
Chapter 2
Classical Random Matrix Ensembles

2.1 Hamiltonian Structure and Dyson’s Classification of GOE,
GUE and GSE Random Matrix Ensembles

The discussion in this section is largely from Porter’s book [1]. Original contribu-
tions here are due to Wigner and Dyson and all their papers were reprinted in [1].
More recent discussion on Dyson’s classification of classical random matrix ensem-
bles is given by Haake [2]. The classification is based on the properties of time
reversal operator in quantum mechanics [3]. Appendix A gives a brief discussion
on time reversal and the results given there are used in this section. In finite Hilbert
spaces, the Hamiltonian of a quantum system can be represented by a N ×N matrix.
Now we will consider the properties of this matrix, with regard to time-reversal T

and angular momentum J symmetries.
Firstly, imagine there is no time reversal invariance. Then we know nothing about

the H matrix except that it should be complex Hermitian. And all such H ’s should
be complex Hermitian in any representation differing from any other by a unitary
transformation.

Now, consider H to be T invariant. Then we have, from the results in Ap-
pendix A, T 2 = ±1. Let us say T is good and T 2 = 1. Then, it is possible to con-
struct an orthogonal basis ψK such that T ψK = ψK is satisfied. Let us start with a
normalized state Φ1 and construct,

Ψ1 = aΦ1 + T aΦ1 (2.1)

where a is an arbitrary complex number. This gives trivially

T Ψ1 = T aΦ1 + T 2aΦ1
T 2=1→ Ψ1. (2.2)

Now consider Φ2 such that 〈Ψ1Φ2〉 = 0 and construct

Ψ2 = a′Φ2 + T a′Φ2. (2.3)
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Then,

〈Ψ1|Ψ2〉 = a′〈Ψ1|Φ2〉 + 〈
Ψ1
∣∣T a′Φ2

〉= (
a′)∗〈Ψ1|T Φ2〉

= (
a′)∗〈T Ψ1

∣∣T 2Φ2
〉∗ = (

a′)∗〈Ψ1|Φ2〉∗ = 0. (2.4)

Here we used Eq. (A.12) and T 2 = 1. Continuing this way an entire set of orthogonal
Ψi can be produced satisfying

T Ψi = Ψi (2.5)

and they can be normalized. In this basis all H ’s that are T invariant, i.e. T HT −1 =
H will be real symmetric,

Hkl = 〈Ψk | H | Ψl〉 = 〈T Ψk | T HΨl〉∗ = 〈
T Ψk

∣∣T HT −1T Ψl

〉∗ = H ∗
kl . (2.6)

Therefore for systems with T 2 = 1, all H ’s that are T invariant can be made, inde-
pendent of J , real symmetric in a single basis.

Let us consider the situation with T is good, J is good and T 2 = −1. Now, say
T = exp(−iπJy)T and then using T = exp(iπSy)K as given by Eq. (A.23), we
have

(T )2 = exp(−iπJy) exp(iπSy)K exp(−iπJy) exp(iπSy)K

= exp(−iπLy) exp(−iπLy)K
2

= exp(−2iπLy) = 1, (2.7)

as Ly is an integer in the (L2, Ly ) diagonal basis. Now we have (T )2 = 1 and there-
fore we can proceed to construct a Γk basis with T Γi = Γi just as in the situation
with T 2 = 1. In the Γi basis, a T invariant H will be real symmetric,

Hk� = 〈Γk|H |Γ�〉 = 〈T Γk | T HΓ�〉∗
= 〈

e−iπJy T Γk

∣∣ e−iπJy T HΓ�

〉∗ = 〈
T Γk

∣∣ e−iπJy T HT −1T Γ�

〉∗

T HT −1=H−→ 〈
Γk

∣∣ e−iπJy HeiπJy e−iπJy T Γ�

〉∗

JiHJ−1
i =H−→ 〈Γk | H | T Γ�〉∗ = 〈Γk | H | Γ�〉∗

= H ∗
k�. (2.8)

Therefore if H is invariant under both J and T , the H matrix can be made symmet-
ric. In fact all such H ’s will be simultaneously real symmetric in the Γk basis and
they remain so by an orthogonal transformation.

The final situation is where T is good, J is not good but T 2 = −1. In the sit-
uation we still have Kramer’s degeneracy and given a |ψ〉, the |ψ〉 and |T ψ〉 are
orthogonal. With a basis of 2N states, (|i〉, T |i〉) with i = 1,2, . . . ,N , consider

|ψ〉 =
∑

m

[
Cm+|m〉 + Cm−|T m〉]. (2.9)
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Then,

T |ψ〉 =
∑

m

[−C∗
m−|m〉 + C∗

m+|T m〉] (2.10)

and here we have used T 2 = −1 with T C0 = C∗
0 for any number C0. As T = UK ,

Eq. (2.10) then gives U = [ 0 −1
1 0

]
for each (|m〉, |T m〉) pair. Also T 2 = −1 ⇒

UKUK = −1 and then UU∗ = −1. Also UU† = 1 and therefore U = −Ũ . Any U

such that U = −Ũ can be brought to the form

U =
[

0 −I

I 0

]
(2.11)

by a similarity transformation. We can also chose

U =

⎡

⎢⎢⎢⎢⎢
⎣

0 −1
1 0

0 −1
1 0

. . .

⎤

⎥⎥⎥⎥⎥
⎦

. (2.12)

Now we consider a unitary matrix S that commutes with T = UK . Then

SUK = UKS

SU = UKSK−1

= US∗

⇒ U = SU
(
S∗)−1 = SU

(
S−1)∗ = SUS†∗

= SUS̃.

(2.13)

Therefore with

Z =
[

0 −I

I 0

]
, (2.14)

S must be

SZS̃ = Z. (2.15)

The S that are unitary and satisfying Eq. (2.15) are called symplectic matrices. We
will now construct H matrices that are invariant under S, i.e. symplectic transfor-
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mations. To-wards this end consider

T1 = −i

[
0 I

I 0

]

T2 = Z =
[

0 −I

I 0

]

T3 = −i

[
I 0
0 −I

]

(2.16)

and H in the form, with I = [
I 0
0 I

]
,

H = H0I +
3∑

k=1

HkTk

=
[

H0 − iH3 −iH1 − H2
−iH1 + H2 H0 + iH3

]
. (2.17)

Then

H = H † ⇒ H
†
0 = H0, H

†
k = −Hk. (2.18)

Now T HT −1 = H and T = UK = [ 0 −K
K 0

]
will give,

H =
[

H ∗
0 − iH ∗

3 −iH ∗
1 − H ∗

2−iH ∗
1 + H ∗

2 H ∗
0 + iH ∗

3

]

⇒ Hi = H ∗
i , i = 0,1,2,3.

