Chapter 11

Multivalued Dynamics of Solutions
for Autonomous Operator Differential
Equations in Strongest Topologies

Mikhail Z. Zgurovsky and Pavlo O. Kasyanov

Abstract We consider nonlinear autonomous operator differential equations with
pseudomonotone interaction functions satisfying (5)-property. The dynamics of all
weak solutions on the positive time semi-axis is studied. We prove the existence of
a trajectory and a global attractor in a strongest topologies and study their structure.
As a possible application, we consider the class of high-order nonlinear parabolic
equations.

11.1 Introduction: Statement of the Problem

In this chapter, we study the limiting behavior as time t — +oo of the solutions of
first-order general nonlinear evolution equations of the form

u'(t) + A(u(r)) = 0, (11.1)
It is assumed that the nonlinear operator A : V — V*, acts in a Banach space
V, which is reflexive and separable and, for some Hilbert space H, the embed-
dings V. € H = H C V* are valid. Suppose that the nonlinear operator A is
pseudomonotone and satisfies dissipation conditions of the form

(Aw),u)y > alulll, —B YueV, (11.2)

where p > 2, and «, 8 > 0, and also power growth conditions of the form
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lA@) v+ < e+ lully™") Vue v, (11.3)

for some ¢ > 0. Here (-, )y : V* x V — R is the pairing in V* x V coinciding on
H x V with the inner product (-, -) in the Hilbert space H.

By aweak solution of the operator differential equation (11.1) on a closed interval
[z, T] we mean an element u of the space L, (t, T; V) such that

T

T
VE € CoP([t. T V) —/(E/(t),u(t))dt+/(A(u(t)),S(t))vdt =0. (11.4)

T

Many evolution partial differential equations in a domain §2 whose leading part
is a pth power nonlinear monotone differential operator and which may contain
lower (now nonmonotone) summands with subordinate nonlinearity growth can be
reduced to the form (11.1). In this case, the space V is a Sobolev space of the
corresponding order, while the space H is H = L»(£2). Such equations are very
often used to describe complicated evolution processes in various models in physics
and mechanics. For equations of the form (11.1), there is a well-developed technique
for constructing global (i.e., for all #+ > 0) weak solutions u(¢), t > 0, from the
space LI;C(RJr; V) such that u/(-) € LZU"(RJr; V*¥)(here 1/p+1/q = 1). Itis well
known that such weak solutions u(¢) are continuous functions with values in H, i.e.,
u(-) € C(Ry; H).

The problem is to study the asymptotic behavior as # — +oo of the families of
weak solutions {u(#)} of Eq. (11.1) in the norm of H under the assumption that the
initial data {#(0)} constitute a bounded set in H.

Note that, under certain additional conditions on the nonlinear operator A(u)
ensuring, for Eq. (11.1), the unique solvability of the Cauchy problem u|;—0 = ug
forany ug € H, the study of the class of weak solutions under consideration involves
the highly fruitful theory of dynamical semigroups and their global attractors in
infinite-dimensional phase spaces. This theory has been successfully developed over
a period of more than 30 years; its foundations were created by Ladyzhenskaya,
Babin, Vishik, Hale, Temam and other well-known mathematicians [4, 11, 14-16,
21].

The problem becomes significantly more complicated if the corresponding Cauchy
problem is not uniquely solvable or the proof of the relevant theorem is not known.
Such a situation often occurs in complicated mathematical models. In this case,
the “classical” method based on unique semigroups and global attractors cannot be
applied directly. However, two approaches to the study of the dynamics of the corre-
sponding weak solutions are well known. The first method is based on the theory of
multivalued semigroups; it was developed in ground-breaking papers of Babin and
Vishik (see, for example, [3]). The second approach uses the method of trajectory
attractors; it was proposed in the papers [5, 7] of Chepyzhov and Vishik as well as
in the independent work [20] of Sell.
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The new result contained in the present chapter consists in the application of these
two approaches to the study of the asymptotic behavior of the weak solutions of
equations of the form (11.1) with general nonlinear pseudomonotone operator A (u)
satisfying (S)-property without any conditions guaranteeing the unique solvability
of the Cauchy problem; cf. [1, 2, 4, 9, 14, 16, 19, 21, 23] . In this chapter, we prove
a theorem on the existence of a global attractor <7 in the space H for the multivalued
semigroup corresponding to Eq. (11.1) as well as a theorem on the existence of a
trajectory attractor & in the space C'*°(R ; H) ﬂL{,,”C (R4; V) for the corresponding
translation semigroup in the space of all weak trajectories (weak solutions on the
half-line) of Eq. (11.1). We also describe the structure of the global and trajectory
attractors as well as establish a simple relation between these attractors.

