
Chapter 14
Regular Structures with Random Interactions:
A New Paradigm

14.1 Introduction

Embedded random matrix ensembles opened up a new paradigm of regular struc-
tures with random interactions in isolated finite quantum systems. For the first time
in 1998, Johnson, Bertsch and Dean, using the nuclear shell model, noticed that ran-
dom two-body interactions lead to ground states, for even-even nuclei, having spin
0+ with very high probability [1]. Similarly, Bijker and Frank [2] using interacting
boson model of atomic nuclei found that random interactions generate vibrational
and rotational structures with high probability. Examples are shown in Figs. 14.1
and 14.2 and Table 14.1. Later studies in nuclear structure with random interac-
tions revealed statistical predominance of odd-even staggering in binding energies,
the seniority pairing gap and 0+, 2+, 4+, . . . yrast sequence. Also seen are reg-
ularities in parity distributions in ground states of even-even, odd-A and odd-odd
nuclei, in energy centroids, spectral variances and in many other quantities. On the
other hand it is also found that random interactions generate, for systems with even
number of fermions, spin zero ground states preferentially (see the discussion in
Sect. 7.1.1 and Fig. 7.2) giving rise to delay in Stoner instability in itinerant sys-
tems and odd-even staggering in ground state energies in nm scale metallic grains
(see the discussion in Sect. 7.1.2 and Figs. 7.3 and 7.4). The result that regular fea-
tures can arise due to random interactions (with rotational and other symmetries)
is opposed to the conventional ideas of using regular (or coherent) interactions like
pairing in understanding the structure of nuclear and other systems. As Zelevinsky
and Volya state [3], this is not limited to nuclear physics. Atomic clusters, particles
in traps, quantum dots, disordered systems such as quantum spin glasses, are just a
few examples where the same questions are to be answered—to what extent a real-
istic interaction can be random but still give the ground state and the levels near the
yrast line to be realistic? References [3, 4] give early reviews on the topic of regular
structures from random interactions.
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Fig. 14.1 Probability for
spin-0 ground states for
( 11

2 )m=6 system. Calculations
use 1000 samples of random
interactions preserving J , i.e.
EGOE(2)-(j = 11

2 : J ) is used
with 1000 members. Results
obtained by putting V0 = −1
(rest of the VJ12 being
Gaussian random variables)
are also shown in the figure
(results obtained by putting
V0 = 0 are almost same as
those given by random
interactions). In addition,
the matrix dimensions
d(m = 6, J ) are also shown
in the insect figure. Figure is
constructed using the results
in [5]

Large number of numerical calculations for many particle systems are carried
out using nuclear shell model, fermions in a single-j shell or two-j shells, bosons
in a single � orbit and interacting boson models (IBMs) for nuclei and molecules
(spIBM, sdIBM, sdgIBM etc.) using ensembles of random interactions. For the
preponderance of Jπ = 0+ states in even-even nuclei: (i) Zelevinsky and Volya
[3] proposed the idea of ‘geometric chaos’ as the source of regularities seen in
nuclear shell model results; (ii) Zhao et al. [4] proposed a empirical rule for de-
scribing the results for (j)m fermion and (�)m boson systems with extensions
to more complicated systems; (iii) Papenbrock and Weidenmüller [6] proposed
an explanation in terms of fixed-J spectral variances. On the other hand Kus-
nezov [7] showed that an approach based on random polynomials will apply if
the H matrix is tridiagonal with analytical forms for the diagonal and the off-
diagonal matrix elements known. This method is used to describe, completely ana-
lytically, the results for spIBM. Similarly, Bijker and Frank [8] employed mean-
field methods for near quantitative understanding of the results for spIBM and
sdIBM. The mean-field approach has been generalized to IBMs for two-level sys-
tems (with degeneracies n1 and n2 respectively) with SO(n1) ⊕ SO(n2) symmetry
by Kota [9]. Similarly, regularities in energy centroids and spectral variances de-
fined over symmetry subspaces generated by nuclear shell model and IBMs have
been studied in a number of examples using trace propagation formulas. These
group theoretical examples opened a new window to the study of regularities of
many-body systems in the presence of random forces. We will now describe in
this chapter these and other results on regularities generated by random interac-
tions.
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Fig. 14.2 Probability distribution P (R) for the ratio [E(4+) − E(2+)]/[E(2+) − E(0+)] with∫
P (R)dR = 1 for a 1000 member BEGOE(1 + 2)-(sd : L) for m = 16 bosons, i.e. for a 16

boson system in sdIBM with random one plus two-body interactions. Results in the figure clearly
show that most members are either vibrational [P (R) ∼ 2] or rotational [P (R) ∼ 3.33]. In the
calculations, P (R) is used for those members that gave L = 0+ ground states. Figure is taken
from [2] with permission from American Physical Society (Color figure online)

Table 14.1 Probabilities for ground states with Jπ = 0+ generated by random interactions in
some (2s1d) and (2p1f ) shell nuclei. Results are shown for EGOE(2)-J and its modifications as
described in Sect. 14.2. Last column gives the percentage of 0+ states in the model space and this
is denoted by d(0)/d in the table. All numbers in the table are in (%). Table is taken from [4]. See
Sect. 14.2 for more details

Nuclei EGOE(2)-J RQE RQE-NP RQE-SPE d(0)/d

20O 50 68 50 49 11.1
22O 71 72 68 77 9.8
24O 55 66 51 78 11.1
44Ca 41 70 46 70 5
46Ca 56 76 59 74 3.5
48Ca 58 72 53 71 2.9

14.2 Basic Shell Model and IBM Results for Regular Structures

Johnson et al. [1] considered examples of even-even nuclei in (2s1d)-shell with
nucleons in 1d5/2, 2s1/2 and 1d3/2 orbits with 63 independent TBME. Generating
1000 random interactions in this space, they have constructed Hamiltonian matrices
for all allowed J values in many nucleon spaces using nuclear shell model codes.
Using these, they have calculated the probability for the ground state to be Jπ = 0+.
They have used EGOE(2)-J with degenerate sp energies for the three sp orbits.
In addition, used are also three modified versions of EGOE(2)-J . One of them is
with variance (v2) of the two-particle matrix elements to be dependent on the two
particle J12 and T12 values with v2(V J12,T12) = 1/[(2J12 +1)(2T12 +1)] as given by
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particle-hole symmetry. This is called random quasi-particle ensemble (RQE). The
other two are RQE without monopole pairing part (called RQE-NP) and RQE with
non degenerate sp energies (call RQE-SPE). All the calculations are also repeated
for some examples in (2p1f )-shell with nucleons in 1f7/2, 2p3/2, 2p1/2 and 1f5/2
orbits with 195 independent TBME. Results of this study are shown in Table 14.1.
It is seen that 0+ gs appears with probability ∼40–70 % although the fraction of
0+ states in the total space is less than 12 % in all the examples. Several other
shell model examples have been given by Zelevinsky et al. with similar results [3].
Extensive analysis using fermions in one and two j -orbits and similarly bosons in a
single �-orbit, sp orbits (i.e. spIBM), sd orbits and sdg orbits have been carried out
by Zhao et al. [4] and Zelevinsky et al. [3]. In order to understand preponderance
of spin-0 ground states with EGOE(2)-J , Zhao et al. [4] gave a simple procedure.
Say there are K number of TBME. Then, put one of the TBME to −1, the rest
to zero and calculate the spectrum. Repeat this procedure K times putting one of
the TBME to −1 each time. Say KJ is number of times the ground state is found
to have spin J . Then, the probability to find spin-0 ground states is K0/K . This
prescription seem to work quite well as verified in many examples [4]. On the other
hand, Zelevinsky et al. [3] invoked the idea of more attractive “geometric chaos”.
We will discuss this in Sect. 14.4 ahead. Papenbrock and Weidenmüller [6] used
spectral radius RJ , the distance between lowest and highest state of levels with a
given J , and its relation to spectral width σJ . Numerical results showed that

RJ ∼ rJ σJ (14.1)

with rJ approximately a constant independent of J . It is easy to see that for Gaussian
density of eigenvalues, rJ will depend logarithmically on the matrix dimension.
Distribution of σJ discussed in Sect. 13.1.3 clearly show that spin-0 width will be
relatively large compared to other J -widths (also with small fluctuations) and this
gives preponderance of spin-0 ground states in shell model. In a recent investigation,
Johnson [10] also emphasized the importance of spectral widths in understanding
the preponderance of spin-0 ground states.

