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Abstract This chapter is aimed to provide a basic introduction into the principles
of modeling approaches which have been developed for getting insight into var-
ious interconnected processes initiated inside transparent materials under the
action of ultrashort laser pulses with consequences in volumetric modification of
material structure. In view of extreme complexity of the problem, modification
mechanisms and their driving processes are still far from complete understanding
and require further considerable research efforts. Here we focus our consideration
on established approaches that treat matter as a continuum medium. They include
models describing laser beam propagation through a non-linear transparent glass
or crystal with kinetics of electron plasma generation upon beam focusing and
attempts to consider further material evolution with insights into thermodynamic
state, stress dynamics, and plastic deformations. We underline that the quality of
the final structures is determined by the synergetic action of laser excitation/
relaxation kinetics, thermodynamics, and mechanics. The chapter does not pretend
to completeness and aims to outline main ideas, achievements, and most intriguing
findings which are still waiting for explanations and theoretical treatments.
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5.1 Introduction

Since 1996 when it was demonstrated that tightly focused femtosecond laser
pulses could induce a local internal increase of the refractive index inside bulk
transparent glasses [1], the interaction of ultrashort laser pulses with transparent
optical materials has attracted a lot of attention as a powerful tool for modification
of material properties [2] resulting in generation of surface [3–7] and volume [5,
8–13] periodic structures, densification and refractive index changes [1, 14–20],
formation of micro- and nanovoids [9, 21–27], phase transitions (crystallization in
amorphous materials and amorphization of crystalline ones) [23, 28]. This gives
rise to numerous technological applications based on three-dimensional photonic
structures in bulk optical materials, such as waveguides [1, 14–20], Bragg gratings
[29, 30], Fresnel zone plates [31], waveplates based on volume nanogratings
(VNG) [32], splitters [33], couplers [34, 35], amplifiers [36], rewritable optical
memories [37, 38], and computer-generated holograms [39]. As seen from the
above citations, the field of laser writing of optical structures in glasses has been
rapidly developing during last 15 years and the laser-written structures become the
key elements of integrated photonic devices.

While tremendous achievements have been demonstrated toward laser-writing
techniques and assembling integrated photonic devices, the physical mechanisms
underlying glass modifications have not been fully understood. Here we discuss
general principles of applying continuum approaches for numerical modeling of
the variety of interconnected processes induced in wide-bandgap dielectric
materials by ultrashort pulse laser radiation, starting from the excitation stage and
extending to microsecond timescales when a final structure is imprinted into the
material matrix. Apart from the fact that the theory and modeling of the laser-
induced processes can be the cost reducing tools which may allow choosing the
optimal conditions and most appropriate materials for particular desired modifi-
cations, they provide a detailed physical understanding of the phenomenon and
required material properties for technological applications. We underline, that in
view of extreme complexity of the problem, modification mechanisms and their
driving processes are still far from complete understanding and require further
considerable research efforts as well as developing novel advanced models of both
continuum and atomistic/molecular kinds. It should be noticed that this chapter can
be considered as a continuation of [40] where the general principles of continuum
modeling in application to ultrashort pulsed laser ablation of solids are discussed.

5.2 Ultrafast Laser Excitation of Wide-Bandgap
Dielectrics

First we consider the fundamental aspects of ultrafast laser excitation specific for
inorganic dielectric materials with an assessment of the state-of-art and further
research directions. Successful development of applications based on laser-induced
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micro- and nanomodifications of transparent materials requires deep understanding
of the whole chain of the intricate processes initiated in dielectrics by fs laser pulses
and extending up to millisecond time scales with formation of permanent
mechanically deformed and/or chemically modified states. The mentioned chain of
the processes starts from material photoionization with creation of seed free elec-
trons. The latters absorb laser energy and, at proper conditions, can produce sec-
ondary electrons in collisions with neutral atoms of dielectric matrix, thus
generating electron avalanche. This results in considerable change of optical
response of the laser-irradiated region towards its ‘‘metallization’’. Laser beams
focused inside the bulk of a transparent material can experience self-focusing
starting from a material-dependent threshold power. However, the beam self-
focusing collapse is arrested by scattering from the laser produced plasma. In some
dielectrics, active recombination of free electrons starts already at sub-ps time
scales while in other dielectrics the free electron gas survives up to hundreds of ps
[41]. Rapid recombination of free electrons leads to swift heating of the photoex-
cited region that occurs at ps timescale when heat conduction effects are negligible.
As a result of rapid heat release into the atomic subsystem and corresponding
pressure rise, thermoelastic stress waves are generated which, depending on the
heating level and heat localization, can either completely dissipate, or lead to
significant plastic deformations of the material, or even to mechanical damage in
the form of micro- and nanovoids in the energy-release zone [42].

It should be underlined that the stress waves not only induce deformations in a
hot laser-excited region but also create a hoop stress in an extended cold zone
around it. The thermomechanical effects terminate at *10 ns after the laser pulse
action when the three-dimensional pressure waves propagate a distance of several
micrometers and substantially dissipate. However, under some experimental
conditions the ‘mechanical scenario’ can repeat at microsecond timescale after
laser pulse termination when the locally released energy spreads due to heat
conduction and reaches the regions of ‘cold’ deformation. Softening of the
deformed regions can cause secondary redistribution of matter in the laser-affected
zone [20] and even emission of secondary thermoelastic waves.

The main mechanisms involved in generation of free carriers in wide-bandgap
dielectrics irradiated by visible and near-IR fs laser pulses are the multiphoton and
avalanche ionizations. To describe temporal evolution of the free electron density
ne(t), a simple but intuitive rate equation can be written in the following form
[43–47]:

oneðtÞ
ot
¼ rkIkðtÞ þ dIðtÞneðtÞ : ð5:1Þ

Here I(t) is laser intensity; rk and d are the multiphoton ionization (MPI) cross
section and the avalanche coefficient respectively: k is the number of photons
required for an MPI event. This equation represents a simplest way for estimating
the experimental conditions taking into account generating non-homogeneous
profiles of the electron density in the surface layer or inside the bulk depth and
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changing the optical response of laser-excited matter [43–52]. The excitation
process can conventionally be divided into two stages. At the initial stage, free
electrons are generated via the multiphoton ionization while avalanche (colli-
sional) ionization develops when a definite ‘‘seed’’ level of the free-electron
density is reached which is sufficient to efficiently absorb laser light.

