
Chapter 5
On Norm Maps and “Universal Norms”
of Formal Groups Over Integer Rings
of Local Fields

Nikolaj M. Glazunov

To the memory of Oleg Nikolaevich Vvedenskii (1937–1981)

Abstract We review and investigate norm maps and “universal norms” of formal
groups over integer ring of local and quasi-local fields. Theorem on triviality of
universal norm group of one dimensional fornal groups of reduction height 3 over
integer ring of local and quasi-local fields is presented. The theorem on triviality of
universal norm group is based on the lemma about function that gives the minimal
degree of elements of the subgroup Ft

K of the group F K that contains the norm group
NL/K (Fn

L ). In the case of formal groups of elliptic curves the function has used by
O. N. Vvedenskii and is denoted as μ(n). The proof of the lemma is also presented.

5.1 Introduction

Under the construction by Shafarevich [1], Tate [2], Ogg [3], Vvedenskii [4, 5]
the analog of local and quasi-local class field theory for elliptic curves and abelian
varieties the authors use arithmetic properties of formal groups that corresponds to
elliptic curves. Foundations of local and quasi-local class field theories of elliptic
curves in the framework were constructed by Vvedenskii [4, 5] in contexts of elliptic
curves over local and quasi-local fields. Important statements of these theories were
introduced as statements about norm maps of commutative formal groups of elliptic
curves.

It is well known that formal groups of elliptic curves over finite fields have height
(reduction height) one or two [6–11].
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Let A be an elliptic curves over quasi-local fields K , F(x, y) its formal group
over the ring of integers OK of K , D∗

K it’s group of universal norms [4, 5]. In the
case O.N. Vvedenskii have proved.

Theorem 5.1 [4, 5] D∗
K = 0.

Author extends, following to the advice of O. N. Vvedenskii, Theorem 5.1 and
some another results of O. N. Vvedenskii to more general formal groups and present
their in papers [8, 10]. Complete proves of the results are contained in author’s
candidate dissertation that is not published.

Here we present theorem on triviality of universal norm group of one dimensional
formal groups of height 3 over integer ring of local and quasi-local fields and present
the lemma about function μ(n) that gives the minimal degree of elements of the
subgroup Ft

K of the group F K that contains the norm group NL/K (Fn
L ).

Let K be a complete discrete variation field with the ring of integers OK and the
maximal ideal MK .

A complete discrete variation field with finite residue field is called a local
field [12].

A complete discrete variation field K with algebraically closed residue field k is
called a quasi-local field [5]. Belowwewill suppose that in the case the characteristic
of k satisfies p > 0.

Let K be a local or quasi-local field. If K is a local field [12] and has the charac-
teristic 0 then it is a finite extension of the field of p-adic numbers Qp. Let νK be
the normalized exponential valuation of K . If [K : Qp] = n then n = e · f , where
e = νK (p) and f = [k : Fp], where k is the residue field of K (always assumed
perfect).

If K has the characteristic p > 0 then it isomorphic to the field k((T )) of formal
power series, where T is uniformizing parameter.

Let L be a finite extension of a local field K , k, l their residue fields, p = char k
and eL/K ramification index of L over K .

An extension L/K is said to be unramified if eL/K = 1 and extension l/k is
separable.

An extension L/K is said to be tamely ramified if p not devides eL/K and the
residue extension l/k is separable.

An extension L/K is said to be totally ramified if eL/K = [L : K ] =
(char k)s, s ≥ 1.

Let L/K be the finite Galois extension of quasi-local field K with Galois group
G, F(x, y) one dimensional formal group low over the ring of integers OK of the
field K , F(MK ) be the G-module, that is defined by the group low F(x, y) on the
maxilal ideal MK of the ring OK , Mt

K (t ∈ Z, t ≥ 1) be the subgroup of t-th degrees
of elements from MK , Ft

K := F(Mt
K ).

Definition 5.1 For n ∈ Z the function μ(n), NL/K (Fn
L ) ⊂ Fμ(n)

K is defined by the

condition: Fμ(n)
K is the least of subgroups Ft

K (t = 1, 2, . . .) containes NL/K (Fn
L ).

