Classical Lie superalgebras at infinity

Vera Serganova

Abstract We study certain categories of modules over direct limits of classical Lie
superalgebras. In many cases these categories are equivalent to similar categories
for classical Lie algebras. The functors establishing this equivalence can be used to
obtain a new result for representation theory of direct limits of Lie algebras.

1 Introduction

There are several generalizations of simple Lie algebras and superalgebras in the
infinite-dimensional case. In this paper, we discuss representations of locally simple
Lie algebras, i.e. Lie algebras and superalgebras we consider are the direct limits
g = limg; of finite-dimensional simple Lie algebras (or superalgebras) g;. In partic-
ular, we are interested in the cases when g = sl(o0), 50(c0) or sp(co).

In [5] we tried to define a nice analogue of the category of finite-dimensional
modules for g. The most obvious analogue, the category of integrable modules, is
rather difficult to study. Even the problem of classifying simple modules involves
infinitely many continuous parameters.

On the other hand, g has a very natural class of representations in the tensor pow-
ers of the standard and costandard modules. In [2] we give an intrinsic definition of
a category T that contains all such representations. It turns out that Ty has many
remarkable properties. Although it is not semi-simple, it is a Koszul category in the
sense of [1]. That allows one to calculate extensions between simple modules and
their injective resolutions. We also prove that the categories T for g = so(e0) and
sp(e0) are equivalent. In the recent preprint [8] the same categories are studied from
slightly different point of view.
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The goal of the present paper is to define and study analogues of T for direct
limits of classical Lie superalgebras. As follows from the Kac classification, [4],
there are four such superalgebras s((eo, 00), 05p(e0,00), P(e0) and Q(e=). We will see
that in the first three cases we do not obtain new categories. Namely, Tg(e0 o) 1S
equivalent to Ty (o), and T (e o) and Tp(o.) are equivalent to T, (..). The latter fact
can be used to construct a direct equivalence functor ’]I‘L,(m) — Tsp(m). This result is
somewhat surprising, since it appears that these categories are easier than the cor-
responding categories for finite-dimensional superalgebras. The rather complicated
matter of atypical representations disappears after going to direct limits.

In the case of Q(eo) we obtain a completely new category. It is interesting to study
it in detail.

2 Direct limits of classical Lie algebras

2.1 General and special Lie algebras at infinity

Let V and V, be countable-dimensional vector spaces with non-degenerate pairing
tr:VeVv, —C.

Definition 1 gl(e) =V ® V, has a natural Lie algebra structure given by
Vi®ui,va @up] = tr(va @up)vi Qup —tr(vi Qup)va Quy.
Ker(rr) = sl(e0) is a simple Lie subalgebra of gl(eo).
One can also realize g as a direct limit
5l(o0) =limsl(n), gl(ee) =limgi(n),
and identify gl(ee) with the space of infinite matrices (;;); jen With finitely many
non-zero entries and s[(e0) with the subalgebra of traceless matrices in gl(o).

It is clear that V and V, are simple g-modules. Furthermore, the classical Schur-
Weyl duality works in the infinite-dimensional case.

Theorem 1 (Schur-Weyl duality) Let g = gl(eo) or sl(ec). Then
Vo= B viey, v = @ Ve,
[A|=n |A[=n

where A runs the set of partitions of size n and Y, denotes the corresponding irre-
ducible representation of S, and V* = ), (VEM), where Ty, is a Young projector with
the Young diagram A.

However, the representation of g in the space of mixed tensors V& @ V™ is not
completely reducible in contrast with finite-dimensional case. Indeed, for instance,
the exact sequence of sl(eo)-modules

0—5l(e0) = VRV, -C—0
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does not split. The following result gives a description of the g-module structure on
V®n ® yom
s

Theorem 2 ([6]) Let g = gl(e°) or sl(e0). Then

VeV = B Ve[l RY),
A|=n,|u|=m

where each VA" =v* @V is an indecomposable g-module with irreducible socle
VAt and Y. 3 XY, is the exterior tensor product of irreducible S, and S,,-modules.

The socle filtration ofV’l*“ is given by

soc]‘(f/’l’“)/soc/‘_1 (\7}”’”) = @ N%A,N;fu,‘/”’”,.
7=k

Here N;L s Stand for Littlewood—Richardson coefficients.

The proof is based on the results of Howe, Tan and Willenbring [3] who calcu-
lated asymptotic decomposition of mixed tensor products in the finite-dimensional
case.

2.2 Orthogonal and symplectic Lie algebras

Assume now that a countable-dimensional vector space V has a non-degenerate sym-
metric (resp. skew-symmetric) form @ : V@V — C.

Definition 2 so(e) (resp. sp(e0)) is the Lie subalgebra of finite rank linear operators
in V preserving m.

One can use identification
50(c0) = AX(V), sp(e0) = S*(V)

given by
Xonw (1) = o(v,u)w — o(u,w)v, Yv,wu € V. (D

Another way to define g is via direct limits

50(ce) =limso(n), sp(e) = limsp(n).

The representation of g in the tensor algebra T'(V') were also described by Penkov
and Styrkas.

Theorem 3 ( [6]) Let g = s0(c0) or sp(). Then

V@l’l — @ Vl ®Y;{a
[Al=n

where each V* is an indecomposable g-module with irreducible socle V*.
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The socle filtration of V* is given by

sock(V4) /soc =1 (V2) = P N%M,V”,
7=k

for g =so(ee), and

sock(7) /sock=1 (V*) = @ NA LV

2y A
[vI=k

for g =sp(e).