At relatively high radiation intensities, the tunneling ionization mechanism can
dominate over multiphoton ionization as determined by the Keldysh parameter

c ¼ xð2meffEgÞ0:5=ðeELÞ [53–56] where meff is the effective electron mass; EL is
the electric field of the laser wave; Eg is the band gap width in dielectric materials
or ionization potential of individual atoms or molecules; here and everywhere
below the symbol e denotes the elementary (positive) charge. The Keldysh
parameter can be presented as a ratio between the characteristic time that an
electron takes to overcome the energy barrier (the ionization potential whose value
can vary in the strong-wave field) and the electromagnetic wave field period. At
c � 1, the MPI mechanism prevails while at c � 1 the tunneling mechanism
becomes dominating. It is widely accepted that, for the tunneling ionization to
produce a noticeable effect, the condition c\ 0.5 should be met. However, a
number of experimental facts indicate that multiphoton ionization can dominate
even at c � 1 [55]. These facts gave rise to numerous generalizations of the
Keldysh theory of photo-ionization of dielectric materials [56], as well as for
atoms and molecules in the gas phase [55].

It must be admitted that the tunneling mechanism of ionization can play a
significant role upon focusing on the surface layer of material in vacuum or a low-
pressure gas environment. At focusing into material bulk or on its surface in the
presence of a dense ambient gas or a liquid surrounding, ionization of medium
starts before focus at reaching a definite level of laser intensity. As a result, a high-
energy beam is attenuated in its way to the laser focus that leads to the intensity
constraints at levels at which the MPI mechanism prevails unambiguously (so-
called clamping effect, see [57–59] and Sect. 5.3). It should be noted that, for
relatively long wavelengths of femtosecond laser pulses, toward the mid-IR range,
the MPI rate strongly decreases and tunneling ionization will inevitably play the
dominant role. Although the femtosecond lasers at mid-IR wavelengths are seldom
used today, this trend should be mentioned for providing more complete
understanding.

The role of avalanche ionization in the breakdown of dielectrics in ultrafast
irradiation regimes is still debated [60–63]. Some authors completely deny its
existence for sub-ps pulsed irradiation regimes [61] while the others assert that its
effects can be even more pronounced with decreasing pulse duration due to a
decrease of the potential barrier in a strong laser field (cold avalanche) [63].
Electron recombination in inorganic dielectrics proceeds in the form of trapping in
localized states (the recombination rate may be expressed as Re = ne/str where str

is a characteristic recombination time), accompanied by creation of excitons, color
centers, non-bridging oxygen hole centers, and other defects [64–67]. Defect
generation leads to pronounced incubation effects manifested as a decrease of the
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damage threshold in multipulse irradiation regimes [66]. For some materials with
very short trapping time (e.g., for fused silica where str & 150 fs [67]), the
incubation effect, i.e. accumulation of the defect states and their preferential
ionization, can appear already during fs laser pulse action.

Based on the above consideration, the kinetic scenario of excitation of an
inorganic dielectric material can be described as following. Multiphoton ioniza-
tion, whose order is determined by the ratio between the bandgap width and
photon energy �hx, results in excitation of electrons from the valance band to a
low-energy state within the conduction band. At high laser intensities when c B 1,
the tunneling mechanism of ionization becomes dominating in photo-production of
free carries. The free electrons may now efficiently absorb laser radiation due to
inverse bremsstrahlung. When an electron has absorbed a sufficient amount of the
laser energy ([Eg), it can collisionally ionize a neutral atom of the material matrix.
The development of avalanche (collisional multiplication of free electrons)
changes optical properties of the laser-excited region of the material. Spatiotem-
poral dynamics of optical parameters can be described within the Drude formalism
via the complex dielectric function e*(ne) whose value can be seen as contributions
from unexcited matter and generated dense plasma [47, 68]:

e� neð Þ ffi 1þ eg � 1
� �

1� ne

nval

� �
� ne

ncr
1þ i

1
xsc

� ��1

: ð5:2Þ

Here ncr = e0n0meffx
2/e2 is the critical electron density nval is the total valence-

band electron density in the unexcited state; n0 is the refractive index; eg is the
dielectric function of unexcited material; e0 is the vacuum permittivity; xsc is the
damping factor [64] determined by the finite electron collision time sc (see
comments in Sect. 5.3.2). We underline that the reflection coefficient from an
inhomogeneous dense plasma at the sample surface layer should be calculated
within a multilayer reflection model [42, 68, 69].

Several examples of successful models constructed to simulate laser-induced
excitation of surfaces of dielectric and semiconducting materials and their heating
dynamics can be found in [41–47, 49–52, 70–72]. They are usually based on the
rate equations for charge-carrier generation and recombination and an analog of
the two-temperature model either for the average charge-carrier energy or the
temperature as a measure of the average energy under the conditions of incomplete
thermalization within the electron subsystem. In this section, the main processes in
wide-bandgap dielectrics have been outlined for the case of laser beam focusing on
the sample surface. Actually the dynamics of laser-induced excitations of
dielectric materials is much richer that motivates their utterly wide applications in
various optical technologies. In the following sections we concentrate on the
peculiarities of optical material modifications by ultrashort laser pulses upon
focusing in the bulk depth.
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5.3 Volume Modifications of Wide-Bandgap Dielectrics

The regimes of focusing of ultrashort laser pulses inside transparent crystals and
glasses which result in local volume modifications of the properties of the irra-
diated sample are of paramount interests for applications in photonics and opto-
electronics among which the main well-established application field is direct
writing of waveguide structures, based on a controlled change in the refractive
index in laser-modified zones [14–20, 34, 73–80]. Formation of a phase object
embedded in the dielectric matrix is caused by rearrangement of bonds in the
sample with the displacement of atoms and corresponding change in density,
accumulation of stresses, and appearance of defect states. Improved control over
modifications in laser-irradiated materials requires detailed studies of both indi-
vidual laser-induced processes and their interrelations on the timescales from
photo-excitation to imprinting a final 3D structure into the matrix of the original
material. In the last years, a progress has been achieved in theoretical modeling of
laser-excited processes, both during the laser pulse propagation through a trans-
parent material sample and post-irradiation effects though understanding of
mechanisms and dynamics of modifications are far from being compete and
require further considerable efforts. Here we review the main approaches for
investigations of in-volume laser-induced processes and outline future modeling
directions.