11.2 Additional Properties of Solutions

For fixed T < T let us set
Xer = Lp(f» T,V), X;T = Lq(f, T; V"), Wer={ueX ]| u' € X:T}a

where ' is a derivative of an element u € X, 7 in the sense of the space of distri-
butions Z([z, T]; V*) (see, for example, [10, Definition IV.1.10, p. 168]). We note
that

A(u)(t) = A(u(t)), foranyu € X randae.t € (7, T).

The space Wy 7 is a reflexive Banach space with the graph norm of a derivative (see,
for, example [24, Proposition 4.2.1, p. 291]):

luliwer = lullx,r + llw'llx: . ue Wer. (IL.5)

Properties of A and (V, H, V*) provide the existence of a weak solution of
Cauchy problem (11.1) with initial data

u(t) = ue (11.6)

on the interval [z, T'] for an arbitrary y; € H. Therefore, the next result takes place:

Lemma 11.1 Kasyanov [12] For any t < T,y, € H Cauchy problem (11.1),
(11.6) has a weak solution on the interval [t, T]. Moreover, each weak solution
u € X 1 of Cauchy problem (11.1), (11.6) on the interval [t, T] belongs to W 7 C
C([t,T]; H).

For fixed T < T we denote

Dr.1(ur) = {u(-) | uis a weak solution of (11.1) on [z, T'], u(t) = u,}, u; € H.



152 M. Z. Zgurovsky and P. O. Kasyanov

From Lemma 11.1 it follows that Z; r(u;) # ¥ and Z; r(u;) C Wer Vo < T,
u; € H.

We note that the translation and concatenation of weak solutions is a weak
solution too.

Lemma 11.2 Kasyanov [12] If t < T, u; € H, u(:) € Zr1(uy), then v(-) =

u(-+3) € Dr—sr—su) Vs. Ift <t < T,ur € Hyu(-) € Zr,(ur) and v(-) €
D 7(u(t)), then

_Jus), s €[z, 1],

2s) = [v(s), selt, Tl

belongs to Py 1 (uz).

As a rule, the proof of the existence of compact global and trajectory attractors
for equations of type (11.1) is based on the properties of the set of weak solutions of
problem (11.1) related to the absorption of the generated m-semiflow of solutions and
its asymptotic compactness (see, for example, [18, 22] and the references therein).
The following lemma on a priori estimates of solutions and Theorem 11.1 on the
dependence of solutions on initial data will play a key role in the study of the dynamics
of the solutions of problem (11.1) as r — +o0.

Lemma 11.3 Kasyanov [12] There exist ca, c5, ce, c7 > 0 such that for any finite
interval of time [t, T] every weak solution u of problem (11.1) on [z, T] satisfies
estimates: Nt > s, t,s € [1,T]

t
lu(®)1% + c4/ lu@ 1D de < u)3 + cst —s), (11.7)
lu@ % < lus)lFe e + ¢;. (11.8)

We recall that A : V — V* satisfies (S)-property, if from u,, — u weakly in V
and (A(up), u, —u)y — 0, as n — oo, it follows that u,, — u strongly in V, as
n — +oo.

Further we assume that A satisfies (§)-property.

Theorem 11.1 Let v < T, {u,}n>1 be an arbitrary sequence of weak solutions of
(11.1) on [z, T] such that u,(t) — n weakly in H. Then there exist {u,, }k>1 C
{untn=1 and u(-) € D 1(n) such that

T
Vee 0,T—1) max ||unk<t)—u<t)||y+/||unk<t>—u<t)||’;dmo,
te[t+e,T]
T+¢€

k — 4o00. (11.9)

Before the proof of Theorem 11.1 let us provide some auxiliary statements.
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Lemma 114 Lett < T, y, — y weakly in W, 1, and

@ (An)s yn — ¥)x, 7 < 0. (11.10)
Then
T
nEToo/ A (D), yu(t) — y(1))v]dt = 0. (11.11)

Proof There exists a set of measure zero, ¥ C (7, T) such that for 7 ¢ X1, we
have that
ya(t) € V forall n > 1.

