Chapter 12

Structure of Uniform Global Attractor
for General Non-Autonomous
Reaction-Diffusion System

Oleksiy V. Kapustyan, Pavlo O. Kasyanov, José Valero and Mikhail Z.
Zgurovsky

Abstract In this paper we study structural properties of the uniform global attractor
for non-autonomous reaction-diffusion system in which uniqueness of Cauchy prob-
lem is not guarantied. In the case of translation compact time-depended coefficients
we prove that the uniform global attractor consists of bounded complete trajecto-
ries of corresponding multi-valued processes. Under additional sign conditions on
non-linear term we also prove (and essentially use previous result) that the uniform
global attractor is, in fact, bounded set in L°°(£2) N Hé (£2).

12.1 Introduction

In this paper we study the structural properties of the uniform global attractor of
non-autonomous reaction-diffusion system in which the nonlinear term satisfy suit-
able growth and dissipative conditions on the phase variable, suitable translation
compact conditions on time variable, but there is no condition ensuring uniqueness
of Cauchy problem. In autonomous case such system generates in the general case
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a multi-valued semiflow having a global compact attractor (see [1-5]). Also, it is
known [1, 2, 6], that the attractor is the union of all bounded complete trajectories
of the semiflow. Here we prove the same result for non-autonomous system. More
precisely, we prove that the family of multi-valued processes, generated by weak
solutions of reaction-diffusion system, has uniform global attractor which is union
of bounded complete trajectories of corresponding processes. Using this result, we
can prove that under additional restrictions on nonlinear term obtained uniform global
attractor is bounded set in the space L>°(£2) N HO1 (£2).

12.2 Setting of the Problem

In a bounded domain 2 C R" with sufficiently smooth boundary 952 we consider
the following non-autonomous parabolic problem (named RD-system) [7-17]

{u, =alAu—f(t,u)+h(t,x), xef, t>r1, (12.1)

ulpe =0,
where 7 € R is initial moment of time, u = u(t,x) = (u'(t,x), ..., u" (¢, x)) is
unknown vector-function, f = (f L fN ),h = (hl, o WY ) are given functions, a
isreal N x N matrix with positive symmetric part %(a +a*) > BI,8 >0,

he Ll (R (L2(2)"), feC®RxRY;RY), (12.2)

3C,C0>0, ¥ >0,p;>2 i=1NsuchthatVreRVyeRVN

N N
DT < G+ VI, (12.3)
i=1 i=1
N . . N .
S =D P - . (12.4)
i=1 i=1

In further arguments we will use standard functional spaces

N
H = (L*(22))" with the norm |v|? :/Z|v"(x)|2dx,
o =1

N
V = (H}(2))V with the norm ||v|? =/Z|W(x)|2dx.
0 i=1
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Let us denote V' = (H' (@), qi = 25.p = @1, PN, 4 = (@1, s GN),
LP(2) = LP1(2) x -+ x LPN(82).

Definition 12.1 The function u = u(t,x) € L} (t,+o0;V)(L} (z,+0o0;
L7 (£2)) is called a (weak) solution of the problem (12.1) on (7, +00) if for all

T>t,veVNLI($)

%/u(r,x)v(x)dx + /(aVu(t, xX)Vv(x) + f(t, u(t, x))v(x) — h(t,x)v(x))dx =0
Q

2
(12.5)

in the sense of scalar distributions on (z, T).

From (12.3) and Sobolev embedding theorem we see that every solution of
(12.1) satisfies inclusion u; € LZM(r, +o00; H7"(82)), where r = (r1, ..., rN), 'k =
max{1, n( % — l)}. The following theorem is well-known result about global resolv-

ability of (12.1) for initial conditions from the phase space H.

Theorem 12.1 [18, Theorem 2] or [8, p.284]. Under conditions (12.3), (12.4) for
every T € R, u; € H there exists at least one weak solution of (12.1) on (t, +00)
with u(t) = u, (and it may be non unique) and any weak solution of (12.1) belongs
to C ([t, +00); H). Moreover; the function t — |u(t)|* is absolutely continuous and
for a.a. t > 1 the following energy equality holds

1d
EEIM(I)I2 + @Vu(), Vu@®) + (f (¢, u(®)), u(t)) = (h(r), u(1)). (12.6)

Under additional not-restrictive conditions on function f and # it is known that solu-
tion of (12.1) generate non-autonomous dynamical system (two-parametric family
of m-processes), which has uniform global attractor. The aim of this paper is to give
description of the attractor in terms of bounded complete trajectories and show some
regularity property of this set.

