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Preface

This volume celebrates the seventieth birthday of Professor Ermanno Lanconelli,
whose scientific activity has strongly influenced the recent research on partial
differential equations (PDEs) with non-negative characteristic form, and on the
related potential theory. Beyond his distinguished scientific contributions, Ermanno
Lanconelli has also been responsible for forming a prestigious school of mathemati-
cians who share with him his infectious love for Mathematics.

The first notable contribution in Ermanno’s scientific activity was a represen-
tation formula on the level sets of the fundamental solution of the heat equation,
inspired by the work of Bruno Pini. This technique, until then used only for
harmonic functions, has since been extended to increasingly large classes of
equations, including the totally degenerate ones.

The scientific thought of Ermanno Lanconelli reached its full maturity with his
works on totally degenerate equations. In the early 1980s, he introduced an original
geometric approach for study of solutions to Grushin-type equations. Thereafter,
he investigated the link between the geometric properties of the vector fields
and the fundamental solutions of the associated second order operators in a long
series of papers, culminating in a monograph, which is now considered one of the
foundational references for potential theory in this setting.

He also addressed problems related to non-linear PDEs and proved a fundamental
result for curvature-type equations, which opened up a new direction in the study of
differential equations with non-linearity in the vector fields.

As a mathematician, Lanconelli has been constantly motivated by a strong desire
to develop unifying techniques in the analysis of problems related to differential
equations that classically were approached with separate and independent methods.

This volume contains 18 contributions that cover a wide range of topics that
characterize Ermanno’s scientific production. It brings together a selection of invited
contributions from the main speakers at the conference “Geometric methods in
PDEs: Indam Meeting on the occasion of the 70th birthday of Ermanno Lanconelli”
and presents a wide cross-section of the most recent contributions on linear and
non-linear differential equations and also on geometric problems that give rise to
differential equations.
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viii Preface

The first group of contributions in the volume deals with various kinds of
functional inequalities: Friedrichs-type commutator lemmas, sharp inequalities of
Hardy and Moser—Trudinger types, and Lusin theorems for BV functions.

Several contributions focus on the regularity theory of linear PDEs. They
touch on Harnack-type estimates for equations associated with harmonic maps,
subelliptic Fefferman—Phong type inequalities, estimates for parabolic equations
involving Ornstein—Uhlenbeck terms, and the problem of existence and regularity
of a fundamental solution for sum of squares of vector fields.

A third group of contributions deals with non-linear PDEs. Existence and
multiplicity results for non-local eigenvalue problems are established; uniqueness
problems for subelliptic semilinear and quasilinear equations are studied; existence
and non-existence results for differential inequalities in Carnot groups are given; and
gradient estimates with rigidity results for parabolic Modica-type PDEs are proven.

Some other contributions in the volume are concerned with fully non-linear PDEs
of elliptic type, focusing on local and global gradient estimates for non-negative
solutions and C!"”regularity estimates for equations with sublinear first-order terms.

Also included are contributions concerning, first, the existence of solutions for
a model to design reflectors and, secondly, some div-curl inequalities in Carnot
groups.

Finally, the volume includes two surveys, the first of which is on free boundary
problems. The second has been written by Ermanno Lanconelli’s former students
as a tribute to his career and to thank him for the guidance that he has provided
throughout their research activities.

Beyond the scientific contents mentioned above, Andrea Bonfiglioli, Giovanna
Citti, Giovanni Cupini, Maria Manfredini, Annamaria Montanari, Daniele Mor-
bidelli, Andrea Pascucci, Sergio Polidoro, and Francesco Uguzzoni conceived this
volume in order to offer researchers who have enjoyed collaborating with Ermanno
the opportunity to share their scientific experiences.

The Editors
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On Friedrichs Commutators Lemma for Hardy
Spaces and Applications

Jorge Hounie

Dedicated to Ermanno Lanconelli on the occasion of his 70th
birthday

Abstract We extend the classical Friedrichs commutator lemma—known for L
norms—to the case of local Hardy spaces #”(RY), N/(N 4+ 1) < p < 1, and apply
the result to the study of the regularity in Sobolev-Hardy spaces of solutions of
elliptic systems of vector fields with non smooth coefficients.

Keywords Elliptic systems e Friedrichs lemma ¢ Hardy spaces

AMS Classification: 35J46, 46E35

1 Introduction

Let #”(RM) be the local Hardy space [2] for some 0 < p < oo and consider a
distribution f(x) € h”(R"). Given a test function ¢ € C®(R") with [ ¢ dx = 1, let
us denote the Friedrichs approximation of the identity by

1
Jef (X) = ¢e * f(x), $e(x) = S_N‘P(X/S)’ e>0.
It is known that
1eflw < Clflhos Tim f = llr =0,

with C > 0 independent of f € h”(RY).

For p > 1 we have #”(RY) = I”(R") and the classical Friedrichs lemma states
that [4, p. 9] if b(x) is a Lipschitz function and f € I”(RY), 1 < p < oo and
j=1,...,N, then the commutators [Js, b3;][f (x) = ¢ * (b0;f)(x) —b(x)0;(Pe xf) (x),
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2 J. Hounie

e > 0, satisfy

Ve b0 s < Clblplf s, Tim e, 31 = O, (FL)

with C > 0 independent of f € I7(R"), b € Lip(R").

The main point about (FL) is that although the left hand side contains a derivative
of f, the right hand side does not so one derivative is gained in the commutation.
From the point o view of the calculus of pseudo-differential operators, J, can
be thought of as a pseudo-differential operator of order zero (uniformly with
respect to &) with symbol q@(sg) and, assuming b(x) is smooth and bounded with
bounded derivatives, b0; is a pseudo-differential of order zero. Hence, this fact is
in agreement with the calculus of pseudo-differential operators, according to which
the commutator of an operator of order zero with an operator of order one yields
an operator of order zero. However, this calculus requires that b(x) be smooth
(or, at least that it possesses a large number of derivatives that increases with the
dimension N in order to grant that [J,, bd;] is bounded in LP(R"), furthermore,
pseudo-differential operators of order zero are not bounded in L' (R") in general).
Friedrichs lemma is, in its original form, a frequent, useful and standard tool in the
study of regularity properties for solutions of partial differential equations. For an
extension valid for Holder spaces see [6].

In this work we deal with the extension of (FL) below the threshold p = 1
within the framework of local Hardy spaces. In fact, we prove that (FL) holds for
N/(N + 1) < p <1 as soon as we replace L” norms by /# “norms” and take the
coefficient b(x) in the Holder space A'*” for any r > N(p~! — 1). In other words,
we prove

Ie: 631f i = ClbI 4w, lim [[Je. 63;]f [l = 0. (FL#)

with C > 0 independent of f € h’(RN), b € A" (RY). This fact can be used as
a tool to study the regularity of solutions of systems of vector fields in terms of
Hardy-Sobolev “norms”.

The paper is organized as follows. In Sect.2 we present various basic facts
about local Hardy spaces. In Sect.3 we give sufficient regularity conditions for a
continuous function b(x) to be a multiplier in #”(R") G.e., f(x) € W (RY) =—
b(x)f(x) € K’ (RM)). In Sect. 4 we prove our version of Friedrichs lemma in local
Hardy spaces and in Sect. 5 we present applications to the regularity of solutions of
elliptic systems of complex vector fields with non smooth coefficients.

2 Some Background on Local Hardy Spaces

We recall how the localizable Hardy spaces 4”(R"), introduced by Goldberg in [2],
are defined. Fix, once for all, a radial nonnegative function ¢ € C>°(R") supported
in the unit ball with integral equal to 1. For u € .’ (R") we define the small maximal
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function myu by

myu(x) = sup |(u* @) (x|

0<t<
where ¢;(x) = " No(x/1).
Definition 2.1 Let 0 < p < oo. A tempered distribution u € .#’(R") belongs to
hP(RY) if and only if m,u € L’ (RY), i.e.,

lullwr = llmyullr < oo.

For p = oo, we set A%°(RY) = L>®(RY).

The spaces #”(R") are independent of the choice of the function ¢ € . (R") that
is used to define m, provided [y ¢(x) dx # 0. For 0 < p < 1, the space h” (RV) is
a complete metric space with the distance

du,v) = |u—v|},, wuvehrRY).

For p = 1, |lu|;: is a norm and A'(R") is a normed space densely contained in
L'(RN). For p > 1, ’(RY) = L”(RN) and ||u|;» is a norm equivalent to the usual
L? norm. Although /”(RY) is not locally convex for 0 < p < 1 and |ul|s is not
truly a norm (it is a quasi-norm [9]), we will still refer to ||u|/» as the “norm” of u,
as it is customary.

Definition 2.2 LetO < r < 1. A continuous function f belongs to the homogeneous
Holder space A”(RY) if there exist ¢ > 0 such that

[f(x +h) = f)] < clnl",
for every x,h € RY. For r = 1, f € A'(RY) if there exist ¢ > 0 such that
[f(x +h) + f(x—h) = 2f ()| < clhl",

apd ifr=k+s,k=12,...,0<s<1,f € A’(RN) if all derivatives D*f €
AS(RY) for || < k.
This is a locally convex topological vector space with the seminorm

o h) — DY
[flx+s = Z sup D f(x+|h)lx D)l

loe| <k x,hE]RN
- h

modulo the subspace of those functions such that |f|, = 0 which are the polynomials
of degree < m if m is an integer such thatm — 1 < r < m.
When 0 < p < 1 the dual space of #”(R") may be identified with the

nonhomogeneous Holder space A”(RV) = A’(RN YN L®@RN) forr =N (117 - 1)
equipped with the norm ||f||, = |f|, + ||f||zec- Note that N/(N + 1) < p < 1 if and
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only if 0 < N (117 - 1) < 1. The dual of 4! (R") can be identified with the space
bmo(R") defined as the space of locally integrable functions f which satisfy

. 1 1
o = s 15 /Q sl + s o /Q 1] < oo.

Here Q is a cube in RV with sides parallel to the axes and

1
= — d
fo o /Q F(x)dx

where |Q| is the Lebesgue measure of Q.

We now describe the atomic decomposition of #”(RY) [2, 7]. An #”(RY) atom is
a bounded, compactly supported function a(z) satisfying the following properties:
there exists a cube Q with sides parallel to the coordinate axes containing the support
of a such that

(1) |a(z)| < |Q|7"7, a.e., with |Q| denoting the Lebesgue measure of Q.
(2) If |la|lzee > 1, we further require that [ z%a(z)dz = 0, € N", |a| < N(p~' —
1).

Any f € P can be written as an infinite linear combination of 4#”-atoms, more
precisely, there exist scalars A; and A”-atoms @; such that ) ;[A;[” < oo and
the series Zj Aja; converges to f both in A” and in .#’. Furthermore, |f}, ~
inf) i |A;|P, where the infimum is taken over all atomic representations. Another
useful fact is that the atoms may be assumed to be smooth functions, in particular
the inclusions C°(RY) ¢ #(RY) C h”(R") are dense. The atomic decomposition
of #”(R") is thus quite similar to the atomic decomposition of H”(R") in terms
of HP-atoms [7], the difference being that the notion of A”-atom is less restrictive
than that of HP-atom, as an H”-atom a must satisfy (1) and a stronger form of (2):
moments are required to vanish regardless of the size of ||a||rc.

Let T : C®(RY) — 2'(R") be a linear weakly continuous operator in the
sense that (¢, 9) — (@) V ¥ € CRRY) = (T¢.9) — (T ¥) ¥ ¥ €
C2(BY)).

Proposition 2.1 Given 0 < p < 1, assume that for any smooth h’-atom a(x) we
have | Ta||w < C for some fixed constant C. Then T can be extended as a bounded
operator from b’ (RY) — h’(RN).

Proof Indeed, if f and ¥ € C®(RM) and f = Zj Ajaj is a smooth atomic

decomposition with ||f[|}, >~ > |A;|P, we have

(T, ¥) = D A(Ta;, ¢)
J
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which for ¥ (x') = ¢,(x — x’) gives (Tf, ¥) = Tf * ¢,(x) and we easily get

mTF(x) < Y |Ajl my Ta;(x).
j

Then

(M TFY () < 417 (my Tay) (x).

J

Integrating in x we obtain ||Tf|» < C|fllw, f € CX(RY), which allows the
extension of T to #”(RY) by density. O

3 Multipliers in #” (RY)

Let b(x) be a bounded measurable function on R" and consider the multiplication
operator Myf(x) = b(x)f(x), f € C®(RM). It is clear that M, : C*([RY) —
2'(RV) is a weakly continuous linear operator in the sense described in the previous
section.

Definition 3.1 We say that b(x) is a multiplier in #”(R") if the operator Mj, can be
extended as a continuous linear operator M}, : #”(RY) — h”(RV), i.e.,

IMefllw < Clifllies f € CPRY), ()

for some fixed C > 0.

Example 3.1 If b(x) € C®(RM) and D*b(x) is bounded for all o € ZY, then M,
may be regarded as a pseudo-differential operator of order zero with symbol b(x) in
the Hormander class S(l),O‘ Hence (see [2, 5] for the continuity o pseudo-differential
on local Hardy spaces), M), is bounded in #”(RN) for all p > 0 and therefore b(x) is
a multiplier in #”(R") for all p > 0.

Of course, for a fixed value of p, a function b(x) does not need to possess an
infinite number of bounded derivatives in order to grant that M, is a multiplier in
K (RM). The simplest situation occurs for p > 1 when #”(RY) = L”(R") so any
measurable bounded function b(x) is a multiplier in #”(RV), p > 1, a fact that
is no longer true for p < 1. For instance, the function b(x) given by b(x) = 1,
x > 0, b(x) = —1, x < 0, is not a multiplier in A'(R). To see this, consider the
interval I, = [—p, p], 0 < p < 1, its characteristic function y,(x) and the function
fo(x) = b(x)x,(x). Then f,/2 is an atom in 4'(R) and in particular

Wfollw =C. 0<p<l.
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On the other hand, b(x)f,(x) = x,(x) = |f,(x)| and a simple computation shows
that

myxp(x) = e min (p' x| 7). x] < e,

for some constants cj,c; > 0 independent of p. Integrating this inequality on
[—c2, 2] we see that for 0 < p < ¢;

(&)

AR / My 1o (x) dx > (1 + [ og(eap)| — 0. p — 0.

)

By taking regularizations of the functions f, it is now easy to violate (x) and show
that b(x) is not a multiplier in 2'(R). Note that b(x)f,(x) = |f,(x)| is in L'(R)
uniformly in 0 < p < 1 but does not belong uniformly to the class LlogL, a fact
related to the Llog L theorem of Stein [§].

In the last example b(x) is not continuous and has a jump of size 2 at the origin,
however, a refined construction in which the jump is avoided by modifying the graph
of b(x) close to the origin thanks to the introduction of a very steep straight segment
so b(x) passes rapidly although in a continuous way from the value —1 to the value
1, makes it possible to find a continuous b(x) bounded by 1 such that M} has an
arbitrary large operator norm in /' (R). On the other hand, the closed graph theorem
implies that, should » +— M}, map C(R) N L*®(R) into .Z(h’(R)) (the space of
bounded linear operators on #”(R)) then b — M} would be a bounded map from
C(R) N L*®(R) to .Z (K’ (R)). Since the refined construction shows that this is not
true, we conclude that there exists b(x) € C(R)NL* (R) such that M}, is not bounded
in i (R).

Within the class of continuous functions, there is a standard way to describe
regularity by introducing the concept of modulus of continuity. We recall that w is
a modulus of continuity if w : [0, 00) —> R™ is continuous, increasing, w(0) = 0
and w(2t) < Cw(f), 0 < t < 1. A modulus of continuity determines the Banach
space C,, (R") of bounded continuous functions f : RY — C such that

flo = sup VO =FO _
¢ x#y w(lx - y|)

equipped with the norm ||f||c, = [|fllzec + |f|c,. Note that C, is only determined

by the behavior of w(t) for values of  close to 0. If, for 0 < r < 1, we set w(t) = ¢

the corresponding space C, (R") is precisely the Holder space A" (RV).
Continuous bounded functions which are regular enough in the sense of its

modulus of continuity yield multipliers in 4!'(R"). Indeed, consider a modulus of

continuity w(f) that satisfies

h

1 !
W, w(t)tN_ldth(1+an) , 0<h<l, (1)
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and the corresponding space C,,(RY). A proof of the following result can be found
in [1, p. 374].

Proposition 3.1 Let b(x) € C,(RY) and f(x) € h'(RY). Then b(x)f (x) € h'(R")
and there exists C > 0 such that

IBf Nl < Clble, Iflln, b e Co®Y), £ eh'®RY).

The next theorem shows that Holder functions b(x) € A", r > 0, are multipliers
in ”*(R), 0 < p < 1, provided r > N(p~! — 1). Note however that for p = 1
Proposition 3.1 gives a sharper result, as A”(RY) is strictly contained in C,,(R") for
any r > 0.

Theorem 3.1 Let 0 <p < landr > N(p~' = 1). If b(x) € A"(RY) then My is a
multiplier in h?(RY) and there exists C > 0 such that

I6flw < ClBlAf . b€ AT(RY), f e hPRY).

Proof We are going to give the proof only for N/(N 4+ 1) < p < 1 which is the
case we need for the applications we give in the next section. For these values of p,
N(p~' — 1) < 1 s0 it is enough to prove the theorem assuming that N(p~' — 1) <
r < 1 since AS(RY) C A"(RN) when s > r.

Let b(x) € A"(RY). Itis enough to check that ||bal|;» < C||b|, for every smooth
hP-atom a with C an absolute constant. This fact is obvious for atoms supported
in balls B with radius p > 1 without moment condition because b is bounded so
ba/||b| Lo is again an atom without moment condition. If B = B(xg, p), p < 1,
we may write a(x)b(x) = b(xp)a(x) + (b(x) — b(xp))a(x) = Bi(x) + B2(x). Then
B1(x)/||b]|e~ is again an atom while B, (x) is supported in B and satisfies
C/,Or
AT

[B2llre < Cp"llal|ee < )

820l < Cllallzeo / | — xo|"dx < C'pr NI, (3)
B

We wish to conclude that ||m, |1 < oo. Let B* = B(xp,2p). Since nyfs(x) <
”ﬂz ||Loo , We have

p
Ji Z/ (m(pﬂz)"(x) dx < CIB*I—I;N < C.
B*

It remains to estimate

bz/ (me»mzf (myB2)’ (x) dx 4
RN\B* 2p<|x—xo|<2



8 J. Hounie

(observe that m, 3, is supported in B(xp, 2) because suppg¢ C B(0,1)).If 0 <& < 1
and ¢, * B2(x) # 0 for some |x — xo| > 2p we conclude that ¢ > |x — xo|/2, which
implies

Cli2 ]l N N(—p—!
|9e % P2()| = /@s(y)ﬁz(x—y)dy < T < | O
SO
C/prp+N(p—l)
ImyB2(x)” < T for |x—xo| > 2p. )
— A0

It follows from (4) and (5) that

C/prp+N(p—l)

b < / - ax<c
2p<|x—xo|<2 |X —X()l P

which leads to
Ibally, < IBilly + 11B2llp < Cr +J1 +J2 < Ca.

Tracking the estimates in the proof one sees that C, may be majorized by C||b|?.
Therefore, for every h”-atom

[ballw < Clib|l-

which implies that M), may be extended as a bounded linear operator in #”(R") and
IMef i < C 1B 1 [lr- o
4 Friedrichs Lemma in #” (RY)

Let f(x) € ”’(RY), 0 < p < oo. Given a test function ¢ € CZ(RY) with [pdx =
1, let us denote the Friedrichs approximation of the identity by

1
Jef (x) = ¢e * f(x), P (x) = 8—N¢(X/8), > 0.
It is known that
1ef e < Clfllr— Tim [9f = fllw =0 ©)

with C > 0 independent of f € h*(RY).
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For p > 1 we have #”(R") = I”(R") and the classical Friedrichs lemma states
that if b(x) is a Lipschitz function and f € I’(RY), 1 <p < ocoandj=1,...,N,
then the commutators [J, b0;]f (x) = ¢ * (b0;f) (x) —b(x)0;(Pe ¥f) (x), € > 0, satisfy

e, b9f I = CllollLipfller,  lim [[[Je. 63]fllr = O,

with C > 0 independent of f € LP(R"), b € Lip(R"). The following extension to
local Hardy spaces holds.

Lemma 4.1 (Friedrichs Lemma) Lez f(x) € WRY), N/(N+ 1) <p <1, b(x) €
ATTRY), r > N(p~! = 1). Then

e, b3f i = ClbM+rllf v, tim [[Je, 6O;1f [l = 0. )

with C > 0 independent of f € W’ (RN), b € A" (RM).

Proof 1t is enough to prove just the estimate in (7) since limg o ||[/c, bO]f||lw =
0 clearly holds when f € C°(RY) and, once the estimate has been proved, the
conclusion about the limit follows in general by a density argument.

We will assume without loss of generality that r < 1. We may write after an
integration by parts

Ve b3 () = / 6:(x— ) () — b)) B () dy

= [@one-»" =210y~ [ g 0@pON0)

= If(x) = Je(f9;b) (x). (®)
Since 3;b(x) € A"(RM), Theorem 3.1 implies that f9;b € h”(R") and the second
term on the right hand side of (8), given by J.(f0;b), can be handled invoking (6).

To deal with the first term on the right hand side of (8) we may use Taylor formula
to write

b bt Zyk faucy)

where x > oy (x,y) € A"(RY) uniformly inyand y — oy (x,y) € A"(RY) uniformly
in x. Setting ¥ (x) = —x;0,¢ (x), we have

N N
1100 = Y [0 = e ) dy = 3 ata).
k=1 k=1
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and we must prove

I1Ze ket Il < Cllof I < C'lIf llnr- €))

To prove (9) it is enough to prove it for atoms. To simplify the notation, we drop
indexes and consider the limit lim .,y T.a(x) where

Toa(x) = / Ve(x— y) alr.y) a(y) dy

while a(x) is a smooth atom supported in B(xo, p), a(x,y) belongs to A"(RN)
separately in each variable uniformly with respect to the other variable and ¥ €
C®(RY). Since y > a(x,y)a(y) € C.(B(xo, p)) it is clear that Tea(x) is supported
in B(xg, p + 1). We want to show that

Teallw < C (10)

with C independent of the particular atom. For p > 1, (10) follows easily from
|Teallzee < ¥l sup |||lallze < C. Assume that p < 1 and write

Ta) = ot [Vt amds+ [ v @) - atx0)at) d
= a(x, x0) (Ve * a(x)) + e (x).
Keeping in mind Theorem 3.1, the /#” norm of the first term is majorized by
lloe, x0) L 1V * allww < Clla . x0) [l 4 llallw =< C'.
Note that

C'po"
1B2llzee < Co' 1Y Il lallzoe < p;jp

and since |Ba(9)] < € (1] * A)(0) with A(y) = |y — xo[[a ().
182l < ClAlL < Cillallzos / b —xol" dx < Cop NI,
B

Hence, B is supported in the ball B(xo, p+ 1) and || B2 |cc as well as || B2 ||+ satisty
estimates analogous to the estimates (2) and (3) that were used in the proof of
Theorem 3.1. A similar computation can then be carried out to show that

/R By W dr < C,

concluding the proof of (10). Thus, (9) holds and the lemma is proved. ]
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5 Elliptic Regularity in Hardy-Sobolev Spaces

Suppose that & = {L,,...,L,} is a system of linearly independent vector fields
with continuous complex coefficients defined on an open set 2 C RY. We may
consider the operator Vo u = (Lju, ..., L,u) for u € C*°(£2) which corresponds
to the operator V when n = N and L; = 9,;. We are interested in the regularity of
the equation

Vou=f (1)

in Hardy spaces. More precisely, if the coefficients of the vector fields L;, j =
1....,n,are of class A'*"(£2) withr = N(p™' —1) and u € #*(R"), then Vy uisa
well defined distribution in 2’(£2) due to the duality between h”(RY) and A" (RY).
Roughly speaking, we wish to conclude that if the right hand side of (11) is in 4” on
a neighborhood of a point xo € §2 then the derivatives d;u, j = 1,..., N, are also in
h? on some neighborhood of xy. To make things precise we introduce a definition.

Definition 5.1 Letp > 0 and consider on C°(RY) the “norm”

N
W oy = Y 18f ey = 1V -

j=1

The completion of C°(RY) for the norm Ifl51.» vy may identified with a subspace
of .”/(RN) denoted by A'”(R") and called the Hardy-Sobolev space of order 1. If
f € h'?(R") then Vf € h?(RY) and

Wl ey = IV Nl

It is known that if f € h'?(R") for some p > N/(N + 1) then f is locally integrable.
If 2 C R" is a domain the notation #”(§2) and h!”(§2) will stand for #*(RY) N
&'(£2) and h'P(RN) N &'(£2) respectively, where &’(£2) denotes the distributions
with compact support contained in £2.

The localizable spaces h”(RY) give rise to the local Hardy-Sobolev spaces
hy .($2) which is the space of distributions u € d’(§2) such that ¥ € h’(RY) for
all y € C(£2). A sequence u; € K, (§2) convergesto u € hy (2) if yu; — Yu
in 77 (RYN) for all ¢y € C>°(£2). It is enough to check the convergence for ¥ = v,
k € N, where () is a partition of unity in £2 so the topology induced by this
notion of convergence is metrizable. Similar remarks are valid for the localizable
spaces h'?(RN), i.e., the spaces h!?(RY) give rise to the local Hardy-Sobolev spaces
el (R2).

We will always assume that

(i) Li,...,L, are everywhere linearly independent.
(i) The system {L,,...,L,} is elliptic.
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The later means that for any real 1-form @ (i.e., any section of 7*(£2)) such that
(w,L;j) = 0 implies @ = 0. Consequently, the number n of vector fields must
satisfy

<n<N.

| =

Alternatively, if the coefficients of the vector fields are of class 2, (ii) is equivalent
to saying that the second order operator

AL =L'Li+---+L'L, (12)

is elliptic. Here, L;" = th, j=1,...,n, where Zj denotes the vector field obtained
from L; by conjugating its coefficients and Lj’. is the formal transpose of L;. If we
writt dive f =dive (fi,..../n) = L{fi + -+ L}f, we have

AL = dngVg.

Theorem 5.1 Assume N/(N +1) <p < landr > N(p~! —1). If the coefficients
of Ly, ...,Ly are or class A" (2) and u € I, ($2) satisfies (11) with f € K} (82)

l loc
thenu € h,”

1oe(82). In particular, the distribution u is a locally integrable function.

Proof Since we are dealing with a local question, it is enough to prove that given a
point xo € 2 there exists n € C°(£2) such that n(xp) # 0 and nu € h'*(R") or,
equivalently, that nVu € h”(RN). Thus, there is no loss of generality in assuming
that xo = 0 and 2 is an open ball centered at the origin.

Assume first that the coefficients of Ly, ..., L, are smooth. By a standard result
in the theory of pseudo-differential operators, we may find scalar operators g(x, D)
and r(x, D) with symbols ¢(x, &) of order —2 and r(x, §) of order —oo, such that

v=g(x,D)Av + r(x,D)v, ve&(2). (13)

Pick ¥ € C2°($2) equal to 1 in a neighborhood of the origin and note that, by
Leibniz’s rule,

AL(Yu) = YA+ w = Ydivef +w

with w = 0 on a neighborhood of the origin. Write (13) for v = u and take the
gradient of the resulting identity to obtain

Vyu = Vqx, D)(Ydivef) +wr =fi + w2 (14)

where w, is smooth on a neighborhood of the origin and f; € h”(RY). We have
used here that fj = Vg(x,D)(¥divef) may be written as a sum of pseudo-
differential operators of order zero acting on ¥f € h”(R") or on (9;¥)f € h”(RY),
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j =1,...,N,and pseudo-differential operators of order zero are bounded in #” (R").
Hence, if n € C2°(£2) is supported on the neighborhood where ¥ = 1 and (0) # 0,
multiplying (14) by n we conclude that nVu € h”(RV) which is what we wanted to
show.

When the coefficients are not smooth we will use a roundabout argument that
involves a priori estimates. Still in the case of smooth coefficients, we make use
of (13) with v € C®°(RV) and take the gradient on both sides to get

Vv = pi(x,D)Vev + pa(x, D)v

where p;(x, D) and p;(x, D) are pseudo-differential operators of order zero, thus
bounded in #”(R"). This implies the a priori estimate

IVollw < CilIVevlw + Callvlw, v e CP(£2).
Given € > 0, we may shrink £2 to grant the estimate
[ollw < €llVollw, veC(£2),

(cf. [3, Prop. 3.1]) which for € > 0 sufficiently small makes it possible to absorb the
zero order term in the previous estimate yielding

IVvllw = ClIV2vlw, veCT($2). (15)
Let us return to the case in which the coefficients of . are of class A'*". Call %
the system with constant coefficients obtained by freezing the coefficients of . at
the origin. Applying (15) to %, we get

IVollw < CIVgllw. veCX($2),
that, considering .Z as a perturbation of .%j, implies

IVullw = ClIVevllw + ClIViz-zyvlw, veCT(82).
The coefficients of the perturbation . — % are of class A'*" and vanish at the
origin, so they may be assumed to have arbitrarily small norm in A" provided we
shrink 2. Taking advantage of Theorem 3.1 we obtain
IVl = ClIV2vlw + O(diam(£2))[|Vollw, v e CZ(£2),

and absorbing the second term on the right hand side we get the a priori estimate

IVl < ClIVZvlw. veC($2). (16)
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Consider now u € h}, (£2) and suppose that it satisfies (11) with f € k) (£2). We

will now use Friedrichs mollifiers. Pick n € C2°(£2) satistying n(xo) # 0 and
apply (16) to v = J.(nu) for ¢ > 0 small to get

IVI:(u) |l < CIIV.2Je(nu) ||
< C|J:Vg(u)|w + C|[Ve. JJ(nu)|lmw.

Note that g = Vo (nu) = uVen + nf € h?(RY) and that ||[V.g, J](qu) || — O
as ¢ — 0 by Friedrichs lemma (Lemma 4.1). Similarly, if we choose a sequence
ex "\ 0, set wy = Jo, V(nu), g« = Je, g and apply (16) to v = Jg, (nu) — J;(nu) we
get

Wi —willw < Cligk — gjllw + p(k,j)

where p(k,j) — 0 as k,j — oo, showing that wy is a Cauchy sequence in 4 (RV).
This implies that V(nu) € h”(RY) so nVu € h’(RV) as we wished to prove. O
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1 Introduction

The well-known Hardy inequality for RY = RV™! x (0, +00) reads

J

where the constant 1/4 is the best possible and equality is not attained in the
appropriate Sobolev space. The analogue of (1) for a domain £ C RY is

u?

1
\Vul?dx > Z/N v, forallue C®(RY), (1)
R+ N

N
+

1 2
/ |Vu|2dx > -/ Y dx. forallu e C°(02), )
7] 4 Jo &2

where d = d(x) = dist(x,d52). However, (2) is not true without geometric
assumptions on 2. The typical assumption made for the validity of (2) is that £2
is convex. A weaker geometric assumption introduced in [5] is that £2 is weakly
mean convex, that is

— Ad(x) >0, in£2, 3)

where Ad is to be understood in the distributional sense. Condition (3) is equivalent
to convexity when N = 2 but strictly weaker than convexity when N > 3 [2]. Other
geometric assumptions on the domain that guarantee that the best Hardy constant is
1/4 were recently obtain in [3, 9].

For a general domain £2 we may still have a Hardy inequality provided that the
boundary 952 has some regularity. In particular it is well known that for any bounded
Lipschitz domain £2 C RY there exists ¢ > 0 such that

2
/ |Vu|2dx > c/ %dx . forallu € C®(). &)
2 2

The best constant ¢ of inequality (4) is called the Hardy constant of the domain £2.

In general the Hardy constant depends on the domain £2; see [6] for results
that concern properties of this dependence. In dimension N > 3 Davies [8] has
constructed Lipschitz domains with Hardy constant as small as one wishes. On the
other hand for N = 2 Ancona [1] has proved that for a simply connected domain
the Hardy constant is always at least 1/16; see also [11] where further results in this
directions where obtained.

Davies [8] computed the Hardy constant of an infinite planar sector Ag of

angle 3,

Ag={0<r, 0<0<§B}.
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He used the symmetry of the domain to reduce the computation to the study of a
certain ODE; see (9) below. In particular he established the following two results,
which are also valid for the circular sector of angle S:

(a) The Hardy constant is 1/4 for all angles 8 < §.,, where ., =~ 1.546m.
(b) For B. < B < 2m the Hardy constant of Ag strictly decreases with 8 and at
the limiting case 8 = 2z the Hardy constant is =~ 0.2054.

Our interest is to determine the Hardy constant of certain domains in two space
dimensions; see [4, 10] for relevant questions. In this direction, in our recent work
[7] we have established

Theorem Let §2 be a non-convex quadrilateral with non-convex angle 1 < f§ <
27. Then the Hardy constant of 2 depends only on 8. The Hardy constant, which
we denote from now on by cg, is the unique solution of the equation

B—n
Jeptan (Jop(——)) =2 ————
2 (1_,(14—‘/‘11—40/5)

when B., < B <2m andcg = 1/4 when w < B < B.,. The critical angle B, is the
unique solution in (7w, 21) of the equation

_ (3?2
an (P27 =4(FE;§) . (©)

Actually the constant cg coincides with the Hardy constant of the sector Ag, so
Eq. (5) provides an analytic description of the Hardy constant computed numerically
in [8].

In this work we continue our investigation and determine the Hardy constant for
other families of non-convex planar domains. Our first result reads as follows; see
Fig. 1.

Theorem 1.1 Let 2 = KN Ag, B € (w,2n], where K is a bounded convex planar
set and the vertex of Ag is an interior point of K. Let y and y_ denote the interior
angles of intersection of K with Ag. There exists an angle yg € (7/2, ) such that
if y+,y— =< yg, then the Hardy constant of §2 is cg, where cg is given by (5) and (6).

Detailed information on the angle y is given in Lemma 27 and Theorem 3.1. We
note that Theorem 1.1 can be extended to cover the case where §2 is unbounded and
the boundary of the convex set K does not intersect the boundary of the sector Ag;
see Theorem 3.2.

We next study the Hardy constant for a family of domains Eg, which may
have two non-convex angles. The boundary 0Eg ,, of such a domain consists of the
segment OP and two half lines starting from O and from P with interior angles j
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Fig. 1 A typical domain §2
for Theorem 1.1

Fig. 2 A typical domain
Eg,,y <m<§p

and y; hence B + y < 3m; see Fig.2 in case y < & and Fig.3 in case y > m. We
then have the following result

Theorem 1.2

(i) If0 <y <m < B < 2m then the Hardy constant of Eg ,, is cg.
(ii) If 1 < B,y < 2m then the Hardy constant of Eg , is Cg4y—n,
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Fig. 3 A typical domain

Eg,,B.y>m i
2
To| I,
provided that
2
B =yl = —— arccos(2 /e5Ty=r). ™
CB+y—m

It is interesting to notice that in case (i) where we have only one non-convex angle,
the Hardy constant is related to the non-convex angle 8, whereas in case (ii) where
we have two non-convex angles, the Hardy constant is related to the angle 8 +y —n
formed by the two halflines.

