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Abstract We study the uniqueness problem of the equation,
—Appu+lul'u=hn on R,

where ¢ > p—1 > 0. and N > p. Uniqueness results proved in this paper hold

for equations associated to the mean curvature type operators as well as for more

general quasilinear coercive subelliptic problems.
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1 Introduction

Nonlinear elliptic problems of coercive type is still an interesting subject for
scholars of nonlinear partial differential equations.
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In [3] the authors studied, among other things, one of the simplest canonical
quasilinear coercive problem with non regular data, namely,

— Apu+ " 'u=h on R, (1)

N
loc (R ) :

An earlier contribution to this problem in the case p = 2 was obtained in [5].
Among other things in [5] it was proved that for the semilinear equation (1), for any
h € L) _(R") there exists a unique distributional solution u € L (RY).

Later on in [3] the Authors studied the general case p > 1.
By using an approximation procedure they proved that if ¢ > p — 1 and

whereg>p—1>0andh € L}

1
p>2— N then for any h € L}OC(RN) the Eq. (1) possesses a solution belonging
to the space

X = Wit RY) 0 w2 (RY) 0 L], (RY).
No general results about uniqueness of solutions were claimed in that paper.
In this work, we shall study the uniqueness problem of solutions of general
quasilinear equations of the type

—divy (o (x, u(x), Gu) + v ul'u=h on RV, 2)

and related qualitative properties in the subelliptic setting (see Sect. 2 for details).
The main goal of this paper is to show that the ideas introduced in [10] and
developed [11] apply to this more general setting as well.

In this regards we observe that the Eq. (2) contains a weight function ¥ which
is related to subellipticity of the operator appearing in (2) and may vanish on some
unbounded negligible set. Problems containing this kind of degeneracy were not
studied in [11].

By using the notations introduced in Sect.2, we shall prove the uniqueness of
solutions of (2) in the space

wih R N L (RY) = {uelf, RY)NLL@RY): [Vul € L), (RY)}.

To this end, first we set up two essential tools which are of independent interest.

Namely, the regularity of weak solutions of (2) in the space W, % (RM)NL{, (RV)
and comparison principles on RY. Further we shall derive some properties of the
solutions of the problems under consideration.

Our efforts here is to apply an approach that can be useful when dealing with
more general operators and related equations or inequalities.

Canonical cases of the main results proved in this paper are the following.
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Theorem 1.1 Let1 <p <2,0<{<p,g>1helL (RN), thentheproblem

loc

—div, (|VLu|”_2VLu) + vl 'lu=h on RV,

has at most one weak solution v € Wﬁ;c RY) N L] (RY). Moreover,

.. h —1 h
inf — < |v]% v < sup —.
RY Yt ry Y

In the semilinear case we have,

Theorem 1.2 Let0 < { <2, g> 1, he L (RN), then the problem

loc
: Ly, 9—1,, N
—divy (Mu) + ¢ |ul ' u=h on RY,

has at most one weak solution v € Wi:fac RY) N L] (RY). Moreover,

h h
inf — < |v|‘1_1v < sup —-.
RV Yt ry Yt

Theorem 1.3 Letg > 1,0</{ <1, he L (RN) then the problem,

loc

V
—divy (L) + ' u™ u=h on RV,

V14 [Voul?

has at most one weak solution v € szzl(;c RY) N L] (RY). Moreover,

.. h _1 h
inf — < |v]% v < sup —.
RV Yt ry Y

When considering the case £ > 1, we need to look at solutions that belong to a
functional space which is smaller than W, (RY) N L{ (RY).
We have the following.

Theorem 1.4 Let1 <€ <2,g>1,g>{—1, he L, (RY) then the problem,

v
div | —2 )y u=h on RY,
V14 [Voul?

has at most one weak solution v € Wz’foc RY) N L] _(RY). Moreover,

.. h —1 h
inf — < |v]% v < sup —.
RV Yt gy Y
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Our uniqueness results concern solutions that belong to the class WL PR N
Ll (RM). Of course, this set in the canonical Euclidean case is contained in the
space X considered in [3]. We point out that when dealing with uniqueness results
additional regularity is required by several Authors. See for instance [1]. Indeed, in
that work the Authors obtain the existence of solutions of problem (1) belonging to a
certain space Té 7. Uniqueness of solutions proved in [ 1] concerns entropy solutions.
The paper is organized as follow. In the next section we describe the setting and
the notations. In Sect. 3 we prove some general a priori estimates on the solutions
of the problems under consideration.

In Sect. 4 we prove some comparison results and derive some consequences.

Finally in Sect.5 we discuss an open question and we point out its solution in a
special case.