3 The category T,

Definition 3 Let g = gl(eo) or s(eo). A subalgebra € C g is a finite corank sub-
algebra if there exist finite dimensional subspaces W C V and W, C V, such that
the restriction of the canonical pairing to W @ W, — C is non-degenerate and £ D
gNn(WEtewsh).

If g =s0(e0) orsp(e), then £ C g is a finite corank subalgebra if there exists a finite
dimensional subspace W C V such that the restriction of @ on W is non-degenerate
and £ O A2(W) or S2(W+) respectively.

We define Ty as a full subcategory of g-modules whose objects M satisfy the
following conditions

* M is integrable.
* For every m € M the annihilator of m in g is a finite corank subalgebra.
* M has finite length.

It is not difficult to see that T is closed under tensor product, hence it is a mono-
idal category. However, it is not rigid since there is no a reasonable duality functor
on T. The following results relate tensor representations of g with Ty.

Theorem 4 ([2])

* For g = gl(e) or sl(e°) all (up to isomorphism) simple objects of Ty are vAu,
* For g = s0(c°) or sp(eo) all (up to isomorphism) simple objects of Ty are Vi
O respectively V) are all up to isomorphism indecomposable injective in T .

To prove injectivity of VAH we use the fact (proven in [5]) that for any integrable
g-module M, the integrable part of M* is injective in the category of integrable mod-
ules. From this it is easy to see that the functor I" from the category of all integrable
g-modules to T defined by

rm)=Jmt

(where the union is taken over all finite corank ¢ C g) maps an injective module in
the category of integrable modules to an injective module in Tg. On the other hand,
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by a direct calculation done in [2]

F(V®m ®V*®n) — @ (V®k ®V*®l)@c(k.l)_

k<m,l<n

Note that I" can be considered as a certain version of the Zuckerman functor [9].
There exists a Borel subalgebra b C g such that all simple modules of Ty are high-
est weight modules. For instance, if g = s((e0), considered as the algebra of matrices
(aij)i jen, we define a nonstandard total orderon Nby 1 <3 <5< --- <6 <4 <2
and positive roots € — €; forall i < j. The corresponding infinite “Dynkin diagram” is

0O—o0—:--—o0—o.

Lemma 1 If S is a non-zero quotient of the Verma module and S € T, then S is
simple.

To show that the the category Ty is Koszul we use the following
Lemma 2 ([2])
o Ifg=gl(c0) orsl(eo), then

Extt(VAH VYR) £0

implies || — [v] = |u| — || = k

o Ifg=s50(c) or sp(e), then
Ext‘(VA VY) £0

implies |A| — |v| = 2k.

Let T =T (V) for g = s0(e0) or sp(eo) and T = @,,, ;50 V=" @ V,*" for g = sl(o)
or gl(ee). For g = gl(e0) or sl(e0) we set

Ay = @ Homg (V" @V VI H @V, oy = .

m,n>0 k>0
For g = s0(e0) or sp(e°) set
oy = PHomg (V" V) oty =P oty
n>0 k>0

Note that 274 is by definition a graded algebra. It does not have the identity but it is
a direct limit of unital algebras.

Theorem 5 ([2])

* The category Ty is antiequivalent to the category Ag-fimod of locally unitary
JSinite-dimensional Ag-modules.
* A is adirect limit of Koszul rings.
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For g = gl(ec) and sl(eo) the corresponding algebras .27 are the same. It is shown
in [2] that mfgo = @.n>0C[Sn x Sp] and mfgl is generated by contractions.

In this case one can prove that <7 is Koszul self-dual, i.e. (A})? ~ 7. That

implies the following formulas for extensions between simple modules
dimExt* (VA yAH) = ¥ NQA,N;‘L_“,
I7l=k

It is also shown in [2] that for g = s0(ec) and sp(eo) %0 = @,>0C[S,] and %gl
is generated by contractions. Knowing this it is easy to obtain an isomorphism

Hyo(e0) = Dap(eo)-

The latter implies an equivalence of abelian categories T (o) and Tgy (o) by The-

orem 5. Under this equivalence V* goes to VA Ttis proven in [8] that this is an
equivalence of monoidal categories. A different proof of this fact is given in the
next section.

4 Superalgebras

4.1 Direct limits of classical Lie superalgebras

Let V =V, @ V) be a superspace, both V; and V; are countable-dimensional. Below
we consider the following possibilities.

* There is a countable-dimensional V, and a non-degenerate pairing str:V @V, —
C. Then we set gl(co,00) =V ®V, and sl(eo,0) = Ker(str) with the commutator
defined in the same way as in the purely even case (with the usual sign con-
vention). Note that g = gl(eo, o) has a Z-grading (compatible with Z,-grading)
g=g-1DgoDg,, where

80 =Vo® Vo)« ® (V1) @ V1 = (gl(e0)) ® (gl(=°)),
g1=V® W), g-1=M)0V.
This grading naturally can be restricted to s[(ee, e0). The Lie superalgebra sl(co, o0)
is simple since it can be obtained as a direct limit of simple Lie superalgebras.

+ We fix an even non-degenerate symmetric form @ : S>(V) — C and define
0sp(e0,00) as the subalgebra of operators in V of finite rank preserving @. One
can identify 0sp (e, o) with A2(V') using (1). In this case

g0 = 50(c0) D sp(ee), g1 =Vo@ V1.

The Lie superalgebra 0sp (o, =) is simple because it is isomorphic to a direct limit
of finite-dimensional simple Lie superalgebras.
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* We fix an odd non-degenerate form @ : S2(V) — C and define the Lie superalge-
bra P(eo) as the subalgebra of linear operators of finite rank in V preserving ®.
The superalgebra P(e) has a Z-grading g = g_ ® go P g1, with

go=Vo@Vi g1 = (W), g1 = A*(V).