12.3 Multi-Valued Processes and Uniform Attractors

Let (X, p) be a complete metric space. The Hausdorff semidistance from A to B is
given by
dist(A, B) = supinf p(x,y),
xeA YEB

By A and O,(A) = {x € X | in/li,o(x,y) < e¢}we denote closure and
ye

e-neighborhood of the set A. Denote by P(X) (8(X), C(X), K(X)) the set of all
non-empty (not-empty bounded, not-empty closed, not-empty compact) subsets

of X, )
Ry ={(, 1) e R°|t > t}.
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Let X be some complete metric space {T(h): ¥ — X};>0 be a continuous
semigroup, acting on X'. Note, that in most applications 7' () is shift semigroup.

Definition 12.2 Two-parameter family of multi-valued mappings {U, : Ry X X
P(X)}sey is said to be the family of m-processes (family of MP),ifVo € X, t € R:
(1) Us(r,7,x) =xVxeX,

2) Us(t,t,x) CU;(t,s,Us(s,7,x)),Vt>s>1 VxeX,

3) Ust+h,t+hx) SUrpo(t,T,x)Vt 21T VA >0, Vx X,

where forA C X,B C X Up(t,s,A) = |J U Us(t,s, x) , in particular

oeBxeA

Ust.t.x) = | Ust, 7. ).

oeX

Family of MP {U,|o € X} is called strict, if in conditions (2), (3) equality take
place.

Definition 12.3 A set A C X is called uniformly attracting for the family of MP
{Uslo € X}, if for arbitrary T € R, B € f(X)

dist(Ux(t,t,B),A) — 0, t > 400, (12.7)

thatis Ve > 0, 7 € R and B € B(X) there exists T = T'(t, ¢, B) such that

Us(t,t,B) CO,(AVt>T.
For fixed B C X and (s, 7) € Ry let us define the following sets

Vi B = JUst, 7, B), v xB) = JUs(t, 7, B),

t>s t>s

ws(t.B) = ) clx(y{ 5 (B)).

S>T

It is clear that wx (t, B) = () clx(y; 5(B)) ¥p = t.

szp

Definition 12.4 The family of MP {U, |0 € X'} is called uniformly asymptotically
compact, if for arbitrary t € R and B € B(X) there exists A(t, B) € K(X) such that

Ux(t,7,B) —> A(t,B), t > +00 in X.

Itis known [19] thatif VT € R, VB € (X) 3T = T(z, B) yTT’Z(B) € B(X), then the
condition of uniformly asymptotically compactness is equivalent to the following

one:
VT e RVB e B(X) Vt, /1 o0

every sequence &, € Ux(t,, T, B) is precompact.
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Definition 12.5 A set ®x C X is called uniform global attractor of the family of
MP {U,|o € X}, if :

(1) ®jx isuniformly attracting set;
(2) for every uniformly attracting set ¥ we have @x C clxY.

Uniform global attractor @5 C X is called invariant (semiinvariant), if V (¢, 7) €
Ra
Oy =Us(t 1,0x5) (O CUx(t, 7, 0x)).

If ®x is compact, invariant uniform global attractor, then it is called stable if
Ve>0386§>0V(t,7) € Ry

Us(t,7,05(0x)) C O:(Ox).
The following sufficient conditions we can obtain with slight modifications
from [19].

Theorem 12.2 (/) Let us assume that the family of MP {Us |0 € X} satisfies the
following conditions:

(1) 3IByeBX)YVBe X))V e RIAT =T(t,B)
Vt>TUx(t, t,B) C Bop;

(2) {Us|o € X'} is uniformly asymptotically compact.
Then {U, }»cx has compact uniform global attractor

=) J os(t.B)=0z(0,B)) =wx(t.Bp) Yt eR.  (128)
teR BeB(X)

() If {Uy}sex satisty (1), (2), X' is compact and V¢ > t the mapping
(x,0) > Us(t, 7,%) (12.9)

has closed graph , then @y is semiinvariant.
If, moreover, YA > 0 T(h) X = X and the family MP {U,|oc € X'} is strict,
then @y is invariant.

(II) If {Us}sey satisty (1), (2), X is connected and compact, V¢ > t the mapping
(12.9) is upper semicontinuous and has closed and connected values, By is
connected set, then @ 5 is connected set.

