts the lower bound in (3.16). O

We have pointed out that when B is a ball we cannot bound the spherical mean
128 (o) 12(x,_,) from below by p~@*1/2 because of the zeroes of the Bessel
function. The next result shows that this lower estimate fails also for a cube, so
that it fails for the two most popular convex bodies.

Lemma 1l. Letd > 2and Q = Qg = [—1/2,1/2]%. Then for every positive
integer k we have

< ck~@+3/2/2

Proof. Let
Y= n{xeR x> x|, k=2,....d}.

By the symmetries of Q and by Theorem 6 applied to the (d — 1)-dimensional cube
Q4—1 we have

[20®) s, ) = € il 2 s,

/4
=/ .
Ta—2

/4
=c k‘2/0 |sin(rrk cos(¢))|? ¢ 2

sin(k cos(¢))

d 2
“akcos@) (¢) dndé

* dnd¢

La—
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/4
<ck™? /0 |sin(27k sin® (¢/2))| ¢~ dop

<c k—d—2 /
0

k*l/Z

/4
k2¢2 dd) +/ / ¢)—2 d¢> E c k—d—3/2 X
k=1

3.2.4 A Maximal Estimate for the Planar Case

In Theorem 6 we have seen that for every convex body B we have the upper bound
125 (0 12(x,_,) < cp~ /2. On the other hand we shall see that in certain lattice
point problems it is important to have a bound in the angular variable o which is
uniform with respect to p. This means to study the maximal function

(d+1)/2

AMp (0) = supp [XB (po)| .

p>0

We need the following definition (see [57]).

Definition 12. Let X be a measure space and let 0 < p < co. We define the space
LP%° (X) (also called weak L?) by the quasi norm

I | Lrooxy = iugx Hx e X | f(x)] > A}"7 . (3.21)

We shall prove that .#p € L>® (X)), i.e. that

supA? |0 € [0,27] : Mp (O) > A| < 00,
A>0

where ® = (cos 6, sin ). Observe that L% (X;) C L*>* (X)), but .#p does not
necessarily belong to L? (X). Indeed, consider the unit square Q = [—1/2,1/2]%,
then

sin (7rp cos 0) sin (7rp sin 6)

Yo (pO) = . 3.22
xo (pO) o cos b o sin 0 ( )

By symmetry it is enough to consider 6 € (0, %), and observe that, for any such 9,

there exists pp satisfying the following conditions (for a suitable integer k > 0):

1
4
+k

IA

1
7 pgcos(0) < - +k
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(because the line p® intersects at least one of the squares [ + k, i + k] [% %]).
Hence, by (3.22) we have

_ 1
///B(@)Ecpol —9269 vz,

so that ./Zp ¢ L>.
Before proving the weak type estimate we need the following two results, due
to A. Podkorytov (see [45], see also [13]).

Lemma 13. Let f : R—[0, +00) be supported and concave in [—1, 1]. Then, for

every [§] = 1,
‘f(é)‘ [ (1 : )+f( ! )} ) (3.23)
€] 21§] 20§

Proof. 1t is enough to prove (3.23) when £ > 1. The assumption on the concavity
of f allows us to integrate by parts obtaining

’f(g)’fﬁf(l )+ﬁf( 1+)+_‘/ f(t)e—Zm‘;‘t dtl

Let « be a point where f attains its maximum. Then f will be non-decreasing in
[—1, o] and non-increasing in [a, 1]. We can assume 0 < & < 1, so that f(—17) <
f(=1+ 1/ (2§)). To estimate f(17) we observe that when ¢ < 1 — 1/ (2§) one
has f(17) < f(1 — 1/ (2£)). On the other hand, since f is concave, in case o >

1—1/@2§) wehave f(17) =< f(a) =2/(0) = 2f(1 —1/(2§)).

To estimate the integral we observe that, by a change of variable,

1 ‘ 145 1 )
1 :/ S (0)e > dr = —/ /! (z - —) e~ dr
-1 —l+ 5 2§

So that

1 : 3 1 4
21 :/ f(t)e 2718 dt—/ f! (t _ _) o2t g
-1 —14 5 2§
145 1 . |
:/ fl(t)e™ ikt dt+/ [f ) —f’ ( __)} o 2Tkl gy
-1 1+ 5 2§
I+ 1 .
+ / f/ (t _ _) e—27rl§t dr
1 28

=Lh+L+1z.
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To estimate I, from above we note that

|11|§/_11+1f(t)dt f( g) - 1+><f( 2%)

since 0 <o < 1.
The estimate for /5 is similar in case ¢ < 1 —1/(28). If ¢ > 1 — 1/(2§), then

|I|</a+21§f’(t l)dt /Hzgf/(t l)dt
= 2% at 2

:zf(a)—f( )f<1)<2f<“><4f(0)<4f( 1)

2 ST

As for I, since f’ is non increasing, we have

wef (- 2)ro]
=7 (1= 5) = eh = s+ (<14 )

<r(-) s (o)

ending the proof. Note that no constant ¢ is missing in (3.23). O

Lemma 14. Let B be a convex body in R* and ® = (cos0,sin 0). For a small
8 > 0 we consider the chord

13(5,0)21(8,9):{xEB:x-@z—S—i-supx-@}. (3.24)

X€B

Then

N 1 1 1
lX8(pO)| < — (‘k (—,9)‘ + ‘A (—,9 + n)D :
p 2p 2p
where |A| denotes the length of the chord (Fig. 3.2).

Proof. Without loss of generality we choose & = (1,0). Then, as in (3.3),

+o0 +00 ) .
18(1.0) = / (/ xB(x1,x2) dxz) e b gy = h(&r),  (3.25)

(o¢) (o]



178 L. Brandolini et al.

Fig. 3.2 Geometric estimate of 5

where h(s) is the length of the segment obtained intersecting B with the line
x1 = s. Observe that /1 is concave on its support, say [a, b]. We can therefore apply
Lemma 13 to obtain, after a change of variable,

o] < g (o= )+ (o + 2
<t (o (g o)l o (7))

We can now prove the following maximal estimate (see [8]).

Theorem 15. Let B C R? be a convex body. Then the maximal function

My (©) = supp** |15 (0O)|
p>0

belongs to L>* (X)), see (3.21).

Proof. As in the proof of Theorem 6 we assume dB smooth with everywhere non-
vanishing curvature (and the constants in our inequalities will not depend on the
smoothness of dB). By Lemma 14 we have, for & = (cos 6, sin 6),

SngP3/2|XB (pO)| <supp”2|/\B(p Lo)| +supp”2\ks(p
p>
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so that we study the maximal function

25 (0) =sup§~ 2 |15(8.0)] .
§>0

By the above non-vanishing assumption, the chord A 5 (8, ) reduces to a single point
as 6 — 0. Let z(0) be this point. Let us choose a direction 6, and for every 6 close
to Oy let y(0) denote the arc-length on dB between z(6y) and z(0). Assume that we
have proved the inequality

22 (6) < 2sup O+ -y Ol (3.26)

aF#0 o

Then we have

O4+a
@2 (0) < 2sup - [9 Y (@) do .

a>0 &

so that, by the Hardy-Littlewood maximal function theorem (see e.g. [64, 7.9]), we
have

sup B% {0 € [0,27) : M p (cos O, sin0) > B}
p>0

< csup ,82
p>0

1 0+«
{HE[O,Zn):sup—/ Y (@) d€0>.32§
a>0 & Jg

2r
sc/O Y (9)] do <c.

In order to prove (3.26) we observe that if § is small, then the normal to dB at the
point z (0) cuts the chord A(8, 0) into two parts A_(8,6) and A4(8, 0). Let us
consider only the segment A4 (8, 0) and let

24 (0) =sup8~'2|14.(5,0)| .
§>0

We may assume that dB is locally the graph of a smooth function f defined on an
interval [0, a] with f (0) = f’(0) = 0. Then, by the mean value theorem,

2z
23 (0
O)= sup < sup 7S sup (z)

5wy PO+ =y (O)
< sup .