Below we will suppose that char k > 3.
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5.2 Norm Maps

Here we use results on formal groups from [9–11, 13]. Let FL = F(ML) be the
G-module that is defined by the n-dimentional group low F(x, y) on the product
(ML)n := ML × · · · × ML , (n times) of maximal ideals of the ring OL of any finite
Galois extension L of the field K .

Definition 5.2 The norm map N : FL → FK of the module FL to FK is defined
by the formula N (a) = (((a +F σa) +F · · · ) +F σsa), where a +F b denotes the
addition of points in the sense of group structure of the module FL , a, b ∈ ML , G =
Gal(L/K ), σs ∈ G, [G : 1] = s.

Let p := char k, e := νK (p), (e = +∞, if characteristic of the field K is
equal p and e is positive integer in the opposide case), L/K be the Galois extension
of the prime degree q, F(x, y) be the one dimensional group low over OK . Let
p := char k > 0.

Lemma 5.1 If Πs ∈ π s
L · OL, s ≥ 1 then

N (Πs) ≡ T r(Πs) + ∑∞
n=1 cn[Norm Πs]n(mod T r(π2s

L · OL))

where cn ∈ OK are coefficients of the p-iteration of the group low. The iteration
is defined below.

(In paper [6] the lemmahas proved for one dimensional group lows that correspond
to elliptic curves)

Proof At first make two remarks:

1. If F(x, y)—one dimensional group low over the ring OK , then p-iteration
[p]F (T ) of the group low F has the form [9]
[p]F (T ) = p(T + · · · ) + ∑∞

i=1 ci T pi ,
where dots denote intermediates of the degree greater than one.

2. If the series expansion of the expression (((t1 +F t2) +F · · · ) +F tn)
includes monomial t1α1 · · · tq

αq , then it also includes a monomial that is the
result of acting of arbitrary permutation of digits 1, 2, . . . , q on it.

Let us go to the proof of the lemma. Let G = Gal(L/K ). If ω = r1+r2σ +· · ·+
rqσ q−1 is an element of the group algebra Z[G] (where Z is the ring of integers).
Let

Πω
s := Π

r1
s (σΠ

r2
s ) · · · (σ q−1Π

rq
s ).

Wehave N (Πs) = (((Πs +FσΠs)+F · · · )+Fσ q−1Πs) = ∑
(r1,...,rq ) dr1,...,rq Π

ω
s

where dr1,...,rq ∈ OK , and sum by corresponding ω. By symmetry (see remark 2)

in the expansion of N (Πs) with dr1,...,rq Π
ω
s comes also dr1,...,rq Π

σ i ω
s (i = 1, 2,

. . . , q − 1). Since
σ iω = ω

(i is one of numbers i = 1, 2, . . . , q − 1), so ω = n(1+ σ + · · · + σ q−1). Hence
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N (Πs) =
∞∑

n=1

dn[Norm(Πs)]n +
∑

ω

dr1,...,rq T r(Πω
s ), (5.1)

where sum by ω such that do not satisfy the condition σ iω = ω.
If r1 + · · · + rq > 1 then by ([14], lemma 2)
T r(Πω

s ) ⊂ T r(π2s
L · OL), hence

N (Πs) ≡ T r(Πs) +
∞∑

n=1

dn[Norm Πs]n(mod T r(π2s
L · OL)). (5.2)

Demonstrate that as a dn we may take cn from the expansion of [p]F (T ). This
follow from the fact that as dn so cn define to mod p.

Let r := νK (c1), r j := νK (c j ), j > 1 and let the height of F is ∞ > h ≥ 1;
recall that νK (cph−1) = 0.

By ([14], lemma2) T r(πn
L · OL) = π

y0(n)
K where y0(n) = 	 (m+1)(p − 1) + n

p 
.
Put y1(n) = r + n, y2(n) = r2 + 2n, . . . , yp−1(n) = rp−1 + (p − 1)n, yp(n) =

rn + pn, . . . , yph−1(n) = rn + pn.

