Chapter 3
Interpolating and Other Extended Classical
Ensembles

Changes in the nature of level fluctuations in the situations such as (i) a symme-
try is gradually broken, (ii) two good symmetry subspaces are gradually admixed,
(iii) ordered (integrable) spectra gradually become chaotic and so on are studied by
using interpolating and/or partitioned random matrix ensembles [1-7]. A simple yet
useful approach for deriving the NNSD’s for interpolating ensembles is to extend,
as pointed out in [8—12], the simple Wigner’s 2 x 2 matrix formalism. The appropri-
ate 2 x 2 random matrix ensemble for Poisson to GOE and GUE and GOE to GUE
transitions is [8, 12],

.
H:|:a(X1+X2)+pvk aX3z+ia'Xy ] 3.1)

aXs3—ia'Xy a(X| — X3) — pvi

In Eq. (3.1) X1, X», X3 and X4 are G(O, v2) variables and the usefulness of p and
A will later become clear. The H matrix in Eq. (3.1) for A =0, o’ =0 is GOE,
A=0,a =« is GUE, and X; =0 and A a Poisson gives a Poisson spectrum. Thus
the matrix in Eq. (3.1) interpolates Poisson, GOE and GUE (in fact also a uniform
spectrum). Given A and X, the two eigenvalues of the H matrix, we have

(r1 —22)* = §? =4[(aX2 + pva)* + (¢* X3 +o*X])]. 3.2)

Let us define
X3 =2aX>+2pvk — G(vak, (20111)2),

x3 =2aX3 — G(0, 2av)?), (3.3)
x4 =2a'X4 — G(O, (205’1))2).
Therefore,
dxydx3dxy
P(x2, x3, dxydxzdxq = -
(x2,x3, x4) dxadx3 dxy ) 200 (2 D)
x2 — 2pvA)? + x2 x2
X exp — (x2 pvr) 34 4 . (34
2Q2av)? 22a'v)?
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40 3 Interpolating and Other Extended Classical Ensembles

Changing the variables (x2, x3,x4) to (S, 6, ¢) such that x; = Ssinfcos¢, x3 =
S'sinf sing, x4 = Scosf, we get

P(S)dS $*ds LS /Zn P ¢ indcosg | dop
= €X — X ——= D S1Ino COS
(2m)3/22av)2(2a’v) P{7 202 0 P1 2002
X/” 1 S$2sin%6 N S2cos26] . 040 35)
exXp —— Sin . .
0 P73 Taa2? 4a'v?

The integral over ¢ is 27110( Ssm@) where Iy is Bessel function. With
S cos @ = z, the final result is,

Sds pa? 52
P(S:\)dS=——"" I
( ) 4v302a/ 2 exp( 202 81)20‘2)

S (a/)2 _ 0[2 )
x/ dzlo<2 5V S2 — )exp[iz i| (3.6)
0

81)20[2(0(/)2

With A =0, « = 1 and &’ — o« we have GOE to GUE transition. Similarly, assuming
a distribution f(A)dA for A (with A independent of X;,i =1,2,3,4), Eq. (3.6) de-
fines for example the Poisson to GOE and GUE interpolations. Combining Eq. (3.6)
with

+oo
P(8)dS = |:/ P(S: A)f(k)d)»]dS

—00

for Poisson f(A)dA = e *dr for0<i<oo and 0 fori <O 3.7

gives the spacing distributions for Poisson to GOE and GUE. With f(1) =1 for
0 <X <1andO0 for A <0 and also for A > 1 will give uniform to GOE and GUE
transitions; Ref. [13] gives a numerical study of uniform to GOE and GUE transi-
tions. It is also possible to consider f(A) = §(A — A.). Note that we have always
/ fooo f(X)dxr = 1. Before going further, it is important to mention that an extension
of the matrix in Eq. (3.1) including GSE with 4 x 4 matrices was given in [14].

Before going further, it is important to point out that the results in Refs. [15-18]
are used in the simplifications of various integrals we need ahead. A list of some
useful integrals are,

o0
In(a,c)=/ x”[exp—axz]CD(cx)dx,
0

c
T 2a(a+ V2
1 1 . ¢ c (3.8)
I - BEVE) VN b
2= zf[ 3 tan a1/2+a(a+cz):|
I 1 c " c
37T 242 at+c2  dala+c2)3?
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In Eq. (3.8), @(x) = % f(f exp —12dt is the Error function. An integral with the
Bessel function I is,

/Ooo[exp —a*t? ]t Iy (bt) dt = F;’;{z)]ﬂ (n/2,1,b%/4a%). (3.9
Finally,
o0 1 a? a
/0 [exp —at]D (bt)dt = Eexp(m>|:l _¢<E):| (3.10)

The hyper-geometric function | F; in Eq. (3.9) is also denoted as M (u/2, 1,
b%/4a?).

3.1 GOE-GUE Transition

3.1.1 2 x 2 Matrix Results

Substituting A =0, @ = 1 and o’ — « in Eq. (3.6), spacing distribution interpolating
GOE to GUE is obtained [1, 8],

P (S)dS =dS S S o [Lz g 3.11)
) =dS————  _exp——— w237 9| :
GOE-GUE 121 —a) 2 P g2 8a2u?

Using Eq. (3.8) it is seen that P(S) is normalized to unity and the average spacing
Do = [;° SP(S)dS is,

1 V1-—a?
_ 2 tan—l [20202(1 _ o2
D, = m[ 8v“tan " + ./ 8a*v (1 o ):| (3.12)

Note that Dy is the average spacing between the unperturbed levels,
Do =+V2mv. (3.13)

To proceed further it is useful to introduce the transition parameter A which is the
r.m.s. admixing GUE matrix element o>v? divided by D(%,

o?v? o

A= =—. (3.14)
2
D0 2

Note that A =0 gives GOE and A = 1/27 gives GUE. The importance of the A
parameter is that it will allow us to extend the 2 x 2 matrix results to N x N matrices;
see [1, 8, 12] and the results ahead. Although this was pointed out first in [8], it was
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rediscovered in [9, 10]. It is easy to see that P(x)dx with x = §/Dg will depend
only on A. For example, x = S/ Dy is

T 2 |:t Y LN, T A)]
X = — | 1an _— T — 47T
71 =27 A 2 A

2 A+ 0(432). (3.15)

Now we can write down the expression for the variance 02(0: A) of the NNSD.
Note that from Eq. (3.2) we have easily $2 = 8v? + 4a>v? and then,

s2
o2(0:4) = — —1
(5)?
8 |_Aatma)
(D)2 ax
4
4« <— - 1) —44
T
= ¢2(0:0) —4A. (3.16)

Equation (3.16) extends to any N x N matrix and for most purposes this small A
result is adequate for data analysis.