AV) If {Uylo € X} is strict, T(h) X = X for any h > 0, there exists a compact,
invariant uniform global attractor ® 5 and the following condition hold:

l.f )711 € UE(tn, T5xn)7 tn - tO, Xn —> X0,
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then up to subsequence y, — yo € Ux (1o, T, X0), (12.10)

then @y is stable.

Proof (I) From conditions (1), (2) due to [19] we have that VT € R VB €
BX) wx(t, B) # @, is compact , wx (t, B) C By and the set

@):=U U wx(t,B)

7eR BeB(X)

is uniform global attractor. Let us prove that w x (7, B) C wx (19, Bg) V7, 79 € R.

t t t
Ua(ta TvB)CUU(ta 59 UU(E? taB))C UT(% + 70, 70, UO’(§7 T,B)) C

t
*To)ﬂ(z
t ot
C UE(E + 70, 70, Bo), if 5z I'(z,B)+ Il + 7| :=T.

So, fort > 2T
t
Ux(t,t,B) C Ux(i + 70, 70, Bo).

Then for s > 2T

t
Yuse. B c Uz (5 + 70, 70, Bo) = U Us®. . Bo,

t>s t>s [,2%+1—0

N Uvse.t.By=ws@.Bc (| |J Usp w. B

§s>2T t=s ‘YEZTPZ%‘FTO

- ﬂ UU);(p, 0, Bo) = wx (10, Bo).

s'>T+7o p=s’

So we deduce equality (12.8).

(I) Due to (12.8) V&€ € ®y = wx(t,By) 3, /S +oo, Jo, € X 3§, €
Us,(ty, T, Bo) such that§ = lim §&,. Then
n—oo

Ene Uy (ty—t—1t+t+71,7,B)) C

C U(rn(tn —t—-—T+t+ T, -1t+T, Ucr,l(tn —t+ 1,7, Byp))
C UT([,;*I)O'n (ty T, 77)1)7

where n, € U, (t, —t + 7, 7, Bp), t > 7 and for sufficiently large n > 1.
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From uniform asymptotically compactness we have that on some subsequence
M — 1 € wx(t,By) = Oy,

T(t, —t)o, > o € X.
Then from (12.9) we deduce :
§ eUs(t,7,0x),

and therefore @y C Uy (1, 7, Oyx).
Other statements of the theorem are proved analogously to [19]. Theorem is
proved.

Corollary 12.1 If for the family of MP {Uy }scx we have :
(1) YVh =0T(hXY = X;
(2) V(t, 1) e Ry Vh>0Vo € ¥ Vx e X

Uo-(t + h, T + h,x) = UT(h)o'(t’ T, -x)’

then all conditions of previous theorem can be verified only for t = 0.

Proof Under conditions (1), (2) Y > 7 if t > 0 then
Us(t,7,x) = Ur)e (t — 7,0, %),
andift <0thendo’' € ¥ : 0 =T(—1)0’, s0
Us(t,7,%) = Up(—0)or (1, T, %) = Ugr(t — 7,0, %).

In the single-valued case it is known [8], that the uniform global attractor consists
of bounded complete trajectories of processes {Uy }oex.-

Definition 12.6 The mapping ¢ : [7, +00) — X is called trajectory of MP Uy, if
Vi>s>1

o) € Us (2,5, 9(s)). (12.11)

If for ¢ : R — X the equality (12.11) takes place V¢ > s, then ¢ is called complete
trajectory.

Now we assume that for arbitrary 0 € X and t € R we have the set K} of
mappings ¢ : [t, +00) > X such that :

(@) Vx € X 3p(-) € K such, that ¢(7) = x;
(b) Yo() e K ¥s > 1 ¢()l[5,400) € K5

(©) Vh=0Vp() € K" o(-+h) € K, -
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Let us put
Us(t, 7, %) = {p)p() € K5, ¢(7) = x}. (12.12)

Lemma 12.1 Formula (12.12) defines the family of MP {Us}scx, and V() € KX
Vi>s>1 @) € Us(t,s, p(s)). (12.13)

Proof Let us check conditions of the Definition 12.2.

(1) Us(r,7,%) =0(1) =x;

(2) V& € Us(t,t,x) & = o@(t), where ¢ € KX, ¢(r) = x. Then for s €
[7,1] ¢(s) € Us(s, 7,x) and from ¢|[s 1o0) € KJ we have ¢(t) € Us(t, s,
©(s)). So

E € UO’([a Sa UU(S’ T,X)).