In this paper an important role is played by the M-p-C operators (see below for
the definition). For easy reference, in Sect. 6 we recall some inequalities proved in
[11]. These inequalities are of independent interest and will be used throughout the
paper when checking that an operator satisfies the M-p-C property.

2 Notations and Definitions

In this paper V and |-| stand respectively for the usual gradient in R and the
Euclidean norm.
Let p € €(RY;R)) be a matrix p := (uy),i = 1,...,Lj = 1,...,N and

assume that forany i = 1,...,[,j = 1,..., N the derivative %,uij € € (RY). For
J
i=1,...,1let X; and its formal adjoint Xl* be defined as
~ i)
Xii= ) i) o = Z o (1i(8)). 3)
=1 gj Sj

and let V, be the vector field defined by
%= (X X)) = v,
and
=(Xf.....xH)".
For any vector field & = (hy, ..., k)T € €' (RY,R!), we shall use the following

notation div; (k) := div(u™), that is

l
dive(h) = =Y Xfhi ==V -h.
i=1
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We suppose that the vector fields satisfy the following assumption. Let § :=
(81, - .., 8y) be an N-uple of positive real number. We shall denote by 6 the function
8z : RV — RN defined by

Sr(x) = 8r(x1,....xn) == (R%x1, ..., R%xy). 4)

We require that V, is §g-homogeneous, that is, there exists § = (81,...,8y) such
that V, is pseudo homogeneous of degree 1 with respect to dilation dg, namely

V(@ @Er()) = R(L$)(@Er()) for R > 0 and ¢ € €' (RY).

Notice that in the Euclidean framework we have u = Iy, the identity matrix on
RMN. Examples of vector fields satisfying our assumptions are the usual gradient
acting on /(< N) variables, vector fields related to Bouendi—Grushin operator,
Heisenberg—Kohn sub-Laplacian, Heisenberg—Greiner operator, sub-Laplacian on
Carnot Groups.

A nonnegative continuous function S : RY — Ry is called a 8g-homogeneous
normon RY,if S(§7") = S(£), S(§) = Oifand only if § = 0, and it is homogeneous
of degree 1 with respect to dg (i.e. S(6g(§)) = RS(§)).

An example of smooth homogeneous norm is

N 5
S@y=(§]aw) : )

i=1

where d := §16,---6y and r is the lowest even integer such that r >
max{8,/d,...,0y/d}.

Notice that if S is a homogeneous norm differentiable a.e., then |VLS| is
homogeneous of degree 0 with respect to dg; hence | VLS| is bounded.

Throughout this paper we assume that |-|;, € €' (R \ {0}) is a general, however
fixed, homogeneous norm.

We denote by By the open ball generated by ||, that is Bg := {£ € R : |§|, <
R}. Since the Jacobian of the map 8 is J(8z) = R? with Q := §; + 8, + ... 8y, we
have |Bg| = R9|By|,

We define ¥ := |V, |€].| and assume that the set where ¥ vanishes is negligible.

The function ¥ is bounded and may vanish at some point. For instance in the
Euclidean setting, if ||, is the Euclidean norm, then ¥ = 1. If we endow R" with
the Heisenberg group structure with RV ~ H" = R” x R xR;, V, is the Heisenberg
gradient and |-|; is the gauge of the canonical sublaplacian, then ¥2(£) = (|x|* +
)/IER with € = (x.3.1).

In what follows we shall assume that &7 : RV x R x R/ — R/ is a Carathéodory
function, that is for each r € R and & € R/ the function <7 (-, ¢, £) is measurable; and
fora.e.x € RV, o/ (x, -, -) is continuous.



182 L. D’ Ambrosio and E. Mitidieri

We consider operators L “generated” by o7, that is
L(u)(x) = divy (7 (x, u(x), u(x))) . (6)

Our canonical model cases are the p-Laplacian operator, the mean curvature
operator and some related generalizations. See Examples 2.1 below.

Definition 2.1 Let .o/ : RY xRxR! — R’ be a Carathéodory function. The function
o/ is called weakly elliptic if it generates a weakly elliptic operator L i.e.

o (x,1,E) £ >0 foreachx e RN, t e R, £ e R/,

A (x,0,€) =0 or &/ (x,1,0) =0. (WE)

Let p > 1, the function 7 is called W-p-C (weakly-p-coercive) (see [2]), if <7 is
(WE) and it generates a weakly-p-coercive operator L, i.e. if there exists a constant
ko, > 0 such that

(A (x,1,€) - EY ™' > K)o/ (x,1,€) P foreachx e RV, te R, £ e R, (W-p-C)

Let p > 1, the function <7 is called S-p-C (strongly-p-coercive) (see [2, 13, 14]),
if there exist k1, k, > 0 constants such that

(o (x,1,8) - §) = ki|§] > kg/ld(x, 1) foreachx e RV, e R, & e R
(8-p-C)

