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Capacity of a Spiking Network

1,3 2,34

Silvia Scarpetta™° and Antonio De Candia

! Dipartimento di Fisica “E.R. Caianiello”, Universita di Salerno, Italy
2 Dipartimento di Scienze Fisiche, Universita di Napoli Federico II
3 INFN, Sezione di Napoli e Gruppo Coll. di Salerno
* CNR-SPIN, Unita di Napoli

sscarpetta@unisa.it, decandia@na.infn.it

Abstract. Synaptic pruning is a crucial process during development.
We study the imprinting and replay of spatiotemporal patterns in a
spiking network, as a function of pruning degree. After a Spike Tim-
ing Dependent Plasticity-based learning of synaptic efficacies, the weak
synapses are removed through a competitive pruning process. Surpris-
ingly, after this pruning stage, the storage capacity for spatiotemporal
patterns is relatively high also for very high diluition ratio.

Introduction

The capacity to code and memorize information is fundamental to normal cogni-
tion. Here we study the effects of Synaptic pruning — the elimination of synapses
— on the information processing capacity. The study of the relation between
synaptic efficacy and synaptic pruning suggests that the weak synapses may be
modified and removed through competitive learning. In our strategy the strength
of connections is determined by a learning rule based on spike-time-dependent
plasticity (STDP), with an asymmetric time window depending on the rela-
tive timing between pre- and post-synaptic activity. After storage of multiple
spatiotemporal patterns, we apply a synaptic pruning strategy, eliminating the
weaker connections. We eliminate all the weaker connections, in such a way that
at the end each neuron is connected only to a small number z < N of other
neurons. We find that the ability to replay the stored spatiotemporal patterns
is relatively high also for very small value of z.

In this paper we analyze the role of synaptic pruning, eliminating the weaker
connections after a learning rule based on STDP, in storing multiple phase-
coded memories as attractor states of the neural dynamics. The framework of
storing and retrieval of memories as attractors of the dynamics is widely ac-
cepted, but the effects of pruning on such dynamical periodic spatiotemporal
patterns haven’t been investigated before.

In Section 1 we present the model, the learning rule and pruning rule. In Sec-
tion 2 we introduce some parameters which will be useful to study the capacity
of the network. Lastly, in Section 3 we report a summary of the obtained results
along with a short discussion.
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1 The Model

We consider a network of N spiking Leaky Integrate and Firing (LIF) neurons,
with N(N — 1) possible directed connections J;;. The fully-connected model
has been studied in [16]. Here we study the effect of pruning. Briefly, the post-
synaptic membrane potential of a neuron i is given by:

hi(t) :ZJij Z et —t*;), (1)

t* i >t*;

where ¢ = 1,..., N, J;; are the synaptic connections, the sum over t*; runs
over all pre-synaptic firing times following the last spike of neuron 7, and €(¢)
describes the response kernel to incoming spikes on neuron i:

(t—t",) = K {exp (-t;t*f') — exp (-t_t*j)} ot—t,) (2
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where 7, is the membrane time constant (10 ms), 75 is the synapse time con-
stant (5 ms), © is the Heaviside step function, and K is a multiplicative constant
chosen so that the maximum value of the kernel is 1, as in [4,16]. When the
membrane potential h;(t) exceeds the spiking threshold 6y, a spike is sched-
uled, and the membrane potential is reset to the resting value zero. The STDP
learning rule used to determine the synaptic efficacy has been introduced in
[7,10,11,15,21,12,17,19,18,20]. After learning a spatiotemporal periodic pattern
1, the synaptic efficacies are:

1
Jho= ) AW — !+ T (3)

where t!' = (¢! /27)T* is the spike time of unit ¢ in the pattern pu.

The kernel A(7) is the STDP measure of the strength of synaptic change when
a time delay 7 occurs between pre and post-synaptic activity. We use the kernel
introduced and motivated by [23], A(7) = a,e” /T — ape™"/Tr if 7 > 0 and
A(1) = a,e" /TP —ape™/TP if 7 < 0, with the same parameters used in [23] to fit
the experimental data of [6], a, = v [1/T,+n/Tp]~ and ap = v [n/T,+1/Tp]~*
with T;, = 10.2 ms and Tp = 28.6 ms, n = 4, v = 42.

This function satisfies the balance condition fix;o A(r)dr = 0. Notably, when
A(7) is used in Eq. (3) to learn phase-coded patterns with uniformly distributed
phases, then the balance condition assures that the sum of the connections on
the single neuron ) j Jij is of order 1/ VN, and therefore, it assures a balance
between excitation and inhibition [16].

The phases ¢§-‘ of the spikes in the periodic spatiotemporal pattern are ran-
domly chosen from a uniform distribution in [0, 27r). When multiple phase coded
patterns are stored, the learned connections are simply the sum of the contribu-
tions from individual patterns, namely

P
Jij =Y Jh. (4)
p=1
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Fig. 1. Dynamics of the network with N = 10000 neurons, z = 100 positive connections
per neuron, P = 10 stored patterns, after a stimolation with M = 300 consecutive
spikes with the phases of one of the patterns. On the vertical axis the phase of the
spiking neuron in the replayed pattern is shown.

Previous works [11,16] showed that multiple items can be memorized in such
fully connected LIF model, in such a manner that the intrinsic network dynamics
recall the specific phases of firing when a partial cue is presented, if spiking
threshold is in a proper range of parameters. A critical value of spiking threshold
exists[18,19], such that for value higher of this critical value no persistent replay
is possible. Here we study the effects of a stdp-driven pruning process. After
the STDP-based learning Eq. (4), both positive and negative weak synapses are
removed through a competitive process.