(3) VYeEeUys({t+h,t+h,x)&=q¢et+h), where ¢ € Kg”‘, ¢(t +h) = x. Then

V() =@ +h) €Ki, V(1) =x,50§ =¥ (1) € Urpo (1, T, x). Lemma
is proved.

It is easy to show that under conditions (a)—(c), if Vs > t V¢ € KX,V € K}
such that ¥ (s) = ¢(s), we have

Y, p €lr,s]

oo D> s €Kl, (12.14)

9(1?)2!

then in the condition (2) of Definition 12.2 equality takes place.
IfVh > 0 Vg € K;(h)a‘/’(' —h) e Kg*h, then in the condition (3) of Definition
12.2 equality takes place.

From (12.13) we immediately obtain that if for mapping ¢(-) : R — X for
arbitrary T € R we have ¢(-)|[r,+00) € K7, then ¢(-) is complete trajectory of U, .

The next result is generalization on non-autonomous case results from [20, 21].

Lemma 12.2 Let the family of MP {U, }scx be constructed by the formula (12.12),
Yo(-) € K is continuous on [t, +00), the condition (12.14) takes place and the
Sollowing one: if p,(-) € KX, @u(t) = x, then 3¢p(-) € KL, ¢(t) = x such that on
some subsequence

on(t) = @(t) Vi > 1.

Then every continuous on [t, +00) trajectory of MP Uy, belongs to K.

Proof Lety : [1,400) — X be continuous trajectory. Let us construct sequence
{gn()}52, C K7 such that

(T +27 =Y +27", j=0,1,..,n2".
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For ¢1(-) we have
1 1
w(t + E) € UO'(‘C + Ea T, ¢(7))1

1 1

Yv(t+1)eUs(t+ 1,7+ z,w(t—i— 5).
~ 1
So there exists ¢(-) € Kz, there exists ¢(-) € K;+2 such that
1 ~ 1.
ww+?=¢u+?,ww=ww,

= = 1 1
w@+D=wu+D,ar+?=wu+§y
Therefore due to (12.14) for function

¢(p), T<p<t+3,

=~ we have:
op). Pp>T+5

<P1(P)={

1 1
p1() €Ky, o1 (1) =¥ (), ei(t+ P =y +3) et +Dh=v+1).

Further, using (12.14), we obtain required property for every n > 1. As ¢,(7) =
Y (1),s03¢p(-) € KX, ¢(r) = ¥ (r) such that on subsequence Vt > t @,(t) — ¢(t).
AsVt =1 427" @(t) = ¥(t), so from continuity ¢(¢) = ¥ (¢) V¢ > 7. Lemma is
proved.

The following theorem declare structure of uniform global attractor in terms of
bounded complete trajectories of corresponding m-processes. It should be noted that
this result is known for single-valued case [8] and in multi-valued case for very
special class of strict processes, generated by strict compact semiprocesses, which
act in Banach spaces [22].

Theorem 12.3 Let X is compact, T(h) X = X' ¥ h > 0, the family of MP {Uy }scx
satisfies (12.12), in condition (3) of Definition 12.2 equality takes place, the mapping
(x,0) > Uy (1,0, x) has closed graph. Let us assume that there exists ® xy—compact
uniform global attractor of the family {Us}scx, and one of two conditions hold:
either the family of MP {Uy }sc x is strict, or

for every o,y — 00, Xy = X0 if @u() € K9, 0u(0) = x,,

sodp(-) € KSO, ©(0) = xq such that on subsequnceVt > 0 @, (t) — ¢(t). (12.15)
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Then the following structural formula holds

Ox = U Hy(0), (12.16)

oeX

where J is the set of all bounded complete trajectories of MP U,.

Proof First let us consider situation when the family of MP {U,; }, ¢ x is strict. In this
case one can consider multivalued semigroup (m-semiflow) on the extended phase
space X x X' by the rule

G, {x,0}) ={Us(t,0,x), T(t)o}. (12.17)

Then G is strict, has closed graph and compact attracting set @y x X. So G has
compact invariant global attractor

o = ﬂ U G(t, Oy x X) ={y(0)|y is bounded complete trajectories of G}.

5>01=s
Here under complete trajectory of m-semiflow G we mean the mappingR > # +— y (¢)
such that
VteRVs>0yp(@+s) € G, y@®).