We look for solution in the space WLI”P (£2) defined as

loc

Wb (2) = {ue Ll (2): |Vul € L], .(2)}.

loc

Definition 2.2 Let 2 C R be an open set and let f : 2 x R x R/ — R be a
Carathéodory function. Let p > 1. We say that u € Wij:,c(.Q) is a weak solution of

divy (& (x, u, pu)) > f(x, u, VLu) on 2,

if @7 (-,u, Vfu) € LZ:C(.Q),f(-,u, Viu) € L} (£2), and for any nonnegative ¢ €
%4 (£2) we have

—/ %(x,u,VLu)'VL¢>E/f(x,u,VLu)qﬁ.
2 I?)

Example 2.1

1. Let p > 1. The p-Laplacian operator defined on suitable functions u by,
Apu = divy, (|VLu|p_2VLu)

is an operator generated by <7 (x, ¢, §) := |£|P~2& which is S-p-C.
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2. If o/ is of mean curvature type, that is o7 can be written as <7 (x, t, £) := A(|§])&
with A : R — R a positive bounded continuous function (see [2, 12]), then o7 is
W-2-C.

3. The mean curvature operator in non parametric form

Tu = di Vu
u:=divy | —],
- V14 [Voul?

is generated by o7 (x,t,§) 1= \/E_ In this case o7 is W-p-C with 1 <p <2
1+&?

and of mean curvature type but it is not S-2-C.
4. Let m > 1. The operator

Vu|" Y]
Tu = divy, ( Vel L )

V1+ |Vl
is W-p-C form > p > m/2.

Definition 2.3 Let o7 : RY x R/ — R/ be a Charateodory function. We say that .o/
is monotone if

(A () =) - (E=m) =0  for £,neR. @)

Let p > 1. We say that o7 is M-p-C (monotone p-coercive) if .7 is monotone and
if there exists k, > 0 such that

(A (&) = F (e, m) - (E =)'~ = B/ (x,§) — o (x, ). ®)

Example 2.2

1. Let 1 < p < 2 the function &7 (£) := |E|P~2£ is M-p-C (see Sect. 6 for details).
2. The mean curvature operator is M-p-C with 1 < p < 2 (see Sect. 6).

In what follows we shall use a special family of test functions that we call cut-off
functions. More precisely, let ¢; € %, (R) be such that 0 < ¢; < 1, ¢1(r) = 0 if
[t| > 2 and ¢;(r) = 1if |f] < 1. Next, for R > 0 by cut-off function we mean the
function @ defined as pg(x) = ¢ (|x|./R).

Finally, if not otherwise stated, the integrals are considered on the whole
space RV,

3 A Priori Estimates

The following is a slight variation of a result proved in [10]. For easy reference we
shall include its detailed proof.
Consider the following inequality,

divy (o (x,v, iv)) —f > divy (o (x,u, fu)) —g  onRY. )
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‘We have,
Theorem 3.1 Letp > 1 and let o7 : RN x R! — R! be M-p-C. Letf,g € L} (RV)

and let (u, v) be weak solution of (9). Setw := (v—u)* andlets > Oandp > £ > 0.
If (f —g)w > 0and
w Pyt e LY (Byg \ Bg) for R large, (10)
then
(F =)W', (o (. W) = o (2. ) - ow W' sy € LipeRY). (1)
Moreover, for any nonnegative ¢ € ¢, (RV) we have,

p—1 "’
(12)

/(f—g)ws¢+cls/(;z{(x, VLov)— (x, VLu))-Vwa‘Y_lqﬁfczsl_”/ws+”_1M

r_
— 1l () -2
where c; = 1 - (kz) >0,¢ = e

andcy = landc; = 1/ky forp = 1.
Remark 3.1

and € > 0 is sufficiently small for p > 1

i) Notice that from the above result it follows that if u, v € WZ:ZC (RY) is a weak
solution of (9), then (f — g)w € L! (RN).

loc
ii) The above lemma still holds if we replace the function f — g € L}, (R") with a
regular Borel measure on RV,
iii) The right hand side in (12) could be divergent since we know only that
Ws+p_lwl c Llloc(RN)'
iv) Ifin Theorem 3.1 we consider the case £ = 0, then Theorem 3.1 can be restated

for inequalities (9) on a open set §2 by replacing R" with £2 and requiring that

wtrl e Ll (2).

v) If (u,v) is a weak solution of (9) and u is a constant i.e. u = const,
then Theorem 3.1 still holds even for W-p-C operators. See the following
Lemma 3.1.