Kirson et al. [11] made an analysis of isospin structure of the ground states
with random interactions. They have carried out nuclear shell model studies us-
ing EGOE(1 + 2)-JT in (2s1d) space with 6 and 8 nucleons and varying |N − Z|.
Figure 14.3 shows the main result of this work. It is clearly seen that random in-
teractions distinguish between the ground state structure of even-even and odd-odd
nuclei with the later having J = 1 ground states more predominantly while it is
J = 0 for even-even nuclei. In addition, random interactions generate predominantly
T = Tmin ground states and also natural isospin ordering.

14.3 Regularities in Ground State Structure in Two-Level Boson
Systems: Mean-Field Theory

Large class of IBMs (see Figs. 14.4 and 14.5) admit two-level structure with de-
generacy n1 and n2 respectively for the levels #1 and #2. One of the general group
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Fig. 14.3 Probability for ground states with (J,T ) quantum numbers for m = 6 nucleons in
(2s1d) shell for a 9000 member EGOE(2)-JT . Note that in (2s1d) shell there are 63 indepen-
dent two-particle matrix elements. Results are shown for both even-even and odd-odd nuclei with
m = 6. The J = 0 ground states are marked with a asterisks. Note that for odd-odd nuclei J = 1
ground states are more probable while for even-even nuclei (as expected) J = 0 ground states.
Insect figure shows experimental data for the distribution of ground states with spin J for 276
odd-odd nuclei having positive parity ground states. Both the main figure and the insect figure are
taken from [11] with permission from American Physical Society

structures generated by two-level models is U(n) ⊃ G ⊃ SO(n1) ⊕ SO(n2) ⊃ K ,
n1 + n2 = n. Then, it is of interest to address the question of with what probability
a given SO(n1) ⊕ SO(n2) irrep [ω1] ⊕ [ω2] will be the ground state in even-even
nuclei with the Hamiltonians preserving SO(n1)⊕SO(n2) symmetry. There are two
group-subgroup chains with this general structure. The group chains and the cor-
responding quantum numbers (irrep labels) for a m boson system for n1 ≥ 3 and
n2 ≥ 3 situation are,

(A):
∣
∣
∣
∣
U(n) ⊃ U(n1) ⊕ U(n2) ⊃ SO(n1) ⊕ SO(n2) ⊃ K

{m} {m1} {m2} [ω1] [ω2] α

〉

m1 = 0,1,2, . . . ,m;m2 = m − m1

ω1 = m1,m1 − 2, . . . ,0 or 1,ω2 = m2,m2 − 2, . . . ,0 or 1

(B):
∣
∣
∣
∣
U(n) ⊃ SO(n) ⊃ SO(n1) ⊕ SO(n2) ⊃ K

{m} [ω] [ω1] [ω2] α

〉

ω = m,m − 2, . . . ,0 or 1,ω1 + ω2 = ω,ω − 2, . . . ,0 or 1.

(14.2)

Note that m1 and m2 denote number of bosons in levels #1 and # 2. Also, the alge-
bra K in (14.2) is irrelevant for the discussion in this section. A general two-body
Hamiltonian that mixes the states of these two chains but preserves the [ω1] and [ω2]
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Fig. 14.4 Probabilities (in
percentage) for
(ω1,ω2) = (0,0), (1,0),
(01), (m,0) and (0,m) to be
ground state irreps for various
interacting boson models
with n1 ≥ 3 and n2 ≥ 2. Note
that for pn − sdIBM in the
figure, n2 = 2 and
(0,m) = (0,m) ⊕ (0,−m).
Calculations use 1000
members and the most
general one plus two-body
Hamiltonian interpolating the
two symmetry limits. Figure
is taken from [12] with
permission from American
Institute of Physics

Fig. 14.5 Probabilities (in
percentage) for ω1 = 0, 1
(only for odd m) and m to be
ground state irreps for various
interacting boson models
with n1 ≥ 3 and n2 = 1.
Calculations use 1000
members and the most
general one plus two-body
Hamiltonian interpolating the
two symmetry limits. Figure
is taken from [12] with
permission from American
Institute of Physics
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quantum numbers of SO(n1) and SO(n2) respectively [hereafter called (ω1ω2)] is,

HAB = 1

m

[
α1C1

(
U(n1)

) + α2C1
(
U(n2)

)]

+ 1

m(m − 1)

[
α3C2

(
U(n1)

) + α4C2
(
U(n2)

) + α5C1
(
U(n1)

)
C1

(
U(n2)

)

+ α6C2
(
SO(n)

) + α7C2
(
SO(n1)

) + α8C2
(
SO(n2)

)]
. (14.3)

Note that C2(G) is the quadratic Casimir operator of G and C1(U(r)) is the num-
ber operator for the level r . In the basis (A), the α6 term in Eq. (14.3) is the
mixing part and all others are diagonal. Note that, in the situation n1 ≥ 3 and
n2 = 1, the SO(n2) algebra will not exist and hence C2(SO(n2)) will not appear in
Eq. (14.3). Then (ω1ω2) → (ω1) with ω1 = 0,1,2, . . . ,ω for chain (B). Similarly,
for n1 ≥ 3 and n2 = 2 one has ω2 = ±m2,±(m2 − 2), . . . ,±1 or 0 for chain (A)
and ω1 + |ω2| = ω,ω − 2, . . . ,0 or 1 for (B); thus, here (ω1,ω2) → (ω1,±ω2).
Reference [13] gives more details. Starting with the basis defined by (A) and using
the transformation brackets between (A) and (B) given in analytical form in [13],
the matrix of HAB can be constructed easily for a given m and (ω1ω2). Calcula-
tions have been carried out for boson numbers m = 10–25 for sdIBM [14], spIBM
[15], spdIBM [16], sdgIBM [17], sdpf IBM [18], sdgpf IBM [19], sdIBM-2 [14],
sdIBM-3 [20, 21] and sdIBM-4 [22] by choosing the parameters in Eq. (14.3) to
be independent Gaussian variables with zero mean and variance unity. Some results
obtained using 1000 samples of random interactions are given in Figs. 14.4 and 14.5.

A mean-field (MF) theory was developed in [8] for explaining the spIBM and
sdIBM results. Its generalization explains the results for all IBMs [9]. In this gen-
eralized mean-field theory (GMF), intrinsic bosons y and z that correspond to
the two levels are defined as y

†
0 = 1√

p

∑p

i=1 b
†
�i ,0

with
∑p

i=1(2�i + 1) = n1 and

z
†
0 = 1√

q

∑q

j=1 b
†
�′
j ,0 with

∑q

j=1(2�′
j + 1) = n2. The angular momenta � are real or

fictitious. Then, the coherent state (CS) or the intrinsic state is

|mα〉 = 1√
m!

(
cosαy

†
0 + sinαz

†
0

)m|0〉 (14.4)

where α is a parameter with −π/2 < α ≤ π/2. Now, let us consider the simpler one
parameter Hamiltonian [with only the α2 and α6 terms in Eq. (14.3)],

H = 1

m
cosχn̂2 + 1

m(m − 1)
sinχS+S−,

S+ = S+(1) − S+(2) =
p∑

i=1

b
†
�i

· b†
�i

−
q∑

j=1

b
†
�′
j

· b†
�′
j

, S− = (S+)†.

(14.5)
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The range of χ is −π/2 < χ ≤ 3π/2. Now, the CS expectation value of H or the
energy functional E(α) is,

E(α) = cosχ sin2 α + 1

4
sinχ cos2 2α. (14.6)

The minimum of E divides (α,χ) into three ranges and they are: (i) α = 0 for
−π/2 < χ ≤ π/4; (ii) cos 2α = cotχ for π/4 ≤ χ ≤ 3π/4; (iii) α = π/2 for
3π/4 < χ ≤ 3π/2. Note that α = 0 gives y-boson condensate with energy E(α =
0) ∝ − sinχω1(ω1 +n1 −2). Then for even m, the ground state irreps are (ω1ω2) =
(00) with 25 % and (ω1ω2) = (m0) with 12.5 % probability. Similarly α = π/2
gives z-boson condensate with energy E(α = π/2) ∝ − sinχω2(ω2 + n2 − 2) and
then the ground state irreps are (ω1ω2) = (00) with 25 % and (ω1ω2) = (0m) with
12.5 % probability. In the situation cos 2α = cotχ , cranking has to be done with
respect to both SO(n1) and SO(n2). Evaluating moment of inertia, by an extension
of the ordinary SO(3) cranking, gives [9]

E ∝
[
ω1(ω1 + n1 − 2)

A+

]

+
[
ω2(ω2 + n2 − 2)

A−

]

;

A± = ∓ sinχ ± cosχ

cosχ sinχ
.