Our technique can actually be applied to establish best constant for Hardy
inequality with mixed Dirichlet-Neumann boundary conditions. We consider a
bounded domain Dg whose boundary dDg consists of two parts, dDg = I3 U 1. On
I'y we impose Dirichlet boundary conditions and it is from I} that we measure the
distance from, d(x) = dist(x, Ip). On the remaining part I we impose Neumann
boundary conditions. The curve I is the union of two line segments which have as
a common endpoint the origin O where they meet at an angle 8, 7 < f < 27w. We
assume that the curve I" is the graph in polar coordinates of a Lipschitz function

r(0),
I'={(r0).0):0=<6 < B};

see Fig. 4.
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Fig. 4 A typical domain Dg.
Note that I is not necessarily
the boundary of a convex set

We then have

Theorem 1.3 Let Dg be as above, w < B < 2x. If I' is such that

then for all functions u € C* (D_ﬁ) that vanish near Iy there holds

2
/ |Vu|2dxdy2cﬁ/ M—dxdy.
D py @
B B

The constant cg is the best possible.

The structure of the paper is simple: in Sect. 2 we prove various auxiliary results,
while in Sects. 3—-5 we prove the theorems.

2 Auxiliary Results

Let B > 7 be fixed. We define the potential V(8), 6 € (0, B),

1
0<6<Z,
sin? 6 =¥ =3
vy =1 1. T<6<p-1, )
1
B—75<0<B.

sin?(8 — 6)’
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For ¢ > 0 we then consider the following boundary-value problem:

g —y"(0) = cV(O)y(6), 0= 6 < B,
©)

¥(0) =¥ (B) =0.

It was proved in [8] that the Hardy constant of the sector Ag coincides with the
largest positive constant ¢ for which (9) has a positive solution. Due to the symmetry
of the potential V(8) this also coincides with the largest constant ¢ for which the
following boundary value problem has a positive solution:

{ —y"(0) = cV(O)y(0). 0= 6 < B/2,
(10)
v

©0) =vy'(B/2)=0.

The largest angle ., for which the Hardy constant is 1/4 for § € [, B.] was
computed numerically in [8] and analytically in [7, 12] where (6) was established;
the approximate value is 8., =~ 1.5467.

We define the hypergeometric function

I'(c) i Fa+mlb+n)2

F(a,b,c;z) := F(@)I(b) = I'(c+n) n!’

The boundary value problem (10) was studied in [7] where the following lemma
was proved:

Lemma 2.1

(i) Let B > Ber. The boundary value problem (10) has a positive solution if and
only if ¢ = cg. In this case the solution is given by

V2cos (v/c(B —7)/2) sin (9/2)0051 “(6/2) L ’1 a—i—l;sinz(g)),
F(3.3.0+ 315 22 2

Y (0) = ifo<0<2,
cos (ve(§ - 0)). if

<6<4,

[SIE]

where « is the largest solution of a(1 — a) = c.

(ii) Letmw < B < B The largest value of c so that the boundary value problem (10)
has a positive solution is ¢ = 1/4. For B = B, the solution is

cos (ﬂ“—_”) sin'/? 0 5.0 .
1 1 1 F(_v_vl;SIH(_))sO<0§§
o) =1 FLI1T 22 2 ,

cos (5(% —0)). 7 <0< b,
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while for B, < B < 2w and 0 < 6 < /2 it has the form
0 6. 11 0
— o anl2(Y 1209 2 2o an2c2
¥(0) = ¢ sin (z)cos (2)F(2,2,1,sm (2))

0 0 11 0
12,9 129\l L2
~+c; sin (2)cos (Z)F(z,z,l,sm (2))

1/2 dt
X/ 2¢1 1 .
sin?(6/2) t(l - t)F (Ev 2 L; t)
for suitable cy, c;.

For our purposes it is useful to write the solution of (10) in case B > B, as a
power series

Y(0) = 6" a,0" . (11

n=0

where « is the largest solution of the equation «(1 — &) = cg in case 8 > .. and
a = 1/2 when § = B.. We normalize the power series setting ap = 1; simple
computations then give

ao=0. a=-20-9 (12)
6(1 + 2a)
We also define the auxiliary functions
v'(0)
0) = , 0 <(0,p8), 13
10 =% € (0.5) (3
and

g(0) = 15/((99)) sinf , 0<€(0,p), (14)

where Y is the normalized solution of (9) described in Lemma 2.1. We note that
these functions depend on . Simple computations show that they respectively solve
the differential equations

F @) +140) +csV(®) =0, 0<6<p (15)

and

¢(0) = —.L[g(e)2 —cosf g(6) + cﬁ] . 0<0<n/2. (16)
sin 6
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We shall also need the following

Lemma 2.2 Letw <f <2mandy > 0with 8 + 2y <3m. Then

3
F(6)cos(® +y) +oll +sin(@+7)] 20, T =6==—y.
Proof We first note that
f(@):ﬁtan(f(ﬁ—e)) T,
P ) ’ 2= =2 7
and
b4 B g b4 3n
—— < ——0)< —, — << ——.
; SV -0 =7 2 =V =7 7Y
It follows that the required inequality is written equivalently,
. B
a(l + sin(y + 0)) COS(M(E —0)) 17
. B 7 3
+ st1n(@(§ —0)cos(y +6) =0, Z<b=—--y (8

But, since @ > _ /c3,

a (1 +sin(6 + y)) cos(@(g —-0)) + @sin(ﬁ(g —0))cos(0 + y)
> @{(1 +sin(d + 7)) cos(@(g —0) + sin(@(g — 6))cos(6 + y)}

. B T 6 y1. v 6 'y
=2 cgsin| yep(5 —0) + 5 + o+ L]sinE + =+ D), 19
Cp sin c,g(2 )+4+2+23m(4+2+2) (19)
The second sine is clearly non-negative, so it only remains to prove that the first sine
is also non-negative. For this we use the monotonicity of , /cg (g —-0)+ 7+ % + %
with respect to 6 to obtain

B T 0y B 3w A
] — — L < o (— — — .
VG O+ g+ S S VBG-(Gmv) t gt S g
2y —3
:,@éi%%_z+ﬂ§n, 20)

by our hypothesis § + 2y < 3. This completes the proof. O
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We shall need to consider the initial value problem (21) below. Although this is
a strongly singular problem, we shall see that standard comparison arguments hold.
In particular we shall establish existence, uniqueness and monotonicity with respect
to a parameter.

Lemma 2.3 Consider the singular initial value problem

1
N 2 _ x
W) = sin9(ah(9) cos Oh(0) + 1 0{),0<9§ 2
h(0) = 1.

21

(i) If « € (1/2,1) then the problem has a classical solution which is unique.
The solution h(w, 0) depends monotonically on a: if oy < ay then h(ay, 0) <
h(ay, 0) forall 8 € (0, 7/2].

(ii) For « = 1/2 we do not have uniqueness. Indeed we have a continuum of
positive solutions.

(iii) Let 1/2 < a < 1 and in addition let h € C[0, /2] N C'(0, /2] be an upper
solution of problem (21), that is

— 1 _ _

H(6) = ——(ah(6) — cos 0h(6) + 1 —), 0 < 0 < &,
3 sin 6

R(0) > 1.

(22)

Then

h(a.0) < h(0), 0595%.

Proof

(i) By Lemma 2.1 the function

V(0) = sin“(6/2) cosl_“(G/Z)F(%, %,a + %; sinz(g))

solves the differential equation

0
v () + a(l —a)‘.”(z) -0, 0<f<Z.
sin” 6 2
It is then easily verified that the function
1%/ (0
h(0) = _W ©) sin 6

S ay(o)

is a solution of the initial-value problem (21).
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We next establish the uniqueness of a solution. Let £, h, be two solutions
of the initial value problem (21). Then the function z = hy — hy solves the
singular linear initial value problem

z@z-L@m+m—m@wy

sin 6

z(0) = 0.

Let us assume the z is not identically zero. By the standard uniqueness theorem,
z cannot have any positive zeros, hence we may assume that z(6) > 0 for all
0 € (0,7/2). However we have a(hy + hy) —cosf > 0 near 6 = 0, hence z
decreases near zero, which is a contradiction.

The monotonicity of the solution & with respect to o will follow from the
monotonicity of the nonlinearity with respect to «. Let

1
VO, h,a) = —E(ahz —cosBh+1 —oz).

For0 < h < 1and0 < 6 < 7/2 we then have

1% _ 1—h?
da  sinf

> 0. (23)

Now, let 1/2 < o) < ay < 1. By (23) we have h(as,0) > h(aq, 6) near
0 = 0. Once we are away from 6 = 0 we can apply the standard comparison
arguments to complete the proof.

(ii)) By Lemma 2.1 the general solution of the equation

4sin’ 0

0, 0<6<2,
2
is
0 0 11 0
— o anl2 Y 1209 el Dol an2cY
¥(0) = ¢ sin (2)cos (2)F(2,2,1,sm (2))

0 0. 11 0
12,9 12,9 2 12
~+c; sin (2)cos (Z)F(z,z,l,sm (2))

1/2 dt
x 2¢1 1 .
sin?(6/2) t(l - t)F (E’ 25 1; l)

This is positive in (0, 7/2] when ¢; > 0 and ¢, > 0. For any such i the
function

2y'(6)

9) =
"=

sin 6
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then satisfies
/ 1 s
W) =—— (h(@) —2cosOh(0) + 1) , h(0) =1.
2sinf

Actually after some computations we find that the function /4 is given in this
case by
F(3.3,2:5in%(%))
4F (3,1, 1;sin?(§))
A

ol 1128 T
F2(5, 5, I;sin (2))(1 +A/ 2(6/2) r(l—r)FZ(%,%,l;r))

h(#) = cos B + sin’ 6

sin

where A = ¢;/c; > 0.

(iii) When 7(0) > 1 the result follows immediately by combining continuity with
standard comparison arguments. Assume now that 4(0) = 1. The function
7 = h — h then satisfies

sin

z(0) = 0.

7(0) > —- (oz(ﬁ + h) — cos 9)2(9), 24)

The quantity a(h + h) — cos 6 is positive near = 0, say in (0, 6y). We
shall establish that z > 0 in this interval; the result for (0, 7r/2) will then follow
immediately. Suppose on the contrary that there exists an interval (6, 6,) C
(0, 8y) such that z < 0in (6, 6,). By (24) we conclude that z is actually strictly
increasing in (6, 6,). This contradicts the initial value z(0) = 0. O

From Lemma 2.3 it follows that the case « = 1/2 is critical and needs a
different approach. This will be done in the next lemma. In order to make explicit
the dependence on § we denote

_ 1//9(:339) sin
~ ¥(B.0)

where (8, 0) is the solution of (9) and ¢ (8, 0) is the derivative with respect to 6.

8(B.0) 0.

Lemma 2.4 Suppose 71 < B < B¢ Then g(B,0), 0 < 6 < m/2, is strictly
increasing as a function of B, that is, if 1 < 81 < B2 < Ber then g(B1,0) < g(B2,6)
forall 8 € (0,7/2].

Proof The function g(8, 0) solves the differential equation

dg 1 ) 1
& (£ —gcost + Z)‘ (25)
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Since

b4 1 B—m

y ) — < t 3
§(B.3) = 5 tan(=—5)
which is strictly increasing with respect to 8, the result follows from a standard

comparison argument. O

Let us note here that for 7 < 8 < ., we have g(8,0) = 1/2. So the functions
g(B,), m < B < B, all solve the same initial value problem.

Lemma 2.5 Let B € [, 27]. There exists an angle yg so that for all0 <y < yg
we have

g(ﬁ,@)cos(9+§)+acosgzo, 0595%. (26)
Moreover )/; is a strictly decreasing function of B and in particular:
form < B < B, wehave 0.7017 =~ )/g” < )/g <y¥ x~ 0867w
for B, < B <2m wehave 0.6737w =~ yj < y; < yg‘” ~ 0.701mx.
27)
Proof Inequality (26) is written equivalently
A sin 0 (28)
cot= > ——————,
2 7 cost +

so what matters is the maximum of the function at the RHS of (28). For each 0 <
6 < m/2 this function is strictly monotone as a function of f; this follows from
Lemma 2.3 for 8., < B < 2m and from Lemma 2.4 for 7 < 8 < B,.

The angle y; € (0, 7r) defined by

Vs sin 0
C0t7 = max ﬁ
[0,7/2] cos 0 + m
is then a strictly increasing function of 8. The approximate values in the statement

have been obtained by numerical computations; see however Lemma 2.6. O

It would be nice to have good estimates on y; without using a numerical solution
of the differential equation (16) solved by g(0). This will be done for 8., < 8 < 2=
by obtaining very good upper estimates on g(, ). We define

a ) a(4a® +2a + 3) 4
2(2a+1) 242a+ 1)(4a*> +8a+3)

g(B.0) =a

O<9<z,
2
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where a is the largest solution of a(1 — a) = cg. We define the auxiliary quantity
vg+ € (0,7) by

Vg" sin 6
cot _2 = max —9 o
[0,7/2] cos & + m

Lemma 2.6 Let B, < B < 2n. Then we have

T

(i) g(B.0) =z(B.0) . 0<6<7.
(i) v5* <vj.
Actually we have [cf. (27)]
Vir ~ 07007,y ~0.6727.
Proof We have g(8,0) = g(B,0) = «. Therefore, given that g(8, 0) satisfies

ag 1
% :—w(gz—gcose—i-q;), (29)

it is enough to show that

dg 1

00 — sinf

(§2 —gcosf + c,g). (30)
The function g(B, 0) is decreasing with respect to 6, hence

J%
sinf<8 4 22 — (cosO)g +cp

do
2 94

2(9—9—3+9—5)§+§2—(1—9—

6 120/ a0 2+ﬁ)g+cﬂ'

(€19
Now, a direct computation shows that the RHS of (31) is equal to

a(l —a)f°[16(2a + 3)(2a + 1)(22a* + 2a + 3) — (12a*> + 2a + 3)(4a*> + 2a + 3)6?]
2880(2a + 1)2(4a? + 8a + 3)2

_a(l- a)(12a® + 2a + 3)(4a* + 2a + 3)0°(16 — 6?)
- 2880(2a + 1)2(4a? + 8a + 3)?2
> 0.

We note that in our argument we only used that o € [1/2,1).
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We now establish (i) for 8., < 8 < 2. The function

ha,0) = g('i’ 9)

(where, as usual, « is the largest solution of «(1 — o) = c¢g < 1/4) is an upper
solution to the initial value problem (21). Hence applying (iii) of Lemma 2.3 we
obtain the comparison.

To obtain (i) for B = B, we use the monotonicity with respect to o of h(c, ).
Passing to the limit @ — 1/2+ we conclude that

H@)=a§$+Mm@§E%ﬁ)fﬁwm9% 0<0<2.

The function H(6) is then the maximal solution of the singular initial value
problem (21) and therefore coincides with the function 2g(B,,, #). This completes
the proof of (i). Part (ii) then follows immediately from (i). |

3 Proof of Theorem 1.1

In this section we give the proofs of our theorems. We start with a proposition that
is fundamental in our argument and will be used repeatedly. We do not try to obtain
the most general statement and for simplicity we restrict ourselves to assumptions
that are sufficient for our purposes.

Let U be a domain and assume that dU = I' U I where I" is Lipschitz
continuous. We denote by n the exterior unit normal on I".

Proposition 3.1 Let ¢ € H\ (U) be a positive function such that V¢ /¢ € L*(U)
and V¢ /¢ has an L' trace on I in the sense that vV ¢ /¢ has an L' trace on dU for
every v € C*(U) that vanishes near I. Then

A \%
/|Vu|2dxdy2—/ 7¢u2dxdy+/ 7¢-nu2dS (32)
U U r

Sor all smooth functions u which vanish near I'y and A¢ is understood in the weak
sense. If in particular there exists ¢ € R such that

—A¢z% , (33)

in the weak sense in U, where d = dist(x, 1), then
2 \Y
/ \Vu|’dxdy > c/ Ldxdy + / ALY (34)
U vd r ¢

for all functions u € C®(U) that vanish near I.
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Proof Let u be a function in C*°(U) that vanishes near I'y. We denote T = —V¢/¢.
Then

/uzdidexdyz—2/uvu.dedy+/ w’T-ndS
U U r

IA

/|T|2u2dxdy+/ |Vu|2dxdy+/ u’T -nds,
U U r
that is

/|Vu|2dxdy2/(divT—|T|2)u2dxdy—/ T - nu’dS .

U U r

Using assumption (33) we obtain (34). ]

For B € (m,2n] we denote by I1g the class of all planar polygons which have
precisely one non-convex vertex and the angle at that vertex is 8. Given a polygon
in ITg we denote by y+ and y_ the angles at the vertices next to the non-convex
vertex.

Theorem 3.1 Let 8 € (m,2n]. Let 2 be a polygon in Ilg with

) 3n—p
Y+ = < min{yg, ——} (35)
where )/; € (0, ) is defined by
) sin 6
Cot7 =max
[0,7/2] cos O + m

Then the Hardy constant of §2 is cg.

Proof We denote by A_, A the vertices next to the non-convex vertex O, so that
A_, O and A are consecutive vertices with respective angles y_, 8 and y. We may
assume that O is the origin and that A lies on the positive x-semiaxis. We write the
boundary 952 as

02 =5US,
where S} = OAL U OA_ and S, = 952 \ S;. We then define the equidistance curve
I' = {x € 082 : dist(x, S;) = dist(x, S2)}.

Hence I" divides £2 into two sets §2; and £2,, whose nearest boundary points belong
in S; and S, respectively. It is clear that I" can be parametrized by the polar angle

0 € 0,B].
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The curve I' consists of line segments and parabola segments. Starting from

6 = 0 we have line segments Ly, ..., L;; then from 8 = 7/2t0 0 = f — /2 we
have parabola segments Py, ..., P,; and from 8 = 8 —7x/2 to § = B we have again
line segments L, ..., L.

Letu € C°(£2) be given. Let n denote the unit normal along I" which is outward
with respect to £2;. Applying Proposition 3.1 with ¢ (x,y) = ¥5(0), where 0 is the
polar angle of the point (x, y), we obtain

2 \Y
/ |Vu|2dxdy26ﬂ/ u—zdxdy+/ —¢-nu2dS. (36)
o o d r ¢

We next apply Proposition 3.1 on £2; for the function ¢ (x,y) = d(x,y)* (we recall
that « is the largest solution of a(1 — &) = cp). In §2; the function d(x, y) coincides
with the distance from S, and this implies that

o

d
—Ad* > a(l — a)ﬁ , on 24 .

Applying Proposition 3.1 we obtain that

2 Vd
/ |Vul|*dxdy > c/ u—zdxdy— are -nu’ds. (37)
24 24 d r d
Adding (36) and (37) we conclude that
2 \% Vd
/ |Vul?dx dy > c/ L dxdy + / (—¢ - a—) nu2dS. (38)
2 ed r\¢ d

We emphasize that in the last integral the values of V¢ /¢ are obtained as limits
from £2; and, more importantly, those of Vd/d are obtained as limits from £25.

It remains to prove that the line integral in (38) is non-negative. For this we shall
consider the different segments of I". Due to the symmetry of our assumptions with
respect to = /2 it is enough to establish the result for 0 < 6 < §/2.

(1) Let L be one of the line segments Ly, ..., L. The points on this segment L are
equidistant from the side OA and some side E of 952 \ (OA4+ UOA_). Let y be
the angle formed by the line E and the x-axis so that the outward normal vector
along E is (sin y, cos ) and E has equation xcos y + ysiny + ¢ = 0 for some
¢ € R. Elementary geometric considerations then give y € (—mr/2, ). Now,
simple computations give

(E_ vd

s o 7 ) -n = ;l(g(é) cos(6 + g) + acos(%)) , onL. (39
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It remains to show that the RHS of (39) is non-negative for 0 < 6 < 7/2. In
the case 0 < y < mr this is equivalent to showing that

in 6
Cotgi%, 0<6c<
cos +m

I

(40)

This is true since y < y4 < yg.
In the case —/2 < y < 0 we have cos(f + §) > Oforall0 < 6 < /2
and the RHS is clearly non-negative.

(i) Let P be one of the parabola segments Pj,...,P,. The points on P are
equidistant from the origin O and some side E of 952 \ (OA+ U OA-). As
in (i) above, let y be the angle formed by the line E and the x-axis so
that the outward normal vector along E is (siny,cosy) and E has equation
xcosy + ysiny + ¢ = 0 forsome ¢ € R. Then y € [ — E,JT]. We note that
the axis of the parabola has an asymptote at angle 6 = 37” — y. Indeed we shall

prove the required inequality for all 6 € [7, 37” -y 23, g].

Simple computations on P give

Vo Vd\ 1 ,
(7 _“7) M 2t 1) (/0 o5(6 + ) +al1 + sin(6 + 7))

(41)

Hence, noting that y < y4, the result follows from Lemma 2.2. This completes the
proof. O

Proof of Theorem 1.1 This follows easily by approximating the convex set K by a
sequence of convex polygons and using Theorem 3.1; see Fig. 1. O

Remark Incase 8 < 8. we have )/g < yf}i , 7~ 0.7017 and therefore the condition

Y+ Y- < min{yg, #} of Theorems 1.1 and 3.1 takes the simpler form

V4o V- < V5

If the convex set K is unbounded and 0K does not intersect the boundary of Ag
then there is no need for any restriction. In particular

Theorem 3.2 Let 2 = K N Ag, where K is an unbounded convex set and Ag is a
sector of angle B € (m, 21t] whose vertex is inside K. Assume that the boundaries of

K and Ag do not intersect. Then the Hardy constant of §2 is cg, where cg is given
by (5) and (6).

Proof Let u € C°(£2) be fixed. There exists a bounded convex set K; such that
£21 := K N Sg satisfies all the assumptions of Theorem 1.1 and in addition

dist(x, 0£2) = dist(x, 0£2;) , x € supp(u) ;
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of course, K; depends on u. Applying Theorem 1.1 to §2; we obtain the required
Hardy inequality. O

Remark Of course, one could state an intermediate result where the intersection
0K N 0Ap is exactly one point forming an angle y; in this the assumption y <

min{y}. 2} should hold.

4 Domains Eg , with Two Non-convex Angles

We recall from the Introduction that given angles B and y, we denote by Eg, the
domain shown in Fig.2 in case y < & and in Fig.3 in case y > m. Its boundary
0Eg, consists of three parts L;, L, and L3. L, is a line segment and meets the
halflines L3 and L; at the origin O and the point P(1,0) respectively. We assume
that B + y < 3x so that the halflines L; and L3 do not intersect. Without loss of
generality we assume that 8 > y and since we are interested in the non-convex case,
we assume that § > 7.

Proof of Theorem 1.2 Part (i) We denote by I the curve
I = {(x.y) € Egy : dist((x.y). L1) = dist((x.y). L» U L3)}.

The curve I' divides Eg, in two sets E_ = {(x,y) € Eg, : d(xy) =
dist((x,y),L, U L3)} and Ey = {(x,y) € Eg, : d(x,y) = dist((x,y),L1)}. We
denote by n the unit normal along I" which is outward with respect to E_.

Once again we shall use Proposition 3.1. We distinguish two cases: Case A,
where 0 < y < 7r/2 and Case B, where 7/2 <y < x.

Case A (0 <y < m/2) We distinguish two subcases.

Subcase Aa B + y < 2m. In this case I" consists of three parts: a line segment I}
which bisects the angle at P; a parabola segment I, whose points are equidistant
from the origin and the line L;; and a halfline I3 whose points are equidistant from
Ly and L;. We parametrize I" by the polar angle ¢, so that [T = {0 < 0 < 7},

H={Z<0<p-Z}andl3={f—% <6 <BI1
Let u € CX(Eg,). We apply Proposition 3.1 with U = E_, I'y = L, U L3 and

for the function ¢ (x,y) = ¥ (6), where ¢ = v and 6 is the polar angle of (x,y).
We obtain that

2 v
/ |Vu|2dxdy2c,3/E %dxdw/rf.nuzds. (42)
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We next apply Proposition 3.1 to the domain E4 and the function ¢;(x,y) =
d(x,y)*. We obtain that

/ |Vu|2dxdyzclg/ 2dxdy a/ — mdS. (43)
Ey d

Adding (42) and (43) we conclude that

\Y vd
/ |Vul*dxdy > Cﬁ/ dxdy + / (—¢ - ot—) -nu*ds . 44)
Epy Epy & ¢ d

We note that in the last integral the values of V¢ /¢ are obtained as limits from E_
while those of Vd/d are obtained as limits from E.. It remains to prove that the
last integral in (44) is non-negative. For this we shall consider the different parts
of I'.
(i) The segment I'] (0 < 6 < 7/2). Simple computations give that
\Y vd 1
f—(xj=c—{(g(@)cos(9+%)+(xcos(%)), O<9§%;

this is non-negative by Lemma 27, since y,; > /2.
(i) The segment I'; (/2 < 6 < B — r/2). In this case we have

V¢ Vd 1

——a— )n= 0) cos(0+y)+all+sin(0+ ,
(e )n=- 2+25in(9+y)(f() (6+7)+a[l +sin(0+7)])
this is non-negative by Lemma 2.2, since B — 2 < =X — y.

(iii) The segment I ( ” <0< w). The hne contamln 173 has equation
g 2 g q

,3 ,3 y sin y
xcos(——— )—l—ysm( ) = 2sin(ﬂ%)’

hence the outer (with respect to E_) unit normal along I is (cos(ﬂ%y),
sin(252)).
Using the fact that d = rsin(f — 6) on I';, we have along I5,

Vo Vd 1y/(6) ) (siny, cos y)
(7_0,7) 00 —sm@,cos@)—%—aT]
/3 14 /3

+ (cos( ).sin(=—-"))
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V(o) . B— sin(£42)
[w(e) in(— _6)+asin(,3—9)]

207

since both terms in the last sum are non-negative (the first one, as the product of two
non-positive terms).

Subcase Ab B + y > 2m. In this case I" consists of only two parts I} and I3,
described exactly as in subcase Aa, the only difference being that the range of 6 in
Ris3 <6< 37” — y. This means that the parabola segment goes all the way to

infinity. As before we have

(V¢_an)‘n= 1 (W’(Q)
rv/2 + 2sin(@ + y) \ ¥ (0)

¢ d
and the result follows again from Lemma 2.2. This completes the proof in the case
0<y<um/2

cos(6 +y) +a[l +sin(6 + V)])

Case B (/2 < y < m). On E_ we again consider the function ¢(x,y) = ¥ (6)
and apply Proposition 3.1 as in the previous case. We fix a function u € C°(Eg )
and we obtain

2 u? V¢ 5
/ |Vu|“dxdy > Cﬂ/ ﬁdxdy + / (— -mu“ds. (45)
E- E- r ¢

In E4 we consider a new orthonormal coordinate system with cartesian coordi-
nates denoted by (x;, y;) and polar coordinates denoted by (r, 6;). The origin O} of
this system is located on the line L; and is such that the line OO is perpendicular
to L;. The positive x; axis is then chosen so as to contain L; (Figure 2) We note that
this choice is such that

the point on I'y for which § = 7 — £ satisfies also 6, = 5 — £. (46)

We apply Proposition 3.1 on E; with the function ¢;(x,y) = ¥ (6;). This
function clearly satisfies —A¢; = c d~2¢1, hence we obtain

/ |Vu|2dxdy>c/ —dxdy /(— n)u’ds , 47)
E+ d?

Ey

where, as before, n is the interior to £ unit normal along I".
Adding (45) and (47) we conclude that

5 Vo V¢
Vuldxdy > ¢ / Y ixd +/ TP YP) nias. 48)
/E\ﬁ I I Y P Egy d2 Y F( ¢ ¢l )

¥
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The rest of the proof is devoted to showing that the last integral in (48) is non-
negative.

As in the case 0 < y < /2, we need to distinguish two subcases: Subcase Ba,
where 8 + y < 27, and Subcase Bb, where 8 + y > 27.

Subcase Ba  + y < 2m. The curve I consists of three parts: a line segment I}
which bisects the angle at P; a (part of a) parabola I';, whose points are equidistant
from the origin and the line L;; and a halfline I3 whose points are equidistant from
Ly and L3. As before, we consider separately each segment and we parametrize I”
by the polar angle 6 so that

T T T
N={Pelr:0<0<=}, LHh={=<0<p-=1},
1 =10 € < _2} 2=15 = <B >
T B4+m—vy
3=1{B 7 = < ) !
(i) The segment I'} (0 < 6 < 7/2). We have
V¢ y'(6) Y
—n=—" 0+ = I.
» "Tr@ Tty onh
and similarly
Ve ')

14
‘n = cos(fy — =), onl].
¢ @) 0 ) :

Since r; sin 8 = rsin 8 along I7, it is enough to prove the inequality

2(6) cos(6 + §> + g(61) cos(6) — §> >0, 0<6< (49)

oS

This has been proved in [7]; we include a proof here for the sake of completeness.
Recalling (46) and applying the sine law we obtain that along I the polar angles 6
and 0, are related by

cotfy = —cosycotf +siny . (50)
Claim There holds

6=>0+y—m, on 7. (51)
Proof of Claim We fix 6 € [0,7/2] and the corresponding 8, = 6,(0). If 6 +
y —m < 0, then (51) is obviously true, so we assume that 6 4+ y — 7 > 0. Since

0<f+4+y—m <m/2and 0 < 6 < 7/2, (51) is written equivalently cotf; <
cot(6 + y — m); thus, recalling (50), we conclude that to prove the claim it is enough
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to show that
. 4
—cosycotf 4+ siny <cot(d +y), n—yf@ga,

or, equivalently (since w < 8 + y < 3m/2),

2 . g

—cosy cot” @+ (—cosy coty—coty+siny)cotf+1+cosy >0, 71—y <0 < 5
(52)

The left-hand side of (52) is an increasing function of cot § and therefore takes its
least value at cot & = 0. Hence the claim is proved. O

For 0 < 6 < 7/2 — y/2 (49) is true since all terms in the left-hand side are
non-negative. So let 7/2—y/2 < 6 < w/2 and 6, = 6,(6). From (50) we find that

do, : cosy(1 + cot? f) + 1 + cot? 6;

do 1 + cot? 6,

1 +sin?y 4+ cosy — 2siny cosy cot§ + cos y(1 4 cos y) cot® §
1+C0t291 ’

The function
h(x) := 1+ sin’y + cosy — 2siny cos yx + cos y(1 + cos y)x*
is a concave function of x. We will establish the positivity of A(cot8) for w/2 —

y/2 < 6 < /2. For this it is enough to establish the positivity at the endpoints. At
6 = m/2 positivity is obvious, whereas

h(tan(g)) = 1+sin’y + cosy — 2cos y sin’ g > 0.

From (46) we conclude that 8; < 0 for 7/2 — y/2 < 0 < 7 /2. Now, it was proved
in [7, Lemma 4] that the function g is decreasing. Hence for 7/2 —y/2 < 6 < n/2
we have,

2(6) cos(6 + g) + 9(6)) cos(6) — %) > ¢(6)[cos(6 + g) + cos(6 — %)]

0—0i+y
2

= 2g(0) cos(e _; b ) cos( )
> 0,

where for the last inequality we made use of the claim. Hence (49) has been proved.
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(i) The segment I3 (5 < 6 < B — 7). After some computations we obtain that

(V¢ V¢1) ‘n = ! f(0)cos(6 + y)
r

o ¢ 2+ 250 1)

—f(6;) sin 0y [sin(6; — 6 — y) — cos O;]; ,

where 6 and 6, are related by cot§; = —cos(6 + y). The result then follows
by applying [7, Lemma 6].

(iii) The segment I3 (B —7F <6 < ﬁ++_y). Simple computations yield that along

I’; we have
Vo Ve y'(O) . B-vy V') . B+y
(7—W)-n = o) sin( > —9)—1—”1#(91) sin( > —01). (53)

The first summand in the right-hand side of (53) is non-negative since v¥'(0) and
sin(ﬁ%y — 0) are non-positive in the given range of 6. Moreover, two applications
of the sine law yield that along I'; the coordinates (r, #) and (r, 6;) are related by

in(f — 6
risinf; = rsin(f —6) tan 0 = —%.
It follows in particular that 0 < 6; < 7/2, and hence /4 < ﬂ% — 60, < 7. Hence
the second summand in the right-hand side of (53) is also non-negative, completing
the proof in this case.

Subcase B2  + y > 2m. In this case I' consists only of two parts I} and I,
described as in Case B1. The only difference is that the range of 6 in I; now is
% <6 < %” — y; the result follows as before. This completes the proof of the

theorem. O

Proof of Theorem 1.2 Part (ii) We set for simplicity ¥ = ¥g+,—. We divide Eg ,
in three parts £}, E and Ej as in Figure 3, and denote L; = (3E;) N dEg,. We also
set I; = {(i,y) : y = 0}, i = 0,1, the halflines that are the common boundaries
of the E;’s. We first apply Proposition 3.1 to the domain E. For this we introduce
polar coordinates (r, 8;) centered at P, so that the positive x; axis coincides with
the halfline L. Let u € C°(Eg,, ) be fixed. Applying Proposition 3.1 with ¢ (x,y) =
¥ (6)) we obtain

2 / _ 2
%dxdy A Y N (54)
1

|Vul’dxdy > cpy _ﬂ/ —_—
e ) v =3 Jn v

E,
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On E; we use the standard polar coordinates (r, #) and the function ¢(x,y) =
Y (6—0). We obtain

) 2 V-3
[Vuldxdy > cg4y—x /53 d2d xdy + ———— VB yd (55)

E3
Without loss of generality we assume that 8 > y and we therefore have

viy-% _ V'B-%

vo—5 - yE-5n -

Now, we have u(1,y)? — u(0,y)> = 2f0l uudx, hence, using also the one-
dimensional Hardy inequality we have for any € > 0,

u? u? u? 1 5
—dy — —dy<e€ | —dxdy+ - | udxdy
n Yy ny Ey Y € JE,

1 2 1 1
< (e — —)/ M—zdxdy + —/ uidxdy + —/ ufdxdy
46 E» y € E» € E>

and therefore

\Vuldxdy > (1— 2) “ e LN 56
ly > 1 € 7 xdy + € ly—¢€ y y. (56)
2

Ey Y I

This is also true for € = 0. We choose € = ¥'(y — 5)/¥(y — %) and we note that
by (7) we have

1 — 1 ! Z 1
chorr = g = epran (Vi) = 5 - (S =) = 5 ¢
Adding (54), (55) and (56) we obtain the inequalities in all cases.

We now prove the sharpness of the constant. Let C denote the best Hardy
constant for Eg,,. We extend the halflines L; and L3 until they meet at a point A,
and we call Dy the resulting infinite sector, whose angle is § + y — . We introduce
a family of domains D, that are obtained from Eg, by moving L, parallel to itself
towards A so that it is a distance € from A. All these domains D, have the same
Hardy constant as Eg,,. Let d.(x) = dist(x, dD.) and do(x) = dist(x, dDy). Then
clearly d.(x) — do(x) for all x € Dy.

Letu € C2°(Dy) vanish near I. This can be used as a test function for the Hardy
inequality in D., therefore we have

2
/|Vu|2dxdy2C/ %dxdy,
De D¢ “e
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which can be written equivalently
2
) u
|Vul"dxdy = C | —dxdy.
Dy Dy de
Passing to the limit ¢ — 0 we therefore obtain
2
) u
/ |Vul"dxdy > C | —dxdy.
Do d

Dy %o

Since the best Hardy constant of Dq is cg+,—r, we conclude that C < cg4y—s,
which establishes the sharpness. O

S A Dirichlet—-Neumann Hardy Inequality
We finally prove Theorem 1.3.