(2.19)

Comparing Eqs. (2.18) and (2.19) we have,

H0 = H ∗
0 = H̃0, Hk = H ∗

k = −H̃k. (2.20)

Now we will prove that, if H is T invariant, then SHS−1 is also T invariant,

T
[
SHS−1]T −1 = T SHS−1T −1

= ST HT −1S−1

= SHS−1. (2.21)

Therefore the quaternion structure of H given by Eq. (2.17), valid for T invariant H

with T 2 = −1 and J may not be good, will be preserved by symplectic transforma-
tions, that is by S that are unitary and satisfying the condition SZS̃ = Z. Together
with Eq. (2.20), the H ’s are quaternion real (QR) matrices.

The results proved above will give the Hamiltonian form and the corresponding
group structure under (J,T ) invariance as follows:
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Table 2.1 Classification of classical random matrix ensembles

Ensemble Transformation matrices Hamiltonian structure

GOE Real orthogonal matrices O

OÕ = I

H = H ∗ = H̃

GUE Unitary matrices U

UU† = I

H = H0 + iH1

H0 = H ∗
0 = H̃0

H1 = H ∗
1 = −H̃1

GSE Symplectic matrices S

SZS̃ = Z, SS† = I

H = H0I +∑3
k=1 HkTk

H0 = H ∗
0 = H̃0

Hk = H ∗
k = −H̃k ,

k = 1,2,3

1. For T not good and J is good or not good, the Hamiltonian is complex Hermitian
and the canonical group of transformations is U(N), the unitary group in N

dimensions (N is the dimension of the H matrix).
2. For T is good and J is good, the Hamiltonian is real symmetric and the canonical

group of transformations is O(N), the orthogonal group in N dimensions.
3. For T is good and J is not good but J is a integer, the Hamiltonian is real

symmetric and the canonical group of transformations is again O(N).
4. For T is good and J is not good but J is a half-odd integer, the Hamiltonian

is quaternion real and the canonical group of transformations is Sp(2N), the
symplectic group in 2N dimensions (note that here we are using the H matrix
dimension as 2N as it must be even).

Note that in (1)–(4) above, in a single basis all H ’s can be simultaneously made
real symmetric, QR or complex Hermitian as appropriate. In the absence of any
other information except invariance with respect to J and T are known, one can
represent the H matrix of a given quantum system by an ensemble of N × N matri-
ces with structure as given by (1)–(4) above. The matrix elements are then chosen to
be independent random variables. Note that for the U(N), O(N) and Sp(2N) sys-
tems mentioned above, the number of independent variables (note that for a complex
number there are two variables—one for the real part and other for the complex part)
will be N2, N(N + 1)/2 and N(N + 1) respectively. In the classical random ma-
trix ensembles, called GUE, GOE and GSE respectively, the matrix elements are
chosen to be independent Gaussian variables with zero center and variance unity
(except that the diagonal matrix elements—they are real—have variance 2). Then
these ensembles will be invariant under U(N), O(N) and Sp(2N) transformations
respectively and accordingly they are called Gaussian orthogonal (GOE), unitary
(GUE) and symplectic (GSE) ensembles. Table 2.1 gives for these three ensem-
bles, the corresponding transformation matrices and the mathematical structure of
the Hamiltonians. In order to make a beginning in deriving the properties of GOE,
GUE and GSE, we will start with the simplest 2 × 2 matrix version of these ensem-
bles. Hereafter, zero centered Gaussian variables with variance v2 will be denoted
by G(0, v2).
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2.1.1 2 × 2 GOE

For a 2×2 GOE, the Hamiltonian matrix is

H =
[
X1 + X2 X3

X3 X1 − X2

]
(2.22)

and the joint distribution for the independent variables X1, X2 and X3 is

p(X1,X2,X3) dX1 dX2 dX3 = P1(X1)P2(X2)P3(X3) dX1 dX2 dX3. (2.23)

The Xi in Eq. (2.22) are G(0, v2). Then, (X1 + X2) is G(0,2v2) and (X1 − X2) is
G(0,2v2). Let the eigenvalues of the H matrix be λ1 and λ2. Using the properties
of the sum and product of eigenvalues, we have λ1 + λ2 = 2X1 and λ1λ2 = X2

1 −
X2

2 − X2
3. This gives

S2 = (λ1 − λ2)
2 = 4X2

2 + 4X2
3. (2.24)

Now x2 = 2X2 is G(0,4v2), x3 = 2X3 is G(0,4v2) and they are independent.
Therefore

P(x2, x3) dx2 dx3 = 1

2π(4v2)
exp− (x2

2 + x2
3)

8v2
dx2dx3. (2.25)

Transforming the variables x2, x3 to S,φ where x2 = S cosφ, x3 = S sinφ we have

P(S)dS = e−S2/8v2
SdS

8πv2

∫ 2π

0
dφ. (2.26)

Then the NNSD is,

P(S)dS = S

4v2
exp − S2

8v2
dS; 0 ≤ S ≤ ∞. (2.27)

Note that, with D denoting mean (or average) spacing,

∫ ∞

0
P(S)dS = 1; D =

∫ ∞

0
SP (S)dS = √

2πv. (2.28)

In terms of the normalized spacing Ŝ = S/D,

P(Ŝ)dŜ = πŜ

2
exp

(
−πŜ2

4

)
dŜ; Ŝ = 1. (2.29)

Thus, GOE displays linear level repulsion with P(S) ∼ S as S → 0. This is in-
deed the von Neumann-Wigner level repulsion discussed in 1929 [4] signifying that
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quantum levels with same quantum numbers will not come close. The variance of
P(S) is

σ 2(0) = Ŝ2 − 1 = S2

D
2

− 1

= 8v2

2πv2
− 1 = 4

π
− 1 � 0.272. (2.30)

Here, used are Eqs. (2.24) and (2.28).

2.1.2 2 × 2 GUE

Here the Hamiltonian matrix is,

H =
[

X1 + X2 X3 + iX4
X3 − iX4 X1 − X2

]
(2.31)

with Xi being G(0, v2) and independent. Solving for the eigenvalues of H , we get
λ1 + λ2 = 2X1 and λ1λ2 = X2

1 − X2
2 − X2

3 − X2
4. Therefore S2 = (λ1 − λ2)

2 =
4(X2

2 + X2
3 + X2

4). With x2 = 2X2, x3 = 2X3 and x4 = 2X4, we have x2, x3 and
x4 to be independent G(0,4v2) variables. The joint probability distribution function
for these is

P(x2, x3, x4)dx2dx3dx4 = 1

(2π)3/2(2v)3
exp

(
−x2

2 + x2
3 + x2

4

8v2

)
dx2dx3dx4.