(14.7)

This gives, (m0) and (0m) irreps to be ground states each with 12.5 % probability.
Combining all the results will give for even m systems, (ω1ω2) = (00), (m0) and
(0m) irreps to be ground states with 50 %, 25 % and 25 % probability. For odd
m, the y and z boson condensates give (10) and (01) irreps in place of (00) irrep.
Therefore, for odd N systems, (ω1ω2) = (10), (01), (m0) and (0m) irreps will be
ground states with 25 % probability each. These GMF results for even and odd m are
well verified in many examples for different IBMs as shown in Fig. 14.4. All these
results are valid only for n1 ≥ 3 and n2 ≥ 3. However, these will also give the results
for the situation with n1 ≥ 3 but n2 = 1 with the following changes. With n2 = 1,
the irrep [ω2] will not exist and then the irreps (01) → ω1 = 0 and (0m) → ω1 = 0.
Therefore, for n1 ≥ 3 and n2 = 1 the results are: (i) for even m, ground states will be
ω1 = 0 and m with probability 75 % and 25 % respectively; (ii) for odd m, ground
states will be ω1 = 0, 1 and m with probabilities 50 %, 25 % and 25 % respectively.
These GMF results are well conformed in many numerical examples as shown in
Fig. 14.5.

14.4 Regularities in Energy Centroids Defined over Group
Irreps

Energy centroids defined over group irreps form simplest quantities for studying
regularities generated by random interactions as it is possible to write simple for-
mulas (exact in many situations and approximate in some) for these. Examples are
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already given in the previous chapters. Energy centroids were first discussed by Mul-
hall et al. [23]. Later, Zhao et al. [24] analyzed fixed-L energy centroids in sdgIBM
and also fixed-J energy centroids in shell model spaces using random interactions.
Essentially here one is using EGOE(1 + 2)-J or EGOE(1 + 2)-JT in shell model
and EGOE(1 + 2)-L in IBM’s. They found that Lmin (or Jmin) and Lmax (or Jmax )
will be lowest with largest probabilities and centroids with other L (or J ) values
are lowest with very small probability. Following these, in a number of examples,
energy centroids with fixed spin or isospin, with fixed irreps of various group sym-
metries of both shell model and interacting boson models, in the presence of random
two-body and three-body interactions have been studied by recognizing that simple
propagation formulas can be written for energy centroids in many situations [25–
29]. The examples studied are:

1. Usd(6) ⊃ SUsd(3) energy centroids Em,(λμ) in sdIBM with two- and three-
body interactions; (λμ) are SU(3) irreps,

2. E(m1ω1,m2ω2,...) of U(N ) ⊃ ∑
i[U(Ni ) ⊃ SO(Ni )]⊕ in IBM’s [m = ∑

i mi

and ωi are the irreps of SO(Ni )] with the specific example of sdgIBM,
3. Em,(λμ),T of U(3N ) ⊃ U(N ) ⊗ [SUT (3) ⊃ OT (3)] in IBM-T [i.e. IBM with

bosons carrying isospin T = 1 degree of freedom and this is also called IBM-3]
with the specific example of sdIBM-T with both two- and three-body interac-
tions,

4. Em,{f },[σ ] of U(6N ) ⊃ U(N ) ⊗ [SUST (6) ⊃ OST (6)] in IBM-ST [i.e. IBM
with the bosons carrying spin-isospin degrees of freedom (ST ) = (10) ⊕ (01)

and this is also called IBM-4] with the specific example of sdIBM-ST ,
5. Ensd(λsdμsd ):npf (λpf μpf ) of Usdpf (16) ⊃ [Usd(6) ⊃ SUsd(3)] ⊕ [Upf (10) ⊃

SUpf (3)] in sdpf IBM,
6. Em,ω in U(N ) ⊃ SO(N ) of IBMs; [ω] are irreps of SO(N ),
7. E{f }(ST ) of U(24) ⊃ U(6)⊗[SU{f }(4) ⊃ SUS(2)⊗SUT (2)] in shell model for

(2s1d) shell nuclei,
8. Em,T of U(2N ) ⊃ U(N )⊗SUT (2) in shell model spaces with two- and three-

body interactions,
9. Em,{f },(λμ) of U(24) ⊃ [U(6) ⊃ SU(3)] ⊗ SU{f }(4) for (2s1d) shell nuclei,

10. Em,J for (j)m system of fermions and Em,L for (�)m system of boson with two-
and three-body interactions (here approximate formulas given in Sect. 13.1.2
are used).

In all these examples it is seen that, with random interactions, the energy cen-
troids over highest and lowest irreps are lowest in energy with large (�90 %)
probability. For illustration, let us consider the example of Em,ω where [ω] are
irreps of SO(N ) in U(N ) ⊃ SO(N ) of IBM’s; N = 6 for sdIBM, 15 for
sdgIBM and 16 for sdpf IBM. With ω = m,m − 2, . . . ,0 or 1 and the matrix ele-
ments of boson pairing operator HP being 1

4 (m − ω)(m + ω + N − 2), we have,
Em,ω = E0(m) + [(m − ω)(m + ω + N − 2)/2N ][E2,0 − E2,2]. Then clearly en-
ergy centroids with highest and lowest ω will be lowest in energy with 50 % prob-
ability each. In another example, consider fixed isospin centroids E(m,T ) generated
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by a 3-body Hamiltonian. It is easily seen that, E(m,T ) = {m3−6m2+8
12 − 2T (T +1)

3 +
mT (T +1)

3 }E3, 3
2
+ {m3−4m

12 + 2T (T +1)
3 − mT (T +1)

3 }E3, 1
2

and this implies

E(m,Tmax) − E(m,T ) = {E3, 3
2
− E3, 1

2
}
(

m − 2

3

)
{
Tmax(Tmax + 1) − T (T + 1)

}
.

(14.8)
Equation (14.8) shows that for m nucleons, even with random 3-body Hamiltonians,
just as with 2-body Hamiltonians, T = Tmax and T = 0 energy centroids will be
lowest in energy each with 50 % probability. Now we will discuss some select non
trivial examples.

14.4.1 sdgIBM Energy Centroids

Spectrum generating algebra for sdgIBM is U(15) and one of the decompositions of
the m boson space is according to (ms,md, vd,mg, vg) where ms , md and mg are s,
d and g boson numbers with the total boson number m = ms + md + mg . Similarly
vd and vg are the d and g boson seniority quantum numbers, vd = md,md −2, . . . ,0
or 1 and vg = mg,mg − 2, . . . ,0 or 1. Then, it is possible to consider regularities in
fixed-(ms,md, vd,mg, vg) energy centroids using the propagation formula [26],

E(ms,md,vd ,mg,vg) =
∑

i

miεi +
∑

i>j

Vijmimj +
∑

i

mi(mi − 1)

2
〈V 〉m′

i=2,ωi=2

+
∑

i

〈V 〉m′
i=2,ωi=0 − 〈V 〉m′

i=2,ωi=2

2Ni

(mi − vi)

× (mi + vi + Ni − 2);
Vij = {[

Ni (Nj + δij )
]/

(1 + δij )
}−1 ∑

L

V L
�i�j �i�j

(2L + 1),

〈V 〉m′
i=2,ωi=0 = 〈

(�i�i)Li = 0
∣
∣V

∣
∣(�i�i)Li = 0

〉
,

〈V 〉m′
i=2,ωi=2 =

[
Ni (Ni + 1)

2
− 1

]−1[Ni (Ni + 1)

2
Vii − 〈V 〉mi=2,ωi=0

]

.

