Chapter 14

Inertial Manifolds and Spectral Gap Properties
for Wave Equations with Weak and Strong
Dissipation

Natalia Chalkina

Abstract Sufficient conditions for the existence of an inertial manifold for the
equation u;; — 2ysAuy + 2yuy — Au = f(u), ys > 0, y,» > 0 are found. The
nonlinear function f is supposed to satisfy Lipschitz property. The proof is based
on construction of a new inner product in the phase space in which the conditions of
a general theorem on the existence of inertial manifolds for an abstract differential
equation in a Hilbert space are satisfied.

14.1 Introduction

In the theory of nonlinear evolution partial differential equations, great attention is
paid to long-time behavior of dynamic systems. Some way of such description relates
with notion of an inertial manifold (see [5, 6, 9]).

Let us consider an initial-value problem for an abstract differential equation in a
Hilbert space,

d
Ey+Ay = F(y), y €A, (14.1)

Y],_g =0 €. (14.2)

Here A is a linear operator and F is a nonlinear operator. Suppose problem (14.1),
(14.2) has a unique solution y for any yp € 7. Hence, this problem generates
a continuous semigroup {S(t) | ¢+ > 0}, acting in the space .7 by the formula
S(t)yo = y(t) € H.

Definition 14.1 A Lipschitz finite dimensional manifold .# C J¢ is an inertial
manifold for the semigroup S(¢) if it is invariant (i.e., S(¢).# = .#, ¥t > 0) and it
satisfies the following asymptotic completeness property:
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Vyo € 3y € A such that | S(t)yo — S®)Jollw < qUyollw)e™ 1 >0,

where the positive constant ¢ and the monotonic function ¢ are independent of yy.

Inertial manifolds enable one to reduce the study of the behavior of an
infinite-dimensional dynamical system to the investigation of this problem for some
finite-dimensional dynamical system generated by original system on an inertial
manifold.

For the abstract equation of the form (14.1), there are known sufficient conditions
under which there is an inertial manifold in the Hilbert space 77 (see [3]). Let us
present these conditions. Let A be a linear closed (possibly unbounded) operator with
dense domain Z(A) in S and let the spectrum o (A) of A be disjoint from the strip
{m < N¢ < M}, where M > 0, M > m. Denote by P the orthogonal projection to
the invariant subspace of A corresponding to the part of the spectrum o N {RN¢ < m}
and write Q = Id — P. Assume that the space P (J¢) is finite-dimensional.

Theorem 14.1 Let the space 7€ be equiped with an inner product in such a way
that the space P (7€) and Q () are orthogonal and the following relations hold:

(Ay,y) <mly?  Vye P(H), (143)
(Ay.y) = MIy]> ¥y e Q) NI (A). ‘
Moreover, let F(y) be a nonlinear function such that F(0) = 0 and let F satisfy the
Lipschitz condition with the constant L, where

2L < M —m. (14.4)

In this case, there is an inertial manifold # in the Hilbert space ¢, and this
manifold is the graph of a Lipschitz continuous function ®: P(H) — Q(H).

In the present chapter, an initial-boundary value problem for a wave equation
with weak and strong dissipation is considered. The nonlinear term depends on the
unknown function u, these term is assumed to be Lipschitzian,

Uy — 2y5Aug + 2yu; — Au = f(u).

For this equation, we obtain a condition on the Lipschitz constant of the func-
tion f which ensures the existence of an inertial manifold. The result is stated in
Theorems 14.2 and 14.3. The proof is based on construction of a new inner product
in the phase space in which the conditions of Theorem 14.1 are satisfied.
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14.2 Statement of the Problem and Spectrum of the Linear
Operator

In a bounded domain £2, we consider the inertial-boundary value problem for a wave
equation with dissipation,

Uy — 2y Auy + 2p0ur — Au = f(u), ulpe =0, (14.5)
uli=0 = uo(x) € H(} (£2), ulr=0 = po € L2(82). (14.6)

Here y,, and y; are positive coefficients of the dissipation, and the nonlinear function
f is continuously differentiable and satisfy the global Lipschitz condition,

[fO) = fO)l <llvi—w2|  Vvi,meR, (14.7)

Moreover, let f(0) = g(0) =0.