Note that gg is isomorphic to gl(e), Vj and V; are standard and costandard rep-
resentation of go. Furthermore, g; (resp. g_1) is identified with SZ(VO) (resp.
A%(V})) by setting

Xuw(v) = (u,v)w+ (w,v)u,

for any u,w € Vp,ve V and
Xuw(v) = (u,v)w— (w,v)u,

for any u,w € Vi, v € V. Observe that P(eo) = lim P(n) is not a simple Lie algebra.
Its commutator is a simple ideal SP(eo) of all traceless matrices in P(eo).
* LetJ:V —V be an odd operator such that J> = —1. The Lie superalgebra Q(co) is

the centralizer of J in gl(ee, ). As in the finite-dimensional case go = gl(e°) and
g1 is the adjoint representation of gy. Note that Q(e0) = lim Q(n) is not simple.

It contains a simple ideal SQ(eo) of odd codimension 1 consisting of operators
X such that str(XJ) = 0. Note that in contrast with all other cases, SQ(eo) is the
direct limit of SQ(n), but SQ(n) are not simple.

We leave to the reader the definition of finite corank subalgebras in this case.

4.2 Ty for Lie superalgebras

Now let g denote one of the Lie superalgebras defined in the previous section. Let
T, be a full subcategory of g-modules M satisfying the following three conditions:

(1) M is integrable over go, and therefore over g,
(2) the annihilator of every vector in M is a finite corank subalgebra in g,
(3) M has finite length over gg.

It is clear that T is an abelian monoidal category. If g # Q(ee), in order to avoid the
annoying but not essential parity chasing we allow morphisms which change parity,
1. e. the standard functor IT changing the parity is an isomorphism in our category.
In fact, it is not difficult to show that if g # Q(ee), then

Ty=T; ®T,

with IT : T;‘ — Ty defining an equivalence of categories. Threfore, admitting odd
isomorphisms in the category T is the same as studying T; instead of Ty.
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4.3 Orthosymplectic superalgebra

Let g = 0sp(oo, o). The goal of this subsection is to prove the following
Theorem 6 The monoidal categories Ty, ']I‘sp(w> and ']I‘su(w> are equivalent.

We start with studying tensor powers of the standard representation V. If M is a
g-module and £ C g is a subalgebra, then M* denotes the space of ¢-invariants in M.

Lemma 3 (a) (VE")*°() = V" and (VE")59(=) = V5,
(b) V5" or V" generates V" over g.

Proof. 'We have the obvious isomorphism of gg-modules

V®n ~ @ (V0®P ® V1®q)":BC(n,p)'
ptq=n

The identity
(VO®P ® V]®f1)5u(oo) _ (VO®P)50(00) ® Vl®q

together with the fact that (V;7)*°(*) = 0 for p # 0 imply (V¥")*°(*) = V*". The
second statement of (a) is similar.

Now we prove that VO®” generates V®". Assume that the statement is not true.
Define the grading on V®" by setting the degree of a homogeneous indecomposable
tensor u = u; ® - - - @ u, equal the number of ; € V;. Pick up an indecomposable u of
minimal degree that does not belong to U(g)V,;”". Then k = deg(u) > 0 and u; €V}
for some i. Pick up e, e’ € V; such that (e,e’) =1, (e,u;) = - = (e,u,) = 0. Then

U=Xepny; (U1 @ Qui_1 @€ Quit1 @...uy) +,

for some v of degree k— 2. Note that deg(u| @ - Quij— 1 ® €' Qui 11 ®...uy) =k—1.
Hence bothvand (u; ® - Quj_1 @€ Qui41 ®...u,) belong to U(g)VO®”. Therefore
uel( g)VO®”. Contradiction. In the same way one can prove that V]®” generates V"
over g.

Let
T(V)=@ve™, 1="(V)=PVve", 7"(V)=HVve.
n>0 n>m n<m
A linear operator X € End; (V) is called bounded if the there are n and m such that
T>"(V) C KerX and ImX C T="(V).

We denote by o7, the subalgebra of all bounded operators in Endg (7 (V)). Note
that o7y = @,,, ;>0 Homg (V" VE"). By () (1€SP. Hyp () We denote the alge-
bras of bounded operators in End, o (..) (7'(V0)) (resp. Endgy o) (T (V)))-

Lemma 3 (a) implies that there are natural homomorphisms

Pso : Gy — Dyo(ew)s Psp : g — Dap(es)

given by the restriction to T'(V)*?(*) and T (V)*°(*) respectively.
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Lemma 4 Both ps, and psp are isomorphisms.

Proof. Injectivity of ps, and psp follows from Lemma 3 (b). To prove surjectiv-
ity recall from [2] that o7 (. (T€SP. “;p(.0)) are generated by permutation groups
acting on VO®" (resp. V]®”) and contractions. Both permutations and contraction are
defined on 7' (V') and hence lie in the image of pgso (resp. psp).

Let A be a partition and 7, be the corresponding Young projector in C[S,]. We

define

A

_ S - ‘
VA =m (VE), " = m (V). Vi = m (V).

Recall that the socles of \70)L and \71}L are simple gp-modules. We denote them VO’l
and VfL respectively.

Lemma 5 (a) VO)L ® VI“ is a simple go-module.

(b) Every simple module in Ty, is isomorphic to VO’1 ® Vlu for some partitions A
and .

© VO)L ® \71“ is indecomposable injective in Ty, with socle equal to VO)L ® Vl“ .