5.3.1 Propagation of Focused Laser Beams Through
Non-linear Absorbing Media

Several types of modeling approaches can be listed which have been developed for
studies of propagation of an electromagnetic wave in transparent materials with
accounting laser energy absorption. A simple quasi-analytical model [58] can be
useful for an estimative analysis of the geometry of laser energy absorption regions
and light transmission through the sample. The model relates qI(z,r,t)/qt and
qne(z,r,t)/qt to I and ne (r and z are the radius and propagation distance of the laser
beam). For the regimes considered in [58], it was unambiguously shown that, in
transparent solids, the laser intensity is strongly clamped to the maximal reached
levels of order of 5 9 1013 W/cm2 due to non-linear absorption. Another impor-
tant observation is that the absorbed laser energy is proportional to the pulse
duration. It must be underlined that a more rigorous approach based on solving the
non-linear Schrödinger equation supports the latter conclusion, indicating however
that at longer pulses the laser energy is deposited into a more localized region [20].

The models of laser light propagation in transparent media based on the non-
linear Schrödinger equation (NLSE) are widely utilized for studying the processes
of laser excitation of dielectrics in the regimes of modification. The NLSE is an
asymptotic parabolic approximation of Maxwell’s equations [81] applicable for
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describing unidirectional propagation of slowly varying envelopes of laser pulses.
This equation describes the self-focusing effect which manifests itself as a laser
beam collapse at beam energies beyond a critical value particular for a Kerr
medium with the positive non-linear refractive index n2. We note that for trans-
parent crystals and glasses the n2 values are typically in the range of 10-16–
10-14 cm2/W. To account for additional physical effects such as a small non-
paraxiality, plasma defocusing, multiphoton ionization, etc., the additional terms
are introduced to the scalar models based on the NLSE [18, 19, 82–84]. An
important detailed review of NLSE application for various laser beam propagation
conditions is given in [85].

A generalized NLSE which takes into account radiation losses for generation of
electron plasma on the beam way and plasma-induced changing of the permittivity of
the medium can be written in the cylindrically symmetric form as [18, 19, 82–85]:

o ���C

oz
¼ i

2k0
T�1 o2

or2
þ 1

r

o

or

� �
�2 � ik00

2
o2 ���C

ot2

þ ik0n2T

n0
ð1� fRÞ ���Cj j2 þ fR

Z t

�1

Rðt � sÞ ���Cj j2ds

2

4

3

5 ���C

� r
2
ð1þ ixscÞT�1ðne

���CÞ � 1
2

WPIð ���Cj jÞEg

���Cj j2
���C

ð5:3Þ

where ���C is the complex envelope of the electric field strength of the light wave
which is assumed to be slowly varying in time. For a Gaussian beam with
cylindrical symmetry one has

���Cðr; t; 0Þ ¼ ���C0 exp �r2=w2 � t2=s2
L � ik0r2=2f

� �
: ð5:4Þ

Here ���C2
0 ¼ 2EL=ðpw2sL

ffiffiffiffiffiffiffiffi
p=2

p
Þ is the input pulse intensity; EL is the pulse

energy; w ¼ wbð1þ d2=z2
f Þ

1=2 and wb are the beam radius at the distance d from the
geometric focus and the beam waist respectively; the curvature radius f and the
focusing distance d are related as f = (d ? zf

2/d); zf is the Rayleigh length; sL is the
pulse duration (half-width determined by a decrease in the field envelope by 1/
e times compared to the maximum value); k0 = n0x/c and x are the wave number
and the frequency of the carrier wave; n0 is the refractive index of the medium; c is
speed of light; the parameter k00 describes the second-order group velocity dis-
persion; Eg ¼ Eg0 þ e2 ���C2= 2cn0e0mrx2ð Þ is the effective ionization potential in
the electromagnetic wave field expressed here via the electric field envelope [19];
mr is the reduced mass of the electron and hole. Equation (5.3) takes into account
the beam diffraction in the transverse direction, group velocity dispersion, the
optical Kerr effect with a term corresponding to the delayed (Raman) response of
the non-linear material (characterized by the parameter fR), plasma defocusing,
energy absorption due to photoionization and inverse bremsstrahlung. The operator
T = 1 ? (i/x) 9 (q/qt) describes the self-steepening effects. The inverse
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bremsstrahlung process is described in the frames of the Drude model with the
absorption cross section r = k0e2xsc/[n0

2x2e0me(1 ? x2sc
2)]. The characteristic

collisional time of electrons sc is a variable value dependent on electron energy and
density (see comments in Sect. 5.3.2).

It should be noted that the linear term in (5.3) gives only an approximate esti-
mation of the absorption efficiency when the free electron concentration consider-
ably increases as the influence of the electron concentration on the absorption cross
section is not taken into account. Additionally, the possibility of multiphoton
absorption by free electrons is neglected which can be important at relatively high
radiation intensities [86]. However, at laser beam focusing into the sample volume,
the clamping effect limits the attainable intensities [57–59]. The rate equation
describing generation and recombination kinetics of free electrons can be written as:

one

ot
¼ WPIð ���Cj jÞ þ rne

ð1þ mr=meÞEg

���Cj j2
� �

nat � ne

nat

� ne

str

: ð5:5Þ

Here nat is the atomic density in the undisturbed material matrix. Equation (5.5)
takes into account free electron production in the processes of photoionization and
avalanche as well as electron recombination in a trapping-like process associated
with local deformations of the atomic lattice (see Sect. 5.2). The rate of photo-
ionization WPI can be described by the Keldysh formalism [53, 54] or in a sim-
plified form for purely multiphoton ionization regimes when the clamping effect
limits laser intensity levels to cJ1 [58].