Let us consider two projectors I1; and ITp, [T\ (u,0) = u,II(u,0) = o. As
T(t)Y = X ,so o/ = X. Letus prove that [T).«/ = Oy .

ASVBe BX)G(t,Bx X) —> &, t — +00, S0

Us(t,t,B) — I <7,

s0 Oy C I11.9/. Let us prove that IT)«/ = |J 5 (0). For this purpose we take
oeX
(ug, 0p) € 7. Then there exists y(-) = {u(-), o(-)}, which is bounded complete

trajectory of G and such that y (0) = (ug, 0p). Then Vt > 1
u(t) € Usr)(t = 7,0, u(z)), o(t) =T —1)o(1).
If > 0, then o (1) = T(7)o0y, that is
u(t) € Urryoy(t — 7,0, u(t)) = Ugy (2, T, u(7)).
If t <0, thenog = T(—1)o (1), so
u®) € Usr)(t — 7,7 — 7, u(7)) = Ur(—r)o ) (t, T, u(7)) = Uy (¢, T, u(7)).

Therefore ug = u(0) € #5,(0) C |J #5(0).
oeX
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Now let ug = u(0) € K5,(0), u(®) € Uy (t, T,u(r)) Vt > 1. AsT(HY = X,
so there exists o (s), s € R, suchthat o (#) = T(t — 1)o(tr), Vt > 1, 0(0) = 0yp.
Then for s > 0 we have

G(t, {u(s), 0 (9)}) = Uy (t, 0, u(s)), T(t)o (s))
= (Ur(s)op (1, 0, u(s)), o (t +5)) = (Ugy (2 + 5, 5, u(s)), o (¢ +9)),
{u(t+5), 0+ 5)}) € (Usy(t+s,5,u(s)),o(t+5s)).

If s < 0, then o9 = T(—s)o (s), and
u(t +5) € Ugy(t + 5,5, u(8)) = Ur(—s)o(5)(t + 5, 5, u(s)) = Uy () (¢, 0, u(s)).
Then ug € I/ and IT1 o7 = J ;5 #o (0).

Since for arbitrary attracting set P and for arbitrary bounded complete trajectory
I' = {u(s)}ser of the process U, we have

u(0) € Us (0, —n, u(—n)) = Uryo (—n) (0, —n, u(—n))
cUxn,0,I') - P, n— +o0,

so u(0) € P, and we obtain (12.16).

Now let us consider another case, when family of m-processes is not strict, but
the condition (12.15) holds. Let us show that #; (0) C @x.If z € J;(0), then there
exists bounded complete trajectory ¢(-) of m-process Uy, such that ¢(0) = z. Let
us denote I' = |J ¢(t) € B(X). Then for z = ¢(0) we have

teR
®(0) € Us (0, —n, (—n)) = Urn)s, (0, —n, 9(—n)) C Ux(n, 0, I').
Since Ve >0 dng VYn > ny Ux(n,0,I') C O.(@yx), then 7z € @y and we obtain

required embedding.
Now let z € Oy = wx(0,Bgy). Then z = lirr &, & € Ux(t,, 0, By).
n—-—+00

Therefore on some subsequence
2= lim_@u(tn), ¢u() € KD, ¢u(0) € By, 04 — 0.
n—-+00
For Vn > 1 let us consider
Yn () i= @a(- + 1) € Kp (i

that is ¥, (-) € K", where 6, = T (t,)0,. Then ¥, (-) € K%, 6, = &, ¥,(0) =
@n(ty) — z, so there exists (0 (.) € Kg, ¥ (©(0) = z, such that
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Vi =0 (1) = galt + 1) = ¥ O 0.

Fort = —1 Vn>n; —t, < —1, therefore y,,(-) € KGTI and on some subsequence

Yu(=1) = @u(t, — 1) — z1.
Herewith there exists w(_l)(-) € K&_1 such that on subsequence

V() = @u(t + 1) = v P @) Vi = —1,
and vVt > 0 v Q@) = vD(). By standard diagonal procedure we construct
sequence of functions
v RO ekt k=0,
with 5D (1) = w9 (1) ¥Vt > —k + 1. Let us put
e o, (5K) ;

v =y Q) if t = —k.

Then the function ¥ (-) is correctly defined, ¥ : R — X.