Proof. (a) can be proven by the standard argument using the Jacobson density theo-
rem. Letv =3""  e;® f; # 0 for some linearly independent e; € VO}“ and f; € Vll. Let
u=e® f.Since V; and V{' are simple there exist X € U(s0(=)) and Y € U (sp(o))
suchthatX(e;) =e,Y(f1)=fandX(e;) =Y (f;) =0for j > 1.Henceu =X QY (v).
Thus any non-zero v generates the whole VO’I ® VI” .

(b) Let M € Ty, be simple. Then M as an so(eo)-module lies in a slightly bigger
category ﬁo(w) of modules satisfying (1) and (2). Therefore M contains a subquo-

tient isomorphic to V07L for some A. Since M is simple M = VO’l ® W, where W is
some simple module in Tsp(m). Hence W = VI” for some partition (.

(c) Injectivity of V" in Tyq(..) implies injectivity of Vit ® V}* in T, (). By the

~ ~ !
same reason VO’I ® VI” is injective in Ty (.. For any simple VO’V & VI“ we have that
an exact sequence

0—>VO)L®\71“ —>M—>VOA/®V1“/ —0

splits over s0(eo) and sp(e=). Hence it splits over go. That proves injectivity of VOA ®
\71“ . Irreducibility of the socle follows from the identity

Homgo(VO}” oV A V) ~ Hom, (.., v, v ®Hom5p(m)(Vl” V.
We define functors Rgo : Tg — Tgg(e0) and Rep : Tg — Ty () by
Reo (M) = M) Rey (M) = M%),

Lemma 6 IfM € Ty and M # 0, then R, (M) # 0 and Rs, (M) # 0.
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Proof. Let L~V ®@V}" be a simple submodule in socg, (M) with maximal |2|.
Consider the natural morphism 6 : L& g; — M of go-modules given by 8(u®X,,) =
X, (u). Then socg, (ImO) has only constituents V' @ V) with |k| < |A|. Therefore if
u®@weLissuchthatu =m (1) @+ Quy), w € veltl and e® f € Vo @V is such
that (e,u;) =0foralli=1,...,n, then

O(udw®e® f)=Xrr(u@w) =0. (2)

Pickupe,e’ € Vo, f, f' € V; such that (e,u;) = (¢/,u;) =0foralli=1,...,n, (e,e') =
Land (f, f") =0.Then Xy, pr = [Xens, Xo'p 1] By (2) Xppp(u@w) = 0. It is easy to
see that X7, » for all orthogonal f, f’ generate sp(e) we obtain sp(eo)w = 0. Hence
[ =0,ie. LC Rso(M).

The proof that Ry, (M) # 0 is similar.

Now we are ready to describe simple objects in Tg. Let A be a partition with
|A| = n. Choose a Cartan subalgebra §) such that the roots of g are as in D(eo, ). The
even roots of g are {+g +¢€;|i,j > 0,i # j}U{=£0; £ §;|i, j > 0} and the odd roots
are {+(g;+ J;|i, j > 0}. Let b be the Borel subalgebra defined by the set of positive
roots

{8,':|:£j|i < j}U{(S[:l:(Sj‘i < ]}U{Z&‘l > O}U{Sii5j|i,j > 0}

Let V* denote the simple highest weight module with highest weight A = > A;¢;. We
introduce the standard order on weights by setting A < u if 4 — A is a non-negative
integral linear combination of positive roots.

Lemma?7 V* ¢ Ty. Any simple object in Ty is isomorphic to V* for some parti-
tion A.

Proof. Recall that VO’1 is a highest weight module over so(e0). Hence there exists a
unique up to proportionality v € V07L c V4 of weight A = Y A;&;. An easy calculation
shows that n(v) = 0. By Frobenius reciprocity there exists a non-zero homomor-
phism y from the Verma module M* to V*. The image of y has a unique simple
quotient isomorphic to V*. Thus V* € T,.

Now let M € T, be a simple module. Pick up a go-submodule L ~ Vi in Rqo (M)
with miximal |A]. Then a non-zero v € L of weight A is annihilated by n. Therefore
M~V*,

Lemma 8 Let M € Ty be a non-zero quotient of the Verma module M* for some
partition A. Then M ~ V*.

Proof. Suppose that the statement is false. Then there exists V# C M with u < A.
Let v, € V¥ be a highest vector of weight u and v; be a non-zero vector of weight
A.Thenvy € U(n™)v; and therefore v, € U(n™ Ng’)vy for some finite-dimensional
g’ = 0sp(2p,2q) C g. Without loss of generality we may assume p > 2g+|u|. There-
fore the quadratic Casimir element in U(g’) has the same eigenvalue on v, and v;.
This is impossible since (A +p,A +p) # (L +p,u—+p) if p > 2g+|u|, here p is
the half sum of even positive roots minus the half sum of odd positive roots of g’.
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Lemma 9 Let
0=V M —-VH 0

be a non-split exact sequence in Tg, then U < A in the standard order. Furthermore,

Proof. If u and A are not comparable then a vector of weight t spans in M a sub-
module isomorphic to V# and the sequence splits. Since M € T, M is semisimple
over b, the sequence also splits in the case t = A. If t > A, then M is a quotient of the
Verma module M*. By Lemma 8 M ~ V¥, Therefore the only possibility is t < 4.
Note that this implies |¢t| < |A|. We claim that || < |A|. Indeed, let |u| = |A|. For
any module N set N* be the span of all weight spaces of weights Y a;& + X.b;0;
with Y a; = |A|. If € ~ gl(e) be the subalgebra in g generated by the roots of the
form & — €;, then N is obviously £-stable. It is easy to see that (V*)* and (V#)*
are simple £-submodules in the tensor algebra of the standard £-module. Therefore

0— (VH* - Mt — (VT =0
splits over £. But then the original sequence must split as well by Lemma 8.
Lemma 10 V* is injective in Ty.
Proof. Tt is sufficient to prove that for any (U an exact sequence
0V =M—V* =0

of modules in Ty splits. If |u| > |4 |, then the sequence splits by Lemma 9, as |u| >
|v| for any simple subquotient V¥ in V*. Hence we may assume |u| < |4 |.