O<a<% o

1+ f(z)]) dr
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3.3 Decay of the Fourier Transform: L? Estimates
for Characteristic Functions of Polyhedra

In Theorem 6 we have seen that || 75 (o) 12(5,_,) < ¢ p~*tV/? independently of

the shape of the convex body B. If we replace B by a ball or, more generally by
a convex body with smooth boundary dB which has everywhere positive Gaussian
curvature, then, by (3.7), the same estimate holds true for every 1 < p < +4o0.
However, if we replace B by a polyhedron P, then the situation should be different
(see Sect. 3.2.1, where we have observed that yp(§) decays as fast as |§ |_d
along almost all directions, but only as |& |_1 along the directions perpendicular
to the facets). In this section we will prove sharp estimates for the decay of
lXp (0 1r(x, ,) and in particular we shall see that this decay is faster than

p~@tD/2 when 1 < p < 2 and it is slower than p~“@*1D/2 when 2 < p < 4o00.

Theorem 16. Let P be a convex polyhedron in R, d > 1. Write £ € RY in polar
coordinates, £ = po (p >0, 0 € Xy_1). Then, for p > 2, we have

, log~" (p)
lxp (o) pr(z,_y <€ — (3.27)
1P (0l ris,_) <cpp 797 forl<p<oo. (3.28)

Proof. The proof is by induction on the dimension d. For d = 1 the bound is true
since in this case the average is trivial and we have

. sin (&)
Ai=1/2.1/2 (§) = TaE
We then assume the result true for d — 1. Let P have m facets Fj, ..., F,, with
outward unit normal vectors vy, ..., V,. As in (3.9) the divergence theorem yields
ap (€)= / eT2MEN gy = Zm: v [ it gy (3.29)
P j=1 27 |$|2 Fj

Let x = (x1,x2,...,%x4) = (x1,x’) and write 0 = (cos (¢), sin (¢) 1), with 0 <
¢ < mandn € ¥;_,. We single out one facet F', which we may assume to stay in
the hyperplane x; = 0, with outward normal v = (1,0, ...,0). Then

S [ = R [ ot gy a0
2 &P Jr eI
icos(p) . .
=— I (psin(p)n) ,
7o

where we see yr as a (d — 1)-dimensional Fourier transform. Then, by the
induction hypothesis,
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1 (7 N . e
! / / 127 (psin () )| sin®=2 (¢) dndy
PJo Jxzu

1 2/p 1 /2 1 d—2 :
<c —/ 9?2 do +c —/ log” ~ (psin (¢)) SH;((K;)) sin ™2 () do
p Jo P J2/p (psin(p)

log'™* (p) [/*1 log™! (p)
d ki

<cp e —dyp <c

pd 2/p @ -

while for 1 < p < +00 we have

) Y . . Lo
p—,, /0 /X 125 (psin () m)|7 sin® ™ (p) dndyp
d—2

L [ —p—(d=2) . d—2
» g dp+c — (psin (p)) sin® ™" (¢) do
o7 Jo PY J1/p
/2

p—(d— 1 _ p—(d—
SCPIO p=(d 1)+CP p_2p+d_2 /1/ (p pd(pfcpp p=(d=1
P

<c

so that (3.29) and (3.30) give (3.27) and (3.28). O
The following weak type estimates (see (3.21)) will be useful too.

Theorem 17. Let P be a polyhedron in RY, d > 2. Write £ € R? in polar
coordinates, ¢ = po (p > 0,0 € X4_1). Then, for p > 2, we have

. log"™* (p)

e Pz, < € =

Proof. Since here d > 2, the first step of the induction needs some work. Assume
d = 2, and let P be a polygon in R? with counterclockwise oriented vertices
{aj }T:l. For each side [aj,aH_l] (assume a,,+1 = ap) let u; be a unit vector
parallel to this side and with the same orientation, and let v; be the outside unit
normal to this side. Then the divergence theorem gives

. 1 m ‘
XAP (pU) = / e—Zmpa-x dx = — - gV / e—Zmpa-x dx
d 2mip jZ: ' [aj.aj41]

=1

1 m e—Zﬂipa-a‘/ _ e—zﬂl’é‘-'a‘/‘J’»l
= ——— g -V
252 Zp J U
4m%p = PO - Uj

Hence jp (pcos (@), psin(¢)) is dominated by a finite sum of terms of the form
o2 \cos ((p - (pj)\_l and since the functions cos™! ((p - (pj) are in L1 (T), the
result for d = 2 follows. For d > 2 we argue as in Theorem 16 and we reduce to a
finite sum of terms of the form
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icos(p) . .
> XF (psin(p)n) ,
mp

where F is a facet of P. Then, by induction, we have

ic;)s((p))?p (psin (¢) n)‘ > l} ‘
p

A H (cos (@) ,sin(p)n) € Xy_1:
27pA

= "
/0 cos ()]

ey / /2 cos (¢) log? (psin (¢))
=cp - -
2 P (psin(p)’
/2 1 d—3 pn/21 d—3 t
<cp™ / cos (p) —2—P%) (p9) dg < cp? / log” ~ () 4
2/p @ 2 t

log’~? (p)
pd

{n € Sua: |fr (psin (@) n)] > } ‘ sin?2 (¢) dy

sin? 2 (@) do

<c

O

The estimates from above in Theorems 16 and 17 are sharp in many, but not all,
cases. We first consider simplices but the proof of the following theorem works with
no modifications for polyhedra having a facet not parallel to any other. We need a
technical lemma which may be well known.

Lemma 18. Let X be a finite measure space and let f € L (X). Then for any
0 <a < |X|we have

o

)
T +1og(' ') T

Proof. Let g be the non-increasing rearrangement of f (see [57]). Then

lglloo = 11/ lloo »
ug ) < [1gl,00 = 1/ 11 00

so that

| 2| o |2
||f||1=/0 g(u)du=[0 g(u)du+/ ¢ (u) du

= >
=@ flloe+ 1S lhoo | = du=alflloo+10g == lh0-
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Theorem 19. Let P be a simplex in R?, d > 2. Again we write £ € R? in polar
coordinates, £ = po (p >0, 0 € X;_1). Then, for every p > 1,

T log"* (p)
D 12 (s, = ¢ 22

o log?~" (p)
i) \xe (e)lpis, ) =c o
iii) |2p (P Loz, ) = cp p 7707 if l<p<oo.

Proof. We prove ii) and iii) first. The proof is by induction on the dimension d and
we first consider the planar case, showing that a triangle 7 C R? satisfies

2T
/ 27 (0O)|7 8 = cpr 3.3D)
0

for p > 1, where ® = (cos,sinf) and p > 1. As in the proofs of the previous
theorems we use the divergence theorem. Let

w (t) — l e—Zm’p@-t@ ,
2mp
witht = (¢1,1,). Then

ad i . 0 i )
di — 2mip®-t —27ip®-t _;
1V (Cl) (t)) = a[l (—2 e (O] 9) + _8[2 (—2 e sin 0

— e—2mp@~t COSZH 4 e—Zme-t sin2 6 = e—2mp@~t ,

and by the divergence theorem we obtain

i1 (p©) = /

T

e—Zﬂip@d‘dt — / D) (1‘) . U(t) dt,
aT

where v is the outward unit vector, which takes only the three values vy, v, v3 on
the three sides A, A,, A3 respectively. Then, if ds is the measure on 07,

- 06 - -
XAT (p@) = Vi l. / e—2mp().sds + Uzl. / e_ZTHPO Sds
2o Jy, 2mp  Jy,

o . .
270 Jas

= A(p, ©) + B(p,0) + C(p, O) .

We may assume that A; has extremes (:I:% O). Of course it suffices to show that for
a given small § > 0 we have
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—2+3
[ irwewaszc, o
_z_g§
2
Indeed |® - vi| = |sin #] and changing variables we obtain
—%+8 1 —%4—8
Ap.ords = [
/ 8 Qrp)? Joz—s

sin (wpcos@) . 0
——————Zsin

p

do

1/2 )
sin 6 / e—2mps cos@ds
—-1/2

T __
2

1 -2+
- @np)? /—g—s

1 c1p
> -
= o /0

As for B(p, ©) and C(p, ©), if |# — Z| < § we reduce to terms of the form

p
deo

o cos b

p

sin (u) du> ¢, o]
_ V4 .

u

1 ¢

sin (27wpx)
o7 Je

px

P
dx

with 0 < ¢ < ¢’ < 7/4, so that

—% 4+ —I4s
/ |B(p. )7 d6 + / Cp. O db < cp2»
— S §

fid

2
and (3.31) follows. The proof of the planar case when p = 1 is similar.
Now let S be a simplex in RY with facets Fi,..., Fy41. We may assume Fj
contained in the hyperplane x; = 0 with outward normal v; = (1,0, ...,0). Let U
be a small neighborhood of v; in X';_;, then by (3.29) we have

% (P')”Lp(xd,l)

1 p Ip — m
>c - {/ / e 2PN gy do} —Z / / e 2P gy
o U IJF = YU |JF

As in the proof of Theorem 16, the induction assumption implies

1 .
- e 2ripo X dx
o Ju R
/ e—Zmpa-xdx
F

)4 1/p
do}

do > c p~1og?"" (p)

and

P 1/p
da} > c,o_l_(d_l)/” , forl<p<co.