Under these assumptions, problem (14.5), (14.6) has a unique weak solution
u € C([O, Tl; HOI(SZ)), oiu € C([O, TI; Lz(.Q)) for any T > 0 (see [7, 8, 10]).
Hence, this problem generates a continuous semigroup {S(¢)}, t > 0, acting in the
phase space 7 = H(} (£2) x Ly(£2) by the formula

S()(uo(x), po(x)) = y(t) = (u(t, x), p(t,x)) € H,

where u(z, x) is a solution of the problem (14.5), (14.6), p(¢, x) = o,u(t, x) stands
for the derivative of this solution w.r.t. t, and y = (u, p) € .

Let us represent the initial-boundary value problem in the form of an ordinary
differential equation to find the unknown vector function y = (u, p) € S,

d o -l 0
aorar=ron av=(0,0, T ) ror=(s0)

Let ex(x) and Ax be the eigenfunctions and the eigenvalues of the operator —A in
the domain 2 with the Dirichlet conditions on the boundary,

—Aer(x) = her(x), ex(x)],, =0, ex(x) 0,
O<Ai <A <A <. — +00.

Denote by (-, -) s and || - || the standard inner product and the corresponding norm
in the space .77, namely,

9]

0 9w = (Vu, Vi) + (p, p) = D Okl + pri) »
k=1

where uy = (u, ex), px = (p, ex), and (-, -) stands for the inner product in L;(£2).
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The two-dimensional subspace .77 with basis (eg, 0), (0, ex) is invariant under
the operator A. The restriction of the operator A to the subspace .77 has the matrix

0 -1 .
A = . The eigenvalues of Ay are equal to
k (Ak20w4-mkw) & kareed

Mk = Ve — Vg — M and ve =y + /v — M

where we denote yx = Y + ¥sik. In Figs.14.1 and 14.2, we show the qualita-
tive displacement of these eigenvalues on the complex plane in two cases, namely,
4ywyvs < 1 and 4y, > 1. In the first case, the operator A has both real and nonreal
eigenvalues and, in the other case, all eigenvalues are real.

If the orthogonal projection P satisfies the assumptions of the Theorem 14.1, then
the image P (s¢) (which is finite-dimensional) must correspond to finitely many
eigenvalues of A belonging to the domain {Re{ < m}. However, uy — 1/(2y;) and

Fig. 14.1 4y, y, <1 A
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Vp — 400 as Ay — +00, and thus the quantity m must be less than 1/(2y;). In the
case 4y, ¥s < 1, to the values ui and v lying to the left of the accumulation point
1/(2ys) there correspond values A; < 1_22% If 4y, 75 > 1, then ux < 1/Q2ys)

for any k.

14.3 Sufficient Conditions for the Existence of Inertial Manifolds

In this section, we present conditions for the existence of a gap both in the real part
(Theorem 14.2) and in the nonreal part (Theorem 14.3) of the spectrum of A.

First let us consider a gap in the real part of the spectrum. Thus, for 4y, ys < 1,
the additional condition m < I_—W‘

2y¢

is imposed, which corresponds to the

inequality Ay <

Remark 14.1 1f Eq.(14.5) has not strongly dissipative term (i.e., y; = 0), then the
circle to which a part of eigenvalues of the operator A belongs (see Fig.14.1) is
transformed to the vertical line {$i¢ = y,,} (see Fig. 14.3), and the condition on m
becomes m < y,,.

Write
V1, if 1 < 2y5y1; ey
Ve = 1 1/Qys),  if2ys71 < 1 <2p5yn41; A= . =
. )
YN+1s if 2y5yNy1 < 1
Fig. 14.3 Weak dissipation, A _
y;g: 0 cal 1§§1pa 10n Irn R/e C — 7w
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Theorem 14.2 Let f satisfy condition (14.7). Moreover, suppose that there is an N
such that the following inequality holds:

l
2\/2——k < UN+1— KN = YN+1—/ V;%/_H — AN41— YN+ VR — AN, (148)
Vi = Ax

and, if 4y, vs < 1, then the following inequality also holds:

I =2ypys — 1 —490¥s
2y2 '

AN41 <

In this case, there is an N-dimensional inertial manifold for problem (14.5), (14.6)
in the space F .