Lemma 3.1 Let p > 1 and let o/ be W-p-C. Let f,g € L} (RY) and let v €
W, 7 (RN be a weak solution of

divy (o (x,u, u)) > f —g. on RY. (13)

Letk > O0andsetw:= (v—k)T andlets > 0,p > £ >0.If (f —g)w > 0 and (10)
holds, then

f—ow', F(x,v,Lv) - Lw ws_l)({wo} € L}UL.(RN) (14)
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and for any nonnegative ¢ € 6, (RY) we have,

V24
o

/(f—g)ws¢+cls/sz(x,v,VLv)-VLw wlg < Czsl_‘"/wsﬂ'_l (15)

where ¢ and ¢, are as in Theorem 3.1.
The above lemma lies on the following result proved in [10, Theorem 2.7].

Theorem 3.2 ([10]) Let o7 : 2 x R x RN — R¥ be a monotone Carathéodory
function. Let f,g € L} (£2) and let u, v be weak solution of

loc
divy (o (x,v, L)) —f > divy (o (x,u, u)) —g ~ on £2. (16)

Lety € €'(R) be such that 0 < y(t),y'(t) < M, then
—/(,Q/(x,v,VLv)—,Q/(x,u, Vo)) - Vpg y(v —u) > (17)
2
= [ -0 (o= Vi (v, o) - S g (19
2

+/Q¢y(v—u)(f—g) on §2. (19)
Hence

dive (y (v — w)(# (x, v, L) — & (x,u, Mu))) Z y(v —u)(f — g) on £2.

Moreover!

div, (sign™ (v — u) (7 (x, v, fv) — & (x,u, fu))) = sign™ (v —u)(f —g) on Q2.
(20)

Proof (of Theorem 3.1) Let y € €'(R) be a bounded nonnegative function with
bounded nonnegative first derivative and let ¢ € ‘19”01 (£2) be a nonnegative test
function.

For simplicity we shall omit the arguments of <7. So we shall write <7, and <7,
instead of .27 (x, VLu) and o7 (x, VL v) respectively.

"'We recall that the function sign™ is defined as sign™(f) := 0if r < 0 and signt(r) := 1
otherwise.
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Applying Lemma 3.2, we obtain

IA

/(f—g)y(w)¢ + /(% — ) w0 —/(m — )b y(w)

< [t - ] ity o,
(21)
Let p > 1. From (21) we have
[o—0rons+ [t =y 5wy <
1/p’ PP 1/p
_ o ]/(W) | L¢|
<([ron-aaryone) ([T
e’ 1 v
< [h—ty-Swy g+ [ T TIOT,
o per ] Yo @
where € > 0 and all integrals are well defined provided 2" e L! (£2). With a
Y/ (w)P loc

suitable choice of € > 0, for any nonnegative ¢ € %, (£2) and y € €' (R) as above

such that -9 € L}, ($2), it follows that,

/ 1 yw)y  |Vigl?
J=smope [(t—atyiwymg = = [ TSI @)
Now fors > 0,1 > 3§ > 0and n > 1, define
(t+6)° if0<t<n-—§¢,
(23)

Yalt) 1= cns_ﬁnﬂﬂ—l(wa)l‘ﬂ ift=n=34,

where ¢ := £ ;141'? and B > 1 will be chosen later. Clearly y, € €',
V(6 = s(t + 8)*! f0<t<n-—3,
! snPHs =Y+ 8)7P ift>n—38,

and y,, y, are nonnegative and bounded with ||y,|lcc = cn® and ||y]||cc = sn*7.

Moreover

Ya)P st 4 8yt fort < n—§,
A0 0(t,n) fort>n-—34,



Uniqueness of Solutions of a Class of Quasilinear Subelliptic Equations 187

where

. sy 1=p, —(B+s—1)(p—1) Bp—1)
om = (snﬂ"'f_l(t To Py — = (en’)’sn (487
Choosing B := *=2=1 we have ¢ = p, and

p—1
0(t,n) Sppsl_f'nfp_(ﬁﬂ—l)@—l)(t_}_ 5)s+p—l _ ppsl_p(t—}— 8)S+p—l'

Therefore, for ¢t > 0 we have,

}n t — 8 +p—
(l()‘) 1 <‘ N 4 (l )S r
)/n

Since by assumption w*P~1 € L} (£2), from (22) with y = y,, it follows that

" v
/(f g)Vn(W)‘i’JrCl/(ﬂf — ) - Nw yy () < <pp /( + 8y ‘|¢i¢|1 :

Now, noticing that y,(f) — (t + §)* and y/(1) — s(t + §)* ' asn — +o0,
f — &) (Yn(w) — y,(0) > 0 and &/ is monotone (that is (<%, — <7,) - iw > 0), by
Fatou’s Lemma theorem we obtain