Al
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We now have to estimate each term

/ / e—2mpa-xdx
U I|JF

from above, when FF = F,, ..., F,,. Since we are integrating each facet separately
we may rotate and translate F' until it belongs to the hyperplane x; = 0. After this
transformation the normal v; to the facet F) is no longer parallel to (1,0,...,0).
Being U a neighborhood of v in X;_; we can choose a small § > 0 such that

P
do

U C{(cos(p),sin(p)n):6 <o <m—8 ne X} .

Applying Theorem 16 to the (d — 1)-dimensional Fourier transform of the charac-
teristic function of F' we get

1 .
- / / e—2]‘[lp(7'x dx
pJulJF

1 (77 log" 2 (psin (¢))
) (psin (9"

0
while, for 1 < p < +o0,

1 [ . ) o
do<c / / 17F (osin () )] sin?~2 (9) dedn
P Js Si

1 d—=2
1Y%

1 . P

— /e_z’”p”'x dx| do

e? Ju |JF
1 [ . . e

<cL / 125 (psin () m)|7 sin? ™ (p) ddn
p? Js Sin

IA

1 =6
¢ p_p/8 (psin (@) P79 sin?2 () do < ¢ p 2P~

Hence ii) and iii) are proved.
To prove i) assume, by way of contradiction, that for any arbitrary small & there
exists a suitable large p such that

1Xp ()l proo(s,_y) < e~ log" 7 (p) .

By Lemma 18 we have

ke (0 iz, )
[ Zq—1l

<07 i Pl o002 ) [
A

<|P|p™" +elog(|Zy—1]) p~* log?™* (p) + edp~ log" " (p)

which, for small e contradicts ii). O
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The above theorem is false in the case d = 1, and this is simply due to the zeros
of yp when P is an segment. When d > 2 the lower bound (iif) in Theorem 19 is
false for a cube. The following analog of Lemma 11 can be easily proved.

Theorem 20. Let Q = Qg = [—1/2,1/2]¢ be the unit cube in R?, d > 2. Then
for 1 < p < 400 and for every positive integer k we have

||XAQ(k) HL”(Ed—l) < Ck_(3p+2d_3)/2p .

So far we have seen that balls and polyhedra share the same spherical L?
order of decay if and only if p = 2. It is natural to look for convex bodies with
“intermediate” order of decay. On this problem we have significative results only
for d = 2 (see, [7,12,13,62]). It can be shown that for every 2 < p < 400 and
every order of decay a € (1 + 1/p, 3/2) there exists a convex planar body B having
piecewise smooth boundary and satisfying

178 () ILoxy <cp ., limsup o | x5 (o) 1r(z,) >0 - (3.32)

p—>+00

For p < 2 the situation is different: if we keep the piecewise smooth boundary
assumption, then there is no intermediate decay between the one of the disc and
the one of the polygons (observe that in (3.32) we have a limsup). The reason
is that if 0B is piecewise smooth, but B is not a polygon, then 0B contains an
arc with positive curvature, and by the argument in [9], this is enough to get the
lower estimate p~>/2 for the lim sup. If we pass to arbitrary convex bodies, then it is
possible to construct convex bodies with intermediate L? order of decay. Moreover,
for no convex planar body B we have |5 (o)l 1(x,) = © (,o_2 log ,o) (see [7,62]).

3.4 Lattice Points: Estimates from Above

The literature on lattice points in multi-dimensional domains is very impressive and
deep, see e.g. [28,34,39]. Here we focus on the topics which are necessary for (or
close to) the goal of this chapter, i.e. the relation between discrepancy problems and
the average decay of Fourier transforms. First we shall see that the upper bounds in
Theorems 6 and 16 readily provide estimates from above for L2 or L? discrepancy
problems related to rotations and translations of convex bodies. The lower bounds
for the discrepancy related to the lattice Z¢ are not strictly necessary for our purpose,
since the typical results on irregularities of point set distribution involve arbitrary
choices of points. However we will present some results of this kind, on the one
hand because the choice of points related to a lattice are very important, on the
other hand because in some cases they compensate the lack of lower bounds for
arbitrary choices of points.
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For a convex body B C R? and for a large dilation R, let  (RB) + ¢ be the
rotated and translated copy of RB. Here T € SO (d), and since we are interested in
the cardinality of the set Z¢ N (r (RB) + t), which is Z“-periodic in the variable ¢,
we take ¢ € T?. Define the discrepancy function Dy on SO (d) x T¢

Dg (z,t) = card (Z* N (z (RB) + 1)) — RY | B| (3.33)
=Y tewn (k —1) = R*|B] .
kezd

The Fourier coefficients of the periodic function D,  (t) = Dg (z, t) take values

0 ifm=20

: 3.34
R4 7.3y (Rm) ifm # 0 (3.34)

D, (m) = {
Indeed

D,k (0) =/[ i (card(Zd ﬂt(RB)+t)—Rd |B|) dt

2°2
:—Rd|B|+Z/ lldXt(RB)(k_t) dt
kezd [_5’7)

— R |BI+ [ um (1) dt =0,
R4
while for m # 0

DA'L',R (m) = / . (card (Zd Nt (RB) + [) _ Rd IBI) e—zm'm.f d
[44)
= Z LN Xt(RB) (k _t) e—2m‘m~t dt = / Xt(RB) (t) e—2m’m~t dt
rezd ?7501) R
= Jews) () = RY ey (Rm)

Then D, g (¢) has Fourier series

Rd Z XA‘L'(B) (Rm) eZnim't )
0#£mezd

The following result is due to D. Kendall? (see [35], see also [13]).

D. Kendall seems to have been the first one to realize that certain lattice points problems can be
handled using multi-dimensional Fourier analysis.
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Theorem 21. Let B be a convex body in R4, d > 1, and let Dg be as in (3.33).
Then there exists a positive constant ¢, depending on d but not on B, such that for
every R > 1 we have

”DR”LZ(SO(d)de) < c (diam (B))(d—l)/Z R@-D/2

Proof. By Parseval identity we obtain

2 _ 2

ID &I (s0wyxrey = /SO(d) []1‘“' Dy (z.1) drdz (3.35)
N 2

=/ Z ‘DT,R(m)‘ dr = R Z / i)?t(g)(Rm)iz dt

SO@) ot mezd 0£mezd Y 0@

~ _ 2
= R Z / |)(3 (r l(Rm))’ dt
o#mezd Y S0

because the Fourier transform commutes with rotations. Then Theorem 6 gives

”DR”iZ(SO(d)x']rd) <c (diam(B))d—l R Z (R |m|)—(d+l) (3.36)
0#£mezZd
< ¢ (diam (B))?™! Rd‘I/ x| 7Y dx < ¢’ (diam (B))™' RY7! .
X€RY, |x|>1
O

Remark 22. The above argument can be applied to a more general setting (see [25]).
First consider a body B C Reandlet0 <o <1 satisfy

[{t € RY : dist (¢, 0B) < 8}| < cq 8"

for every small § > 0. Let Dg (7,¢) be as in (3.33). Then

Lk 1/2
%_/ / / 1D, (. l)|2 dtdo dp < ¢ R@/2
R Jo Jsow) Je

Moreover, the characteristic function yp can be replaced by an arbitrary integrable
function. In this case a modulus of continuity appears in the upper bound.