Numerical investigations based on the NLSE allow elucidating important fea-
tures of laser pulse propagation through transparent solids such as filamentation
[83, 85], clamping [42, 83, 85], strong dependence of the laser energy deposition
geometry on pulse duration [19, 42] for different irradiation conditions. Remarkable
is the temporal dynamics of laser energy deposition into bulk dielectrics in the
modification regimes [19, 42]. On an example of fused silica, it has been demon-
strated that only a small fraction of the pulse leading edge, containing 10–15 % of
the pulse energy, is absorbed with a high efficiency near and in front of the geo-
metric focus. Due to strong defocusing scattering of the electron plasma generated
by the pulse leading edge, the rest laser beam does not fall into the region near the
geometric focus. However, as a result of the self-focusing effect, the later parts of
the beam are absorbed before the geometric focus and, integrally, they generate the
second region of efficient absorption (compare Figs. 11 and 12 in [42]). An
important consequence of the complex correlation between self-focusing and
plasma defocusing effects is that the local intensity over the whole pulse does not
exceed app. 5 9 1013 W/cm2, pointing once more to unavoidable intensity
clamping. In the context of the clamping effect, the problem of the efficient delivery
of laser energy into a local region inside transparent samples remains open. In
particular, at high numerical apertures (NAJ1) the laser light may be concentrated
to a small focal volume with consequences of strong material damage [23].

The validity of the NLSE for ultrashort laser beams focused inside transparent
crystals and glasses can be broken down in many situations that is conditioned by
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neglecting some small terms upon its derivation from Maxwell’s equations. The
condition of a slowly varying envelope limits applications of the NLSE to rela-
tively long laser pulses. For pulse durations of order of 10 fs and shorter, either the
NLSW has to be generalized with additional terms to accounting features of such
extremely short pulses or, more appropriate, the complete set of Maxwell’s
equations are to be used for describing light propagation through a non-linear
medium. Another strong limitation imposed on using the NLSE is the requirement
of unidirectionality of the light beam. This requirement makes impossible to apply
the NLSE to describing tightly focused beams as well as to the cases when dense
electron plasma is generated causing light scattering to large angles. Maxwell’s
equations are free of the above limitations.

To describe laser beam propagation through an absorbing ionizable medium,
Maxwell’s equations are appropriately supplemented to account for multiphoton
ionization, multiphoton absorption (that is the depletion of the laser beam due to
multiphoton ionization), the Kerr effect, and plasma dispersion while the optical
response of the plasma is described in the frames of a plasma fluid model [87].
Maxwell’s equations and the plasma fluid equations are coupled via the free
electron current. However, comparing the codes with the NLSE and Maxwell’s
equations in application to the same irradiation conditions [88], it has been shown
that the NLSE considerably overestimates the generated electron plasma density
and, as a result, the locally absorbed laser energy that may lead to misinterpre-
tation of the simulation results. The mentioned overestimation is caused by the fact
that the NLSE does not take into account laser light scattering to large angles
which becomes significant at relatively high electron densities.

The complete set of Maxwell’s and electron plasma dynamics equations can be
solved using a Finite-Difference Time-Domain (FDTD) algorithm. At present,
such models represent the best choice for modeling tightly-focused laser beams
which can potentially generate dense electron plasma inside transparent dielectric
materials. In the three-dimensional (3D) geometry, the model allows to elucidate
the effects of laser light polarization [87]. However, such 3D modeling is extre-
mely time and labor consuming and requires unreasonable computer memory
resources. In the next section we present a detailed description of a new 2D model
based on Maxwell’s equations which however accounts for laser light polarization,
including the electron oscillatory motion [88, 89]. Compared to similar 3D codes,
the 2D model is a much more time- and cost-efficient tool which allows eluci-
dating many important features of laser light absorption inside transparent solids
accompanied by dense electron plasma formation.

5.3.2 2D Model of Electron Plasma Generation upon Laser
Beam Focusing Inside Transparent Solids

The basics of the model are essentially similar to those reported in [87] with
further development by taking into account avalanche ionization and light dis-
persion. The model is two-dimensional (2D) that implies cylindrical symmetry of
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laser intensity distribution with, however, electron oscillations along laser polar-
ization direction. Maxwell’s equations for laser beam propagation through a non-
linear absorbing medium can be written in the following form [87–89]:

1
c

o~D

ot
� i

x
c
~D ¼ � 4p

c
~jþ rot~H � 8p

c
WPIEg

~E

E2j j ; ð5:6Þ

1
c

o~H

ot
� i

x
c
~H ¼ �rot~E: ð5:7Þ

Here we use the standard denotations with E, D, H, and j to be the electric field,
the electric displacement field, the magnetic field, and the electric current
respectively; all other parameters as in Sect. 5.3.1. In (5.6, 5.7) we assume
that the electric field of the beam wave can be presented in the form ~E ¼
ð~E0e�ixt þ~E�0eixtÞ=2 and for the plane wave the laser field intensity is expressed as

I ¼ cn0

8p
~E2

0

		 		:

Taking into account the energy clamping effect which saturates the laser
intensity at levels with the Keldysh parameter c[ 1, the multiphoton mechanism
of ionization is accepted with the rate WPI = rkI

k(nat - ne)/nat reduced by the
available ionization centers. Note that we limit consideration to single ionization
per atom as a higher order ionization implies a lower ionization cross section
whose theory has not yet been developed. Below the simulation results are pre-
sented for fused silica for which k = 6, r6 = 2 9 10-47 cm9/(s W6) [83], and the
atomic (not molecular) density of 6.6 9 1022 cm-3 are adopted. For convenience,

the term WPI is rewritten to the form WPI ¼ WPI0ð E2
		 		=E2

�Þ
kðnat � neÞ=nat. Here

WPI0 = 3.7 9 1034 cm-3 s-1 and E2
� ¼ 8pI�=n0c with I� ¼ 3:5� 1013 W=cm2 to

be the laser intensity at which the Keldysh parameter c = 1. The intensity
dependent band gap width Eg ¼ Eg0ð1þ e2 E2

		 		=ð4mrx2ÞÞ can be rewritten as

Eg ¼ Eg0ð1þ E2
		 		=ð4E2

�ÞÞ; Eg0 = 9 eV and mr = 0.64me [83].
The electric displacement field can be presented as