[o-o0rirsras [Tt~ < ' gyt 2L

By letting § — 0 in the above inequality, we have the inequality (12).
Next, we choose R > 0 large enough and ¢ := @f with gz a cut off function,
that is

$(x) = (pr(x))” = (p1(]x[]L/R))".
With these choice we have

Mgl
g

— |X|L — —
=PVl (7 = PIVIP gl R v =: ey,
and from (12) we deduce

(y — ) - Gww'! < Czsl_pCS/ wtrlyl,

B 2/‘\BR

(f—g)wf+c1s/

Br Bg

which completes the proof of the claim in the case p > 1.
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Let p = 1. From (21) and the fact that <7, — <7, is bounded, the estimate (22)
holds provided we replace p with 1 and € with k,. The remaining argument is similar
to the case p > 1, hence we shall omit it.

Lemma 3.2 Letp > 1 andlet o/ : RN x R! — R be M-p-C. Let f,g € L} (RY)
and let (u,v) be weak solution of (9). Set w := (v —u)*. If (f — g)w > 0 and
wiyt € L' (Bog \ Br) forq > p—1,p > € > 0and R > 0 large, then

(f —gw? Pt (o (x, o) — o (x, ) - ow w9 gm0y € L (RY),  (24)

and for any gr € 6, (RN) cut-off function, for R large enough, we have,

p—1

1
/ v—g>sign+(w><pgsc( / \ ww‘@;) " RO, 25)
Byr\Br

where ¢ = ¢(0,k2,p, q, ||¥]]oo,£) and o > q_p’fl_s, 0 <s<min{l,g—p+ 1}.

Proof The claim (24) follows from Theorem 3.1.
Let s > 0 be such that ¢ > s 4+ p — 1. From Lemma 3.1, for any nonnegative
¢ € 6 (RY), we have

/(f —gw'e + Cls/("Q{v — ) - NGww Tl < cps' P /W‘Yﬂ’_l—IVLQS'p (26)

s r=1’

where, as in the proof of Theorem 3.1, we write .27, and 7, for </ (x, VL v) and
@ (x, VLu) respectively and S is the support of |V, ¢|.
Next, an application of Theorem 3.2 gives (20). That is

divy (sign+ (v —uw) (A (x,v, L) — A (x,u, VLu))) > signt (v —u)(f —g) onR".
27

Now we consider the case p > 1. Let 0 < s < min{l, g — p + 1}. By definition
of weak solution and Holder’s inequality with exponent p’, taking into account that
o is M-p-C and from (26) we get,

/signwv—gw < /I%—%IIVL¢>Isign+w 28)
S

- / (o — AT ST [Tplw T 29)
S

1 s—1 o (1—s)(p— )|VL¢|p 1
fk—z(/s(%—%)-%ww ¢) (/SW IF) (30)

1/p 1/p 1
< i L /p /Ws+p—l Mol & /W(l—s)(p—l) Vol /p' 31)
Tk, \ars? s ¢! s ¢!
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Since g > s + p —1land g > p — 1, applying Holder inequality to (31) with

exponents y = - +p pandy = m, we obtain
8 ’ /1 7 / i/
: V2 g™ "
/31gn+ w(f—g)¢ <d (/ wa//%) ﬁ /ﬁ .
s s yxTlgrx s X TP
(32)
where
s= L L _pt C/.:(g)”"i
o g T lav) ke

Next for ¢ > py’ (notice that py’ > py’ implies ¢ > py’), we choose ¢ = ¢g.
From (32) it follows that S = Bg \ Bg and

]

/sign+W(f—g)<p§§ < cho? (/W"I/f‘wﬁ) X
S

Il \ 77 Il \ 77
’ 7 X 4 7 y

«( / w1 ) ([ e )

S
, { Pt et Fr A,
< &ov /w‘fw L R ol By \ Bl R
S

8
c (/ qu/ﬂ%g) RCUI=O)—p
s

completing the proof of (25).
Now, we assume that p = 1. From (28), with the choice ¢ := @7, we have

. o _
/Slgn+w f —g)ep < k—2/|VL¢R| <cRY,
S

which completes the proof.

4 Comparison and Uniqueness

In this section we prove a comparison principle and its implication on the uniqueness

property.
Consider the following inequality,

divy (o7 (x, )=y |9 > divy (o (e, )=y ul®'w - onRY. (33)
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As preliminary result we have the following.

Lemmad4.1 Letp > 1, let &/ be M-p-C,q > landqg > p — 1.
Let (u,v) be weak solution of (33) with p > £ > 0. Then (v — u)") "yt €
LL.(RN) for any r < +oo0.