Remark 14.2 1f y; = 0, then condition (14.8) coincides with the similar condition
obtained in [4].

Remark 14.3 1If there is no weak dissipation, then all real point of the spectrum of
the operator A are located to the right of the number 1/(2y;) (see Fig.14.4), and
Theorem 14.2 cannot be applied to this situation.

Now we consider case of spectral gap in nonreal part of spectrum. Hence we
assume that 4y, s < 1.
Let values m and M be chosen in such a way that

| = JT= 47, 1
TN T e M < —, (14.9)

2ys N 2ys

Fig. 14.4 Strong dissipation, A
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and the spectrum o (A) of A be disjoint from the strip {m < MR¢ < M}, but the set
o (A) N {N¢ < m} is not empty.

Let numbers ki, kp are such that values v, and vi,41 belong to the domain
{M¢ > M}, and numbers v, 41 and v, belong to the domain {H¢ < m} (see
Fig. 14.5). Thus for vi € R or v; € R, v; < m we have k; = 0; for the converse
case we get Nvg, 1 <m < M < Ryy,.

If there are not numbers vy to the left of the strip, then we have M < vy,
and M < Ry, = vk, = vg,. Otherwise number k; is such that Ry, <m < M <

.‘Rvkz_H.
Denote numbers ¢, 7, s7; and sy. First if k; = 0 then formally write

»; = —+o00. In the other case write s; = v/szl — Ak;- Secondly if ko = kj then
formally write s¢;; = 371 = +00. Otherwise denote ;1 = Sk, 41, #2111 = Sky>

where
Sp = +/m? = 2myg + A +m — yi. (14.10)
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Fig. 14.5 A spectral gap in nonreal part of the spectrum
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Finally write Aps = (M — y,,)/vs and s¢;y = /Ay — M2.

Theorem 14.3 Let nonlinear function f satisfies condition (14.7). Moreover, sup-
pose that the following inequality holds:

2l < (M—m)min{%l, iy, X111, %Iv}. (1411)

Then there is a (2ka — ky)-dimensional inertial manifold for problem (14.5), (14.6)
in the space F€ .

Remark 14.4 Tt follows from condition (14.11) that there are enough large gaps in
the spectrum of operator —A in domain §2. Actually, we have

2
spy = /)\M—Mzz M=y —ysM _

Vs
_ A M Ay =4y ME 1 —dyys — QrM = D2 VT AR
B 47/52 a 4%'2 2ys '

Moreover, the inequalities yx, < m and M < yi,+1 hold by definition of the

H 1 1— 174)’w}’.€
number k;. Indeed if vg, € R, then we have v, < T Ve < Vz%
(see (14.9)); otherwise we have yx, = R, < m. Similarly if vg,41 € R, then we

I+ 1=4ywys
2ys

<m

have v, > ZL%_, Vio > > M otherwise we get Yk,4+1 = Nvgy41 > M.

Thus, by (14.11) it follows the inequality,

V1T =4y ys V1T =4yys

2l < (Vig+1 — Yip) o = (My+1 — Aky) 5

This means that there are spectral gaps on the order of /:

Mo+1 — Ay > 411 — 4y, 5.

The proofs of Theorems 14.2 and 14.3 are based on the construction of a new
norm in the phase space .7, in which the assumptions of Theorem 14.1 are satisfied.
Note the schemes of the new inner product construction are essentially different for
gaps in the real part and in the nonreal part of the spectrum. Then this two cases are
considered separately. In the present chapter we prove Theorem 14.3. The proof of
Theorem 14.2 presented in [1].

Remark 14.5 The case of the gap in the nonreal part of the spectrum was par-
tially studied in [2], where a strongly dissipative wave equation (i.e., y,, = 0) was
considered.
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14.4 Proof of Theorem 14.3

Let us decompose the entire phase space .77 in direct sum of spaces that are pairwise
orthogonal, 5 = JA4 @ J5 @ ... ® G, B %, where every subspace 7%, k =
1, ..., ko, is two-dimensional and corresponds to the eigenvector e, with respect to
uand p,and o = (A D IL D ... D %(Z)J- is the subspace of codimension
2k, which corresponds to the eigenvectors eg, 41, €x,42, . . . of the Laplace operator.
Note that the spaces 7%, k = 1, ..., ko, and 7%, are invariant with respect to the
action of the linear operator A.