Lemma 5.2

μ(n) = min{y0(n), y1(n), yp(n), yp2(n), . . . , yph−1(n)}. (5.3)

Proof (we follow to [7]).
Define μ1(n) = min{y0(n), y1(n), y2(n), . . . , yp(n), yp2(n), . . . , yph−1(n)}.
It is clear since the estimation (5.2) that μ(n) ≥ μ1(n) (μ(n) is understood in the

sense of the definition5.1). Choose Πn such that νL(Πn) = n, νK (T r(Πn)) = y0.
Let d ∈ OK . Consider expression N (dΠn). By (5.1) in the case d ∈ OK the

terms from N (dΠn) that are included in the ideal T r(π2n
L ) and have the form

T r(σ i1(dΠn)k1 · · · σ is (dΠn)ks ) (5.4)

under k1 +· · ·+ ks ≥ p + 1 will have the norm in K greater then y0(n). This follow
from the computation by the formula for y0(n). Hence

N (dΠn) = π
μ1(n)
K [(π−μ1(n)

K T r(Πn))d + (summands contain d from 2 to p-s degree,

that obtained from terms of N(dΠn), that include in

T r(π2n
L )) +

ph∑

i=1

π
−μ1(n)
K × ci [Norm(Πn)]i d pi + · · · ] (5.5)

where dots denote terms of higher orders.
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Term π
μ1(n)
K in (5.5) helds coefficient that is polynomial from d of degree not

greater than ph ; if μ1(n) = y j (n)( j = 0, 2, 3, . . . , ph−1; j is different from 1) then
the coefficient under d pj is not equal zero mod πK , hence μ(n) = μ1(n); if

μ1(n) = y1(n) < y0(n), y2(n), . . . , yp(n), yp2(n), . . . , yph−1(n).

then terms from N (dΠn) that are included in T r(π2n
L ), will have in K a norm that

is not less then y0(n), hence only coefficient under d p will differ from zero under
mod πK , hence again μ(n) = μ1(n). Hence always

μ(n) = μ1(n).

Demonstrate now that actually

μ1(n) = min{y0(n), y1(n), yp(n), yp2(n), . . . , yph−1(n)}.

We prove this by induction on n. If n = 1 and μ1(1) = y0(1) then the lemma is
proved, and then

y0(1) ≤ yi (1) (i = 1, 2, 3, ..., ph−1) and all yi (n), i �= 0 grow faster then y0(n).
Ifμ1(1) = yi (1) < y0(1), 1 ≤ i ≤ ph−1 (specifically: i = r0), then demonstrate

at first that μ1(n) is strictly increasing function

μ1(1) < μ1(2).

If μ1(2) = yr0(2) (r0 �= 0) then we have
y2(1) ≤ yr0(2), that is μ1(1) < μ1(2).
But ifμ1(2) = y0(2) thenμ1(1) = yr (1) < y0(1), hence y2(1) < y0(1) ≤ y0(2),

and again μ1(1) < μ1(2).
Thereby the homomorphism

F1
L/F2

L

N∗
1−→ Fμ1(1)

K /Fμ1(1)+1
K (5.6)

that is induced by N is defined. Under πL − πK isomorphisms [7] it passes to
homomorphism N 1

∗ : Ga(l) → Ga(k) where Ga(k) is the additive group of the
field l = OL/ML that is defined by polynomial from (5.5) under reduction by
mod πK . But any homomorphism of additive groups of the field of characteristic
p > 0 is given by the polynomial from T, T p, T p2 , . . . (sums of degrees of Frobenius
automorphism), hence in the case n = 1 the lemma is proved.

Let lemma is true for n = n0. Prove it for n = n0 + 1. If μ1(n0) = yn0(n) then
the lemma is proved. If μ1(n0) = y j (n0) (1 ≤ j ≤ ph−1, j �= 0) then we have

μ1(n0) < μ1(n0 + 1)

Ipso facto the homomorphism
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Fn0
L /Fn0+1

L

N∗
n0−→ Fμ1(n0)

K /Fμ1(n0)+1
K (5.7)

that is induced by N is defined. And again the passage to the homomorphism N n0
∗ :

Ga(l) → Ga(k) demonstrates that (5.3) takes place.

5.3 Results

Let F(x, y) be the one dimensional formal groups of height 3 over integer ring of
local and quasi-local fields K .

Consider the tower of fields

K = L0 − L1 − L2 − · · · − Ls−1 − Ls (5.8)

where Li/Li−1, (i = 1, 2, . . . , s) are Galois extensions with Galois groups Z/pZ.
Let μi (n) be the function of the definition5.1 that is computed on the i-s floor of

the tower (5.8) and let mi be the number of the last nontrivial ramification group of
the extension Li/Li−1.