Moreover VT < 0 3k such that [7, +00) C [—k, +00), on [—k, +00) ¥ () =
Y0, s0 ¥(-) € K;*, and from this

v ek:, v(©O) =y 0) =z
Since on subsequence

VieR ()= 11Tw¢n(l + 1) € wx(0, By) € B(X),

then z = ¥ (0) € %5 and theorem is proved.

12.4 Uniform Global Attractor for RD-System

Definition 12.7 Let ® be some topological space of functions from R to topological
space E. The function § € @ is called translation compact in @, if the set

H(E) =clofs(-+9) [ s € R}

is compact in .

To construct family of m-processes for the problem (12.1) we suppose that time-
depended functions f and & are translation compact in natural spaces [8]. More
precisely, we will assume that
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h is translation compact in LZZOLW R; H), (12.18)

wlziere LZZOCW (R; H) is the space leoc (R; H) with the local weak convergence topology,
an
f is translation compact in C(R,; CRN,RY)Y), (12.19)

where C(R; C(RY, RM)) equipped with local uniform convergence topology.
It is known that condition (12.18) is equivalent to

t+1

% = sup/ |h(s)|?ds < 0o (12.20)
teR )

It is also known that condition (12.19) is equivalent to

VYR > 0 f is bounded and uniformly continuous on

OR) ={(t,v) e R x RN | [v|gy < R}. (12.21)
If conditions (12.18),(12.19) take place, then the symbol space
2= Clegcmy mvy sy @ (9 10+ 9) [s € R) (12.22)

is compact, and Vs > 07 (s) X = X, where T (s) is translation semigroup, which is
continuous on X
For every 0 = (f5, hy) € X we consider the problem

ur = alu —fs(t,u) + hs(t,x), x€82,t>r1,

12.23
ulpe =0. ( )

It is proved in [19] that V 0 € X f, satisfies (12.3), (12.4) with the same con-
stants C1, Ca, ¥, |ho|+ < |h|+. So we can apply Theorem 2 and obtain that
YVt € R,u; € H the problem (12.23) has at least one solution on (7, +00), each
solution of (12.23) belongs to C([t, +00); H) and satisfies energy equality (12.6).
For every 0 € X, t € R we define

K = {u(-) | u(-) is solution of (12.23) on (t, +00)} (12.24)
and according to (12.12) weputVo € ¥, Vt > t,Vu, € H
Us(t, T, ur) = {u@®u(-) € KX, u(r) = ur}. (12.25)

From [19] and Theorem 13 we obtain the following result

Theorem 12.4 Under conditions (12.3), (12.4), (12.18), (12.19) formula (12.25)
defines a strict family of MP {U }c 5 which has compact, invariant, stable and con-
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nected uniform global attractor Ox, which consists of bounded complete
trajectories, that is
Oz = ] #(0), (12.26)

oeX

where J is the set of all bounded complete trajectories of MP U,.

Now we want to use formula (12.26) for proving that the uniform global attractor
of RD-system is bounded set in the space (L™ (£2))N N V.
First let us consider the following conditions:

iM; > 0, i:l,Nsuchthatforallv:(vl,...,vN)GRNfora.a.xe.QVteR

N
D () = 0) 0 =Myt =0 (12.27)

i=1

N
D) = H )+ M)T <0 (12.28)

i=1

where ¢ = max{0, ¢}, ¢~ = max{0, —p}, p = T — ™.
Let us consider some example, which allow to verify conditions (12.27), (12.28).

Lemma 12.3 IfN = 1 (scalar equation), then from (12.3), (12.4) and h € L*° (R x
£2) we have (12.27), (12.28).

Proof From (12.3) and h € L*>°($2) for a.a. x € £2 and u € R,
Plul’ — Cy < g(t, x, wu < Cilul’ + Ci,
where g(t, x, u) = f(t, u) — h(t, x), y does not depend on #, u, x.
If u < M, then g(t, x, u)(u — M)* = 0.
If u > M, then

(u—M+

g(t, x, u)(u — M)+ =g(t,x, u)u =g(t,x,w)u(l — K)
u

- ~ M - ~ M
= (yu’ — C)(1 - = (yMP — C)(1 — =

S =

and if we choose M = (%) ,then g(¢, x, u)(u — M)+ > 0 ae.