Proof of Theorem 1.3 Let u € C°°(D_,3). Applying Proposition 3.1 for ¢ (x,y) =
¥ (60) we have

A \Y
/ |Vul*dx dy > —/ —¢u2dxdy+/ —¢-nu2dS
Dy Dy ¢ r ¢

/ ”2dd+/v‘ZS n2ds
= C —_xy — - NU .
P In, & r¢

A direct computation gives that along I" we have

v _ r(9) y'(6)
) NONLOETIO R IO
which establishes the inequality. The fact that cg is sharp follows by comparing with
the corresponding Dirichlet problem. O
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Sharp Singular Trudinger-Moser-Adams Type
Inequalities with Exact Growth
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Dedicated to Ermanno Lanconelli on the occasion of his 70th
birthday, with friendship

Abstract The main purpose of this paper is two fold. On the one hand, we review
some recent progress on best constants for various sharp Moser-Trudinger and
Adams inequalities in Euclidean spaces R", hyperbolic spaces and other settings,
and such sharp inequalities of Lions type. On the other hand, we present and prove
some new results on sharp singular Moser-Trudinger and Adams type inequalities
with exact growth condition and their affine analogues of such inequalities (The-
orems 1.1, 1.2 and 1.3). We also establish a sharpened version of the classical
Moser-Trudinger inequality on finite balls (Theorem 1.4).

Keywords Best constants ¢ Sharp Adams inequalities ® Sharp inequalities with
exact growth condition ¢ Sharp Moser-Trudinger inequalities

Mathematics Subject Classification: 26D10, 46E35

1 Introduction

The Trudinger-Moser-Adams inequalities are the replacements in the borderline
case for the Sobolev embeddings. When §£2 C R”" is a bounded domain and
kp < n, it is well-known that Wy” (2) C L7(2) for all 1 < g < 2.
However, by counterexamples, W(l)(’% (£2) £ L*° (£2). In this situation, Yudovich
[65], Pohozaev [58] and Trudinger [63] obtained independently that Wé’" (£22) C

Ly, (£2) where L, (§2) is the Orlicz space associated with the Young function

(pn(t) — eXp ((X Itln/(n_l)
paper [55] by J. Moser. In fact, we have the following Moser-Trudinger inequality:

) — 1 for some a > 0. These results are refined in the 1971
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Theorem (J. Moser [55]) Let §2 be a domain with finite measure in Euclidean n-
1

n—1

space R", n > 2. Then there exists a sharp constant B, = nw,~| , where w,_1 is

the area of the surface of the unit n-ball, such that

1 n
@ /Q exp (,B |u|"—1)dx < ¢y

forany B < B,,anyu € WS’" (£2) with [ |Vu|"dx < 1. This constant B, is sharp
in the sense that if B > B, , then the above inequality can no longer hold with some
co independent of u.

This result has been studied and extended in many directions. For instance, we
refer the reader to the sharp Moser inequality with mean value zero by Chang
and Yang [12], Lu and Yang [51], Leckband [41], sharp Moser-Trudinger trace
inequalities and sharp Moser-Trudinger inequalities without boundary conditions by
Cianchi [14, 15], Moser-Trudinger inequality for Hessians by Tian and Wang [62],
a singular version of the Moser-Trudinger inequality by Adimurthi and Sandeep in
[4], etc. We also refer to the survey articles of Chang and Yang [13] and Lam and
Lu [31] for descriptions of applications of such inequalities to nonlinear PDEs.

Recently, using the L? affine energy &), (f) of f instead of the standard I” energy
of gradient [|Vf|, , where

—1/n
&p (f) = Cnp / ”va”;n dv )
Sn—l
1/p
nw,w,—
Cop = ZEnTp—l (neon)V/"
2wn+p—2
1/p

1D, = / - VF P d

The authors proved in [16] proved a sharp version of affine Moser-Trudinger
inequality by replacing the constraint ||Vf|[, < 1 by &,(f) < 1 in Moser’s
inequality. Namely,

Theorem (Cianchi et al. [20]) Let 2 be a domain with finite measure in Euclidean
n-space R", n > 2. Then there exists a constant m, > 0 such that

ﬁ /9 exp (a |u|#) dx < my,
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forany a < a,, any u € Wé’" (82) with &, (u) < 1. The constant o, is sharp in the
sense that if o« > «,, then the above inequality can no longer hold with some m,,
independent of u.

It is worthy to note that by the Holder inequality and Fubini’s theorem, we have
that

& () = IVF1,

VA1,
&(f)
bounded from above by any constant, these affine Moser-Trudinger inequalities are

actually stronger than the standard Moser-Trudinger inequality. In [39], Lam, Lu
and Tang used this L" affine energy &, (f) to study several improved versions of the
Moser-Trudinger type inequality in unbounded domains of Lions type.

In [26], Haberl, Schuster and Xiao used an asymmetric L” affine energy

for every f € W' (R") and p > 1. Moreover, since the ratio is not uniformly

—1/n

570 =2, | [ [pir|an|
Sn—l

Dj'f(x) = max {D,f(x), 0},

to study an asymmetric affine version of the Moser-Trudinger inequality in the
spirit of [16] by replacing the constraint &), («) < 1 in the inequality of [16] by
&F(w) <1.

We note here that

EF () <&@ < VA,

Hence, the theorem of [26] is an improvement of the classical Moser-Trudinger
inequality.

Concerning Moser’s type inequality with respect to high order derivatives,
D.R. Adams, using a different approach, investigated in [2] the following Moser-
Trudinger inequality in the high order case, which is now known as the Adams
inequality:

Theorem (D.R. Adams [2]) Let §2 be an open and bounded set in R". If m is a
positive integer less than n, then there exists a constant Cy = C(n,m) > 0 such that

foranyu € WS”’H(.Q) and ||V’"u||L%(9) <1, then

1 n
T /Q exp(Blu()| 7 )dx < Co
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forall B < B(n,m) where

n/29m p m+1 n—m .
— [”n—m(ﬂ"’) when m is odd
— ) Wl r(—%-)
,B(n, m) - 2 .

n [ #22mrg)eem .
— [ () when m is even

Furthermore, for any B > B(n, m), the integral can be made as large as possible.

The Adams inequality was extended recently by Tarsi [61]. More precisely, Tarsi
used the Sobolev space with Navier boundary conditions WX,W (£2) which contains

the Sobolev space W(y)" ™ (£2) as a closed subspace: It was shown that the sharp
constants in this case are the same as in the classical Adams’ inequities.

We stress here that the method of Adams was used successfully to establish
the Moser-Trudinger-Adams inequalities in many settings, see on the Riemannian
manifolds by Fontana [24], on the Heisenberg group in [17] and on the CR spheres
in [19] by Cohn and Lu, sharp Moser-Onofri type inequalities on spheres by Beckner
[7] and CR spheres by Branson et al. [8], and generalizations in other settings
[6, 18, 20, 25, 38].

It can be noted that the Moser-Trudinger-Adams inequalities are senseless when
the domains have infinite volume. Thus, it is interesting to investigate versions of
the Moser-Trudinger-Adams inequalities in this setting. There are attempts to extend
the Moser-Trudinger inequality to infinite volume domains by Cao [9] and Ogawa
[56] in dimension two and by Do O in high dimension [22]. Moreover, Adachi
and Tanaka established the best constants for all dimensions in [1]. Interestingly
enough, by the sharp result of Adachi and Tanaka, the Moser-Trudinger type
inequality can only be established for the subcritical case while they use the norm

( S [Vul" dx)l/ " Indeed, Adachi and Tanaka in [1] have proved that

sup /”¢><ﬂ |u|#)dx<oo

fR” |Vul"dx<1

if B < B,. Moreover, their results are actually sharp in the sense that the supremum
is infinity when 8 > f,,. The result of Adachi and Tanaka was investigated in the
affine case in [39] where the authors used the L” affine energy &, (f) of f instead of
the standard L” energy of gradient || Vf]|, . In fact, it was proved in [39] that

Theorem (Lam et al. [39]) For any B € (0,n) and o € (0, (1 — é) otn), there

exists a constant Cy g > 0 such that

G (e 1u™7) .,
[= = cup
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for any u € W' (R") with &, (u) < 1. This inequality is false for ¢ > (1 — g) ay,
in the sense that if « > (1 - g) oy, then the above inequality can no longer hold
with some Cy g independent of u. Here
jp=2
7 Pl _»p
Gpg(t) =€ — Z,—, je me%jeN:jz —} > -,
o q) ~ q

To achieve the critical case B = B,, Ruf [59] and then Li and Ruf [45] need
to use the full form of the norm in W', namely, [|ull1n = (/g |u|”dx)l/" +

(four |Vl )"

Theorem (Ruf [59] and Li and Ruf [45]) For « < «,, there exists a constant

Cy > 0 such that
[ () ax = c.,
Rﬂ

for any u € W' (R™) with ||u||1,, < 1. This inequality is false for o > a, in the
sense that if o« > «, then the above inequality can no longer hold with some C,
independent of u.

The singular version of Ruf and Li-Ruf inequalities was given in [5], and
sharp Moser’s type inequality on unbounded domains into Lorentz-Sobolev spaces
was established by Cassani and Tarsi [11]. We recall that Lions is the first one
who established an improvement of Moser’s result by sharpening the constant S,
[48]. The result of Lions was further improved by Adimurthi and Druet in [3].
Very recently, the authors in [39] used a rearrangement-free argument, initiated in
[34, 35], to study a sharp version of the affine and improved Moser-Trudinger type
inequality on domains of infinite volume in the spirit of Lions [48], namely,

Theorem (Lam et al. [39]) Let 0 < 8 < nand t > 0. Then there exists a constant
C = C(n, B) > 0 such that for allu € C§° (R") \ {0}, &, (u) < 1, we have

2T (1-2)a
—

Pu “ fu] _
(1+E,w") =T lJul|" P
/ 3 dx=C(n,f) ————.
b A

R7

As a consequence, we have that there exists a constant C = C (n, §,7) > 0 such
that

M4,o¢ 5 M3,Ot f Ml,oz 5 C(na ,Ba T)a
M4,o¢ =< MZ,a < Ml,oz < C(l’l, ,3, T) s
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forall0 <o < (1 — g) o, where

L n
b (# |u|n1)
My, = sup / (146, )" d

}3 X
ueW B, & )" +eluli<1y) |x|

fu (o [ul7)
My = sup /—dx

ueWwhtn(Rn), & w)" +|ulh< I]R

n—=

LHIVal) =T
Ms, = / (419 7T ) d
|”<l

3 X
ueWLA(R1), ||Vu||;i+f||u|n— g
¢n,1 (Oé |u|”_l)
Mg = sup B
ueWla(®R), | Vullh+|lullh < |x|

”_R

Moreover, the constant (1 — ﬁ) o, in the above inequality and supremum is sharp

in the sense that when o > (1 ——)an, Mg =My =Mzy =My, = 0.

The Trudinger type inequalities for high order derivatives on domains of infinite
volume were studied by Ozawa [57], Kozono et al. [30] with non-optimal constants.
The sharp constants were recently established by Ruf and Sani [60] in the case of
even derivatives and by Lam and Lu in all order of derivatives including fractional
orders [32, 33, 35, 39]. The idea of Ruf and Sani [60] is to use the comparison
principle for polyharmonic equations (thus only dealt with the case of even order of
derivatives) and thus involves some difficult construction of auxiliary functions. The
argument in [32, 35] uses the representation of the Bessel potentials and thus avoids
dealing with such a comparison principle. Moreover, the argument in [35] does not
use the symmetrization method and thus also works for the sub-Riemannian setting
such as the Heisenberg groups [34, 40].

We state here the Adams inequality on unbounded domains in the most general
form for fractional orders.

Theorem (Lam and Lu [35]) Let 0 < y < n be an arbitrary real positive number,
p= % and © > 0. There holds

wp [ o (B ) ar <o

Y
ueWv? (R?),|(tI—A)2 u|| <1

¥4
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where
=2
v
_
o) =¢ — ZJ—',
j=0
Jp=min{jeN:j>p}>p.
Here
p
/o
p = =1
p/
Bony) = | 2L/
RA (=3
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Furthermore this inequality is sharp, i.e., if Bo(n,y) is replaced by any f >

Bo (n,y), then the supremum is infinite.

The main idea in [35] is to write u in the Bessel potential form to avoid the
rearrangement of the high order derivatives. Therefore, we can first establish a
version of the Adams type inequality on domains of finite volume. Using a delicate
decomposition of R” into level sets of the functions under consideration, we can get
the desired result. This method does not apply symmetrization argument which is

not available on high order Sobolev spaces and Heisenberg groups.
There is also an improved version of the Adams type inequality in the spirit of

Lions [48] as follows:

Theorem (Lam et al. [39]) Let 0 < 8 < n, n > 3, and t > 0. Then there exists
a constant C = C(n, ) > 0 such that for all u € C3° (R") \ {0}, ||Au||% <1,

u >0, we have

21 (18
27 (1-£) g(n.2) n
¢Vl,2 (—’1")2 |M|”_2

(r+1aud)™ [t
/ dx < C(n.f) ————.

Jx|?

nl
o 1= aul|
2

Consequently, we have that there exists a constant C = C (n, B, t) > 0 such that

2 n
S

/ (l+||Au||%)

B
uew? 3 (R, fRn|Au|2+z\u% <Ig, |x]

dx<C(n,B,1),
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forall 0 < a < (1 — g) B(n,2). When a > (1 — g) B(n,2), the supremum is

infinite.

The next aim is to study the sharp subcritical Adams type inequalities in some
special cases. More precisely, we have proved that

Theorem (Lam et al. [39]) Foranya € (0, B (n, 2)), there exists a constant Cy, > 0
such that

/¢>,,,2 (a |u|$)dx <G, ||u||§, Vue W R, [ Auly < 1. 1)

R~

Theorem (Lam et al. [39]) For any o € (0, 8 (2m, m)), there exists a constant
Cy > 0 such that

/@mm (a |u|2) dx < Cy |lul3, Yu € W™ (R*™), [|V"ull, < 1. 2)

R2m

It was proved in [30] that the inequality (1) does not hold when « > B (n,2),
neither does inequality (2) when « > 8 (2m, m). Nevertheless, we still cannot verify
the borderline case @ = B (n, 2) in the second order case and « = § (2m, m) in the
high order case in the above two theorems.

Sharp Moser-Trudinger inequalities were also recently established on hyperbolic
spaces Mancini and Sandeep [54] on conformal discs and by Lu and Tang in all
dimensions [49, 50] including singular versions of Adachi-Tanaka type inequalities
[1] and those of Ruf [59] and Li and Ruf type [45]. Sharp Moser-Trudinger
inequalities on unbounded domains of the Heisenberg groups were also established
by Lam, Lu and Tang [34, 37, 39]. We also mention that extremal functions for
Moser-Trudinger inequalities on bounded domains were studied by Carleson and
Chang [10], de Figueiredo et al. [21], Flucher [23], Lin [47], and on Riemannian
manifolds by Li [42, 43], and on unbounded domains by Ruf [59], Li and Ruf
[45], Ishiwata [28] and Ishiwata et al. [29]. In [36], Lam, Lu and Zhang studied
some variants of the Moser-Trudinger type inequalities and their extremals. More
precisely, it was proved in [36] that

Theorem (Lam et al. [36]) Let N > 2and 0 < 8 < N. Then for all0 < a <
oy (1 - %) ,q>1landp > q (1 — %) (p = qif B = 0), there exists a positive
constant Cp n o p > 0 such that

(-)

q
dx < CN,p,q,Oé,ﬂ ||”||q ’

N
exp (@ [ul ™) Jup
L.

Jx|?
Vue DN (RY) N L7 (RY), |Vuly < 1.

This constant oy (1 - %) is sharp. Moreover, the supremum can be achieved.
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Very little is known for existence of extremals for Adams inequalities. The only
known cases are in the second order derivatives on compact Riemannian manifolds
and bounded domains in dimension four by Li and Ndiaye [44] and Lu and Yang
[52] respectively.

Very recently, while trying to study critical Moser-Trudinger-Adams type
inequalities in the infinite volume domain cases when using the norm

( f]R” [Vul" dx)l/ " Tbrahim et al. [27] and Masmoudi and Sani [54] set up
the following Moser-Trudinger-Adams type inequalities with exact growth in
dimension two and dimension four respectively:

Theorem A (Ibrahim et al. [27]) There exists some uniform constant C > 0 such
that

2
e4ﬂ\u\

sup < Cllull}2 e
UEW!2(R2) ||Vl 2 g2, <1 B2 A+ [uP) |) R

Moreover, the power 2 in the denominator cannot be replaced with any p < 2.

Theorem B (Masmoudi and Sani [54]) There exists some uniform constant C > 0
such that

327‘[2|u|2 _ ,
sup / —————>—dx = C|[ul[}2gs)-
WeW22 (R || Aull 2 oy <1 JR4 (1 [ul?) C)

Moreover, the power 2 in the denominator cannot be replaced with any p < 2.

A different type of improvement of Moser’s result involving a remainder term in
the norms was given by Wang and Ye [64]. More recently, Lu and Tang [50] have
established a singular version of sharp Moser-Trudinger inequalities on hyperbolic
spaces with exact growth. Thus, the result of [50] extends those of [49] in the same
spirit of [27, 54]. To describe the main result in [50], we need to introduce some
notions.

Let B* = {x € R" : |x| < 1} denote the unit open ball in the Euclidean space
R". The space B" endowed with the Riemannian metric g; = (#)z&j is called
the ball model of the hyperbolic space H". Denote the associated hyperbolic volume
by dV = (1_—2|X‘2)”dx. For any measurable set E C H", set |E| = fE dV.Let d(0,x)
denote the hyperbolic distance between the origin and x. It is known that d(0,x) =

In 11+||X“ for x € H". The hyperbolic gradient V, is given by V, = (#)ZV.
Let 2 C H" be a bounded domain. Denote [|f]l.o = ([, [f|”dV)%. Then we

have the following:

IVuf e = ( /Q <V S avyh = ( /Q IVfPd).
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Let [flln = (fy [f|”dV)%. Then we have

IVt = ([ <Vt 5 2 ant = ([ (rran’.

We use Wé’”(.Q) to express the completion of C3°(§2) under the norm

1
lillygoca = U@y + [ (9rran.
2 2

We will also use W' (H") to express the completion of C3°(H") under the norm

1
oo = ([ UPav -+ [ (95ran?.
H» H~

Then the authors have established the following in [50]:

1

Theorem (Lu and Tang [50]) Let o, = nw,~;, then there exists a constant C > 0

such that for any u € W' (H") satisfying || Veull, < 1,

&, (0t |u| =T
Pt 1y
e (14 ful)=

where ®,(t) = " — Z;’;g j’i, The result is sharp in the sense that: if the power —25

in the denominator is replaced by any p < -2, there exists a sequence of function
{ur} such that || Veur ||, <1, but

L [ denub®Dly,
ol Jewn (1 4 ful)?
More recently, motivated by the works of [27, 50, 54], H. Tang, M. Zhu and
the second author of this paper have established in [53] the sharp second order
Adams inequality with the exact growth in R” in general dimension n > 3. Thus,
we obtained the extension of the work of [54] to all dimension n > 3.
The results of [53] are as follows.

Theorem (Lu et al. [53]) There exists a constant C > 0 such that for all f €
W23 (R") (n > 3) satisfying [Aflls =1,

P(Bulf17)

———dx < C
e 01 D= x < ClfIl

[SIERNTES
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jn—2 ;
Where ®(t) = exp(t) — Zj.io ;i, jo =min{j € N:j > 3} > n/2and B, =
B(n.2) = O 1[1"(11/2 1

We remark that both the power — and the constant  are optimal. These can be
justified by the following theorem.

Theorem (Lu et al. [53]) If the power - in the denominator is replaced by any

p < ;25 there exists a sequence of function {fi} such that || Auy||s <1, but

dx — 0.

1 /¢(ﬂn(lfk|)" 2P
w (L4l

%
luell§ /=

Moreover, if & > B, there exists a sequence of function {fi} such that || Augllz <1,
but

dx — 00,

1 /¢(a(lfkl)""1)
Az T (L DP

foranyp > 0.

The main purpose of the remaining part of this paper is to establish sharp singular
Moser-Trudinger and Adams inequalities and then extend the above Theorems A
and B to the singular versions.

Theorem 1.1 (Sharp Singular Moser-Trudinger Inequality) Ler 0 < 8 < 2 and
O<oa=<4n (1 - —) Then there exists a constant C = C («, B) > 0 such that for

allu € W'? (RZ) : 52"' (u) <1, there holds
2

e 1 g
(U )

Moreover, the power 2— B in the denominator cannot be replaced with any g < 2—p.

Theorem 1.2 (Sharp Singular Adams Inequality) Let0 < 8 < 4and0 < a <
3272 (1 — g) Then there exists a constant C = C («, B) > 0 such that

2

au” _ 1 _B
/ ¢ dx<C ||u||§ 2 forallu € W>* (R*) : || Aull, < 1.
(1 N |M|2—ﬂ/2) |x|ﬂ

Moreover, the power 2 — f8/2in the denominator cannot be replaced with any q <

2-p/2.
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As the reader will see, the key ingredients in the proofs of Theorems 1.1 and 1.2
are symmetrization arguments and the Radial Sobolev inequalities: Theorems 2.1
and 2.2 established in Ibrahim et al. [27] and in Masmoudi and Sani [54] (see
Sect. 2). It is worthy noting that such a Radial Sobolev inequality in all dimensions
has been recently established by Lu and Tang [50]:

Theorem (Lu and Tang [50]) Let N > 2. There exists a constant C > 0 such
that for any nonnegative nonincreasing radial function u € era’g (RN ) satisfying
u(R) > 1 and

o0
oy / W A < K
R

for some R, K > 0, then we have

o0
N N—
op (22 [ o var

e g L
uv-1(R) K~

With this Radial Sobolev inequality, we can prove a sharp version of the singular
affine Moser-Trudinger type inequality with exact growth for N-dimensional case
that we will state here and omit the proof:

Theorem 1.3 (Sharp Singular Moser-Trudinger Inequality on RY) Let0 < 8 <
Nand0 < o < ay (1 — %) Then there exists a constant C = C («, 8, N) > 0 such

that for all u € W'V (RN) : @@AT (u) < 1, there holds

PN (au%)
£ (1 + |u|~N1(1‘ﬁ)) Ixf?

dx < Cluly "

Moreover, the power —— (1 — %)m the denominator cannot be replaced with any

N—1
g < (1 - %) .

Obviously, we can also obtain the singular version of the second order Adams
inequality in R” for all n > 3 by combining the techniques in [53] and the method
here. We shall not present the proof here. We also remark that Theorem 1.2 is true
for all N > 3 by incorporating the result in [53].

Our last main result is an improved version of the classical Moser-Trudinger
inequality in Wé’” (B) where B is the unit ball in R".
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Theorem 1.4 Let B be the unit ball in R". Then there holds

su 1 ! i ) gl
p n—y; +1—o,ul e dx < 0.
weWy" (B). & =<1 ]

This constant o, is sharp in the sense that if « > o, then

1 n S
sup In + 1=y ful™=T ) ™ dx = o0
|x"

ueWy" (B), & =1y

It is worthy noting that by symmetrization arguments, we have

sup /exp (,3 |u|#)dx
B

1,
ueW)" (B), | Vull, <1

= sup / exp (,3 |u|#) dx.

ueWé‘”(B), [IVull, <1, u is radially nonincreasing

Also, if u € Wé’" (B), |IVu|, =< 1 and is radially nonincreasing, then we could
show that

n 1
o Ju|™T <1n—. (3)
|x]

Combining these two things and the fact that @@If (f) = [Vf1l,» we obtain

sup /exp (a,, |u|ﬂfnl)dx
B

ueWy" (B), | Vull,<1

1 n P g
< sup / (ln L +1—a, |u|”‘1) el ™ gy,

uew"(B). & =1y

Hence our Theorem 1.4 is indeed an improvement of the classical Moser-Trudinger
inequality [55] on W," (B) .

The organization of the paper is as follows. In Sect.2, we will recall some
preliminaries on the symmetrization rearrangement and collect some known results
that we will need to prove our sharp singular Moser-Trudinger-Adams inequalities.
Section 3 will give the proof of the sharp singular Moser-Trudinger inequality in R?
(Theorem 1.1 and Sect. 4 contains the proof of the sharp singular Adams inequality
in R* (Theorem 1.2. Finally, an improvement of the Moser-Trudinger inequality
will be studied in Sect.5 (Theorem 1.4). Section 6 is devoted to the verification of
sharpness of the constants in Theorems 1.1 and 1.2.
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2 Some Useful Results

In this section, we introduce some useful results that will be used in our proofs.

2.1 Rearrangements

Let 2 C RY, N > 2, be a measurable set. We denote by £2* the open ball By ¢ RV
centered at 0 of radius R > 0 such that |Bg| = |£2].

Let u : 2 — R be a real-valued measurable function. The distribution function
of u is the function

(1) = [{x € 82 Jux)| > 1}]

and the decreasing rearrangement of u is the right-continuous, nonincreasing
function u* that is equimeasurable with u :

u*(s) = sup{r>0: u,(t) > s}.

It is clear that suppu™ C [0, |§2]] . We also define

s

u**(s) = l/u*(t)dt > u*(s).
* 0
Moreover, we define the spherically symmetric decreasing rearrangement of u :
u' 1 2% — [0, o0]
ut(x) = u* (UN |x|N) .
Then we have the following important result that could be found in [16, 26, 46]:

Lemma 2.1 (Plya-Szego Inequality) Let u € W'? (R"), p > 1. Then f* <
wie "),

& ) =40 =[vr,

and

E (M) <& 6 () =60

VL, = 17, -

We now recall two theorems from [27] and [54] respectively and we also refer to
[50, 53] for high dimensional cases.
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Theorem 2.1 There exists a constant C > 0 such that for any nonnegative radially
decreasing function u € W'? (Rz) satisfying

u(R) > 1 and / |Vu|2dx < K for some K > 0,

R2\Bg

we have

e B (R

C
R < — 2 dx.
2R) T K2 / Jul” d
R2\Bg

Theorem 2.2 Let u € W?? (R4) and let R > 0. If u*(R) > 1 and f = —Au in R*
satisfies

/ [f** (S)]2 ds < 4K for some K > 0,

|Br|

then there exists a universal constant C > 0 such that

3272 H R

er- - L) R* < —C ‘M#‘de

03 S S '
RH\Bg

We note here that in the Theorem 2.2 and also in the rest of this paper, when we
write u*(R), we mean that u*(x) for x| = R.
We also recall the following result in [33]:

Lemma 2.2 Let0 <y < 1,1 < p < oo and a(s,t) be a non-negative measurable
function on (—o0, 00) x [0, 00) such that (a.e.)
a(s,t) <1, when0 < s < t, “4)
1/p’

0 o)
sup / + /a(s, t)P/ds =b < o0. (5)
o0 t

>0

Then there is a constant co = co(p, b, y) such that if for ¢ > 0,

/mwmsL ©)
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then
o0
/e_FV(’)dt < co (7)
0
where
o0 P/
Fo=yi-y| [asoswas) . ®)
o0

We will need the following strengthened lemma which is needed in the proof of
Theorem 1.4 and is also of independent interest.

Lemma 2.3 Let 1 < p < o0, k € N. There exists a constant co > 0 such that for
¢ (s) >0, and

o0
[looras<1.
0
it follows that
o0
/ (F(0) + Dre ™01 < ¢
0

where

t v

F) =1— / o(s)ds | > o.

0

Proof Set
E,={>0:F(@) <A}.

Then we can show that E, is empty for sufficiently small A, and that there exist
constant A;, A, such that

IE/\| <AL+ A

Now, we prove by induction.
k = 0 : this is the Lemma 2.2 with y = 1.
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k=1:
o0 o0 0
/ (F@)+ 1) e F0ar = / / e *AdAdt
0 0 F(1)
00
= / / e Adtd
0 F()<A
o0
= / |Ex| e ! AdA
0
< ¢p.
Assume that the result is true with k = 0, 1, ..., m. Then
o 00 00 o0 00
/ (F@)" e "Dt + (m + 1) / / e AMdAdt = / / e A ddr
0 0 F(r) 0 F(r)
o0
= / / e A drd)
0 F(<A

oo
= / |Ex| e A" 1dA
0

= Co.

The proof now is completed.

We now state the Hardy-Littlewood inequality that could be found in [46].

59

Lemma 2.4 Leif € 17 (RY) and g € L9 (R) where 1 + 1 =1, 1 < p,q < co.

Then

/f(x)g(x) dx < /ﬁ* () ¢ () .
RN RN

Using the above Hardy-Littlewood inequality, we will prove the following result
that will be used later in our proof of Theorems 1.1 and 1.2. This result is also
of independent interest and its proof is not immediately trivial at its first glance.
Nevertheless, it is indeed true after a careful analysis of the monotonicity of the

eauz_l

function —.
1+ |u~?
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Lemma 2.5 Let0 < <2 and a > 0. There holds:

(XMZ

e —1 e“(”#)z —1
[ s dx
(14 ) ? (14 1P ) 1t

R? R?

forany u € W'2 (RZ) .
Proof Letu € W'? (RZ) and set

eomz(x) _ 1
fO) = (Folul) (x) = () and ga) = 5
where
a®
Fo = 1e + 2B

First, we note here that
4 1
g =—7=3gM.
|x]

Now, we claim that F(t) is nondecreasing on R*. Indeed, we have

201’ (1 +27F) = 2= By oi=F (e~ 1)

F'(f) =
“ (11 9)

e ar+ 208 — 2 p) P+ 2 p) 1P

- (1+2-8)?

T e L e D) R Gl )
(1+2F)°

_ =P h(r)

(1+ tz—ﬂ)2

where

h() = e [201® + 20 — (2 - B)] + 2 B).
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Noting that

(1) = 2t [2aif 4+ 20 — (2 — B)] + ¢ [2aBP ™" + dai]
= " [2a1 (201’ 4 207 — 2 — B)) + 20Bt"" + 4ai]
= " [2a1 (201 + 201) — 20t (2 — B) + 2aBt*™" + 4ai]
= ¢ [2at (20 4 2ar%) + 20pt + 20177
>0,

hence
h(t) > h(0) = 0 fort > 0.

Thus, F'(tf) > 0 when t > 0, which means that F is nondecreasing on RT.
Hence, by a property of rearrangement (see [46]), we have that

fr@=Folu)' &) = (Fou) (v).

By Lemma 2.4, we get our desired result.

3 Sharp Singular Truding-Moser Type Inequality with Exact
Growth

In this section, we will prove a version of sharp singular Moser-Trudinger type

inequality with exact growth, namely Theorem 1.1. We follow [27] closely. We

have chosen to present all the details for its completeness. Its proof is essentially an

adaptation of the proof of the non-singular version given in [27] and an application

of our Lemma 2.5, together with a careful decomposition of the integral domains in
1

terms of the weight function P and the norms of u.

Theorem 3.1 Let 0 < 8 < 2and 0 < o < 4x (1 —g . Then there exists a

constant C = C («, B) > 0 such that for all u € W'? (Rz) : <5”2+ (u) < 1, there
holds

2

/ e —1
(14 1) ?

R2

dx < Cul;™” .
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Proof By the symmetrization arguments: the Pélya-Szeg6 inequality, the Hardy-
Littlewood inequality; Lemma 2.5 and the density arguments, we may assume that
u is a smooth, nonnegative and radially decreasing function. Let R; = R;(u) be such
that

Ry
/ |Vu|2 dx = Zn/uf.rdr <1-—g,
B,
00
/ |Vul* dx = Zn/uf.rdr < &o.
R2\Bg, R;

Here ¢y € (0, 1) is fixed and does not depend on u.
By the Holder’s inequality, we have

r

w(n) —u(r) < / — uydr ©

r

r 1/2

rp\ /2
/uf.rdr (ln —)
r

1

- 12 172
f( 80) (11’12) forO <ri <r, <Ry,

IA

2w r
and
12 1/2
u(r) —u(rn) < (ﬁ) (ln 2) forRy <r; <n. (10)
2 r

We define Ry := inf{r > 0: u(r) <1} € [0,00). Hence u(s) < 1 when s > R.
WLOG, we assume Ry > 0.
Now, we split the integral as follows:

e()éu _ 1 e()éu _ 1 eau 1
— —dx= | —————dx+ ——dx
(1 + MZ—ﬁ) |x|ﬂ (1 4 u2—/3) |x|ﬂ (1 + uz—ﬁ) |x|/3
R Br, R2\Bg,

=I14J.



Sharp Singular Trudinger-Moser-Adams Inequalities with Exact Growth

First, we will estimate J. Since u < 1 on R? \ Bg,, we have
auz

Jz/@e 5

———dx
+ u2B) [x|P
RZ\BR()
2

{u<l} I.xl
2

fu<tilul >l x|
2_
Clull3™”.

dx

IA

Hence, now, we just need to deal with the integral /.

Casel 0 <Ry <R;.
In this case, using (9), we have for0 < r < Ry :

1— 1/2 R\ /2
u(r) <1+ ( 80) (ln—o) .
2 r
By using
2 2 1Y .,
(a@a+b)y<Q+ea+(1+-)0",
€
we get
1—&} R 1
u(r) < 5Oln—o—l—(l—i-—).
r &0

dx + C/ —ﬁdx
{u=tslxl<llully} x|

63

(1)

u

12)
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<CrRP

(S

1_
<C /1dx
Ro

2_
<ClulZ".

Case2 0 <Ry <Ry.
We have

2

I— / e -1
(1 +u>P) |x|

B,

e’ — 1 e’ — 1
_B[ (14w xl? “ +BR0\/BR1 (1+27) &
=5 +h.

Using (10), we get

12 ( Ry\'/?
u(r) —u(Ry) < (8—0) (ln —0) for r > R;.
2 r
Hence
&0 172 R() 12
<1 — In —
u(r) < +<27r) (nr)
and again, by using
2 2 1Y 5
a@a+by"<0+ea+(14+-)>b
e
we have

R 1
uz(r)f(l—i—e)s—oln—o—i—(l—i——), Ve > 0.
2 r &

N. Lam and G. Lu

dx
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So

R
h = ———dx
(1 + u>F) |x|f
Bro \Br,

Ro
: R
< C/ea(1+s)%ln 70+“(1+é)r1_ﬂdr
R

. 2—f—a(l+z) 5L 2—f—a(l+e) 52

= Ce“(1+%)Rg(1+€)% Ry TR ’
&

2 — ,3 — o (1 =+ 8) ﬁ

1

< ce(1*7) ( 2—p _Rz—ﬂ)

= 0 1
2—B—a(l+e) 5t

_8
C(R - R}

=
-8
<C / 1dx
Ro \BR,
< Cllul;™,

(since o < 4 — 23, we can choose & > O such that2 — 8 —a (1 + ) 52 > 0).
(1!42 .
So, we need to estimate I; = /mdx with u (R;) > 1.
B,
First, we define

v(r) =u(r)—u(Ry) on0 <r <Ry.

It’s clear that v € Wé’z (Bg,) and that / |Vu|>dx = / |Vul dx < 1 —&.

Bg, Br,
Moreover, for0 <r <Ry :

w(r) = [u(r) + u R

<1+ e’ + (1 + é) u? (Ry).
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Hence

e — 1
h=|—""— 4 (13)
1 /(1+u2—ﬂ) 1x/?

B,
o (IH DR p (1) (r)
u>=P (Ry) ; |x|?