Put r1 := νK (cp), r2 := νK (cp2), e := νK (p).

Lemma 5.3 Depend on numbers r1, r2, e the function μi (n) is computed by the next
four formulas:

(i) If r1, r2 ≥ e then the computation of the μi (n) makes by the formula

μi (n) =
{

p2n, n ≤ mi +1
p2+p+1

	 (m1+1)(p−1)+n
p 
, n >

mi +1
p2+p+1

(A)

(ii) If r2
p2

≤ e
p2+p+1

≤ r1
p2+p

then the computation of the μi (n) makes by the formula

μi (n) =

⎧
⎪⎪⎨

⎪⎪⎩

p2n, n ≤ r2 pi−1

p(p−1)

r2 pi−1 + pn,
r2 pi−1

p(p−1) < n <
[

(mi +1)(p−1)+pi r2
p2−1

]

	 (m1+1)(p−1)+n
p 
, n >

[
(mi +1)(p−1)+pi r2

p2−1

]
(B)

(iii) If r1
p2+p

≤ r2
p2

≤ e
p2+p+1

then the computation of the μi (n) makes by the formula

μi (n) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p2n, n ≤ r2 pi−1

(p2−1)

r1 pi−1 + n,
r1 pi−1

(p2−1)
< n <

[
(mi +1)(p−1)+pi r1

p−1

]

	 (m1+1)(p−1)+n
p 
, n >

[
(mi +1)(p−1)+pi r1

p−1

]
(C)

(iv) If r2
p2

≤ r1
p2+p

≤ e
p2+p+1

then the computation of the μi (n) makes by the formula
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μi (n) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

p2n, n ≤ r2 pi−1

p(p−1)

r2 pi−1 + pn,
r2 pi−1

p(p−1) < n ≤ (r1−r2)pi−1

p−1

r1 pi−1 + n,
(r1−r2)pi−1

p−1 < n ≤
[

(mi +1)(p−1)+pi r1
p−1

]

	 (m1+1)(p−1)+n
p 
, n >

[
(mi +1)(p−1)+pi r1

p−1

]

(D)

The lemma is proved by direct computation.
Let K be a local or quasi-local field and F(x, y) be the one dimensional formal

group over integer ring of K . Let FL = F(ML) be the G-module that is defined by
the group low F(x, y) on the maximal ideal ML of the ring OL of any finite Galois
extension L of the field K .

In the case when K is the quasi-local field it is possible, follow to Serre [15],
induced on FL the structure of the proalgebraic group. Denote the group as F L . Let
π1(F L) be its fundamental group.

Definition 5.3 Let K be a local field, NL/K : FL → FK the norm homomorphism.
The subgroup

VK =
⋂

K

NL/K (FL)

(intersection on all finite Galois extensions L/K ) of the group FK is called the
universal norm group of the group F defined over ring OK .

If K is a quasi-local field, then the subgroup

V ∗
K =

⋂

K

NL/K (π1(F L))

(intersection on all finite Galois extensions L/K ) of the group π1(F L) is called the
universal norm group of the group F defined over ring OK .

Theorem 5.2
VK (respectively V ∗

K ) = 0.

Sketch of the proof We use an extension of the method of Vvedenskii [4] by
which he prove the result for one dimensional fornal groups of reduction height 1
and 2 over integer ring of local and quasi-local fields.

If K is a local field, then the prove of the theorem reduced to the prove of the next
lemma5.4. If K is a quasi-local field, then we follow the method that has proposed in
the paper [13]. In the case it is sufficient to prove that for any finite Galois extensions
L/K the next equality and inclusion take place

NL/K (V ∗
L ) = V ∗

K

V ∗
L ⊂ pπ1(F L)
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Lemma 5.4 For any integer n, n ≥ 1 there is such finite Galois extension L/K , that
the image NL/K (FL) (respectively NL/K (π1(F L)) of the norm homomorphism

NL/K : FL → FK

(respectively NL/K : π1(F L) → π1(F K )) is contained in Fn
K (respectively in

π1(F K )).
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