Similarly to [13, p. 7] we verify the following claim.

Claim Let y, — y weakly in W; 7 and let ¢ ¢ X. Then

lim (A(yn (1)), ya (1) — y(@®))y = 0.

n—+00

Proof of the claim Fix t ¢ ¥ and suppose to the contrary that

lim (A(ya (1)), yo(t) — y(0))v < 0. (11.12)

n—-+00

Then up to a subsequence {yy, Jk=1 C {Yn}n>1 We have

kEI—iI-loo<A(ynk @), Y (1) —y@®D))v = 1%1 (A (), yu(®) — y@®))v < 0.
(11.13)

Therefore, for all rather large k, growth and dissipation conditions imply

-1
[y O = B = NAQm )y IyOllv < eI+ [y O DIyOlly.
which implies that the sequences {||y,, (t)[lv}k>1 and consequently {||A(yy, (¢))
|lv+}k>1 are bounded sequences. In virtue of the continuous embedding W, r C
C([r, T]; H) we obtain that y,, (t) — y(¢t) weakly in H. Due to boundedness of
{yn, () }k=11n V we finally have
Vi e [t, TI\Z) yn (t) — y(t) weaklyin V, k — +o0. (11.14)

The pseudomonotony of A, (11.12), (11.13) and (11.14) imply that
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Lim (A(ya (1)), yo(t) — y(O)v = (A(y(@)), y(t) — y(O))v

n——+00
=0> lim (A(y,(®)), yo(t) —y(®)v.

n—-+00

We obtain a contradiction.

The claim is proved.

Now let us continue the proof of Lemma 11.4. The claim provides that for a.e.
t € [t, T], in fact for any r ¢ ¥, we have

lim (A(ya (1)), ya(t) = y(O))v = 0. (11.15)

n—-+00

Dissipation and growth conditions imply that, if ® € X 7, then
(AGn (@), yn (1) — 0Oy = allynONf, — B —c(1 + “)’n(f)”l‘;_l)“w(f)”V forae. r € [r, TI\E;.

Usingp—1= g, the right side of the above inequality equals to

alyn Ny = B = clyn Oy lo®llv = clo@]y.

Now using Young’s inequality, we can obtain a constant c(c, &) depending on c, o
such that

i « P p
cllynOllyllo®llv = Ellyn(t)llv + llo@y - cle, @).
Letting ¢ = max{p + g; c(c,a) + %} it follows that

(A(yn (1)), yn(t) —w(t))y > —c(1 + ||w(t)||€) forae. t €[7,T]. (11.16)

Letting w = y, we can use Fatou’s lemma and we obtain

T
li%l A (D), ya(t) — y(O)y + (L + [y I))]dt >
T T
Z/ h;f AR (@), ya(®) —y@)y +E(1+y®)I5)1dt > 5/(1+||Y(t)||€)dt~
0
Therefore,

T
0> Lm (A(n), yn — Wx,r = lm [ (AQu(®), yu(t) — y(©))vdt =

n—+0o0 n—-+00
T
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T
= lim (A, yn = ¥)X.r 2/ lim (A(yn (), ya(t) — y(@))ydt =0,
n—-+00 n——+00
T
showing that
lim (A(yn), yn — ¥)x.7 = 0. (11.17)

n—-+o00o

From (11.16),
Vn =1Vt ¢ £1 0 < (A (). ya(1) — y(0))y, < (1 + [y},

where a- = max{0, —a}, for a € R. Due to (11.15) we know that for a.e. ¢,
(A (®)), yo(t) — y(t))y > —e¢ for all rather large n. Therefore, for such n,

(An (), yn () — y(@)y = &, if (A(ya(0)), yu(t) — y(1))y < 0 and (A(y. (1)),
Ya(0) =y®))y = 0,1 (A (®)), yn(®) — y(1))v = 0. Therefore, lim_ (A(y,(®)),

yn(t) — y(#))y, = 0 and we can apply the dominated convergence theorem and from
(11.15) we conclude that

T T
Jim (40,0000 = 30l = [ tim (46,0, 340 - ye)7dr = .