Ry

dx

ea(l+é)u2(R1) eawz(r)
=P (Ry) ; |x|’3

Ry

dx

where w = /1 + ev.
It’s clear that w € W, (Bg,) and / IVw>dx = (1 + 5)/ [Vol*dx < (1 +

BRI BRI
e)(1 —g) < 1if we choose 0 < ¢ < 18" Hence, using the singular Moser-
Trudinger inequality, we have

W20
/j 7 dx < C|Bp,|'"7 < CR. (14)
X

Bg,

Also, using Theorem 2.1, we have

tb

e (1+ 1) (R) 5 [pr2pe(i+: )uz(Rl) T2
—— R = 15
PR Y T 2R (15)
-t
< —2/ |u|* dx
0

R2\Bg
C. '
<< — llu

1,1 22=@=-p1_
&0 e

(S

if we choose ¢ such that

™

o €0

By (13), (14) and (15), the proof is now completed.
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4 Sharp Singular Adams Type Inequality with Exact Growth

We will prove Theorem 1.2 in this section. Again, we will adapt the argument of [54]
together with an application of the symmetrization lemma similar to our Lemma 2.5.
We mention that the following theorem holds for all N > 3 using the result in [53].
But we only state and present its proof in dimension N = 4.

Theorem 4.1 Let0 < 8 < 4and 0 < o < 3272 (1 — g) Then there exists a
constant C = C (a, B) > 0 such that
2

au” _ 1 _B
/ : dr < Clul, * forallue W** (RY) : || Aul, < 1.
(1 N |M|2—ﬂ/2) |x|ﬂ

R4
Proof Fix u € C3° (R*) such that || Au||, < 1 and define
Ro = Ro(u) = inf{r >0:u'(r) < 1} € [0,00).

We may assume that Ry > 0.
Similar to the proof of Theorem 1.1, we will need a symmetrization lemma. By
the Hardy-Littlewood inequality and a similar proof to Lemma 2.5, we have

e(xu _1 e()t(u#)z 1
/ v < / i (16)
S (=) I (14 6y ™"2) 1

R4

/ Gl dx + / Gl d
= X
#\2—B/2 B #\2—pB/2 B
A (1@ 1 RMMO+@) ) I

=I+J.

We now estimate J. Indeed, since u*(r) < 1 on R*\ Bg,, we get

#\2
s<c [ W, (17)
Jx)?
{ut<1}
#\2 #\2
<C / (u)dx—i—C / (u)dx
xl? xl?
{ut<1; ez ully ?} {ut <15 el <lally*}
-4
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So, the difficult part is the integral /.
Set

f=—-Au
= [
[

Then since || Au|, < 1, we have § < 4.
We now fix gy € (0, 1) (we note that &y is independent of u) and choose R =
Ry (1) > 0 such that

|BR1|

/ [ ) ds = B (1 - 0) (18)
0

/ [ ()] ds = Beo.
|BR1|

We have the following result:

R 1/2
> | Rz| , r4 1/2
u' (r) —u () < Ton / [/ ()] ds (ln r—i) for0 < r; <.
1
BR1|
(19)
Hence, by (18) and (19), we get
1= & 1/2 1/2
u#(rl) — u#(rz) < ( 32 ) (11’1 —i) forO0 < r <r, <Ry, (20)
32r r

# # =) 1/2 ry 1/2
M(rﬂ—bl(i’z)f( ) 1n—4 fOI'R]f)’1<}’2.

We distinguish two cases:

Casel 0 <Ry <R
In this case, by (20), we have for 0 < r < Ry (< R)) :

1—eo\"2 [ RN\
# 0
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&o

2 4
[ < 328201 I: +(1+i).

Hence,

(i)
- / TN
e
g, (14672 1
Ry
< C/e e tn g*”‘(” 5) 5B ax
0
178% Ro 1—¢2
SCR:)WW/ Pt gy
0

<CryP

<C /ldx

Ro

B

s b
= Cllully *

Case2 0 <R, <Ry.

a(u)” _q
= / (1 + (u#)Z—ﬁ/Z) |x|ﬂdx

BRO

o]
1 + (u#)z—ﬂ/Z) |x|ﬁ

Bry  Bg, \BRl

=1+ 1.
Again, by (20), we have for Ry <r <Ry :

go(1+¢)

2
[u#(r)] 32772

1
In —+(1+—),V8>0.
€
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21
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Hence if we choose 0 < ¢ < L1, we get

o £0
e“(”#)z —1
L= / Tl (22)
"2
s, (14 G@02)
Ro o
< C/ea%lnr—gﬂ(wg)r:s—ﬁdr
Ry
- CROU 593(21:;5) [Rg_ﬁ_4a 593(21:55) _Rj_ﬁ_‘ta 8()3(21:;5)}

eo(14¢) go(1+¢)
4— 40(&—2 4—f—do =15~
<C |:RO PRy, " R, &

=c[rR - R

<C / ldx

Ro \BR
B
2_ 2
< Cllully *.
To estimate I;, we first note that by (20), we have

[ ()] < (1 + &) [uf(r) —u R + (1 i é) [« (R)]", forall0 < r < Ry; &> 0.

As a consequence, we get

/ / ea(u#)z — 1 d (23)
= X
1 (14 @)

B,

1 e“(”#)z
d
: [u#(&)}z‘ﬁ”/ o

BR]

<C

dx.

e (D[] /ea(1+s)[u#<x)—u#(m)]2
Lt ROPT2 xl”

Ry



Sharp Singular Trudinger-Moser-Adams Inequalities with Exact Growth

71
By Theorem 2.2, we have that there exists a universal constant C > 0 such that
1B
PR 1T R A = (RS | A A
- = (24)
[ (R [u# (R))T?
-4
C 2 C P
<|= || dx < —— lul; ?
R R p
R*\Bg,
e (1-8)
Here we choose ¢ such that 1 + s =< —
Now, we claim that
1 /ea(1+s)[u#<|x|)—u#(1e1)]2
dx < C. (25)
4— =
R ﬁBR |x|ﬂ

Indeed, we have for 0 < r < |Bg,| :

Ofu*(r)—u*(lBRl|)_l6 /f ) 4

Hence,

|BR1|

| |exp / “/H_E/f**(S)d
(o) [ ()~ (R)] -

/ |x|’3 dx<C / dr

rB/4

%k
< C|BR1|1_’3/4/exp /i _V1+8 f (Z) o—11=B/ g

IBRI Ie !

5|

< C|Bg,|" / exp | (1= B4y | f**(z)
0

|BR1 |e !

dz| —t(1—p/4)|dt
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(o]

< ClBy |1“’/4/exp (1—B/4)

0

!
V1 +8/f** (|1Br ™)
2 0V |BR1 le™

—t(1—8/4) | dt.

Here, we make change r = |Bg,| ™ in the second inequality and z = |Bg,| e~

the last one.
Now, using Lemma 2.2 with

y=1-p/4p=2

lif0<s <t

a(s, 1) = .
(s.1) 0 otherwise

V1+8** —s\ —3
#(s) = V/|Br,]| 5 £ (IBr,l€e™") e 2ds; s > 0

we can conclude (25). Indeed, we have

i L4 € [ e i o2 s
/¢2(s)dS= |Br, | 1 /[f (|IBr,| e )] e ’ds
0 0

|BR1|

_1+s

1 / [f** (r)]zdr

0
1+e)(1—g) <1

IA

if we choose ¢ such that

1 e (1-4)
<l+-<—F—
&

o &0

1
=}

The proof now is completed.

|Bg,| € *ds

s

in
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5 Proof of Theorem 1.4

Let u* be the symmetric decreasing rearrangement of u. By rearrangement proper-
ties: the P6lya-Szego inequality and the Hardy-Littlewood inequality, we get

[Vl = &7 W) = &7 @),

1 P 1 L
/(ln — + 1) el T gy < / (ln — + 1) e‘)‘"|“#|ﬁdx,
J |x| J |x|

o o Iu\# #eT o |u"k|ﬁ
oy |u| =T e dx = | a, \u \” e dx.
B B

Hence, we may assume that u is radially symmetric and nonincreasing.
By changing of variable

|x|n — e—[’

w(t) = n%wiiﬁu(x)

we have w(t) is a C’-function and 0 < t < oo satisfying
o0
w(0) =0, w >0, / W' @] dr <1
0
and we need to prove that
o0
/ (t —wiri (1) + 1) " O~ gy < MT.
0

Set
F(t) =t —wi1 (1),

so we need to show
o0
/ (F(t) + 1) e FDdr < MT.
0

Using Lemma 2.3 with ¢ = w/, we get the result.
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6 Sharpness of Constants in Theorems 1.1 and 1.2

The main purpose of this section is to prove the sharpness of the constants in
Theorems 1.1 and 1.2.
First, we will show that the Theorem 1.1 is sharp in the sense that the inequality

F _

/%dx < Cllully”? forallu e W'? (R?) : &' (u) < 1
X

R2

fails if the growth
e4n(1—g)u2 1

is replaced with the higher order growth

F(u) =

2
e —1

B =0

Whereeither(x>4n(1—§) andg=2—fBoroa =4n (l—g) and g <2 — 6.

The former case is easy since we can find some constant C = C () such that

2 (“+4”(17§)) 2

e —1 e 2 w1
S S NP . dx.
(1 + |u|2—ﬂ) I[P Jx]

R2 R2

Now, fix ¢ < 2 — B and let

e4n(1—§)x2 _1

FO = =05

First, we choose sequences

1<Kz, tooandA, 1A= —

such that
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We can do that since

WP F@
oo 2(1-5) /K N

Let
Zn ifr<T,
n(r) = 3zl B T, <y < 1
0 if x| >1
where

2
T, = exp (—%) .

Then, it is clear that

1
d
Vi, |l3 = 2nz§/—72 =274, < 1;
T r|log T,

V21mA,
[l ~ :
F(Mn) 27 — 2 Cn
G (uy,) = / dx> ——T>PF(z) = 5"
A 2-Bg7"
Hence
G (uy
(MZ_)ﬁ > Cc¢, — 00
[ I

Similarly, in Theorem 1.2, we just need to prove that for fix g < 2 — g, then the
inequality

e (1—ﬁ)u2 5
2-3 2.2 (4 .
—ﬂ dx < Clul3? forallu e W2 (RY : [Aul, <1 (26)
(1 4 ul?) |x]
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does not hold. Indeed, consider the sequence introduced by Lu and Yang in [52]:

2 .
”32#210gRi— 4 + 1 lfOEVEf/Rn
4 n \/Sﬂan log é \/8712 log é

— 1 1 r 4
uy (r) —\/m log 1 if YR, <r<1
o ifr>1

where R, | 0 and 7, is smooth and is chosen such that for some R > 1 :

nn|331 = nnIBBR = 07

an, 1 O,

_|331 =,
v \/2m? logRL v

and n,, An, are all O ( 1 ) . Then, we can verify that

‘/logé

|33R =0

lluall, = O

1
,/logRl”

1< Aul3 =1 +0(

1
logk%1 '

Now, assume (26) holds. Then let

Up
Un = 7>
| Au |
we get
8 -4
2(1_F U2
2 (1 4)n_1 2t |
ﬁdx < C”UnHz <C
1
4 (1 + [va]®) || V6og &
Hence
] -5 S (=5
lim  /log — ¢ T <o 27)
e ( Rn) S Joal)
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. /1 1
Also, noting that u, > 2 log %, on Bi‘/7’ we have that

32;12(1—'9 1-£
e

B
)7 1d _ / e327r2( Z)vg_ld . / eSan(l—K)v%d
—_—ax = —ax z —ax
(1 + [va]?) |2 (1 + [va]?) %] |val? |x]°
4
R LRV YRn

2 BY_1 1
3272 (1-4) by tog 24
exp 2
Il Aunlz
z R

~ q
(Ve togs;)

A exp (1 — ﬁ) log i ;2 —1 (log l)_
4 R \ | Aunll Ry
Hence
_B _B_
. N G L , e
lim log — /—ﬁdx Z lim log — 00
= \V R, W+ o)l e\ R,

R4

[SIEY

which is a contradiction of (27).
Our last main task is to verify (3) since if (3) holds, then with @ > «,, :

1 _n_ =
sup / (ln—n +1 —(xn|u|"—1)e"“‘| " dx
UEWg i (B). i g

w W=lp
> sup /e“‘”‘”jnldx = 00.
ueWyn (B), & =1y
Indeed, by changing of variable
" = e,

n—1

w(@)=nn a),lli"lu(x)

we have w(t) satisfies

o0
w(0) =0, w' >0, / W' (@)|"dt < 1.
0
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Hence

n—1
t t n

\n , ,
Wi = [Wds < 0/ W )| ds 0/ 1ds

0

n—1

<tn.

But this is exactly (3).
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A Quantitative Lusin Theorem for Functions
in BV
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Dedicated to our friend Ermanno Lanconelli on the occasion of
his 70th birthday

Abstract We extend to the BV case a measure theoretic lemma previously proved
by DiBenedetto et al. (Atti Accad. Naz. Lincei CI. Sci. Mat. Appl. 9, 223-225,
2006) in Wllo’cl. It states that if the set where u is positive occupies a sizable portion
of an open set E then the set where u is positive clusters about at least one point
of E. In this note we follow the proof given in the Appendix of DiBenedetto and
Vespri (Arch. Ration. Mech. Anal. 132, 247-309, 1995) so we are able to use only
a 1-dimensional Poincaré inequality.

Keywords BV functions ¢ Lusin theorem
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1 Introduction

For p > 0, denote by K,(y) C RY a cube of edge p centered at y. If y is the origin
on RY, we write K,(0) = K,. For any measurable set A C RY, by |A| we denote its
N-dimensional Lebesgue measure.
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If u is a continuous function in a domain E and u(xy) > 0 for a point xy € E then
there is a r > 0 such that u(x) > 0in K,(xo) N E. If u € C' then we can quantify the
radius 7 in terms of the C! norm of w.

The Lusin Theorem says that if u is a measurable function in a bounded domain
E, than for any ¢ > 0 there is a continuous function g such that g = u in E except
in a small set V C E such that |V| < ¢.

In this note we want to generalize the previous property in the case of measurable
functions. Very roughly speaking, we prove that if ¥ € BV(E) and u(xy) > 0 for
a point xo € E than for any & > O there is a positive r, that can be quantitatively
estimated in terms of ¢ and the BV norm of u, such that u(x) > 0 for any x €
K, (x0) N E except in a small set V C E such that |V| < ¢|K,(xo)|. Obviously we will
state a more precise result in the sequel.

Such kind of result has natural application in regularity theory for solutions to
PDE’s (see for instance the monograph [3] for an overview). The case of whp (E),
with 1 < p < oo, was studied in the Appendix of [1]. It was generalized in the case
of WHI(E) in [2].

Here we combine the proofs of [1, 2] in order to generalize this result in BV
spaces. Moreover in this note we use a proof based only on 1-dimensional Poincaré
inequality. This approach could be useful in the case anisotropic operators where it
is likely that will be necessary to develop a new approach tailored on the structure of
the operator (a first step in this direction can be found in [4]). We prove the following
Measure Theoretical Lemma.

Lemma 1.1 Let u € BV(K,) satisfy
lullavix, < vp"™" and |lu>1]] = alK,| Q)

for somey > 0anda € (0,1). Then, forevery § € (0,1) and 0 < A < 1 there exist
Xo € Ky andn = n(a,8,y,A,N) € (0, 1), such that

[l > A1 N Kyp(xo)| > (1= 8)[Kyp(xo)- 2

Roughly speaking the Lemma asserts that if the set where u is bounded away from
zero occupies a sizable portion of K, then there exists at least one point x,, and a
neighborhood K, (x,) where u remains large in a large portion of K, (x,). Thus the
set where u is positive clusters about at least one point of K.

In Sect.2, we operate a suitable partition of K. In Sect. 3 we prove the result
in the case N = 2 ( an analogous proof works for N = 1. We consider more
meaningful to prove the result directly in the less trivial case N = 2). In Sect. 4, by
an induction argument, we extend the lemma to any dimension.
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2 Proof: A Partition of the Cube

It suffices to establish the Lemma for u continuous and p = 1. For n € N partition
K, into n" cubes, with pairwise disjoint interior and each of edge 1/n. Divide these
cubes into two finite subcollections QT and Q™ by

o
0eQt  — |u>1ngl> 0
- o
0:€Q — |[“>1]ﬂQi|§5|Qi|
and denote by #(Q™) the number of cubes in Q™. By the assumption

D =100+ Y > 11001 > alKi| = an®|0]
0;eQt 0;€Q™

where | Q| is the common measure of the Q;. From the definitions of the classes Q=

y > 111 Q)| > 111 Q)| R P
an < Y o +Q§_ —or <#Q") + S (" —#Q")).

Therefore

#( n".

Consider now a subcollection Q7 of Q*. A cube Q; belongs to Q* if 0; € QT

and [[u|pv(g llullBvky)-

)—@ o
Clearly

A+ a N
#HQ") > 5o 3)

Fix 6,A € (0, 1). The idea of the proof is that an alternative occurs. Either there
isacube Q; € Q™ such that there is a subcube Q C Qj where

lu>AN0|=(1-8)]0| 4)

or for any cube Q; € Q™ there exists a constant ¢ = c(a, §, y, 7, N) such that

1
lullsvig) = elet. 8. . A N)-5— &)
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Hence if (4) does not hold for any cube Q; € Q*, we can add (5) over all such
Q;. Therefore taking into account (3), we have

o

_ac(asas )/,N)n =< ”u”BV(Kl) =< Y

and for n large enough this fact leads to an evident absurdum.

3 Proof of the Lemma 1.1 When N = 2

The proof is quite similar to the one of Appendix A.1 of [1] to which we refer the
reader for more details. For sake of simplicity we will use the same notation of [1].

Let K1(x,,v,) € Q. Without loss of generality we may assume (x,,y,) =
(0,0). Assume that

> 10K >%|K%| (6)
v = m”u”BV(I(I)‘ )

1 1
Denote by (x, y) the coordinates of R? and, for x € (—2—, 2—) let Y (x) the cross
n n

section of the set [u > 1] N K1 with lines parallel to y-axis, through the abscissa x,
ie.

1 1
Dx)={ye (—%, %) such that u(x,y) > 1}.

Therefore

Sl

> 1nKl= [ D@

L
2n

Since, by (6), |[u > 1] N K1 | > %|Kl|,

1 1
there exists some X € (——, —) such that
2n 2n

1) > %. (8)
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Define
1 1 1+ A
Az = {y € Y(x) such that Ix € (—=—, —) such that u(x,y) < u}.
2n 2n 2
L o (1-2)
Note that for any y € Aj; the variation along the x direction is at least .
o . : a(l—2)
If |A;] > —, we have that the BV norm of u in K1 is at least ~Ten and
n n

n
therefore (5) holds.
o
If |A;| < S’ we have that there exists at least a y € 2)(X) such that u(x,y) >
n

1+21) 1 1
f € (——,—).
5 orany x € ( o 2n)

Define
A; ={x e ( ! 1)schthatEI e ( ! 1)schthat( ) < A}
FEW 2n’ 2n 4 Y 2n’ 2n 4 WEY) = Aj.

(1-2)
(-2

Note that for any x € A5 the variation along the y direction is at least

8
If |A5] > — we have that the BV norm of « in K is at least nd

therefore (5) holds.
8
If |A5] < — we have that [[u > A] N K1| > (1 — §)|K 1| and therefore (4) holds.
n n n

Summarizing either (4) or (5) hold. Therefore the alternative occurs and the case
N = 2 is proved.

4 Proof of the Lemma 1.1 When N > 2

Assume that Lemma 1.1 is proved in the case N = m and let us prove it when
N=m+ 1.

Let z a point of R™*!. To make to notation easier, write 7 = (x, y) where x € R
andy € R™.

Let K 1 (z) € Q*. Without loss of generality we may assume z = (0, 0). Assume
that

> 11N K >%|K%| )

o
||M||BV(K%) = WHMHBV(KI). (10)
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1 1
For any x € (—2—, 2—) consider the m -dimensional cube centered in (x, 0),
n n

orthogonal to the x-axis and with edge % and denote this cube with K (x). Define A

1 1
as the set of the x € (——, —) such that
2n 2n
- o -
[u>1NKi(x)| > Z|Kl(x)|
and

16
||”||BV(K1 W) = 2 —ayn" ——— ullsvixy)-
It is possible to prove that

Al =

%"I52

Let X € A and apply Lemma 1.1 to K1 (X) (we can do so because K1 (X) is a
m-dimensional set). ! !

So we get the existence of a constant 7y > 0 and a point y, € K1 (¥) such that if
we define the set ’

1+21)
2

A = {(X,y) € Ku (%, yo) such that u(x,y) > }

= . . 0 .
where Kn (X, y9) denotes the m-dimensional cube of edge '7_’ centered in (X, o)
n n
and orthogonal to the x-axis, we have

Al = (1 - —)( Oy, (1
Define

1 1
B = {y € A such that 3x € (—=—, =) such that u(x,y) < A}.
2n 2n

1-4
Note that for any y € B the variation along the x direction is at least ( ) .

2
) 5(1—A
If |B| > (770 )™, we have that the BV norm of # in K is at least %(@)m
n

and therefore (5) holds.
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) 1 1
If|B| > = (@)’", taking in account (11) we have that in the cylinder (——, —) x
2°n 2n an
K (0, ) the measure of the set where u(x,y) > A is greater than (1 — §) nj_l.
n nm

Therefore (4) holds in a suitable subcube of K .

Summarizing either (4) or (5) hold. Therefore the alternative occurs and the case
N > 2 1is proved.
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X-Elliptic Harmonic Maps
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Abstract We study X-elliptic harmonic maps of an open set  C RY endowed
with a family of vector fields X = {Xj,---,X,} into a Riemannian manifold
S i.e. C* solutions ¢ : % — S to the nonlinear system —L¢* + aif(F;‘y o

$)(0,:9P)(0,47) = 0 where L = Z%’:l 8xj(a’7 (x) dy;u) is an uniformly X-elliptic
operator. We establish a Solomon type (cf. Solomon, J Differ Geom 21:151-162,
1985) result for X-elliptic harmonic maps ¢ : % — S\ X with values into a sphere
and omitting a codimension two totally geodesic submanifold ¥ C S™. As an
application of Harnack inequality (for positive solutions to Lu = 0) in Gutiérrez and
Lanconelli (Commun Partial Differ Equ 28:1833-1862, 2003) we prove openness

of X-elliptic harmonic morphisms.

Keywords Harmonic maps ¢ X-elliptic vector fields

AMS Classification: Primary: 53C43, Secondary: 35H20

1 Statement of Main Results

Let %4 C RY be an open set and let X = {X;,---,X,,} C X(%) be a family of
vector fields

N
X, = Zbg(x)f)xf, l1<a<m,

i=1

S. Dragomir ()

Dipartimento di Matematica, Informatica ed Economia, Universita degli Studi della Basilicata,
Potenza, Italy

e-mail: sorin.dragomir @unibas.it

© Springer International Publishing Switzerland 2015 89
G. Citti et al. (eds.), Geometric Methods in PDE’s, Springer INDAM Series 13,
DOI 10.1007/978-3-319-02666-4_5


mailto:sorin.dragomir@unibas.it

90 S. Dragomir

with b!, € C®(%). Let L be the second order differential operator

N
Lu = Z BXj(aij(x) 0yut), 1)

ij=1

where a/ = @/ are measurable functions on %/. Let us set A = [a¥] and let 2 C %
be an open subset. L is X-elliptic in £2 if there is a constant A > 0 such that

m

Y (X(0).6) < (AWE.E). Ee(RY). xe, )

a=1

where (A(x)&,§&) = ZZ':l a¥(x)&&. Also L is uniformly X-elliptic in §2 if L is
X-elliptic in £2 and there is a constant A > 0 such that

(A@E.E) =AY (Xu(x).6)*. Ee®RY), xeQ. 3)

a=1

X-Elliptic operators were introduced by E. Lanconelli and A.E. Kogoi, [8] (cf. also
[4]) although the notion is implicit in [10] and goes back as far as the work by E.
Lanconelli, [7], for particular systems of vector fields X = {A/d, : 1 <j < N}.In
this paper we consider nonlinear PDEs systems of variational origin

— L + d'(I'}, 0 $)(3.:9")(34¢7) = 0 )

whose principal part is an X-elliptic operator. C*° solutions ¢ : Z — S to (4) are
termed X-elliptic harmonic maps and are the main object of study in this work. Here
S is a Riemannian manifold, with the metric tensor 4, and I'¢ are the Christoffel
symbols of h,g = h(dy , dg) with respect to a local coordinate system (V,y*) on
S (also 9, = 9/9y%). The vector fields X = {X,---,X,,} are requested to satisfy
the structural assumptions in [4] (i.e. the assumptions (D), (S), (LT), (P) and (I) in
Sect. 2). Exploiting the variational structure of (4) we establish

Theorem 1.1 Let L be uniformly X-ellipticon % . Let ¢ : % — SM be an X-elliptic
harmonic map. Let X C S be a totally geodesic codimension two submanifold.
Then either (i) ¢ meets X ie. (%) NX # Qor(ii) ¢ : 4 — SM\ X is
homotopically nontrivial, or (iii) if ¢ : % — SY \ X is null-homotopic then for
every smoothly bounded domain 2 C RN such that  C %, X is a Hormander
system on 2, and 382 is characteristic relative to X, the map ¢ : 2 — SM\ X is
constant.

If X = {0 : 1 <i < N} and a” are the (reciprocal) coefficients of a Riemannian
metric a on % an X-elliptic harmonic map ¢ : % — S is an ordinary harmonic
map (in the sense of [9]) among the Riemannian manifolds (%, a) and (S, &) hence
Theorem 1.1 is an analog to a result in [11]. When S is the sphere ¥ C RM*! we
may (as well as in [11]) exploit the fact that S¥ \ X is isometric to a warped product
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manifold $¥~! x,, §', to consider a special variation (F,u + t¢) of ¢ = (F,u)
with respect to which (4) reduces to a single X-elliptic equation and the maximum
principle (as devised in [4]) applies. However it doesn’t directly yield constancy
of u and the conclusion in Lemma 4.1 requires (unlike the elliptic case in [11])
an additional argument working only on domains with characteristic boundary and
provided X is a Hormander system.

A map ¢ € C®(%,S) is an X-elliptic harmonic morphism if for every local
harmonic function v : V. — R (i.e. V C S is an open subset and A,v = 0 in V) one
has L(v o ¢) = 0in U = ¢~ !(V). Here A, is the Laplace-Beltrami operator of the
Riemannian manifold (S, /). We establish the following Fuglede-Ishihara type (cf.
[2] and [5]) result

Theorem 1.2 Let L be X-elliptic on % . Then (i) any X-elliptic harmonic morphism
¢ : U — S is an X-elliptic harmonic map and there is a continuous function
Ay 1 U — [0, +00) such that ké is C*° and

(AWD*(x) . DPF (x)) = X4 (x)* 8P, 1 <. B <M, (5)

for any x € % and any normal local coordinate system (V,y*) on S centered at x
(here ¢* = y* o ). Conversely (ii) any X-elliptic harmonic map satisfying (5) is an
X-elliptic harmonic morphism. (iii) If M > N then ¢«X, = 0 forany 1 < a < m.
In particular if X = {X, : 1 < a < mj} is a Hormander system on % then there are
no nonconstant X-elliptic harmonic morphisms ¢ : % — S. (iv) If M < N then for
every nonconstant X-elliptic harmonic morphism ¢ : % — S and for every x € U
such that Ly(x) # O there is an open set U C U suchthatx € Uand ¢ : U — S
is a submersion. (v) For every X-elliptic harmonic morphism ¢ : % — S and any

fecs)
L(fod) =2} (Anf) 0 ¢ (©6)

In Sect. 5 we apply the Harnack inequality (as established in [4]) to prove

Theorem 1.3 Let L be uniformly X-elliptic on % . Let ¢ : % — S be an X-elliptic
harmonic morphism whose dilation A4 has at most isolated zeros. Then ¢ : % — S
is an open map i.e. for every open set U C U its image ¢ (U) is open in S.

This is the X-elliptic analog to a result by B. Fuglede (cf. Theorem 4.3.8 in [1], p.
112).

2 X-Elliptic Operators: Structural Assumptions

Let £ be the second order differential operator

N
Su=Lu+ Zai(x) g—“ , (7
xl
i=1
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where L is given by (1) and @' are measurable functions on %. We set a =
(a',---,a"). Let 2 C % be an open set. £ is X-elliptic in £2 if (i) L is X-elliptic
in £2 (i.e.(2) in Sect. 1 holds for some A > 0) and (ii) there is a function y(x) > 0
such that

(a(), £)> <y Y (Xu(x), 6>, E€RY, xeQ. ®)

a=1

Also £ is uniformly X-elliptic in §2 if £ is X-elliptic in £2 and L is uniformly X-
elliptic in £2 (i.e.(3) in Sect. 1 holds for some A > 0). A piecewise C! curve y :
[0,1] = % is an X-path if

() =Y fu®) Xa(y (1)

a=1

for some functions f, () and for a.e. ¢t € [0, 1]. One sets

m 1/2
Uy = swp (Zfa(t)z) :
== a=1

Let I'(x,y) be the set of all X-paths connecting x,y € % . The control distance
d = dx is given by

d(x,y) =inf{l(y) :y € I'(x,y)}.

As a fundamental assumption on the system of vector fields X = (Xj,---,X,,)
that we adopt through this paper, the control distance relative to X is well defined,
continuous in the Euclidean topology, and the following doubling condition is
satisfied:

(D) For every compact subset K C 7 there exist constants C; > 1 and Ry > 0
such that

0< |BZr| = Cd |Br| (9)

for every d-ball B, centered at a point of K and of radius r < Ry. Here |E| = u(E)
is the Lebesgue measure of E C RV,

Let £2 C % be a bounded open set. As another fundamental assumption on the
given vector fields and the set £2, we set Xu = (Xju,--- , X,,u) and postulate that
the following Sobolev inequality holds good.

(S) There exist constants ¢ = g(£2) > 2 and S = S(£2) > 0 such that

lulla@) < S1Xull22) (10)

for every u € C}(£2).
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We adopt the notation Q = 2¢q/(q — 2). The maximum principle for X-elliptic
operators £ as established in [4] also relies on the following assumption on the lower
order term a.

(LT) There is Q/2 < p < oo such that y € L?(£2) [where y is the function
appearing in (8)].

Moreover the given set £2 is assumed to support the Poincaré inequality i.e.

(P) For each compact subset K C % there is a constant Cp > 0 such that

C
= | dpe < —2-

|Xu| dp, ue C'(R2), (11)
|Br| B, |B2r| B,

for any d-ball B,(x) with center x € K and radius r < Ry. Here u, =

(1/1B/]) [y, udpe.

Finally the following dilation invariance property should hold good. Let
oy, ,ay € N be positive integers such that Q = o) + -+ 4+ ay and let us
set

5R_x:(Ra1X1,"'sRaN'xN)’ R>O, -x:(-xls"'v-xN)'

The system of vector fields X is required to be dilation invariant i.e.
(@) ForeveryR > 0 andx € %

Xa (8gu), = R (Xju) 5(x) 12)

for any smooth function u. Here §zu is given by (8gu)(x) = u(Sgx).

3 First Variation Formula

We start with the differential operator L given by (7). Through this paper we work
under the assumption that a’ € C*®°(%). For each € > 0 we set

()7 =d + 87, [(g)y] = [(c)"] "

so that g = (ge); d¥' ® dx’ is a Riemannian metric on %. Let (S,h) be a
Riemannian manifold, with the Riemannian metric 4 and for each ¢ € C®° (%, S) let
ldplle : U — R be the Hilbert-Schmidt norm of d¢ i.e. for every local coordinate
system (V,y*) on S and every x € U = ¢~ (V)

dp¢  dgP 1/2
L0 S @)

¢* =y"0¢, hup =h(0y,dp), 0, =03/0y".

ldgll () = ] (g)” ()
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Let £2 CC % be arelatively compact domain. The energy of ¢ as a map of (%, g.)
into (S, h) is

1
Eac®) =5 [ 1l du

where u is the Lebesgue measure on RY. Let x € % and let (V,y%) be a local
coordinate system on S such that ¢ (x) € V. We comply with the philosophy in [6]
and separate the metric on % (here g.) from the measure of integration (here dpu,
rather than the canonical Riemannian measure of (%, g¢)). Let us set

ea(@)(x) = a’ (X) (X) —(X) hap (¢ (x)).

The definition of e4(¢)(x) doesn’t depend on the choice of local coordinates (V, y*)
about ¢(x). Note that ||dg|> — ea(¢p) as € — 0 thus prompting the energy
functional

1
Ev@) =5 /Q ead) dy. (13)

A map ¢ € C®(%,S) is said to be X-elliptic harmonic if

d
7 EA(@)}=0 =0

for any §£2 CC % and any smooth 1-parameter variation {¢,}|;j<c C C®(% ,S) of
¢ (i.e. po = ¢) supported in £2 i.e. Supp(V) C §2 where

VeC®(¢p7'T(S)), Vi= (dwon®)(@/3t)w0,
DU x(—€,6) > S, Px,1)=¢x), xe¥, |t <e.

We proceed by deriving the first variation formula for the functional (13). One has

ea(¢) () = a’

(x 1) hap (¢1(x)) (14)

foranyx € U = ¢~ !(V) and |¢| < 8. Let us consider the functionf : % x(—§,8) —
R given by f(x, ) = ea(¢p;)(x) for any x € % and |#| < 6. Then [by (14)]

of 2o

&= 2a"(x) 5 3 L(x t) (x 1) hop (d:(x)) +

+a'f(x) (x r) (x 05 Ohop (¢r(x)> (x 1)



X-Elliptic Harmonic Maps

hence
V5.0 = 200 )a g w0 <x)ha,s<¢<x)> +
U(x) ( >—< ) e o >)—(x 0)
or
%(., 0) =
= 2% (aﬁvaﬁ(haﬂ o ¢)) - ZV“% (aﬁ%(haﬂ o ¢)) +
a Uaaif aaqj (?Taf °¢) V=

. 0P 9
— 2div, (avva%(haﬁ o) _i) _

,a¢> 4 ¢ ohg, o

_aij&ﬁ@ ah_”‘ﬂ o¢
oxt d¥ \ dy”

where divy is the Euclidean divergence operator and

V*(x) =

xeU.

Moreover if

_ 1 ahw 3hﬁy ahaﬂ v o_ vy
Lopy = 2 ( W e Gy )’ Tap =" apy .
then
f _
09 9P (_Ohg,  Ohgp
=V’ 21"k i — (2L - =
1% { (Lp")(hpy 0 §) +a’ axz( dye E)yV)O(ZS

0% AP
= 2V (hyy 0 ) {_L¢v + a/aai;% (F;ﬂ o ¢)} . mod divo

95
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where L is given by (7). Summing up

d
B @ = [ 1V (@) d 15)

(the first variation formula seek after) and 74(¢) € C™ (¢~ T(S)) is locally given
by

a¢ﬁa¢y i

ox! Bx/

@) =—L¢" + (I§, 00) S

Also h* = ¢~ 'h is the pullback of i by ¢ (a Riemannian bundle metric on
¢~'T(S) — RY). Finally [, (9f/01)(x,0) diu = 0 yields

IgP d¢p”

—Mﬂ+0%m¢)wl%] =0 (16)

which is the X-elliptic harmonic map system.