Proof Let (u,v) be a solution of (33) and set w := (v — u)™. By using the well
known inequality

=15l s = e 1= )" for1zs  (g= 1), Gd

we deduce that w9yt € L) (RM). From this it follows that we are in the position to
apply Theorem 3.1, with s = g — p + 1 obtaining w?¢* € L} (RY) with ¢; :=
2g — p + 1. Applying again Theorem 3.1, with s = ¢; — p + 1, we get w2y’ €
Ll (RY) withqy :=q1 +q—p+1=q+2(qg—p+ 1). Iterating j times we have
that wiyt € L} (RY) with g := g + j(g — p + 1). By choosing j sufficiently large
we get the claim.

Theorem 4.1 Letp > 1, let o7 be M-p-C,q > 1, g >p—1andp > £ > 0. Let
(u, v) be a weak solution of

divy (o (x, ) =¥ |7 v > divy (7 (x, Yu) =y Jul?"'u onRY.  (35)

Thenv < ua.e. on RV,
In particular if (u, v) be a weak solution of

divy (o7 (x, f) =y v|? v = dive (o (v, M) =y |ul"'u - onRY, (36

thenu = v a.e. on RV,

Proof Let (u,v) be a solution of (35) and set w := (v — u)*. From Lemma 4.1
we know that wy! € L}OC (RN) for any r, and hence we are in the position to

apply Theorem 3.1 with s large enough. Thus, from (34) and (12) we get w4yt €
L} (RY) and

/W"”w% < c(s,q,p)/wsﬂ'_‘%—?r-

q+ts
s+p—1

[Py
/wqﬂlﬂ% < C(s,%P)/l/fp(l_x)%.

> 1 we have

Applying the Holder inequality with exponent x :=
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By the same choice of ¢ we made in the proof of Theorem 3.1, that is ¢ = @r a cut
off functions, it follows that

/ witsyl < cREPY = (ROPF)/(a=pt 1)
Br

Choosing s large enough and letting R — 400, we have that w = 0 a.e. on RV,
This completes the proof.

Corollary 4.1 Letp > 1, let of be W-p-C such that <7 (x,0) = 0. Let g and £ be
as in Theorem 4.1. Let h € L} (RV). Let v be a weak solution of the problem

loc

— divi, (&7 (x, ) + ¢ o]’ Mo = h. (37)
Then,
h h
inf — < |v]7 v < sup —.
RV Yt ry Y

In particular, if h > 0 [resp. < 0], then v > 0 [resp. < 0] and lfﬁ € L®(RM),
then v € L®(RV).

Proof We shall prove only the estimate

h
v|7 < sup —
|v] = sup o

the proof of the other inequality being similar. If suppy ﬁ = 400 there is nothing
to prove. Let M := supgwy ﬁ < 400. We define u := sign(M)|M|'/4. Then

divy (o (x, i) =¥ o7 o +h=0 > h—y ‘M= div; (o (x, u) = |u|? u+h,

that is (u, v) satisfy (35) with u constant. In this case all the previous estimates
still hold since in this case the operator can be seen as it were M-p-C. See also
Remark 3.1 and Lemma 3.1.

Thus the claim follows from Theorem 4.1.

Corollary 4.2 Let p > 1 and let o/ be M-p-C. Let q and £ be as in Theorem 4.1.
Leth € L! (RN). Then the possible weak solution of the problem (37) is unique.

loc

Moreover if <7 (x,0) = 0 and v is a solution of (37), then

.. h —1 h
inf — < |v]% v < sup —.
RV Yt gy Y
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Proof Uniqueness. Let u and v two solutions of (37). Then (i, v) solves
divy (o (x, fv)) — ¥ )9 v = divy (o (x, u) — v ul" 'y onRY,

and applying Theorem 4.1 we conclude that u = v.
The remaining claim follows from Corollary 4.1.

S Further Applications

5.1 Symmetry Results

An application of Theorem 4.1 to the symmetry of solutions is the following.

Proposition 5.1 Letp > 1. Let o/ be M-p-C and Let L be the operator generated
by <7, see (6). Let q be as in Theorem 4.1.
Let @ : RY — RN pea map which leaves L invariant, that is

divy (o (x, V(¢ (D(x)))) = dive(# (-, L)@ () for any ¢ € C*(RY).
L($p(P(x))) = L) (D(x)) for any ¢ € C*(R").
LetheL!

1oe(RY) be a @-invariant function, that is h(®(x)) = h(x) for a.e. x € RV.
If v is a solution of

— divy (o (x, })) + [v]*" v = h, (38)

then v is @-invariant.
If Y is @-invariant, p > £ > 0 and v is a solution of

—div (o (x, ) + ¥ |9 v = h, (39)

then v is @-invariant.