~D ¼ ~E þ
X

m

~Pm þ~Pnl: ð5:8Þ

The linear part of the medium polarization is modeled as a set of oscillators

o~Pm

ot
� ix~Pm ¼ ~VPm; ð5:9Þ

o~VPm

ot
� ix~VPm ¼ �x2

mð~Pm � Bm~EÞ; ð5:10Þ

where ~Pm and ~VPm are the local material response and its derivative. For fused
silica m = 1, 2, 3; x1 = 27.539 fs-1; x2 = 16.21 fs-1; x3 = 0.19034 fs-1;
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B1 = 0.6962; B2 = 0.4079; and B3 = 0.8975 [83]. In a particular case of
~E = const, the linear refractive index is expressed as

n2
0 ¼ 1þ

X

m

Bmx2
m

x2
m � x2

¼ 1þ
X

m

Bmk2
m

k2 � k2
m

and for fused silica at k = 800 nm we have n0 = 1.45.
In the general case, the non-linear polarization part of (5.8) takes into account

the optical Kerr effect with a term corresponding to the delayed Raman-Kerr
optical response (see [19, 85]). Here in order to decrease the computation costs, we
restrict our consideration to relatively small numerical apertures when the con-
tribution of the delayed Raman-Kerr response is small. Hence, in our case

~Pnl ¼
c

4p
n2

0n2 ~E
2

		 		~E: ð5:11Þ

The equations for the density and momentum of free electrons are written as

one

ot
¼ WPI þWav �

ne

str

; ð5:12Þ

oðne~vÞ
ot
� ixne~v ¼ �ne

e

me

~E � ne
~v
sc
; ð5:13Þ

~j ¼ �nee~v: ð5:14Þ

For fused silica str = 150 fs [67, 90] is used in modeling.
A special comment must be made on the electron collision time sc. In the

general case, this value is electron density and energy dependent and may be
treated similar to [62] with, however, a serious caution in respect of the electron
temperature issues. In the fs-laser excited band-gap materials, the electron energy
distribution may stay far from equilibrium during the whole pulse duration [54]
that does not allow a simple Maxwellian approach for deriving analytical
expressions for this characteristic time. The electron collision time is one of the
core parameters of the Drude model which is used for evaluation of the electron
density in pump-probe measurements of transient dynamics of phase shift and
transmission signal intensity [61, 91–93]. For fused silica glass, the averaged
values of sc reported in literature scatter in the range from 0.2 to 23.3 fs [18, 48,
61, 67, 83, 94–97] that is definitely determined by the excitation conditions. As a
result, attempts to evaluate the levels of electron plasma densities may lead to an
error more than an order of magnitude [88]. A more detailed analysis of Drude-
based evaluations of laser-induced electron plasma density upon ultrafast laser
excitation will be given in [88]. Here we accept the sc value to be equal to 1.27 fs,
accounting that the damping factor xsc = 3 [19]. It must be underlined that,
according to simulations, the change in the sc value affects but insignificantly the
maximum electron density and intensity distributions while influencing the bal-
ance between multiphoton and collisional ionization mechanisms. This is
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apparently due to a self-consistent nature of beam focusing, self-focusing, plasma
absorption and defocusing mechanisms.

From the collisional ionization cross section (see Sect. 5.3.1), one may derive
the following avalanche ionization rate

Wav ¼
e2scne ~E2

		 		

n0ce0meEgð1þ x2s2
cÞð1þ mr=meÞ

nat � ne

nat

: ð5:15Þ

In (5.15) all the parameters are expressed in SI units. The system of (5.6)–(5.14)
was solved for the cylindrically symmetric case for fused silica irradiated by
femtosecond laser pulses with linear polarization of light at 800 nm wavelength
along the x axis, assuming that ~E2 weakly depends on the azimuthal angle u. The
components of the electric field depend on u as Er ¼ Êrðr; z; tÞ cos u;
Eu ¼ Êuðr; z; tÞ sin u; Ez ¼ Êzðr; z; tÞ cos u. The validity of cylindrical symmetry is

controlled by ensuring the condition jjÊ2
r j þ jÊ2

z j � jÊ2
ujj � jÊ2

r j þ jÊ2
z j þ jÊ2

uj. The
incoming laser beam is focused inside the bulk at the distance d from the surface
and at the sample surface (z = 0) it corresponds to the linear polarized light:

Êr ¼ Ein expð�r2=w2 � t2=s2
L � ik0r2=ð2f ÞÞ; Êu ¼ �Êr: ð5:16Þ

Accordingly, Ey = 0; Ex = Êr; Ein ¼ ½16EL=ðn0cw2sL

ffiffiffiffiffiffiffiffi
p=2

p
Þ�1=2; all other

parameters are defined in Sect. 5.3.1. Note that the generated free electrons
oscillate along the x axis while the problem symmetry implies cylindrically
symmetric distribution of laser intensity. At the other boundaries, the zero
boundary conditions lead to the reflected waves and the necessity of using a large
computational region (r0, z0). To avoid this, the conditions of the zero Riemann
invariants on the incoming characteristics are applied:

n0Er�Bu ¼ 0; n0Eu þ Br ¼ 0 at z ¼ z0;

n0Eu�Bz ¼ 0; n0Ez þ Bu ¼ 0 at r ¼ r0:

It must be noted that in (5.12) and (5.13) the terms of the div(~vne) and
oðnevivjÞoxj kinds and the term involving the Lorentz force have been disregarded.
The contributions of the convective terms for the typical irradiation regimes were
analyzed and it was found that the plasma density change due to these terms was of
order of 10-4 as compared to the results with disregarding such terms. As for the
Lorentz force, its contribution to the electron current (5.13) is smaller by the factor
of v/c as compared to the electric field force and thus it may be safely neglected.
For simulations, an implicit numerical scheme was used in the frames of the FDTD
method.

Below the results of simulations are presented which are characteristic for the
two modification regimes of fused silica, of a relatively low energy pulse (LEP)
when volume nanograting structures are obtained at multipulse irradiation
(EL = 1 lJ, 150 fs pulse duration [8]) and of a higher energy pulse (HEP) above
which one may expect the transition to a strong modification [19] resulted from
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material melting that may involve creation of void-like structures by single laser
pulses (EL = 2.5 lJ, 80 fs). Note that the power of both pulses studied is well
above the self-focusing threshold (2.8 MW for fused silica [85]).