By Lemma 5 V% is injective in Tg,- Therefore the sequence splits over go. Thus,
we can write M = V¥ ©V* as a go-module. The action of g is given by X (u,w) =
(Xu,c(u®X) +Xw) for any u € V*,w € V*, X € g; and some ¢ € Homg, (V4 @
g1,V*). By Lemma 5

socg, VA = P vy @V
(v.v)

for some set of pairs (v, V') such that |v|+ |v’ | = |A|. Therefore we have

c(Vy' @g1) ﬂsocgo @VO @V,

where the summation is taken over some set of partitions v such that |v| = || — 1.
Ifuec Vou , then

(U@ Xens) =Y ayy(u®e)® f,

for some a, € C. We claim that in fact all a, = 0. Indeed, assume a, # 0. Let
u=m (@ Quy) € VO’l for some linearly independent isotropic mutually orthog-
onal uy,...,u,. For any e € Vj linearly independent of uy,...,u, and any non-zero
f € Vi, we have ¢(u® X, r) # 0. But then the annihilator of u € M is not a finite
corank subalgebra, hence M is not in Ty. Contradiction.
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Thus, ¢(V§' ®g1) = 0. Let v, € V' be the highest vector. Then (v,,0) € M is
n-invariant. Consider the submodule N C M generated by (v,,0). By Lemma 8 N ~
VH. Therefore the exact sequence splits.

Corollary 1 The socle of V* coincides with V*.
Proof. Follows from Lemma 6 and 7 since R, (V*) = V.

Corollary 2
Reo(V2) =V, Rep(V2) =V 3)

Proof. By Corollary 1 and Lemma 10

vh = N Kerg.
@cHomg (VA T=IA=1(v))

Therefore Lemma 4 implies the statement.

One can prove as in [2] that Ty is antiequvivalent to the category of locally uni-
tary finite-dimensional 73~ modules. Therefore Lemma 4 implies that T, 4 (e, o) and
T4 (w0 are equivalent abelian categories.

Define now the functors Sso : T () — Tg and Sep : Tgp(e) — Ty as follows. Let

M € Ty (resp. Tgp(eo))- By I(M) we denote the induced module U(g) @y (q,) M,
where we deﬁne the actlon of sp(eo) (resp. s0(e0)) on M to be trivial. We set
Sso(M) =1(M)/( m Kerg),

@eHomg (I(M),T(V))

respectively
Sep(M) =1(M)/( N Kerg).
@cHomg (I(M),T(V))
Observe that Homg (I(M),T="(V)) = Homg, (M, T="(V)) = 0 for sufficiently large
n. Thus, Sso (M) (resp. Ssp (M)) have finite length over go and hence lie in Ty. It is
not hard to see that S, (M) (resp. Ssp (M)) is the maximal quotient of /(M) belonging
to Ty. Hence by Frobenius reciprocity

Homg (S50 (M),N) = Homg, (o) (M,Rs0(N)),
Homyg (Ssp (M), N) =~ Homgy () (M, Rsp (N)). ()

Proposition 1 The functors S, ( resp Ssp ) and R, (resp. Rsyp ) are mutually inverse
equivalences between Ty () (resp. Tep()) and T.

Proof. A functor F : Tg — Tg,(.) establishing an equivalence can be taken as

a composition of Fy : #g-fmod — Tg4(.) and F2 : Ty — o/g-fmod, where F; =

Hom, (-,7(V)) and F> = Homg(+,7(V)). Lemma 4 implies Rs, = F o F>. Since

Sso 18 left adjoint to R, by (4), S5, must be inverse of Ry, by general nonsense.
The case of sp(ee) is similar.
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To prove Theorem 6 we claim the following.

Proposition 2 The functors Ss, (resp. Ssp) and R, (resp. Rsp) are equivalences of
monoidal categories.

The proof of the above Proposition amounts to showing that Rs, and R, preserve
tensor products. It is an easy consequence of the following curious fact. We leave
its proof to the reader.

Lemma 11 Let £ = gl(eo),sl(c0),50(c0),5p(c0). In the category Ty the functor of
invariants preserves tensor product. In other words, (M @ N)* = M* @ N®.

4.4 The case of gl(c,)

The case g = gl(eo, o) is similar to the case of 0sp(ce, o). Therefore we only state the
results omitting the proofs. Recall that the even part g is a direct sum of two copies
of gl(ee). Let £ =V ® (Vo)« and [ =V ® (V1 ). We define the functors Ry : Tg — T,
Ry :Tg — T(by Re(M) =M", R(M) =M" and S : T () — Tyi(cofer) DY

S(M)=1(M)/( N Kerg,
ocHom(I(M),T(V&V.))

where I(M) = U(g) ®y(gy) M-
It is not hard to see that S is left adjoint to Ry and Ry.

Theorem 7 The functors Ry and S establish an equivalence of monoidal categories
Tg[(m,m) and Tg[(m).

Note that the composition So R : Ty — T defines an autoequivalence of the cat-
egory Tgy(.) that sends VAR yAtat

4.5 The case of P()

It turns out that for g = P(co) the category Ty is also equivalent to Ty ..y and hence
10 Tgp () and Ty g (cofos). However, the proof is different in this case.