3.4.1 The Curious Case of the Ball When d = 1 (mod 4)

The above upper estimate is best possible, but it is not always sharp. Indeed, let B be
aballin R? and 1 < d = 1 (mod 4), then there exists a diverging sequence R ;j such
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that the upper bound R;"l in (3.36) can be replaced by ¢, R;"l log~"/@+9) (R)),
where ¢ > 0 is arbitrarily small. This interesting fact has been proved by L.
Parnovski and A. Sobolev in [44] (see also [38] and [43]).

We first need the following approximation result (see [44]).

Lemma 23. Let oy, s, . ..,a, be real numbers. Then for every positive integer j
there exist integers p1, pa, ..., Dn,q Such that
J<a=< " lag—pil < jT forevery k=1,....n.

Proof. As usual we write {x} = x — [x] for the fractional part of a real number x.
Split

in

J
0.1)" =0,

k=1

where the Qs are cubes of sides parallel to the axes and of length j ~'. For every
integer 0 < £ < j"*! consider

(Lo}, {las},.... {Lay}) = ar €[0,1)" .
Since the number of the a,’s is j’"H + 1, there exists k¢ such that the cube Qy,

contains at least j + 1 points ag,, de,, ..., a¢, ., say with &) < < ... <€ ;4.
Then ¢ ;1 —£; > j and, since the above points stay in Qy,, we have

J7 = e} — | = (€ —6) ax — ([€ 1100 ] — [Crox])|

for every k = 1,...,n. To end the proof we choose ¢ = £ ;11 — {; and pp =
[€ ;o] — [Gro]. O

Theorem 24. Let 1 < d = 1(mod4), let B = {u eRY :u| < 1} be the unit ball
and for every t € T¢ consider the discrepancy

Dg (t) = card (2 N (RB + 1)) — R |B| .
Then for every & > 0 there exists a sequence of integers R; — +o0 such that
. pld=D/2, =L
191 avy = e B hog ™ (k)
Proof. For every positive integer j let
Hi={meZ:0<|m|<j} .

Then cardH; < 2¢ 724 Lemma 23 implies the existence of a positive integer R ;
such that
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j< Ry < ¥ sin (7R, m])| < j! (3.37)
for every |m| < j?%. Then by (3.35), (3.4), (3.5), (3.34), the assumption d =
1 (mod 4) and (3.37) we obtain

2 A 2 _
108, sy = 3 [Py | = RE 32 1™ sy (xR b)) 338)
mezd 0#mezd

=RI D" m[™ I3, xR, m) + RY Y |m[™ I}, (27R; m])

0<|m|<;? Im|> ;2

<R{™! Z 772 |m|" "tV sin® (27R; |m])

0<|m|<j?

— — —d —
+R;’ 1 Z 772 m| (+”+ﬁ(R;’ 2)
[m|>j2

J? +00
<c Rj_lj_zf r2dr+c Rj_l / r2dr4 0 (Rj_z)
1 2
<cj 7RI+ 0 (RI7)
Since (3.37) implies

)d+€

log (R;) < ((2j2)”’ + 1)1ogj < (22,
j > ¢/ logT¥ (R;)

for every ¢ > 0, we end the proof. O

3.4.2 Lattice Points in Polyhedra

For general p we have some rather sharp results in the case of polyhedra.

Theorem 25. Let P be a convex polyhedron in RYd > 1, andlet Dg = Dpras
in (3.33). Then there exist positive constants ¢ and ¢, such that for every R > 2 we
have

IDRI L1 (so@xrey = ¢ log* (R) (3.39)
andfor1 < p < 400

”DR”LI’(SO(d)x'JId) <c¢p R@—D0-1/p) (3.40)
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Proof. The bound in (3.39) is a particular case of Theorem 30 below. We prove
(3.40) first in the case 1 < p < 2. Then by (3.34), Parseval identity, Holder
inequality and the inequality ||-||,2 < ||:|l,» We obtain

1/p
{/ |Dg (z,1)|" dtdt}
so() Jrd

p/2
< 2
< {/SO(d) {/’H‘d |Dg (7, 1)] dt} dr}

1/p

p/2 1/p
N 2
= / Z ‘Rd Az(B) (Rm)‘ dt
s0(d) 0#£mezd
1/p
ST SR
S0W@) otmerd
1/p
= R4 Z / i )A(I(B) (Rm)|p dt
0£mezd Y S0
By Theorem 16 the last term is bounded by
1/p
+o00
c R? Z |Rm| =P~ +! <c R(d_”(l_l/p)/ r=?dr
1

0#mezd

= ¢, R4-D1-1/p)

For the case p = 400 a geometric consideration shows the existence of a positive
constant ¢ such that for every r € SO (d) and every t € T¢ we have

|Dg (z,1)| < ¢ R7Y,

We end the proof obtaining the case 2 < p < 400 by interpolation:

1/p 5 5 1/p
%/ |DR|p} = {/ [Dr|”|DR|"™
SO(d)xT9 SO(d)xTd

(p—2)/p 2/p d=1)(p=2)/p pd—1)/p
=< ||DR||L°°(SO(d)XTd) ||DR||L2(SO(d)XTd) =c R R

— ¢ RU=DI=1/p)
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A modification of the above argument can be used to study the so-called half-
space discrepancy (see [23,40]).
The proof of the weak-L' estimate requires a more delicate argument.

Theorem 26. Let P be a convex polyhedron in RY andlet Dy = Dprasin(3.33).
Then there exists a positive constant ¢ such that for every R > 2 we have

IRl 100 (s0(@)xTe) = € log/™" (R) .

The proof of this theorem requires two preliminary results.

Lemma 27. Let X, Y be finite measure spaces, and let

||F||L1-°°(X,L2(Y)) = iulgk HX cX: ”F (x,')”LZ(y) > A}| < 400 .
>
Then

[ Fll roocxxyy < ¢ ”F”LI»OO(X,LZ(Y)) .

Proof. Without loss of generality we may assume || F ||L1~°°(X,L2(Y)) = 1. Being the
statement rearrangement invariant, we may assume X = [0, 1], Y = [0, 1], endowed

with Lebesgue measure and || F (x,-)||;2y) < 1/x. Then, by Chebyshev inequality
we obtain

K(x.»):0<x<1,0<y<1 |F(x,y)|>A}
<A [y AT <x<1,0<y <1, [F(x, )| > A}

1
=A—‘+/ [y 0<y <1 |F ()| > A} d
A1
1

1 1
1
<A 14 / (/\‘2/ |F (x,y)]? dy) dx < 2704 272 — dx<2)7".
A1 0 AT X

|

The triangle inequality for ||| ;1.0 fails when we add infinitely many terms (see
[57, p. 215]). The following lemma is a kind of substitute.

Lemma 28. Let f,, be a sequence of functions in L'*° (X) . Then

2

'l{;'ﬁ”'z} 1/ < Y fullpres) -

Ll.oo(x) m
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Proof. We have

2

'l{;|fm|2}l/ =supA|{xeX:

A>0
Ll.oo(x)

1/2
Z|fm(x)|2} >Ap| (3.41)

=supi {x eEX: ) [fu@I >A2}
A>0 m
1/2
=supA!?|dx e X 1) | fn (x)|2>k§ ol PR
A>0 m m L1/2.00(X)

Now we recall that the following g-triangular inequality holds true when 0 < g < 1
(see e.g. [59, Lemma 1.8]):

2 em
m

<c > lgmllacory) -
L9:%°(X) m

Then, as in (3.41),

1/2

D1l

E ¢ Z an% ||2/132°°(X) =c Z ||fm||Ll,Oo(X) .
m m

Ll/2.oo(x)

Proof (of Theorem 26). By Lemma 27 we have

IRl 100 (s0ta)xre)y = ¢ IIDRI L1oo(s0(a).22 (1))

1/2
A 2
=c Z ‘ Xt(B) (Rm)|
d
0Fmer L1:29(50(d))
1/2
A 2
<c R’ > | Rew) (Rm))|
Oshmi=r L1:29(50())
1/2
d N 2
+cR >0 | few Rm)
iR L1:29(50(d)
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By Lemma 28 we have

1/2
. 2

R S | e ®Rm)|

0<|m|<RI—! L100(50(d)

log’~* (R |m|)

d N d

=cR Z ||Xr(B) (Rm) ||L1~°°(SO(d)) =cR Z R |m|d
0<|m|<R4—1 0<|m|<R4—1

oo |
< ¢ log?™? (R)/ —dr=clog’ ' (R) .
1 r

On the other hand, by Chebyshev inequality and (3.40),

1/2

A~ 2
RS D7 | fen (Rm)|
|m|>R4—1
L1.2°(SO(d))

1/2
<R S | e B[

>R L1(50(d))
12
A~ 2
SR D0 | e Rm)
> R L2(50(d))
12
A 2
= Rd / Z | XI(B) (Rm)| dT
SOD) | 1> a1
1/2 . "
<c¢R? Z |Rm|_(d+l) < ¢ RYWD/2 %/ F2 dr} <c.
Rd—1
|m|>R4—1

|

We now prove an upper bound where the discrepancy is averaged only over
rotations. The proof follows a known argument which is usually applied to
get a short proof of Sierpinski’s 1903 estimate for the circle problem (see e.g.
[48,55,60,61]). For a convex polyhedron P C R4, for t € SO (d), and for a large
dilation R, let T (RP) be the rotated copy of RP. Define the discrepancy function
DR = DP,R on SO(d)

D (r) =card (Z* Nt (R P)) — R*|P| .
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The following result has been pointed out to us by Leonardo Colzani.