A different parametrization that gives GOE for A = 0 and GUE for A = oo is
to put in Egs. (3.1), 3.6), A =0, ¢ - o ++/1 — o2, @' — o and finally divide all
the matrix elements by /1 — 2. This gives GOE + [a/+/1 — «?] GUE ensemble.
Then

1 [ o :|2 2 2
A= —|—|v", Dj=+2nv. (3.17)
DiLy/1— a2

Now, with § = §/Dy, the NNSD is
P(S)d@:dﬁ%«/1+2nA S‘exp—%32q§(§/\/8A). (3.18)

Equation (3.18) gives correctly the GOE and GUE NNSD for A =0 and A = o0;
note that @ (ax) — 2(ax)/+/m as a — 0. The variance of the NNSD, with A defined
by Eq. (3.17), is

oGoe-Gue(0: A)
. n(l14+37A) _1
(1427 A) tan— {2 A)~1/2} + 2w A2

4
A<l (——1)—4A=02(0:0)—4A. (3.19)
T
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It is important to mention that all the results given here reproduce exactly the results
discussed in [9, 10]. Finally, it should be mentioned that 2 x 2 GOE-GUE transition
results were first given in [19] although the transition parameter was not identified
by the authors.

3.1.2 N x N Ensemble Results for £*(r) and A3(r)

Let us consider H = HX 4 ia H! and then o = 0 gives GOE and « = 1 gives
GUE. The matrix elements of H satisfy the following properties (with a = H,.I/? and

_ 1
b=H}),

HijH;j = (a+iab)(a+ia b) = a2 — a2b?,

- = 3.20
HijHji = (a+iab) (a —iab) =a? + a?b. (520)
Using the normalization v2d (1 4+ «?) =1 (a_2 =b2= v?), we have
iy 1 —a? o
YUY T a0 +e?) T d]
1
Hinji = -, (32])
d
_ 1 —o?
T=1 +a?’

In the product (H¢)({H?¢) there are d number of H; ; terms and each with its partner
L

comes ¢ times. Hence,

TR LA S oA S
[ = 5 a [d—ﬁd—g}_d—z(un )=

Ar=1+nb

(3.22)

Equation (3.22) correctly reproduces the values for « = 0 and o = 1 given in
Eq. (2.60). Now, extending Eq. (2.62) we have

d
1
STy = —5 ) At singy () sinc v (v)
¢=1

1
72d?

12

SEUE(. Y) + = Y () ¢ singy (x) singy(y)
¢=1
L 10 = 20 cos () + ¥ ()
47242 1+ ()2 — 2 cos (¥ (x) — Y ()
1 N (1 _ n/)2 +4n252n/ )
ﬂ2d2 (1 _ n/)z + rzn’/4n2d2ﬁ4 ’

= SGue. ») +

ré<>d SguE(xa V) + 7 (3.23)
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with

x—y| 'S D,
(3.24)

7S ) =1 exp(—t/dsin’ ) = nexp(—7/dn*p?).

In Eq. (3.23) we have introduced an exponential cut-off in ¢ in order to extend
the ¢ summation to co. The details are as follows: With a cut-off =% the ¢ sum
is extended to oo as in the case of GOE. Then née~%¢ = (ne=%)¢ = (y')¢. The
choice for ag is ap = t/d sin®> ¥ = /7 2dp>. Using the simplification as it is done
in the case of GOE we get step no. 3 in Eq. (3.23). Now cos(y/| + ) is cos 21 for
x ~yandcos(Y; —yn)is 1 — (8¢)2/2. Therefore,

cos2y =1 —2sin’ ¢ = 1 — 27 25>

_(5‘/’)221_[ r T (3.25)

1
2 2dn 5>

Equation (3.25) will give the fourth equality in Eq. (3.23). Then

1 1_/2 42—2/ 1_/2 42—2/
S20r) = Sgus + ﬁ{Zln( ’7& i ,)7; P o ’7)2+ e
T — _
n (1= + 5
2
= 2yt s 1n|:1 + o } (3.26)
2 4m2d?pt(1 —n')?
At this stage it is convenient to introduce the transition parameter
Alw) = o’dp? (3.27)
] a§] exp —20?
n = exp(—Zoz2 — ;> ~1 (3.28)
dn2p? ’
272 A
S o1~ 224 r_z _ T+ n_z(oz)
dn?p dmn?p
Using Eq. (3.28) in Eq. (3.26) we obtain
2 1 nzrz
22 AL 22 — |l 3.29
(r:4) GuEM) 5 I I e A (3-29)
and the small A expansion is,
1 wr? 2A(a)
2000 Ay — 32
2(r:A)=Xgup(r) + 702 ln<1 + 1.2 ) — s (3.30)
i+ 55
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Also note that X2(r : A) — Z‘éUE (r) for A — oo. The parameter t is fixed from
GOE-GUE difference for r = 1; A 524y = 0.446 — 0.344 = 0.102 and this gives T =
0.615. Equation (3.29) was reported first in [1, 8] and later Dupuis and Montambaux
[20] derived the same formula in the study of statistical behavior of the spectrum for
a metallic ring pierced by a magnetic field. Here the parameter t has a clear physical
meaning. Finally we mention that an exact solution for GOE to GUE transition for
N x N matrices was given by Pandey and Mehta [21].