(2.32)
Transforming to spherical co-ordinates i.e. x2 = S sin θ sinφ, x3 = S sin θ cosφ and
x4 = S cos θ with dx2dx3dx4 = S2dS sin θdθdφ,

P(S)dS = S2

(2π)3/2(2v)3
dS

∫ π

0
sin θdθ

∫ 2π

0
dφ

= S2

4
√

2πv3
exp

(
− S2

8v2

)
dS. (2.33)

Note that
∫∞

0 P(S)dS = 1 and D = ∫∞
0 SP (S)dS = 8v/

√
2π . With Ŝ = S/D,

P(Ŝ)dŜ = 32Ŝ2

π2
exp

(
−4Ŝ2

π

)
dŜ; Ŝ = 1. (2.34)

Thus, GUE gives quadratic level repulsion with P(S) ∼ S2 for S small. The variance
of NNSD for GUE is,

σ 2(0) = Ŝ2 − 1 = S2

D
2

− 1 = 3π

8
− 1 � 0.178. (2.35)
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2.1.3 2 × 2 GSE

Here H is quaternion real defined by Eqs. (2.17) and (2.20). These equations and
the choice

H0 =
(

a b

b c

)
, H1 =

(
0 −x

x 0

)
, H2 =

(
0 y

−y 0

)
,

H3 =
(

0 −z

z 0

) (2.36)

will give

H =

⎡

⎢⎢
⎣

a 0 b + iz ix − y

0 a ix + y b − iz

b − iz y − ix c 0
−y − ix b + iz 0 c

⎤

⎥⎥
⎦ . (2.37)

Eigenvalue equation for this matrix is,

(a − λ)

∣∣∣∣∣∣

a − λ ix + y b − iz

y − ix c − λ 0
b + iz 0 c − λ

∣∣∣∣∣∣
+ (b + iz)

∣∣∣∣∣∣

0 a − λ b − iz

b − iz y − ix 0
−y − ix b + iz c − λ

∣∣∣∣∣∣

+ (y − ix)

∣∣∣∣∣∣

0 a − λ ix + y

b − iz y − ix c − λ

−y − ix b + iz 0

∣∣∣∣∣∣
= 0. (2.38)

Simplifying, we obtain {(a − λ)(c − λ) − (b2 + z2 + y2 + x2)}2 = 0 which implies
that λ’s are doubly degenerate and they are given by,

λ = (a + c) ± [(a − c)2 + 4(b2 + z2 + y2 + x2)]1/2

2
. (2.39)

This gives S = |λ1 − λ2| = [(a − c)2 + 4(b2 + z2 + y2 + x2)]1/2. Let us de-
fine X1 = a + c, X2 = a − c, X3 = 2b, X4 = 2x, X5 = 2y and X6 = 2z.
The Xi ’s are independent Gaussian variables G(0,4v2). Note that a and c are
G(0,2v2) and b, x, y, z are G(0, v2). Thus S2 = X2

2 + X2
3 + X2

4 + X2
5 + X2

6.
Transforming to spherical polar co-ordinates in 5 dimensions with hyper-radius
S gives X2 = S cos θ1 cos θ2 cos θ3 cos θ4, X3 = S cos θ1 cos θ2 cos θ3 sin θ4, X4 =
S cos θ1 cos θ2 sin θ3, X5 = S cos θ1 sin θ2 and X6 = S sin θ1 (volume element being
dv = S4dS cos3 θ1 cos2 θ2 cos θ3 dθ1 dθ2 dθ3 dθ4). Then,

P(S)dS = S4dS

(2π)5/2(4v2)5/2
exp

(
− S2

8v2

)∫ +π/2

−π/2
cos3 θ1dθ1

∫ +π/2

−π/2
cos2 θ2dθ2

×
∫ +π/2

−π/2
cos θ3dθ3

∫ 2π

0
dθ4. (2.40)
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Fig. 2.1 Nearest-neighbor
spacing distributions for
GOE, GUE and GSE
ensembles compared with
Poisson

Simplifying, we have

P(S)dS = S4

48
√

2πv5
exp

(
− S2

8v2

)
dS. (2.41)

Note that
∫∞

0 P(S)dS = 1 and D = ∫∞
0 SP (S)dS = 32v/3

√
2π . With Ŝ = S/D,

the NNSD is

P(Ŝ)dŜ = 218

36π3
Ŝ4 exp

(
−64Ŝ2

9π

)
dŜ; Ŝ = 1. (2.42)

Thus, GSE generates quartic level repulsion with P(S) ∼ S4 for S small. The vari-
ance of the NNSD is

σ 2(0) = Ŝ2 − 1 = S2

D
2

− 1 = 45π

128
− 1 � 0.105. (2.43)

Figure 2.1 shows NNSD for GOE, GUE and GSE as given by Eqs. (2.29), (2.34)
and (2.42) respectively. More importantly, these random matrix forms for NNSD
are seen in many different quantum systems such as nuclei, atoms, molecules etc. In
addition, the RMT results for NNSD are also seen in microwave cavities, aluminum
blocks, vibrating plates, atmospheric data, stock market data and so on. Figure 2.2
shows some examples. It is important to stress that the simple 2×2 matrix results are
indeed very close, as proved by Mehta (see [5]), to the NNSD for any N ×N matrix
(N → ∞). Thus, level repulsion given by random matrices is well established in
real systems.
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Fig. 2.2 Figure showing NNSD for different systems and their comparison with RMT. (i) Nuclear
data ensemble [6]; (ii) chaotic Sinai billiard [7]; (iii) example from Econophysics [8]; (iv) example
from atmospheric science [9]; (v) EGOE(1 + 2) ensemble for fermion systems [10]; (vi) BE-
GOE(2) ensemble for boson systems [11]. In (i) and (ii) results for Δ3 statistic are also shown
and these are from [12] and [7] respectively. In (iii), the NNSD is for the eigenvalues of the cross
correlation matrix for 30-min returns of 1000 US stocks for the 2-yr period 1994–1995. Here a fit
to the Brody distribution [Eq. (3.47)] is also shown. Similarly in (iv) the NNSD is for the eigen-
values of the correlation matrix for monthly mean sea-level pressure for the Atlantic domain from
1948 to 1999. Shown in the insect is the cumulative distribution for monthly and daily averaged
correlation matrix. Finally, the embedded ensembles EGOE(1 + 2) in (v) and BEGOE(2) in (vi)
are discussed in detail in Chaps. 5 and 9 respectively. Figures (i)–(iv) (except the NNSD figure for
nuclear data ensemble and this is taken from [7] with permission from Springer) are taken from
the above references with permission from American Physical Society and figures (v) and (vi) with
permission from Elsevier
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2.2 One and Two Point Functions: N × N Matrices

For more insight into the Gaussian ensembles and for the analysis of data, we will
consider one and two point functions in the eigenvalues. Although we consider only
GOE in this section, many of the results extend to GUE and GSE [13]. Also Ap-
pendix B gives some properties of univariate and bivariate distributions in terms of
their moments and cumulants and these are used throughout this book. A general
reference here is Kendall’s book [14].