4 X-Elliptic Harmonic Maps into Spheres
Let SM = {(x1,-+- ,xpm+1) € RM+1 IX% + - +X12‘,1_H =1}5LIfS = SM then

B
“y
haﬁ—&xﬁ‘i‘w, F/gy:yahﬂy,

hence (16) becomes Lp® + e4(¢)p* = 0. Due to the constraint ZM+1 @2 = 1the
X-elliptic harmonic map system for S$¥-valued maps @ = (@1, , Ppr41) is

M+1

DK dpK
—m+ZflaM =0. (17)

Lemma 4.1 Let L be uniformly elliptic in % . Let ¢ : U — SM be an X-elliptic
harmonic map where S = {y € S™ : yM*1 > 0}. Then ¢ X, = O in2,1 <a<m,
for every smoothly bounded domain 2 C % such that 2 C % and whose boundary
082 is characteristic relative to X. In particular if X is a Hormander system then ¢
is constant on 2.

Proof By Green’s lemma

0P,
/ LQDM.H d,LL = / a’ M.+l Vi do
2 E¥?) x/
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where v = v’ d/0x’ and do are the outward unit normal and “area” measure on 952.
On the other hand (by uniform X-ellipticity)

M
—V;| < A(A(X)D@M_H s D@M+1 Z X (x) U =0
a=1

for every x € 952, provided that each X, is tangent to d£2. Finally one may integrate
in (17) over 2 so that

M+1 K K
0P 8@
0= E / e 5 Pyt dp >

M+1 m

222 Y [ (e D08 0 d
K=1a=1
hence (by @411 > 0) one obtains X,(®X) = 0in £2. O

Let ¢ : % — SM be a continuous map. Let ¥ C S be a codimension two totally
geodesic submanifold, so that ¥ = {x € S : x; = x, = 0} up to a coordinate
transformation. We say ¢ meets X if (%) N X # 9. If ¢ doesn’t meet X' then ¢
links ¥ when ¢ : %4 — SM \ ¥ is not null-homotopic. By a result of B. Solomon,
[11], a harmonic map of a compact Riemannian manifold into S¥ either meets or
links X'. To prove Theorem 1.1 we need some preparation. We establish

Theorem 4.1 Let ¢ : % — S be an X-elliptic harmonic map. Let S = P x,, R
be a warped product Riemannian manifold, where (P, gp) is a (M — 1)-dimensional
Riemannian manifold and w : S — (0, +00) is a C* function, endowed with the
Riemannian metric

h=nlgp+w nyds® ds.

Let F = mo¢andu = my o ¢p. Then

du aw du du
ij
(w0¢>)Lu—+—2aa 3/( o¢) = ( ¢)aax’81' (18)
In particular if w € C*°(P) then
Lu+ 2afa—”i {log(w o F)} = 0. (19)

daxt ox/

Consequently for every bounded open subset §2 C % on which L is uniformly X-
elliptic

suput < supu. (20)
2 a2
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If 2 C RY is a smoothly bounded domain such that 2 C %, its boundary 082 is
characteristic relative to X, and L is uniformly X-elliptic on %, then X,(u) = 0 for
every 1 < a < m. If additionally X is a Hormander system on S2 then ¢(£2) C
P x {t4} for some ty € R.

Here 1y : § — P and m, : S — R are the natural projections. Also the
notations in (20) will be explained shortly. To prove Theorem 4.1 let 2 C %
be a bounded open subset and ¢ € C;°(§2). Correspondingly we consider the 1-
parameter variation

¢(x) = (F(x), ux) +to(x), xe%, |t| <e.

Then

~du Ou

ea(¢) = ea(F) + (wo ¢)” d 8—54' 2D

V2w it 2 4 o).

Differentiation with respect to ¢ in (21) gives

- {eA (P} = 2(wo¢,)2 i % 3_q0+

xi Ox/
8u3

0
+2¢(wo¢f)(a—fo¢,)a o

hence

du A

A (90}, 0—/(wo¢)2 @b 22 22)

+/(o)8_wo 8u8ud
e @) 5 ¢) dl 55 g -

Next one observes that

du dp d . ou
20 - —p — 240 =2
(ol b =~ oL (woprta ) +

ou 0
2
+divy ((w o¢)tal — o [0 @)
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and integrates by parts [in the right hand side of (22)]. Hence

d _ ad 2 i ou B
@ == [ o {5 (wopra 32) @3
ow . Ou Ou
—(wo¢) (qu&) 01@@} d

Yet ¢ : % — P x,, R is X-elliptic harmonic so that {dE4(¢,)/dt};=o = O for every
¢ € C§°(£2). Hence (23) yields (18). Also when dw/ds = 0 (i.e. w € C®(P)
and S is endowed with the Riemannian metric 7 gp + (w o 71)? 75 ds*) Eq. (18)
yields (19). To prove (20) in Theorem 4.1 we need to recall the maximum principle
for X-elliptic operators (cf. Theorem 3.1 in [4], p. 1840) as it applies to the situation
at hand.

Let £2 C 7% be a bounded open set and let us assume that the structure condition
(S) is satisfied. Also let us assume that £ is uniformly X-elliptic in §2 with y obeying
to (LT). Let Q/2 < p < oo and f € LP(82). Then there is a constant

c=c(x, s(2). p. 0. 121, /Qy(x)zpdu(x)) -0

such that for every weak subsolution u € W!(£2, X) to £u = f one has

supu’ < suput + C W llzr ) - (24)
1?) FYe)

As to the notations in (24) we set ut = max{u, 0}. Also if u € W!(£2,X) and
£ € R then one says that u < £ on 82 if (u—£)* € W} (52, X) and sets by definition

suput =inf{€ :ut <€ on 082}.
a2

As to the function spaces we use, by the Sobolev inequality (10) the function u —
[|Xu||12(g) is a norm in C}(£2) and one takes W} (£2, X) to be the closure of C}(£2) in
this norm. Also W'(£2, X) is the space of all u € L?(£2) admitting weak derivatives
X,u € L*(£2) for every 1 < a < m. Finally we need to recall the notion of weak
(sub)solution to £u = f. To this end one considers the bilinear form

Be(u,v) = / {{A(x)Du, Dv) — {a(x), Du) v} du(x)
2
withu € C'(£2) and v € C}(£2). For every x € 2 we set

(Eaw = d(0Em;, Ene (®Y)".
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By the X-ellipticity condition (2)
(g+tns§+”7>A(x) >0, %-77]6 (RN)* , telR,

hence

(ST

(6. M| < [ Ehaw]® [(1Mhac]” - 25)

Uniform X-ellipticity of £ in £2 yields

Bl < 4 [ ullxol dp+ [ Qxadlol + ol yan - @6)
hence Bg is well defined. Then (by (26) and the structure assumption (LT))
[Be(u, v)| < Al Xull2(0) XVl 202)+
+ (IXvll2@) lullr@) + 1Xul 2@ vl @) 171z
where 1/r = 1/2 — 1/(2p). Moreover (by (10), boundedness of £2, and p > Q/2)
1Be(u,v)| = C(IXull22) + llullr @) 1Xv]20) 27

where C = C (.Q S(82), A+ ||)/||sz(9)) > 0. As a consequence of (27) the map
(u,v) — B(u, v) may be extended continuously to a bilinear form

Be: (W'(R.X)NL(2)) x Wy(2,X) > R

and the following definitions are legitimate. Let f € Ll (£2). A function u €
W(£2,X) is a weak solution to Lu = f if

Be(u,v) = —/ fvdu, veCiR).
2
If in turn
Be(u,v) < —/fv dp, veCH2). v=0,
Q

then u is a weak subsolution to Lu = f.
Let us go back to the proof of Theorem 4.1. Let us consider the differential
operator

N
Lu=1L +E '—, d =2d"—, =1 F).
u u i=1a o a a o p =log(woF)
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Since L is uniformly X-elliptic (i.e. the matrix A satisfies requirements (2) and (3),
while (8) is identically satisfied because L has no lower order terms) the operator £
is uniformly X-elliptic in 2, as well. Indeed for the lower order term of £ one has
the estimate

LD 2
(a0, £1° = |2 a‘f(x)sia—;(x)} <
HOwee) [ 50 B0 | <
by 3

<y ) (X)), §)°
a=1

for every £ € R and x € £2, where we have set

V) = 44070 () L ).
X ox/
Since u = m 0 ¢ € C(£2) and 2 is bounded one has u € L*(2) N C®(2) C
W'(£2,X). Finally as u is a strong solution to Lu + (a, Du) = 0 one may take the
L? inner product with v € Cé (£2) and integrate by parts in [, (Lu)v du to show that
By (u,v) = 0i.e. uis also a weak solution to .Zu = 0. Finally one may apply (24)
with f = 0 to conclude that (20) holds. To prove the last statement in Theorem 4.1

one starts from
d 2 i du _

ad 2 i ou 2 0u
" ((wo¢) a “axj) (woF)“a

Then

ou ou

axi i

so that (by Green’s lemma)

/ u(wo F)zaija—llt. v;do = / (w o F)*(A(x)Du, Du) du(x)
ETe) 0x 2

and (as L is uniformly X-elliptic in %)

< A{A®)Du.Du) Y " (Xu(x),v)> = 0. x € 0R.

o u
a”(x)@vi
a=1
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Consequently 0 = (A(x)Du,Du) > 1Y (X,(x),Du)? for every x € £2, thus
yielding X,(#) = O forany 1 <a <m. Q.e.d.

Let ¢ : % — S™ be an X-elliptic harmonic map. Let 2 C R" be a smoothly
bounded domain such that 2 C % and let us assume that ¢(2) N ¥ = @. We
shall show that ¢ : 2 — S\ X is homotopically nontrivial, provided that 352 is
characteristic relative to the system of vector fields X. To this end we need to recall
that S \ X is isometric to a warped product S¥ ! x,, S'. Let $¥~!  RM be the
open upper hemisphere

M
Sl—‘ﬁ_l :{(yls"'vyM)eRM:ZinZIs yM>O}

i=1

The map
IS xSt S S\ Z I(v. 0) = mu. yuv. ).
yeS¥ ', t=u+iveS, ¥y =0, ym),

is an isometry of Sﬁf—l X,y S1 onto (SM \ X, hy). Here hy denotes the standard
Riemannian metric on the sphere S”. Also Sﬁf—l x S! is organized as a warped
product manifold with the metric

Ty + (wom)? wrhy
weC® Y, wo) =yu, yesY¥ .
Lemma 4.2 Let % C RN be a domain. If ¢ : % — S \ X is X-elliptic harmonic
theny = I"'o¢ : U — Sﬂ_ﬁ_l % S' is X-elliptic harmonic. Consequently if

¢ U — SM\ X is null-homotopic then ¢ lifts to an X-elliptic harmonic map
VU — ST X, R

Proof The warped product Sﬁ{_l X,y R carries the Riemannian metric
M hy—y + (wo I))? TS dr @ dr.
Letf : R — S! be the natural covering map i.e. f(f) = exp(2mit). The map
(1SAJ4F—1 ,f) : S%‘l X,y R — Sﬁ’_’_l X,y 8!

is a local isometry. The property that a map is X-elliptic harmonic is invariant with
respect to (local) isometries of the target manifold. Let us set

F=moy, i=moy.
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Letxg € % and ¢y = u(xp). Let also #y € R such that f(#y) = . Since ¢ is null-
homotopic, so does . Hence it 71, (% , Xo) = 0. Since % is connected and locally
connected by arcs one may apply standard homotopy theory to conclude that there
is a unique continuous map u : % — R such that u(xo) = #o and f o u = . Then
Y = (Fu) : % — SY7! x,, R is the X-elliptic harmonic lift of ¥ claimed in
Lemma 4.2. O

To prove Theorem 1.11let ¢ : % — S\ X be a null-homotopic X-elliptic harmonic
map. By applying first Lemma 4.2 and then Lemma 4.1 for any domain £2 C RV
such that 2 C % and 982 is characteristic, it follows that ¥ (£2) C Sﬁ{_l x {ty } for
some t; € R. Let p be a defining function for 2 i.e. 2 = {x € Z : p(x) < 0} and
Dp(x) # 0 for every x € 0§2. There is €9 > 0 such that M, = {x € £2 : p(x) = —¢}
is a smooth hypersurface for every 0 < € < €y. Also X is a Hérmander system on
2, ={xe 2 :p)+ e <0} and M, = 952, is characteristic. Then Lemma 4.1
applies (with §2 replaced by £2.) to the X-elliptic harmonic mapp o : 2 — S%_l
(where p(x, ) = x)i.e. po is constant on 2, and then, by passing to the limit with
€ — 0, constant on the whole of £2. Q.e.d.

5 X-Elliptic Harmonic Morphisms

For every C*° functionv : V — R

8v o i'a¢a a¢ﬂ
L(vog¢) = (@ o ¢) Ta(P)” + aIWW {(Vavp) o ¢} (28)
where
2
Vv d0°v y 0V

- dy* ayf P gy
We need the following result (referred hereafter as Ishihara’s lemmay)

LemmaS.1 Let Cy, Cyp € R, 1 < a,f < M, such that Cop = Cpy and
Zgil Coo = 0. Let yo € S and let (V,y*) a local system of normal coordinates
on S centered at yo such that y*(yo) = 0. There is a harmonic functionv : V. — R

such that
v
W()}O):Cav (V()(Uﬂ) (yo):Caﬁv 1 SavﬂSM'

Cf. [5]. Let us prove Theorem 1.2. Let ¢ : RY — S be an X-elliptic harmonic
morphism. Let &g € {1,---, M} be a fixed index. Let xo € R" and let us consider a
normal coordinate system (V,y*) on S at yo = ¢ (xo). By Ishihara’s lemma applied
for the constants Cy = 844, and Cog = 0 there is a harmonic functionv : V — R
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such that (0v/3y*)(yo) = 8ue, and (Vqvg)(yo) = 0 hence (by (28) and L(v o
@) (x0) = 0) one has 74 (¢)* (xo) = 0.

Let Co € R such that Cpg = Cg, and 224:1 Coe = 0. By Ishihara’s lemma
there is a harmonic function v : V — R such that (dv/dy*)(yo) = 0 and

(Vovp)(vo) = Cop. Then [by (28)]

(xo)C wp = 0. (29)
Let us set X*¥ = a¥(d¢*/0x")(0¢P /3x'). Then (29) may be written

D CapX (x0) + Z Cu [X? (x0) — X" (x0)] = (30)
ot

If ap € {2,---, M} is a fixed index then let Cog € R be given by
1, a=oa,

0675,3:>Caﬂ:07 Coa = 1—1 oa=1,

0, otherwise.

Identity (30) then yields X*0% (xy) — X' (xo) = 0 hence X' (x0) = --- = XM (x,)
and (30) becomes

Z CaﬂXaﬂ (x0) = 0.

a#p
Finally let «g, Bo € {1,---, M} be arbitrary fixed indices such that ¢y # By and let
Cys € R be given by

I, a=oapand B =B,

Cop = .
0, otherwise,

so that to obtain X*0#0(xy) = 0. Gathering the information got so far
X (x0) = X" (xo) 8% . (31)

Let us set X! = A% so that Ay € C(U) and A}, € C*®°(U) where U = ¢~ (V).
Contraction of « and § in (31) furnishes

M oc

MAy(xo)* =) aii(xo)

a=1

g

(Xo) (xo)
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On the other hand if (V’,y'®) is another normal coordinate system centered at yp =
¢ (xo) then y* = a%yﬁ for some orthogonal matrix [a‘é] € O(M) hence

Za”(xo) 0 ) = Za”(xo)—(xo) LA

and the functions Ay glue up to a globally defined function A4 : RY — [0, +-00)
such that Ay ‘ v = Au. Clearly (31) may be written as (5) in Theorem 1.2.

To prove (ii) in Theorem 1.2 let ¢ : RV — S be an X-elliptic harmonic map
satisfying (5) and let v : V — R with V C S open and A,v = 0 in V. Then (by (28)
and t4(¢) = 0)

L(v 0 ¢)(xo) = a” %(xo)ayiz—gyﬁ@o) =
[by (5)]
= A (x0)*8% i (v0) = —Ag(x0)* (Av)(y0) = 0
3y 9yP
because of

v v
Aw=—-gP—=-T"—).
e (3y“3yﬁ “’33yy)
g o) = 8. Ii(v) =0,

Therefore ¢ is an X-elliptic harmonic morphism.

To prove (iii)—(iv) in Theorem 1.2 let ¢ : RV — § be an X-elliptic harmonic
morphism. Let xo € R" be an arbitrary point and let (V, y*) be a normal coordinate
system on S centered at yo = ¢ (xo). If $* = y* o ¢ and £ = D¢*(xp) € RV,
1 <o < M, then [by (5)]

(A(x0)” . €F) = A4 (x0)* 6“7 . (32)

Lemma 5.2 If the vectors {§€“ : 1 < a < M} are linearly dependent then
/\¢()C()):O.

Proof Assume there is g € {l,---, M} such that £* = Za#‘o aq&* for some
ay € R. Then formula (32) fora = B = «ap gives

Ag(x0)> = (A)E™ . £°) = > (A(xo)E™ . £%) =0
aFag

by applying (32) once more. O
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Let us assume that M > N. Then {§* : 1 < o < M} are linearly dependent so that
(by Lemma 5.2) A4(xp) = 0. Consequently [by (5)]

(A(x0)Dgp* (xo) , D$” (x0)) = 0.

In particular for 8 = « [by the X-ellipticity condition (2)]

(Xa(x0) . D¢ (x0)) = 0

or X,(¢%)y, = Oforeveryl <a <mand1 <o < M. Let (W,w") be an arbitrary
local coordinate system on S such that yo € W. Let f*(y',--- , yM) be the transition
functions relative to the pair of local coordinate systems (V,y*) and (W, w*). Then
wrod =f¢p, -, dM)on (VN W) and

o
G

Xa (Wa ° ¢)X0 = (¢l (XO)v Tt ¢M(x0)) Xu(¢ﬂ)X() =0

or ¢«X, = 0 for every 1 < a < m. Let us define X® C X(R") by recurrence by
setting

XD ={X,:1<a<m),

XD =X, ¥Y]:1<a<m, Yex®} k>1L.

Then ¢ X® = 0 for every k > 1. In particular if X = XV is a Hormander system
on RY (i.e. there is k > 1 such that {Y, : ¥ € X%} spans the tangent space T, (R")
at any x € RV) then ¢ is constant.

Let now M < N and let xp € R" such that A4(xg) # 0. Then (again by
Lemma 5.2) the vectors {£¢ : 1 < o < M} are linearly independent. Yet the N x M
matrix [(gl)T e (EM)T] is the Jacobian of ¢ at xo hence rank (d,,¢) = M i.e. ¢
is a submersion on some neighborhood of xy. Formula (6) follows from (28) and (5).
Q.ed.

Let us prove Theorem 1.3. Given an open connected subset U C RY we shall
show that V = ¢(U) C S is an open set as well. Proof is by contradiction. Let us
assume that V' \ Vv % () and consider yp € V' \ V. Then B(yo, 1/j) \ 'V # @ for any
j > 1, because otherwise yy would be an interior point of V. Here B(x, r) C S is the
ball of radius » > 0 and center x € S, relative to the distance function associated to
the Riemannian metric 4. Let y; € B(yo, 1/j) \ V for any j > 1. This amounts to
having chosen a sequence of points y; € S\ V such that y; — yg as j — 00. As S'is
Riemannian, there is an open set W C S such that yo € W and there is a fundamental
solution G to A, on W x W, which is C*° off the diagonal, and has the property that
for every y € W the function x —> G(x, y) is strictly positive and A,G(-, y) = 0 in
WA\ {y}. Also if D = {(x,y) € W x W : x = y} is the diagonal then G(x,y) — 400
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as (x,y) — D. We may assume without loss of generality that U C ¢~!(W). Next
let us consider the sequence of functions

vt WA} = (0, 400),
vi(y) = G@B,y), yeEW, y#y;.

Then A, (vj) = 0in W\ {y;} forevery j > 1. The set W \ {y;} is open in S. Hence,
as ¢ is an X-elliptic harmonic morphism, the function

wj=viog:¢~" (W\{y}) — (0,+00)

must satisfy L(u;) = 0in ¢~ (W \ {yj}) and in particular in U. Let xo € U such
that ¢ (xg) = yo. Then

uj(x0) = v;j(yo) = G(yo, yj) = +00, j— oo.

To end the proof of Theorem 1.3 we need to recall the Harnack inequality for
uniformly X-elliptic operators L (cf. Theorem 4.1 in [4], p. 1848).

Let £2 C R" be a bounded open subset. By a result in [4] nonnegative solutions
to Lu = 0 in £2 satisfy an invariant Harnack inequality provided that the structure
assumptions (D) and (P) are satisfied. Let K C RY be a fixed compact subset
containing the closure of £2 i.e. 2 C K. By Theorem 1.15 in [3] there is a constant
ro(K) > 0 such that the following Sobolev inequality

||"‘||L?k(3,‘) =Cr ||X“||L§k(3,)v ue C(l)(Br)a (33)
20
q= 0-2 Q0 =log, Cy,

holds for every control d-ball B, whose center lies in K and having radius 0 < r <
ro(K). Here one adopted the notation

1 1/s
lls s, =(— / |u|fdx) .
®r) |Br| B,

It is worth mentioning that (33) follows from the doubling condition (D) and
Poincaré inequality (P). The result from [4] that we need is that given a nonnegative
solution u € W] (£2,X) to Lu = 0in §2 and 0 < r < ry(K)/4 then for any control
d-ball By, C §2

supu < C infu (34)
B, By
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for some constant C = C(A, A, Cy4, Cp,,a) > 0 where « is a Lipschitz constant
for the vector fields {X, : 1 < a < m} on £2. Harnack inequality (34) for
nonnegative solutions to Lu = 0 was proved in [8] and successively generalized
to a larger class of uniformly X-elliptic operators (including equations with lower
order terms £u = 0) in [4]. To keep notation unitary we however make explicit
references to [4] alone. Let us go back to the proof of Theorem 1.3. Since U is
open there exist a bounded open set £2 and a compact set K such that xo € §2 and
R CKcCcULetO<r< ro(K)/4 be sufficiently small such that xo € B, and
By C £2. As Lu; = 0 and u; > 0 in £2 one may apply Harnack inequality to get

uj(xp) < s;p u < C 1lr31fuj
-

r

hence on one hand lim;_,«, infp, #; = 00. On the other hand

B\ ¢ (o) # 0. (35)

Indeed if (35) is not true then ¢ is constant on B, hence A4(x) = 0 for every x € B,
[as a consequence of (5)], a situation excluded by the hypothesis of Theorem 1.3.
Letthen x € B, \ ¢~ (yo) and let y = ¢ (x). It follows that

igfuj <uj(x) = v;(y) =Gy, yj)) = G, yo) <00, j— 00,

a contradiction.
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1 Introduction

In his celebrated paper [22] C. Fefferman proved the following inequality
/ |u(x) — ug|P|V(x)| dx < c/ |Vu(x)|? dx Yue C®
B B

in the case p = 2 assuming the potential V to belong in the Morrey class L'"~2", 1 <
r < n/2. Later, Chiarenza and Frasca [4] extended Fefferman result - with different
proof - assuming V in L 7", 1 <r <n/p,1 < p < n (see also [35, 37]).

Danielli, Garofalo and Nhieu in [9] and Danielli [8] introduced a suitable
version of Morrey spaces adapted to the Carnot-Carathéodory metric and proved
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the following inequality assuming V in a Morrey space defined by using a system
of locally Lipschitz vector fields X = (X1, X>,...,X,)

/ |u(x) — ug|P|V(x)| dx < c/ | Xu(x)|P dx Yu e C™. @)
B B

In [10] inequality (1) was proved assuming V in a Stummel-Kato class defined
by using the Carnot-Carathéodory metric d induced by the system X of locally
Lipschitz vector fields.

In the Euclidean case the Stummel-Kato class was introduced by Aizenman and
Simon in [1] (see also [6, 7]).

The fundamental tool of the proof of (1) is the following integral representation
formula (see [33])

d(x,y)

—dy, B. 2
Bl don @

() — ug] Sc/B|Xu(y)|

The Fefferman-Phong inequality (1) has been used by many Authors to obtain
regularity results for solutions of quasilinear equations (see [8, 9, 11-13, 15, 36,
37]). Moreover a Fefferman-Phong inequality type inequality has been used also for
regularity of solutions of linear and quasilinear degenerate elliptic equations with a
degeneracy of A, type or strong Ao, type (see [14, 16-20, 32, 34, 38]).

This paper is the first step in a project whose aim is to obtain regularity properties
of generalized solutions of subelliptic equations in a particular setting (see [21]).

Let X = (Xi,...,X,) be a system of locally Lipschitz vector fields in R" that
turns R” into a space of homogeneous type.

We assume that X satisfies the Poincaré inequality

1

1 1/p
i / () —fBIdxfcr(B)( [ IXf(X)I"dX) p> 1 3)

|B|

for any smooth f. Unfortunately, in our setting inequality (3) does not imply (1, 1)
Poincaré-Sobolev inequality (see examples in [30, 31]).

It is known (see [24]) that the integral representation formula (2) is equivalent to
the following (1, 1) Poincaré inequality

lu(x) — up,|dx < Cr/ |Xu(x)| dx.
By B,

This implies that we cannot use the representation formula (2).
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In [27] Franchi, Perez and Wheeden showed that the Poincaré inequality (3)
implies the following representation formula

00 1 1/p
) = gy < eI 1B () |Xul"dy
’ ; ! |1Bj ()| Ji,)

where {B;} is a suitable sequence of Carnot-Carathéodory metric balls (see Sect. 2).

This representation formula allows us to introduce a Stummel-Kato type class
modeled to our setting and prove an embedding result of Fefferman-Phong type.

As application, we prove a result of unique continuation for non negative
solutions of linear degenerate subelliptic equations in divergence form with a

potential belonging to the Stummel-Kato class. In other settings similar results can
be found in [5, 11, 16, 28, 35, 37].

2 Preliminaries

Let (., p) be a quasimetric space, in the sense that p : . x . — R satisfies

(1) p(x,y) > O0forallx,y € . and p(x,y) = 0iff x = y.
2) p(x,y) = p(y,x) forall x,y € ..
(3) p(x.y) = K[p(x.2) + p(z.y)] forall x,y,z € 7.

We denote by B(x, r) the ball centered at x € . of radius r. Let (., p) be
endowed with a Borel measure v satisfying the following doubling property

(4) There exists A > 0 such that for allx € . and r > 0
v(B(x,2r)) < Av(B(x,r)).

Such a quasimetric space (-7, p, v) is called space of homogeneous type.
Let By be a fixed ball in .. We assume the following geometric hypotheses: for
all x € By there exists a chain of balls {B;} = {B;(x)}2,, of radius r(B;), such that

i=1»
(H1) B; C By foralli > 0.

(H2) r(B;) ~ 27'r(By) foralli > 0.

(H3) p(Bj,x) < cr(B;) foralli > 0.

(H4) For all i > 0, B; N Bi4 contains a ball S; with r(S;) ~ r(B;).

The balls B;(x) may or may not contain x, but the sequence {B;(x)}2, depends on x.
Any positive constant that depends only on K, A and the constants in (H2) and (H3)
will be called a geometric constant.

Now we give the definition of sum operator in (., p, V).
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Definition 2.1 Let a : B — a(B) be a nonnegative functional defined on balls
B C By. If x € By, let

o

T(x) = a(Bi(x).

i=0

where {B;(x)}72, is a sequence of balls satisfying (H1), (H2), (H3), and Bo(x) =
By for all x € By. The operator T'(x) is called a sum operator associated with the
functional a(B).

The meaning of T'(x) lies on the following pointwise representation formula (see
[27D.

Theorem 2.1 Let By be a ball and (HI), (H2), (H3), (H4) hold true. Let u €
LY (By, v) be such that for any ball B C By

1
v(B)

/ |u — ugldv < ca(B) 4)
B

where up = ﬁ IB udv. Then forv —a.e.x € By
lu(x) —up,| < cT(x),

where c is a geometric constant which also depends on the constant in (4).

We define Stummel-Kato type spaces in the space of homogeneous type
(., p,v).

Definition 2.2 Let 1 < p < +o0. Let B(xo, r) be a ball of . and let us {B;(x)}72,
be a chain of balls related to x € B(xo, r) satisfying (H1), (H2), (H§) and (H4) and
Bo(x) = B(xo, r). We say that V € L}, (., v) belongs to the space S,(.) if

loc

() = sup sup / PEOWVOL - 6)dv)

x0€.% yEB(x9,r) Y B(xp,r) =0 U(Bj(x))

is finite for all r > 0.
We say that V € §,(%) belongs to S,() if lim,_.o ny(r) = 0.

3 Embedding Inequality of Fefferman-Phong Type

Let X = (X1,X2,...,X,) be a system of locally Lipschitz vector fields in R".
Denoted by d the associated Carnot-Carathéodory distance defined by means of
subunit curves, we assume that d is finite for each pair of points x,y € R" (more
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details can be found in [2, 23]). From now on we denote by B(x, r) the Carnot-
Carathéodory ball centered at x € R" of radius r. Throughout the paper, we shall
assume the following:

(A1) d is continuous with respect to the Euclidean distance in R".
(A2) The Lebesgue measure is globally doubling with doubling constant A, that is
forallx e R"and r > 0

|B(x,2r)| < A|B(x, r)].

(A3) The (1, p) Poincaré inequality holds true: let p > 1 and By be a ball in R",
then there exists a positive constant ¢ such that V B = B(x,r) C By, and

Yu € C*(By)
1 1 ) 1/p
E B|u—u3|dy§cr E B|Xu| dy ,

where up = g [ udy.
We call Q = log, A the homogeneous dimension.

Remark 3.1 We recall that the Carnot-Carathéodory metric satisfies the segment
property, i.e. for every pair of points x,y € R” there is a continuous curve y :
[0, T] — R”" connecting x and y such that d(y(t), y(s)) = |t —s| forall s, t € [0, T
(see [26], Remark 2.6). Then in Carnot-Carathéodory space Vx € By = B(xy,r)
there exists a chain of balls satisfying (H1), (H2), (H3) and (H4). An example is
{B(x,27d(x, 3By))}. In this model case

1
() = sup  sup / IV(x)I[ _ _}dx
T T ke yeBm B0 (d(x,y))2  (d(x,By))2P

(see e.g. [29]).
In the sequel we will use the following Sobolev space.

Definition 3.1 Let £2 be abounded domain in R”. We say that u belongs to W'2(£2)
if u, Xju € L*(2),fori = 1,...q,. We denote by Wé’z(.Q) the closure of the smooth
and compactly supported functions in W'-2(£2) with respect to the norm

q
lullwizey = llullze) + Z 1 Xiullr2(g2) -
i=1
We say that u belongs to Wllo’f(.Q) if u e W'2(£2') for any 2’ CC £2.

Letu € W'2 (£2), we denote by Xu the vector (Xiu, Xou, ..., X,u). We prove the
following embedding theorem and some useful corollaries (see also [4, 10, 14, 35—
37)).
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Theorem 3.1 Let By = B(xo,r) be aball of R" and 1 < p < Q. Let V be a function
in S,(R"). Then there exists a positive constant ¢ such that

/ V) u(x) — g, P dx < ¢ v () [ Xu(@)P dx
By By

for any smooth function u in By.

Proof Let u be a smooth function in By. Choosing the functional

( 1 1/p
s —— |Xu|pdy) ,
[B(z,5)| JB(.s)

from (A3), the Theorem 2.1 yields the following representation formula for u

1/p
| Xul” dY) ; (5

a(B(z,s)) =

[u(x) — up,| < ch(B x)) (

< B0 S

for a.e. x € By.
Now from (5) and Holder inequality

/B V) — g, P

1/p
/ V) u(x) — ug, |7~ ZF(B (X)) |:|B ol / |Xu(y)|”dyi| dx

Jj=0

1/p
[ 1" " (B(x))
x)||u(x) — ug, |Pdx J w(W) P dvdx
< | [ Vol — un e /OZO'V( DT [
[ —1/
<[ [ v —u ra] /iw(x)'rmaj(x))/ I
= Ls, R R 1B, Ja, Heje) )by
[ 1 (B,0) I
< _/BO|V(x)||u(x)—uBo|”dx_ / |Xu(y)|”/ ZlV()| 15,9)] X80 ()dxdy
[ 1w 1/p
= /B V@Il = P | i/ ) UB [Xu(y) Ide] ,
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from which

i [V u(x) — g, |Pdx < Cﬂv(r)/B | Xu(y)|dy.
0 0

Corollary 3.1 Let 1 < p < Q and V be a function in S‘,,(R”). Then there exists a
positive constant ¢ such that

/ V!GP dx < e nv(r) / Xu(@)P dx
R R’

for any compactly supported smooth function u in R".

Corollary 3.2 Let §2 be a bounded open set 2 C R"and 1 < p < Q. Let V be a
Sfunction in S,(82). For any € > 0 there exists a positive function K(€) ~ W

\4
(where 1y,! is the inverse function of nv), such that

/ V) )P dx < e / Xu@)? dx + K(€) / WP ®
2 2 2

Sfor any compactly supported smooth function u in 2.

Proof Let € > 0. Let r be a positive number that we will choose later. Let {},
i =1,2,...N(r), be a finite partition of unity of £2, such that spte;; C B(x;, r) with
xi € 2 (for the construction of the cut off functions «; see [25]).

From Corollary 3.1 we obtain

N(r)

/Q V) u@P dx < /Q |v<x>||u(x)|f’;a§’<x)dx

N(r)

= V V4 ‘{) d
;Li @) [u() e (s

N(r)

c;ﬂv(i’) (/Q | Xu(x) [P (x) dx+/9|Xai(x)|17|u(x)|pdx)

IA

N(r)
rP

IA

e () ( /9 X dx + 2 uoyp dx) .

Now we choose r such that ¢y (r) = € and since N(r) ~ r~< we get (6).

Remark 3.2 Our setting is not comparable to Euclidean one. Indeed the (1 — 1)
Poincaré inequality is not known to be true.
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4 Unique Continuation

Let £2 be a bounded domain in R”. In §2 we consider the following linear elliptic
equation

— X (a;(x)Xju) + Vu =0 (N
where the coefficients satisfy the following condition
L >0: AP <ay(0EE <ATE,VEERYae.x € 2,

and V € 5,(2).

Definition 4.1 A function u € Wllo’f(.Q) is a local weak solution of (7) if V¢ €
Wy (82)

/ laiXiuX;$ + Vugldx = 0.
2

Now we prove the unique continuation property for solutions of (7) (for similar
results see also [5, 11, 16, 35, 37]). First we recall the definition of zero of infinite
order.

Definition 4.2 A function u € L} (£2) such that u(x) > 0 a.e. x € £, is said to

vanish of infinite order at xo € 2 if Vk > 0

. fB(XO’G) u(x)dx _

o—~0  |B(xp,0)*
Theorem 4.1 Letu € Wllo’cz(.Q), u >0, u %0, be a solution of (7). Then u has no
zero of infinite order in 2.

Proof Let xy € $2, B(xy, r) a ball such that B(xy,2r) C £2. Consider a ball B =
B(y, h) contained in B(xo, r). Let n be a non negative smooth function with support
in B(y, 2h). We take ¢ = n?u~'! as test function and we obtain

/ |Xlogu<x)|2n2(x)dxsc{ / Xn(o) P + / |V(x>|n2(x)dx}.
2 2 2

'We should take u + € (¢ > 0) which is positive in £2 and, after obtaining estimates independing
of €, go to the limit for e — 0.
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From Corollary 3.1 we have

Choosing 7 such that » = 1 in B and Xn <

[ X logu(0)Pr2(x)dx < / X0 (o).
2 2

% we obtain
B

/ |X log u(x)|?dx < cU .
B h?

