Chapter 13
Topological Properties of Strong Solutions
for the 3D Navier-Stokes Equations

Pavlo O. Kasyanov, Luisa Toscano and Nina V. Zadoianchuk

Abstract In this chapter we give a criterion for the existence of global strong
solutions for the 3D Navier-Stokes system for any regular initial data.

13.1 Introduction

Let 2 € R? be a bounded open set with sufficiently smooth boundary 3£2 and
0 < T < 4-00. We consider the incompressible Navier-Stokes equations

i+ (- V)y=vAy—=Vp+fin Q=2 x(0,7),
divy=0inQ, (13.1)
y=00nd2 x(0,7), yx0)=yo(x)in 2,

where v > 0 is a constant. We define the usual function spaces

YV = {ue (C(2))* : divu =0},

H = closure of ¥ in (L*(2))*, V = {u e (H}(£2))* : divu = 0}.
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We denote by V* the dual space of V. The spaces H and V are separable Hilbert
spaces and V C H C V* with dense and compact embedding when H is identified
with its dual H*. Let (-, -), || - |z and ((-, -)), || - |lv be the inner product and the
norm in H and V, respectively, and let (-, -) be the pairing between V and V*. For
u,v,w € V, the equality

3
a .
b(u,v,w) = / Z uia—v]wjdx
h Xi
Q

i,j=1

defines a trilinear continuous form on V with b(u,v,v) = O whenu € V andv €
(H}(£2))*. Foru, v € V, let B(u, v) be the element of V* defined by (B(u, v), w) =
b(u,v,w) forallw e V.

We say that the function y is a weak solution of Problem (13.1) on [0, T, if
y € L®(0,T; H)NLX0,T; V), & € L'(0, T; v¥), if

%(y, v) +v((y,v)) + by, y,v) = (f,v) forallveV, (13.2)

in the sense of distributions on (0, T'), and if y satisfies the energy inequality
V) (@) < V(y)(s) forallt e [s, T], (13.3)

fora.e.s € (0, T) and for s = 0, where

1

1 t
Vin = Elly(t)llﬁ + v/ ly(@l5dr — /(f(f)J(f))df- (13.4)
0 0

This class of solutions is called Leray—Hopf or physical one. If f € L*(0, T; V*),and
if y satisfies (13.2), then y € C([0, T']; Hy,), ‘;—f € L%(O, T; V*), where H,, denotes
the space H endowed with the weak topology. In particular, the initial condition
y(0) = yp makes sense for any yg € H.

Let A : V — V™ be the linear operator associated to the bilinear form ((«, v)) =
(Au, v). Then A is an isomorphism from D(A) onto H with D(A) = H>(2)’nV.
We recall that the embedding D(A) C V is dense and continuous. Moreover, we
assume ||[Aul|y as the norm on D(A), which is equivalent to the one induced by
(H%(£2))3. The Problem (13.1) can be rewritten as

dy = finV*
[ g T vAY+B(.y) =finV*, (13.5)
¥(0) = yo,

where the first equation we understand in the sense of distributions on (0, 7). Now
we write
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P(yo,f) ={ y: yis a weak solution of Problem (13.1) on [0, 7]}.

It is well known (cf. [1]) that if f € L2(O, T;V*),and if yg € H, then Z(yo, f) is
not empty.

A weak solution y of Problem (13.1) on [0, T'] is called a strong one, if it addi-
tionally belongs to Serrin’s class L3(0, T; (L*(£2))3). We note that any strong solu-
tion y of Problem (13.1) on [0, T] belongs to C([0, T]; V) N L*(0, T; D(A)) and
% cl? (0, T; H) (cf. [2, Theorem 1.8.1, p. 296] and references therein).

For any f € L*°(0,T; H) and yy € V it is well known the only local existence
of strong solutions for the 3D Navier-Stokes equations (cf. [1-4] and references
therein). Here we provide a criterion for existence of strong solutions for Problem
(13.1) on [0, T] for any initial datayg € V and 0 < T < +o00. Presented results were
announced in [5].

13.2 Topological Properties of Strong Solutions

The main result of this note has the following form.

Theorem 13.1 Letf € L0, T: H) andyog € V. Then either for any A € [0, 1] there
isany, € C([0,T; V)N L*(0, T; D(A)) such that ya € Z(Ayo, Af), or the set

{y € C([0,T1; V) N L*(0, T; D(A)) : y € Z(Ayo, M), A € (0, 1)} (13.6)

is unbounded in L¥(0, T; (L*(£2))3).