2.2.1 One Point Function: Semi-circle Density

Say energies, in a spectra, are denoted by x (equivalently, the eigenvalues of the
corresponding H matrix). Then, number of states in a given interval Δx around the
energy x defines ρ(x)dx, where ρ(x) is normalized to unity. In fact the number of
states in Δx interval around x is I (x)Δx = dρ(x)dx where d is total number of
states. Carrying out ensemble averaging (for GOE, GUE and GSE), we have ρ(E)

defined accordingly. Given ρ(E), the average spacing D(E) = [dρ(E)]−1. If we
start with the joint probability distribution for the matrix elements of Gaussian en-
sembles and convert this into joint distribution for eigenvalues PN(E1,E2, . . . ,EN),
one sees [1]

PN(E1,E2, . . . ,EN) ∝
∏

i<j

|Ei − Ej |β exp

{
−α

∑

i

E2
i

}
. (2.44)

Here β = 1,2 and 4 for GOE, GUE and GSE respectively. Then ρ(E) is the integral
of ρ(E1,E2, . . . ,EN) over all E’s except one E. For completeness, let us point
out that ρ(x) = 〈δ(H − x)〉 = d−1∑d

i=1 δ(Ei − x). One can construct ρ(E) via its
moments Mp = 〈Hp〉 = d−1Trace(Hp).

Using the binary correlation approximation (BCA), used first by Wigner [15],
it is possible to derive for 〈Hp〉 a recursion relation. In the present book most re-
sults, both for classical and embedded ensembles, are derived using BCA. In fact,
for the embedded ensembles BCA is the only tractable method available at present
for deriving formulas for higher moments (even though this also has limitations as
discussed in later chapters).

In BCA, only terms that contain squares (but not any other power) of a given ma-
trix element are considered and in the N → ∞ limit, only these terms will survive.
As the matrix elements are zero centered, all Mp for p odd will be zero. Firstly, for
p = 2 we have

〈
H 2〉= d−1

∑

i,j

HijHji = d−1
∑

i,j

(Hij )
2. (2.45)

Let us say that the variance of the matrix elements for the GOE matrices is v2.
Then the ensemble averaged second moment (note that all the moments are central
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moments as the centroid is zero) is,

M2 = 〈
H 2
〉= v2d = 〈HH 〉. (2.46)

In Eq. (2.46) we have introduced a notation for correlated matrix elements. Also
note that we have ignored the fact that the diagonal elements have variance 2v2 as
this will give a correction of 1/d order and this will vanish as d → ∞. The first
complicated moment is M4 or 〈H 4〉. Explicitly,

〈
H 4〉= d−1

∑

i,j,k,l

HijHjkHklHlk. (2.47)

Then, ensemble average gives three terms in the above sum (it contains product of
four matrix elements): (i) first two H matrix are correlated and similarly the last two
matrix elements; (ii) the first and third and similarly the second and the fourth matrix
element are correlated; (iii) the first and fourth and similarly the second and the
third matrix element are correlated. Symbolically they can be written as 〈HHHH 〉,
〈HHHH 〉 and 〈HHHH 〉. Their values are

〈HHHH 〉 = d−1
∑

ij l

HijHjiHilHli = v4d2 = (〈
H 2
〉)2

〈
HHHH

〉= d−1
∑

ij

HijHjiHijHji = v4d = d−1(〈H 2
〉)2

〈
HHHH

〉= d−1
∑

ijk

HijHjkHkjHji = v4d2 = (〈
H 2
〉)2

.

(2.48)

Thus the second term that involves cross correlation with odd number of H ’s inside
[in the second term in Eq. (2.48), there is one H in between] will vanish as d → ∞.
Then, we have

M4 = 〈
H 4
〉= v4d2 = 2〈HHHH 〉 = 2

(〈
H 2
〉)2

. (2.49)

Note that in Eqs. (2.45)–(2.49), the correlated H ’s are joined by the symbol ‘�’.
Continuing the above procedure we have [16, 17], valid for all three ensembles with
the normalization 〈H 2〉 = 1,

Mp = 〈
Hp

〉=
p−2∑

τ=0

〈
HHτHHp−τ−2

〉

=
p−2∑

τ=0

〈
H 2
〉〈
Hτ
〉〈
Hp−τ−2

〉

=
p−2∑

τ=0

MτMp−τ−2. (2.50)
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Fig. 2.3 Semi-circle density
of eigenvalues for a 500
dimensional GOE ensemble.
The x-axis corresponds to
standardized (zero center and
unit variance) eigenvalues

The solution is M2ν+1 = 0 and M2ν = (ν + 1)−1
(2ν

ν

)
. They are the Catalan numbers

and it can be verified easily that they are the moments of a semi-circle. Thus ρ(E)

is a semi-circle,

ρ(x) = 1

2π

(
4 − x2)1/2 = 1

π
sinψ(x). (2.51)

Here ψ(x) is the angle between the x axis and the radius vector; x = −2 cosψ(x),
0 ≤ ψ ≤ π . Note that ρ(x) vanishes for |x| > 2 and M2 = 1. Figure 2.3 shows an
example for the semi-circle.

Given a ρ(x), one can define the distribution function F(x),

F(x) =
∫ x

−∞
ρ(y)dy. (2.52)

With ρ(x) being discrete, as the spectrum is discrete, F(x) is a staircase. Note that
F(x) counts the number of levels up to the energy x and therefore increase by one
unit as we cross each energy level (if there are no degeneracies).