(14.9)
Here, i = s, d and g and Ns = 1, Nd = 5 and Ng = 9. Also, for two particles,
mi is denoted by m′

i and vs , vd and vg are denoted by ωs , ωd and ωg respectively.
Similarly, εi are the 3 sp energies (εs, εd, εg) and V L(�1, �2, �1, �2) the 16 diag-
onal two-particle matrix elements. For the s orbit, ms = 2 and ωs = 2 and there
will be no two-boson state with ωs = 0. Therefore, the fourth term in the cen-
troid formula is only for i = d and g. Note that for ms bosons, trivially vs = ms

and hence it is not specified. The 19 parameters (3 sp energies and 16 TBME) in
sdgIBM are chosen to be Gaussian random variables with zero center and unit vari-
ance. To maintain proper scaling, the sp energies are divided by m and the two
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Fig. 14.6 Probabilities for sdgIBM fixed-(ms,md, vd ,mg, vg) energy centroids to be lowest in
energy vs ms for a system of 15 bosons (m = 15). For each ms , the probability shown is the sum of
the probabilities for the irreps with the seniority quantum number lowest (v� = vmin

� ) and highest
(v� = m�). Filled circles and stars are for configurations with md = 0 and mg = 0 respectively;
they are joined by lines to guide the eye. Figure is taken from [26] with permission from American
Physical Society

particle matrix elements by m(m − 1). Numerical results obtained for a 1000 mem-
ber ensemble with m = 15 are given in Fig. 14.6. Let us denote vd = 0 or 1 (for
md is even or odd respectively) by vmin

d and similarly vmin
g is defined. As seen

from the figure, configurations (ms,md = vd = m − ms,mg = vg = 0), (ms,md =
m − ms, vd = vmin

d ,mg = vg = 0), (ms,md = vd = 0,mg = vg = m − ms) and
(ms,md = vd = 0,mg = m − ms, vg = vmin

g ) exhaust about 91 % probability. In
this, the configurations with ms = md = 0 carry ∼20 %, ms = mg = 0 carry ∼21 %
and ms = m carry ∼24 % probability. Thus the configurations with ms = 0,m are
most probable but others give non negligible probability for being the lowest.

14.4.2 sdIBM-T Energy Centroids with 3-Body Forces

In the second example we will consider Em,(λμ),T of Usd(18) ⊃ U(6)⊗[SUT (3) ⊃
SOT (3)] in sdIBM-3 with three body interactions. Firstly the Usd(18) irrep is the
totally symmetric irrep {m} and the SUT (3) irreps [same as those of U(6)] are
(λ,μ) = ((f1 − f2), (f2 − f3)) where f1 + f2 + f3 = m and f1 ≥ f2 ≥ f3 ≥ 0.
The (λμ) → T reductions follow from Elliott’s rules [30] given by Eq. (10.32).
Counting of number of irreps (λμ)T for m ≤ 3 shows that besides the operators 1,
n̂, Ĉ2, Ĉ3 and T̂ 2, we need one extra SOT (3) scalar in SUT (3). The well known
SU(3) ⊃ SO(3) integrity basis operator X̂3 defined by Eq. (10.36), which is three-
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body, is useful here. Fixed-(λμ)T averages of the X̂3 operator are given by [31]

X3
(
(λμ)T

) = 〈X̂3〉(λμ)T = (−1)1−δμ,0
[3 − 4T (T + 1)]√T (T + 1)

√
(2T − 1)(2T + 3)

× √
C2(λμ)

∑
k〈(λμ)kT (11)2 || (λμ)kT 〉ρ=1∑

k′ 1
.

(14.10)

In Eq. (14.10), 〈−−− || −−−〉 are SUT (3) ⊃ SOT (3) reduced Wigner coefficients
and these coefficients can be calculated, as stated in Chap. 10, using the programs
in [32]. Using X̂3 averages for m ≤ 3, propagation formula for Em,(λμ),T has been
derived in [29] and the result is [with T 2 = T (T +1) and X3((λμ)T ) = 〈X̂3〉(λμ)T ],

Em,(λμ),T

=
[

7m

9
− 7m2

18
− 7C2(λμ)

90
− 7T 2

30
+ 7m3

162
+ 7mC2(λμ)

270
+ 7mT 2

90

− C3(λμ)

90
+ X3((λμ)T )

45

]

E3,(30),3

+
[
m

3
− m2

6
− C2(λμ)

5
+ 7T 2

30
+ m3

54
+ mC2(λμ)

15
− 7mT 2

90
+ C3(λμ)

15

− X3((λμ)T )

45

]

E3,(30),1

+
[

−m

3
+ C2(λμ)

6
− T 2

12
+ m3

27
− mT 2

18
− C3(λμ)

6
+ X3((λμ)T )

18

]

E3,(11),1

+
[

−5m

9
+ C2(λμ)

6
+ T 2

12
+ 5m3

81
− 2mC2(λμ)

27
+ mT 2

18
+ C3(λμ)

18

− X3((λμ)T )

18

]

E3,(11),2

+
[
m

9
+ m2

18
− C2(λμ)

18
+ m3

162
− mC2(λμ)

54
+ C3(λμ)

18

]

E3,(00),0. (14.11)

Using Eq. (14.11) calculations have been carried out in [29] for boson numbers
m = 10 − 20 bosons using a 1000 member random 3-body ensemble obtained by
treating E3,(λμ),T as Gaussian random variables with zero center and unit variance
and the results are shown in Fig. 14.7. Energy centroids of highest [according to
C2(λμ) value] (λμ) with lowest and highest T values and the lowest (λμ) carry
∼88 % probability for being lowest in energy. The only other irrep that carries
significant probability (∼9 %) is (0, m

2 )T = 0 for m even and (1, m−1
2 )T = 1 for m

odd. Thus, random 3-body interactions generate regularities in energy centroids.



14.4 Regularities in Energy Centroids Defined over Group Irreps 319

Fig. 14.7 Probabilities for
the sdIBM-T energy
centroids Em,(λμ),T to be
lowest in energy vs
C2(λμ)/m2 for boson
systems with m = 12,15 and
20. For the highest (λμ), the
probabilities for both highest
and lowest T are shown and
for the lowest (λμ) only one
T value is possible. For the
irreps not shown in the figure,
the probability is less than
0.1 %. All the points for a
given m are joined by lines to
guide the eye. Figure is taken
from [29] with permission
from World Scientific

14.4.3 SU(4)-ST Energy Centroids

For (2s1d) shell nuclei, U(24) is the spectrum generating algebra and the spin-
isospin (ST ) supermultiplet SU(4) algebra appears in the subalgebra U(24) ⊃
U(6) ⊗ {SU(4) ⊃ SUS(2) ⊗ SUT (2)}; note that U(6) generates the orbital part. For
a given number of nucleons m, the allowed U(4) irreps are {f } = {f1, f2, f3, f4}
with f1 ≥ f2 ≥ f3 ≥ f4 ≥ 0, f1 ≤ 6 and f1 +f2 +f3 +f4 = m and the U(6) irreps,
by direct product nature, are {f̃ }, the transpose of {f }. It is important to note that
the equivalent SU(4) irreps are {f1 −f4, f2 −f4, f3 −f4}. With these, from now on
we will use U(4) and the irreps {f }. It is well known that a totally symmetric U(4)

irrep {λ} → (ST ) = (λ
2 , λ

2 ), ( λ
2 − 1, λ

2 − 1), . . . , (00) or ( 1
2 , 1

2 ). Using this result and
expanding a given U(4) irrep into totally symmetric U(4) irreps will give easily
{f } → (ST ) reductions. Just as the fixed-T energy centroids propagate, the fixed
{f }(ST ) energy centroids E{f }(ST ) for a one plus two-body Hamiltonian propagate
as the available scalars of maximum body rank 2 are 1, n̂, n̂2, C2(U(4)), S2 and T 2

and the centroids for m ≤ 2 are also six in number. The propagation equation, with
C2({f }) = ∑

i f
2
i + 3f1 + f2 − f3 − 3f4 where C2({f }) gives the eigenvalues of

the quadratic Casimir invariant of U(4), is [33]

E{f }(ST ) = (
1 − 3m + m2)〈H 〉{0}(00) + (

2m − m2)〈H 〉{1}( 1
2

1
2 )

+
[

−9

8
m + 1

4
m2 + 1

8
C2

({f }) + 1

4
S(S + 1) + 1

4
T (T + 1)

]

〈H 〉{2}(11)

+
[

−1

8
m + 1

8
C2

({f }) − 1

4
S(S + 1) − 1

4
T (T + 1)

]

〈H 〉{2}(00)
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Fig. 14.8 Probabilities for
the (2s1d) shell energy
centroids E{f }(ST ) to be
lowest in energy vs C2({f }).
Results are shown for nucleon
numbers m = 8, 9, 10 and 12.
The U(4) irreps {f } for the
results in the figure are given
in the text. The corresponding
(ST ) values are shown in the
figure. All the points for a
given m are joined by lines to
guide the eye. Figure is taken
from [28] with permission
from American Physical
Society

+
[

3

8
m + 1

8
m2 − 1

8
C2

({f }) + 1

4
S(S + 1) − 1

4
T (T + 1)

]

〈H 〉{12}(10)

+
[

3

8
m + 1

8
m2 − 1

8
C2

({f }) − 1

4
S(S + 1) + 1

4
T (T + 1)

]

〈H 〉{12}(01).