The new inner product [-, -] introduced below preserves the condition that the
spaces 4,k = 1, ..., kp, 0o, are pairwise orthogonal and modifies the inner product
in each of these subspaces. Thus, if y = (u, p) € J¢ and the orthogonal projections
of y to 7 are denoted by yr = (ukex, prex) € 5.k =1, ..., ko, 0o, then the new
norm in .7 is defined by the formula

ko
NI =D Iz + yool 12
k=1

14.4.1 New Norm in the Spaces 7,k =1, ...,k

By definition the number &y, for k = 1, ..., k; the eigenvalues u; and vy are real
and lie to the different sides of the strip {m < ¢ < M}. We introduce the new
inner product in such a way that the eigenvectors & and 7y, which correspond to the
eigenvalues 1 and vy, are orthogonal with respect to this inner product.

Define a new inner product [-, -]¢ of vectors y = (u, p), y = (4, p), y,y € 4
by the rule

Ly, 71k = @y — ), @) + e, B) + ve(p, i) + (p. ).
The following assertions hold.

Lemma 14.1 The eigenvectors & and ni corresponding to the eigenvalues i and
Vk, are orthogonal with respect to the new inner product.

Proof The eigenvectors of the matrix Ay in the space J#; are the vectors & =
(1, —pg) and g = (1, —vg). It follows from pug + v = 2y% and wx vy = Ag that

[, Mk = 202 — M — V(e + vi) + peve = 0.

Since 7/1(2 > Ay for k < ky, it follows that the new inner product defines the norm

NYIIE = [y, vIk = 2 — 20 llull® + llyeu + plI*.
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Let us prove that

Lemma 14.2 The minimum of the function k1(y) = y> — A(y), where A(y) =
Y = Yw

Vs

, on the interval y € [y1, Yk, ] is achieved at the point y = yy,.

Proof Let us show that the derivative of kj(y) is negative on the interval y €
[¥1, ¥k, 1. Indeed, by definition of the number k| we get y < yi, < 1/(2y;). Hence
for y < yx, we have

Vslflg, =2yy; — 1 <0.

Thus, the function « () decreases on the interval y € [y1, ¥k, |, and its minimum is
attained at y = yy,.

Since Lemma 14.2 the following estimate of the norm of the vector y = y; +-- -+
Yki» Yk = (ug, px) € %, holds

k1 k1
|||y|||2:Z|||yk|||1%22()’13—)%)”’/%”2Zlglinkl { —Ak} Z”uk”z
k=1 k=1 -

= (¢ — M)llul® = s lull®. (14.12)

14.4.2 New Norm in the Spaces 7, k = k1 + 1, ...,k

By definition the numbers ki, k for k = k1 + 1, ..., kp the eigenvalues py and vy
belong to the domain {1 < m}. In this section, we introduce the new inner product
[-, -1k in the spaces 7%, k = k1 + 1, ..., kp, in such a way that [Ay, y]x < m[y, ylk
for any vector y € J%.

Define the new inner product [-, -]z of the vectors y = (u, p), ¥y = (u, p),
y, ¥ € % by the rule

[y, Ik = bi(u, it) + vi(u, p) + vk (p, ) + (p, p),

where by = ykz + s,% and the numbers s are defined in (14.10).
Define the auxiliary function

S() = \m? = 2ym +A() +m -y,

where A(y) = (v — vw)/¥s- Then s(yx) = sk. For y € [k +1, vk, ] the value s(y)
is real. Actually, by the choice of k1, k> we have m > Ry = N (y +y? - A(y))

for y € [Vk;+1, Yk, ]- Hence m > y, m? —2ym + A(y) > 0.
Since the numbers sy are real, we see that the inner product defines the norm
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HIyIIE = D yle = sgllul® + Iy + pl>.
The following assertions hold.
Lemma 14.3 For any vector y = (u, p) € 7%, [Ay, ylr < mly, y].
Proof Since vy = v, + YsAk, we see that Ay = (—p, Ayu + 2y p) and

[Ay, yIk = —=bi(p, u) — vi(p, p) + vi(gu + 2y p, u) + (Mgt + 2y, p, p) =
viorllull® + Ry — br + ), p) + vl pl>.