We claim that any module M in T can be equipped with Z-grading M = @M k
such that g;M* C M**? Indeed, note that any simple go-subquotient of M is iso-
morphic Vok’“, and we assign to it degree |A| — |u|.

Define a functor R : Ty — Ty, by

R(M) = M9,

Lemma 12 (a) For any M € Ty, R(M) # 0.
(b) If M is simple then R(M) is simple.
(©) If R(M) ~ R(L) for two simple M,L € Ty, then M ~ L.

Proof. Since M has finite length over g there exists a maximal k such that M* # 0.
Then g; (M*) C M*+? = 0. That proves (a).
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(b) Let k be maximal such that M* # 0. If N is a proper submodule in M, then
U(g)N = U(g_1)N is a proper submodule in M since (U(g)N)* = N. Therefore M¥
is a simple go-module. If R(M)" # 0 for some i < k, then U(g)(R(M)') is a proper
non-zero submodule in M. Hence if M is simple, then R(M) = M* is simple.

(c) It is clear that both M and L are simple quotients of the parabolically induced
module U(g) ®y(gymg,) R(M). But the latter has a unique simple quotient. Hence

(c).

Lemma 13 Let M € T.
@If V07L C M is an embedding of go-modules, then VO’l CR(M).
(b) Any simple submodule in R(M) is isomorphic to VO7L for some partition A.

Proof. (a) Consider the map y : g; ® V' — M defined by y(X ®v) = Xv. Suppose
|A| = k. Consider linearly independent uj, ... ,ux € Vo. Thenu=m) (u; ® - -- Quy) €
VO’l is not zero. Moreover, for any w,v € V) we have

¥ (Xy @u) =Y aymy(w@veu)
\4

for some v obtained from A by adding two boxes not in the same column and some
ay € C. Note that if some ay, # 0, then for any w, v such that uy, ..., ug,v,w are lin-
early independent, we have y(X,,, @ u) # 0. But then the annihilator of v € V;* is
not of finite corank. Hence y =0, i.e. V;* C R(M).

(b) Let L be a simple go-submodule in R(M). Then L ~ socg, (Vi @ V). We
want to show that g = 0. Assume the opposite. Consider the go-homorphism v :
L®g_; — M given by y(w®X) =X (w) forall X € g_;,w € L. Since the annihi-
lator of any vector in M has finite corank we have

y(socg,(L®g_1)) =0. )
Let w € L be of the form
Ww=m(Vi® @) @y (U1 @ i),

where v; € Vo,u; € V; are linearly independent, n = |A|,m = |u|, (v;,u;) = 0 for all
i<n,j<m.Let f1, f> € V| be orthogonal to vy,...,v, and linearly independent with
Ul,y...,uy. By (5)

vw®Xp.p) =Xp.5(w) =0. (6)
Let e € Vjy. Then for any v € Vy,u € V| we have
[Xeué”Xfl,fz}(V) = 2((f1,V)(f2,€) - (f27v)(f17e))ea (7)

Xe.or X1 ) () = 2(e;u)((f1, €) f2 = (f2, €) f1)-

Pick up e € Vy, f1, f» € Vi such that (e, fi) = 1, (e, f2) =0, (e,u1) = 1 and (e, u;) =
0 for i > 1. Then by (6) [X,., Xy, 5,](w) =0 and by (7)

Keo, Xp, )W) =2 (Vi @+ @) @y (frQur @ -+ - @uyy) # 0.

Contradiction.
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Corollary 3 For any simple M € Ty, R(M) ~ VO)L for some A.

We use the notation V* for the simple M € Ty with R(M) = V.
We will prove now that V" is injective in Tg. Consider the action of S, on V*"
such that an adjacent transposition o; ;11 acts by

Ciit1(VI @ @vy,) = (=1)PUDPLH) Y @ RV ®Vi® -+ @ V.
This action commutes with the action of g.

Proposition 3 (a) R(V®") = (Vp)®";

(b) socVE" =U(go)(Vy™")s

(c) Endg(V®") = Endgo(V()@") = C[Sn);

(d) ver = @W=n VA Y, where Y, is the irreducible S,-module associated to A

and V* is an indecomposable module with socle V*.

Proof. (a) Consider V®" as a go-module. It splits into indecomposable sumands
Vo @ V1Y with |i| + |v| = n. Hence the statement follows from Lemma 13(b)

(b) By Lemma 12(a) and (a) each VO” C V0®” generates a simple submodule. There-
fore (b) follows from (a).

(c) The restriction map: Endg (V®") — Endg, (V") = C[S,]; is obviously surjec-
tive. We claim that the quotient of V®" by the socle can have only simple subquo-
tients VH for [u| < n. Indeed, if V# is a simple subquotient of V", then V' is a
simple go-subquotient of V", Hence |ut| < n. On the other hand, if |u| = n, then
Vy' C V" C socV®". Therefore any @ € Endg(V®") that kills the socle must be
zero. That implies injectivity of the restriction map.

(d) is a consequence of (c) and (b).

Note that (b) also implies

Corollary 4 [fHomg(V®",V®™) 2£ 0, then n — m is non-negative even.
Lemma 14 LetM €Ty, V07L C R(M) generates M, then M ~ VA,

Proof. Let |A| = n. Consider the parabolically induced module K = U (g) ®y (gyeq,)
VO’I. We have an isomorphism K ~ A(g_;) ® VO’l of go-modules. Let Ny =
s0Cq, (g-1 ® V). First, we show that gj(No) = 0. For this we fix the Borel sub-
algebra of gg such that all tensor modules are highest weight modules (see [2] and
Sect. 3). If v € VO’l is a highest vector, Y € g_ is a highest vector with respect to
the adjoint action of go, then ¥ ® v generates Ny (as a go-module). Let X € g;, then
X (Y ®v) =1®|[X,Y]v. By a straightforward check [X,Y]v = 0. Thus, g1 (Y ®v) =0
and hence the whole Ny is annihilated by g;.