(14.12)

Considering the basic energy centroids 〈H 〉{f }(ST ) with m ≤ 2 as independent
zero centered (with unit variance) Gaussian random variables, instead of using εi

and V
J,t=0.1
ijkl as random variables, the {f }(ST ) structure of the ground states has

been studied in [28]. Figure 14.8 shows results obtained using 1000 samples for
m = 8–12. The probabilities split into three U(4) irreps (other irreps carry less than
1 % probability and they are not shown in the figure) for n = 8, 9 and 10 and the
corresponding (ST ) values are as shown in the figure. Energy centroids with the
lowest and highest U(4) irreps carry ∼25 % and ∼40 % respectively. The lowest
irreps are {24}, {323} and {3222} for n = 8, 9 and 10 respectively and the highest ir-
reps are {6, n − 6}. The third irreps {42}, {54} and {52}, with probability ∼32 %,
for n = 8, 9 and 10 respectively are those that carry S = n/2 or T = n/2; for
n = 10 the irrep [331](00) carries 3.7 % probability. For the mid-shell example
with n = 12, the probabilities split into the lowest {34} and highest {62} irreps with
∼25 % and ∼75 % respectively. The lowest irrep supports only (ST ) = (00) and
the probability for the highest irrep splits into ∼13 % and ∼62 % for (ST ) = (00)

and (12,0) + (0,12). Figure also shows that the probability for the energy centroid
with lowest U(4) irrep to be lowest is only ∼25 % and it should be noted that
the corresponding SU(4) irreps are {0}(00), {1}( 1

2
1
2 ) and {12}(10) + (01) respec-

tively for n = 4k, 4k + 1 and 4k + 2 with k being a positive integer. This result
is in agreement with EGOE(1 + 2)-JT calculations carried out using nuclear shell
model codes in [34].
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14.4.4 (j)m and (�)m Systems with 2- and 3-Body Interactions:
Geometric Chaos

In the final example we will consider spin J centroids E(m,J ) generated by random
2-body and 3-body Hamiltonians for m identical fermions in a single j shell, i.e.
EGOE(2)-(j : J ) and EGOE(3)-(j : J ) energy centroids. The E(m,J )’s correspond
to averages of H over the space defined by the irreps m and J of U(2j + 1) and
SO(3) respectively in U(2j + 1) ⊃ SO(3). As discussed in Sect. 13.1.2, E(m,J ) can
be expanded in powers of J (J + 1) and to a good approximation one can truncate
the expansion to [J (J + 1)]2 term. Then, for a 2-body H , the probability P0 for
E(m,J=0) to be lowest in energy is given by Eq. (13.20). Application of this shows
that P0 is close to 50 %. This result is in direct correlation with the numerically ob-
served result (see Table 14.1) that the probability for J = 0 ground states is ∼50 %
with random 2-body interactions. To the extent that only lower order moments of
the eigenvalue density ρ(E) determine the ground states, one can argue that the
regularities of the energy centroids and spectral variances (see next section) result
in regularities in J = 0 ground states. The energy centroids and spectral variances
average out many J -couplings in m particle spaces—a geometric effect—giving
propagation equations (exact or approximate). Thus, it is possible to argue that the
preponderance of J = 0 ground states (similarly other regularities) generated by
random interactions is a geometric effect and in [23] this is termed geometric chaos.
It should be added that a precise definition of geometric chaos is still lacking. It is
good to recall here that for EE, in addition to a classical ensemble in the defining
space (2-particle space for two-body interactions), there is information propagation
from the defining space to m particle spaces. This geometric aspect is absent in
classical ensembles.

Turning to 3-body H , Eq. (13.12) gives the formula for E(m,J ) to order J (J + 1)

to be,

E(m,J ) =
[
〈
H(3)

〉m − 3

2

〈J 2
z
˜H(3)〉m

〈J 2
z 〉m

]

+ 1

2

〈J 2
z
˜H(3)〉m

[〈J 2
z 〉m]2

J (J + 1) (14.13)

and this is good for m � 3, j � m and j large. In Eq. (14.13), H̃ is H with the aver-
age part 〈H 〉m removed. Denoting three particle antisymmetric states by |(j)3;αJ3〉
with α being the extra label required to completely specify the states, diagonal 3-
particle matrix elements of H(3) are GαJ3 = 〈(j)3;αJ3 | H(3) | (j)3;αJ3〉. It is
easy to see that,

〈
H(3)

〉m =
(

m

3

)
〈
H(3)

〉3 =
(

m

3

)(
2j + 1

3

)−1 ∑

α,J3

GαJ3(2J3 + 1),

〈
J 2

z

〉m = 1

3

〈
J 2〉m = 1

6
m(2j + 1 − m)(j + 1) � m

3
j (j + 1).

(14.14)

Tensorial decomposition of J 2 and H operators with respect to U(2j + 1) will
give J 2 = (J 2)ν=0 + (J 2)ν=2 and H(3) = Hν=0(3) + Hν=2(3) + Hν=3(3).
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Single most important property of this decomposition is that it is orthogonal
with respect to m particle averages. Then, H̃ = H − Hν=0 gives 〈J 2

˜H(3)〉m =
〈(J 2)ν=2Hν=2(3)〉m = 〈(J 2)ν=2H(3)〉m. Also, Eq. (4.18) gives Hν=2(3) = (n̂ −
2)F ν=2(2) where F is a two-body operator with rank ν = 2 and n̂ is num-
ber operator. These will give 〈(J 2)ν=2H(3)〉m = m(m−1)(m−2)(2j+1−m)(2j−m)

6(2j−2)(2j−3)
×

〈(J 2)ν=2H(3)〉3. Now the final formula for E(m,J ) is [28],

E(m,J ) � E0 + 3m

2

[∑
α,J3

{J3(J3 + 1) − 3j (j + 1)}GαJ3(2J3 + 1)

[j (j + 1)(2j + 1)]2(2j + 1)

]

J (J + 1).

(14.15)
Thus, the J (J + 1) term will have linear m dependence. An interesting observation
in many numerical calculations (not only with single j but also multi-j and JT

centroids) is 〈E(m,J )〉min ∼ E0 + CJ(J + 1) where 〈E(m,J )〉min is the average of
E(m,J ) over the members of the EGOE(3)-(j : J ) ensemble for which E(m,J ) with
J ∼ Jmin is lowest in energy. The coefficient C follows from Eq. (14.15) and it is
given by

C =
√

2

π

√∑

α,J3

[{
J3(J3 + 1) − 3j (j + 1)

}
(2J3 + 1)

]2

× 3m

2[j (j + 1)(2j + 1)]2(2j + 1)
. (14.16)

For two-body interactions, i.e. for EGOE(2)-(j : J ), C will be independent of m

and this follows from Eq. (13.15). Thus 3-body H ’s give m dependence to C that is
absent for a two-body H . Finally, Eq. (14.15) extends easily to (�)m boson systems
giving [28],

E(m,L) � E0 + 6m

[∑
α,L3

{L3(L3 + 1) − 3�(� + 2)}GαL3(2L3 + 1)

[�2(2� + 1)(2� + 2)(2� + 3)(2� + 4)(2� + 5)]
]

L(L + 1)

(14.17)

where GαL3 are three-body matrix elements for bosons with spin L3. This gives
C ∼ 0.033m for d boson systems and compares well with the numerical calculations
with a 1000 member BEGOE(3)-(� = 2 : L) that gave 0.035m as reported in [28].