Then from John-Nirenberg Lemma (see [3])

/ug(x)dx/ u S (x)dx < ¢|B|?,
B B

that is «® is a A, weight for some § > 0. Then u? satisfies a doubling property from
which #® (and then also «) has no zero of infinite order in £2.
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I?-Parabolic Regularity and Non-degenerate
Ornstein-Uhlenbeck Type Operators

Enrico Priola

Dedicated to Ermanno Lanconelli on the occasion of his 70th
birthday

Abstract We prove [”-parabolic a-priori estimates for d,u + Zlel c,-j(t)afl_xju =f
on R¥*! when the coefficients c;j are locally bounded functions on R. We slightly
generalize the usual parabolicity assumption and show that still Z”-estimates hold
for the second spatial derivatives of u. We also investigate the dependence of the
constant appearing in such estimates from the parabolicity constant. The proof
requires the use of the stochastic integral when p is different from 2. Finally we
extend our estimates to parabolic equations involving non-degenerate Ornstein-
Uhlenbeck type operators.

Keywords A-priori [”-estimates ¢ Ornstein-Uhlenbeck operators ¢ Parabolic
equations
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1 Introduction and Basic Notations

In this paper we deal with global a-priori LP-estimates for solutions u to second
order parabolic equations like

d
u,(t,x) + Z Cij(Duy; (8, %) = f(t,x), (t,x) € R4+, (1)
ij=1

d > 1, with locally bounded coefficients c;;(r). Here u, and uy,; denote respectively
the first partial derivative with respect to ¢ and the second partial derivative with
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respect to x; and x;. We slightly generalize the usual parabolicity assumption and
show that still LP-estimates hold for the second spatial derivatives of u. We also
investigate the dependence of the constant appearing in such estimates from the
general equations involving Ornstein-Uhlenbeck type operators and show that the
previous a-priori estimates are still true.

The [P-estimates we are interested in are the following: for any p € (1, co), there
exists M > 0 such that, for any u € C$°(R*+") which solves (1), we have

x| 1p ety < M fllppatry, ij=1,....4d, (2

where the L7-spaces are considered with respect to the d + 1-dimensional Lebesgue
measure. Usually, in the literature such a-priori estimates are stated requiring that
there exists A and A > 0 such that

d

MEP <Y cj0EE < AlEP, 1eRE R, 3)

ij=1

where |£[> = Y| £2. We refer to Chap. 4 in [16], Appendix in [24], Sect. VIL3 in
[19], which also assumes that c; are uniformly continuous, and Chap.4 in [15].
The proofs are based on parabolic extensions of the Calderon-Zygmund theory
for singular integrals (cf. [8, 11]). This theory was originally used to prove a-
priori Sobolev estimates for the Laplace equation (see [5]). In the above mentioned
references, it is stated that M depends not only on d, p, A (the parabolicity constant)
but also on A. An attempt to determine the explicit dependence of M from A and A
has been done in Theorem A.2.4 of [24] finding a quite complicate constant.

The fact that M is actually independent of A is mentioned in Remark 2.5 of [14].
This property follows from a general result given in Theorem 2.2 of [13]. Once this
independence from A is proved one can use a rescaling argument (cf. Corollary 2.1)
to show that we have

_ M,
M=—, 4
0 “)

for a suitable positive constant M, depending only on d and p.
In Theorem 2.1 and Corollary 2.1 we generalize the parabolicity condition by
requiring that the symmetric d x d matrix c(f) = (cij(t)) is non-negative definite,
for any ¢+ € R, and, moreover, that there exists and integer po, | < po < d, and

A € (0, 00) such that

d

Po
LY & < ) &, 1€R, £ R )
j=1

ij=1
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(cf. Hypothesis 2.1 in Sect. 2). We show that (5) is enough to get estimates like (2)
fori,j = 1,...,po, with a constant M as in (4) (now M, depends on p, d and py).
An example in which (5) holds is

M[([,.X, )’) + Mxx(ts-xs )’) + tuxy(tv-xvy) + tzuyy(tv-xvy) :f(tv-x?y)’ (6)

(t.x,y) € R3? (see Example 2.1). In this case we have an a-priori estimates for
l[ttel| -

We will first provide a purely analytic proof of Theorem 2.1 in the case of L?-
estimates. This is based on Fourier transform techniques. Then we provide the proof
for the general case 1 < p < oo in Sect.2.2. This proof is inspired by the one of
Theorem 2.2 in [13] and requires the concept of stochastic integral with respect
to the Wiener process. In Sect.2.2.1 we recall basic properties of the stochastic
integral. It is not clear how to prove Theorem 2.1 for p # 2 in a purely analytic way.
One possibility could be to follow step by step the proof given in Appendix of [24]
trying to improve the constants appearing in the various estimates.

In Sect. 3 we will extend our estimates to more general equations like

d d
u(t, x) + Z Cij (Dt (2, %) + Z ax; uy, (t,x) = f(1,x), 7

ij=1 ij=1

where A = (aj) is a given real d x d-matrix. If (5) holds with py = d then we
show that estimate (2) is still true with My = My(d,p,T,A) > 0O for any solution
u € C((—-T,T) x R?) of (7) (see Theorem 3.1 for a more general statement).

An interesting case of (7) is when c(¢) is constant, i.e., ¢(f) = Q, t € R. Then
Eq. (7) becomes

u + du=f,
where o7 is the Ornstein-Uhlenbeck operator, i.e.,
v(x) = Tr(QD*v(x)) + (Ax, Dv(x)), x € R?, ve CPMRY). ®)

The operator .2/ and its parabolic counterpart . = </ — 9,, which is also called
Kolmogorov-Fokker-Planck operator, have recently received much attention (see,
for instance, [3, 4, 6, 7, 9, 17, 20, 23] and the references therein). The operator .&/
is the generator of the Ornstein-Uhlenbeck process which solves a linear stochastic
differential equation (SDE) describing the random motion of a particle in a fluid (see
[21]). Several interpretations in physics and finance for o7 and .Z are explained in
the survey papers [18, 22]. From the a-priori estimates for the parabolic equation (7)
one can deduce elliptic estimates like

Vel ey < Ct (19201 ey + 1011 re)) )
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with C; = w, assuming that .o#' is non-degenerate (i.e., Q is positive definite;
see Corollary 3.1). Similar estimates have been already obtained in [20]. Here we
can show in addition the precise dependence of the constant C; from the matrix Q.

More generally, estimates like (9) hold for possibly degenerate hypoelliptic
Ornstein-Uhlenbeck operators 7 (see [3]); a typical example in R? is &/v =
qUxx + xvy with g > 0 (cf. Example 43). In this case we have

el < Cillgue + xvyllp @) + 101l @2)- (10)

Estimates as (10) have been deduced in [3] by corresponding parabolic estimates
for &/ — 0,, using that such operator is left invariant with respect to a suitable
Lie group structure on RY*! (see [17]). We also mention [4] which contains a
generalization of [3] when Q may also depend on x and [23] where the results in
[3] are used to study well-posedness of related SDEs. Finally, we point out that in
the degenerate hypoelliptic case considered in [3] it is not clear how to prove the
precise dependence of the constant appearing in the a-priori L7-estimates from the
matrix Q.

We denote by | - | the usual Euclidean norm in any R*, k > 1. Moreover, {-,-)
indicates the usual inner product in R¥.

We denote by L (Rk), k> 1,1 < p < oo the usual Banach spaces of measurable
real functions f such that |f|? is integrable on R* with respect to the Lebesgue
measure. The space of all Z’-functions f : R¥ — R/ with j > 1 is indicated with
LP(R*;IRV). Let H be an open set in R¥; C5°(H) stands for the vector space of all
real C*°-functions f : H — R which have compact support.

Let d > 1. Given a regular function u : R¥*! — R, we denote by D?u(t, x) the
d x d Hessian matrix of u with respect to the spatial variables at (,x) € R/, ie.,
respect to the spatial variables.

Given areal k x k matrix A, ||A| denotes its operator norm and 7r(A) its trace.

Let us recall the notion of Gaussian measure (see, for instance, Sect. 1.2 in [2]
or Chap. 1 in [7] for more details). Let d > 1. Given a symmetric non-negative
definite d x d matrix Q, the symmetric Gaussian measure N(0, Q) is the unique
Borel probability measure on R such that its Fourier transform is

/ ei(x,é) N(0, Q)(dx) = e—(E,Q@’ £e Rd; (11)
R4

N(0, Q) is the Gaussian measure with mean 0 and covariance matrix 2Q. If in
addition Q is positive definite than N (0, Q) has the following density f with respect
to the d-dimensional Lebesgue measure

1 _
f) = ——— e #{07)  y c RY (12)

v (4m)? det(Q)
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Given two Borel probability measures j; and 11, on RY the convolution i * p5 is
the Borel probability measure defined as

prx @ = [ [ taee @) = [ @ [ e,

for any Borel set B C R?. Here 13 is the indicator function of B (i.e., 1 g(x) = 1if
x € Band 1g(x) = 0if x € B). It can be easily verified that

N(0, Q) * N(0,R) = N(0,Q + R), (13)

where Q + R is the sum of the two symmetric non-negative definite matrices Q
and R.

2 A-priori I7-Estimates

In this section we consider parabolic equations like (1).

We always assume that the coefficients c¢;;(¢) of the symmetric d x d matrix c(t)
appearing in (1) are (Borel) measurable and locally bounded on R and, moreover,
that (c()€, &) > 0,t € R, £ € R Moreover, we will consider the symmetric
non-negative d X d matrix

Cy = / cydt, s<r, s,reR. (14)

We start with a simple representation formula for solutions to Eq. (1). This formula
is usually obtained assuming that c¢(¢) is uniformly positive. However there are
no difficulties to prove it even in the present case when c(f) is only non-negative
definite.

Proposition 2.1 Let u € C°(R*Y) be a solution to (1). Then we have, for (s, x) €
Rd+1,

u(s,x) = —/ drAdf(r,x + y)N(0, Cy,)(dy). (15)

Proof Let us denote by i(z, -) the Fourier transform of u(z, -) in the space variable x.
Applying such partial Fourier transform to both sides of (1) we obtain

d

Bu(s, &) = Y ci()E&i(s, &) = f(s.8),

ij=1
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i.e., we have

.6 == [ G .9 R (16)
It follows that

.6 = [ ([ N0, o

By some straightforward computations, using also the uniqueness property of the
Fourier transform, we get (15).

Alternatively, starting from (16) one can directly follow the computations of
pages 48 in [15] and obtain (15). These computations use that there exists € > 0
such that (c(¢)&, £) > €|£|?, & € R?. We write, for € > 0, using the Laplace operator,

d
u(t, x) + Z Cij(Duy; (2, %) + € Ault, x) = f(t,x) + €Aul(t, x),
ij=1

(1,%) € R since ¢(f) + el is uniformly positive, following [15] we find
o)== [ ar [ f05 4 0NO.Cot el D@
e / " ar /R Ay + DN, Gy + elr = HD(d).
Using also (13) we get
) = T ar | N0 =@ [ 1+ VEINO.Coa)
—€ / - dr /R ) N(O, (r — 5)I)(dz) /R ) Au(r,x +y + /€ 2N(0, Cy,)(dy).

Now we can pass to the limit as € — 0% by the Lebesgue theorem and get (15). O

The next assumption is a slight generalization of the usual parabolicity condition
which corresponds to the case py = d.

Hypothesis 2.1 The coefficients c;j are locally bounded on R and the matrix c(t) =
(Cij(l‘)) is symmetric non-negative definite, t € R. In addition, there exists an integer
po, 1 <po <d, and A € (0, 00) such that

d Po

(cEE) = cyEE =AY €. teR, £ eR’ (17)

ij=1 j=1
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A possible generalization of this hypothesis is given in Remark 2.1. Note that if we
introduce the orthogonal projection

Ip: R — Fp, (18)

where F), is the subspace generated by {ei, ..., ey} (here {e;}i=1 . q denotes the
canonical basis in R?) then (19) can be rewritten as

(c(NE. &) = M|IoE]>. teR, £ R (19)

Lemma 2.1 Let g : R — R be Borel, bounded, with compact support and such
that g(t,) € C(RY), t € R. Fixi,j € {1,...,po} and consider

wii(s,x) = —/OO dr/Rd gxl.xj(r,x+y)N(O,Io(r—s))(dy), (s,x) € R

where I is defined in (18). For any p € (1, 00), there exists My = Mo(d, p, po) > 0,
such that

IWill o a1y < Mollgllp a+1)- (20)

Proof If py = d the estimate is classical. In such case we are dealing with the heat
equation

u+Au=g
on R?*! and wy coincides with the second partial derivative with respect to x; and
x; of the heat potential applied to g (see, for instance, page 288 in [16] or Appendix

in [24]). If py < d we write x = (¥, x”) for x € R, where x' € R” and x”/ € R4770,
We get

o0
wii(s,x', X"y = —/ dr/ G (1. X + Y XIN(O, I, (r — 5))(dy').
s RPO

where 1, is the identity matrix in RP. Let us fix ¥/ € R? 7 and consider the
function I(z, x') = g(r,x', x") defined on R x R”°, By classical estimates for the heat
equation d,u +Au = [ on RP°*! we obtain

/ [wij (s, x', x")|Pdsdx’ < Mg/ lg(s, 2, x")|Pdsdx’ .
Rpro+1 Rro+1

Integrating with respect to x” we get the assertion. O
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In the sequel we also consider the differential operator L

d
Lu(t.x) = Y ci(Ougy(t.x), (t.x) € R we CRER™), 1)
ij=1
The next regularity result when po = d follows by a general result given in

Theorem 2.2 of [13] (cf. Remark 2.5 in [14]).

In the next two sections we provide the proof. First we give a direct and self-
contained proof in the case p = 2 by Fourier transform techniques (see Sect.2.1).
Then in Sect. 2.2 we consider the general case. The proof for 1 < p < oo is inspired
by the one of Theorem 2.2 in [13] and uses also a probabilistic argument. This
argument is used to “decompose” a suitable Gaussian measure in order to apply
successfully the Fubini theorem (cf. (30) and (31)).

We stress again that in the case of d = py, usually, the next result is stated under
the stronger assumption that (17) holds with A = 1 and also that c; are bounded,
i.e., assuming (3) with A = 1 and A > 1 (see, for instance, Appendix in [16, 24]).

Theorem 2.1 Assume Hypothesis 2.1 with A = 1 in (17). Then, for p € (1, 00),
there exists a constant My = My(d, p, po) such that, for any u € C (R, i,j =
1,...,po, we have

N[t | p ra+1y < Mollue + Lua| p a1y (22)

As a consequence of the previous result we obtain

Corollary 2.1 Assume Hypothesis 2.1. Then, for any u € CP(R ), p € (1, 00),
i,j=1,...,po, we have (see (21))

My
[t | (ra+1y < N llue + Lul| ppra+y, (23)

where My = My(d, p, po) is the same constant appearing in (22).

Proof Let us define w(t,y) = u(t, v/Ay). Setf = u, + Lu; since u(t, x) = w(t
we find

’ «/LX)’
1
e, NAy) = wi(t,y) + 7 Lw(r.).

Now the matrix (%clj) satisfies %2?1:1 ci(n&E > 5‘11 sz’ t € R £ € R
Applying Theorem 2.1 to w we find

_d
Wy il < MoA ™2 |If |
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and so

_d _d
AT gl < MoA™% |f |1

which is the assertion. O

Example 2.1 Equation (6) verifies the assumptions of Corollary 2.1 with py = 1
and A = 3/4 since

2

> ci(EE = & +thiE + P8 > %s%, (t,£,6) € R,

ij=1

Hence there exists My > 0 such that if u € C3°(R?) solves (6) then

My
el 1 3y < 5 Il p (e3)-

Remark 2.1 One can easily generalize Hypothesis 2.1 as follows:
the coefficients ¢; are locally bounded on R and, moreover, there exists an
orthogonal projection Iy : R — R? and A > 0 such that, for any ¢ € R,

(c(DE. &) = A|IE|>. € € RY, (24)

Theorem 2.1 and Corollary 2.1 continue to hold under this assumption.

Indeed if (24) holds then by a suitable linear change of variables in Eq. (1) we
may assume that Io(RY) is the linear subspace generated by {ey, ..., ey} for some
po with 1 < p < d and so apply Theorem 2.1.

Under hypothesis (24) assertion (22) in Theorem 2.1 becomes

KD u(Yh, k)|l ppatry < Mollue + Lul| gt

where h, k € Io(Rd).

2.1 Proof of Theorem 2.1 Whenp = 2

This proof is inspired by the one of Lemma A.2.2 in [24]. Note that such lemma has
po = d and, moreover, it assumes the stronger condition (3). In Lemma A.2.2 the
constant M appearing in (22) is 2+/A.

We start from (16) with

f=u + Lu.
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Recall that for g : R¥*! — R, g(s, £) denotes the Fourier transform of g(s, -) with
respect to the x-variable (s € R, £ € R?) assuming that g(s,-) € L' (R?).

Letus fixs € R. Leti,j = 1,...,po. We easily compute the Fourier transform
of uy,y, (s, -) (the matrix Ci, is defined in (14)):

By (5. £) = £ (5. £) = £, / EDF(r Edr, £ € RY.

s

Since [1o§[* = Y02, &1 we get
o0 ~
zlﬁxixj(s’ £)| < |10§|2/ e_((COrEsE)_<COs E,E)) [ (r. €)|dr = Gz (s).
Now we fix £ € RY, such that |Ip€| # 0, and define

ge(r) = (Cor£.8) = /0 (e(p)E.E)dp. reR.

Changing variable ¢ = g¢(r), we get

0o . 1
Ge(s) = Ik / ., ST OOl e
8 § ’

Let us introduce ¢ (1) = €' - I(—00,0)(1), t € R, and

A 1
Fe() = 08P (s 091 =y
Cc £ ’

Using the standard convolution for real functions defined on R we find
Ge(s) = (¢ * Fe) (g(5)).

Therefore (recall (19) with A = 1)

1 1
166l = [ 0= FOOP iyt < Gl s Pl @9

which implies |G || 2r) < ﬁ ¢ * Fell;2)- On the other hand, using the Young
inequality, we find, for any § € R? with |Ip€| # 0,

le * Fellew < llellow 1Fellze = 1Fellzm)

. 2 A —1 2; 2
= g /R (g (0.l (<c(ggl(r))s,s>)2dt)
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— g ( [ fo.oF (et 5yar)

1
((c(ME,£))?
2
([ e or) " = O g,

=

Using also (25) we obtain, for any £ € RY, |Ip€| # 0,

2l C Oz @y < IGell 2y < IFC O 2wy

From the previous inequality, integrating with respect to £ over R? we find

4/Rds/Rd it (5, €)|2dE < /Rds/Rd |f(s. &) [dE.

By using the Plancherel theorem in L?(R?) we easily obtain (22) with My = 1/2.
The proof is complete. O

2.2 Proof of Theorem 2.1 When 1 <p < o0

The proof uses the concept of stochastic integral in a crucial point (see (30)
and (31)). Before starting the proof we collect some basic properties of the stochastic
integral with respect to the Wiener process which are needed (see, for instance,
Chap.4 in [1] or Sect. 4.3 in [24] for more details).

2.2.1 The Stochastic Integral

Let W = (W;)>0 be a standard d-dimensional Wiener process defined on a
probability space (§2, .7, P). Denote by [E the expectation with respect to PP.
Consider a function F € L*([a,b];R? ® RY) (here 0 < a < b and R? ® R?
denotes the space of all real d x d-matrices).
Let (7r,) be any sequence of partitions of [a, b] such that |7,|] — 0asn — oo
(given a partition & = {ty) = a,...,ty = b} we set || = SUP;, 1 ex [te+1 — ).

One defines the stochastic integral fab F(s)dW; as the limit in L?(£2, P; R?) of

ho= Y F@) Wy, — Wy,

T Ty €7n

as n — oo (recall that the previous formula means J,(w) = Zrnk o em F(1})

(W - (w) — Wp(w)), for any @ € $§2). One can prove that the previous limit is
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independent of the choice of (i,). Moreover, we have, P-a.s.,
b b a
[ Faw. = [ Faw— [ Foaw. 26)
a 0 0

Set Iy, = fab F(s)F*(s)ds where F*(s) denotes the adjoint matrix of F(s). Clearly,
I, is a d x d symmetric non-negative definite matrix. Moreover, we have (see, for
instance, page 77 in [1])

B[/ VAU FOmE ] = / VL FOI) @) P i) 27
2

= / 8 N(0, Iyp) (dx) = e &0l g e RY
R4
Formula (27) is equivalent to require that for any Borel and bounded f : RY — R,

Blr(v2 [ Foaw)] = | rowo. . 8)

1

Equivalently, one can say that the distribution (or image measure) of v/2 fab F(s)dW;
is N(O, I',p).

2.2.2 Proof of the Theorem

It is convenient to suppose that u(z,-) = 0if < 0 so that u € C3°([0, o0) x RY).
Indeed if u(t,-) = 0,¢t < T, for some T € R, then we can introduce v(t,x) =
u(t + T, x) which belongs to u € C°([0, 00) x R?); from the a-priori estimate for
Uy it follows (22) since [[vyy [l pgat+1)y = [t | p ra+1)-
We know that, for s > 0, x € R,

u(s. ) = — / dr /1; x4 YNO.C ),

where f = u; + Lu is bounded, with compact support on R¢*! and such that f(z,-) €
CPRY), t> 0. Letus fixi,j € {1,...,po}
Differentiating under the integral sign it is not difficult to prove that

e /R g N, C) (@),
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Letus fix sand r, 0 < s < r, and consider
Cy = Ay + (r—s)ly, where Ay, = / (c(t) — Ip)dt.
By (13) we know that N(0, Cs,) = N(0,Ay,) * N(0, (r — s)Ip) and so

/R g+ YN, C) (@) (29)

= / N(0,A,)(dz) / S (1, x +y + 2IN(O, (r — 5)1o)(dy).
Rd Rd

Now we introduce a standard d-dimensional Wiener process W = (W;);>0 on a
probability space (£2,.%.P) (see Sect.2.2.1). Consider the symmetric d X d square
root /c(t) — Iy of ¢(t) — Iy and define the stochastic integral

Ay = ﬁ/ Vet = Io dW,.
By (26) we know that
t
Ay = b, — by, where b, = ﬁ/ Vep) —Io aw,,
0

t > 0,and b, = 0 if r < 0. Moreover (cf. (28)) for any Borel and bounded g : R? —
R, we have

Bls(h, — 0] = [ &(b/@) = b@)Pido) = [ cNOAN@).  G0)
Using this fact and the Fubini theorem we get from (29)
[ st + 900.C @
= B[ [ fun oy + A VO, =90
= B[ [ fun oy +b, =) NOL = 900 @
Therefore we find

w50 = B[ [ ar [ fusroxt v b= boNO.G = 9@]. 62
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Now we estimate the L-norm of uy,;. To simplify the notation in the sequel we set
N (0, (r— s)Io) = g Using the Jensen inequality and the Fubini theorem we get

/ ds/ |t (5, %) [P dx
Ry R4

IE[ /Soo dr /Rdfxixj(r,x Fy+b— bs)u”(dy)]

p
dx

L)
51@[/R+ds/Rd

Now in the last line of the previous formula we change variable in the integral over
R with respect to the x-variable; we obtain

/ ds/ |t (5, ) [P dlx (33)
Ry R

[ T ar /R (723 by s (dy) )”dz].

*° I
/ d}’/ f:r,-xj-(ryx +y+br— bs):usr(dy)‘ dx]
s Rd

<e[[ o],

To estimate the last term we fix w € §2 and consider the function

go(t. %) = f(t.x + bi(w)), (t.x) € RITL,

The function g,, is bounded, with compact support on R**! and such that g, (z,-) €
CP@RY), teR.
By Lemma 2.1 we know that there exists My = My(d, p, po) > 0 such that, for

any w € .Q,
/ ds/
R+ R4
/ s/“
]R+ R

Using also (33) we find
/ ds/ |ux,.xj(s,x)|pdx§MgIE[/ ds/ |gw(s,x)|pdx]
Ry JRA R JRd
= MSE[/ ds/ If(s,x + b5)|pdx]
R JRd

zMg/ds/ If (s, 2)|Pdz.
R Rd

The proof is complete. O

o0
p
[ [ sz by b@)uoan| a:
K Rd ’

%) »
[ [ ol + | < M e
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3 I?-Estimates Involving Ornstein-Uhlenbeck Operators

Let A = (a;) be a given real d x d-matrix. We consider the following Ornstein-
Uhlenbeck type operator

d

d
Lou(t.x) = Y ¢ij(Ouy (t.) + Y agxuy (£, x)

ij=1 ij=1
= Tr(c(t)Dfu(t, x)) + (Ax, Du(t, x)),

(t,x) € RITL y e CP(RI!). This is a kind of perturbation of L given in (21) by
the first order term (Ax, D,u(t, x)) which has linear coefficients.
We will extend Corollary 2.1 to cover the parabolic equation

u(t, %) + Lou(t, x) = f(t.x) (34)

on R4+ We will assume Hypothesis 2.1 and also

Hypothesis 3.1 Let py as in Hypothesis 2.1. Define F,, ~ R as the linear
subspace generated by {ei, ..., ey }. Let FP° be the linear subspace generated by
{epo+1,----€q} if po < d(when py = d, FP* = {0}). We suppose that

A(F,)) C Fyy.  A(F™) C FP. (35)

Recall that given a d x d-matrix B, ||B|| and Tr(B) denote, respectively, the operator
norm and the trace of B. In the next result we will use that there exists @ > 0 and
n > 0 such that

le]| < nel, reR, (36)
where ¢ is the exponential matrix of #A. Note that the constant M, below is the
same given in (22).

Theorem 3.1 Assume Hypotheses 2.1 and 3.1. Let T > 0 and set St = (—T,T) x
R?. Suppose that u € C3°(St). Foranyp € (1,00),i,j =1,...,po,

M(T 21
i | 1p a+1y < l)f ) lur + Loullpga+1y;  Mi(T) = c(dyMon*e* ™t I7rA)l,

(37)

Proof We fix T > 0 and use a change of variable similar to that used in page
100 of [6]. Define v(t,y) = u(t,ey), (t,y) € R We have v € CPRH),
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u(t,x) = v(t,e""x) and

u;(t, x) + Lou(t, x)
= v, (t, e x) — (Dyv(t, e x), Ae " x) + Tr(e_’Ac(t)e_’A*Div(t, e_tAx))
+(Dyv(t, e x), AeT"x)

= v,(t, e ) + Tr(e_’Ac(t)e_’A*Div(t, e "x)).

It follows that

u(t, €y) + Lou(t,e™y) = v,(t.y) + Tr(e “c()e™ D2v(1,y)). (38)
Now we have to check Hypothesis 2.1. We first define ¢ (), € R,

co(t) = e e(®)e™", te[-T,T), (39)
co(t) = e_TAc(T)e_TA*, t>T, co(t) = eTAc(—T)eTA*, t<-T.
Since v € C3°(S7) we have on R¥H!
vi(t.y) + Tr(e A e(®e™ Div(t.y)) = vi(t.y) + Tr(co()D}v(1.y))

and so it is enough to check that c((z) verifies (19). Moreover, by (39) it is enough
to verify (19) for t € [T, T]. We have

(coE.§) = {ce™ §.e78) = A |loe™ "¢,
By (35) we deduce that F,, and F" are both invariant for A*. It follows easily that
Ie s = e IE, E€RY, seR. (40)
Using this fact we find forr € [T, T], £ € R¢,
I61° = 1oe™ e E = | Ioe ™ EP < 7T |oe ™€
and so

MIGE? < AP [Loe ™7 €2 < e (co(1)E, £),
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which implies An~2e =27 |I)&|*> < (co(?), £). By Corollary 2.1 and (38) we get, for
anyi,j =1,...po,

) MO 7]2€2Tw 5
oy, = D30 Oein el = ————llvr + Tr(eo(ODyv) v (41)
MO 7’]262Tw ) ) MOT]ZEZT(U T
= ——— |l et + Lou( e )| < e "y, + Lou|| .

A

Note that
(Dyv(t.Y)loei. Ioej) = (Djv(t.y)ei. ej) = (e D2u(1, ey)ee;, ;)

and so IOva(t, W = e IyD2u(r, e*y) e, t € R, y € R Indicating by R? ®
RPo the space of all real py x pg-matrices, we find

—T|Tr(A LAk .
||IOD§U IO||U’(R4+1;RI’()®RP0) e’ @l lle A IODJZ(M lye A||U,(Rd+1;R,,0®R,,O).
Since, for (¢,x) € RI*!,
.
||10Dfu(t, x) | < nZEZT‘“ ||etA IOD)ZCu(t, X) Ioe’A||

by (41) we deduce
M() 2T |y
||IOD)2;”IOHU’(RI‘H;RP()@RP()) <c(d) 5 774e4Tw er Tl llu; + Loul|

which gives (37). The proof is complete. O

Example 3.1 The equation

(1, %, 9) 4 (1 it (t, %, ) + 11ty (1, %, 9) + ity (1, x,9) + yuy (1, x,y) = f(1,x,y),
(42)

(t.x,y) € R3, verifies the assumptions of Theorem 3.1 with py = 1 and so
estimate (37) holds for u,,.

Remark 3.1 Assumption (35) does not hold for the degenerate hypoelliptic opera-
tors considered in [3]. To see this let us consider the following classical example of
hypoelliptic operator (cf. [10, 12])

u(t, x, ) + un(t, x,y) + xuy(t,x,y) = f(t,x,5), 43)

(t,x,y) € R3. In this case po=1land A = ((1) 8) It is clear that (35) does not hold

in this case. Indeed we can not recover the [”-estimates in [3].
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As an application of the previous theorem we obtain elliptic estimates for
non-degenerate Ornstein-Uhlenbeck operators 7. These estimates have been first
proved in [20]. Differently with respect to [20] in the next result we can show the
explicit dependence of the constant C; in (46) from the ellipticity constant A.

Let

u(x) = Tr(Q D*u(x)) + (Ax, Du(x)), (44)

x € RY, u € C°(R?), where A is a d x d matrix and Q is a symmetric positive define
d x d-matrix such that

(08.8) = AE]°, EeR’ 45)

for some A > 0.

Corollary 3.1 Let us consider (44) under assumption (45). For any w € C3°(RY),
pe(l,00),i,j=1,...,d, we have (the constant M,(1) is given in (37))

(p) Mi(1)
s @ < = (1wl + Wl @s). (46)

Proof We will deduce (46) from (37)in S; = (=1, 1) x R? with py = d.
Let y € C3°(—1,1) with f_ll ¥ (¢)dt > 0. We define, similarly to Sect. 1.3 of [3],

u(t,x) = Y ()w(x).

Since u; +Lou = ¥/ ())w(x) + ¥ (1) / w(x), applying (37) to u we easily get (46). O
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Abstract This note describes the results of a joint research with L. Brandolini,
M. Manfredini and M. Pedroni, contained in Bramanti et al. [Fundamental solutions
and local solvability of nonsmooth Hormander’s operators. Mem. Am. Math.
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operators of the form L = ), X,2 + Xo in a bounded domain of R? (p > n 4 1)
where Xy, X1, ..., X, are nonsmooth Héormander’s vector fields of step r, such that
the highest order commutators are only C'*. Applying Levi’s parametrix method
we construct a local fundamental solution y for L, provide growth estimates for y
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built on real smooth vector fields

p
Xi = Zbl] ('x) an

Jj=1

(i=0,1,2,...,n;n < p) defined in a domain §2 C R”.
Let us assume for the moment that b; € C* (£2) and the vector fields X; satisfy
Hormander’s condition, i.e: if we define the commutator of two vector fields

[X,Y] = XY — YX,

then the system consisting in the X;’s, their commutators, the commutators of the
X;’s with their commutators, and so on up to some step r, generates R” at any point
of £2.

A famous theorem by Hormander [10] states that under these assumptions the
operator L is hypoelliptic in £2:

Lu = f in £2 (in distributional sense), A C 2, f € C* (A) = u € C* (A).

After this result, several fundamental properties have been proved, both about
systems of Hormander’s vector fields and their metric, and about second order
Hormander’s operators. In the first group of results, let us quote the doubling
property of the Lebesgue measure with respect to metric balls (Nagel et al. [17]);
Poincaré’s inequality with respect to the vector fields (Jerison [9]). In the second
group of results, we recall the a priori estimates (in L7 or C*) on X;X;u, in terms
of Lu and u proved by Folland [7], Rothschild and Stein [19]; estimates about the
fundamental solution of L or 9, — L ([17], Sanchez-Calle [20]).

It is natural to ask whether part of this theory still holds for a family of vector
fields possessing just the right number of derivatives required to check Hérmander’s
condition. Actually, a quite extensive literature exists, by now, regarding the
geometry of nonsmooth Hoérmander’s vector fields. However, if we restrict our
attention to the research about systems of nonsmooth Hormander’s vector fields
of general structure, only supposed to satisfy Hérmander’s condition at some step
r, the literature becomes much narrower. In this note I am going to describe some
results of this type obtained jointly with Brandolini et al. in [6]. This paper is the
third step in a larger project started by three of us in [4, 5], and the first one devoted
to the study of second order Hormander’s operators built with nonsmooth vector
fields of general form, and also allowing the presence of a drift term of weight two.
Other results in this direction of research have been obtained in some papers by
Montanari and Morbidelli [14-16] and by Karmanova-Vodopyanov (see [11, 21]
and the references therein).

Our framework is the following. Let Xo, X, ..., X, be a system of real vector
fields, defined in a bounded domain 2 C R” such that for some integer » >
2 and o € (0, 1] the coefficients of X, X5, ..., X, belong to C =1 (£2) while the
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coefficients of X, belong to C"~2% (§2). Here C** (£2) stands for the classical space
of functions with Holder continuous Cartesian derivatives up to the order k. If r = 2,
we take ¢ = 1. We assume that Xy, X1, ..., X, satisfy Hormander’s condition of
weighted step r in §2, where the weight of a commutator

[ [ [, ]

is defined as the sum of the weights of the vector fields X;, (k =1,2,...,j), with
X1,X>, ..., X, having weight one while X has weight two.

In a few words, our main results are the following. We show how to build a local
fundamental solution y for the operator L, prove natural bounds on the growth of y,
Xy, XiXjy (i,j = 1,2,...,n,k = 0,1,...,n) and the local Holder continuity of
XiXjy, and we use these facts to prove a local solvability result: every pointx € §2
possesses a neighborhood U (X) such that for every 8 € (0,«) andf € c§§ (U) there
exists a solution u € Cff’foc (U) to Lu = f in U. For some results of ours we require
the stronger assumption X; (i = 1,2,...,n) in C"* (£2) and X, in C"~1* (£2). (See
Remark 4.1).

2 The Classical Framework

To describe the general line and strategy of this paper it is necessary to recall first
the strategy which has been followed in the classical case, as well as some of the
results proved in the nonsmooth case in the previous two papers [4, 5], which the
paper [6] under discussion is built on.

2.1 Homogeneous Groups

The simplest situation in which a priori estimates on X;X;u have been proved for
classical Hérmander’s operators is that of homogeneous groups.

A homogeneous group in RY is a Lie group G = (R", o) (which we think as
“translations”) for which 0 is the identity and the inverse of u is —u, endowed with
a family of automorphisms (“dilations”)

D(A) (I/tl, uy,..., MN) = (A“‘ul,kazuz, ey /\“NuN) .

We can define in G a homogeneous norm ||-|| letting

1
lu| =r < ‘D(—)u
r

=1,
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where || is the Euclidean norm and [|0] = 0. The Lebesgue measure in RY is
biinvariant with respect to o and

|B(u,r)| = |B(u,1)] @ YueG,r>0,

where Q = vazl «; is called homogeneous dimension of the group.

