Chapter 21
Distributed Optimal Control in One
Non-Self-Adjoint Boundary Value Problem

V. O. Kapustyan, O. A. Kapustian and O. K. Mazur

Abstract We prove the solvability of the optimal control problem for elliptic
equation with nonlocal boundary conditions in a circular sector with terminal
quadratic cost functional in the class of distributed controls.

21.1 Introduction

The theory of linear-quadratic optimal control problems for distributed systems is
well researched [1, 2]. In many cases the original problem can be decomposed with
the help of Fourier method [3-5]. In this chapter we consider the control prob-
lem for elliptic equation with non-local boundary conditions in circular sector [6]
with terminal quadratic cost functional. This problem does not allow total decom-
position and using of L?-theory. To resolve this problem in the class of distributed
controls we use apparatus of specially constructed biorthonormal basis systems of
functions [7] and then we analyze the solutions of Fredholm matrix equations.
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21.2 Setting of the Problem

In a circular sector Q = {(r,0)|r € (0,1), 0 € (0, )} we consider the optimal
control problem

2
Ay =122+ L85 = u(r.0), (r.0) € 0.
y(1,0) = p(®), p(0) =0, (21.1)
y(r,0)=0, re(0,1),

D0 = 2(r7), re© 1),
1

J,u) = ly@)|3dr + [ |lu*(r)|ldr — inf, (21.2)
0

where p € C1([0, 7]) is given function, o € (0, 1) is fixed number, || - ||p is a norm
in L2(0, 7r), which is equivalent to standard one and is given by the equality

00 1/2
2
Wlp = (Z vn) :
n=1
T

where ¥n > 1, v, = [v(O)¥(0)d0, Yo(0) = &, ¥2,(0) = 25 (x — ) sin2n6,
0
Yan-1(0) = 25 cos 2nf.

The aim of this paper is to establish classical solvability of the problem
(21.1)—(21.2), that is to find optimal one among admissible processes {u,y} €
C(Q) x (C Q) N CZ(Q)). For the application of the spectral method we use
biorthonormal and complete in L?(0, 7) well-known Samarsky-Ionkin systems of
functions [7]

W = (Y}, and

@ = {po(0) =6, p2,(0) = sin2nb, @2,—1(0) = 6 cos2nb};2 . (21.3)
Then Vu € L2(Q)
u(r,0) =" un(r) - 9a(0), (21.4)
n=0

where u,(r) = foﬂ u(r, 0)y,(0)do. So, we will seek for the solution of the problem
(21.1) in form

y(r,0) = yo(r)0 + Z (72n—1(r)0 cos 2n6 + yo2,(r) sin 2n6) , (21.5)

n=1
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where the functions {y (r)},fio are solutions of the system of ordinary differential
equations

d  dyo
—(r—==) =r-up(r), yo(l) = po, (21.6)
dr = dr
d { dyy_
P P k)2 yor—1 =1 uok—_1(r), yu—1(1) = pa_1,
dr dr
21.7)
d d
re (r- %) — k) Pyo — Ak vt = 1w (), y(D) = por, (21.8)

where pr = o p(6) - ¥(0)d6.

Thus the original problem (21.1)—(21.2) is reduced to the following one: among
admissible pairs {u, (1), y,(r) };’;0 of the problem (21.6)—(21.8) one should minimize
the cost functional

1 S
T =) + /O B+ 03 @ + @ +

k=1

1 o0
+ /0 Uy (r) + w3 (N)dr) = Jo + D Iy (21.9)
k=1

Herewith the optimal process {it,(r), y,(r)}>2, should be such that the formula
(21.4) defines function from C(Q), and the formula (21.5) defines function from
C(O N CXO.

21.3 Main Results

A structure of the problem (21.6)—(21.8) allows to reduce it to sequence of the
following problems:
On the solutions of (21.6) one should minimize the cost functional
Jo = Jo(uo), (21.10)
on the solutions of (21.7), (21.8) one should minimize the cost functional

Ji = J(ugg—1, uzg), k> 1. (21.11)

For fixed {uk(r)},fio C C([0, 1]) solutions of the problem (21.6)—(21.8) have
form
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1 1 K 1
yo(r) =P0—/ (;/0 %‘Mo(E)dE) dS=Po+/O Go(r, s)up(s)ds,  (21.12)

where
| slnr, s€[0,r],
Go(r, 5) = [slns, se[r, 1],
1 1
Yok—1(r) = pa—1 - + % |8 G 1 (s)ds, (21.13)
0
where

2k 2k _ =2k
s (V —r ),SE[O,VL
Gi(r,s) = {rzk(szk —s7), selr 1]

1

1
yor(r) =pog - 1 4+ pyy - Inr + a5 G (r, $)uzi(s)ds +
0

1

1 _
+ — s - Gi(r, S)uzg—1(s)ds, (21.14)
4k Jo

where

1
Gi(r,s) = /0 ' Gi(r, p)Gi(p, s)ds

B [ S (9% — (r)72) + 1252 In(rs) — ()% In(2), s € [0, 7],

3z (O = (r)72) 4+ r# s In(rs) — ()% In(L), s € [r, 1.