In the proof of Theorem 13.1 we use an auxiliary statement connected with conti-
nuity property of strong solutions on parameters of Problem (13.1) in Serrin’s class
L0, T; (L*(£2))%).

Theorem 13.2 Letf € L*(0, T; H) and yo € V. Ify is a strong solution for Problem
(13.1) on [0, T], then there exist L, § > 0 such that for any zo € V and g €
L*(0, T; H), satisfying the inequality

llz0 = yolly + llg = F 1720, 7.1y < 8- (13.7)

the set 9 (20, g) is one-point set {z} which belongs to C([0, T]; V)N L0, T; D(A)),
and

vV
Iz = ¥Eco,rpv) + 712 = Vi) =L (||zo —yolly + llg —f||§2(0,T;H)) . (13.8)

Remark 13.1 We note that from Theorem 13.2 with zo € V and g € L*(0, T; H)

with ||zO||%, + |l g||i2 (O.T:H) sufficiently small, Problem (13.1) has only one global

strong solution.
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Remark 13.2 Theorem 13.2 provides that, if for any A € [0, 1] there is an y, €
L3(0, T; (L*(£2))?) such that y; € Z(Lyo, Af), then the set

{y € C(10, T}; V) NL*(0,T; D(A)) : y € Z(hyo, M), € (0, 1)}

is bounded in L8(0, T (L*(£2))%).
If £2 is a C*°-domain and if f € C§°((0, T) x £2)3, then any strong solution y of
Problem (13.1) on [0, 7] belongs to C*®((0, T] x £2)3 and p € C*°((0, T] x £2) (cf.

[2, Theorem 1.8.2, p. 300] and references therein). This fact directly provides the
next corollary of Theorems 13.1 and 13.2.

Corollary 13.1 Let 2 be a C*°-domain, f € C3°((0,T) x 2)3. Then either for any
yo € V there is a strong solution of Problem (13.1) on [0, T], or the set

{y € C®(0,T] x 2)° : y € Z(hyo. M), A € (0, 1)}

is unbounded in L¥(0, T; (L4(.Q))3)f0r some yy € C8°(.Q)3.

13.3 Proof of Theorem 13.2

Letf € L>(0,T;H), yo € V,and y € C([0, T]; V) N L?*(0, T; D(A)) be a strong
solution of Problem (13.1) on [0, T']. Due to [6], [1, Chap. 3] the set Z(yo, f) = {y}.
Let us now fix zo € V and g € L2(0, T; H) satisfying (13.7) with

[ V] —21C 27¢* 77¢8 A 2
6 = min {1, Z} e . C = max m, W (”yllc([O’T]’V) + 1) B (139)

¢ > 01is a constant from the inequalities (cf. [2, 1])

Lol
b, v, w)I < cllully IVIG IV lwle Yu eV, v e D@A), weH;  (13.10)

3 !
1b(u, v, w)| < cllullpollullyIviviwla Yue D@A), veV,weH. (13.11)

The auxiliary Problem

14 vAn + B(n, m) + By, n) + B(n,y) = g — f in V*,
(13.12)
n(0) = z0 — yo,

has a strong solution n € C([0, T]; V) N L?(0, T; D(A)) with ‘fi—;’ € L*(0,T; H), i.e.
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d
E('I»V)-i-v((n, v)+bm, n,v)+bly,n,v)+b(n,y,v)=(g—f,v) forallveV,

in the sense of distributions on (0, T'). In fact, let {w;};>1 C D(A) be a special basis
(cf. [7, p. 56)), i.e. Awj = Mwj, j = 1,2,..,0 <A <Ay < ---, Aj > +00,
J — +oo. We consider Galerkin approximations 7, : [0, T] — span{w; ]’": | for
solutions of Problem (13.12) satisfying

d
E(nma w;i) + v(@ms wj)) + b0, s wi) + b, iy wi) + b, y, wi) = (g — f, wj),

with (9,,(0), wj) = (z0 — y0,w;),j = 1, m. Due to (13.10), (13.11) and Young’s
inequality we get

v 4
2(g = f. Anw) = 218 = Flrlmmlow < g Imlipey + I = gl
5 5 v 2 27¢* 6
=2bms s Anim) = 21y 10mlpay = S MHmlpay + 775 1mllv:

3 3 v 2 7t 4 2.
=2b(y, Nm, Anm) < 20”}’”V”’7m”v||77m||D(A) = E‘l’?m”D(A) + ﬁ”y”C(l(),TJ;v)”V]mHVa

i i v 2 7S 2
=2b(Mm» y, Anm) < 20||77m||[4)(A) ||nm||\4/\|y\|v =< E”’?m”p(A) + W”Y”C([oyr];v)”nm”w

Thus,
d 2,V 2 2 6 4 2
Ellnmllv + lenmllD(A) < CUnmlly + Inmlly) + ;Ilg —fly,

where C > 0 is a constant from (13.9). Hence, the absolutely continuous function
Q= min{llan%,, 1} satisfies the inequality %(p <2C¢—+ %I|g —f||%1, and therefore
¢ < Lz0=yol} +12=F122 g 7.y < 10010, T], where L = 5. Thus, {n}uz1 s
bounded in L>(0, T; V) NL*(0, T; D(A)) and { %1, },> 1 is bounded in L*(0, T; H).
In a standard way we get that the limit function 1 of 1,,, n — 400, is a strong solution
of Problem (13.12) on [0, T]. Due to [6], [1, Chap. 3] the set Z(z9, g) is one-point
z=y+ne L8(0, T: (L*(£2))). So, z is strong solution of Problem (13.1) on [0, T]
satisfying (13.8).
The theorem is proved.

13.4 Proof of Theorem 13.1

We provide the proof of Theorem 13.1. Letf € L? (0, T; H) and yg € V. We consider
the 3D controlled Navier-Stokes system (cf. [8, 9])
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dy

where z € L3(0, T; (L*(£2))%).

By using standard Galerkin approximations (see [1]) it is easy to show that for
any z € L8(0, T; (L*(£2))?) there exists an unique weak solutiony € L*°(0, T; H)N
LZ(O, T; V) of Problem (13.13) on [0, T], that is,

% o, v) +v((y,v)) + b(z,y,v) ={f,v),forallv eV, (13.14)

in the sense of distributions on (0, 7). Moreover, by the inequality

1 7 )
b, v, AV < el gy VIV Vb < 5 101Bey + c2lulys gy VT
(13.15)

for all u € (L*($2))? andv € D(A), where ¢1, ¢, > 0 are some constants that
do not depend on u, v (cf. [1]), we find that y € C([0,T]; V) N L2(O, T;D(A))
and B(z,y) € L%(0,T; H), so % € L*(0,T; H) as well. We add that, for any
z € L8%0,T; (L*(£2))%) and corresponding weak solution y € C([0,T]; V) N
L%(0, T; D(A)) of (13.13) on [0, T1, by using Gronwall inequality, we obtain

2cy [ lzo))® dr
O3 < llyol2e 0 “4@”3, Vi € [0, T];

2¢3 f lz 8

T dt
L4 (£2))3
v [ Iy®O13udt < Iyoll} | 14 2c2e 0
0

| “LS(O T; (L4(Q))3)

(13.16)

Let us consider the operator F : L8(0, T; (L*(£2))3) — L3(0, T; (L*(£2))?), where
F(z) € C([0,T]; V) N L*(0, T; D(A)) is the unique weak solution of (13.13) on
[0, T] corresponded to z € L8(0, T; (L*(£2))3).

Let us check that F' is a compact transformation of Banach space L8(O, T;
(L*(£2))?) into itself (cf. [10]). In fact, if {z,},>1 is a bounded sequence in L8(0, T’
(L*(£2))?), then, due to (13.15) and (13.16), the respective weak solutions y,,
n=1,2, .., of Problem (13.13) on [0, T] are uniformly bounded in C([0, T']; V) N
L*0,T; D(A)) and their time derivatives dgt" ,n=1,2, ..., are uniformly bounded in
L2(0, T: H). So, {F (zn)}n>1 1s a precompact set in L3/0, T; (L*(£2))?). In a standard
way we deduce that F : L8 O, T; (L4(.Q))3) — L8(O, T; (L4(.Q))3) is continuous
mapping.

Since F is a compact transformation of L8(0, T; (L*(£2))?) into itself, Schae-
fer’s Theorem (cf. [10, p. 133] and references therein) and Theorem 13.2 provide
the statement of Theorem 13.1. We note that Theorem 13.2 implies that the set



13

Topological Properties of Strong Solutions 187

{z € L30, T; (L*(£2))%) : z=AF(2), A € (0, 1)}isboundedin L3 (0, T; (L*(£2))?)
iff the set defined in (13.6) is bounded in L8(0, T; (L*(£2))3).

The theorem is proved.
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