A comment should be made on the effect of focusing conditions found in the
present simulations. Here we limit simulations to the beam waist of 1 lm.
Attempts of beam waist decreasing lead to violation of cylindrical symmetry
caused by electron current and, additionally, to the energy nonconservation in the
simulation process. For the regimes with NAJ0:35 the problem becomes essen-
tially three-dimensional. The realization of a 3D code for describing laser-induced
plasma generation inside transparent solids which requires extremely large com-
putational resources is now under development.

Figures 5.1 and 5.2 present snapshots from the calculations [89] which show
respectively how the free electron plasma is developing during the laser pulse
propagation through the focal zone and how plasma created by the beam front
affects propagation of the rest beam. We compare the instantaneous distribution
maps of the free electron density (Fig. 5.1) and the laser intensity (Fig. 5.2) for
two pulses whose energy differs by 2.5 times. The more energetic pulse has shorter
duration so its peak intensity in vacuum is app. 4.6 times higher as compared to the
lower-energy pulse. The geometric focus is marked by the white dashed lines
while the location of the laser pulse maximum is indicated by the black dot on the
z axis. Several important aspects can be noticed. In the LEP regime (Fig. 5.1a,
410 fs), ionization is evidently induced by the very front of the laser pulse when it
is approaching the geometrical focus. In the HEP case (Fig. 5.1b) at the same time
moment the ionized region is located well before the geometrical focus. This
difference is explained by the fact that in the HEP regime the laser intensity level
capable to induce considerable ionization is reached earlier relative to the geo-
metric focus as compared to the LEP case. As a result, the pulse front is depleted
of energy earlier in space (see Fig. 5.2) and, thus, cannot induce noticeable ion-
ization by this time moment closer to the focus. One can notice that, at the early
stages of the LEP propagation, the electron plasma develops rather in the direction
toward the laser whereas in the HEP regime the ionization front moves forward
with the laser beam. Interesting is that the maximum levels of the plasma density
are essentially the same for the two cases and remain considerably subcritical.

Another important difference which has allowed us to realize the features of
VNG formation (see [89] for the details) is that in the LEP case the density
distribution of the developed electron plasma (at t C 500 fs) is almost quasi-
uniform within the excited region whereas in the HEP case ionization is more
localized and one may recognize the signs for double focusing with arising the
second maximum (see Fig. 5.1b). During further evolution, the more energetic
pulse penetrates deeper to the focal zone with creation plasma behind the geo-
metric focus [88]. Plasma decays quite slowly and, as the simulations show, in
three hundred femtoseconds after reaching its maximum it still stays at a level of
one-third of the maximum value.

Interesting is that in the LEP regime the snapshots resemble a known hydrody-
namic picture of flow over the blunt body where a plasma ‘‘body’’ generated by the

5 Continuum Models of Ultrashort Laser–Matter Interaction 113



beam front completely displaces the rest beam from the plasma region (Fig. 5.2a).
The situation is even more dramatic for the HEP regime where strong plasma
scattering completely displaces the beam from the beam axis to its periphery from
where it again experiences self-focusing behind the plasma region (Fig. 5.2b). Beam
self-focusing after strong defocusing (scattering) by the electron plasma is condi-
tioned by the fact that, according to the simulation results, though the laser energy
absorbed in the sample during the beam propagation can integrally reach several
dozens of percent depending on the beam energy, the beam power still stays well
above the self-focusing regime. The simulations clearly demonstrate a strong
intensity clamping effect: for the beams with considerably different power the
maximum intensity levels differ insignificantly and safely fall to the regimes of
multiphoton ionization, thus supporting the results of simplified modeling [58].

Fig. 5.1 Dynamics of free electron density in fused silica for EL = 1 lJ, sL = 150 fs (a) and
EL = 2.5 lJ, sL = 80 fs (b) [89]. The laser beam propagates from the bottom. The electron
density is normalized by the critical electron density, ncr = e0mex

2/e2, whose value is
1.74 9 1021 cm-3 for the laser wavelength of 800 nm. Geometric focus of the beam (marked
by dashed lines) is located at the distance z = 120 lm from the sample surface. At time moment
t = 0, the maximum of the beam is at z = 0 (sample surface) and its location upon beam
propagation is marked by the black dots. Calculations are started at a negative time moment to
ensure that the intensity of the beam front cannot induce any excitation at the initial time
moments
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The presented model as well as those reported in [18–20, 23, 41–47, 49–52, 54, 58,
62, 71, 72, 83–87, 94] both simplified and more comprehensive have a great potential
for supplementing experimental studies and is a powerful tool to predict and foresee
the underlying physics of the observed phenomena. Many detailed aspects which can
be overlooked in experiments due to limited resolutions of up-to-date measurement
techniques may be revealed with the help of numerical simulations.

5.3.3 Single-Pulse Material Heating and Laser-Induced
Stresses

In the model presented above, the absorbed laser energy distribution integrated over
the simulation time can be converted to the lattice temperature map, assuming that,
at picosecond timescale, all the locally absorbed energy is spend solely to heat the

Fig. 5.2 Instantaneous maps of the laser beam intensity for the conditions of Fig. 5.1 [89].
a EL = 1 lJ, sL = 150 fs; b EL = 2.5 lJ, sL = 80 fs. The intensity is normalized by the value I�
at which the Keldysh parameter c = 1 (I� ¼ 3:5� 1013 W=cm2)
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lattice after electron-lattice thermalization and electron recombination. On the other
hand, once the energy absorbed due to electronic excitation is stored in a localized
volume of the sample, the level of heating of the material matrix can be evaluated,
assuming the definite levels of the density of free electrons and their average energy
(temperature). The energy balance may be written in the following form:

cpqðT� � T0Þ ¼ nee Ee þ Eg0
� �

: ð5:17Þ

Here cp is the lattice heat capacity, the average energy of free electrons Ee and
the band gap energy are expressed in electron-Volt. In (5.17) it is assumed that all
the energy from the electronic subsystem including the bandgap energy is finally
transmitted to the lattice. Although free electrons are first trapped to the self-
trapped exciton (STE) states, the STE population decays at subnanosecond time
after excitation [90] and only a small fraction of the STEs (app. 10-3) actually
turns to the defect states such as E0-centers [98]. Thus, in (5.17) the energy
accumulated in the defect states after single pulse excitation is disregarded. Fig-
ure 5.3 [88] shows an example of such Ee–ne diagram for fused silica which
matches pairs of the free electron temperature and density securing material
heating to a threshold temperature T*: annealing (1,400 K), softening (1,858 K
[99]), melting (2,006 K [100]), sublimation (2,523 K [100]).