Lemma 29. Let C be a convex body in R? such that Interior (C) 2 B (0, 1), the
unit ball centered at the origin. Then for large R and small € we have

B(q,¢) € (R+¢)C \Interior(R —¢) C
forevery g € 3 (RC).

Proof. Since C is convex we have

R
C + ccc
R+¢ R+ ¢

so that
(R+e)CDRCH+eC DRCH B(0,¢) (3.42)

and therefore B (q,&) € (R 4+ ¢)C for every ¢ € 9 (RC). Applying (3.42) to
Interior (C') with R in place of R + ¢ we obtain

Interior (RC) 2 Interior (R —¢) C + B (0,¢).
Assume there exists y € B (¢, ¢) N Interior (R — &) C. It follows that
g € Interior (R — &) C + B (0, ¢) C Interior (RC)

sothat g ¢ d (RC). O

Theorem 30. Letd > 2 and let P be a convex polyhedron in R?. Then there exists
a positive constant ¢ such that, for large R,

ID&I L1 sow@)y < ¢ log? (R) .

Proof. Let B = {t e R? : [t| < 1} and let ¢ = ¢X1p * X1 Where we choose ¢

so that [ ¢ (x) dx = 1. For every small ¢ > 0 let ¢, (1) = e~ (t/¢), so that for
every ¢ > 0 we have [, ¢ = 1 and ¢, (§) = @ (¢£). Let R > 2 and let ygp be the
characteristic function of the dilated polyhedron P. We start the proof introducing
the smooth functions

X%,S,‘L’ = X(Rte)r—'P * Qe -
By (3.4) and (3.5) we know that

¢’

|¢(§)|:(‘ W

2
f1a®)| =
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Then, writing in polar coordinates £ = po,

e ©)] =

A Reeye—1p (§) §e (6)] (3.43)

1
<¢ R |f1p (R E8) po)| —— -
T 1+|€p|d+l

By Lemma 29, the support of xz . is contained in Rt~'P, while Rt™'P is

contained in the set where X;“ takes the value 1. Therefore, for all t € R? we
have '

XRow ) < Xremip () < xh .. (0.

By the Poisson summation formula we have

Dr(0) =R |P|+ Y ypeip(m) < —RIP|+ Y yk.. (m)

mezZd mezd
=—RUPI+ Y gher om) = (R+&) = RT) [P+ Y ph. (m),
mezd m#0

and similarly,
Dr(@ = ((R=e)' = RY) [P+ Y fgor (m) -
m#0
Thus,
IDr(D)] <cR™e+e Y ‘x?ig,f (m)‘ :
m#0

Hence, by Theorem 16 and (3.43),
/ |card (Z¢ N7 (RP)) — R*|P|| dt
50(d)

ScRTedc R pem] [ i (RED TN dr
S0(d)
0#mezd

<c R e+c Z —dHlm|
0#meZd 1 | |

+ |lem

“log!™ (R |m]).
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Now choose ¢ = R'~?. Then a repeated integration by parts yields
/ |card (Z¢ Nt (RP)) — R*|P|| dt
50(d)

+o0 logd—l (r)

Rd71
1
<c+c log?! (R)/ —dr+c¢ R / — dr
1 r Rd—1 r

IA

¢ + ¢ log? (R)

+o00 1 d—2
Fe R RClogi Ry + [ Dy,
RA—1 rd+2

<...<c¢y logd(R).

|

Remark 31. Note that the estimate in the above theorem coincides with the upper
L' estimate in Theorem 25 where the discrepancy has been averaged also over
translations. The case 1 < p < oo seems to be different, since either repeating
the steps of the above proof for L? norms or interpolating between L' and L> we
get estimates larger than the one in (3.40).

The previous theorem shows that the discrepancy of a convex body with respect
to Z? can be quite small after we have averaged over the rotations. Let us make
some remarks on this point. Let us consider for simplicity a square in R? with sides
parallel to the axes: the two close dilations (say R and R + ¢) of the square in the
picture, have almost the same area, but the number of integer points inside differ for
~ R (Fig.3.3).

The same happens for every rational rotation of the square. On the other hand
we know (see Theorem 3) that in certain directions the discrepancy can be as small

Fig. 3.3 Integer points and squares with sides parallel to the axes
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as /log R. Then we may expect that the discrepancy of a convex body C with
respect to Z¢ is reasonably small for almost every rotation of C. This is a very deep
problem, since when C is the unit disc centered at the origin, then the rotation 6
disappears and we have the classical Gauss’ circle problem (so far the best bound
for this problem is due to M. Huxley and it is close to R*%**""). We are now ready
to state the following result (see [8], see also [24,28,47]). Let

D (0) = card (Z> N RO (C)) — R*|C| = —R*|C|+ Y xroc) (m) .
mez?

where C is a convex planar body and 6 € SO (2).

Theorem 32. Let C C R? be a convex body, let § > 1/2 and R > 2. Then for
almost every 8 € SO (2) there exists a constant ¢ = cg s such that

|Dr(0)] <c R**log’ R . (3.44)

Proof. We use Theorem 15 and a smoothing argument similar to the one we have
used in Theorem 30. Let v = 771y {1eR2:)r|<1} be the normalized characteristic

function of the unit disc. For every small ¢ > 0 let ¥, (1) = e (¢/¢), so that for
every ¢ > 0 we have [p, Y. = 1 and ¥, (§) = V¥ (¢§). Let

Dr(0.8) = —R*|C|+ > (xracc) * Ve) (m) .

mez?

observe that, as in the proof of Theorem 30,

Dg—(0,€) + (—2Re + &%) |C| < Dg (0) < Dr4: (0.¢) + (2Re + &%) |C| .

(3.45)
By the Poisson summation formula we obtain
Dr(6.e)=R> D jc (RO~ (m) Y (em) .
0#£meZ?
Then, for every positive integer j, (3.5) gives
sup  R723|Dp(8.¢) (3.46)
2] 5R52,/‘+1
. 1
<270/ Im|™/?* ————  sup ic (RO™" (m))| |[Rm*?) .
)3 o, 2 (e (RO ) 1Re?”)

0#£mez?
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By Theorem 15 the function

01—  sup (\)zc(Re—l(m))“RmP/z)

2/ 5R52,/’+1
belongs to L>* (SO (2)), uniformly with respect to j and m. Since L>* is a

Banach space, then also the sum in (3.46) belongs to L>* (SO (2)), with norm
bounded up to a constant by

) 1
—i/6 —3/2
2 Z |m| 32

0£mez? 1+ [em]
— il Z |m|—3/2 42 i/6g=3/2 Z |m|_3 <c 2=il6 g=1/2
0<|m|<e! |m|>e~1

Choosing & = 277/ and using (3.45) we obtain

sup R/ |Dg (8))
2/ <R<2/+1

<c. (3.47)
1229(50(2))

Then

sup (log™® (R) R™2/3|Dg (6. #)|)’ = sup (1og—25 (R) R | Dy (b, s)|2)
R>2 R>2

2/ <R<2J+!