Another important property is that the exact density ρ(x) can be expanded in
terms of ρ(x) by using the polynomials defined with respect to ρ(x),

ρ(x) = ρ(x)

{
1 +

∑

ζ≥1

Sζ Pζ (x)

}
. (2.53)

If we know the moments Mr of ρ(x), the polynomials Pζ (x) defined by ρ(x) can
be constructed [18] such that

∫ +∞
−∞ ρ(x) Pζ (x) Pζ ′(x)dx = δζζ ′ . Using this one can

study level motion in Gaussian ensembles as described ahead.
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2.2.2 Two Point Function Sρ(x,y)

The two point function is defined by

Sρ(x, y) = ρ(x)ρ(y) − ρ(x)ρ(y). (2.54)

If there are no fluctuations Sρ(x, y) = 0. Thus Sρ measures fluctuations. The mo-
ments of Sρ are

Mpq =
∫ ∫

xpyqSρ(x, y)dxdy

= 〈
Hp

〉〈
Hq

〉− 〈
Hp

〉 〈
Hq

〉
. (2.55)

To derive Sρ(x, y) (also Mpq ) we consider, as in [13, 17] the polynomials defined by
the semi-circle, i.e. Chebyshev polynomials of second kind Un(x). They are defined
in terms of the sum,

Un(x) =
[n/2]∑

m=0

(−1)m
(

n − m

m

)
(2x)n−2m. (2.56)

They satisfy the orthonormality condition
∫ +1
−1 ω(x)Un(x)Um(x)dx = π/2 δmn with

ω(x) = √
1 − x2. Substituting y = 2x in the orthonormality condition and using

Vn(y) = Un(y/2), we obtain,
∫ +2

−2
dyρ(y)Vn(y)Vm(y) = δnm;

ρ(y) = 1

π

√

1 − y2

4
= sinψ(x)

π
.

(2.57)

Note also that Un(x) = 1
anω(x)

∂n

∂xn [ω(x)[g(x)]n]; an = (−1)n2n+1 Γ (n+3/2)

(n+1)
√

π
, g(x) =

1 − x2. Similarly, Vζ (x) = (−1)ζ [sinψ(x)]−1 sin(ζ + 1)ψ(x).
Returning to Mpq it is seen that in 〈Hp〉〈Hq〉 evaluation (again we use BCA)

it should be recognized that the correlations come when say ζ number of H ’s in
Hp correlate with ζ number of H ’s in Hq . When ζ = 0 we get {〈Hp〉}{〈Hq〉}.
Therefore

Mpq = 〈
Hp

〉〈
Hq

〉− 〈
Hp

〉 〈
Hq

〉=
<(p,q)∑

ζ=1

μ
p
ζ μ

q
ζ

〈
Hζ
〉〈
Hζ
〉

(2.58)

and μ
p
ζ are obtained by a counting argument. French, Mello and Pandey [17] showed

that (see also [19]),

μ
p
ζ =

(
p

(p − ζ )/2

)
= −ζ−1

∫
xp d

dx

{
ρ(x)Vζ−1(x)

}
dx. (2.59)
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Now let us evaluate 〈Hζ 〉〈Hζ 〉. Firstly 〈Hζ 〉 = d−1∑d
i,j,k,...=1 HijHjk . . .Hni .

Then the number of indices are ζ and the number of terms in the sum are dζ .
In 〈Hζ 〉〈Hζ 〉 there will be dζ terms of the type 〈HijHji〉〈HjkHkj 〉 . . . . Choos-

ing v2d = 1, we have 〈H 2
ij 〉 = v2

ij = v2 = 1/d . Therefore 〈Hζ 〉〈Hζ 〉 = 1
d2 dζ /dζ =

1/d2. However for every Hij there are 〈HijHij 〉 and 〈HijHji〉 for GOE. Both

give v2 and therefore 〈Hζ 〉〈Hζ 〉 = 2/d2 for GOE. In case of GUE HijHij =
(a + ib)(a + ib) = a2 −b2 +2iab = 0 and HijHji = (a + ib)(a − ib) = a2 +b2 =
1 (|Hij |2 = v2

ij = v2 and v2d = 1). Thus 〈Hζ 〉〈Hζ 〉 = 2/βd2. In addition there

is cyclic invariance and therefore there is an additional ζ factor [for example,
H12H21 ⊕H21H12,H12H23H31 ⊕H23H31H12 ⊕H31H12H23]. Then the final result
is,

〈
Hζ
〉〈
Hζ
〉= 2ζ

βd2
(2.60)

with β = 1 for GOE and β = 2 for GUE. Putting this result in the expression for
Mpq we see that

Mpq =
∑

ζ≥1

2ζ

βd2ζ 2

∫ ∫
xpyq ∂

∂x

∂

∂y
ρ(x)ρ(y)Vζ−1(x)Vζ−1(y)dxdy

= 2

βd2

∑

ζ≥1

ζ−1
∫ ∫

xpyq ∂

∂x

∂

∂y
ρ(x)ρ(y)Vζ−1(x)Vζ−1(y)dxdy.

(2.61)

Then by inversion we get,

Sρ(x, y)
β=1;GOE= 2

d2

∂

∂x

∂

∂y

{
ρ(x)ρ(y)

∑

ζ≥1

ζ−1Vζ−1(x)Vζ−1(y)

}

⇒ SF (x, y) = 2

d2
ρ(x)ρ(y)

{∑

ζ≥1

ζ−1Vζ−1(x)Vζ−1(y)

}

= 2

π2d2

∑

ζ≥1

ζ−1 sin ζψ1(x) sin ζψ2(y).

(2.62)

Note that SF (x, y) = ∫ x

−∞
∫ y

−∞ Sρ(x′, y′)dy′dx′ = F(x)F (y) − F(x)F (y). The
sum can be simplified by introducing a cut-off e−αζ and extending the sum to ζ = 1
to ∞,

d∑

ζ=1

ζ−1 sin ζψ1 sin ζψ2

=
∞∑

ζ=1

ζ−1 exp(−αζ) sin ζψ1 sin ζψ2
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=
∞∑

ζ=1

[∫ ∞

α

e−zζ dz

]
sin ζψ1 sin ζψ2

= Re

{
1

2

∞∑

ζ=1

[∫ ∞

α

e−zζ dz

][
e−iζ(ψ1−ψ2) − e−iζ(ψ1+ψ2)

]
}

= Re

{
1

2

∞∑

ζ=1

∫ ∞

α

{
e−ζ(z+i(ψ1−ψ2)) − e−ζ(z+i(ψ1+ψ2))

}
dz

}

= Re
1

2

[
ln
[
1 − e−(z+i(ψ1−ψ2))

]∞
α

− ln
[
1 − e−(z+i(ψ1+ψ2))

]∞
α

]

= 1

4
ln

1 + e−2α − 2e−α cos(ψ1 + ψ2)

1 + e−2α − 2e−α cos(ψ1 − ψ2)
, (2.63)

where we have used the property that Re[ln(1 + z)] = 1
2 ln[(1 + z)(1 + z∗)]. Finally

have,

SF (x, y) = 1

2π2d2
ln

1 + e−2α − 2e−α cos(ψ1 + ψ2)

1 + e−2α − 2e−α cos(ψ1 − ψ2)
. (2.64)

Let us consider the structure of SF (x, y) when x ∼ y. Firstly the number of levels
r in the energy interval Δx = dx = x − y is d ρ(x)dx. But 1 − x2/4 = sin2 ψ gives
x = 2 cosψ . Therefore, dx = 2 sinψdψ and

r = dρ(x)dx =
[

d

π
sinψ

]
2 sinψdψ. (2.65)