T

Now by (11.17) and the above equation we have

T
lim_ / (A, ya(t) — y(O)) 5d1 =

T
= lim [ [(AGu©). 30 (0) = YOI + (AGu 1) 3a(0) = y(©)y ] di =
0
= HETOQ<A(yn)7 )’n - y>xr,T = 0
Therefore,

T
nLiI}rloo/ KAy (1)), yn (1) — y(1))v|dt = 0.

The lemma is proved.
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Lemma 11.5 Lett < T, y, — y weakly in W r, and (11.10) holds. Then there

exists a subsequence {yn, }x=1 C {Yu}n=1 such that for a.e. t € (v, T) we have that
Y (8) = y(2) weakly in'V, and (A(yn, (1)), yn, (t) — y(@))v — 0, k — +o00.

Proof Lety, — y weakly in W; 7 and
lim (A(yn), Yo — ¥)x, 1 < 0.

n—-+o0o

In virtue of Lemma 11.4 we obtain

T
nETOO/HA(yn(I)),yn(t) —y(®)vldr =0. (11.18)

Due to the continuous embedding W, r C C([z, T']; H) we have
vVt € [1,T] y,(t) - y(t) weakly in H, n — +o00. (11.19)
From (11.18) it follows that there exists a subsequence {y,, }x>1 C {yn}n>1 such that
forae.t € [1,T] (A(Yn, (1)), Y, &) — y(@))v — 0, k — Ho0.

Let ¥; C [r,T] be a set of measure zero such that for t ¢ Xy y,, (¢), y(t) are
well-defined Vk > 1, and

(A (), yui (1) = y(@))y — 0, k — +00.

In virtue of growth and dissipation conditions we obtain
Vig T vk= 1 Tm (ol I -8 —c(l+ O HIyolv) <o.
Thus Vt ¢ X4
Jm O < eeoe Bp)(0+ IYOI).

Therefore, due to (11.19) we obtain that for a.e. t € (t, T) y,, (t) — y(¢) weakly in
V, k - 4o0.
The lemma is proved.

Proof (ProofofTheorem11.1)Lett < T, {u,},>1 beanarbitrary sequence of weak
solutions of (11.1) on [z, T] such that u,(tr) — n weakly in H. Theorem 1 from
[12] implies the existence of a subsequence {u,, }k>1 C {un}n=1 and u(-) € Zr 7 (n)
such that
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Vee (0,T — 1) max ]||unk(t) —u®)|lg = 0, k— 4oo. (11.20)

te[t+e,T

Let us prove that

Ve e (0,T — 1) / it (1) — u@ | dt — 0, k — +o0. (11.21)
T+e

On the contrary, without loss of generality we assume that for some ¢ € (0, T —1)
and § > 0 it is fulfilled

/ i, (1) — u(®) ) dr > 8, Vk > 1. (11.22)
T+e

In virtue of (11.7), without loss of generality we claim that
up, — u weakly in Weqo 7, k — 4o00. (11.23)

Moreover, due to (11.20), we have

kﬁ / (A(up, (1)), up, (t) —u(t))ydt <0. (11.24)
T+e

Thus, Lemma 11.5 and (S)-property for A imply that up to a subsequence which we
denote again as {u,, }x>1 fora.e.t € (v +¢, T) we have that u,,, (t) — u(t) strongly
in V, k - +o00. Moreover, Lemma 11.4 provides that

Jim / [(Aun, (1)), tny (1) — u(t))y | dt = 0.

'L'+€
Dissipation and growth conditions follow the existence a constant C > 0 such that

i, (1) —u @y < CA+ [u@ + [(Aun, (1)), (1) — u@®)v|)

fora.e.t € (t +¢&,T) and any k > 1. Therefore,

11m /||u,,k(t) u(®)||,dt = 0.