Proof Set vp(x) := v(@(x)). We have that

—L(v)(x) + ¥ @) ][ (x) = h(x) = h(P(x))
= —L0)((x) + ¥ (@) |v|7 v (P(x))
= —L(ve)(x) + ¥ (0)|ve | v (x)

and by the uniqueness of the solution we have the claim.
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In the Heisenberg group examples of map which leaves the p-laplacian invariant
are the following, ®(§) = —£, @(x,y,1) = (—x,y,7) and D(x,y,1) = Cu —
x,y,—t —4uy) for any u € R.

Proposition 5.2 Letg> 1,2 > ¢ > 0andh € L}, (R"). Let Ay be the Heisenberg
Laplacian on the Heisenberg group H" and let ||, the gauge related to Ay. Then
the problem

—Agv 4+ YT = h (40)

has at most one solution.
Moreover, let v be a solution of (40) we have

i) If his cylindrical, then v is cylindrical.
ii) Let £ = 0. If h does not depend on t, then v is independent on t and it solves the
problem

—Av+ T v=h onR™ 41)

5.2 Some Applications to Systems

Another consequence of Theorem 4.1 is the following.

Theorem 5.1 Letp > 1, let of be M-p-C and odd, that is of (x, —§) = —of (x,§)
foranyx e RN and§ e R.Letq > 1,q>p—1andp > £ > 0. Let hy,h, €
L} (RY). Let (u, v) be a weak solution of

divy (o7 (x, Yu)) = |9 v + hy on RV,
(42)
divy (o (x, ) = Y u|9™ 'u + hy on RV,

Ifhy + hy >0, thenu+v <0 a.e. on RV,
Moreover, if (u, v) solves also the equation in (42) and hy = —hy, then u = —v
and u solves

—divy (o (x, ) = |u|! u.

Proof Letw := —u. Summing up the inequalities, we have that (w, v) is a solution
of (35). Hence by Theorem 4.1 it follows that v < w. This completes the first part
of the proof.

Now, if (u, v) is a solution of (42) with equality sign, then (—u, —v) solves the
same equations. By the first part of this claim we deduce that —u — v < 0, thereby
concluding the proof.
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Corollary 5.1 Letp > 1, let &/ be M-p-C and odd. Let ¢ > 1, g > p — 1 and
p > 4L > 0and let (u,v) be a weak solution of

—divy (/(x, Mu)) = y*[o]"'v onRY,
(43)
—divy (o (x, i) = ¥ ulTu on RV,

Thenu = v a.e. on RV,

Proof The claim follows by observing that (—u, v) solves the system (42) with
equality signs and k; = h; = 0. Hence the claim follows from Theorem 5.1.

The above Theorem 5.1 and Corollary 5.1 were proved in a weaker form by the
first author in [7].

5.3 An Interesting Question

We the point out the following challenging question.

If p = 1 and ¢ > 1, from the results proved in the preceding sections it follows
that uniqueness and comparison principles for problem (37) hold.

A natural open question is whether in the case 0 < g < 1 the same results hold.
In these respects, the following partial results may give some indication that this
problem has an affirmative answer.

Theorem 5.2 Let p = 1, let o be M-p-C, ¢ > Oandp > £ > 0. If (u,v) is a
bounded weak solution of

divy (o (x, fu)) =y v > divy (o (v, ) =9 ul ' onRY,  (44)

thenv < ua.e. on RY.

Proof 1t is easy to see that
t]97 e — |59 s > cgt—s5), for M>t>s>—-M. (45)

Therefore by the argument used in the proof of Theorem 4.1, the claim follows.

Corollary 5.2 Letp = 1, let o be M-p-C, ¢ > 0,p > £ > O and let h € L}, (R").
Then the possible bounded solution of (37) is unique.

Looking at one of the model case, the p-Laplacian, one can easily realize that,
for p > 2 the p-Laplacian operator in not M-p-C. In this direction some efforts have
been made in [11]. However, even if the technique developed in the present paper
shows that it is possible to study equations associated to general operators satisfying
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appropriated structural assumptions, the uniqueness problem for the equation
—Apu + Ul lu=nh onRY,

forh € LI (RV)andu € W,”(RY), with g > p — 1 and p > 2 remains still open.

loc loc
Clearly, looking for nonnegative solution with 4 < 0 several results are known

see [13] for the Euclidean setting and [6] for the degenerate and anisotropic case.
The interested reader may refer also to [8—10] and [11].

6 Inequalities and M-p-C Operators

Here, we recall some fundamental elementary inequalities proved in [11] that we
use throughout the paper.
In what follows we shall assume that .7 has the form

A (x, §) = A(IE)§.
where o7 : Ry — R. We set ¢ (¢) := A()t.
Theorem 6.1 Let A be nonincreasing and bounded function such that

¢(0) =0, ¢() > 0fort > 0, ¢ is nondecreasing. (46)

Then <f is M-p-C with p = 2.