Lemma 12.4 If for arbitrary N > 1h = 0,f(t,u) = (f'(t, u), .. N (t, u)), where

fit,u) = (Z lu'|*> — R®u!, R > 0 is positive constant, then conditions (12.27),

i=1
(12.28) hold for M; = R.
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N . — .
Proof 1f > |u'|?> < R*,soVi=1,N|u| < Rand
i=1

N
> fwe Rt =0,

i=1

N . .
Zf’ (t,u) ' +R)™ =0.

i=1

N
If > |u|> > R?, then
i=1

N N N
D =R =Q WP =R D u W =R =0,

i=1 i=1 i=1

DS + R =Q WP =R W + R <0,
i=1

i=1 i=1

Theorem 12.5 If conditions (12.3), (12.4), (12.18), (12.19), (12.27), (12.28) hold
and matrix a is diagonal, then the uniform global attractor ® x is bounded set in the
space (L®(2)N N V.

Proof First let us prove that Vo € X functions f;, h, satisfy (12.27), (12.28).

Indeed, there exists sequence t, " oo such that VT > 0, R > 0, n € L?
((=T,T) x £2)

N

sup sup Z IFit + ta, v) —f;(t, WI> =0, n— oo,
lt|<T v|=R 2y

~

Z//(hi(t + 1y, x) — hé(t,x))n(t, x)dxdt — 0, n — o0.

=17 o
From (12.27)

N
Z(f"(r + 1y, V) — H(t + 1, )V — MpT > 0. (12.29)

i=1

Therefore for fixed v and for arbitrary ¢ > O there exists N > 1 such thatVn > N
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N N N
DR+t )0 = MYT <D O = MYT <D fL O =Mt e

i=1 i=1 i=1

Because

N N
DR+ ) = M) = DR (1, ) — M) T weakly in L (=T, T) x £2),

i=1 i=1

from Mazur’s Theorem we deduce that

N N
D)0 MYt <D v = M)T + e foraa.x € 2.

i=1 i=1

From arbitrary choice of ¢ we can obtain required result.
It is easy to obtain that for arbitrary weak solution of (12.1) and for every n €
C(x, T)

T T
1
/(Mt,u+)ndt= —§/|u+|2ntdt. (12.30)
T T

Then putting g» = fs — ho and for numbers My, ..., My from condition (12.27) we
have

N N N
d ) ) . .
22N =M P4 - Myt +/ > g tx wy ' =My Tdx = 0.
i i=1 o =1
Then from (12.27)

N N

d . .

- 2 = M) +26 Y | = M) TP <0
i=1 i=1

and forallt > t

N N
Dol =Myt < D 1w = Myt ()Fem 1P, (12.31)
i=1 i=1

If u(-) € #; then from (12.31) taking T — —oo we obtain u/(x,t) < M;, i =
1,N, Vt € R, fora.a. x € £2.
In the same way we will have u'(x, t) > M; (using (u' + M;)™).
Then
ess sup |zi(x)| <M; Vz= (zl, ...,zN) € Oy.
xXeR
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So we obtain that @y is bounded set in the space (L*>° (2)N. From the equality
Os =Us(t,7,0)Vi > 1twededuce that Vo € X U,(t,7,P5) C Ox. Now
let us consider arbitrary complete trajectory u(-) € #5. Due to definition of weak
solution fora.a .7 € R u(r) € V. We take such t € R that u(t) € V and consider
the following Cauchy problem

Vi =aAv —fo(t,u) + hs(t,x), x€82,t>r1,
vipge =0, (12.32)

V]i=r = u(7).

Because V t > t u(f) € Oy, which is bounded in (L*®(£2))", we have that
for (2, u(t, x)) € (L°°(£2))"N. Thus for linear problem (12.32) from well-known results
one can deduce that VT > 7 v € C([r, T]; V). So from uniqueness of the solution
of Cauchy problem (12.32) v = u on [1, +00) and, therefore, V¢ > 7 u(t) € V. It
means that V¢ € R u(z) € V and from the formula (12.26) ®x C V.

From the energy equality, applying to function u, and boundness of @ in the
space H we deduce, that 3 C > 0, which does not depend on o, such that V € R

t+1 t+1

/ lu(s)lI*ds < C(1 + / |ho (5)[%ds).
t

t
From translation compactness of & we have

+1
/ luts)?ds < C(1 + |h%).

t

So for arbitrary t € R we find 7 € [#, 7+ 1] such that [|u(7)||> < C(1 + |h|%). Then
for the problem (12.32) we obtain inequality

Vizt vl < e Ju@)|? + D,
where positive constants §, D do not depend on o. Thus
VieR Ju®|* < C(+h3)+D
and theorem is proved.
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