Going beyond 2- and 3-body ensembles, Volya [35] has analyzed EGOE(k)-(j :
J ) ensembles for (j)m systems, with k < m, and argued using the numerical results
that symmetries emerge out of random interactions. This and the related argument
[36] that symmetries are responsible for chaos or random matrix behavior in nuclear
shell model certainly deserve much further study.
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14.5 Regularities in Spectral Variances over Group Irreps with
Random Interactions

Going beyond energy centroids, many different types of correlations involving spec-
tral variances can be studied in order to understand the origin of regular structures
generated by random interactions. Some studies of spectral variances defined over
good symmetry subspaces, i.e. fixed-m variances for EGOE(k)/EGUE(k), fixed-
(m,S) variances for EGOE(2)-s and fixed-(m,J ) variances for EGOE(2)-J are al-
ready discussed in Chaps. 4, 6 and 9–13. In addition, variances σ 2(Γ ) over sub-
spaces (Γ ) defined over broken symmetries of nuclear shell model and the inter-
acting boson models (similarly for other finite quantum systems) yield valuable
information. Here Γ are the irreps of G in U(N) ⊃ G ⊃ Gf with Gf being a
symmetry of H such as SOJ (3) and G is a broken symmetry such as the configura-
tion symmetry in nuclear shell model. Important point here being that the variances
σ 2(Γ ) = 〈(H − 〈H 〉Γ )2〉Γ determine much of the statistical behavior of strength
functions or partial densities 〈δ(H − E)〉Γ . Here, we will present results for σ 2(Γ )

for some EGOEs. Firstly it is important to note that σ 2(Γ ), just as energy cen-
troids, propagate in a simple manner in many situations. For example, for shell
model spherical configurations (m) = (m1,m2, . . .) where mi is number of parti-
cles in the shell model ji orbit and similarly for interacting boson models (with or
without internal degrees of freedom), the configuration variances σ 2(m) are given
by,

σ 2(m) =
∑

i≥j,k≥�

mi(mj − δij )(Nk ∓ mk)(N� ∓ m� ∓ δk�)

Ni(Nj ∓ δij )(Nk ∓ δki ∓ δkj )(N� ∓ δ�i ∓ δ�j ∓ δ�k)

×
∑

Γ

(
Ṽ Γ

ijkl

)2[Γ ]. (14.18)

In Eq. (14.18), Ni is the degeneracy of the i-th orbit, Γ is two-particle J or JT in
shell model and L (or LT or LST ) in IBMs. Similarly, [Γ ] is the dimension of the
Γ space and for example, [J ] = (2J + 1) and [JT ] = (2J + 1)(2T + 1). With V ij

the average two-particle matrix element for particles in the orbits i and j , we have
Ṽ Γ

ij ij = V Γ
ijij − V ij and for the rest Ṽ Γ

ijkl = V Γ
ijkl . Finally in ∓ in Eq. (14.18), the

upper sign is for fermions (shell model) and the lower sign is for bosons (IBMs).
Some of the other situations where it is possible to write propagation equations

are [37, 38]:

1. Usd(6) ⊃ SUsd(3) variances σ 2(m, (λμ)) in sdIBM,
2. σ 2(m, [ω]) of U(N ) ⊃ SO(N ) in sdIBM, sdgIBM, sdIBM-T , sdpf IBM etc.

[[ω] are irreps of SO(N )],
3. σ 2(m,ω) = σ 2(m1,ω1;m2,ω2; . . .) of U(N ) ⊃ ∑

i[U(Ni ) ⊃ SO(Ni )]⊕ in
IBMs [ωi are the irreps of SO(Ni )] and similarly in shell model with SO(Ni )

replaced by Sp(Ni ). The σ 2(m) in Eq. (14.18) corresponds to U(N ) ⊃∑
i U(Ni )⊕,
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Fig. 14.9 Distribution of
ensemble averaged (except
in (b)) widths over the irreps
k in 4 examples. In the
histograms, at the center of
each bin, the number of
widths in the corresponding
bin gives the height of the
bin. Adding the number of
widths will give the matrix
dimension d . Values of d are
given in the figures. Results
are shown for:
(a) EGOE(1 + 2) for spinless
fermions; (b) a (2s1d)

nuclear shell model example;
(c) BEGOE(1 + 2) for
spinless bosons;
(d) BEGOE(1 + 2)-L for
sdgIBM. In (b), the widths
are in units of MeV

4. σ 2(m, (λμ),T ) of U(3N ) ⊃ U(N ) ⊗ [SUT (3) ⊃ OT (3)] in IBM-T (or IBM-
3); here one has to use the X̂3 and X̂4 integrity basis operators of SUT (3) ⊃
SOT (3),

5. σ 2(m, {f }) of U(6N ) ⊃ U(N ) ⊗ SUST (6) in IBM-ST (or IBM-4),
6. σ 2(m, {f }ST ) of U(24) ⊃ U(6) ⊗ [SUST (4) ⊃ SUS(2) ⊗ SUT (2)] for (2s1d)

shell nuclei and similarly for (2p1f ) shell nuclei [also just σ 2(m, {f })],
7. σ 2(m,T ) of U(2N ) ⊃ U(N ) ⊗ SUT (2) in shell model spaces,
8. σ 2(m, T ) and σ 2(m,T) in shell model; T = (T1, T2, . . .) with Ti being the

isospin of mi nucleons in a ji orbit,
9. σ 2(m,J ) for (j)m system of fermions and σ 2(m,L) for (�)m system of bosons

[here, expansions in powers of J (J + 1) are possible as discussed in Chap. 13].
Similarly, though much more complicated, also for multi-j shell fermion and
multi-� shell boson systems [39].

Using the propagation equations one can calculate for each member of EGOEs,
σ 2(Γ ) without H matrix diagonalization and therefore it is easy to obtain σ(Γ ) =√

σ 2(Γ ) where the bar denotes average over the appropriate EGOE ensemble. Fig-
ure 14.9 gives σk , k = Γ in 4 examples: (a) EGOE(1+2) for spinless fermions with
{H } = h(1) + λ{V (2)} and 6 fermions in 12 sp states. Here {V (2)} is GOE in two
particle spaces with unit variance for the matrix elements. For the single particle
energies defining h(1) and other details, see Chap. 5. In the calculations λ = 0.3
and number of members is 50. The irreps k are the h(1) basis states. (b) Shell
model with k being shell model basis states for the (2s1d)m=12,J=4,T =0 system
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with H defined by 17O single particle energies and a two-body interaction called
KLS. See [38] for details and note that the shell model results can be viewed as the
results for a typical member of EGOE(1 + 2)-JT . (c) BEGOE(1 + 2) for bosons
with {H } = h(1) + λ{V (2)} and 10 bosons in 5 sp states. Here {V (2)} is GOE in
two particle spaces with unit variance for the matrix elements. For the single particle
energies defining h(1) and other details, see Chap. 9. In the calculations λ = 0.1 and
number of members is 20. The irreps k are h(1) basis states. (d) BEGOE(1 + 2)-
(sdg : L) constructed for sdgIBM [17]. Here, in {H } = h(1) + λ{V (2)}, V (2) pre-
serves L. There are 32 two-body matrix elements defining V (2) in sdgIBM and they
are chosen to be independent Gaussian variables with zero center and unit variance.
The k’s in this example are the configurations defined by (ms,md,mg). Therefore,
s, d and g boson single particle energies will not contribute to the k-variances; see
Eq. (14.18). In calculating the number of widths, the dimensions

(
nd+4

4

)(ng+8
8

)
of the

configurations (ms,md,mg) is taken into account. Calculations are for 15 bosons
and number of members in the ensemble is 500. It is clearly seen from Fig. 14.9
that in all the examples the ensemble averaged fixed irrep widths, i.e. σk , are nearly
constant with respect to k and the fluctuation (∼5–10 %) in the widths σk is Gaus-
sian distributed for fermion systems while it is asymmetric for bosons. Constancy
of variances appear to be a generic property of EE (see also Chap. 12).