The Aj statistic for GOE to GUE transition follows by combining Egs. (3.29)
and (C.8),

A3, o) = A5 E (@) +

n
2_4/ (7° — 2a°r + ) In[1 + B(A)r?*]dr.  (3.31)
men 0

Here we have used Eq. (3.29) with the substitution B(A) = 71’2/4[7: + 272 A(a)]>.
Solving the integral in Eq. (3.31) using MATHEMATICA gives,

_ — 1 27
Ay A) = Ay (7)) + —— [ﬁ tan~! (77y/B(A))

BX(A)a* — 1 — 4B(A)n? . »
[ PYEN In(1 + B(A)n )} -7
(1+ B, , 3
W(@ (A) =2B (M)n —3)]. (3.32)

3.1.3 Application to TRNI in Nucleon-Nucleon Interaction

Following the fact that GOE generates stronger level repulsion compared to GOE,
as seen from 2 x 2 P(S)d S, Wigner [22] suggested that this could be used to detect
time reversal breaking in nuclear force. This and the close agreement between neu-
tron resonance data (i.e. NDE) and GOE coupled with the GOE to GUE transition
theory, i.e. the transition curve defined by Eq. (3.29) for » = 1, allows us to derive a
bound on time reversal non invariant (TRNI) part of the nucleon nucleon interaction.
Firstly the NDE data with 1336 levels gives >2(1) value to be 0.445 and the GOE
value is 0.446. Adding the sample size error on the theory value, within 3o (99.7 %
confidence), the upper bound on 72 A is 0.145 [1]. As A = a?v?/D?, the bound on
av is av =~ 0.1D. Note that v is r.m.s. many particle nuclear matrix element for the
TRI part of H. To convert this to a bound on «, i.e. TRNI in the effective nucleon-
nucleon interaction, v has been determined using statistical spectroscopy methods
(see Chap. 7). The deduced bound is o < 1073 [23]. Recently, Morrison et al. [24]
suggested that a similar analysis for T-odd, P-even interactions in atoms should be
possible.
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3.2 Poisson to GOE and GUE Transitions

3.2.1 2 x 2 Matrix Results for Poisson to GOE Transition

Substituting &’ = 0 in Eq. (3.6) and applying Eq. (3.7) will give the NNSD for
Poisson (P) to GOE transition. To this end we use the result

lim [v27 (2va’)] " exp[—2%/8(va’)*] = (1/2)5,.0

o’—0
and the factor 1/2 comes as we have z > 0. Then, in terms of the transition parameter

a’v?

A= — (3.33)
2 9
D 0
where the mean spacing Dy of the unperturbed Poisson spectrum is Dop = 2pv and
the mean square admixing GOE matrix element is a?v?, the NNSD for P to GOE
transition, with S = §/ Dy, is [9, 12],

Pp (S)dﬁ—dégex{ S'Z/SA}/ooex A 2 I 18 dhr. (3.34)
-GOE =dS ~ p A p aa 1\ 1a . (3.

For A =0, Eq. (3.34) gives Poisson and for A — oo the Wigner (GOE) form. Using
Eq. (3.9) with a®> = 1/8A, u =2 and b = A /4 A (for the integral over S), it is easily
proved that Pp_GOE(S' ) is normalized to unity.

Although we can compare Pp_gog(S) with P(S) for various A values, it is more
instructive to examine the A — 0 and S small limit. As A — 0, we can approximate
exp—(A + 12/8A) by exp —12/8A. Now applying Eq. (3.9) and the results given
in p. 509 of [15], i.e. 1Fl(%, 1,z) = [expz/211o(z/2), will give

P s§? §?
Pp. $)dS=dS. /- — I . 3.35
P-GOE () S A2 CXP{ 16A} 0<I6A> (3.35)

Let us mention that perturbation theory also gives Eq. (3.35) for a general N x N
matrix [25]. One important result that follows from Eq. (3.35) is that P(S) goes to
zero as S goes to zero for non-zero values of A (i.e. there is level repulsion as soon
as GOE is switched on).

In the data analysis and applications, more useful is the variance of the NNSD,

02(0: A) = (E/Ez) — 1 for P to GOE transition, which defines a transition curve.
Using Eq. (3.9) with a> =1/8A, u =3 and b = A/4A for the integral over S and
then applying Eq. (7.628) on p. 871 in [16] will give S = ﬁW(—%, 0,2A) where

¥ is Kummer’s function [15]. As A2 =2 for Poisson, Eq. (3.2) gives $2 = 8a2? +
8p?v2. Then, with Dy = 2pv,

3 8A+2
T r[w(—1/2,0,20)]

2 ?
op.gog(0:4) = >

[E] D(2) (3.36)
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Fig. 3.1 Variance o%(0) of T’a‘“s"iﬂ‘ curves
NNSD vs transition
parameter A for Poisson to | 7
GOE and GUE transitions. 08 \ i
Figure is constructed using !
the results given in [12]. See N Poisson —> GOE b
Sect. 3.2 for details \
0.6 -, -
\
S [\ i
© 04 N Poisson —> GUE
\
| - \\ - -
02} T ‘****‘*7—‘—l»—:
- GUE/ GOE/ .
0 ! ! ! !
0 0.2 0.4 0.6 0.8 1
A

The complete transition curve, i.e. plot of 62(0: A) vs A is given in Fig. 3.1. It is
instructive to consider small A expansion of o2(0: A). To this end we start with the
identity ¥ (—1/2,0,2A) = (2A)¥ (1/2,2,2A) and carry out small A expansion for
v (1/2,2,2A). Using Eq. (13.1.6) on p. 504 of [15] we have,

v(1/2,2,z)
1 1 1
14+ 0@} —“J=v) -y 0] .
~ il )[{ +0() nz+{1/f<2> (D) = )}+ (z)]+F(%)Z
1 _zlnz_g l _ _ 2
_ﬁz{l 5 2[w<2> v(l) 1//(2)“+0(z )- (3.37)

Here we used I” —%) = —2,/7 and F(%) = /7. With z =2A, ¢(%) =—y —
2In2, ¥ (1) = —y and ¥ (2) = —y + 1 in Eq. (3.37), Sis

S=2JTAW(1/2,2,2A4) =1 — AInQA) + Al2In2 + 1 — ]+ 0(42). (3.38)

Therefore the small A expansion for a2(0: A) is

op6os(0: A) 25 1444{In24) + 14y - 21n2)} (3.39)

where y is Euler’s constant. Note the Aln A term also appears in the small A ex-
pansion for the number variance 22(1); see Eq. (3.51) ahead.
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3.2.2 2 x 2 Results for Poisson to GUE Transition

Let us now consider the Poisson to GUE transition. Simplifying Eq. (3.4) after
putting o = o’ will give,

S%ds S% 4+ 4p?v)2
P($)dS = exp—> PV
\/27'[(20(1))3 8a“v
T . pvSAcosf
X A d@sm@expW (3.40)

Now carrying the 6 integration and applying Eq. (3.7), we obtain the NNSD for P
to GUE and the final result is, with A defined in Eq. (3.33),

A

A oA N S ~
PpGuE(S)dS =dS————— exp{—5?/84
oAt /84

© A2 . (S
X A7 expy —A — — ¢ sinh| — |dA. (3.41)
0 8A 4A

It should be noted that the mean squared GUE admixing matrix element is 2?v?
and hence in this case the transition parameter A, used in Eq. (3.41), is mean squared
admixing GUE matrix element divided by two times the square of the mean spacing
of the Poisson spectrum. Using the integrals given in p. 365 of [16], it is easy to
prove that Pp.Gue(S) is normalized to unity. Similarly, using Eq. (3.10) we have,

= 1
S :4A/ —[exp—v8A y]P(y)dy
oy

+ [ /87" +[exp2A](1 — @(ﬂ))]. (3.42)

Carrying out further simplifications using MATHEMATICA (the functions used
here are ExplntegralEi(—), HypergeometricU(-) and HypergeometricPFQ[{a, b},
{c,d}, z]), the final result is

= . 1/2,1
S=X(A)=2A |:—Ez(2A)~|—4~/2A/7r2F2 (3/é, 32" 2A>i|
+/8A/m + [exp2A][1 — qb(/ﬂ)]. (3.43)

Then, the exact expression for o2(0: A) is

12442

opGue(0: A) = XAP 1.