Lemma 21.1 For any k > 0 the formulas (21.12)—~(21.14) define the solutions of
the problem (21.6)=(21.8) y; € C([0, 1]) ) C%(0, 1).

Proof Since yy are the solutions of the problem (21.6)—(21.8), then it suffices to
show that Vk > 0 y; € C([0, 1]). We denote [ [ = [0, 1] x [0, 1]. Then Gy € C([]),
ml_[ax |Go(r, s)| = e, so, yo € C([0, 1]).

Fork > 1 Gy € C([T\{0,0}), mﬁx |Gk (r, $)| <1, so, ya—1 € C([0, 1]). Since
**Inx € C([0, 1), max Ix*¥Inx| = e7! - k™!, then for Gy € C(J]\{0,0}) we
xelV,
have: ml_a[x |C_}k(r, s)| < %, s0, yar € C([0, 1]). Lemma is proved.
Theorem 21.1 The problems (21.10), (21.11) have the unique solution {ix};2,,
moreover Yk > 0 u; € C([0, 1]).

Proof From the formulas (21.12)—(21.14) it follows that the functionals Jy :
L%0,1) — R, Jy : L2(0,1) x L*(0,1) — R are strictly convex, continuous
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and coercive, which means under [1] that the problems (21.10), (21.11) have the
unique solution in the spaces L%(0,1) and L?(0, 1) x L*(0, 1) correspondingly.

Equating to zero Frechet derivatives of Jo, Ji, we obtain the following Fredholm
integral equations:

1
up(s) = —/0 Go(a, 5)Go(a, p)uo(p)dp — po - Go(a, 5), (21.15)

1

uz—1(s) = — 5 : w

l - -
/0 [(s - Gk(et, $)p - Gi(et, p) + s - Gy (v, 5)p - G (e, p))uzg—1(p) +
i 1
+ 25 Gi(a, )p - Gi(et, p)usk (p)1dp —pzka”‘@s - Gr(a, s) —

- (pzkoezk + pok—1a®1n Ot) ﬁ s Gr(a, $), (21.16)

11 ! i,
uzk(s) = — 3 W/o [(2s - Gr(e, )p - Gr(a, p)) uze—1(p) +
+ 5 Gr(e. 9)p - Gr(ew, p)usi (p)1dp —

1
— (kaa2" + oo lna) 08 Oules). 21.17)

Since maxH |Go(e, p)Go(a, s)| < e=% < 1, then the Eq.(21.15) has the unique
(p.s)e

solution g € C([0, 1]).
Put

A5y = (5 O@ 9P - Gr(e.p) +5- Gl 9)p - Ge(a p) 25 - Gi(ev, 9)p - Gi(e. p)
RS =\ 25 - Gr(ar, $)p - Gr(at, p) s - G(a, $)p - Gr (@, p)

Ji(s) = (_P2k062k4k5 Gi(at, 5) — (poxar® + por— 1062 Ina) 3 1S Gila, S))
(poa® + py—ra® Ina) s Ge(a, s)

Then from the Eqs. (21.16), (21.17) we have that vector

[ uz—1(s)
a5 = ( uzk (s) )
satisfies the equation

1
%) =—5- / Ar(p. $)zi(p)dp + fi(s). (21.18)

Under estimates from Lemma 21.1 we obtain
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2k—1

2k

max [|[Ax(p, s)|| < 4, max Wil = (Ip2kl + |p2x—11).-

[1

Then Vk > 1 the equation (21.18) has the unique solution

Z(s) = (“2"‘1“)) e ([0, 1),

ug (s)
herewith Vr € [0, 1]

g 2k—1 Q21
(Ip2k=11 + Ip2xl), uzk(r)] <

luzk—1(r)| < (Ip2k—11 + Ip2xl). (21.19)

The theorem is proved.

o0
From the estimates (21.19) it follows that the series D i, (r)@, () converges
n=0
uniformly on Q and it defines the function ii(r, 8) € C(Q) by the formula (21.4).

Theorem 21.2 Series

o
500 + > (F20-1(r)0 - cos 2n6 + o (r) sin 2n6),

n=1

defines the function (r,0) € C(Q) N C2(Q) by the formula (21.5), where (nlo2o
are the solutions of the system (21.6)~(21.8) with controls {ii,};° .

Proof By the formulas (21.12)—(21.14) desired series has the form

1

oo
po-0+6 -/Go(r, S)ug(s)ds + Z(ka—l 2K 0 cos2n0 +
0 n=1

n
n=1

1
o
1
+ (pox - 2K 4 oy - r?* . 1n r) sin 2n9) + Z@ cos 2nf - . /an(r, $)itn,—1(s)ds +
0

~ 1 1
+ ; sin 2n6 (ﬁ 0/ sGp(r, )i, (s)ds + % 0/ sGn(r, $)iing—1 (s)ds). (21.20)

The functions r?*sin2rn0 and r2*(Inr - sin 2n6 + 6 cos 2n@) are harmonic, p €

C! ([0, 1), p(0) = 0, so, from [6] the first series in 21.20) is the function from the
class C(Q) N C*(Q).