According to a number of studies [42, 45, 54], the typical values of free electron
energy in wide-bandgap dielectrics upon excitation with laser pulses of C100 fs
duration are in the range 5–15 eV. This is explainable from the viewpoint of
ionization kinetics. Free electrons absorbing photons may produce secondary
electrons by collisional ionization if their energy exceeds the material band gap.
This sets upper limits on the average electron energy to app. 1.5Eg at relatively long
pulse durations (at least C100 fs) when electrons have time to gain enough energy
from the beam for developing the avalanche process [62]. The electron number
density is much more debated. The pump-probe experiments report the maximum
electron densities of 5 9 1019 cm-3 or even lower upon beam focusing into the
glass volume (see, e.g., [93]) while the simulation results obtained in the frames of
different models give values in the range *(2–8) 9 1020 cm-3 [19, 20, 83, 85, 87].
We notice that in the typical modification regimes already single laser pulses
produce material expansion (see, e.g., Fig. 5 in [19]). This unambiguously indicates
material irreversible expansion in the laser-affected zone which can be produced
only if matter is heated at least above the annealing point or even close or above the
softening point. Hence, one may roughly circumscribe the electron plasma
parameters upon volumetric laser processing of fused silica by the shaded region in
Fig. 5.3 where, the higher is the pulse energy, the closer the material state is to the
softening point (both higher the electron density and energy). We note that the
regimes with plasma parameters above the sublimation point and, partially, above
the melting point will result in void (or bubble) generation [88]. Such diagrams can
be drawn for any transparent material interesting from the viewpoint of laser
processing in order to get a view of the post-irradiation material state.
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Using Expression (5.17), the spatial distributions of the lattice temperature may
be mapped while, applying the thermoelastoplastic model [20, 101], we can obtain
instantaneous distributions of the material stress. An example is given in Fig. 5.4
for the LEP case which corresponds to Figs. 5.1a and 5.2a. As can be seen, the
matter stays below the melting point (Fig. 5.4, left). The compressive stress has a
maximum of *65 MPa that is higher than the material tensile strength of
48.3 MPa tabulated for fused silica under the normal conditions (Fig. 5.4, right).
The tensile stress which is generated upon material expansion from the com-
pressed state may have the same or lower amplitude as compared to preceded

Fig. 5.3 The diagram
matching the energy and
density of free electrons
excited in fused silica for
reaching different levels of
heating (annealing, softening,
melting, and sublimation
points). The dashed lines are
added for heating silica glass
from 300 K to several fixed
temperature levels (350, 500,
and 800 K)

Fig. 5.4 The maps of the temperature (left) and thermal stress (right) after the laser beam
propagation through fused silica sample for the LEP regime that corresponds to Figs. 5.1a and
5.2a. The stress level of 48.3 MPa is the static tensile strength value tabulated for fused silica
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compressed stress. Although the transient tensile stress may exceed the material
static strength, materials can usually withstand the levels of the dynamic stresses
much higher than the static ones. However, the induced high stress gradients of
order of (60–70) MPa/lm (Fig. 5.4b) will result in formation of a strong com-
pressive wave which will lead to rarefaction of the regions of the enhanced
temperature and creation of a densified envelope surrounding the expanded core
[20]. If the matter is heated above the melting point, its strength drops by several
orders of magnitude. Hence, it may be expected that at higher laser energies
bubble/void formation may be observed (see, e.g., [19, 27]). According to simu-
lations, our HEP regime (see Figs. 5.1b, 5.2b) falls to a boundary above which
bubble/void formation may be already expected [88]. We underline that, for
bubble/void formation, reaching stresses of order of the Young’s modulus is far
not obligatory though such stress levels may be attainable by beam focusing with
high numerical apertures (NAJ1), resulting in creation of warm dense matter
conditions [23, 102].

5.3.4 Comments on Multipulse Irradiation Regimes

Laser writing of local structures of modified matter in transparent materials for
different application purposes is performed mainly in a gentle manner by multi-
pulse irradiation at relatively low beam energies (B1 lJ) in order to avoid material
failure. Depending on a desired final structure, writing is performed either into a
fixed volume inside the sample or by moving the sample relative to the laser beam
focus with different scanning speeds. Under such conditions, accumulation of
laser-induced modifications from pulse to pulse is a topic of prime importance for
designing structures with desired properties.

To provide crack-free laser writing of permanent structures with positive
refractive index changes for waveguiding applications, laser irradiation should be
applied gently in an accumulative manner avoiding conditions of material failure.
Several accumulation mechanisms responsible for gentle modification of trans-
parent materials towards waveguiding properties are established among which heat
accumulation is best demonstrated [15, 76, 103–109]. At relatively high repetition
rates, the energy absorbed at the focal volume from each pulse has no time to
diffuse out completely before the subsequent pulse, thus forming a point source of
heat. The process of heat accumulation upon waveguide writing can be controlled
by several means: variation of pulse energy, pulse repetition rate, scanning speed,
and focusing conditions. A simple analysis of the heat accumulation effect can be
performed on the basis of the heat flow equation. The characteristic time of heat
propagation by the distance r can be estimated as theat * r2(qc/k) where q, c, and
k are the material density, heat capacity, and thermal conductivity respectively.
For fused silica, the heat wave propagates by *1 lm during first microsecond
after the laser pulse termination while complete dissipation of heat from the focal
volume of few micrometer size may take time up to dozens of microseconds (note
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that, according to the heat flow equation, dissipation is determined by both the
thermal conductivity and the temperature gradient and is slowing down with
decreasing the latter). For unmoved silicate glass samples at a pulse energy suf-
ficient for noticeable heating of a localized focal zone, pulse repetition rate of
order of 100 kHz and higher is required for pronounced accumulation of heat
[106]. For fixed laser pulse energy, the higher the repetition rate is, the fewer
pulses are required for considerable accumulative heating of the sample within the
focal volume. The morphologies of laser-induced modifications with and without
the heat-accumulation regimes may be completely different [108]. The structures
produced at low repetitions rates are strongly localized. In fact, only a zone
absorbing laser energy is modified while surrounding material looks essentially
unchanged. At high repetition rates when the conditions for heat accumulation are
realized, an extended volume around the light absorbing region shows signs of
modification where one can recognize two distinct zones, the interior with indi-
cations of material melting and a halo whose outer boundary is presumably
determined by reaching the softening temperature upon laser exposure (see Fig. 1
in [108]).

