Dependence and Association Concepts through
Copulas

Zheng Wei, Tonghui Wang*, and Wararit Panichkitkosolkul

Abstract. In this paper, dependence concepts such as affiliation, left-tail decreas-
ing, right-tail increasing, positively regression dependent, and positively quadrant
dependent are studied in terms of copulas. Relationships among these dependent
concepts are obtained. An affiliation is a notion of dependence between two posi-
tively dependent random variables and some measures of it are provided. It has been
shown that the affiliation property is preserved using bilinear extensions of subcop-
ula. As an application, the affiliation property of skew-normal copula is investigated.
For illustration of dependent concepts and their relationships, several examples are
given.

1 Introduction

With the rapid development of mathematical finance and risk management in the
last two decades, more and more attention has been paid to creating some practi-
cal statistical models beyond normal settings to improve competitive performance
in finance and insurance fields. The copula is one of the most important models
used in mathematical finance. Specifically, copulas, introduced in [23], are used to
model multivariate data as they account for the dependence structure and provide
a flexible representation of the multivariate distribution. Copulas are multivariate
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distributions with [0, 1]-uniform marginal, which contain the most multivariate de-
pendence structure properties and do not depend on the marginals. For references,
see [[10], [7], [20], and [22]].

In analysis of auction theory, valuations of different bidders (modeled as random
variables) could be affiliated. In similar situations in econometrics, when depen-
dence of random variables is a concern, the theory of affiliated copulas, which will
be defined in next section, offers an appropriate approach. Recently, Rinotta and
Scarsini studied the total positivity order for multivariate normal distributions in
[20]. The importance of the affiliation properties in application of auction theory
can be found in [[14], [4], [19], [24] and [21].

As an extension of normal settings, multivariate skew normal distributions are
widely used in almost all fields for almost three decades. For references on skew
normal distributions, see [1]], [2]], [8], and many other papers listed in the website
of Azzalini [3]. The concept of affiliation on the class of multivariate skew normal
family has not been investigated in the literature.

This paper is organized as follows. Dependence and association concepts as well
as their relationships are obtained in Section 2. Bilinear extension method of a two
dimensional subcopula together with their affiliation property is studied in Section
3. Average and local measures of affiliation are provided with several examples in
Section 4. Conditions under which the bivariate skew-normal copulas are affiliated
are discussed in Section 5.

2 Basic Concepts

Following the notions of [25], we have definition of affiliation.

Definition 1. The random variables X and Y are said to be affiliated (or positively
likelihood ratio dependent(PLRD)) if

Ry )R, y) < h(xy)h(x",y”) (1)
holds for all x* < x and y* <y, where A(-,-) is the joint density function of (X,Y).

Recall that a copula C is a function C(-,
(i) C(u,0) = C(0,v) =0, for u,v € [0,
(i) C(u,1) = u,C(1,v) = v, for u,v € [0,1], and
(iii) For any (u,v) < (u’,V'), C(u' V') = C(u,v') — C(u',v) +C(u,v) > 0.
Sklar’s theorem states that if H is the joint distribution of (X,Y), then there is
a copula C such that H(x,y) = C(F(x),G(y)) for (x,y) € R*. Copula character-
izes dependence structures and dependence measures which is also independent
of marginal distributions. It can be viewed as a joint distribution of two random
variables U and V located on [0, 1]. Motivated by this, we give the corresponding
affiliation definition for a copula as follows.

-) 1 [0,1]* — [0, 1] satisfying
1],
[0,

Definition 2. A copula C(u,v) is said to be affiliated if

c(u,v)e(u*,v) < c(u,v)e(w”,v*) (2)
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holds for all #* < u and v* < v, where c(+,-) is the joint density corresponding to

copula C(u,v) with c(u,v) = ‘92";%‘;” :