Theorem 6.2 Let 1 < p < 2. Let ¢ be increasing, concave function satisfying (46)
and such that there exist positive constants c,, cy > 0 such that

P(t) < cpt™! (47)
and

¢’ (5)s < cpp(s). (48)

Then o is M-p-C.

Remark 6.1 We notice that (47) is a necessary condition on &/ to be an M-p-C
operator. Indeed, if & is M-p-C, by taking n = 0, then it follows that .7’ is W-p-C,
and (47) holds by Holder inequality.
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7 Examples

Example 7.1 Let [ < N be a positive natural number and let ! € €' (RV;R/) be
the matrix defined as

u' = (1, 0).

The corresponding vector field V/ is the usual gradient acting only on the first /
variables

V= (0, 00s ..., 0y).
Clearly VY = V and V' is homogeneous with respect to dilation
(SR()C) = (Rxl, R)Cz, ey R)Cl, R8’+‘x1+1, ey R‘SN)CN)

with 8,41, ..., §y are arbitrary real positive numbers.

Example 7.2 (Baouendi-Grushin Type Operator) Let £ = (x,y) € R" xR¥(= RY).
Let y > 0 and let p be the following matrix

I, O
(0 |x|w) | )

The corresponding vector field is given by V, = (V,, [x|"V,)” and the linear
operator L = divz (Vi) = A, + |x|?” A, is the so-called Baouendi-Grushin operator.
Notice that if k = 0 or y = 0, then L coincides with the usual Laplacian
operator. The vector field V, is homogeneous with respect to dilation dg(x) =
(Rxy, ... ,Rxn,RH'Vyl, o ,RH"’yk).

Example 7.3 (Heisenberg-Kohn Operator) Let & = (x,y,1) € R" xR" x R = H"
and let u be defined as

I, 0 2y

01,2/}

The corresponding vector field Vy is the Heisenberg gradient on the Heisenberg
group H". The vector field V; is homogeneous with respect to 8z (£) = (Rx, Ry, R*t)
and Q = 2n + 2.

In H' the corresponding vector fields are X = 9, + 2yd;, ¥ = 0y — 2x0,. In this
case Q = 4.

In H" a canonical homogeneous norm, called gauge, is defined as

1/4

n 2
& = (Zx% +y?) +7
i=1
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Example 7.4 (Heisenberg-Greiner Operator) Let § = (x,y,1) € R" x R" x R,
r:=|(x,y)|,y > 1 and let u be defined as

I, 0 2yyr—2
(O I, —2yxr?=2 )" (50)

The corresponding vector fields are X; = 0d,, + 2yyir? 720, Y; = 0y, — 2yxir?’ 20,
fori=1,...,n.

For y = 1 L = div (V,-) is the sub-Laplacian Ay on the Heisenberg group
H* If y = 2,3,..., Lis a Greiner operator. The vector field associated to u is
homogeneous with respect to 8z(£) = (Rx, Ry, R?t) and Q = 2n + 2y.

Example 7.5 Let RY be splitted as
RV=R" xR2? x...-xR" 5 (xl,xz, o x),

and let o, 3, . .., o0, > 0 be fixed.

Let g, : R™ — R be an homogeneous function of degree ;.

Let g3 : R™ x R™ — R be an homogeneous function of degree o3 with respect
to dilation 8g(x', x?) = (Rx!, R®2F1x?), that is g3(Rx!', R2F1x?) = R g3 (x', x?).

Let g4 : R x R™ x R™ — R be an homogeneous function of degree oy with
respect to dilation 8g(x!, x2,x%) = (Rx!, R2T1x? R:T1x3),

We iterate the procedure by choosing analogously other homogeneous functions
giupto g, : R" xR™ x...xR"=! — R a homogeneous function of degree o, with
respect to dilation 8g(x!, x2, ... x"™") = (Rx!, R T1x2, ... [ Rv—1T1xy 1),

Next we define the matrix u as

L, 0
0 g2(x1)1y, 0

0 g3()cl,)cz)ln3 1)

0 g,(xl,xz, ... ,x’_l)l,,r

We have that the vector field uV satisfies the assumption of Sect.2. Indeed it is
homogeneous with respect to 8g(x) = (Rx',R2T!x2, ... R¥T1x"). This example
generalizes the Example 7.2.

Example 7.6 (Carnot Groups) On a Carnot group the horizontal gradient can be
written in the form pV as in Sect. 2 and it satisfies our assumptions. We refer the
reader to [4] for more detailed information on this subject. Special examples of
Carnot groups are the Euclidean spaces R". The simplest nontrivial example of a
Carnot group is the Heisenberg group H' = R3. See Example 7.3. Several other
examples can be found in the book [4].
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