(3.44)
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In Eq. (3.43) Ei is exponential integral (see p. 228 in [15]),

n

o0
X
Ei(x) = 1 E .
ix)=y+ nx+n_1n(n!)

Similarly 5 F> is generalized hyper-geometric function,

:l _—
Y et naad+n 2

)

<a,b ) ab  a(a+ Dbb+1) x2
21k e d X et St

’

The complete Poisson to GUE transition curve for 2(0: A) vs A, from Eq. (3.44)
is given in the Fig. 3.1. Once again it is instructive to consider the small A expansion
for GS_GUE(O : A). Note that,

X(4) = 2A[{—y —In(24) + 0(4)} +4,/27A + 0(A3/2)]

8A 2
41424+ 0(AN)]|1- ==V24 0A3/2}
w204 o)1= VIR + 0(4)
=142A[1 —y —In2—1n A] + 0(A%?). (3.45)
Now Eq. (3.44) gives,

1
o aup0: M) 28 1484 <ln(A) +5+y+in 2). (3.46)

Just as in the case of Poisson to GOE, here also there is the Aln A term. The ap-
proximation in Eq. (3.46) is good for A < 0.05.

3.2.3 Relationship Between A Parameter for Poisson to GOE and
the Berry-Robnik Chaos Parameter

There are several different formulas, given by Brody [26], Berry and Robnik [27,
28], Izrailev [29, 30], Blocki [31] and many others for the NNSD Pp_gog(S) d S and
Pp.gue(S)dS. For example, the well known Brody (Br) distribution for Poisson to
GOE transition, with the Brody parameter w is [26]

B w w+1 (l)+2 o+l
Ppgop(8)dS =aS”exp{—bS“"'}; a=(w+ Db, b={T

w+1
(3.47)
and it reduces to Poisson for @ = 0 and Wigner (GOE) form for w = 1. For
0 < w < 1, the distribution given by Eq. (3.47) vanishes as S — 0 but has an infinite
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derivative at that point, an unrealistic feature. Recently a physical process that gen-
erates the Brody distribution has been identified [32] and here the Brody parameter
corresponds to an appropriate fractal dimension.

The one parameter (p) Berry-Robnik (BR) formulas for Poisson to GOE and
GUE are,

PERoE(S)dS = (1 — p)?exp{—(1 — p)S} erfe(VTpS/2)
+ (201 = p)p+mp*S/2) exp{—(1 — p)S — mp?S?/4},

2
PESUE(S)dS = (20(1— p) — (1 — p)? p ) exp{—(1 — ,o)S}erfC(—ﬁ ,0S>
+ (—%p“Sz o persa— p)2>
n 7r

x ex {_ — s — g 2}
p{—(l=p)S——p’S
(3.48)
where p is fractional volume, in phase space, of the chaotic region and 1 — p is frac-
tional volume of all regular regions put together. The BR forms are good when there
is only one dominant chaotic region coexisting with regular regions. Note that p =0
gives Poisson and p = 1 Wigner (GOE or GUE). Modification of BR distribution
(flooding- and tunneling-improved BR) has been discussed recently in [33]. Now
we will consider the relationship between the 2 x 2 results and the BR distribution
given by Eq. (3.48) in order to give a physical meaning to the A parameter.
The transition curves given in Fig. 3.1 show that the Poisson to GOE and Poisson
to GUE transitions are nearly complete for A ~ A, = 0.3. The results in Eqs. (3.36)
and (3.44) are in fact applicable to general N x N matrices (or for any interacting
many particle system) through the transition parameter A by giving appropriate in-
terpretations to a?v? and Dy in the expression for A; this is indeed verified by the
results in Fig. 4 of [10]. With this, the results in Egs. (3.36) and (3.44) can be applied
to realistic systems. An important question is: what is the significance of the numer-
ical value 0.3 of A, for Poisson to GOE (similarly for Poisson to GUE)? Toward
this end, in [12] relationship between A and the BR parameter p (p representing
fractional volume, in phase space, of the chaotic region of a complex dynamical
system) for P-GOE transition was explored. Equation (30) of [27] gives a2(0: p)
for the BR P(S)dS as a function of the p parameter (p changing from O to 1),

P-GOE:BR (0 ,()) =—1—¢e p —1 (e —1 (3 49)
O, . : X . B
) ' 1 - ,0 JZ,OZ ﬁp

Say Apr = p/(1 — p) so that Agr changes from O to co just as A. Fitting Eq. (3.49)
to the curves in the Fig. 3.1, it is seen that [12],

ABR o

A~ =
20 20(1—p)

for A > 0.05. (3.50)
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However for A < 0.01 results of Eq. (3.36) and the corresponding BR formula differ
significantly. Equation (3.50) gives p = 0.85 for A = 0.3. Thus 85 % chaoticity can
be used as a guide for deciding the marker for order (Poisson) to chaos (GOE)
transition. For example, using sufficient number of energy levels near ground states
or near the yrast line at high spins as the case may be in atomic nuclei (similarly in
other interacting many particle systems such as atoms, molecules etc.), it is possible
to deduce the corresponding o%(0) values. Then from Fig. 3.1 one can read-off the
value of A (or, depending on the sample size errors, determine a bound on A) for
Poisson to GOE transitions in these systems. Converting this to p gives information
about the amount of chaoticity in the system. If it is 85 % (i.e. A > 0.3), then one
can argue that chaos has set in. This approach was used in deriving the order-chaos
border in interacting fermion [34] and boson systems [35].