Remark. It is true that the random variables X and Y are affiliated if and only if
their corresponding copula is affiliated. Indeed, suppose X and Y are affiliated. Let
h(x,y) and c¢(u,v) be the corresponding density function and copula density, respec-
tively. Then h(x,y) = ¢(F(x),G(y))f(x)g(y), where F(x) and G(y) are cumulative
distribution functions (CDF) of X and Y, respectively. Since X and Y are affiliated,
by definition,

h(x,y" )h(x",y) < h(x",y")h(x,y), x" <x,y" <y,
which is equivalent to
c(F(x),G(y")f(x)g(y" )e(F (x),G(y))f(x")g(y)
< c(F(x7),G(7)f(x)g(y)e(F (x),G(y)) f(x)g(y),

which is reduced to

c(F(x),G(Y"))e(F (x),G(y)) < c(F(x"),G(Y"))e(F (x),G(y)).

Since both F and G are distribution functions and therefore non-decreasing, for any
w* <u,v* <v letx* = F ' (u*),x=F'(u) and y* = G~ (v*),y = G~ !(v), where
F~!(u) = inf{x € R|F (x) > u}. Therefore

c(u,v)e(u*,v) <c(u*,v)c(u,v).

The converse relation can be proved similarly. O
For the connection between affiliation property and positively quadrant depen-
dence (PQD), let us recall the definition of PQD given below.

Definition 3. A copula C : [0,1] x [0,1] — [0,1] is said to be positively quadrant
dependent if C(u,v) > uv holds for all u,v.

The following Lemma of [10] will be used in the proof of our next result.

Lemma 1. Ler H(x,y), F(x), and G(y) be the joint, and marginal CDFs of X and
Y, respectively. If X and Y are positively quadrant dependent, then

H(xvy) = F(X)G(y) +W(x7y) x,y€R 3

with w(x,y) satisfying the following conditions:
(i) w(x,y) > 0 for all x and y,
(ii) w(x,00) = w(eo,y) = w(x, —o0) = w(—o0,y) =0, for all x and y, and
(iii) V) > o
dxdy =

Recall that a function w(u,v) is totally positive of order-2 (TP2) if
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w( v)w(u,v') <wd Vw(u,v) forall ' <u,v' <v.
Also w(u,v) is said to be 2-increasing if
w( V) +wu,v) —w' ,v) —w(u,v') >0 forall ' <u,v' <v.

Using above lemma, it is easy to prove the similar result given below.

Proposition 1. If a copula C(u,v) can be written as
Clu,v)=uv+W(u,v)  foralluandu,

where W (u,v) satisfying the following conditions:
(i) W(u,v) =0,
(i) W(u, 1) =W(1,v) = W(u,0) = W(0,v) =0,
2
aﬁ)iggf)z—q,
(iv) J au: ((91;,\)) is a function with TP2 property and is 2-increasing, then the copula C
is affiliated.

Note that if we let W (u,v) = C(u,v) — uv, then by Theorem [Tl below, we know
that C(u,v) is affiliated implies it is PQD, then by Lemmal[ll conditions (i), (ii), and
(iii) hold for W, but (iv) does not necessarily hold.

Example 2.1. For the CDF of Farlie-Gumbel-Morgenstern bivariate distribution [8]):
Floy) =E@FG)[1+p(1—F@)(1-F©)], -1<p<l,

the corresponding copula is C(u,v) = uv[l + p(1 —u)(1—v)], =1 < p < 1. By the

remark after Definition 2] it is easy to see Farlie-Gumbel-Morgenstern family is

affiliated for0 < p < 1. O
In order to show that affiliation implies PQD, we need the following definition.

Definition 4. The random variable Y is said to be positively regression dependent
in X, denoted by PRD(Y|X), if P(Y < y|X = x) is non-increasing in x for all y. ¥
is said to be left-tail decreasing in X, denoted by LTD(Y |X), if P(Y < y|X <x) is
non-increasing in x for all y.

Corresponding to copulas, we have the following definition.
Definition 5. The random variable V in C is said to be positively regression de-
pendent in U, denoted by PRD(V|U), if p,(u,v) is non-increasing in u for all v,
where p,(u,v) = ac{gz,v). V in C is said to be left-tail decreasing in U, denoted by
LTD(V|U), if C('Z’V) is non-increasing in u for all v.
Proposition 2. The following result gives the relationship between X and Y and
their corresponding U and V.