14.6 Results from EGOE(1 + 2)-s, EGOE(1 + 2)-π ,
BEGOE(1 + 2)-F and BEGOE(1 + 2)-S1 Ensembles

14.6.1 EGOE(1 + 2)-s Results

In Chap. 7 we have already shown that random interactions with EGOE(1 + 2)-s
generate two important ordered structures: (i) spin S = 0 ground states; (ii) odd-even
staggering in ground state energies. These features are also seen in EGOE(1 + 2)-J
and EGOE(1 + 2)-JT [3]. Going beyond these, regularities with random interac-
tions have been studies via pairing operator expectation values. In the eigenfunctions
defined by the EGOE(1 + 2)-s Hamiltonian

H = h(1) + λ
[{

V s=0(2)
} + {

V s=1(2)
}]

, (14.19)

expectation values of the pairing Hamiltonian Hp given by Eq. (6.36) are calcu-
lated in a number of examples in [40]. In Fig. 14.10 results are shown for a 50
member EGOE(1 + 2)-s ensemble with 8 fermions (m = 8) in 8 orbits (Ω = 8)
and for S = 0 and 1. The exact results are compared with the EGOE formula
given by Eq. (4.82) both with and without Edgeworth corrections. In this exam-
ple λc = 0.05 and for this λ value we have (with K = Hp) for the K densities:
εK, |γ1(K)| ∼ 0, σK ∼ 1.06, γ2(K) ∼ −0.33 and 〈K〉m,S ∼ 2.22 for S = 0. Sim-
ilarly, γ2(K) ∼ −0.37 and 〈K〉m,S ∼ 2.00 for S = 1. For λ = 0.3 � λF , we have
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Fig. 14.10 Pairing
expectation value or pair
transfer strength sum
〈PP †〉E = 〈HP 〉E vs
Ê = (E − ε)/σ for a 500
member EGOE(1 + 2)-s
ensemble with Ω = m = 8
(number of sp states N = 16)
and total spins S = 0 and 1; ε

and σ are centroid and width
of the eigenvalues E. Results
(called ‘exact’ in the figure)
are shown for various values
of the strength λ of the
two-body part of H ; H is
defined by Eq. (14.19).
Results are compared with
the EGOE formula given by
Eq. (4.82) with Gaussian
forms and also with
Edgeworth corrected
Gaussians (called ED in the
figure)

γ2(K) ∼ −0.44 for S = 0 and −0.47 for S = 1. As seen from the figure, pair ex-
pectation values follow, in the chaotic domain (λ ≥ λc) the simple EGOE law with
little fluctuations. More importantly, at low energies the pair expectation value is
large (still much smaller than the that for the pure pairing Hamiltonian) and then de-
ceases as we go to the center (after that it will again increase as the space is finite).
Also the expectation value in ground state domain for S = 0 is always larger than
for S = 1. Thus, random interactions, even in the chaotic domain, exhibit stronger
pairing correlations in the ground state region and they decrease as we go up in
the energy. To probe pairing generated by random interactions further, one can use
fixed seniority (v) partial densities Im,v,S . Then, f (v) = Im,v,S(E)/Im,S(E) gives
the fraction of the intensity of the states with a given v in the eigenstate with energy
E. For the random Hamiltonian given by Eq. (14.19), for λ = 0.3 in Fig. 14.10, f (v)

for v = 0,2,4 and 6 are 7 %, 33 %, 42 % and 18 % for Ê = −3 and 12 %, 44 %,
37 % and 7 % for Ê = −3.1. Thus in the ground state domain, although the pair ex-
pectation values are enhanced, the wavefunctions have relatively small strength for
v = 0 states, i.e. they are not close to pure Hp eigenstates. This result is consistent
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with the EGOE(1 + 2)-J and EGOE(1 + 2)-JT results obtained using nuclear shell
model codes [3, 34]. Let us add that in [41], the splitting of sp energies was shown to
play important role in EGOE(1 + 2)-J generating pair structure in low-lying states.

14.6.2 EGOE(1 + 2)-π Results

Experimental data on the parity of the ground states show that all known even-even
nuclei have +ve parity ground states without any exception. In the compilation used
in [4], there are 346 odd-A nuclei with A > 120 where parity of ground states
is known. The shell model space for these involve sp states with both parities. In
the data it is seen that there are 182 nuclei with +ve parity ground states clearly
identified and 164 nuclei with −ve parity. Similarly, there are 146 odd-odd nuclei
(with A > 120) with 68 of them having +ve parity ground states and the remaining
having −ve parity. Thus, data shows preponderance of +ve parity ground states in
even-even nuclei even when sp states of both parity are present in the shell model
space appropriate for these and similarly, there is near equilibration of both pari-
ties for odd-A and odd-odd nuclei. Using shell model spaces (f5/2p1/2g9/2)

mp,mn ,
(h11/2s1/2d3/2)

mp,mn , (f5/2p1/2g9/2)
mp(g7/2d5/2)

mn and for many different values
of proton (mp) and neutron (mn) numbers, EGOE(1 + 2)-J calculations have been
performed in [34] and it is found that they generate ground states with parities hav-
ing pattern almost close to that found in experimental data. Then, an important ques-
tion is how to understand the shell model results using much simpler EE that include
parity degree of freedom.

Towards this end, Papenbrock and Weidenmüller [42] used EGOE(1 + 2)-π en-
semble introduced in Chap. 8 with τ → ∞, α = τ and studied the probability (R+)

for +ve parity ground states over the ensemble for several (N+,N−,m) systems.
Their numerical calculations showed considerable variation (18–84 %) in R+. In
addition, they gave a plausible proof that in the dilute limit [m � (N+,N−)], R+
will approach 50 %. Combining these, they argued that the observed preponderance
of +ve parity ground states could be a finite size (finite N+, N−, m) effect. How-
ever, for the general EGOE(1 + 2)-π considered in Chap. 8, it was shown in [43]
that R+ can reach 100 % by varying the α and τ parameters and we will turn to
these results briefly.

For EGOE(1 + 2)-π with τ ∼ 0, clearly one will get R+ = 100 % for even m

(with m � N+,N−). Going beyond this, calculations have been carried out for a
200 member ensemble for (N+,N−,m) = (6,6,6) and a 100 member ensembles for
(8,8,5), (6,6,6), (6,10,4) and (6,10,5) systems using α = τ and 1.5τ . The results
are shown in Fig. 14.11. For α = τ , the results are as follows. For τ � 0.04, we have
R+ ∼ 100 % and then R+ starts decreasing with some fluctuations between τ = 0.1
and 0.2; τ is restricted to the realistic range of τ ≤ 1. It is seen that R+ � 50 %
for τ ≤ 0.3 independent of (N+,N−,m) and then it decreases much faster reaching
∼30 % for τ = 0.5 for (N+,N−,m) = (6,6,6). For m < (N+,N−), the decrease in
R+ is slower. If we increase α, we can easily infer that the width of the lowest +ve
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Fig. 14.11 Probability (R+)

for +ve parity ground states
for various (τ,α) values and
for various (N+,N−,m)

systems in EGOE(1 + 2)-π .
Figure is taken from [43] with
permission from American
Physical Society

parity (m1,m2) unitary configuration becomes much larger compared to the lowest
−ve parity unitary configuration. Therefore with increasing α, R+ is expected to
increase and this is clearly seen in Fig. 14.11. Thus α � τ is required for R+ to be
large. A quantitative description of R+ requires the construction of +ve and −ve
parity state densities accurately in the tail region and this calls for more detailed
analytical study of EGOE(1 + 2)-π .