3.2.4 Poisson to GOE, GUE Transitions: N x N Ensemble Results
for X2(r)

Without going in details here we give the formulas, valid for N x N matrices, for
>2(7, A) for Poisson to GOE and GUE transitions. They, valid for 77 >> A!/?, are
(1]
AL _ n?
ZPGOE(n A)—n —2A<lnﬂ +y -1 +ln4>
(3.51)

—2
22 g A) S —4A<1nﬂ —l—y)

More general discussion of Poisson to GUE (and GOE) transitions for N x N ma-
trices is given in [3, 5-7].

3.2.5 Onset of Chaos at High Spins via Poisson to GOE Transition

Stephens et al. [36, 37] developed a novel technique to measure the chaoticity pa-
rameter (A'/?) for order-chaos transition in rotational nuclei. With D giving the
average spacing of the levels that are mixed and v giving the r.m.s. admixing matrix
element, A'/2 = v/D. Extending Wigner’s 2 x 2 matrix formalism, the variance
of the NNSD for Poisson to GOE transition is given by Egs. (3.36) and (3.39). As
discussed before, the Poisson to GOE transition is nearly complete for A ~ 0.3. and
A~ m where p represents fractional volume, in phase space, of the chaotic
region of a complex dynamical system. From the experiments for Yb isotopes,
Stephens et al. deduced that A!'/2 ~0.15 to 1.5. Thus at present it is not possible to
make a definite statement about onset of chaoticity in the Yb isotopes.
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3.3 2 x 2 Partitioned GOE

Let us consider the H matrix H = Hy + aV where Hj is a 2 x 2 block matrix
with dimension d = d; + d; (d; is dimension of the upper block and dy of the
lower block) and V is a d dimensional GOE(v?). Note that GOE(v?) stands for
GOE random matrix ensemble with diagonal matrix elements of the matrices in
the ensemble being G (0, 2v%) and off-diagonal matrix elements G (0, v?). We put
the off-diagonal blocks of Hy to zero and represent the upper block {Hp.11} with
dimension d; by a GOE(U%) where v% = v2(d| + d»)/d, and similarly the lower
block {Ho,2>} with dimension d> by a GOE(v3) with v3 = v?(d; + d»)/d>. Thus,
o = 0 corresponds to a superposition of two GOE’s and @ — oo gives a single GOE.
For this 2 x 2 partitioned GOE, binary correlation approximation gives A; = 2(1 +
[1+ a2]—§) ~212 — g“az) Recall that for GOE to GUE transition we have A; =

1+ ( T2 )5 ~2(1 — za?). Therefore it is easy to modify the GOE-GUE derivation

and derive the following result, with the transition parameter A = a?v?/ D for the
number variance [1],

52 Ay = 520n o)+ =1l 1+ i (3.52)
r, A) = r, — — 1. .
22 w2 4t +m2A)?

The cut-off parameter t is determined using the result
230(0) = Zdog (d1/d)r) + Zog (d2/d1r)

and Eq. (3.52) is good for r > 2. Note that Ez(r,_oo) is the GOE value. As discussed
before, £2(r) formula gives the expression for Az(r),

Azas2(r, A) = As(r, 00) + LI 2 ! In(1 + X?r?)
. r, = . —3{|-———=— ——|In r
3:2x2 3V 72|12 X%2  2Xx44

(3.53)

+—4t (X)+ : 2
an~ —-=1
YTox? T g

T2 ratA)
A direct and good test of Eq. (3.53) came recently from experiments with two cou-
pled flat superconducting microwave billiards [38].

3.3.1 Isospin Breaking in *Al and 3P Nuclear Levels

Shriner and Mitchell [39, 40] considered complete spectroscopy for levels up to
~8 MeV excitation in 2°Al and °P. For 2°Al, there are 75 T =0 and 25 T = 1
levels with J™ = 1% to 5%. Similarly in 3* P there are 69 7 =0 and 33 T = 1 levels
with J™ = 0% to 5%. With Coulomb interaction breaking isospin, the appropriate
random matrix model here is 2 x 2 GOE giving 2GOE to 1GOE transition. Analysis
of data for 2°Al and 3P is in good agreement with 2GOE to 1GOE transition. In
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particular, using 20 Al the data was analyzed using a slightly different 2 x 2 random
matrix ensemble [41],

2 (202
|:GOE((/d@)U ) aVe(2v7) } (3.54)

aV.(2v2) GOE((d/d)v?)

in |T =0) and |T = 1) basis with the dimension dy of the T = 0 space being dy = 75
and the dimension d; of the T = 1 space being d; = 25. Then the total dimension
d = 100. Analysis of data gave o« = 0.056 and Hl%. (c) = angij ~ (20 keV)2. The

corresponding spreading width I" = 2z Hl% (¢)/D is I ~ 32 keV. There is also an
analysis of reduced transition probabilities (with about 1500 transitions) in 2°Al
showing deviations from P-T [42]. Let us consider this in some detail.

For GOE, given the strengths R(E;, E¢) = [(E; |ﬁ|Ef)|2, the locally renormal-
ized transition strengths x = R(E;, E¢)/R(E;, E ) are distributed according to the
Porter-Thomas (P-T) law. Deviations from P-T law could be ascribed to symmetry
breaking and then the questions are: (i) where to look for good data; (ii) what is the
appropriate random matrix ensemble and what are its predictions. Adams et al. [42]
collected data for reduced electromagnetic transition matrix elements in 26Al from
ground state to 8 MeV excitation. The data divides into 120 different transition se-
quences with each of them having about 10 matrix elements; a transition sequence is
defined by initial Ji”i T; going to all J}Tf ' Ty (with no missing transitions in between)
for a given B% (E or M) where L is multipole rank and 7" = O for isoscalar (IS) and
T =1 for isovector (IV) transitions. In the data set there are 211 E1 1S, 172 E1 1V,
358 M1 1V and 132 E2 IS transition matrix elements. Instead of the locally renor-
malized strengths x, distribution of z =log(x) is plotted by combining all the data
with a proper prescription. The P-T form gives maximum at z = 0 while data shows
the peak at ~—0.5. It is conjectured that this deviation is a consequence of isospin
breaking. The random matrix model now consists of the 2 x 2 partitioned GOE for
the Hamiltonian as given by Eq. (3.54) and in the same basis an independent 2 x 2
partitioned GOE for the transition operator & [43],

0 o,
0 = Pis [ﬁ(()o) ﬁ(()l)] + Brv [a 0 } . (3.55)