Then

[AY, VIk — mly, Yl = (vehe — mby)|lull* +
+ Q¢ — by + h — 2my)(u, p) + (v —m)|I pll>.

Simple monomorphisms can show that the determinant of the last quadratic form is
equal to

D = 2y} — bi + M — 2myp)* — d(yihk — mby) (ye — m) =
= (b — M — 2(m — y)*)? — 4y — m)*(m* — 2ym + Ap).

The reader will easily prove that

br — 2m% + 2y 2m — yi) — A = 2(m — yi)Jm? — 2yem + Ay

Thus D = 0. Moreover, since Y, —m < 0 then the quadratic form [Ay, y]x—m[y, ylk
is confluent and nonpositive. This completes the proof of the lemma.

Let us show that ming, 41 <x<k, {5k} = min{sk,+1, Sk, }-

Lemma 14.4 The minimum of the function s(y) on the closed interval I =
[Vk,+15 VK, ] is attained at the ends of the closed interval.

Proof The derivative of s(y) is given by

J = —2ysm + 1 B
Y 2y/m? = 2ym + A(y)

1.

Since 2y;m < 1 then s)/, has the same sign as the following expression

(1— 2)/sm)2 — 4)/5,2(m2 —2ym+A(y)) =1—4y;m + 4)/52m2 —
—4y2(m? —2ym) — 4ys(y — yi) = | — dysm + 4y + 4ys Qysm — Dy.
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The last expression is linear with respect to y and the leading coefficient is negative.
Hence, s}’, may have only one root on the interval I and this root corresponds to the
maximum of s(y). We get that the minimum of s is attained at the ends of the closed
interval.

By Lemma 14.4 the minimum of s for k1 + 1 < k < kj is achieved either at
k = ki + 1 or at k = kp. This implies the following estimate of the norm of vector
Y= Yo+t + oo+ Yios Yk € S,

ko ko k2
2 2 2 : 2 2
= > wlEz > el = min {2] D ju?=
ki+1<k<ka
k=ki+1 k=k;+1 k=ki+1
.2 2 2 .22 2
> min{s7, 1, 52 Mull® = min{>;, 57, lul?. (14.13)

14.4.3 New Norm in the Space 7%

The space %% is infinitely-dimensional. We introduce the new inner product [-, -],
which is equivalent to the standard one, in such a way that for any vector y € %%,

[Ay, y]oo = My, ¥]so.
Define the inner product of vectors y = (u, p) € %,y = (i, p) € %, by the
rule

[y, ¥loo = (1 =2Mys)(Vu, Vi) + 2Myshp (u, ) + M (u, p) +M(p, i) + (p, p),

where Ay = % By (14.9) we have Ay > M?. Moreover, for any vector y =
(ua p) € t%OO’

Yko+1 —

Y
IVull® = hgyprllul® = Y lull? = darllull. (14.14)

S

Corresponding norm is defined by the formula
I3 = (1= 2My)|IVull* + M Qysha — M)|ull* + | Mu + p*.

Lemma 14.5 The norms ||y|loo and ||y || g are equivalent on the space Hxo.

Proof Since 2y;M < 1 and
Iyl3 < (1 =2My)IVull* + MQyshp — M)|ull® + (Mllull + 1| p1))°,

it follows that the quantity |||y|||§o is bounded above by a quantity depending on
IVu||* and || p]|*.

Let us find a lower bound for |||y|||go. For some ¢ > 0, we have Ay (1 —¢) > M?2.
With regard to (14.14), we have
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2 2 2 2 2
IvllZ, = (1 = 2My)IIVull* + @Myshy — MO|ull* + |Mu + p||* >
> el Vul? + (1 = 2Mys — &)|Vull® + iy QMy; — 1+ &) |Jul* +
£ el M
+ IMu + plI? = &||Vul? + |Mu + p||* > 5||V+u||2 + T”””2+

+ (M lull — I pID>.