'L'+€

We obtain a contradiction.
The theorem is proved.
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11.3 Attractors in Strongest Topologies

First we consider constructions presented in [18]. Denote the set of all nonempty
(nonempty bounded) subsets of H by P(H) (#(H)). We recall that the multivalued
map G : R x H — P(H) is said to be a m-semiflow if:

(a) G(0,-) = Id (the identity map),
(b) G(t+s5,x) CG(t,G(s,x))Vx € H,t,s € Ry;

m-semiflow is a strict one if G(t + s, x) = G(t, G(s,x)) Vx € H, t,s € R
From Lemmas 11.2 and 11.3 it follows that any weak solution can be extended to

a global one defined on [0, +00). For an arbitrary yo € H let Z(yg) be the set of all

weak solutions (defined on [0, +00)) of problem (11.1) with initial data y(0) = yy.
We define the m-semiflow G as G (¢, yp) = {y(¢) | y(-) € Z(y0)}.

Lemma 11.6 Kasyanov [12] G is the strict m-semiflow.
We recall that the set o7 is said to be a global attractor G, if:

(1) < is negatively semiinvariant (i.e. &/ C G(t, </) Vt > 0);
(2) < is attracting, that is,

dist(G(t,B), &) - 0, t— +o0o0 VB e Z(H), (11.25)

where dist(C, D) = sup inf ||c — d||y is the Hausdorff semidistance;
cecdeD

(3) For any closed set Y C H satisfying (11.25), we have .o/ C Y (minimality).

The global attractor is said to be invariant if & = G(t, /) ¥t > 0.

Theorem 11.2 Kasyanov [12] The m-semiflow G has the invariant compact in the
phase space H global attractor <7 .

Let us consider the family .y = Uy e Z(yo) of all weak solutions of inclusion
(11.1) defined on the semi-infinite interval [0, +00). Note that 7 is translation
invariant one, i.e. Yu(-) € 4, Vh > 0 u;(-) € S5, where uy(s) = u(h + s),
s > 0. We set the translation semigroup {T (h)}n>0, T (h)u(-) = up(-), h > 0,
u € ¥, on .

We shall construct the attractor of the translation semigroup {7 (h)},>0 acting on
.. On %, we consider a topology induced from the Fréchet space C!°“(R; H) N
Llp“ (R4; V). Note that ITy; is the restriction operator to the interval [0, M]. We
denote the restriction operator to the semi-infinite interval [0, +00) by IT.

We recall that the a &2 C C'o¢ R4; H)N Loo(R4; H) is said to be attracting for
the trajectory space %, of inclusion (11.1) in the topology of C**¢(R,; H) if for
any bounded in Loo(Ry; H) set Z C J#; and any number M > 0 the following
relation holds:
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diStC([o,M];H)(HMT(t)%, My&) - 0, t— +oo. (11.26)

Aset % C 4 is said to be trajectory attractor in the trajectory space %4 with
respect to the topology of C/¢(R; H) N LZ;C R4; V) if

(1) 7 isacompactsetin Cl¢(Ry; H) ﬂLé;"' (R4; V)andboundedin Lo (R4; H);
(if) 7 is strictly invariant with respect to {7 (h)}n>0,1.e. T(h)% = % Yh > O;
(iii) % is an attracting set in the trajectory space .#. in the topology C'¢(R,; H)N
LRy V).

Let us consider inclusions (11.1) on the entire time axis. Similarly to the space
Clo¢(R,; H) the space C!°°(R; H) is equipped with the topology of local uni-
form convergence on each interval [-M, M] C R (see, for example, [22, p. 198]).
A function u € C'°(R; H) N Lo (R; H) is called a complete trajectory of inclusion
(11.1) if Vh € R Tl4up(-) € 4 [22, p. 198]. Let £ be a family all complete
trajectories of inclusion (11.1). Note that

Vh e R, Yu(:) e X up(-) € X (11.27)

Lemma 11.7 The set ¢ is nonempty, compact in C'¢(R; H) N Ll;c Ry; V) and
bounded in Lo (R; H). Moreover,

Vy() e #, Yt eR (1) € o, (11.28)

where o7 is the global attractor from Theorem 11.2.
Proof The statement of lemma follows from [12] and Theorem 11.1.