Then, SF (x, y) is, with x ∼ y ⇒ sinψ , ψ1 + ψ2 ∼ 2ψ and ψ1 − ψ2 ∼ δψ ,

SF (x, y)
α∼1/d→ 1

2π2d2
ln

2 − 2 cos 2ψ

2 − 2 cos δψ

= 1

π2d2
ln

sinψ

sin δψ/2
� 1

π2d2
ln

2 sinψ

δψ

= 1

π2d2
ln

4d sin3 ψ

πr
. (2.66)

In the last step, Eq. (2.65) is used. Therefore the behavior of SF (x, y) is that it
behaves as ln r . Now let us consider the self-correlation term SF (x, x) which deter-



2.2 One and Two Point Functions: N × N Matrices 27

mines the level motion δx2/D
2 = d2SF (x, x) in GOE,

SF (x, x) = 1

2π2d2
ln

1 + e−2α − 2e−α cos 2ψ

1 + e−2α − 2e−α

α∼1/d⇒ 1

2π2d2
ln

2(1 − cos 2ψ)

(1 − e−α)2
e−α = 1 − α

= 1

2π2d2
ln

4 sin2 ψ

α2

= 1

2π2d2
ln(2d sinψ)2

⇒ SF (x, x) = 1

π2d2
ln 2d sinψ = 1

π2d2
ln 2πdρ(x).

(2.67)

Before going further, it is useful to point out that the moment method with BCA
used for deriving the asymptotic form of one and two point functions extends to
many other random matrix ensembles. A recent discussion on the power of the mo-
ment method in random matrix theory is given in [20].

2.2.3 Fluctuation Measures: Number Variance Σ2(r)
and Dyson-Mehta Δ3 Statistic

P(S), the nearest neighbor spacing distribution and its variance σ 2(0) are mea-
sures of fluctuations. Using SF (x, y) we can define a new measure called ‘num-
ber variance’ Σ2(r). Say in a energy interval x to y there are r levels, then
r = d[F(y) − F(x)]. The statistic Σ2(r) is ensemble averaged variance of r and

Σ2(r) = r2 − (r)2

= d2[(F(y) − F(x)
)2 − (

F(y) − F(x)
)2]

= d2[F 2(y) − F(y)
2 + F 2(x) − F(x)

2 − 2
(
F(x)F (y) − F(x)F (y)

)]

= d2[SF (x, x) + SF (y, y) − 2SF (x, y)
]
. (2.68)

Thus Σ2(r) is an exact “two-point measure”. Using the asymptotic expressions for
SF (x, x) and SF (x, y), we obtain

Σ2(r) = d2
[

2

π2d2
ln 2d sinψ − 2

π2d2
ln

4d sin3 ψ

πr

]

= 2

π2
ln

πr

2 sin2 ψ
. (2.69)
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Thus Σ2(r) behaves as ln r and hence the GOE spectrum is rigid. The exact results
valid at the center of the semi-circle are:

Σ2
GOE(r) = 2

π2

[
ln 2πr + 1 + γ − π2

8

]
+ O

(
1

r

)

Σ2
GUE(r) = 1

π2
[ln 2πr + 1 + γ ]

(2.70)

where γ is Euler’s constant. Other important measure is Dyson-Mehta Δ3 statistic
and importantly, it is related to Σ2(r) and hence it is also a two-point measure.

Dyson and Mehta Δ3 statistic [21] is defined as the mean square deviation of
F(E), of the unfolded spectrum, from the best fit straight line and Δ3(n) corre-
sponds to the same but over a spectrum of length nD. The ensemble averaged Δ3(n)

is then defined similarly,

Δ3(n) = Δ3(2L) = min

[
1

2L

∫ x+L

x−L

[
dF(y) − Ay − B

]2
dy

]

(A,B)

. (2.71)

Here L = n
2 . The Δ3(n) statistic is an exact two-point measure. In fact it can be

written as an integral involving Σ2(r). This is proved in Appendix C. Using the
GOE (similarly GUE) expression for Σ2(r) and applying Eq. (C.8), we obtain the
following expression for Δ3(n) for GOE and GUE,

[
Δ3(n)

]
GOE = 1

π2

[
ln(2πn) + γ − 5

4
− π2

8

]
+ O

(
1

π2n

)
,

[
Δ3(n)

]
GUE = 1

2π2

[
ln(2πn) + γ − 5

4

]
+ O

(
1

π2n

)
.

(2.72)

For a novel application of Δ3(n) statistic, see [22].

2.3 Structure of Wavefunctions and Transition Strengths

2.3.1 Porter-Thomas Distribution

Given a transition operator T (this should not be confused with the time reversal
operator ‘T ’ used before or the isospin label ‘T ’), transition strength connecting
two eigenstates is defined by |〈Ef | T | Ei〉|2. In nuclei T ’s of interest are electro-
magnetic (magnetic dipole, electric quadrupole for example), one particle addition
or removal, Gamow-Teller operator and so on. Similarly, in atoms and molecules
dipole operator is very important. It is also important to recognize that the widths
of resonances also measure transition strengths. Leaving detailed discussion on
transition strength distributions to Ref. [13], here we will give only some basic
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results. One can think of T |E〉 to be a compound state and represent it by a ba-
sis state |i〉. Therefore, statistical properties of transition strengths will be same
as those of the expansion coefficients CE

i of the eigenstates in terms of the basis
states |i〉,

|E〉 =
d∑

i=1

CE
i |i〉. (2.73)

Now an important question is: what is the distribution of |xi |2 = |CE
i |2. First, let us

consider the joint distribution P(x1, x2, x3, . . . , xd) of x1, x2, x3, . . . , xd for GOE.
Because the GOE is an orthogonally invariant ensemble, the eigenvectors uniformly
cover the d-dimensional unit sphere. Then the normalization condition

∑
i |xi |2 = 1

gives,

P(x1, x2, x3, . . . , xd) = Γ (d/2)

(π)d/2
δ

(
d∑

i=1

x2
i − 1

)

. (2.74)

Now, integrating over all but one variable (say x1 and denote it by x) will
give

ρ(x)dx = 1√
π

Γ (d
2 )

Γ (d−1
2 )

(
1 − x2) d−3

2 dx. (2.75)

Then, in the d → ∞ limit we obtain,

ρ(x)dx =
√

d

2π
exp−dx2

2
dx, −∞ ≤ x ≤ ∞. (2.76)