The expression on the right-hand side is a positive-defined quadratic form in ||Vu],
llu|| and || p|, which can be estimated below by multiple of || Vul||> + || p|I°.

Lemma 14.6 For any vector y = (u, p) € o,

Iyllce = vAm — M2 ||ull = sy |ul. (14.15)
Proof By (14.14) we have

IylZe = (1= 2My)hn + 2Myghan) lull> = 2M ulll pll + Il pll* =
= G = M) |ul® + (Mlull = [P = s — MP)Ju.
Lemma 14.7 For any vector y = (u, p) € 7 N Z(A), [Ay, y]leo = M[y, ¥]co-
Proof Withregard to M = y,, + ysApy, we have

[y, Yloo = (1 = 2My) |Vull*> + 2M (M — p) lull> + 2M (u, p) + I plI*;
Ay = (—p, —Au +2y,p — 2y; Ap);

[Ay, yloo = — (1 =2My)(Vp, Vu) + 2M (M — y,,)(—p, u) + M(—p, p) +
+ (—Au + 29 p — 275 Ap, Mu + p)=M || Vu|*+4My,(V p, Vu) +
+ 2% IV PI? + 2M 2y — M), p) + Ry — M) plI>.

It follows that

[AY. Yloo — MLy, yloo = 2M>y,||Vul|* + 4My;(V p, Vu) + 2%,V p||* —
— 2M*(M — y)lull® +2M 2y, — 2M)(u, p) +
+ Que —2M) | p|* =
= 2y |MVu + Vpl* = 2yshyl|Mu + p|*.

The last expression is nonnegative by (14.14).
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14.4.4 End of the Proof of Theorem 14.3

Denote S = (nieq, ..., Nk €k )s HE = &rer, ..., &k ex ), A = " @
Hy+1 @ ... I, A = A5 @ A The spaces ! and #!! are orthogo-
nal to each other with respect to the new inner product.

Since A(&rer) = ik (Ever), A(nrer) = vi(nrey) fork =1, ..., ky, it follows that

[Ay, y] < max w-[y,y]1=pugly,yl VYye A5, (14.16)
I<k<k,

[Ay,y] > min v -[y,y] =vgly,y] Vye . (14.17)
1<k<k;

It follows from condition (14.16), Lemma 14.3, and the inequality m > p, that
[Ay.yl <mly.y] Vyen'. (14.18)
Also, condition (14.17), Lemma 14.7, and the inequality M < v, imply that
[Ay,y] > Mly,y]1 Vye#'"'na®A). (14.19)
Since the vector F (y) has zero u-component, it follows that

WED) — FOll = 1F () — FO)lle = I1f ) — fu)ll < Huy — uzl.
(14.20)

By estimates (14.12), (14.13), (14.15) of the vector y = y1—y2 = y1+. ..+ Yk +Yoos
Yk € Hi., Yoo € Ho, We Obtain

ki k2
2 2 2 2 L2 2 2 2
Iy =D 0ol + D" Wkl + NyeollZe = min{se?, 522, 563, s2hy Hlull .
k=1 k=k1+1

(14.21)
It follows from inequalities (14.20) and (14.21) that

Hiyy = y21l
min{se, »qp, >y11, #1v)

IF D) — FO)ll < Hlur —uzll =

Thus the global Lipschitz constant L for the function F(y) is equal to

l

L = — .
min{sey, 217, 21171, 21v}

Let us define the orthogonal projection to the (2k; — k;)-dimensional space .72/ =
P(J€) and denote it by P and define the orthogonal projection Q = Id — P to
A @ Ay = Q(H). Then the inequalities (14.18) and (14.19) acquire the form
(14.3), and the spectral gap condition (14.4) is equivalent to condition (14.11).
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Thus, all conditions of Theorem 14.1 are satisfied, and thus the space .7’ contains

an integral manifold which dimension is equal to that of the subspace .7/, i.e., to
2k, — k1. This completes the proof of the theorem.
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