+o00
<Y i s (RDe@.0)P)
=1

belongs to L% (SO (2)) since by (3.47) the function

sup (R—4/3 D (6, s)|2)

2/ 5R52,/‘+1

is uniformly in "% and can therefore be summed by the sequence j 2% if § > 1/2
(see [58, Lemma 2.3]). Then the function

sup (log™ (R) R™2/* |Dg (6, ¢)|)
R>2

belongs to L>%° (SO (2)) and therefore is a.e. bounded. This proves (3.44). O

Remark 33. M. Skriganov [54] has shown that when C is a polygon we have
|Dg (8)| < c.log!™ R for any & > 0 and almost every 6. Our technique can be
applied also in the case of a polygon, but we only get a power of the logarithm
larger than the one in [54].
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3.5 Lattice Points: Estimates from Below

In this section we prove that the previous upper bounds are essentially best possible.
We will consider the balls (with the intriguing case d = 1(mod4) introduced in
Theorem 24) and the simplices.

We need a technical result (see [44]) where, as usual, ||B|| denotes the minimal
distance of a real number § from the integers.

Lemma 34. For every ¢ > 0 there exist Ry > 1 and 0 < o < 1/2 such that for
every R > Ry there exists m € 74 such that

Im| < R", |IR|m[|| Z . (3.48)

Proof. We introduce positive integers n = n (R, ¢) and ko = ko (¢) which will be
chosen later. For every integer k € [0, ko] we consider the point

me = (n,k,0,...,0) € Z%

and write B (k) = +/n? + k% = |my|. We are going to show that for all ¢ > 0
there exist Ry > 1, « € (0,1/2) and kg € N such that for all R > R, there exist
n < R?/2 and k € [0, ko] such that | R [m||| > «. Assume the contrary, so that
there exists € > 0 such that for every Ry > 1, « € (0,1/2) and k¢ € N there exist
R > Ry such that for alln < R®/2 and k € [0, ko] we have ||R [m||| < «. Let

BV (k)y=Bk+1)—B(k), k=0,1,....kg—1
BPk)y=BV*k+1)—BY k), k=0.1,....ko—2

BOUhk)y=B“"Yk+1)—B“Vk), k=01,....ko—1

B(ko) (0) — B(ko—l) (1) _ B(ko—l) (0)

Since |R B (k)| < « we have HR BY (k) H < 2%q. Now replace k with a real
variable ny and let, for |y| < 1,

B +o0 1/2 '
By == 3 (1)
=0
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Differentiating, we obtain

d¥B /x [1/2 1
o G=en() v ()

uniformly in x € [0, ko). Since B (x) = nB (x/n), we have

d¥ »
tirms o )-+(3)

Now observe that

x+1 pxi+1 x—1t+l gt p
B(l)(x):/ / / —deg...dedxl s
x X1 Xg—1 dx,

B®) (x) =n'"% ((2])!(1/,2) +0 (iz))
] n

uniformly in x € [0, 1/2]. Now let j * be the smallest integer j such that j > 14&7!

and choose
1/2
j *

so that

ko =2j*

1

)2,/*1

n= (Z(Zj*)!R

-1
) (Zj*)!(lj/*z) To(l) = %sign(lj/*z) +o(l)

. 1
HR B >(x)H =S +o().

7

as R — 400, so that
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1/2 s - e [[1/2
()=o)

Choosing a such that 22/ “a <1 /2 and Ry such that

, 12\[\77 -2 1
() s <

we obtain a contradiction. ]

Observe that

—£
e+2 _82+€
R() e+2 R£ .

n= (2(2j*)!

Again, let B = {t € R? : |¢| < 1} be the unit ball and for every 7 € T¢ consider
the discrepancy

Dy (t) = card (2 N (RB + 1)) — R?|B| .

We have the following result.
Theorem 35. Letd > 1.

(i) If d # 1(mod4), then there exists a positive constant ¢ such that for every
R > 1 we have

”DR”LZ(W) > ¢ R(d—l)/2 )

(ii) If d = 1(mod4), then for every small ¢ > 0 there exists a positive constant ¢,
such that for every R > 1 we have

||DR||L2(']1~d) > ¢, R(d—l)/2—s '

Proof. We prove (i).
Arguing as in (3.38) we obtain

. 2 _
ID& oy = 2 |[Drm)| =R Y mI™ 5, xR |m)
0#meZd 0#meZd

=a 7 RN N m| 7 cos® @uR [m| — 7 (d + 1) /4) + 0 (RI7?)
0#meZd

Now let m’ = (1,0, ...,0) and assume

1

|cos (27R [m'| — 7w (d + 1) /4)| = [cos @nR — 7 (d + 1) /4)| > 100 -
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Then
||DR||iz(W) > g2 R |m’\_d_1 cos’ (27R ‘m/| —nd+1)/4)+0 (Rd—z)
=710 R + 0 (RI?) = R .
Now assume

\cos (2R \m’| —nm(d+ 1)/4)| =|sinRrR -7 (d —1)/4)| < ﬁ .

Then there exists an integer £ such that 2R = ¢ + (d — 1) /4 £ §, for a suitable
6] < 1/50. Then 4R = 2£ 4 (d — 1) /2 £ 24, and since (d — 1) /4 is not an
integer we have

|cos (ZJrR |2m’| -7 (d+ 1)/4)|
— sin(r {20+ (d — 1) /24 25 — 7 (d — 1) /4})]

z

1
|£26 + (d — 1) /4| = 0

N =

Then choosing /7 equal to m’ or to 2m’, we have
||DR||iz(W) >R
We now prove (ii). Let m be as in Lemma 34. Since d = 1 (mod 4) we have
I DRI (gay = 772 R m| ™ cos® @uR |m| =7 (d +1) /4) + 0 (R'?)
=272 R4 |7 sin® 2xR |m|) + 6 (R172)
> ¢, RITIR™W@HDe

O

For the simplices we have results complementary to the ones in Theorems 25
and 26. Let S be a simplex in R? and for every t € T let

D (t) = card (Z N (t (R S) +1)) — R*|S] .

Theorem 36. For every simplex S in R4 (d > 2)and R > 2 we have
i) DRI 1o (so@yxri) = € log’~* (R)

iD) | DRI Li(sowyxry = ¢ log"™" (R)
iii) Dkl L (so@yxry = R@=DU=1/p) ] < p < +00.
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Proof. For every m’ # 0 we have

)4 1/p

1Dlrsourny = B [ [ 13 g (Reuy | arae
so(d) J T4 m#£0

1/p
ZRd{/ / ‘)?5 (Rt (m/))|p drdt} .
T Jso(d)

Then (i) and (iii) follow from Theorem 19. The proof of (i) is a consequence of
Lemma 18 as in the proof of the corresponding part of Theorem 19. O

3.6 Irregularities of Distribution: Estimates from Below

It is time to go back to the Introduction, where we have referred to the fundamental
results of K. Roth (Theorem 2) and W. Schmidt (Theorem 1). In this section we
present two different approaches to Theorem 4, due to J. Beck and H. Montgomery
respectively. For convenience we shall apply Beck’s argument to prove Theorem 4
and Montgomery’s argument to prove a stronger version of the theorem which holds
true in the particular case when B is a simplex.

We now repeat the main part of the statement of Theorem 4.

Theorem 37. Let d > 2 and let B C RY be a body of diameter smaller than 1
which satisfies (3.15). Then for every distribution & of N points in T¢ we have

1
// /|card(90()tr(B+t)))—AdN|B||2 didtd) > cqgN¥=V/4
0 Jso(d) JT4

(3.49)

Proof. Forevery0 < A < 1,7 € SO(d),t € T? the projection of At (B) — ¢ is
injective from R to T¢. Given a finite distribution & = {1 (j)}}_, of N points in
T? we consider the discrepancies

N

DE? =Dy =-N|BI+Y 15 ()
j=l

N

Dy? (A1) =Dy (A, 7.1) = =NAY Bl + D taeimy— (0 () -
j=1
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First we show that the function t — Dy (A, 7, t) has Fourier series

N
Z Z eZﬂim-t(j) A,d )?B (A,‘C (m)) eZnim~t ) (3.50)

m#0 \j=1

Indeed

N
[er —de|B|+ZX1171(B)—r(t(]‘)) dt

J=1

N
—-NA B+ Y [ e € () + ) a

j=1
— VA B+ N [ g @) du =0,
R

while for m # 0

N
L8181+ 2 - 0 G | e

Jj=1

Xae—ip) (E () + 1) e 2™ dt

L.