Here, Bis = 1 and Brv = 0 for IS and Bis = 0 and By = 1 for IV transitions. De-
termining appropriately the scale parameters of the various GOE’s in the H and &
ensembles, Barbosa et al. [43] recently constructed P(z)dz via numerical calcu-
lations by transforming the ensemble in Eq. (3.55) into {H} basis via the unitary
matrices that diagonalize H’s. The random matrix model correctly predicts the shift
in the peak with respect to P-T. However the data are more strongly peaked and at
present there is no quantitative understanding of this feature.
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3.4 Rosenzweig-Porter Model: Analysis of Atomic Levels and
Nuclear 2% and 47 Levels

Rosenzweig-Porter model [44] is the appropriate random matrix model when we
consider a set of levels in a spectrum .# and the levels in . differ containing con-
served quantum numbers which are either unknown or ignored. Then, the spec-
trum can be broken into r sub-spectra .%; of independent sequences of levels with
j=1,2,...,r.In the set of levels considered for the analysis of P(S) (i.e. NNSD),
say the fraction of levels from .7} is f;. Then, 0 < f; <1and };_, f; = 1. Now
an appropriate random matrix model is to represent each subspace .#; by indepen-
dent GOE’s of dimension d; = df; where d is the size of .. NNSD for such an
ensemble was first considered by Rosenzweig-Porter (RP) [44] and they showed
that, with f; =1/r;r — 00, P(S) goes to Poisson. This model has been employed
in discussing LS to JJ coupling change in atomic spectra. Exact solutions for the
RP model are given very recently [45, 46] but they are not useful in data analysis.
Abul-Magd derived a simplified formula for P(S) in terms of the chaoticity param-
eter f =3, f/2 and it is [47],

P(S)dS=[1—f+ Q(f)nS/2] exp[—(1 — /)S — Q(f)nS*/4]  (3.56)

where Q(f) = f(0.7+0.3f). With f =1/r, r - 0o, P(S) goes to Poisson and
f =1 gives GOE. Abul-Magd, Harney, Simbel and Weidenmiiller [48, 49] analyzed
the NNSD of low-lying 27 levels (up to ~4 MeV excitation) for Poisson to GOE
transition using Eq. (3.56). They considered 1306 levels belonging to 169 nuclei
(with a minimum of 5 consecutive 27 levels in a given nucleus). The nuclei are
grouped into classes defined by the collectivity parameter E(4T) / E(2T). In the
system considered, departures from GOE arise due to the neglect of possibly good
quantum numbers. Using Bayesian inference method, values of f are deduced and
it is found to be small for nuclei with IBM symmetries while for the intermediate
nuclei f ~ 0.6.

Equation (3.56) was also applied in the analysis NNSD for 2% levels of prolate
and oblate deformed nuclei by Al-Sayed and Abul-Magd [50]. They considered 30
nuclei of oblate deformation having 246 levels and 83 nuclides of prolate defor-
mation having 590 energy levels ranging from 28Si to 228Ra. Analysis showed that
the chaoticity parameter f is ~0.73 for prolate nuclei and ~0.59 for oblate nuclei
suggesting that oblate nuclei are more regular compared to prolate nuclei.

It may be useful to note that a formula for the number variance X2(r) for the
RP model was given in [1] and this is not yet used in any data analysis. All the
nuclear data that is analyzed so far using RMT is shown in Fig. 3.2 in the angular
momentum and energy plane.
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3.5 Covariance Random Matrix Ensemble X X : Eigenvalue
Density

Let us consider a N x M matrix X with matrix elements real and chosen to be inde-
pendent G (0, v2) variables. Then the N x N random matrix ensemble C = X X7,
where X7 is the transpose of X, represents a GOE related covariance random ma-
trix ensemble (GOE-CRME). It is possible to consider many other types of CRME’s
as discussed for example in [54-56]. The CRME’s have wide ranging applications.
For example: (i) they are important in multivariate statistical analysis [57]; (ii) they
are used in the study of cross-correlations in financial data [5S8—60]; (iii) they appear
in a model for mixing between distant configurations in nuclear shell model [61];
(iv) they are relevant for statistical analysis of correlations in atmospheric data [62];
(v) they determine statistical bounds on entanglement in bipartite quantum systems
due to quantum chaos [63].

In this section we consider the ensemble averaged density pC (E) of the eigen-
values of GOE-CRME C = XX Dyson [64, 65] first derived the result for pC(E)
for the matrices X with N = M. In most applications the eigenvalue density for
N # M is needed. The result for this situation was derived using many different
techniques; see [54, 55, 57, 66] and references therein. Equation (3.73) ahead gives
the final result. It is indeed possible to obtain p© (E) using the 2 x 2 partitioned GOE
(p-GOE:2) employed in nuclear structure studies as a statistical model for mixing
between distant nuclear shell model configurations [61, 67]. This gives an easy to
understand derivations of the final result [68].
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3.5.1 A Simple 2 x 2 Partitioned GOE: p-GOE:2(A)

Let us consider two spaces #1 and #2 with dimensions d; and d, respectively . For
a simple statistical model for the mixing between the spaces #1 and #2, one can
assume, as a first step, that all the eigenvalues in #1 are degenerate and say their
value is 0. Similarly one may assume that the eigenvalues in #2 are also degenerate
with their value say A. More importantly, these two spaces will mix and the mixing
Hamiltonian X will be a d; x d> matrix. A plausible model for X is to replace it by a
GOE, i.e. assume that the matrix elements of X are independent G (0, v2) variables.
Then we have a 2 x 2 block structured random matrix ensemble,

_{on X
Hp= |:XT A 12:| . (3.57)

This ensemble is called p-GOE:2(A). Note that the matrices /; and I are unit
matrices with dimensions d; and d» respectively and the H matrix dimension is
d = dy + d>. Now let us consider the eigenvalue density p(E) for the matrix H 4.
The p2(E) is simply,

pA(E) = (8(Ha — E))' 17,

(3.58)
and its decomposition into sum of the partial densities p2:! and p2:2 defined over
the spaces #1 and #2 respectively is given by,

pAEY=(8(Ha—E));  pA(E) =d ™ [dip™ (E) + d2p™(E)]. (3.59)

As we will see ahead, the densities ,oA;l(E) and ,oA?Z(E) differ only in a delta
function. Therefore from now on we will consider only ,oA;1 (E) and also assume
that d; < d». For mathematical simplicity, as an intermediate step, we will consider
the matrix ensemble H4 4/,

—4h X } (3.60)