We assume there exists a basis Yo, Y1, ..., Y, of the Lie algebra of left invariant
vector fields, Yy homogeneous of degree 2, the Y;’s of degree 1. Under these
assumptions, the operator

L:Xn:Y,-Z+Y0

i=1

is hypoelliptic by Hérmander’s theorem, left invariant and homogeneous of degree
two. Its transpose is simply

L= Z Y;— Y.
i=1

and shares the same properties of L. Thanks to these facts, Folland proved in [7] the
existence of a left invariant fundamental solution I", homogeneous of degree 2 — Q,
such that

f) =/RN F(u_lov)Lf(u)du:L/RN I (u" ov)f(u)du

forany f € C° (RY) ,v € RV.

The good properties of the kernel I" allow to apply a suitable general theory of
singular integrals in a way which is strictly analogous to the one used for classical
elliptic operators, proving local a priori L7 estimates on X;X;u and Xou in terms of
u,Lu, Xju (i,j =1,2,...,n).

2.2 Lifting and Approximation

Let us now come to the case of general Hormander’s vector fields, that is without an
underlying structure of homogeneous groups. This case has been dealt by Rothschild
and Stein in [19]. The goal is to approximate locally, in a suitable sense, a general
family of Hormander’s vector fields by another family which is homogeneous
and left invariant with respect to a structure of homogeneous group, in order to
exploit the previous theory developed by Folland. However, it turns out that this
approximation is not possible for a completely general system of Hormander’s
vector fields, but it is possible for a family satisfying an extra property. To bypass
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this problem without losing generality, Rothschild and Stein then implement a two-
step procedure. First the vector fields X; are “lifted” (in a neighborhood of any
fixed point) to a higher dimensional space R getting new vector fields X;, which
project on the original Xj, that is

- “ 0
Xi=X; i (e, h) —;
+;u,(x )ahj

the X;’s still fulfil Hormander’s condition, and also satisfy the required extra
property: they are free up to step r; which means that all their commutators
up to step r do not satisfy linear relations others than those which follow from
anticommutativity and Jacobi identity.

As a second step, the X;’s are locally approximated by homogeneous left invariant
vector fields Y; on a suitable homogeneous group G of the kind we have described
above. The description of this approximation is quite technical, but we cannot avoid
it completely:

Theorem 2.1 (Approximation) There exist a homogeneous group G on RV,
N = p + m, a family of homogeneous left invariant Hormander’s vector fields
Yo.Y1,Ya, ..., Y, on G and a neighborhood V of (x,0) in RN such that for any
n € V there exists a smooth diffeomorphism ©, from a neighborhood of n onto
a neighborhood of the origin in G, smoothly depending on 1, and for any smooth
functionf : G —>R,i=0,1,...,n

X (f 0 ©,) (6) = (Yif + RIf) (6, (5)) VE.neV

where R] are smooth vector fields, smoothly depending on n, of weight > 0 for
i=12,....n,>—1fori=0.

The assertion about the weight means that, for small u,

fori=1,2,...,n

C C
IRIT (u)| < ——— while |Y,I" ()| < ——
)7 e

c Cc
RyI ()| = —F5= while [YoI" ()| < —.
2" Iua]|©

Moreover, the map ©, (§) enjoys suitable properties, which however we shall
not recall here. The line followed by Rothschild-Stein is then the following: they
use the function I (@n (E)) as a parametrix of the lifted operator: exploiting this
kernel, which is a good local approximation of the fundamental solution of the lifted
operator

n
L= Z ~i2 +5(0,
i=1
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they write representation formulas of u and 5(,-5{;14 in terms of Lu, u and X;u. From
these representation formulas and a suitable abstract theory of singular integrals, L”
a priori estimates are derived for 5(,-)~(ju and then, by projection on the original space
of variables, for X;X;u.

3 Attacking the Problem: The Nonsmooth Background

In [4] we have built in the nonsmooth context an analogous kit of tools consisting
in “lifting, approximation and basic properties of the map @”. Namely: the lifting
theorem is perfectly analogous to the smooth one, with the new set of vector fields

_ m 9
X,' :X,' =+ Zu,-j(x,h)BT
=1 /

still satisfying Hormander’s condition at step r; the X;’s have the same regularity of
the X;’s; the approximation formula takes the same form

Xi(fo0,) (&) = (Yf +R)) (0, (&) VEneV

where the Y; are homogeneous left invariant (smooth) vector fields on G; the R? are
C" P yector fields of weight > o — p; (where pg = 2, p; = 1 fori = 1,2,...,n),
that is

IRIT ()| < ——— while |Y;I" ()] <

C
<—— o1
' uaf) &= Iua]|©

RIT (u)| < ””% while |YoI" ()| < ﬁ.
u u

Moreover, the coefficients of the R?’s and their first order derivatives depend on
n in a C* way; the map ©, (§) is smooth in § and C* in 7, and satisfies suitable
other properties which we do not recall here. The important difference with respect
to the classical situation is therefore the lack of smoothness in the dependence on 7
of both the map ©), (§) and the “remainder vector fields” R. This fact will have an
important drawback, as we will see.

Let us consider the function I" (@,, (g)), where I' is Folland’s homogeneous
fundamental solution of the left invariant operator Y i_, ¥?> + Y. This kernel
should be a parametrix for the operator L. Note however that this function is now
smooth in £ but just C* in 7: a strong asymmetry in the roles of &, 1. On the other
hand, Rothschild-Stein’s procedure to write by this parametrix good representation
formulas for Xiffju heavily relies on the possibility of differentiating the parametrix
with respect to both variables, what we cannot do, due to the lack of regularity of
), (&) with respect to the “bad” variable 7.
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So we apparently are stuck: after rebuilding Rothschild-Stein’s set of tools in the
nonsmooth case, we cannot use it as they do. The idea is then to exploit a different
technique, compatible with the different degree of regularity of I" (©, (§)) with
respect to £ and 7. This technique is the parametrix method devised by Levi [13]
to build fundamental solutions for elliptic equations or systems, and later extended
to uniformly parabolic operators (see e.g. [8]). We recall that this method was first
adapted to hypoelliptic ultraparabolic operators of Kolmogorov-Fokker-Planck type
in [18], exploiting the knowledge of an explicit expression for the fundamental
solution of the “frozen” operator, which had been constructed in [12]. It was later
adapted in [1] to a general class of operators structured on homogeneous left
invariant (smooth) vector fields on Carnot groups, for which no explicit fundamental
solution is known in general, and in [3] to the more general context of arbitrary
(smooth) Hormander’s vector fields.

Our strategy is the following: instead of using the parametrix for writing a
representation formula for second order derivatives (what we cannot do in the
nonsmooth case) and then using the representation formula for proving a priori
estimates, we use the parametrix to build an exact (local) fundamental solution,
and then use this to produce a local solution to the equation having a natural degree
of smoothness.

However, if we applied the method starting with I" (6, (§)), we would build a
local fundamental solution § for L, in the space of lifted variables; but starting with
7 there is no easy way to build a local fundamental solution for L: integrating y with
respect to the lifted variables just produces a parametrix for L.

So, we have to reverse the order of the procedures: first, starting with I (@n (é))
we define the kernel

P ()C, y) = /m (/]R”’ F (@(y,k) ('xv h)) 90 (h) dh) 90 (k) dkv

where ¢ € C§° (R™) is a fixed cutoff function, = 1 near 0. Then, starting with this
P, “candidate parametrix” for L, we want to implement the Levi method in the space
of the original variables, to produce a local fundamental solution for L.

This however is not an easy task, because in this space we do not have a simple
geometry like in the space of lifted variables: the volume of metric balls does not
behave like a fixed power of the radius, there is not a number having the meaning of
“homogeneous dimension”. In order to measure the growth of the kernels involved
in the procedure, we have to use the control distance induced by the vector fields, we
need to know an estimate for the volume of metric balls, and a comparison between
volumes of balls in the lifted and original space. Briefly: we need a nonsmooth
analog of the theory developed by Nagel et al. in [17] for general Hérmander’s
vector fields with drift. This theory is contained in the paper [5]. Let us recall a few
facts from this paper.
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The subelliptic metric, analogous to that introduced by Nagel-Stein-Wainger, is
defined as follows:

Definition 3.1 For any § > 0, let C(§) be the class of absolutely continuous
mappings ¢ : [0, 1] —> £2 such that

@' () = Z ar (1) (Xin) () e

[71=<r
with a; : [0, 1] — R measurable functions, |a; ()| < §"!. Then:
d(x,y) =inf{6 >0:3¢p € C(§) withp (0) =x,¢ (1) =y}.

The following basic result can be proved also in this case:

Theorem 3.1 (Doubling Condition) Under the previous assumptions, for any
domain 2' € $2, there exist positive constants c, py, depending on 2, 2’ and the
X;’s, such that

B (x,20)| < c|B(x,p)| Yxe€ £',p < po.

We also prove a sharp estimate on the volume of metric balls. A consequence of
this estimate is the couple of bounds:

R\’ |B(x.R R\¢
| — §M§cz — Vr,Rwith pp > R > r > 0.
r |B (x, r)] r

The dimensional gap between p (Euclidean dimension) and Q (homogeneous
dimension of the locally approximating group) causes a lot of problems in imple-
menting the Levi method. In contrast with this, note that

cir? < |BE.r)| < .

We can now also give the definitions of the function spaces defined by the vector
fields, which will be used in the following.

Definition 3.2 For any § € (0, 1) we will denote by Cg (U) the space of Holder
continuous functions of order B with respect to the distance d.

By known results the following relations between Euclidean and subelliptic
Holder spaces holds:

feC(U)=feCyU)
feCy(U)=fec (U)

where r is the step of the Lie algebra generated by the X;’s (i.e., r is the integer
appearing in our assumptions).
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Definition 3.3 Let C2 (U) be the space of continuous functions on U possessing
in U continuous derivatives with respect to X; (i = 0,1,2,...,n) and second
derivatives X;X; (i,j = 1,2,...,n). Forany B € (0, 1), let C)Z(’ﬁ (U) be the space of
C)Z( (U) functions u such that Xgu, X;Xju (k = 0,1,...,n,i,j = 1,2,...,n) belong
to Cg (U). We will also use the symbols Cﬁ.o ), C)Z(’ﬁ (U) for the analogous spaces
of compactly supported functions. '

4 The Parametrix Method

Let us recall what the parametrix method is. We look for a fundamental solution y
for L (that is, such that L (y (-, y)) = —dy) of the form

y (x,y) = P(x,y) +J (x,y), with

J(x,y) = /UP(x,z)é(z,y)dz

and @ (z,y) to be determined. In other words, the fundamental solution is sought as
a small integral perturbation of the parametrix.
Computing, for x # y,

0=L(y(Cy)=LEPEY)+LUCY)

and letting Z; (x,y) = L(P (:,y)) (x), we find
216 = LU 0 =L [ P o @ d:
= /UZI (x.2) P (z,y)dz = P (x.y),
whence @ (z,y) satisfies the integral equation

D (x,y) =71 (x,y) + /UZl (x,2) P (z,y)dz

and can be therefore computed by Neumann series,

o0
D (x,y) = ZZJ (x,y), with
j=1

Zj+1 (x,y) = /UZI (X,Z)Zj(z,y) dz.
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So far, all this stuff is purely formal. To make this procedure rigorous we need,
in sequence:

(a) To compute Z; (x,y) = L (P (-,y)) (x) and find an upper bound.

(b) To bound iteratively Z; 1 (x,y).

(c) Tobound @ (z,y) (getting the series converge for U small enough).
(d) To boundJ (x,y).

(e) To bound y (x,y).

Let me give just an idea of the proof of step (a) in this procedure, to show how
several tools previously developed in the nonsmooth context are needed.
Let us start noting the following bounds:

[(Vi¥;I) (€, ®)] < o @_ HQ,

(RIR'T) (0, ®)] < W
Then, for x # y, the approximation theorem allows to write
Zy (x,y) = LP (x,y) = / ) A; i LI (O (x.h)) @ ()] dh ¢ (k) dk
= / ) / ) [—8(y.0) + (remainders) | (O (x. h)) @ (h) dh ¢ (k) dk
since, for x # y, Oy (x, h) # 0, hence 8y ) (O (x,h)) =

= / / [(remainders) (@(y,k) (x, h))] ¢ (h) dh ¢ (k) dk, where:

(remainders) (@( ) (x, h)) < ;_a
| AN EYeT

Therefore

RS EY #m (k) d.
n

So far, we have used the (nonsmooth) Rothschild-Stein-like machinery. To
bound the last integral we have to use the (nonsmooth) Nagel-Stein-Weinger-like
machinery. The local doubling property and the comparison between the volumes
of lifted and unlifted balls give the following:
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Lemma 4.1 For every B € R there exists ¢ > 0 such that for any x,y € U (xo),

v (h) oo
——— —dhg(k)dk <c ————dr
/'" /’” Opp) (x, h)HQ A ¢ k= /d(x,y) B (x,r)|

The function at the right hand side of the last inequality plays a central role in
our estimates:

R b1

9p (2) = /d<x,y) B

To visualize its size, note that we have the following bounds (which however are
not equivalences!):

d (x, y)ﬂ
Bodeml f
Pp (x.y) < |B(x(d(x))y))| orf <p
A Y R '
IB(x,d(x,y))|R or>p

For instance,

z eyl =wpel = [ [ @w(;)ﬁg Zdh g (0 dk

d )
< ey (x,y) < & which is locally integrable,

Bd@y)]

while, by comparison, we have

|P(x,y)| = ca (x,y);
|XiP (x,y)| < ¢ (x,y) fori=1,2,...,n;
|XjX,<P(x,y)i [ XoP (x,¥)] < cgo (x,y) fori,j=1,2,...,n
Having bounded |Z; (x, y)| with a locally integrable kernel satisfying a quanti-
tative size condition is the starting point for iterative computations which allow to

carry out the parametrix method. Skipping many other facts, let us now jump to the
statement of the first main result of ours:

Theorem 4.1 (Existence of Fundamental Solution) The functions y (x,y)
P(x,y) +J (x,y) and X;y (x,y) (i = 1,2, ...,n) are well defined and continuous in
the joint variables x,y € U, x # y, and satisfy the following bounds:

ly (. )] < ¢ (x,y):
IXiy (x,y)| < cpr (x.y).
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Moreover, y (-, y) is a weak solution to Ly (-,y) = —0y, that is:

[renrywa=-vo vwew.yev.
U
Finally, if Xo = 0, then 3¢ > 0 such that

y (x,y) > 0 ford(x,y) <e.

Remark 4.1 All the results proved so far hold under the following assumptions X; €
C 1 (2),Xy € C72% (R2) for some « € (0, 1].

Henceforth we will make instead the stronger assumptions X; € C™* (£2) ,Xo €
C 1 (Q) (ifr =2thena = 1).

The results stated in the previous theorem are not yet satisfying: we want to know
further regularity results for the fundamental solution. Our next step is the following:

Theorem 4.2 (Second Derivatives of the Fundamental Solution) For i,j =
1,2,...,nandx,y € U,x # y, the following assertions hold true:

(a) AX;XiJ (x,y), XoJ (x,y), XiXjy (x,¥), Xoy (x,y) continuous in the joint variables
for x # y; in particular,

y(.y) € C)Z( (U\ {y}) foranyy e U.

(b) Ye € (0,), U' € U 3c > 0 such thatVx € U and y € U,

d(x,y)**
[XiXid (x.y)| . 1XoJ (x.y)] < “Berd )l
1
XXy (e ] oy (o] = erpr

Let us give just an idea of the problems involved in the proof. Recall that
y(xy) =Py +J(xy)

=P(x,y) +/UP(x,z)(b(z,y)dz.

Hence, in order to compute and bound X;X;y, the problem is the computation of the
singular integral

X; / XiP (x,2) @ (z,y) dz.
U
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This computation is made possible by a Holder type estimate on the function
@ ('a y ):

Theorem 4.3 For every € € (0, «) there exists ¢ > 0 such that
| (x1.y) = @ (x2,¥)] = ed (x1,%2)" " e (x1,)

for any x1,x5,y € U with x; # x2,d (x1,y) > 3d (x1, x2).

Exploiting this Holder bound we are able to prove the following:
X]’X,'J (X, y) = / / / (Y,DII’) (@(z,k) (x, h)) ap (h) b() (k) dhdkx
U m m
X [@(z.9) =P (x,y)]dz+ c(x) D (x,y) + / Ry (x,2) @ (z,y) dz
U

with R; locally integrable kernel. This representation formula is the starting point
for several computations.

In turn, proving the Holder bound on @ (-, y) requires a more regular dependence
on the parameter for the “remainder vector fields” appearing in Rothschild-Stein-
type approximation formula, and better properties of the map ©, (§) with respect to
the “bad variable” n. This is made possible by a careful analysis of the properties of
this map @, (§).

We can now refine the previous analysis of the second derivatives of our local
fundamental solution and prove a sharp bound of Holder type on X;X;y:

Theorem 4.4 For every ¢ € (0,«) and U' € U there exists ¢ > 0 such that for any
x1,x € U,y € Uwithd (x1,y) > 2d (x1,x),i,j = 1,2,...,n,

d(x1,x2) 1

d(x1,y) |B(x1,d (x1.y))]

d(x, %)\ d@,y)**

d(xl,)’)) |B (x1.d (x1.y))]
d(x1,%)\*™° 1

d(xl,)’)) |B (x1.d (x1.y))]

d(xl,)cz))a_8 1
d(x1,y) B (x1,d (x1,y))|

|XiX;P (x1.y) — XiX;P (x2.y)| < ¢

| XiXiT (x1,y) = XiX;J (x2,y)| < ¢ (

|XiXjy (x1.y) — XiXjy (x2.y)| < ¢ (

Ww&mﬂ—&w@ﬁMEC(

In particular, for every ¢ € (0,a) andy € U,

y (L) € Cylot U\ D))
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5 Local Solvability

We can now come to another of the main results in the paper:

Theorem 5.1 (Local Solvability in C2) The function y is a solution to the equation
Ly (,y) =0in U\ {y}, Vye U.

Moreover, VB > 0,f € Cg (U), the function
we == [ yenroaw 1)

isa C)Z( (U) solution to the equation Lw = f in U.

Also, if Xo = 0, choosing U small enough, we have the following positivity
property: if f € C)’? (U).f < 0in U, then the equation Lw = f has at least a
C% (U) solutionw > 0 in U.

The proof amounts to showing that the function w assigned by (1) is actually
C% (U), since this easily implies it solves the equation.

The by-product of the proof of this theorem is a convenient representation
formula for the derivatives X;X;w, which is the starting point for the proof of Holder
continuity of X;X;w. In order to simplify this presentation, I write this formula in a
simplified, schematic, way:

Corollary 5.1 Vx e B(x. %) andi.j=1.,2,....n, we have:
XXow () = c (@) () + / ko (v ) f () dy+
U

+/B(X,R)k1 (X,z)b(z)f(z)dz+/7

B(x,

o ka (x,2) [f (2) —f (0] b (2) dz

where ¢ € C¥ (B (X, 123)), ko is a bounded kernel, ky is a fractional integral kernel,
k> is a singular integral kernel, b a cutoff function.

Then, a careful application of suitable abstract theories of singular and fractional
integrals on locally doubling spaces allows to prove Holder continuity of X;X;w. We
will give some more details about this in the next section. Let us first conclude the
description of the main line of the paper. The final goal is to prove the following:

Theorem 5.2 Forevery f € (0,a) and f € C)’? (U), let w € C% (U) be the solution

to Lw = f in U assigned by (1). Then w € Ci’foc_ (U). More precisely, for every
U' € U there exists ¢ > 0 such that

Il 2ty = €Wl -
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Corollary 5.2 (C)zf’ﬁ Local Solvability) For every B € (0,a) the operator L is
locally C)Z("6 solvable in $2 in the following senses:

Vx € £2 AU (X) such that Vf € Cg (U) there exists a solution u € C)z(’foc (U) to
Lu=finU.

Vx € §2 AU (x) such that Vf € Cﬁ.o (U) there exists a solution u € C)Z(’ﬂ (U) to
Lu=finU. '

6 Real Analysis Estimates

Let us now spend a few words about the real analysis machinery we need to use to
get the C2# estimates described above.

An important starting remark is the following. Our construction lives in a fixed
neighborhood U, where the distance d induced by the vector fields X; is defined;
then the Lebesgue measure is locally doubling, while we cannot assure the validity
of a global doubling condition in U, which should mean:

|B(x,2r)NU| < c|B(x,r)NU| foranyx € U,r > 0. 2)

Actually, even for the Carnot-Carathéodory distance induced by smooth Hérman-
der’s vector fields, condition (2) is known when U is for instance a metric ball
and the drift term X, is lacking; in presence of a drift, however, the validity of
a condition (2) on some reasonable U seems to be an open problem. This means
that in our situation (U, d, dx) is not a space of homogeneous type in the sense of
Coifman-Weiss. However, (U, d, dx) fits the assumptions of locally homogeneous
spaces as defined in [2]. We apply some results proved in [2] which assure the local
C% continuity of singular and fractional integrals defined by a kernel of the kind

a(x) k(x,y) b (y)

(with a,b smooth cutoff functions) provided that the kernel k satisfies natural
assumptions which never involve integration over domains of the kind B (x,r) N U,
but only over balls B (x, r) € U, which makes our local doubling condition usable.

Definition 6.1 We say that a kernel & (x,y) satisfies the standard estimates of

fractional integrals with (positive) exponents v, B in B (x, R) if

d , v
k) <e—3ED e BER). and

|B (x,d (x, )|

d (xo,)" (d(m))”
|B (xo0,d (x0,¥))| \ d(x0,¥)

Vxo,x,y € B(x,R) such that d (xo, y) > Md (xy, x) for suitable M > 1.

lk (x.y) =k (x0.y)| < ¢
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We say that k (x,y) satisfies the standard estimates of singular integrals if the
previous estimates hold with v = 0 and some 8 > 0.

As already stated, some of the terms in the representation formula of X;X;w are
fractional integrals while another is a multiplicative term by a Holder function; the
singular integral part is the following term:

Tf(x) = /B - ky (x,2) [f 2) —f ©)] b (2) dz, where

ky (x,2) = / i / i Y.Y;I" (O (x,h)) a(h) b (k) dhdk,

k, satisfying the standard estimates of singular integrals.
In order to deduce an Holder estimate for 7f we need in particular to establish a
suitable cancellation property for k;:

Theorem 6.1 There exists C > 0 such that for a.e. x € B(X,R) and 0 < &
<& <X

/ a(ks (x.) b(y) dy| < C.
e1<d(x,y)<er

As far as I know this is the first case of a priori estimate for PDEs when a singular
integral operator is directly handled in a context where there is no kind of exact or
approximate homogeneity, and the measure of a ball does not behave like a fixed
power of the radius.
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Multiple Solutions for an Eigenvalue Problem
Involving Non-local Elliptic p-Laplacian
Operators
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Dedicated to Ermanno Lanconelli on the occasion of his 70th
birthday, with great feelings of esteem and affection

Abstract In this paper we establish the existence of two nontrivial weak solutions
of a one parameter non-local eigenvalue problem under homogeneous Dirichlet
boundary conditions in bounded domains, involving a general non-local elliptic
p-Laplacian operator.

Keywords Existence and multiplicity of solutions * Fractional elliptic Dirichlet

problems ¢ Fractional Sobolev spaces ¢ Variational methods
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1 Introduction

In the paper [1] Arcoya and Carmona extend to a wide class of functionals the three
critical point theorem of Pucci and Serrin in [12] (see also [11]) and applied it to
a one-parameter family of functionals J;, A € I C R. Under suitable assumptions,
they locate an open subinterval of values A in [ for which J, possesses at least three
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critical points. Recently, a slight variant of the main abstract theorem of [1] has been
proposed in [4]. In both papers [1, 4] several interesting applications to quasilinear
boundary value problems are given.

In this paper, taking inspiration of [4], we establish the existence of two non-
trivial weak solutions of a one parameter eigenvalue problem under homogeneous
Dirichlet boundary conditions in an open bounded subset £2 of R", with Lipschitz
boundary. More precisely, we consider the problem

ngu = Aa()|ulP~2u + f(x,u)], in £2, o

u=0, inRV\ 2,

where %% is an integro-differential non-local operator, defined pointwise by
Zxpx) = — /RN 900 — @M [p(0) — 9] - K(x = y)dy,

along any function ¢ € C3°(£2), and the weight K : RV \ {0} — R™ satisfies the
natural restriction. There exists s € (0, 1), with N > ps, such that

() € < K@)|x|NTP < § for all x € RN \ {0} and some suitable numbers e, §,
with0 < e <§;

holds.

Clearly, when K(x) = |x|~W*P%, the operator % reduces to the more familiar
fractional p-Laplacian operator (—A);, which up to a multiplicative constant
depending only on N, s and p is defined by

lp(x) — P 2[(x) — ()] J

| — y|Ntes

)

e == [ |

along any function ¢ € C3°(£2).

In (1) we assume that the coefficient a is a positive weight of class L* (§2), with
o > N/ps, and that the perturbation f : 2 x R — R is a Carathéodory function,
with f # 0, satisfying the main assumption (F) of Sect. 2.

In Sect.3 we determine precisely the intervals of A’s for which problem (1)
admits only the trivial solution and for which (1) has at least two nontrivial solutions.
More precisely, we study problem (1) by a slight variant of the Arcoya and Carmona
result in [1], as proved in Theorem 2.1 of [4].

2 Preliminaries and Auxiliary Results

Throughout the paper £2 is an open bounded subset of R, with Lipschitz boundary,
a is a positive weight of class L*(£2), with « > N/ps, and K satisfies (.#") of
the Introduction in RV \ {0}. Since s € (0,1) and N > ps we denote by p* the
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critical Sobolev exponent for W,”(£2), that is p* = pN/(N — ps). We recall that
Dy’ (2) = C° (.Q)”.”Q, where || - || is the standard fractional Gagliardo norm,

given by
1/p
lulle = (/[ Jua(x) —u(y)|[’|x_y|—(N+m)dxdy)
22x82

for all u € W,”(£2). Furthermore, D*?(R") denotes the fractional Beppo-Levi
space, that is the completion of C§°(R"), with respect to the norm

1/p
||u||s=(// |u(x>—u<y)|"|x—y|—<N+f”>dxdy) .
]RZN

Moreover, by Theorems 1 and 2 of [10]

1
I g = oy ol
(2
[ eor S < el
= pp

for all u € D*P(RY), where cy,, is a positive constant depending only on N and p.
Hence

DYRY) = {ue L (RY) : |u() —u()| - e —y| " € 2 (@®M)).
Following [8], we put
DP(R2)={uell(2): ieDTRY),

with the norm |ju|, = ||i|l,, where i is the natural extension of u in the entire RY,
with value 0 in RV \ £2. Clearly,

- 1/p
Jull, = (uun‘;2 12 / ()P dx / |x—y|—<N+f”)dy) > Julle.
2 RN\ Q2

Since here §2 is regular, an application of Theorem 1.4.2.2 of [8] shows that

D*P(2) = CSO(Q)“'”‘Y. Finally, since 2 is bounded and regular, by (2) there exists

a constant ¢ > 0 such that

callwsr@yy < llalls = llully < lallwsr @y
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for all u € D57 (£2), and so, using also Corollary 1.4.4.10 of [8], we have the main
property

DP(R) = {ue Wy"(2) : ud(-,d2)™" € [7(2)}
={ueD’R") : u=0ae. inRY\ 2}
={ue W) : e WPrRY,

where d(x, 52) is the distance from x to the boundary 952 of £2.

It is not hard to see that D*”(£2) is a closed subspace of D*”(R"). Hence also
D (2) = (D”’(.Q), Il - ||~Y) is a reflexive Banach space. For simplicity and abuse
of notation, in the following we still denote by u the extension of every function
u € D?(£2), by setting u = 0in RV \ £2.

From now on we endow D*”(£2) with the weighted Gagliardo norm

1/p
||u||=(// |u(x)—u(y>|f’1<(x—y>dxdy) ,
RZN

equivalent to the norm || - ||~S by virtue of (%). Indeed, (-¥") implies at once that
mK € L'(RV), where m(x) = min {1, |x|’}, so that in particular ||¢|| < oo for all
¢ € C3(2).

In conclusion, also the natural solution space D*?(2) = (D*?(82), | - ||) of (1)
is a reflexive Banach space.

Note that by Corollary 7.2 of [5] the embedding D*”(£2) <> L*?(£2) is compact,
being ap < p* by the assumption that « > N/ps. Moreover, the embedding
L7(Q) < I/(£2,a) is continuous, since ully, < [lalls|ulf, for all u € L*7($2)
by Holder’s inequality. Hence,

the embedding D”’(.Q) — [P(£2,a) is compact. 3)

Let A; be the first eigenvalue of the problem

Lru = A a(x)|u|”_2u, in £2,

- @)
u=0, in RV \ £,
in D*7(£2), that is A, is defined by the Rayleigh quotient
e e Ay MO —uOIPKG —y)dvdy )
ueDP(2). uko Jo a(olulpdx

By Lemma 2.1 of [7] (see also Theorem 5 of [9] for the fractional p-Laplacian first
eigenvalue) the infimum in (5) is achieved and Ay > 0, when a = 1. We refer also
to [6] for the special linear case of the fractional Laplacian and a € Lip($2). For sake
of completeness we prove the result for the general weight a, using a completely
different argument.
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Proposition 2.1 The infimum Ay in (5) is positive and attained at a certain function
ui € D*P(82), with ||lui|p. = 1 and |lm1||? = A1 > 0. Moreover, u; is a solution
of (4) when A = A;.

Proof For any u € D*/(£2) define the functionals .# (1) = |ul” and BAUES
l[ullD .- Let Ag = inf{ I (u)/ # (u) : u € D*P(£2) \ {0}, lullpa < 1}. Observe that
# and _¢ are continuously Fréchet differentiable and convex in D*?(82). Clearly
J'(0) = _Z'(0) = 0. Moreover, #’(u) = 0 implies u = 0. In particular, .#
and ¢ are weakly lower semi-continuous on D*?(2). Actually, J is weakly
sequentially continuous on D*”(£2). Indeed, if (u,), and u are in D*”(£2) and
Uy, — u in D*?(§2), then u, — u in LP(£2,a) by (3). This implies at once that
S (un) = ugllh , = Nullf , = 7 (u), as claimed.

Now, either W = {u € D*?(£2) : J (u) < 1} is bounded in D*?(£2), or not. In
the first case we are done, while in the latter .# is coercive in W, being coercive in
D*P(£2). Therefore, all the assumptions of Theorem 6.3.2 of [2] are fulfilled, being
D*P(£2) a reflexive Banach space, so that A, is attained at a point u; € D*?(£2),
with ||u1||p.. = 1. We claim now that Ao = A;. Indeed,

p p
u u
P Y [ L Y O Y S L PP
ueDsr(2\(0} || |ullp.q ueb () uedr(2) |lullha
leellp.a=1 0<|lullpa=1

In particular, Ay = [ju1||? > 0 and #'(u1) = A1_# (u;1) again by Theorem 6.3.2
of [2]. Hence u; is a solution of (4) when A = A;. O

From the proof of Proposition 2.1 it is also evident that
Ay = inf  |u|.

ueD*?(£2)
”’4”[).11:1

Moreover Proposition 2.1 gives at once that

Arllullp , < llull” forevery u € D (R2). (6)

In the following we putc) , = 1/4;.
On the perturbation f we assume condition

(F) Letf : 2 xR — R be a Carathéodory function, f # 0, satisfying the following
propetrties.

(a) There exist two measurable functions f, fi on §2 and an exponent q €
(1,p), such that 0 < fo(x) < Cra(x), 0 < fi(x) < Cra(x) a.e. in 2 and

some appropriate constant Cy > 0, and

|f(x,u)| < fo(x) +£i(x)|u|?! fora.a. x € 2 and all u € R.
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(b) There exists y € (p,p*/a’) such that lim sup M < 00, uniformly
u—0 a(x)lul’!

a.e. in §2. .
(c) / F(x,uy(x))dx > 0, where F(x,u) = / f(x,v)dv and uy is the first
2 0
normalized eigenfunction given in Proposition 2.1.

Note that, in the more familiar and standard setting in the literature, as e.g. in [6, 7,
9], in which a € L*°(£2), the exponent y in (.#)—(b) belongs to the open interval
(p,p*). Inany case p < p*/a’, since @« > N/ps.

As shown in [4], it is clear from (.#)—(a) and (b) that problem (1) admits always
the trivial solution since f(x,0) = 0 a.e. in §2, and that the quantity

Sy = esssup lf(x—u)_ll @)
! u#0,x€2 a(x)|“|p
is a finite positive number. In particular,
F(x, S
ess sup IF(x. w)l < 3
u#0,xe a(x)|“|p p
and the positive number
A
b= ©)
1+ 8¢

is well defined and positive.
The main result of the section is proved by using the energy functional Jj
associated to (1), which is given by J; (u) = @ (u) + AW (u), where

S = Ll W) = — AWy, AW = A + AW,
p
| (10)
) = il A0 = [ Flsutas
P 2

It is easy to see that the functional Jj is well defined in D*P(£2) and of class C' in
D*?(82). Furthermore, for all u, ¢ € D*?($2),

i), g) = /[ (@) — w2 @) — u)] - o) — )] - K x — y)dxdy
RZN

—A /9 {a()[u@) " 2ux) + £ (x, u(x))} p()dx,
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where (-,-) denotes the duality pairing between D*7(£2) and its dual space
D57 (§2). Therefore, the critical points u € D*P(£2) of the functional J, are
exactly the weak solutions of problem (1).

Lemma 2.1 The functional @ : D*?(§2) — R is convex, weakly lower semicontin-
uous and of class C' in D7 (£2).

Moreover, &' : D*?(2) — D57 (2) verifies the (4) condition, i.e., for every
sequence (i), C D*P(§2) such that u, — u weakly in D*?($2) and

lim sup (@' (u,), u, — u) <0,

n—0o0

(D ()t — ) = [/ 100 — s )P () — 00 ()] (n
RZN
[ () — () — 1, (3) + ()] - K (x — y)dady,

then u, — u strongly in D”’(.Q)

Proof A simple calculation shows that the functional @ is convex and of class C!
in D*?(£2). Hence, in particular @ is weakly lower semicontinuous in D*?(£2), see
Corollary 3.9 of [3].

Let (u,), be a sequence in D*P(£2) as in the statement. Then ®(u) <
lim inf,,—, o @(u,), being @ weakly lower semicontinuous in D”’(.Q). Furthermore,
the linear functional (®'(u),-) : D*P(22) — R is in D™ (L), since
(x,y) = |u®x) — u@)|PHx — y|" /" e [P(RPY), so that also (x,y) +>
lu(x) — u@) 'K (x — y)'/7" e P (R?N) by (¢). Hence, since u, — u in D”(£2)
asn — 0o,

(D' (u), u, —u) = o(1) asn— oo. (12)

Therefore, 0 < lim sup,_, o, (P’ (u,) — @’ (1), u, — u) < 0 by convexity and (11). In
other words,

lim (®'(u,) — @' (w), u, —u) = 0. (13)
n—o0
Combining (12) with (13), we get

lim (®'(uy), un — u) = 0. (14)

n—>o00

By the convexity of @ we have @(u) + (®'(u,), u, — u) > d(u,) for all n, so that
@ (u) > limsup,_, o, P(u,) by (14). In conclusion,

D(u) = 1_1)1101o D(uy). (15)
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Furthermore (13) implies that the sequence

= Un(x,y) = {Jua() = a0 P [1t(x) = 1a (0)] = |6(x) — () P> [u(x) — u(y)]}-
X [Mn(x) - u(x) - un(y) + u(y)] . K(X - y) > 0

converges to 0 in L' (R?Y).