14.6.3 Results from BEGOE(1 + 2)-F and BEGOE(1 + 2)-S1

Turning to BEGOE, in Chap. 10 some of the ordered structures generated by
random interactions in BEGOE(1 + 2)-F are presented and they are: (i) F =
Fmax ground states; (ii) natural F -spin ordering. In addition, just as in
EGOE(1 + 2)-s, BEGOE(1 + 2)-F also generates ground states with relatively
large value for the expectation value of the pairing Hamiltonian Hp; Hp is de-
fined by Eq. (F.2). Expectation values 〈Hp〉m,F,E of the pairing Hamiltonian in
the eigenstates generated by BEGOE(1 + 2)-F carry signatures of pairing. It is
useful to note that, given the eigenvalues Ep of the pairing operator and eigenval-
ues E of the Hamiltonian operator, pairing expectation values are nothing but the
centroids of the conditional density ρΓ (Ep|E) = ρΓ (Ep,E)/ρΓ (E) defined over
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Fig. 14.12 Pairing
expectation value 〈HP 〉m,F,E

vs Ê = (E − ε)/σ for a 100
member BEGOE(1 + 2)-F
ensemble with Ω = 4 and
m = 10 (number of sp states
N = 8); ε and σ are centroid
and width of the eigenvalues
E. Ensemble results
(histograms in the figure) are
shown for various values of
the strength λ of the
two-body part of H ; H is
defined by Eq. (10.3) with
λ0 = λ1 = λ. The sp energies
are εi = i + 1/i as used in
Chap. 10. Results for F = 0
and 5 are compared with
Eq. (4.82) with Gaussian
forms (red dashed curves)
and also with Edgeworth
corrected Gaussians (green
continuous curves)

fixed-Γ = F spaces. Numerical results for a 100 member BEGOE(1 + 2)-F are
shown in Fig. 14.12. Results are similar to those in Fig. 14.10. Firstly pairing ex-
pectation values are largest near the ground state. Secondly the EGOE formula, ratio
of Gaussians as given by Eq. (4.82), is seen to apply to BEGOE(1 + 2)-F . Appli-
cation of Eq. (F.9) shows clearly (see also Table F.1) that the maximum value of
the Hp eigenvalues increases with F -spin for a fixed-m. The values are 28, 32, 34,
42, 48 and 60 for F = 0–5 respectively, for Ω = 4 and m = 10. Numerical results
in Fig. 14.12 also show that for states near the lowest eigenvalue (near the ground
state) increases with F -spin. Thus random interactions preserve this regular prop-
erty of the pairing Hamiltonian in addition to generating F = Fmax ground states as
discussed in Sect. 10.1.4.

There are some preliminary investigations of regular structures generated by
BEGOE(1 + 2)-S1 in [44]. As an example, shown in Fig. 14.13 are results for ex-
pectation values of the two pairing Hamiltonians HP and HP (see Sects. F.2.1
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Fig. 14.13 Expectation
values of the two pairing
Hamiltonians HP and HP

and Ĉ2(SU(3)) vs
Ê = (E − ε)/σ for a 250
member BEGOE(1 + 2)-S1
systems with H defined by
Eq. (10.17) and
(Ω = 4,m = 6). Results are
shown for spins S = 0 and
S = 4. (a) expectation values
of HP , (b) expectation
values of HP and
(c) expectation value of
Ĉ2(SU(3)). Ensemble
averaged results are shown by
histograms while (red)
continuous curves are from
theory (ratio of Edgeworth
corrected Gaussians) given by
Eq. (4.82)

and F.2.2) and also Ĉ2(SU(3)) in the eigenstates of the BEGOE(1 + 2) Hamilto-
nian defined by Eq. (10.17). We have chosen the parameters in the region of chaos,
i.e. λ0 = λ1 = λ2 = λ = 0.2 so that fluctuations in the expectation values will be
minimal. It is seen that the expectation values are largest near the ground states and
then decrease as we move towards the center of the spectrum. The calculated results
are in good agreement with the prediction that for boson systems also expectation
values will be ratio of Gaussians. Results in the figure show that with repulsive
pairing, ground states will be dominated by low seniority structure (small value for
ω or ω1 + ω2 + ω3). In addition, results in Fig. 14.13c show that random interac-
tions give ground states with large value for the expectation value of Ĉ2(SU(3)).
Moreover, for the irrep (m,0) = (6,0), we have easily 〈Ĉ2(SU(3))〉m=6,(6,0),S = 54
and from the figure one can then infer that ground states will be dominated by the
SU(3) irrep (λμ) = (m,0) = (6,0). This result is of importance for IBM-3 model
of atomic nuclei [21].



14.7 Correlations Between Diagonal H Matrix Elements and Eigenvalues 331

Fig. 14.14 Plot showing density of eigenvalues and density of diagonal matrix elements for the
Hamiltonian matrices of 22Na and 24Mg nuclei obtained using nuclear shell model in (2s1d) space.
Values of the widths σ , skewness γ1 and excess γ2 are given in the figures. The units for σ are
MeV. The centroid Ec = −32.77 MeV for 22Na and −52.59 MeV for 24Mg. Histograms are the
exact results with bin size 2.5 MeV for all the examples. The dashed curves are the Gaussians
with centroid Ec given above and width σ whose value is given in the figure. Similarly contin-
uous curves are Edgeworth corrected Gaussians. Figure is taken from [45] with permission from
Springer

14.7 Correlations Between Diagonal H Matrix Elements
and Eigenvalues

Large number of numerical calculations have shown [46, 47] that the joint probabil-
ity distribution ρ(E, ek) of the diagonal matrix elements ek and eigenvalues E of a
typical nuclear shell model H matrix is close to a bivariate Gaussian and this has its
origin in a similar result valid more generally for EGOE(1 + 2)-J (or JT ). There-
fore the marginal densities ρ(E) and ρ(ek) will be close to Gaussians with same
centroids but different widths and the widths of the conditional densities ρ(E|ek)

will be independent of ek . These results have been used to derive a formula for
the number of principal components and information entropy in wavefunctions as
given in Chap. 5. The close to Gaussian form of ρ(E) and ρ(ek) imply that the
eigenvalues E and the diagonal elements of the H matrix (or equivalently the basis
state energies) will be correlated. Flambaum et al. examined, for CeI, eigenvalue
spectrum vs the spectrum generated by ek [48] and they found a close correlation
between the two spectra. As an example, density of eigenvalues and density of di-
agonal matrix elements for the Hamiltonian matrices of 22Na and 24Mg nuclei are
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shown in Fig. 14.14. These distributions are compared with the Gaussian form (ρG )

and the Edgeworth (ED) corrected Gaussian form (ρED). It is clearly seen that the
eigenvalue distributions for the two nuclear examples are quite close to ρG while
the densities of the diagonal matrix elements are, with some deviations, close to
ρED . These results reconfirm [45] that in the nuclear examples, the eigenvalues and
the diagonal matrix elements of the H matrix are highly correlated and their dis-
tributions are close to Gaussian forms. In atomic examples much larger differences
are found to exist [45] and this could be because atomic examples are much further
from EGOE(1+2)-J . It should be added that, more recently Zhao et al. have argued
[49, 50], using many EGOE(1 + 2)-J and EGOE(1 + 2)-JT numerical examples,
that high correlation between eigenvalues and diagonal matrix elements is a much
more a general phenomena. Using this, an extrapolation scheme was proposed by
Zhao et al. [51, 52] for determining the energies of ground state and other low-lying
states within nuclear shell model without diagonalizing huge matrices.

14.8 Collectivity and Random Interactions

Following the initial result of Bijker and Frank [2] that sdIBM with random in-
teractions generate vibrational and rotational spectra, as shown in Fig. 14.2, there
are many investigations within nuclear shell model (i.e. using fermion systems) to
understand the origin of collective motion in atomic nuclei. To this end, studied
using random interactions in some shell model spaces are: (i) predominance of pro-
late nuclear deformation [53]; (ii) origin of quadrupole collectivity in nuclei [54];
(iii) generation of pairing seniority structure and quadrupole vibrations and rota-
tions [55]; (iv) generation of vibrational and rotational structure within the FDSM
model which is a truncated version of the shell model [56]. Although numerical re-
sults do indicate that random interactions generate collectivities, there is no good
analytical understanding yet. In an another interesting application, EGOE(1 + 2)-J
and EGOE(1 + 2)-JT are used by some groups to identify important parts of the
two-body interaction in the configuration-interaction shell model [53, 57]. Finally, it
is also found in numerical calculations that random interactions in sdIBM of atomic
nuclei generate strong correlations between energy levels generating many different
regular structures such as preponderance of ground states with L = 0+, an-harmonic
vibrations, d-boson condensation, rotational motion and so on [58, 59].

In conclusion, results of various studies on regular structures generated by ran-
dom interactions, discussed in some detail in this chapter, confirm the statement of
Zelevinsky and Volya [3]: Standard textbook ideas of the factors that form the low-
lying structure of a closed self-sustaining mesoscopic systems are insufficient. The
quantum numbers of the ground states and some regularities of spectra emerge not
necessarily due to the corresponding coherent parts of the inter-particle interaction.
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