Translating the sample relative to the laser pulse imposes further restrictions on
the minimal repetition rate. The requirement here is the number of pulses coupling
with the same sample volume upon translation which should be sufficient for heat
accumulation inducing local modification. Increased laser pulse energy or a higher
repetition rate result in larger radius of heat modified zone and allow faster
translating for producing a similar final structure that is beneficial for practical
applications [75]. This process must be thoroughly controlled as excessive heat
accumulation causes material failure with formation of random or organized voids
[109]. On the other hand, such regimes are exploited for writing microfluidic
channels for biosensing and biomicrochip applications [78, 110, 111]. However, in
such regimes heat accumulation cannot be considered separately from the for-
mation of highly stressed states of matter resulting in stress wave emission with
possible consequences in the form of plastic deformations. Another parameter
considerably influencing the modification structure is focusing. As an example, a
laser pulse with the energy of only 20 nJ applied at tight focusing (0.65 NA)
induces a similar refractive index change (though in a smaller volume) as the 1-lJ
pulse with loose focusing (*0.1 NA) [103]. Hence, a tighter focusing, being
energetically advantageous as compared to loose focusing conditions, results also
in miniaturization of written structures. This has especially strikingly demon-
strated with NA [ 1 [23, 102].

In spite of the evidence that accumulative processes play a key role in glass
modification, the accumulative modification mechanisms have not completely
been understood. Additionally, it must be remarked that in multipulse irradiation
regime each subsequent pulse arrives to already modified matter as compared to
the previous pulses. Thus, a gradual accumulation of the defect states with larger
excitation cross sections makes excitation easier for subsequent pulses. On the
other hand, the refractive index also varies due to defect generation [67], local
densification/rarefaction, and stress accumulation, thus affecting laser pulse
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propagation through the modified volume. However, such aspects of laser mi-
cromachining still require further studies, both experimental and theoretical, while
their modeling is still in a very primeval state. More detailed reviews of this and
other issues on ultrafast laser writing in transparent materials can be found in
[112, 113].

5.4 Concluding Remarks

In this chapter we have reviewed an intricate interconnection of the physical
processes which can be initiated by ultrashort laser pulses inside transparent solids
with consequences in the form of structural material modifications. Some modi-
fication kinds have already been utilized in various applications such as integrated
optical devices while the others are still waiting for adoption to practice. In the
majority of technologies based on laser directly-written material modifications,
practice develops well ahead as compared to fundamental understanding of
underlying physics and chemistry of the phenomena. On one hand, this is condi-
tioned by possibilities of using new discovered structures and phenomena for
growing practice demands but, on the other hand, the effectiveness of laser-based
direct writing is of limited utility namely because of lacking knowledge-based
optimization. One of the striking examples is volume nanograting formation inside
fused silica glass whose nature is still highly debated. After discovery in 2003 [8],
the VNGs, in particular in fused silica, have become an exciting object for research
[see, e.g., 9, 10, 114–116] and an important element for a variety of existing and
promising applications in optics and photonics [117]. The origin of the VNGs is
attributed to several mechanisms such as interference of plasma waves with laser
light [8, 9], formation of nanoplasmas followed by self-organization into nano-
planes through the memory effects [10, 38], and interference of the two modes of
ultrashort-living excitons-polaritons [118]. All these explanations remain to be
unconvincing.

We note that the VNG explanation by light interference with the main mode of
plasma oscillations requires the near-critical electron density and the free electron
energies of hundreds or even thousands eV [8]. Such electron energies lead to
creation of multiply charged ions, complete braking of bonds inside the excited
area, followed by hydrodynamics similar to that described in [23, 102]. The exci-
ton–polariton interaction [118] may be important only at low densities of low-
energetic free electrons which rapidly transform into self-trapped excitons after
excitation to the conduction band [90, 119]. At ne C 1019 cm-3, the exciton–po-
lariton interaction is to be heavily screened by the electron plasma when it begins to
efficiently absorb laser energy. The nanoplasma mechanism of nanograting for-
mation may be initiated between the two extremes mentioned above with evolution
toward the critical density at nanoplane sites [10, 38] though the evolution routes
remain vague. Modeling presented in Sect. 5.3.2 has allowed us to get aware on a
paramount role of collective behavior of free electron plasma excited on the surface
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and inside transparent solids, the topic which still remains unexplored though well-
established in dense plasma physics. As a result, a new mechanism of VNG for-
mation based on scattering of the laser light by developing electron plasma cul-
minating with ionization scattering instability [120] has been proposed [89].
Additionally, writing anisotropy inside isotropic materials with tilted laser pulses
observed in [11] has also been explained on the basis of plasma scattering effects
within the model described in Sect. 5.3.2 [89]. We stress that the above explana-
tions would not be possible without the comprehensive modeling efforts.

Returning to the importance of the different continuum approaches, we refer
readers to [40] and again underline the incipient stage in modeling efforts to
investigate the whole route of laser-induced evolution of transparent materials
towards obtaining new unusual practicable properties. Finally, we repeat that the
theory and modeling of the laser-induced processes can be the cost reducing tools
which may allow choosing the optimal conditions and most appropriate materials
for particular desired modifications and provide a detailed physical understanding
of the phenomenon and required material properties for technological applications.

The authors acknowledge financial support of the European Commission
funding under the 7th Framework Programme (Marie Curie International Incom-
ing Fellowship grant of the principal author, No. 272919) and of the Russian
Foundation for Basic Research (RFBR project No. 12-01-00510) which made
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