After learning P stored patterns, we start the pruning process, deleting the
weaker syapses. We delete both negative and positive synapses with low values of
|J;;]. We prune a fixed percentage of positive connections, so that each unit has
z positive outgoing connections. We then prune a variable percentage of negative
connections, to ensure that sum of negative outgoing connections is equal to the
sum of positive outgoing connections.

Notably, even for z < N, there’s a range of spiking threshold 6y, in which the
response of the system to a cue external stimulation, in absence of noise, shows
the replay of one of the stored pattern. A short cue with M = 300 spikes with
the proper phase relationship is able to induce the selective persistent replay of
the stored pattern similar to the cue, even when z < N. For example when z is
as small as z = 100 in a network with N = 10000 units and P = 10 patterns are
stored, the dynamics after the cue is shown in Fig. 1.

2 Storage Capacity of the Pruned Network

We study here the storage capacity of the network in the case of pruning, as
a function of the number z of surviving connections. The storage capacity is
defined, as usual, as the maximum number of patterns that can be stored and
succesfully selectively retrieved, when the network respond to a short cue stim-
ulation. To measure quantitatively the successfull of retrieval we introduce an
order parameter m*, which measure the similarity between the network activity
during retrieval dynamics and the stored pattern, defined as [18,16,19]:
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Fig. 2. The capacity Pmax as a function of spiking threshold of the units, for different
values of connections z per neuron, in a network made up of N = 10000 neurons.
Succesfull retrieval is indicated in red, while failure in blue. (a) Pruned network with
z = 50, and (b) pruned network with z = 100.

60

50 1.1 2056
40 -

30

Prmax

20 -

10

0
0 200 400 600 800 1000

z

Fig. 3. The capacity Pmax as a function of the number z of positive outgoing connec-
tions per unit, in a network with N = 10000 units

where

w 1 —i2mtt /TY igl
T = | D e (6)
j=1,...,N
t<t;f<t+Tw

where ¢7 is the spike timing of neuron j during the spontaneous dynamics, and
T™ is an estimation of the period of the collective spontaneous periodic dynamics,
the average (---) is done on the starting time ¢ of the window, and (Ns) is the
average number of spikes on a window of time 7. This quantity is maximal
(equal to one) when collective activity is periodic and the ordering of spiking
times coincide with that of the stored pattern, and is order ~ 1/ V/N when the
spike timings are uncorrelated with the stored ones. For instance, if the retrieval
of pattern u = 1 (out of 3) is successful, the overlap values will be |m!| >
0,|m?| ~ 0, |m?| ~ 0. In the following we consider a pattern perfectly retrieved
when order parameter |m| > 0.5 for at least 3 over 5 different realizations.
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We consider a network of N = 10000 neurons, and we study network dynamics
for different degree of pruning. In Fig. 2 we plot the maximum capacity Ppax as
a function of 6, for different values of z. Throuout the paper we use N = 10000,
w! = 3H z, and a cue stimuation with M = 300 spikes with phases equals to the
phases of pattern 1, and frequency w®“¢ = 20H z.

To see how storage capacity changes as a function of the degree of pruning,
we plot in Fig. 3 the storage capacity at optimal spiking threshold as a function
of z. The number of patterns is well fitted by the function Py = 1.1 2956,

3 Summary and Discussion

In this paper we study the effects of synapses pruning in an oscillatory network,
with particular attention to the function of storage and recall of phase-coded
patterns of spikes. Oscillations are ubiquitus in the brain[2,9]. In the spatiotem-
poral patterns we consider the information is encoded in the phase-based timing
of firing relative to the cycle[1,3,8,16].

We analyze the ability of the STDP-bases pruning strategy to memorize mul-
tiple phase-coded pattern, such that the spontaneous dynamics of the network
selectively gives sustained activity which match one of the stored phase-coded
patterns, depending on the initialization of the network.

We prune both negative and positive synapses that have low absolute values
of synaptic efficacy in the STDP prescription. We eliminate a fixed percentage
of positive weaker connections, so that each unit has exactly z positive outgo-
ing connections. We then prune a number of the weakest negative connections,
chosen to ensure that sum of negative outgoing connections is equal to the sum
of positive outgoing connections.

We study the storage capacity for different degrees of pruning. The effect of
spiking threshold on storage capacity have been studied previously [19,18,20].
Here we compute the storage capacity, as a function of connectivity z, at the
optimal value of spiking threshold. We see that capacity of a pruned network
with z = 200 = 0.02 N positive connections, already has 25% of the capacity of
of the fully connected network, that is about Ppax =~ 90 for N = 10000.

The task of storing and recalling phase-coded memories with sparse connectiv-
ity has been also investigated in [27] in the framework of probabilistic inference
and in [24,25,13] in the framework of networks with binary units. In [24,25,27],
the case of limited connectivity is studied, showing how recall performance de-
pends to the degree of connectivity when connections are cut randomly, and how
inhibition may enhance memory capacity[25]. In our work connections are not
cutted randomly, but only the ones which are weaker after the learning strat-
egy Eq. (4) are eliminated. The pruning is guided from the STDP learning, the
balance between excitation and inhibition is keeped, and therefore very good
capacity is achieved even at small z. In [13] it has been shown that storage ca-
pacity of spatiotemporal patterns in the binary network also depends from the
topology of the connectivity, and capacity depends not only from the number
of connections but also from the fraction of long range versus short range con-
nections. While in [13] we fixed the topology of the network, and then on the
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survided connections we applied the learning rule Eq. (4) for synaptic efficacies,
here we first apply the learning rule for synaptic efficacies and then we eliminate
the weaker synapses, in a sort of learning-guided competitive pruning. So the
topology of the pruned network here is determined by the patterns to be stored.
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