(i) The random variables X andY are positively regression dependent in X if and

only if V in the corresponding copula C(u,v) is positively regression dependent in
U.
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(ii) The random variables X and Y are left-tail decreasing in X if and only if V
in the corresponding copula C(u,v) is left-tail decreasing in U.

(iii) The random variables X andY are PQD if and only if U and V in the corre-
sponding copula C(u,v) are PQD.

Proof. We prove (i) and (ii) only, and the proof of (iii) is trivial. For (i), suppose Y
is Positively regression dependent in X. Let H,,(y|x) be the conditional CDF of ¥
given X = x. By definition, it is non-increasing in x. Also

y y X, y& 8 x),
waw—me@m‘/%éu“Z/a(ngpm»f@m

—oo —oo

;
:/ihwwﬁmw=mww1w%mwm@

= pu(F(x),G(y))-

Since both F,G are distribution functions and therefore non-decreasing, so that,
H,)(y|x) is non-increasing in x if and only if p,(u,v) is non-increasing in .

(i) Let Y is Left-tail decreasing in X, by definition, P(Y < y|X < x) = F;(ég) is
non-increasing in x. Since both F,G are distribution functions and therefore non-

decreasing, so that, LT D(Y|X) if and only if LTD(V|U). O

Theorem 1. Let C : [0,1] x [0,1] — [0, 1] be a copula, then the following implica-
tions are true.

Affiliation = PRD(V|U) = LTD(V|U) = PQD.

Proof. Suppose that U and V are affiliated.
To show it implies PRD(V|U), for any u* < u,v* < v, we have, by definition,

C(v|ur)

c(uv)e(u™,v) < clu,v)e(*,v’) = = c(ulv*)”

Let G(v|u) = é((vv“';)) , then we have G(v|u) > G(v|u*) for all u* < u,v* < v. Note that

G(uly) = aln(giv‘”)). We obtain

1 1
1~ In(C(v]u)) = /G(t|u)dt > /G(r\u*)dt — 1 In(COv|u)).

Thus, C(v|u*) > C(v|u) for u* < u, which implies PRD(V|U).
For PRD(V|U) = LTD(V|U), we need the fact that for any interval I C [0, 1],



118 Z. Wei, T. Wang, and W. Panichkitkosolkul

JP(V >v|U=u)dP(U <u)

1
P(V>vUel) = PW el

LTD(V|U) is equivalent to the Pr(V > v|U < u) is non-decreasing in u for all v,
which, in turn, is equivalent to

P(V > v|U <u) > P(V > v|U < u¥)
for u* < u and all v. This is also equivalentto P(V > v|u* < U <u) > P(V >v|U <
u*), for all u > u*. Note that,

u

[P(V >v|U = u)dP(U < u)

PO <Usu) =" b e

u
PV >v|U=u*) [ dP(U < u)
u*

Y

= P(V >|U = u*
Pu < U < u) (V> U =u’)

u*

[ P(V >v|U =u)dPr(U < u)

—oo

> =P(V>v|U <u"),

P(—e0 < U < u*)
which implies LTD(V|U).
For LTD(V|U) = PQD, note that

PV <v|U <u) > P(V <vU < 1) = P(V <v) =, 4)

which is equivalent to C(u,v) > uv.
Note that the FGM-copula has properties PRD,LT D, PQD for 0 < p < 1. Several
counterexamples of the converse relations of Theorem 2.1 can be found in [23] and

[13].

3 Invariance of Affiliation of Subcopula through Bilinear
Interpolation

In this section, we are going to discuss the affiliation property of copula, which is
obtained from a subcopula through the method of bilinear interpolation.