N
/d Tae—1(B) (I/l) e—me-(u—t(])) du = Ze2mm~t(])kd )?B (A‘L’ (m)) )
T

j=1

N
N
Let0 <g <1land 0 < r < 1. By (3.50) and Theorem 8 we have

1 [
-// /|DN(A,f,z)|2 drdt d) (3.51)
rJar Jso)JTd

2
N r
=X e L[ s acaz
qr

m#0 |j=1

N 2 1
—eY (el L e mle)F 1 a

m?éo j=1 {q"fmf"}
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2

N
~ S|l el ds
m#0 |j=1 {gr=l€l=r}
2
N
~ Z Zezmm-t(ﬂ rd |m|_d/ |)A(;_z;(77)|2 dn
m#£0 |j=1 {grim|<|§|<r|ml}
2
N
~ |2 O (1t )
m#0 | j=1

(again, A ~ B means that there exist two positive constants c¢; and ¢, which do not
depend on N and r and satisfy c;4 < B < cyA). Now we apply (3.51) first with
r = 1 and then with r = kN~/4 (we shall choose the constant k& later on). We
obtain

1
// IDy(A,T.0)> didTdA (3.52)
so(d)JTd

N 2
~ Z ZeZJTim~t(j) Iml—d—l

m#0 |j=1

2
_ N _ —
PRI 1d || 3|30 i) ke N1 ]|~
T |m#0 kINT!|m| oy et 14+ kN~ |m)|

—1/d
~ {Nl—l/dkl —d % lNl/d/ 1/d/SO(d)/1rd IDy(A, 7.0 dtdrdk} .
gkN

Since
gkN~V4 <} < kN7

there exists a small constant § > 0 such that, for suitable choices of the constants ¢
and k we have

§<q’k?|B|<NA|B| <k?|B| <1-—

Being

N
> Hae1m— € ()

J=1
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an integer, we deduce that

N
1Dy (A, t.0)| = |=NAY (Bl + D tae1imy— ()| = 8
j=1

forevery t,¢ and A € [qu_l/d, kN_l/d]. Then (3.52) gives

1
/ / / IDy(A,7.0)|> didtdA > eN'7V4
q JS0(d)JTd

|

Because of Theorem 24, the dilation in A in (3.49) cannot be deleted. In the
sequel of this section we shall see how to avoid the dilation in particular cases. The
starting point is a lemma due to J. Cassels (see [17,42]).

Lemma 38. For every positive integer N let
On = {x = (X1, X2,...,Xq) eR?: ixji < \/d 2N forevery j = 1,2,...,d} .

Then for every finite set {t (j)};y:l c T4

2
N
Yoo Do el = N2 (3.53)

0#£meQynzd |j=1

Proof. Letm = (my,my,...,my) an element of Z-. Adding N?Z on both sides of
(3.53), we have to prove that

2

T Y e a2,

Imil< V2N |mgl< 2N [J=1

and this is a consequence of the following inequality:

2

> oLy ﬁ:emﬂ"(” zN([W]H)d, (3.54)

<[ V2N]  imal<| V2N ] 1=

where [y] denotes the integral part of the real number y. The LHS in (3.54) is
larger than
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|m|
> (1  Cop— ) (3.55)
i |<[ 2N [ ‘ ZN] 1

2

eZﬂim-t(j)

j=1

mal <[ V2N [m] 1

_ IL) 5 (IL)
m1<[W]( [W]H mal <[ V2N ] [W]“

N N
2mim-(¢(j)—t(£))
MW

N N
= Z Z Z 1— & QZ”iml(tl(j)—tl(Z)) .
' [x/” ZN] +1

« Z 1— Imdl eZnimd(l‘d(j)—l‘d(l))
[ V28] +1

N N
= ZZK[MN} (0 () =10 (0 K 45501 (ta () = 1a (0))

where
M

B UL\ om 1 (sinGr (M + 10\
Ku() = Z (1_M+1)e ]_M—}-l( sin (1) )

j=—M

is the Fejér kernel (M € N, ¢ € T). Since Kj/(¢) > 0 for every ¢, we may bound
the terms in (3.55) from below by the “diagonal”

d
Kl 4oy 0 () =11 )+ K g (0 ) =10 () = N (K[d - (0))

M=

1

:N([i’/ﬁ]+1)d .

~.
Il
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Theorem 39. Let S be a simplex in RY, d > 2, the sides of which have length
smaller than 1. Then there exists a constant cq > 0 such that for every finite set
{t (j)};y:l C T¢ we have

2
N
[N isti+ Y s | drde = eq N0
S0(d) Td

j=1
Proof. As a consequence of Parseval identity, Theorem 19 and Lemma 38 we obtain

2

N
=N S|+ Y de1i9- (0 ()] drdr
/SO(d) /qrd 151 ZX 1(s)— ()

j=1

2
N
=2 | e / |25 (e (m)* de
So(d)

m##0 | j=1
2
N
= Y e [ s @l de
0me0y |i=1 50(d)
2
N
> ¢ Z ZEZth't(]) |m|—d—1
0#meQy |j=1
2
N
> ¢ inf (m—d—l) p2mim1(j)
ze inf (Im 2 X

0#meQy |/ =1

> ¢ N—l—l/dNZ =c Nl—l/d .

O

Remark 40. Using Theorem 8 the above argument gives a new proof of Theorem 37
(see [42]).

Corollary 41. Let S be a simplex in RY the sides of which have length smaller than

1. Then, for every finite set {t ( j)}?’:l C T there exists a (translated and rotated)
copy S’ of S such that

—N |S]| + card (S/ Nt GNY )‘ > ¢y NW=D/2d

Jj=1
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3.7 TIrregularities of Distribution: Estimates from Above

We are going to check the quality of the estimates from below obtained in the
previous section. We will see that for any given body B and for every positive
integer N one can find a finite set {z ( j)}?’:l C T, such that a suitable > mean

of the discrepancy is smaller than ¢N“~Y/2¢  Qbserve that we cannot choose
the points at random. Indeed, such a Monte Carlo choice of the N points gives
a +/N discrepancy (see e.g. (3.61) below), and this is not enough to match the
N@=D/2d Jower estimates in Theorems 37 and 39 (although for large dimension
d the exponent (d — 1) /2d approaches 1/2). We shall get the N ~1/24 estimate
first using an argument related to lattice points problems, and then a probabilistic
argument.

For an overview of upper estimates related to irregularities of distribution,
see [20].

3.7.1 Applying Lattice Points Results

A very natural way to choose N points in a cube consists in putting them on a grid.
Suppose for the time being that we have N = M¢ points (Fig. 3.4). Then let

1

ﬁzﬂM:—Zdﬂ[—l !

d
N
— =) ={ i 3.56
20| 5g) =an (.56)
(the ordering of the ¢ (j)’s is irrelevant).
This choice of & immediately relates our point distribution problem to certain
lattice point problems similar to the ones that we have considered in the previous

sections. Indeed, if B is a body in [—3, %)d and 2 is as in (3.56) we have

card (B N Py) = card (MBN Z%) .

Fig. 3.4 Points on a grid
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Before going on, observe that here M is an integer, while in the lattice point
problems we have considered so far, the dilation parameter R is real. In other words,
the choice of the piece of lattice in (3.56) implicitly contains some (but not all the)
dilations.

Now we show that the lower estimate in Theorem 37 cannot be improved. This
result has been originally proved by J. Beck and W. Chen [2]. We give two proofs:
the first one is based on Theorem 21, while the second one is probabilistic in nature
(see [2, 14,22], see also [36,41]). Since the second proof works under assumptions
more general than convexity, we will state two different theorems (the first one is
contained in the second one).

Theorem 42. Let B C R? be a convex body of diameter smaller than 1. Then for
every positive integer N there exists a finite set {t ( j)}?’:l C T such that

2

N
[ N8 Y e 6 G| drd < e NG
so(d) J1¢ s

Here ¢4 depends only on the dimension d.