Now let N C K be the submodule generated by Ny and Q = K/N.Letw: K — Q
denote the natural projection. Note that the annihilator of (1 ®v) is of finite corank.
Since U(g)m(1®v) = Q, O satisfies (1) and (2). Note that M is a quotient of K. Con-
sider the natural projection ¢ : K — M. If 6(Np) # 0, then Zo (1 ® v) # 0 for any
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Z € g_1, that contradicts our assumption M € Ty, as o(1 ®v) does not have the
annihilator of finite corank. Hence ¢(Ny) = 0 and therefore M is a quotient of Q.
Note that although K ¢ Ty, it is still equipped with the Z-grading such that
K" = A¥(g_;) ® V. Hence both N and Q are also graded. We claim that for
all g and k>0
Homg, (V3',0" %) =0. (8)

Indeed, N~k is generated by A*~1(g_1)(Y ®v) over go. Any weight vector in
A1(g_1)(Y ®v) has weight ¥ a;&; with at least two negative a; and hence belongs

to socé’é‘ll{"‘zk . But then

—2k 2k—1 grn—2k
N Csocg,~ K" 7.
Therefore we have an embedding of go-modules

socq, Q"% ¢ (socéﬁ[(”‘zk) /N"_zk.

All go-simple subquotients of socé’(‘)K”_Zk are of the form socg, (V)' ® V') with
|[v| > 1. Hence (8).

Now we can prove that Q is simple and hence isomorphic to V*. Indeed, it is
equivalent to proving that R(Q) = Vol. Suppose the latter is false, i.e. R(Q)" "2 # 0
for some k > 0. By Lemma 13(a) there exists u such that V}' € R(Q)"~2*. But this
contradicts (8).

Theorem 8 V* is the injective hull of V* in T,.

Proof. It suffices to prove that any exact sequence in T of the form
0-V*=M—VH -0

splits. Since V% is injective in Ty, the sequence splits over go. In particular, we have
an embedding V(fi C M of go-modules. By Lemma 13(a) V0“ C R(M). By Lemma 14
V0“ generates V# C M. Hence the statement.

The above theorem and Proposition 3(d) imply
Corollary 5 V®" is injective in T,.

Recall that .7y denotes the subalgebra of all bounded operators in Endg (7 (V')).
Theorem 8 implies

Corollary 6 T is antiequivalent to the category of locally unitary finite-dimensio-
nal modules over <.

By Corollary 4 we have a Z-grading

dy =P, o} =EPHomg(VE", V),

i>0 n>0
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By Proposition 3

=Sl

n>0
Forany 1 <i < j <ndefine 7/; € Homg (Vven y@n=2) by the formula
Tinj(Vl R Qvy) = (_1)S(Vi,Vj)V1 R RV RV Dy,
where s = (p(vi) +p(v;)) (p(v1) + -+ p(vi-1)) + p(v;) (P(Vis1) + -+ p(vj-1)).
Lemma 15 {7} foralln>1and 1 <i< j<nforma basis in 42{91.

Proof. Tt is sufficient to show that for a fixed n, the set {r{;} foralll1<i<j<n

is a basis in Homg (V*", V@1=2)_ Linear independence is straightforward. To prove
that {1} span Homg (V®",V®"~2) consider the homomorphism

p : Homg (V" VE"™2) — Homy, ((VE")"~2, (VO —2)12)

defined by restriction to the n — 2-th graded component. Since (V#"—2)"~2 = V()@"_2
generates the socle of V®”"~2, this homomorphism is injective. Write

V@l’l n— @M]m

where My = V' @V @ Vi, Any w € Homyg, ((VE")"~2,V5""~2) can be writ-
ten in the form zak,el where 91 M — V®” 2 is the restriction of Ty to My ifk <l
or Tj if k > . If y lies in the image of p, then v =p(¢)and therefore

V(Xp (M1 ® @) =Xp p0(V1 @ @Vv,) =0 ©)

forany vi,...,vn, f1,/2 € Vo. Choose vy, ..., v, € Vo, f1, f> € Vi sothat (v;, f1) =0 for
any i #k, (vi, fa) =0forany i # 1, (v, fi) = (v, f) = 1. Then (9) implies ay; = ayy.
Therefore ¥ = p (X anTy;). The result follows now from injectivity of p.

Lemma 16 Let A™ (resp. A~ ) denote the set of all |t obtained from A by adding
(resp. removing) one box. Then we have the following exact sequence

0— @VVHV1®V—> @ VH 0.
vert UEA™

Proof. Assume |A| = n. From embedding V* @V C VE"*+! we have

RV*aV)=ViaWw= P W.

vert

Let M be the submodule in V* @V generated by R(V* @ V). Then M = @, + V"
by Lemma 14 and Pierri rule. Let S = (V* @ V) /M and 7t : V* @V — § be the natural
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projection. Then S is generated by 7(V{t @ V;). Moreover, n(Vj* ® Vi) C R(S). By
Lemma 13(b) and [5]
n(V¢evi)c P Vi

HEA™
To see that
n(V¢ovi) = @ v
HEA™
observe that the set {T;'Jn”il\l < j < n} spans Homg,(V§t ® Vi,V "). Since
T (M) =0 for all j < n we have

MN (V3 ®Vi) Csocg, (Vi @)
Now the statement follows from Lemma 14.