Definition 6. A two-dimensional subcopula is a function C’' with the following
properties:

(2) Domain of C' is Sy X Sy, where S1 and S; are subsets of [0, 1] containing 0 and
1 b

(b) C' is 2-increasing and C’'(u,0) = C'(0,v) =0,

(c) For every u in S and every v in Sy, and

C'(u,1)=u and C'(1,v)=v.
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Also, any sub-copula can be extended to a copula, but the extension is generally
non-unique. Here we introduce one popular method called bilinear interpolation

[20]:

Definition 7. Let C’ be a sub-copula with domain S| x S», now for any (a,b) €
[0, 1}2, let a; and a; be, respectively, the greatest and least elements of S} that satisfy
a1 < a < ap;and let b and b, be, respectively, the greatest and least elements of S,
that satisfy by < b < by, where § is the closure of set S . Note that if @ is in Sy, then
ay =a=ap; and if bis in Sy, then by = b = by. Now let

a—a .
P {aztl‘] ifa; <ap

1 if a) =dap
and
e ,j’zj’yl if by < by
1 if by =by.
The copula C given by

Clab) = (1= 2A)(1 = p)C'(ar,by) + (1 — AYuC'(ar,b2) + A(1 — £)C'(aa, by)
+AuC (az,by),

is a well defined copula.

The following result shows that the invariance between a subcopula and its bilin-
ear interpolation of affiliation property.

Theorem 2. Let C' be a sub-copula over Sy x S», and C : [0,1]> — [0,1] be the
copula, which is constructed by bilinear interpolation from C'.

(i) If C' is affiliated, then C is also affiliated. Furthermore, if C' is not affiliated,
then C is also not affiliated.

(ii) If C" is POD, then C is also PQD. Furthermore, if C' is not POD, then C is
also not PQD.

Proof. Let a < ¢,b < d. Suppose ay,az,by,by,c1,c2,dy,dy and Ay, Uy, Ay and uy are
defined according to the method of bilinear interpolation.

Then
a—a bp—>b a—a b—b, a—ay; by—b
C(a,b) = C b C b C b
(a,b) @ —ay by — by (ar, 1)Jraz_a1 by — b (ar, 2)+a2_a1 by— b (a2,b1)
a—ay b—by
C by).
e Clanb)
Then
( b) 82C(a,b) Cl(al,bl)—Cl(al,bz)—C/(Clz,b])-FC/(aQ,bz)
cla,b) = = .

dadb (ap —ay)(by—by)

To show (i), we shall consider the following cases,



120 Z. Wei, T. Wang, and W. Panichkitkosolkul

Case 1. suppose a; = ¢y, ay = ¢3, by = d; and by = dy, in this case, c(a,b) =
c(e,d) =c(a,d) = c(c,b). Thus c(a,b)c(c,d) > c(a,d)c(c,b) holds.

Case 2. suppose a; < ¢y, ap < ¢3, by =d; and by = d;. then we have ¢(a,b) = ¢(c, b)
and ¢(a,d) = c¢(c,d). Thus c(a,b)c(c,d) > c(a,d)c(c,b) holds.

Case 3. suppose a; = c1, a» = ¢3, by < dj and by < dy, the proof follows from Case
1 and Case 2.

Case 4. suppose a1 < c1, ar < ¢2, by < dj and by < d», then,

C’(a] ,b]) — C'(a] ,bz) — C/(az,bl) +C’(a2,b2)
(a2 —a1)(by—b1)
y C’(cl,dl) — C/(Cl,dz) — C/(Cz,dl) +CI(C2,d2)
(c2—c1)(da—dy)

c(a,b)c(c,d) =

_ C/(az,bz) C/(Cz,dz)
(ap—ay)(by—by) (c2—c1)(dr —dy)
Cl(az,dg) C/(Cz,bg)

~ (a2 —ar)(by—b1) (c2—c1)(d2 —dh)
C’(a] ,d]) 7CI((1] ,dz) 7C/(a2,d1) +C’(a2,d2)
(a2 —a1)(ba—b1)
% Cl(cl,b1) — Cl(cl,bz) —CI(C2,b1) -‘rCl(Cz,bg)

(c2—c1)(dy —dy) = c(a,d)c(c,b),

Note that the inequality above holds because affiliation property of ¢’(u,v). There-
fore, c¢(a,b)c(c,d) > c(a,d)c(c,b) holds. This completes the proof of ().
For (ii), assume that C’ is PQD, and for any a,b € [0, 1],