Proof. We apply Theorem 21. Assume first that N = M ¢ for a positive integer M .
Forany a € [—1, %)d let

d
Ay ={t (Yo =@+ M7z n [—%, %)

(the role of a will be clear later on). Then
/ / |card (Aya N (t(B) +1)) — M |B||2 drdt
so(d) J1d
:/ / |card(AMdﬂ(r(B)—f-t—f—a))—Md|B||2 drdzt
so(d) J1d

= Md/ / ,|card (M™'Z9 0 (2(B) + 1)) — M? |B|\2 drdt
s0(d) J =5+, 51

2M 2M

:Md/ /1 ~ Jeard (24 0 (x(MB) + M0) — MBI drd
s0(d) J[—o o

2M *2M

- /So(d) /w |card (Z¢ N (1(MB) +v)) — M“ |B||*dvdr ,

since the function

t > card(M~'Z N (z(B) +1)) — M? |B]
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. . d . - .
is M~'Z? periodic and the cube [—3,3)" contains M? disjoint copies of

[—ﬁ, ﬁ)d By Theorem 21 we have

/ / lcard (Aya N (x(B) + 1)) — M?|B||® dtdr < cqM*™" < cuN'=4,
so(d) J1d
(3.57)

To end the proof we need to pass from N = M9 to an arbitrary positive
integer N. By a theorem of Hilbert (Waring problem, see [29]) there exists a

constant H = Hj such that every positive integer N can be written a sum of at
most H dth powers:

H
N:ZM;’

=
with My, M, ..., My positive integers. Now choose a;,as.....ay € [—3, %)d
such that

(a,- + Mj—lzd) N (ax + M7'24) = @ (3.58)

whenever j # k.For j =1,2,..., H let

~lrpd 11!
AM]q:(aj-i-MjZ)ﬂ —5,5 .
By (3.58) the union
H
Ay = Ay
j=1
is disjoint, so that Ay contains exactly N points. Since

H
card (Ay N B) — N |B| = ,; (card(AM;; n B) - M |B|) :

the theorem follows from (3.57). O

3.7.2 Deterministic and Probabilistic Discrepancies

In the proof of the next theorem the points will be chosen in a probabilistic way.
Since we will start from the piece of lattice {# ( j)}?’:l introduced in (3.56), it will
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Fig. 3.5 lJittered sampling

be possible, as in the first proof, to assume N = M“. We will choose one point at
random inside each one of the N small cubes having sides parallel to the axes and
of length 1/M (Fig.3.5).

The above choice is sometimes called jittered sampling.

We have the following generalization of Theorem 42.

Theorem 43. Let B C T be a body of diameter smaller than 1 satisfying (3.15).
Then for every positive integer N there exists a finite set {t (j )}?/:l C T¢ such that

2

N
[N B Y i 6 G| drde < e NG
so(d) J1d

j=1

Before starting the proof we introduce the following slightly more general point
of view.

Given the finite point set distribution & = {¢ ( j)}jy=1 in (3.56), we introduce the
following randomization of 2, see [2, 14,22] and also [5,36,41]. Let du denote a
probability measure on T and for every j = 1,..., N,letdyu; denote the measure
obtained after translating du by ¢ (j). More precisely, for any integrable function g
on T9, let

[ e dus = [ s=tiindn. (3.59)
T4 T¢
As before, let dt denote the Lebesgue measure on T¢. For every sequence Vy =
{(vi,...,vy}inT¢ andevery t € T¢, r € SO (d) let
N
D(t.t.Vy) = D(Vy) = =N [B| + ) xe-1m () -
j=1

Asin (3.50), Dy (t) = D(¢, 7, Vy) has Fourier series



214 L. Brandolini et al.

N

Z ZeZTIimwj- XAB(T (m)) eZnim't )

0#mezd \J=1
We now average

1/2

{/ /Dz(t,f,VN)dtdt
S0(d) Td

in L2(T¢, duj)forevery j =1,..., N, and consider

Dy (N) = {/W/W /So(d) /w D*(t,t,Vy)dtdrdui(v1)...duy(vy)

We now use an orthogonality argument to obtain an explicit identity for Dg, (N).
Indeed by Parseval identity, (3.59) and (3.56) we have

1/2

D, (N)
2
N
:/ /d /d Z Zez”””'v.f |28t (m) |* dui(v1) ... dun(vy)de
e e
N
:/ Z |XAB(T (m) |2 Z /d /d 62n1m~vje—27rlm~v€ d,U«j(Vj)d,U«Z(VZ)d‘C
S0 4y ja=17T0JT
[ lsemp
S0W) 4z
N
x| N+ Z/ / eznim'("j—t(j))e—him'(w—f(l)) dH(Vj)dH(VK) dr .
ja=171¢JT
j#t
Then
D, (N)

N
:/ Y Iz m) | N+ |am)P Y emm O f gy
SO(d)

0#mezd Jj=1
J#L
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N
:/ Yo s PN+ a3 et @ N | Jdr
50(d) 0£mezd =

=N Y (1—m(m)|2)/so(d)mB(r(m)Pdr

0#£meZd
N 2
£ P |0 [ e de.
0#£mezZd j=1 50(d)
So that

D;u(N) =N (IBI - ||XI_IB * M”iz(SO(d)XTd)) + ”D(s T, L@) * /’L”iZ(So(d)de) :
(3.60)

The following are particular cases.

(a) Let du = dt (the Lebesgue measure on T¢). Then the second term in the RHS
of (3.60) vanishes since fi(m) = 0 for m # 0, and we find the Monte-Carlo
discrepancy:

YN =N [ 5 lineom)f dr =N (181-1BF) . @6

0#meZd

(b) Letdu = §y (the Dirac § at 0). Then we have the piece of grid

d
M~'74n —1,1 ,
22

and the first term in the RHS of (3.60) vanishes because fi(m) = 1 for every m.
As for the second term, note that for ¢ (j) in (3.56) we have

N . d
Zezmm(j) _ )N iftme MZ ) (3.62)
—~ 0 otherwise,

We then obtain the grid discrepancy:

D3(N) = N? /So(d) S s (M) de .

0#mezZd

In the next case we shall choose one point at random inside each one of the M ¢
small cubes having sides parallel to the axes and length 1/ M.
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(¢c) Letdu = dA = A(t)dt, with
MO = NYyamaampe @ -

Then, form = (m,ms, ..., my) we have

sin(zm;/M) sin(zmy/M)  sin(zwmy/M)
Ty Ty Tmg

i(m) =N

and, for every m # 0, (3.62) gives
(m)D (-7, Z) (m)

= A0m)D (1. 2) (m)

_ (N sin(wmy /M) sin(wm,/ M) sin(ﬂmd/M)) ()?B (t (m)) i ez”im"(j))

Tmy Tmy Tmy —
j=

:07

so that the second term in the RHS of (3.60) vanishes. In this way we have the
Jjittered sampling discrepancy:

D2, (N)=N (|B| —/ " /W | X108 */\|2 dtdr) (3.63)
SO
~ 2
=N ¥ (1—\x<m)\ )/ |25 () d .
0#£mezd 50(d)

Proof (of Theorem 43). By (3.63) we can select a point u; from each one of the

cubes
NN
{r(j)+[—ﬁ,ﬁ) ;

j=1
in such a way that

2

N
/SO(d) /w —NIBl+ ZXT*‘(B)—I (uj)| drde

Jj=1

<N (|B|—/ / (emrm) * A)° (1) dtdt) .
So(d) J T4
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Since the support of the function A (¢) has diameter Vd /M we have

(o1 % 2)° (1) = gom1m) (1)

for every ¢ not belonging to the set

xe€R?: min |x—y|§x/E/M
yed(r—1(B))

By our assumptions this set has measure < ¢y M -1 uniformly in 7, so that

N (|B| —/ / ()(1—1(3) */\)2 ) dldt) <cg NM'=c¢, N7V,
so(d) Jd
(3.64)

|

Remark 44. When B is a ball of radius r and N = M the inequality (3.64) can be
reversed (see [22]), and there exist positive constants ¢; and ¢,, depending at most
on d and on r, such that

a N7 <N (|B| —/ (X8 * 1) (1) dt) < NV
Td

Remark 45. In the case of the ball it is possible to show that the discrepancy
described in Theorem 42 is larger than the one described in Theorem 43 for small
d and it is smaller for large d (see [22]). For d = 1 (mod 4) the situation is more
intricate because of the results in Theorem 24 (see [22] or [21]).
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