Thus, asymptotically x will be zero centered Gaussian variables with vari-

ance 1/d . As |CE
i |2 should not depend on the index i and

∑
i |CE

i |2 = 1 will

give us the significant result that for GOE |CE
i |2 = 1/d . Therefore, the distri-

bution of the renormalized strengths z = |CE
i |2/|CE

i |2 is, putting d x2 = z in
Eq. (2.76),

ρ(z)dz = 1√
2π

z− 1
2 exp

(
− z

2

)
dz, 0 ≤ z ≤ ∞ (2.77)

and this is nothing but χ2
1 distribution. Equation (2.77), for GOE, is called Porter-

Thomas (P-T) law for strengths [23]. Thus locally renormalized strengths, z =
|Ci

j |2/|Ci
j |2, follow P-T law; note that

∫∞
0 zρ(z)dz = 1. The GOE P-T law was

well tested in many examples as shown in Fig. 2.4. Similar to GOE, for GUE the
P-T law is χ2

2 as Ci
j will have real (say A) and complex (say B) parts with each of

them being G(0, v2 = 1/d) and independent; then |Ci
j |2 = A2 + B2.
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Fig. 2.4 Porter-Thomas
distribution for strengths
compared with: (a) neutron
resonance widths in 167Er
[13]; (b) nuclear shell model
transition strengths generated
by a special two-body
transition operator [10];
(c) widths from a microwave
resonator [24]. Figures (a)
and (c) are reproduced with
permission from American
Physical Society and (b) with
permission from Elsevier

2.3.2 NPC, Sinf o and Strength Functions

With eigenfunctions expanded in terms of some basis states (they form a complete
set) |k〉, let us define the following: (i) NPC (denoted as ξ2)—number of principal
components; (ii) Sinf o—information entropy or �H —localization length. They are,
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with |E〉 =∑d
k=1 CE

k |k〉,

ξ2(E) =
[

1

d ρ(E)

∑

E′

d∑

k=1

∣∣CE′
k

∣∣4δ
(
E − E′)

]−1

,

�H (E) = exp
[(

Sinf o
)
E

]/
(0.48d),

Sinf o(E) = − 1

dρ(E)

∑

E′

d∑

k=1

∣∣CE′
k

∣∣2 ln
∣∣CE′

k

∣∣2δ
(
E − E′).

(2.78)

In Eq. (2.78), degeneracies of the eigenvalues E are taken into account. It is impor-
tant to stress that Sinf o is the first and NPC [or the inverse participation ratio (IPR)]
the second Rényi entropy introduced in chaos literature [25, 26]. For this reason
NPC is denoted by ξ2(E). Similarly, information entropy is also called Shannon en-
tropy [27]. As we shall see ahead, Sinf o and ln ξ2(E) carry the same information
and their difference, called structural entropy, is also some times used (with Sinf o

or ξ2) as a chaos measure; see [26] and references therein. For GOE, |CE
k |2 = 1

d
and

CE
k are Gaussian variables G(0, 1

d
). Therefore |CE

k |4 = 3(|CE
k |2)2 = 3

d2 and then

ξ2(E) =
(

d∑

k=1

3

d2

)−1

= d

3
for GOE. (2.79)

Thus ξ2(E) is independent of E for GOE. Similarly Sinf o(E) = −d|CE
k |2 ln |CE

k |2
where CE

k are G(0, 1
d
). Then,

Sinf o(E) = − d√
2πσ

∫ ∞

−∞
x2 lnx2e

− x2

2σ2 dx; σ 2 = 1

d

= −8dσ 2

√
π

∫ ∞

0
y2[lny + ln

√
2σ ]e−y2

dy; x = √
2σy

= − 8√
π

[∫ ∞

0
y2 lnye−y2

dy + ln

√
2

d

∫ ∞

0
y2e−y2

dy

]

= − 8√
π

∫ ∞

0
y2 lnye−y2

dy − ln
2

d

⇒ exp
(
Sinf o

)= d

2
exp−ζ , exp−ζ = exp

(
− 8√

π

∫ ∞

0
x2 lnxe−x2

dx

)

= 4 expγ − 2 � 0.964

⇒ expSinf o(E) = 0.48d, �H (E) = 1.

(2.80)
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Thus for GOE, Sinf o = ln(0.48d) independent of E and the localization length is
unity by definition. The NPC and Sinf o formulas are well verified in numerical
examples.

Besides NPC and Sinf o, localization properties of wavefunctions can be inferred
from strength functions. Given CE

k , strength functions are defined by,

Fk(E) =
∑

E′

∣∣CE′
k

∣∣2δ
(
E − E′)= ∣∣C E

k

∣∣2dρ(E), (2.81)

where |C E
k |2 denotes the average of |CE

k |2 over the eigenstates with the same en-
ergy E. A commonly used form for strength functions is the Breit-Wigner (BW)
form and its derivation is given in Appendix D. Many other aspects of transi-
tion strengths and strength fluctuations are discussed in [13, 28–30]; see also Ap-
pendix E.

2.4 Data Analysis

2.4.1 Unfolding and Sample Size Errors

In the analysis of data one has to pay attention to the following facts: (1) data is
available for a given system (say a nucleus); (2) the sample size (number of lev-
els) is usually small (∼100); (3) over the sample, the density may vary. Point (3) is
true for shell model data or any other model data. To take care of (1) and (2) it is
possible to invoke ergodicity and stationarity properties of the Gaussian ensembles
(GE-GOE, GUE or GSE) [13, 31]. Due to ergodicity, we have a permit to compare
ensemble averaged results from GE to spectral averaged results from a given spec-
trum. Similarly due to stationarity, the measures (statistics) of fluctuations will be
independent of which part of the spectrum one is looking at. To the extent that the
spectra are “complex”, we can use “stationarity” to combine the values of the mea-
sures (with appropriate weights) to increase the sample size. Let us first consider
point #(3). When ρ(x) is varying, it is necessary to remove the “secular variation”
before the data is analyzed. This is called “unfolding”. For this we have to map the
given energies Ei to new energies εi such that the εi spectrum has constant density.
Say εi = g(Ei) such that εi has unit mean spacing on the average in the interval
Ei ± ΔE

2 . Then, with ΔN levels in the interval Δε,

Δε

ΔN
= 1 = 1

ΔN

[
g

(
E + ΔE

2

)
− g

(
E − ΔE

2

)]

= ΔE

ΔN
g′(E) = 1

Nρ(E)
g′(E),

⇒ g′(E) = Nρ(E). (2.82)

Now integrating Eq. (2.82) on both sides will give the map,

g(E) = NF(E) ⇒ εi = NF(Ei). (2.83)
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The εi ’s given by Eq. (2.83) will have D = 1. Significance of the physically (the-
oretically) defined ρ(E) in unfolding has been discussed by Brody et al. [13] and
more recently by Jackson et al. [32]. Normally one tries to fit F(E) to a smooth
curve, by a least square procedure, to obtain F(E), but often this is not proper as
fluctuations depend on F(E) used in the unfolding procedure.