C(a,b) = (1=2A)(1=p)C'(a1,by)+(1 = A)uC' (ay,br)+A(1 = w)C'(az,by)+AuC' (az, ba)
>(1=A)(1=w)arby+(1=2A)payby+A(1— u)ayby +Apar by
=ab,

The last equality hold since (1 — A)a; +Aay = a and (1 — )by + ub, = b, therefore,
C is PQD as desired. O

Example 1. For the subcopula C and its mass function ¢ given below:

V1/32/73 1 \V 1/32/3 1

U U
173 1/31/31/3 173 173 0 0
2/3 1/32/32/3 23 0130
1 173273 1 1 0 0 173

it is easy to see that C is affiliated so that the corresponding copula constructed by
the bilinear extension is also affiliated.
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4 Average and Local Measures of Affiliations

Copula characterizes dependence structures and dependence measures. For exam-
ple, random variables X and Y are independent if and only if their corresponding
copula C(u,v) = uv. A measure of dependence indicates in some particular manner
how closely the random variables X and Y are related; Hence a variety of measures
are needed to reveal the nature of affiliation dependence. We review measures of an
affiliation discussed in [[11]]. Let T denote the average measure of the affiliation for
—oo < X1 < Xp < o0 and —eo <y < yp < oo, that is,

X2

w o ¥
://// (x2,y2)h(x1,y1) = h(x1,y2)h(x2,y1)|dx1dy dxady;.

Also, it could be defined as average measure for affiliation of copula,

1 v up

1
TC:////[c(uz,vz)c(ul,vl)fc(u],vz)c(uz,vl)]du]dvlduzdvz.
0000

After some calculation, we can get é‘c = T, where 7 is Kendall’s 7(See [17]).
For discrete copula, we give the following discrete average measure,

TC_ZZ 22 ukvvl MZ,VJ‘)_C(Mi,Vl)C(Mk,Vj)]. (5)
i=0j=0k=01=
Holland and Wang[[5} 6] defined the local dependence index for affiliation as

B d%logh(x,y)
’}/(xvy) - 8x8y .

Also, it can be defined for copula

d%logc(u,v)
oudv

We list several properties of this local measure of affiliation:

’}/(M,V) =

(i) —eo < Y(u,v) < eo.

(ii) y(u,v) = 0 for all u,v if and only if U and V are independent.

(iii) If X and Y have a bivariate normal distribution with correlation coefficient
p, then y(x,y) = 1—pp2 , a constant.
Example 2. Consider the experiment of tossing an unbalanced coin 3 times with
success rate p. Let X be the total number of heads observed and Y be the number of
heads on the second toss. Then the joint density of X and Y is given by
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ALY 0 1 2 3
0 (1-p)*2(1-p)p (1=p)p* 0
1 0 (1—p)?p 2p*(1—p) p’

The corresponding copula density of U and V is

NU(l—PP(l—P)z(H‘ZP) 1=p* 1

I—p (1=p) 2(1-pPp (1=p)p* 0
1 0 (1-p)*p  2p*(1-p) p’

Note that U and V are affiliated, its bilinear interpolation is also affiliation. By (@),
the average measure for this discrete copulais T = (1 —p)’p+8p*(1 — p)3 +2(1 —
p)*p* + (1 — p)p>. Note that if the coin is balanced then T = 3/16.

Example 3. Consider the experiment of tossing a unbalanced coin with success rate
p. Let X be value 2K where K is number of tosses until the first head occurs, and ¥
be the number of heads in the first toss. Note that £ (X ) does not exists for p < 1/2.
For p € [0, 1], the joint distribution of X and Y is

0 1 n
Y\\XZ 20 L 2

0 0p(l—p)..p(1=p)t..
1 p 0 0

and its corresponding copula is,

NU p, p(1=p)+p, o (1=p)(A=(1=p)" ) +p, .. 1
p 0. pl-p), .. p(1—p)* 1, o D
1 p,p(l=p)+p, ... p(1=p)"~'+p, e 1