Lemma 11.8 Kasyanov [12] Let <7 be a global attractor from Theorem 11.2. Then
Vyoe o/ Fy() e : y0) = yp. (11.29)

Theorem 11.3 Let o/ be a global attractor from Theorem 11.2. Then there exists
the trajectory attractor &2 C ¥y in the space . At that the next formula holds:

P =Ny =Ti{ye | y@t) € o/ Vt € R}, (11.30)

Proof The statement of theorem follows from Theorem 11.1 and [12].
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11.4 Application

Consider an example of the class of nonlinear boundary value problems for which
we can investigate the dynamics of solutions as t — +o00. Note that in discussion
we do not claim generality.

Letn >2,m>1,p>2,1<qg <2, Lyl 1, 2 C R" be a bounded domain
with rather smooth boundary I' = 9£2. We denote a number of differentiations by x
of order < m — 1 (correspondingly of order = m) by N; (correspondingly by N>).
Let Ay (x, ; £) be a family of real functions (|o| < m), defined in £2 x RM x RN
and satisfying the next properties:

(Cy) for a.e. x € £ the function (n,&) — Ay(x,n, &) is continuous one in
RN x RN2;

(C2) Y(n, &) € RV x RM the function x — Agq(x, 1, £) is measurable one in
£2;

(C3)existsuchc; > Oandky € L, (£2), thatfora.e. x € £2,¥(n, &) € RM x RV

|Ag (x, 1, &) < erllnl” + 16177 + ki (0)];

(C4) existsuchcy > Oand ky € L1(£2), thatfora.e. x € £2,Y(n, &) € RM x RV

D Aax, 0, £ = alE|P — ka(x);

lee]=m

(Cs) there exists increasing function ¢ : Ry — R such that for a.e. x € £2,
Vn e RV VE &% € RV2 £ £ £* the inequality

Z (Aa(x,n,8) — Ag(x, 1,6 G — &) = (9(8a]) — (IE5 1) (I5a| — €51

la|=m

takes place.

Consider such denotations: D¥u = {DPu, |B| = k}, u = {u, Du, ..., D" 'u}
(see [17, p. 194]).

For an arbitrary fixed interior force f € L2(§2) we investigate the dynamics of
all weak (generalized) solutions defined on [0, 4-00) of such problem:

%Jr Z (DD (Ag(x, 8y(x, 1), D" y(x,1))) = f(x) on £2 x (0, +00),
lee| <m

(11.31)

D%y (x,t) =0o0nT x (0, +00), |a|<m—1 (11.32)

ast — +o0.
Consider such denotations (see for detail [17, p. 195]): H = L,(£2), V =
W,"? (£2) is a real Sobolev space,
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a(u, w) = Z Ag(x,8u(x), D"u(x))D*w(x)dx, u,weV.

lel<m ¢

Note that the operator A : V — V*, defined by the formula (A(«), w)y = a(u, »)
Yu,w € V, satisfies all mentioned assumptions. Hence, we can pass from problem
(11.31)—(11.32) to corresponding problem in “generalized” setting (11.1). Note that

Alu) = Z (=DDY (Aq(x, 8u, D™u)) Yu € C(R2).

loe|<m

Therefore, all statements from previous sections are fulfilled for weak (generalized)
solutions of problem (11.31)—(11.32).

Remark 11.1 As applications we can also consider new classes of problems with
degenerations, problems on a manifold, problems with delay, stochastic partial dif-
ferential equations etc. [6, 8, 17, 20] with differential operators of pseudomonotone
type as corresponding choice of the phase space.

11.5 Conclusions

For the class of autonomous differential operator equations with pseudomonotone
nonlinear dependence between the defining parameters of the problem, we have
studied the dynamics as t — +o0 in strongest topologies of all global weak solutions
defined on [0, +-00). We have proved the existence of a global compact attractor and
a compact trajectory attractor, studied their structure. The results obtained allow one
to study the dynamics of solutions for new classes of evolution equations related to
nonlinear mathematical models of geophysical and socioeconomic processes and for
fields with interaction functions of pseudomonotone type satisfying the (S)-property,
the condition of “power growth”, and the standard sign condition.
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