Coming to the sample size errors, let us consider a measure w calculated over say
p levels. Say the theoretical value of w (for infinite sample size) is w and its vari-

ance var(w). Then the figure of merit f =
√

var(w)p

(w)p
× 100. Now w → w{1 ± f

100 }.
For Σ2(n), the Poisson estimate gives f ∼

√
2n
p

× 100, thus f → 0 for p → ∞. In

practice also used are overlapping intervals. Then it is seen via Monte-Carlo calcu-
lations that f reduces by 0.65. Applying the same size error to the GOE analytical
results, it is seen that theory and experiment agree almost exactly in the case of
Nuclear Data Ensemble (NDE) constructed by combining neutron resonance data
from many nuclei [6, 12, 33]. Finally, in practice, for Δ3(n) and D calculations, it
is more useful to use the simple formulas given by French, Pandey, Bohigas and Gi-
annoni [13, 34]. Given a sequence of (ordered) energies (E1,E2, . . . ,En), the mean
spacing D is [13],

D = 12

n(n2 − 1)

n∑

i=1

(
i − n + 1

2

)
Ei. (2.84)

Similarly consider Δ3(L) over an energy interval α to α + L. Defining Ẽi to be
Ẽi = Ei − (α + L

2 ), we have [34],

Δ3(α;L) = n2

16
− 1

L2

[
n∑

i=1

Ẽi

]2

+ 3n

2L2

[
n∑

i=1

Ẽ2
i

]

− 3

L4

[
n∑

i=1

Ẽ2
i

]2

+ 1

L

[
n∑

i=1

(n − 2i + 1)Ẽi

]

. (2.85)

2.4.2 Poisson Spectra

When comparing GOE (or GUE, GSE) results with data, it is important to consider
the Poisson case, i.e. uncorrelated spectra so that the effects due to GOE correla-
tions will be clear. We can generate a Poisson spectrum as follows. First generate
a set {s} such that s is a random variable following exp−x probability distribu-
tion. Then choose x1 = 0 and xn+1 = xn + sn; n = 1,2,3, . . . and draw sn from
{s}. Now the nearest neighbor spacing S = sn. Therefore P(S)dS for the sequence
(x1, x2, x3, . . .) is

P(S)dS = exp−SdS. (2.86)
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An important question is what is Σ2(n) and Δ3(n) for a Poisson spectrum. Before
proceeding further let us mention that random superposition of several independent
spectra leads to Poisson as proved by Porter and Rosenzweig [35]. In order to derive
the results for Σ2(n) and Δ3(n) for a Poisson spectrum, it is useful to consider the
R2(E1,E2) and Y2(r) correlation functions for an unfolded spectrum. R2(E1,E2)

is the integral of P(E1,E2, . . . ,En) over E3,E4, . . . ,En and Y2 is simply related
to R2,

R2(x1, x2) = N(N − 1)

∫
dx3dx4 . . . dxNPN(x1, x2, . . . , xN),

Y2(x1, x2) = −R2(x1, x2) + R1(x1)R1(x2).

(2.87)

Note that R1(x1) = 1 = Y1(x1) and the x’s are unfolded energies, i.e. mean spac-
ing D = 1. The important point is that for a Poisson Y2(r) = 0 and therefore, as
Σ2(L) = L − ∫ L

0 (L − r)Y2(r)dr ,

Σ2(L) = L, Δ3(L) = L

15
(2.88)

for a Poisson. It is also useful to mention that for pseudo-integrable systems (which
possess singularities and are integrable in the absence of these singularities) [36–39]
follow semi-Poisson statistics [40, 41],

P(S)dS = 4S exp−2SdS. (2.89)

This form is also seen recently in the low-energy part of the spectra generated by
two-body interactions [42].

2.4.3 Analysis of Nuclear Data for GOE and Poisson

Bohigas, Haq and Pandey [6, 12] analyzed slow neutron resonance, proton reso-
nance and (n, γ ) reaction data (for level and width fluctuations) and established
that GOE describes, within sample size errors, almost exactly the experimental
data. They constructed nuclear data ensemble (NDE) with 1762 resonance energies
corresponding to 36 sequences of 32 different nuclei and they contain: (i) slow-
neutron resonance 1/2+ levels from 64,66,68Zn, 114Cd, 152,154Sm, 154,156,158,160Gd,
160,162,164Dy, 166,168,170Er, 172,174,176Yb, 182,184,186W, 186,190Os, 232Th and 238U
targets; (ii) proton resonance 1/2+ levels (1/2− also for Ca) from 44Ca, 48Ti and
56Fe targets; (iii) (n, γ ) reaction data on 177,179Hf and 235U giving two sequences of
Jπ levels. Similarly considered also are 1182 widths corresponding to 21 sequences
of the above neutron resonance data. Comparisons are made with the GOE Wigner’s
law P(S)dS = (πS/2) exp(−πS2/4)dS for nearest neighbor spacing distribution
(NNSD) and Porter Thomas (P-T) χ2

1 law P(x)dx = (1/
√

2πx) exp(−x/2)dx for
widths; S is in units of average mean spacing (D) and x is width (rate of transition
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from a initial state to a channel) in units of average width. Similarly, the GOE num-
ber variance Σ2(L) and Δ3(L) are also seen to agree (for L ≤ 20) extremely well
with NDE. In the analysis sample size corrections are made as discussed earlier.
Unlike the resonance energies, the resonance widths analysis appears to have some
uncertainties (see [6] and Appendix E).

Garrett et al. [43] analyzed NNSD for high-spin levels near the yrast line in rare-
earth nuclei. Considered are 3130 experimental level spacings from deformed even-
even and odd-A nuclei with Z = 62–75 and A = 155–185. As expected P(S) is seen
to follow regular Poisson form. Following this study, Enders et al. [44] analyzed
NNSD for scissors mode levels in deformed nuclei and found Poisson behavior as
scissors mode is a well defined collective mode. Used here are 152 levels from 13
heavy deformed nuclei [146,148,150Nd, 152,154Sm, 156,158Gd, 164Dy, 166,168Er, 174Yb,
178,180Hf] in the energy range 2.5 < Ex < 4 MeV with the constraint that there must
be at least 8 levels in the given energy interval in a given nucleus. Thus low-lying
levels of well deformed nuclei and scissor states, being regular, follow Poisson as
expected. Finally, Enders et al. [45] analyzed also the electric pigmy dipole reso-
nances located around 5–7 MeV in four N = 82 isotones. They made an ensem-
ble of 184 1− states and an analysis, though difficult due to many missing levels,
has been carried out. The authors conclude that there is GOE behavior. Thus, level
fluctuations bring out the expected difference between the scissor mode and pigmy
dipole resonance.
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