This is a discrete copula which is not PQD. The average measure for this discrete
copula 7 = —p*(1—p) = p*(1 =p)* == p*(1 = p)' —--- = —p(1 = p) <0.
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S Conditions on Affiliation in the Bivariate Skew Normal
Family

We first recall the definition of the multivariate skew-normal distribution which are
givenin [2]]. A k-dimensional random variable Z is said to have a multivariate skew-
normal distribution if it is continuous with density function

200z X)®(a"z),  zeRK

where ¢ (z;X) is the k-dimensional normal density with zero mean and correlation
matrix X, @(-) is the CDF of N(0, 1), and e is a k-dimensional vector. Here we only
consider the case where k = 2. The density of (X,Y) is given by

h(x,y) = 2¢p (x,y) @ (0 x+ 01y), (6)

where
1
dp(x0) = ) (1= p) ep{ L 220}

and ¢ and o € R are skewness parameters.

Theorem 3. Consider the bivariate skew normal random vector (X,Y) with density
given by (6). Then X and Y are affiliated if and only if p > 0 and o 0 < 0.

Proof. For the “if” part, assume that p > 0 and o o < 0. By Lemma 3.5 of Rinott
and Scarsini [20], we know that p > 0 implies that bivariate normal density is affil-
iated. That is

0o (X' 3)0p (x,y') < 0p (¥ .y )p(x,y)  forallx’ <xandy <y. (7

Now it is sufficient to show that X and Y in @(a;x+ apy) are affiliated. Without
loss of generality, we assume that oy < 0,0 > 0. For any x’ < x,y’ <y, we have

oux+ oy < oux' +opy < oux' +opy

and
o x+ 062)/ <ox+opy < oux + onYy.

Since @ is log concave, we have

log @ (X' + 0ny) —log @(oyx’ + ony') - log @ (a1 x+ ony) —log@ (o x+ ony)
0y =) - o (y—y')

)

which implies

log @ (o x' + opy) —log @ (o x’ + apy') < log @ (o x + opy) — log @ (o x + 00y').
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Thus
log [®@ (o X' + 0ny)P(oux+ )| <log [@(onx+ oy)P(oux + ay')],
which is reduced to
D(0oux' + 0ny)P(ox+ oY) < @(oyx+ opy)@(oqx' + 0ny). (8)
Combining (7)) and (8)), we obtain
0p (', y) D (0 x' + 02y) B (x,) ) P (0 x+ 00y') < G (x,y)P(0ux + 00y) 9 (¥, ) @ (00X’ + 002y'),

so that X and Y are affiliated.

For the “onlyif” part, assume that X and Y are affiliated. It is suffices to show
that if conditions p > 0 and oy 0, < 0 are not satisfied, then there exist X' < x,y <y
such that

0p (x,9) P (o1 x+ 00y)9p (¥, ) P (o + 02y') < 9 (¥, 3) P (011X + 02y) 9 (x,Y ) P (Qt1x + 12)')

which is equivalent to

D(oyx+ Otzy)@(a'xl+a2yl)] ©)

x—x)y—y)+lo {
( )(y y) g q)(a1x1+a2y)db(a1x+062y')

1—p?
Now consider the following cases.

Case 1. For p < 0 and o0 < 0, without loss of generality, we assume that o <
0,00 > 0, if we pick x' =y =0, and y = exp(x), then (@) is reduced to

p

1 7p2xexp(x) +log

é D (oyx+ opexp(x))
D(opexp(x))D(0gx)
p

=, p2xexp(x) —log (@ (0yx)) +log

é D (oyx+ opexp(x))
@ (0 exp(x))

which goes to —ec as x tends to oo.

Case 2. For p > 0 and a;0p > 0, without loss of generality, we assume that oy >
0,0 > 0, if we pick X’ =y =0, and y = 1, then (@) is reduced to

SD(onx+ )
Do) P(0x)

p

| 7p2x+log

which goes to —eo as x tends to oo.

Case 3. For p < 0 and o > 0, then the first part and second part of () are all
strictly negative, therefore, the desired result follows. |
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