From Lemma 21.1 and the estimates (21.19) we have under Weierstrass theorem
that y € C(Q).
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On V]a,b] x [c,d] C (0,1) x (0, ) it remains to investigate the uniform
convergence of the series from the first and second-order derivatives on r, 6 of func-
tions

1

1
B,(r,0) = E/SG,,(V, )it —1(8)ds - 6 cos 2nd = by,(r) - 6 cos 2nb,
0
1

1
Cy(r,0) = E/sG,,(r, 8)itp, (s)ds - sin2nf = ¢, - sin2nh,
0
1

1 _
D,(r,0) = E/an(r, $)itrn—1(s)ds - sin2n6 = d,, - sin 2nf.
0

. . . . 52
From the estimates (21.19) we obtain that the series from derivatives Ul

© 30> 967
converge on Q uniformly under Weierstrass theorem.
For Vr € [a, b], Vn > 1

r 1

1
bu(r) = 4 (0 =72 [ 2y s 2 [ s, 1)
0 r

.
b (r) = %(ﬂ"*l + 2l / s 1 (s)ds + (21.21)
0

I
1
N 5rzn—l / (21 =2 (s,
r

(summands which do not contain integrals are mutually canceled)

.
1
b!(r)= 5 ((Zn — "2 4 (=2n— 2)r_2”_2) / 2 1 (s)ds +
0

1
1
+ E(2n — 2 / (2 12 (8)ds + fa—1 (). (21.22)
r

r2n+l
2n+2°

-
Since [s*"tlds =
0
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r2n+1 r272n

2n+2+2—2n’

1
n
/(sszrl _ s172n)ds — _ 5 _

1—n

then 3C| > 0 such that

2n—1

, C «
b, (r)| < o (IP2n—11 + P24,
so, the series Z 3:Bu(r, 0), z arCn(r 0), Z 33303 (r,0), Z drae Cy(r,0)

converge umformly on [a, b] >< [c d].
From the same estimates |b’ /

series Z o 2B (r,0), Z C (r, 0) converge uniformly on [a, b] x [c, d].
For the function d,, (r) We have Vr € [a, b]:

r r

1 1 -
dy(r)= o7 / iy (9)ds = o5 1 / 5P i1 (s)ds +
0 0

r r
1 1
b [ st s + [ 2, (0ds -
an 4n .
0 0

r r

—2n —2n1p

A / 2 In ity (s)ds + —— / S i, 1 (s)ds +
4n in

0

1 1
1 - 1 -
+ wrby / S_2n+lu2n—1 (s)ds — @rh / s2n+luz’171 (s)ds +

r r
1 / 1 /
+ /szn'H In sitan_1 (s)ds + —r*" lns/ s 1 (s)ds —
dn 4n .

r r

1 1
1
2 In v/ 2t 1 (s)ds + 4—)’2" / 72 N sitn,_ 1 (s)ds,
n
.
1 "
dy(r) = r! / iy ($)ds — -2 / " ity 1 (s)ds +
0 0
1 r 1 r
+ Erz’ﬁl /sz"Jrl In sity,,—1 (s)ds + 5(2”2"7' Inr+ r2"71) /s2"+1ﬁ2,,_1(s)ds +
0 0

r

-
1 1
+ Er_zn_' /sz"'*'I In sity,,—1 (s)ds + E(—an_zn_l Inr+ r‘z"_l) /32”+1ﬁ2,,,1(s)ds +
0 0
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1

1
1
,1/ —2n+1u2n 1(Y)dv _ ﬂ’,Zn—l /s2n+l&2n71(s)ds +
r

1
1 1
+ Erz"*l /SZ"Jrl In sitp,_1 (s)ds + y (271;’2"7l Inr+ rznfl) / S G ()ds —

r r
1

1
1 1
~ i (anz”*l Inr+ r2”*1) /S72n+117¢2n_1 (s)ds + Erz"*l / 52 n sitn,_ 1 (s)ds.
n

Since
h 1 r2n+1
/s2”+l Insds = —— 2" np - —
2n+1 2n + 1)2
0
then 3C, > 0 such that
2n—1

C) «
|d;, ()] < o (Ip2n—11 + |p2al)s

s0, the series Z D (r,0), Z araeD (r, 0) converge uniformly on [a, b] x [c, d].

It is easy to see that 3C3 > 0 such that

a2n—1

|d, (r)] < C;5 - (Ip2n—11 =+ |p2al)-

Hence, the series Z Dn(r, 0) converges uniformly on [a, b] X [c, d].
2

Thereby, y € C (Q) NcC 2(Q) and Theorem is proved.

Remark 21.1 Ifu(r,8) € C(Q) and for some constant C > 0 ¥n > 1 |u,(r)| < —2,
then the control u# is admissible in the problem (21.1)—(21.2), that is the correspondmg

function y(r, 6) from (21.5) defines classical solution of (21.1).

21.4 Conclusions

In this paper we proved a solvability of the optimal control problem on the classical
solutions of elliptic boundary value problem in a circular sector with equality of
flows on radiuses and equality of the solution on the one from radiuses to zero in
distributed control class for quadratic cost functional.
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