Hin = [ xT AL

and the corresponding oA (E). Denoting the p-th moment of this density by

Mx"!, we have, with [ 2] being the integer part of £,
G
LA _ 2 p=2v Ty
M,, _(_DPZ( : )(A’) ((xx7)")". G3.61)
v=0

Equation (3.61) is derived by multiplying Hi s p-times and then using the
first diagonal block of the resulting 2 x 2 block matrix. Similarly szzA 2 =
(di /)M and M35 = —(di/d) M35 with Mg = Mgt =1
Equation (3.61) shows that there should be a generalized convolution form for
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piA/;l(E) with one of the factors being ,oA,:O;l as the moments for a den-
sity written as a convolution of two functions follow the law M,(pa ® pp) =
Z(’;)Mx (A)M,_5(B); here ® denotes convolution. From Eq. (3.61) we have
Miﬁ/il = -4 MiA !. Then ffooo EY(E 4+ A)p*A Y (E)dE = 0 and also
[ EP(E-A )piA ‘1(—E)dE =0. They imply that pT431(E) is of the form
|E+A,|1/2 f(E) where f(E) is an even function of E. This and the fact that

(XXTy"y! is the 2v-th moment of p%!(E), allow us to identify the following
important result,

E—A

—E+A, A=UN(E2 = (a)). |EIz A (3.62)

Now, putting A" = % and shifting all the eigenvalues E by A /2 so that E — (E —
%), the final result for ,OA?1 is obtained,

1
. E—A|2 ,_,.
pA’l(E)z‘T‘ p="N(JE(E - 2)), E=>A, E<O0. (3.63)

Equation (3.63) was reported first in [61]. Now we will consider pA=%1(E) for
p-GOE:2(A = 0).

3.5.2 Moments and the Eigenvalue Density for p-GOE:2(A =0)

Given Hy = [01 1 X ], mathematical induction gives,

xT on
[ (xxTy 0 2v+41 0 (XxTyvx
(HO) = [ 0 (XTX)U] ’ (H ) |:(XTX)VXT 0 .

(3.64)
Then, immediately we have ((Ho)?))! = ((Hp)P)? for p # 0 and for p =0, they
are di and d; respectively. Secondly, all the odd moments of p2=01(E) are zero.
Also, for di < dp, p2=C2(E) = L p2=C1(E) + (1 — ‘)S(E). One way of con-
structing p2=C%1(E) is via its moments. From Eq. (3.64) we have M, (p2=%1) =
(XXTy")! and they can be evaluated for p-GOE:2 using BCA discussed earlier.
Firstly, the ensemble averaged second moment simply is,

Ma(p*=01) = @)™ Y Xy (XT) = @)~ 1ZX d. (365

ij

Similarly, defining M, = d; M, = (((Ho)"))", we have

Ma(p?=01) = Z Xij(XT)ijkl(XT)li = Z Xij X1j XXl
ikl ikl
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In the sum here, applying BCA, we need to consider only terms that contain pairwise
correlations. Then, with k =i orl = j,

1\714(,0A:0;1) = Z[XininuXu] + Z[Xinijijij]

ijl ijk
= Z[Xinij XXl + Z[Xinij Xij Xijl
ijil i gk
=v'[did] + didy). (3.66)

The two terms in Eq. (3.66) can be written as (XX7 XXT) and (XXT XXT). The
L1 L1

terms that are dropped in Eq. (3.66) involve cross correlations, i.e. terms with odd
number of matrix elements in between those that are correlated. They will be smaller
by a factor of dy (or dp). Thus BCA here is good if d; and d; both are large. Pro-
ceeding further we have for M(»

Mo (p=%") = Z Xij Xk X1 Xmi Xmn Xin

i,j.k,l,m,n

Z Xij Xij XX XinXin + Z Xij Xij Xi1 X1 Xomi Xin

i,j.l.,n i,j,l.m

+ Z XijXijXujXijXinXin + Z XijXij Xuj XmjXmjXij
i,j.k.n i,j.k.m

+ Z Xij Xij Xt Xt Xij Xij
ivjk,l

vo(did; +3did; + didy). (3.67)

The binary correlation structure in Eq. (3.67) is clear and let us apply it to Mg.
Writing X;; as X, symbolically 1\78 =) XaXpXcXaXcXXgXp. Now: (i) with
X, and X, correlated, the correlations in the remaining XXy XX y X X, are same
as those in 1\76; (i1) with X, and X4 correlated, necessarily X; and X, must be
correlated and the remaining X, X r X, X}, correlations are same as those in M4;
(iii) with X, and X r correlated, necessarily X, and X, must be correlated and the
remaining X, X.XyX, correlations are same as those in A7I4; (iv) with X, and X},
correlated, the correlations in the remaining X, X XqX.X r X, are same as those
in 1\7[6. Then the expression for Ms is,

Mg (p?=ON) = v¥[atd> + 6d7d3 + 6d7d5 + did3). (3.68)
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Continuing this will lead to a recursion formula for the moments,

Moy (p2=) =2 3" Moo (p?=0N) M, (p2=02); v,
- - r=0,2,...,2v-2 N
M>, (,oAzO;l) = M, (,oAZO;Z) for v #£0, M (,OA:O;I) =d, (3.69)

Fo(p2=0%) = dy.

For example using Eq. (3.69) we have My = vlo[dfdg + 10(1?6122 + 205113615J +
10d3d3 + d1d3]. With all the moments determined, it is possible to identify the

density p2=%1 Integral tables in [69], the expression for My given by (3.66) and
M>,, v=1,2,3,4 for d| = d, allow us to write the final solution,

LR - EE - R
2mvid, |E|

Ry =v(\/dy £ /dy). (3.70)

Note that p2=%!(E) =0 for |E| < R_ or |E| > R and also it is a semicircle for
di = d>. The reduced moments M», = M», /(M>)" of p2=%1(E) are,

2v+42 1
i p201) = ST [y - )

7 Ry Ro

pAzO;l(E)dE: dE, R—§|E|§R+v

di —-— 1—+/Ro

Ry=—, Rp=———.
dy 1+ +/Ro

(3.71)

3.5.3 Eigenvalue Density for GOE-CRME

Our primary interest is to determine the eigenvalue density p€ (E) for the GOE-
CRME C = XX7 where X is a dy X dp matrix with its matrix elements being in-
dependent G (0, v?2) variables; we assume d; < d». From Eq. (3.64) it is seen easily
that the v-th moment of p€ and the 2v-th moment of p2=%! are simply related,
M, (p€) = Moy (p2=%1). As p2=%1 i5 an even function, we have

e © e 00 pA=0:1(y1/2)
Mo, (p _’):2/0 E”p _,(E)dE:/o YU[T]CU

pA=0; 1 (yl/Z)