Lemma 17
socV & = N Kerp= (] Kert}\.

@€Homg (V& yen-2) I<i<j<n

Proof. The inclusion
Xn n
socV=" C ﬂ Kert;;
1<i<j<n

is trivial since V™" C Kert/; for all 7, j and socV®" is generated by V™.
We prove equality by induction in n. Let X, = ;<< <, Kert};. By induction
assumption we have

X, C X1 ®V = (socVE" @V
Using the previous lemma one can easily see that there is an exact sequence
0—socV¥" - X,_ 1@V —-Z—0,

where Z is a direct sum of some V* with |i| = n — 2. By the above exact sequence
it is sufficient to check

(socV®@m)1=2 = ﬂ Kert/; N (vemn-2

1<i<j<n

Our calculation in the proof of Lemma 15 implies that

() Kerg/in(VE")" 2 =g_ Vg™

1<i<j<n

Hence the statement.

Lemma 18 o7 is generated by %0 and ;zigl.
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Proof. Let ¢ € Homg(V®",V®"=2k) for k > 1. Then socV®" C Kerg. Let M =
Ve [socV®". By Lemma 17

@ Tinj Syen _, (V®n—2)®n(n—l)/2

defines the embedding M C (V&"~2)&n(n=1)/2 By injectivity of V"~ there exists
v € Homg ((V®@1=2)@n(n=1)/2 y&n=2k) guch that

p=vyo( @ ).

1<i<j<n

Hence
o= 2 Wijot
1<i<j<n
for some y;; € Homg (VE"~2 V®1=2k) Now the statement easily follows by induc-
tion in k.

Theorem 9 The graded algebras @p ..y and Hy () are isomorphic. Hence the cat-
egories TP(M), T”(w), Tsp(m) and Tysp are all equivalent.

Itis an open problem to construct directly a functor Tp(..) — T4(eo) that preserves
tensor product.

Finally, let us observe that we know very little about finite-dimensional represen-
tations of P(n). In particular, characters of simple modules and extensions between
simple modules are unknown. On the other hand, in Tp..) these questions are easy
to answer. Is it possible to use information about representations of P(eo) to make
some progress in the finite-dimensional case?

5 The case of the queer Lie superalgebra Q(n)

5.1 Sergeev duality

In this section we assume g = Q(eo). Let us recall the analogue of Schur-Weyl du-
ality result in this case. It is due to Sergeev [7].

Let H, be the semidirect product of C[S,] and the Clifford algebra Cliff,, with
generators p;,i = 1,...,n satisfying the relations

pi =—1,pipj+p;pi=0.

Define the action of H,, on V®" as follows
Siitl (Vl R RV Vg R ®Vn) = (,1)P(Vi)l7(vi+1)(vl R RV ViR ’®Vn)7

pi(vl Q- ®Vi® . ..®vn) — (_1)P(V1)+‘“+p<vi71>(vl & - ®J(Vl) X - ..®vn)'
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One can show (see [7]) that H,, ~ U, ® Cliff,, for a certain finite-dimensional al-
gebra U,,. The category of finite-dimensional representations of U, is equivalent to
the category of projective representations of S,,. [rreducible representations of U,, are
enumerated by strict partitions.

Theorem 10 ([7]) H, is the centralizer of Q(eo) in V™. There is a decomposition
von=P2 o Mvi e,

here summation is taken over all strict partitions of size n, T), is the irreducible
H,-module corresponding to the strict partition A, 8(A) is the parity of the length
of A.

The coefficient 2-9(*) appears in the case when dimEnd..,(V3) = (1|1). For
example, the second tensor power of the standard representation V has a decompo-
sition

VeV =S (V)oA%(V).
But $?(V) =~ A2(V) as Q(s0)-modules because p1p2(S*(V)) = A?(V). There is only
one strict partition A = (2,0,...,0) of size 2, (1) = 1. The reader will check that
H, has an irreducible 4-dimensional module (in the category of Z,-graded modules).

5.2 The category T g

Let us consider the mixed tensor module
T = @ V®Vl ® V*®m
m,n>0
We claim that 7" is an injective cogenerator in the category Ty (..).

Lemma 19

vergvem = P 2~ max(8().6(I) Ak & (T, K Ty),
|A|=n,lu|=m

where V2 is an indecomposable injective module in Ty with simple socle yAu,

Define the graded subalgebra 7)., C Endy(..) (T) generated by ,, ;>0 Hn @ H,
and all contractions in Homg .., (V¥" @ V", ven-t @ yom=1),

Conjecture Let g = Q(co).

o VA (for pairs of strict partitions (A, u)) are all up to isomorphism simple objects
in Ty.

o VAH are all up to isomorphism indecomposable injective objects in T.

* @y is a direct limit of self-dual Koszul rings.

» Ty is antiequivalent to the category of finite dimensional (locally unitary) 7;-
modules.
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* The socle filtration of V4 is given by

sock(f/l’”) = @ R;“JL,R;‘?“,V”’”'.
7=k

Here R? 4 stand for the Littlewood—Richardson coefficients for the Lie superal-
gebra Q(eo).

Note that an analogue of Howe, Tan, Willenbring result for Q(N) for N >> 0 is
difficult to get since there is no complete reducibility. On the other hand, even if we
had such result, it is unclear how to proceed to o, because we “loose” some simple
constituents at oo,

For instance, SQ(n) has a one dimensional center for every n but

SQ(e=) = limSQ(n)

is simple.
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