C
= p M=
Y172

(3.72)

Now, the formula for p€ follows simply from Eq. (3.70),

I Vo -no-1)

C
A do =
P 2m02d, Y

Ao <A<y
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With the normalization v2d2 =1, we have

1 VOor =)0 — A
oS (M) dr = VO = 2 ) 4 Al <A<y
27 Ro A
d
Ax =[14+ Ro£2V/Ro], Ro= d—l, dy < ds. (3.74)
2

The final solution given by Eq. (3.74) is same as the result reported for example
in [59] with Q = 1/R¢ and 02 =1. Thus, pC(E) follows from p-GOE:2(A) and it
is simple to deal with this ensemble. Figure 3.3 gives a plot of p¢ (1) for various
values of Rg and used here is Eq. (3.74). Before going further, some comments on
generalization of p-GOE will be useful.

Given p(x), its Stieltjes transform f(z) is

+oo
f@)= / PR 4y (3.75)
oo T—X

where z is a complex variable. Since —7é(x) = J(Hlo) we have

p(x):—ls{[gn%f(xﬂs)]}. (3.76)

T

Given a general 2 x 2 block matrix [lel Z;z] that is real symmetric with dimen-
12

sions for the diagonal blocks being d; and d> respectively, following Egs. (3.58)
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and (3.59), we have dp(x) = 2,2: 1 d,-pi (x). Let us denote the Stieltjes transforms
of p, p' and p® by f, fi and f> respectively. We assume that the matrix elements
of H;; are independent Gaussian variables with variances ”12 Moreover, we can
assume that all matrix elements are zero centered except that the diagonal matrix el-
ements of Hyy have centroid A. Then, using the moments recursion, one can prove
that [4]

1

i v%ldlfl - U%defZ
1

i—A—vhdy fr —vhdi fi|

Solving these equations for f; with vi; = vy =0 and A = 0 and applying
Eq. (3.76) will give pA=01 (). This will be an alternative derivation of Eq. (3.70)
given earlier. However, Eq. (3.77) allows one to solve the most general 2 x 2 block
matrix problem with vy # 0, vy # 0 and A # 0, i.e. most general p-GOE:2 ran-
dom matrix problem. Deriving an analytical form for p! (similarly for p?) for the
general p-GOE:2 is of considerable interest in nuclear physics [67]. Its further gen-
eralization to p-GOE:N was analyzed in [70] and the partial densities p’ are reduced
to multiple integrals involving commuting and anticommuting variables.

dfi =
(3.77)
dfy =

3.6 Further Extensions and Applications of RMT

Here below will give a list of various extensions and applications of RMT. This list
is only partial as the subject of “Random Matrices: Theory and Applications” is too
vast to be covered in completeness at one place.

1. There are many new class of random matrix ensembles that are not covered
in this book and some of them are: (i) § ensembles and more general random
matrix ensembles related to orthogonal polynomials [71, 72]; (ii) critical ran-
dom matrix ensembles [73, 74]; (iii) ensembles with non-extensive g entropy
[75-77]; (iv) ensemble with super statistics [78]; (v) special constrained Gaus-
sian ensembles [79]; (vi) Cyclic random matrix ensembles [80]; (vii) Hussein
and Pato’s deformed ensembles based on maximum entropy principle [81-84];
(viii) Transition ensemble for harmonic oscillators to GUE transition [85];
(ix) New versions and new applications of circular ensembles [86-90]. (x) Non-
Hermitian random matrix ensembles; see [91-98] and references therein. (x)
Random density matrices for entanglement related studies [99, 100].

2. There is a nice relationship between ensembles of 2 x 2 Hermitian matrices
and Gaussian point process [101] and similarly between Poisson point pro-
cess and 2 x 2 complex non-Hermitian random matrices [102]. Construction
and applications of many other 2 x 2 random matrix ensembles are discussed
in [76, 103, 104]. For example, introduced in [103] are 2 x 2 pseudo-Hermitian
random matrix ensembles and in [76] introduced are ensembles based on Tsal-
lis entropy. Thus, 2 x 2 ensembles have much wider relevance. As an additional
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10.

11.

12.

3 Interpolating and Other Extended Classical Ensembles

example, briefly discussed in Appendix E are 2 x 2 matrix results and their
extensions for open quantum systems [105—-112].

. Going beyond 2 x 2 ensembles, recently 3 x 3 random matrix ensembles (first

discussion on 3 x 3 random matrix ensembles was given in [113]) are found
to be useful in deriving some new results. Using 3 x 3 GE, derived in [114]
is the probability distribution for the ratio of consecutive level spacings (see
Chap. 16). This distribution and its relatives are suggested [115—-117] to be use-
ful in understanding localization in interacting many particle systems.

RMT for missing levels and incomplete spectra has been discussed for example
in [65, 118-120] and this is of considerable interest in data analysis and for
predictions of missing levels.

. Using the analogy between energy levels and time series, methods of time se-

ries analysis are applied to RMT spectra showing for example 1/f2 noise for
Poisson systems and 1/f noise for GOE/GUE/GSE. There are several investi-
gations in this direction as given for example in [118, 121-126].

There are applications of RMT for biological networks [127], neural networks
[128], small world networks [129], terrace-width distributions on vicinal sur-
faces of vicinal crystals [130], finding words in literary texts [131] and so on.

. There is extensive literature on results for the rate of convergence of probabil-

ity distributions in RMT and on asymptotic properties of a variety of random
matrices; see for example [54, 96, 132—-135].

Extreme statistics in RMT is another important topics that is not discussed in
this Section. An example is the probability distribution for the largest or the
lowest eigenvalue in GOE. Tracy-Widom distribution is the starting point for
all these investigations. See [134—144] and references therein.

. New classification of random matrices, extending Dyson’s 3-fold way to 10

classes, based on group theory is given in [145-147]. These new classes have
applications in condensed matter physics. They also include chiral ensembles
for QCD related applications [148—152].

Random matrix theory for random phase approximation (RPA), a widely used
quantum many-body approximate method, has been introduced in [153].
Random matrix theory for scattering and Ericson fluctuations is an important
topic that is not discussed in this section. Good references for these are [154—
158].

Numerical methods and algorithms for constructing and analyzing random ma-
trices of large dimensions are available for example in [159, 160].
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