Fix now a subsequence (uy,)r of (u,),. Hence, up to a further subsequence if
necessary, %, (x,y) — 0 a.e. in R?", and 50 u,, (x) — u, (y) — u(x) — u(y) for a.a.
(x,y) € R*. Indeed, fixing x, y € R", with x # y and %, (x,y) — 0, and putting
U (X) — t, (y) = & and u(x) —u(y) = §, we get

(161728 — 1EP7%8) - (& — £) — 0, (16)

since K > 0 by (-%'). Hence (&) is bounded in R. Otherwise, up to a subsequence,

(16128 — 1E172€) - (& — &) ~ [&IF — oo,

which is obviously impossible. Therefore, (&), is bounded and possesses a
subsequence (§y,);, which converges to some € R. Thus (16) implies at once
that (|nP=2nx — |€[P72€) - (n — §) = 0 and the strict convexity of ¢ > |[t|’
yields n = &. This also shows that actually the entire sequence (&), converges
to &.

Consider the sequence (g, )« in L' (R*") defined pointwise by

59 = | 3 (1) =, OIF + ) = u)P)

[ () — 0, )
2

I
} K(x—y).

By convexity g,, > 0 and g,, (x,y) — |u(x) — u(y)|PK(x —y) for a.a. (x,y) € R
as k — oo. Therefore, by the Fatou lemma and (15) we have

p @(u) < lim inf// &n (x, y)dxdy
k—o00 N

—p @)~ 3 timsup [ () = 1, 0) — uto) + wO) K~ )y
k—>00 R2N

Hence, limsup,_, o, [|lun, — u|| < 0, that is limy_, |Ju,, — u|| = 0. Since (uy, )i is

an arbitrary subsequence of (), this shows that actually the entire sequence (i),

converges strongly to u in D*P(§2), as required. O
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If ¥(v) < 0 at some v € D*P(£2), that is ¥~'(ly) is non-empty, where Iy =
(—00,0) = R, then the crucial positive number

D (u)
mn —
uew =) W (u)

A= (17)

is well defined.

Lemma 2.2 If (%)—(a), (b) and (c) hold, then W~ () is non-empty and moreover
Ay <A <Ay

Proof By (%)—(c) it follows that
| .
f%ﬁ(ul) >—, leu ev (I())
p

Hence, A* is well defined. Again by (.%)—(c) and Proposition 2.1

e QW 0w _

= < ||lug )P = Ay,
wev—(t) W) — ) pH(u) [Joer | 1

as required. Finally, by (%)—(a), (b), (6), (8) and (10), for all u € D*?(£2), with
u # 0, we have
cd O ] G Y
W)~ (1 +Spllulpa — 1+

* .

Hence, in particular A* > A,. O

Lemma 2.3 If (F)—(a) holds, then J, A, ¥' : D*?(2) — D™V (82) are
compact and J, 76, ¥ are sequentially weakly continuous in D*?($2).

Proof Since ¥ = —J7, it is enough to prove the lemma for 7. Of course, 7' =
I + A, where

(74 (u), v) :/Qa(x)|u|‘”_2uvdx and (54 (u),v) :/Qf(x,u)vdx,

for all u,v € D*”(£2). Since 2 and 7% are continuous, thanks to the reflexivity
of D*?(£2) it is sufficient to show that 2 and A are weak-to-strong sequentially
continuous, i.e. if (u,),, u are in D”’(.Q) and u,, — uin DS'P(.Q) as n — oo, then
7 () — %l(”)”f)—wﬂ(g) — 0and || (uy) — jfz/(“)”b—w/(g) — 0asn — oo.
To this aim, fix (u,), C D*?(£2), with u,, — u in D*?(£2).

From the fact that u, — u in L(§2,a) by (3), then |unlpa — utllpq. or
equivalently, [|v, |y« = [|v]l,7.a» Where v, = |u,|P~u, and similarly v = |u|""2u.
We claim that v, — v in L (£2, a). Indeed, fix any subsequence (vp, ) of (v,),. The
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related subsequence (uy, )i of (u,), convergesin I” (2, a) and admits a subsequence,
say (unkj )j» converging to u a.e. in £2. Hence, the corresponding subsequence (vnk]_ )j
of (vp, )x converges to v a.e. in §2. Therefore, being 1 < p’ < oo, by the Clarkson
and Mil’man theorems it follows that Upy =V in LP/(.Q, a), since the sequence

(Ilvnlly7.a)n is bounded, and so by Radon’s theorem we get that U, = Vin I’ (22,a),
since [|Vnllr.e = ||Vl - This shows the claim, since the subsequence (vy, )x of
(vn)y is arbitrary.

Now, for all ¢ € D*?(£2), with |¢|| = 1, by Holder’s inequality,

7
(A (un) — ] (), @) < /Qal/p v — vl -a"?|pldx < v, = vall@llpa
= Cp,a”Un - v”p’,m

where ¢ , = 1/, is the Sobolev constant for the embedding DS (2) — LP(2,a)
by (5) and (6). Hence, ||7] (u,) — H] ()| p-sr7 (o) — 0 asn — oo and ] is
compact.

Similarly, u, — u in L(£2,a), since the embedding D*?(2) < Li(82,a)
is compact, being [P(£2,a) — L%(£2,a) continuous, since 1 < g < p by
(F)-(a). Indeed ||v]lza < llally/"""|v]lpa for all v € IP(£2,a) by Holder’s
inequality and the fact that a € L*(£2) C L'(2), @ > N/ps > 1 and £ is
bounded. Clearly, the Nemitskii operator Ny : LI(£2,a) — L7 (2,a"/(=9) given
by Ne(u) = f(-,u(-)) for all u € L1(£2,a) is well defined thanks to (F)—(a). We
assert that N (,) — Ny(u) in L7 (2, a"/079) as n — oo. Indeed, fix a subsequence
()i of (un)n. Hence, there exists a subsequence, still denoted by (u,, )x, such that
u,, — ua.e.in £2 and |u, | < hae.in 2 for all k € N and some h € LI($2, a).
In particular, [Ny (i) — Np(u)|?a'/(1=9 — 0 ae. in £2, being f(x,-) continuous
for a.a. x € £2. Furthermore, |Nj (i) — Ny (u)|9'a'/0=? < ra(1 4+ k%) € L'(2),
K = (2Cp)7297", by (F)—(a), being a € L*(2) C L'(£2), since @ > N/ps > 1
and £2 is bounded. This shows the assertion, since 1 < g < p by (%)—(a).
Hence, by the dominated convergence theorem, we have N;(u,) — N(u) in
LY (£2,a"/('=9). Therefore the entire sequence Ny (u,) — Nj(u) in LY (£2, a"/179)
asn — oo.

Finally, for all ¢ € D*7(£2), with ||¢|| = 1, we have by Holder’s inequality,

m%m%%%AWstwwwrwwmew

<INy (un) = Ny @)l g arra-0 @]l g.a

1/g—1
< cpallally/ "7 INs () — Ny @)l g g1/1-0-

where ¢, . is given in (6). Thus, ||74) (un) — I (u) | g’ () — 0 as n — oo, that
is 7 is compact.
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Since by the above steps 7" = J#]' + 7%, is compact, then 7 is sequentially
weakly continuous by Zeidler [13, Corollary 41.9], being D*?(£2) reflexive. O

Lemma 2.4 Under the assumption (F)—(a) the functional J,(u) = @ (u) + AY¥ (u)
is coercive for every A € (—00, A1).

Proof Fix A € (—o0, A1). Then by (6) and (%#)—(a)

JW»z%O—%)ww—udWﬂnmw
= (1= e = a1 [ acoas =2l [ o+ 22 e as)
p
zEO—i)WW—WQ—MKMN?
p Al

where C; = |[foll1, G = ¢, q”fo + fi1/4|l« and ¢4 denotes the Sobolev constant of
the compact embedding D' (£2) <> L"/q(.Q), being o’q < p*. Note that C; < oo,
since fy € L*(2) C L'(2), by (#)—(a), being @ > N/ps > 1 and £2 bounded.
This shows the assertion, since 1 < g < p by (%)—(a).

3 The Main Result

In this section we prove an existence theorem for (1) as an application of the
principle abstract Theorem 2.1-(ii), Part (a) in [4], which represents the differential
version of the Arcoya and Carmona Theorem 3.4 in [1]. In order to simplify the
notation let us introduce the main auxiliary functions

inf @) — D(u)

vewr—l(r)

= inf s Ir = (=0, 7),
o= Inf | Tu)—r (=o0.1)
19
inf @) — D(u) (19)
o) = sup =Y — (r, )
2 - £ - ) )
uew—1(Ir) Y(u)—r

which are well-defined for all r € ( inf  W(u), sup lll(u)), see [1, 4].
MGD”’(.Q) uEf)S-l’(Q)

Theorem 3.1 Assume (%)—(a) and (b).
(i) If A €0, A,), where A, is defined in (9), then (1) has only the trivial solution.

(ii) If f satisfies also (F)—(c), then problem (1) admits at least two nontrivial
solutions for every A € (A*, A1), where A* < Ay is given in (17).
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Proof Letu € D*?(£2) be a nontrivial weak solution of the problem (1), then
I ) = w2 hu) = ] Fo) = 9] - K~ )y
RZN
= A/ {a(x)|u|"_2u + f(x, u)}p dx
9]

forall ¢ € D*?(£2). Take ¢ = u and put 2y = {x € £ : u(x) # 0}, so that

f(x, u)

il =i (g + [ Lo
0

a(x)|u|pdx) < 2d (1+8) Jull,
<A (1+Sp) [lul?

by (6) and (7). Therefore A > A, by (9), as required.

(if) The functional @ is clearly convex, @ is also weakly lower semicontinuous
in D”’(.Q) and @’ verifies condition (.} ), as already proved in Lemma 2.1.
Furthermore, ¥’ : D*7(2) — I (£2) is compact and ¥ is sequentially weakly
continuous in D*”(£2) by Lemma 2.3. The functional J, is coercive for every A € I,
where I = (—o00, A1), thanks to Lemma 2.4,

We claim that lI/(D”’(.Q)) D Ry . Indeed, ¥(0) = 0 and by (F)—(a)

1 1
() <~ ulz, + / FCr.a)ld <~ ull2, + ol + 265 / o)l
p Q p 2

1 _
< —lullp + ol + 2G|l g,

since a € L*(£2) C L'(£2), being o > N/ps > 1 and £2 bounded. Therefore,

~lim ¥(u) = —oo0,
u€D*P(R2), ”u”p.a_)oo

being g < p. Hence, the claim follows by the continuity of ¥.
Thus, (inf ¥, sup &) D Ry . For every u € ¥~!(Iy) we have

o1(r) < ripi for all r € (¥ (u),0),

¥ (u)

so that

@
limsup ¢ (r) < — ﬂ for all u € ().
W (u)

r—>0"
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In other words, by (17) and (19)
limsup ¢;(r) < ¢1(0) = A™. (20
r—>0"

From (.%)—(b) and L’Hopital’s rule

G
imsup —————

< oo uniformly a.e. in §2,
w0 ax)|ul”

so that using also (%)—(a) and again (b), that is (7), it follows the existence of a
positive real number L > 0 such that

|F(x,u)| < La(x)|u|” fora.a.x € £2 and all u € R. (1)

The embedding D*?(£2) < L (82, a) is continuous, since y € (p,p*/a’) by (F)-
(b). Indeed, by Holder’s inequality ||ull}, < |.Q|l/@||a||a||u||1’:* < cljul|? for all
u € D*P(£2), where ¢ = CZ*IQW’QIIaIla and c¢,+ is the Sobolev constant of the

continuous embedding D*”(£2) — L7 (£2) and g is the crucial exponent
A% 3
oo
pr =y
being y € (p,p*/a’) by (F)—(b). Hence, by (21)
1 p Y
V)| = —Illull” + Cllull”, (22)
phi

for every u € D*?(§2), where C = ¢ L. Therefore, given r < 0 and v € ¥~ (r), we
get

1 1
r=w©) > ——v|f = Cv|]" = - —@®) — kP )", (23)
pAi A

where k = Cp"/?. Since the functional @ is bounded below, coercive and lower
semicontinuous on the reflexive Banach space DP (£2), it is easy to see that @ is also
coercive on the sequentially weakly closed non-empty set ¥~ !(r), see Lemma 2.3.
Therefore, by Theorem 6.1.1 of [2], there exists an element u, € ¥~'(r) such that

D(uy) = infl @ (v). Taking u = 0 € ¥~1(I") in (19), we have
vev—Ll(r)

1 D(u,
o= it e =2W)
rovew—l(r) 7|
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Hence (23), evaluated at v = u, and divided by r < 0, gives

1 D(u,)
Ao

1<

&) \""? r
ot (ZED)T < B ity

There are now two possibilities to be considered: either ¢, is locally bounded at 0~
so that the above inequality shows at once that

lim 3rgf @a2(r) = A1,

being y > p by (F)-(b), or limsup,_,,— ¢2(r) = oo. In both cases (20) and
Lemma 2.2 yield

limsup@i(r) < A* <Ay < limsup @,(r).

r—>0— r—>0"

Hence for all integers n > n* = 1 4 [2/(A; — A*)] there exists a number r,, < 0 so
close to zero that ¢ (r,) < A* 4+ 1/n < A; — 1/n < @1(r,). In particular,

A"+ 1/n. Ay = 1/n] C(@1(ra), @2(ra)) N T = (@1(ra). 92(ra)) 24

for all n > n*. Therefore, since all the assumptions of Theorem 2.1-(if), Part (a),
in [4] are satisfied and # = 0 is a critical point of J), problem (1) admits at least two
nontrivial solutions for all A € (¢1(r,), ¢2(r,)) and for all n > n*. In conclusion,
problem (1) admits at least two nontrivial solutions for all A € (A*, A;) as required,
being

WAy = R+ 1/n = 1/n ¢ | @) 020m))

n=n* n=n*

by (24). O

Taking inspiration from [4], also in this new setting we can derive an interesting
consequence from the main Theorem 3.1 for a simpler problem. Let us therefore
replace (%)—(c) by the next condition much easier to verify.

(F)—(c) Assume there exist xo € 82, top € R and ro > 0 so small that the closed
ball By = {x € RN : |x — x| < ro} is contained in 2 and

essinf F(x, |#]) = po > 0, esssup max |F(x,1)| = My < oo.
By By ltl=lt0ol

Clearly, when f does not depend on x, condition (:%)—(c’) simply reduces to the
request that F(fp) > 0 at a point 7y € R.
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Corollary 3.1 Assume that f : 2 x R — R satisfies (#)—(a), (b). Consider the
problem

Lxu = Af(x,u), inS2, 25)
u=20, inRV\ 0.

(i) IfA €[0,£,), where £, = A1/Sy, then (25) has only the trivial solution.
(ii) If furthermore f satisfies (F)—(c’), then there exists £* > {, such that (25)
admits at least two nontrivial solutions for all A € (£*, c0).

Proof The energy functional J, associated to problem (25) is simply given by
L) = &(u) + AW, (u), where as before ¥, (u) = —/ F(x, u(x))dx, see (10).
2

First, note that J, is coercive for every A € R. Indeed, by (18)
! p ! p q
(u) = ;IIMII — Al ; |F(x, u)|dx > ;IIMII — [AICy = [A] Colull?,

where C; and C, are as in (18). Hence J) () — o0 as ||u|| — oo, since 1 < g < p
by (%#)—(a). In conclusion, here I = R, as claimed.

The part (i) of the statement is proved using the same argument produced for the
proof of Theorem 3.1-(i), being

Aflal” =/11/1/f(x, wyudx < AiASpllully o = ASy[|ull”
2

p.a —

by (6) and (7). Thus, if u is a nontrivial weak solution of (25), then necessarily
A > 4L, = A1/Sy, as required.

In order to prove (ii), we first show that there exists uy € DS (£2) such that
W, (up) < 0, so that the crucial number

=) = inf —2W

. I() = —O0,0 = R_,
wew; () Walu) ( .

is well defined. Indeed, in this special subcase (19) simply reduces to

inf @) — D(u)

- o vew; () I ( )
r) = in , I, =(—00,r),
& uew; (1) Vo(u) —r
26
inf @) — D(u) (26)
vews 1 (r)

@2(r) = sup , I'=(r,00).

uew; (17 Yo(u) —r
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Clearly 7o # 0 in (%#)—(c). Now take o € (0, 1) and put
B={xeR" : |x—xo| <oro}, Blz{xERN:|x—xo|§r1},

where r; = (1 + 0)ry/2. Hence B C B; C By. Set vo(x) = || s, (x) and denote
by p. the convolution kernel of fixed radius e, with 0 < ¢ < (1 — g)ry/2. Define

up(x) = pe * vo(x),

so that ug(x) = |to| for all x € B,0 < up(x) < |to] for all x € 2, up € C§°(£2) and
suppug C By. Therefore, ug € D7 (82) by (). From (%)—(c") we also have

) (ug) = —/F(x, |t0|)dx—/ F (x, up(x)) dx < MO/ dx — [ / dx
B Bo\B Bo\B B
< wyr}) [Mo(1 — o™) — poa™].
Hence, taking o € (0, 1) so large that o > Mo/ (1o + M), we get that ¥, (1) < 0,

as claimed. ~
Furthermore, by (6), (8) and (10), for all u € D*?(§2), with u # 0, we have

P
O e ki,
@] = Syllulfa =5

Thus, £* > £,.
In particular, for ¢; given now by (26) and for all u € ¥; Y(Ip), we get

01(r) < rqu forall r € (W, (u),0).

— ¥ (u)

Therefore,
lim sup @1 (r) < ¢1(0) = €%,
r—0—

which is the analog of (20).
Also in this setting (21) holds and (22) simply reduces to

|Wa(u)| < Cllull”.
Taken r < 0 and v € ¥; ! (r), we obtain

r=%0) = —Clv|’ = —Cpo)]"".
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Therefore, by (26), since u = 0 € ¥, ' (I"),

1 . B
)2 G i, o0 2 A
vew; H(r

where k = C™P/7 /p. This implies that liI(I)l @2(r) = 00, being y > p by (F)—-(b).
r—>0—

In conclusion, we have proved that
limsup ¢;(r) < ¢1(0) =£* < 11151 @2(r) = oo.
r—>0— r=>0

This shows that for all integers n > n* = 2 + [£*] there exists r, < 0 so close
to zero that ¢1(r,) < £* + 1/n < n < @y(r,). Hence, all the assumptions of
Theorem 2.1-(ii), Part (a) are satisfied and, being u = 0 a critical point of J, and
I = R, problem (25) admits at least two nontrivial solutions for all

re | @), ) 2 J 1" + 1/nn] = (€%, 00),

n=n* n=n*
as stated. ]
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Abstract We study the uniqueness problem of the equation,
—Appu+lul'u=hn on R,

where ¢ > p—1 > 0. and N > p. Uniqueness results proved in this paper hold

for equations associated to the mean curvature type operators as well as for more

general quasilinear coercive subelliptic problems.
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1 Introduction

Nonlinear elliptic problems of coercive type is still an interesting subject for
scholars of nonlinear partial differential equations.
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In [3] the authors studied, among other things, one of the simplest canonical
quasilinear coercive problem with non regular data, namely,

— Apu+ " 'u=h on R, (1)

N
loc (R ) :

An earlier contribution to this problem in the case p = 2 was obtained in [5].
Among other things in [5] it was proved that for the semilinear equation (1), for any
h € L) _(R") there exists a unique distributional solution u € L (RY).

Later on in [3] the Authors studied the general case p > 1.
By using an approximation procedure they proved that if ¢ > p — 1 and

whereg>p—1>0andh € L}

1
p>2— N then for any h € L}OC(RN) the Eq. (1) possesses a solution belonging
to the space

X = Wit RY) 0 w2 (RY) 0 L], (RY).
No general results about uniqueness of solutions were claimed in that paper.
In this work, we shall study the uniqueness problem of solutions of general
quasilinear equations of the type

—divy (o (x, u(x), Gu) + v ul'u=h on RV, 2)

and related qualitative properties in the subelliptic setting (see Sect. 2 for details).
The main goal of this paper is to show that the ideas introduced in [10] and
developed [11] apply to this more general setting as well.

In this regards we observe that the Eq. (2) contains a weight function ¥ which
is related to subellipticity of the operator appearing in (2) and may vanish on some
unbounded negligible set. Problems containing this kind of degeneracy were not
studied in [11].

By using the notations introduced in Sect.2, we shall prove the uniqueness of
solutions of (2) in the space

wih R N L (RY) = {uelf, RY)NLL@RY): [Vul € L), (RY)}.

To this end, first we set up two essential tools which are of independent interest.

Namely, the regularity of weak solutions of (2) in the space W, % (RM)NL{, (RV)
and comparison principles on RY. Further we shall derive some properties of the
solutions of the problems under consideration.

Our efforts here is to apply an approach that can be useful when dealing with
more general operators and related equations or inequalities.

Canonical cases of the main results proved in this paper are the following.
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Theorem 1.1 Let1 <p <2,0<{<p,g>1helL (RN), thentheproblem

loc

—div, (|VLu|”_2VLu) + vl 'lu=h on RV,

has at most one weak solution v € Wﬁ;c RY) N L] (RY). Moreover,

.. h —1 h
inf — < |v]% v < sup —.
RY Yt ry Y

In the semilinear case we have,

Theorem 1.2 Let0 < { <2, g> 1, he L (RN), then the problem

loc
: Ly, 9—1,, N
—divy (Mu) + ¢ |ul ' u=h on RY,

has at most one weak solution v € Wi:fac RY) N L] (RY). Moreover,

h h
inf — < |v|‘1_1v < sup —-.
RV Yt ry Yt

Theorem 1.3 Letg > 1,0</{ <1, he L (RN) then the problem,

loc

V
—divy (L) + ' u™ u=h on RV,

V14 [Voul?

has at most one weak solution v € szzl(;c RY) N L] (RY). Moreover,

.. h _1 h
inf — < |v]% v < sup —.
RV Yt ry Y

When considering the case £ > 1, we need to look at solutions that belong to a
functional space which is smaller than W, (RY) N L{ (RY).
We have the following.

Theorem 1.4 Let1 <€ <2,g>1,g>{—1, he L, (RY) then the problem,

v
div | —2 )y u=h on RY,
V14 [Voul?

has at most one weak solution v € Wz’foc RY) N L] _(RY). Moreover,

.. h —1 h
inf — < |v]% v < sup —.
RV Yt gy Y
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Our uniqueness results concern solutions that belong to the class WL PR N
Ll (RM). Of course, this set in the canonical Euclidean case is contained in the
space X considered in [3]. We point out that when dealing with uniqueness results
additional regularity is required by several Authors. See for instance [1]. Indeed, in
that work the Authors obtain the existence of solutions of problem (1) belonging to a
certain space Té 7. Uniqueness of solutions proved in [ 1] concerns entropy solutions.
The paper is organized as follow. In the next section we describe the setting and
the notations. In Sect. 3 we prove some general a priori estimates on the solutions
of the problems under consideration.

In Sect. 4 we prove some comparison results and derive some consequences.

Finally in Sect.5 we discuss an open question and we point out its solution in a
special case.

In this paper an important role is played by the M-p-C operators (see below for
the definition). For easy reference, in Sect. 6 we recall some inequalities proved in
[11]. These inequalities are of independent interest and will be used throughout the
paper when checking that an operator satisfies the M-p-C property.

2 Notations and Definitions

In this paper V and |-| stand respectively for the usual gradient in R and the
Euclidean norm.
Let p € €(RY;R)) be a matrix p := (uy),i = 1,...,Lj = 1,...,N and

assume that forany i = 1,...,[,j = 1,..., N the derivative %,uij € € (RY). For
J
i=1,...,1let X; and its formal adjoint Xl* be defined as
~ i)
Xii= ) i) o = Z o (1i(8)). 3)
=1 gj Sj

and let V, be the vector field defined by
%= (X X)) = v,
and
=(Xf.....xH)".
For any vector field & = (hy, ..., k)T € €' (RY,R!), we shall use the following

notation div; (k) := div(u™), that is

l
dive(h) = =Y Xfhi ==V -h.
i=1
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We suppose that the vector fields satisfy the following assumption. Let § :=
(81, - .., 8y) be an N-uple of positive real number. We shall denote by 6 the function
8z : RV — RN defined by

Sr(x) = 8r(x1,....xn) == (R%x1, ..., R%xy). 4)

We require that V, is §g-homogeneous, that is, there exists § = (81,...,8y) such
that V, is pseudo homogeneous of degree 1 with respect to dilation dg, namely

V(@ @Er()) = R(L$)(@Er()) for R > 0 and ¢ € €' (RY).

Notice that in the Euclidean framework we have u = Iy, the identity matrix on
RMN. Examples of vector fields satisfying our assumptions are the usual gradient
acting on /(< N) variables, vector fields related to Bouendi—Grushin operator,
Heisenberg—Kohn sub-Laplacian, Heisenberg—Greiner operator, sub-Laplacian on
Carnot Groups.

A nonnegative continuous function S : RY — Ry is called a 8g-homogeneous
normon RY,if S(§7") = S(£), S(§) = Oifand only if § = 0, and it is homogeneous
of degree 1 with respect to dg (i.e. S(6g(§)) = RS(§)).

An example of smooth homogeneous norm is

N 5
S@y=(§]aw) : )

i=1

where d := §16,---6y and r is the lowest even integer such that r >
max{8,/d,...,0y/d}.

Notice that if S is a homogeneous norm differentiable a.e., then |VLS| is
homogeneous of degree 0 with respect to dg; hence | VLS| is bounded.

Throughout this paper we assume that |-|;, € €' (R \ {0}) is a general, however
fixed, homogeneous norm.

We denote by By the open ball generated by ||, that is Bg := {£ € R : |§|, <
R}. Since the Jacobian of the map 8 is J(8z) = R? with Q := §; + 8, + ... 8y, we
have |Bg| = R9|By|,

We define ¥ := |V, |€].| and assume that the set where ¥ vanishes is negligible.

The function ¥ is bounded and may vanish at some point. For instance in the
Euclidean setting, if ||, is the Euclidean norm, then ¥ = 1. If we endow R" with
the Heisenberg group structure with RV ~ H" = R” x R xR;, V, is the Heisenberg
gradient and |-|; is the gauge of the canonical sublaplacian, then ¥2(£) = (|x|* +
)/IER with € = (x.3.1).

In what follows we shall assume that &7 : RV x R x R/ — R/ is a Carathéodory
function, that is for each r € R and & € R/ the function <7 (-, ¢, £) is measurable; and
fora.e.x € RV, o/ (x, -, -) is continuous.
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We consider operators L “generated” by o7, that is
L(u)(x) = divy (7 (x, u(x), u(x))) . (6)

Our canonical model cases are the p-Laplacian operator, the mean curvature
operator and some related generalizations. See Examples 2.1 below.

Definition 2.1 Let .o/ : RY xRxR! — R’ be a Carathéodory function. The function
o/ is called weakly elliptic if it generates a weakly elliptic operator L i.e.

o (x,1,E) £ >0 foreachx e RN, t e R, £ e R/,

A (x,0,€) =0 or &/ (x,1,0) =0. (WE)

Let p > 1, the function 7 is called W-p-C (weakly-p-coercive) (see [2]), if <7 is
(WE) and it generates a weakly-p-coercive operator L, i.e. if there exists a constant
ko, > 0 such that

(A (x,1,€) - EY ™' > K)o/ (x,1,€) P foreachx e RV, te R, £ e R, (W-p-C)

Let p > 1, the function <7 is called S-p-C (strongly-p-coercive) (see [2, 13, 14]),
if there exist k1, k, > 0 constants such that

(o (x,1,8) - §) = ki|§] > kg/ld(x, 1) foreachx e RV, e R, & e R
(8-p-C)

We look for solution in the space WLI”P (£2) defined as

loc

Wb (2) = {ue Ll (2): |Vul € L], .(2)}.

loc

Definition 2.2 Let 2 C R be an open set and let f : 2 x R x R/ — R be a
Carathéodory function. Let p > 1. We say that u € Wij:,c(.Q) is a weak solution of

divy (& (x, u, pu)) > f(x, u, VLu) on 2,

if @7 (-,u, Vfu) € LZ:C(.Q),f(-,u, Viu) € L} (£2), and for any nonnegative ¢ €
%4 (£2) we have

—/ %(x,u,VLu)'VL¢>E/f(x,u,VLu)qﬁ.
2 I?)

Example 2.1

1. Let p > 1. The p-Laplacian operator defined on suitable functions u by,
Apu = divy, (|VLu|p_2VLu)

is an operator generated by <7 (x, ¢, §) := |£|P~2& which is S-p-C.
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2. If o/ is of mean curvature type, that is o7 can be written as <7 (x, t, £) := A(|§])&
with A : R — R a positive bounded continuous function (see [2, 12]), then o7 is
W-2-C.

3. The mean curvature operator in non parametric form

Tu = di Vu
u:=divy | —],
- V14 [Voul?

is generated by o7 (x,t,§) 1= \/E_ In this case o7 is W-p-C with 1 <p <2
1+&?

and of mean curvature type but it is not S-2-C.
4. Let m > 1. The operator

Vu|" Y]
Tu = divy, ( Vel L )

V1+ |Vl
is W-p-C form > p > m/2.

Definition 2.3 Let o7 : RY x R/ — R/ be a Charateodory function. We say that .o/
is monotone if

(A () =) - (E=m) =0  for £,neR. @)

Let p > 1. We say that o7 is M-p-C (monotone p-coercive) if .7 is monotone and
if there exists k, > 0 such that

(A (&) = F (e, m) - (E =)'~ = B/ (x,§) — o (x, ). ®)

Example 2.2

1. Let 1 < p < 2 the function &7 (£) := |E|P~2£ is M-p-C (see Sect. 6 for details).
2. The mean curvature operator is M-p-C with 1 < p < 2 (see Sect. 6).

In what follows we shall use a special family of test functions that we call cut-off
functions. More precisely, let ¢; € %, (R) be such that 0 < ¢; < 1, ¢1(r) = 0 if
[t| > 2 and ¢;(r) = 1if |f] < 1. Next, for R > 0 by cut-off function we mean the
function @ defined as pg(x) = ¢ (|x|./R).

Finally, if not otherwise stated, the integrals are considered on the whole
space RV,

3 A Priori Estimates

The following is a slight variation of a result proved in [10]. For easy reference we
shall include its detailed proof.
Consider the following inequality,

divy (o (x,v, iv)) —f > divy (o (x,u, fu)) —g  onRY. )
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‘We have,
Theorem 3.1 Letp > 1 and let o7 : RN x R! — R! be M-p-C. Letf,g € L} (RV)

and let (u, v) be weak solution of (9). Setw := (v—u)* andlets > Oandp > £ > 0.
If (f —g)w > 0and
w Pyt e LY (Byg \ Bg) for R large, (10)
then
(F =)W', (o (. W) = o (2. ) - ow W' sy € LipeRY). (1)
Moreover, for any nonnegative ¢ € ¢, (RV) we have,

p—1 "’
(12)

/(f—g)ws¢+cls/(;z{(x, VLov)— (x, VLu))-Vwa‘Y_lqﬁfczsl_”/ws+”_1M

r_
— 1l () -2
where c; = 1 - (kz) >0,¢ = e

andcy = landc; = 1/ky forp = 1.
Remark 3.1

and € > 0 is sufficiently small for p > 1

i) Notice that from the above result it follows that if u, v € WZ:ZC (RY) is a weak
solution of (9), then (f — g)w € L! (RN).

loc
ii) The above lemma still holds if we replace the function f — g € L}, (R") with a
regular Borel measure on RV,
iii) The right hand side in (12) could be divergent since we know only that
Ws+p_lwl c Llloc(RN)'
iv) Ifin Theorem 3.1 we consider the case £ = 0, then Theorem 3.1 can be restated

for inequalities (9) on a open set §2 by replacing R" with £2 and requiring that

wtrl e Ll (2).

v) If (u,v) is a weak solution of (9) and u is a constant i.e. u = const,
then Theorem 3.1 still holds even for W-p-C operators. See the following
Lemma 3.1.

Lemma 3.1 Let p > 1 and let o/ be W-p-C. Let f,g € L} (RY) and let v €
W, 7 (RN be a weak solution of

divy (o (x,u, u)) > f —g. on RY. (13)

Letk > O0andsetw:= (v—k)T andlets > 0,p > £ >0.If (f —g)w > 0 and (10)
holds, then

f—ow', F(x,v,Lv) - Lw ws_l)({wo} € L}UL.(RN) (14)



Uniqueness of Solutions of a Class of Quasilinear Subelliptic Equations 185

and for any nonnegative ¢ € 6, (RY) we have,

V24
o

/(f—g)ws¢+cls/sz(x,v,VLv)-VLw wlg < Czsl_‘"/wsﬂ'_l (15)

where ¢ and ¢, are as in Theorem 3.1.
The above lemma lies on the following result proved in [10, Theorem 2.7].

Theorem 3.2 ([10]) Let o7 : 2 x R x RN — R¥ be a monotone Carathéodory
function. Let f,g € L} (£2) and let u, v be weak solution of

loc
divy (o (x,v, L)) —f > divy (o (x,u, u)) —g ~ on £2. (16)

Lety € €'(R) be such that 0 < y(t),y'(t) < M, then
—/(,Q/(x,v,VLv)—,Q/(x,u, Vo)) - Vpg y(v —u) > (17)
2
= [ -0 (o= Vi (v, o) - S g (19
2

+/Q¢y(v—u)(f—g) on §2. (19)
Hence

dive (y (v — w)(# (x, v, L) — & (x,u, Mu))) Z y(v —u)(f — g) on £2.

Moreover!

div, (sign™ (v — u) (7 (x, v, fv) — & (x,u, fu))) = sign™ (v —u)(f —g) on Q2.
(20)

Proof (of Theorem 3.1) Let y € €'(R) be a bounded nonnegative function with
bounded nonnegative first derivative and let ¢ € ‘19”01 (£2) be a nonnegative test
function.

For simplicity we shall omit the arguments of <7. So we shall write <7, and <7,
instead of .27 (x, VLu) and o7 (x, VL v) respectively.

"'We recall that the function sign™ is defined as sign™(f) := 0if r < 0 and signt(r) := 1
otherwise.
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Applying Lemma 3.2, we obtain

IA

/(f—g)y(w)¢ + /(% — ) w0 —/(m — )b y(w)

< [t - ] ity o,
(21)
Let p > 1. From (21) we have
[o—0rons+ [t =y 5wy <
1/p’ PP 1/p
_ o ]/(W) | L¢|
<([ron-aaryone) ([T
e’ 1 v
< [h—ty-Swy g+ [ T TIOT,
o per ] Yo @
where € > 0 and all integrals are well defined provided 2" e L! (£2). With a
Y/ (w)P loc

suitable choice of € > 0, for any nonnegative ¢ € %, (£2) and y € €' (R) as above

such that -9 € L}, ($2), it follows that,

/ 1 yw)y  |Vigl?
J=smope [(t—atyiwymg = = [ TSI @)
Now fors > 0,1 > 3§ > 0and n > 1, define
(t+6)° if0<t<n-—§¢,
(23)

Yalt) 1= cns_ﬁnﬂﬂ—l(wa)l‘ﬂ ift=n=34,

where ¢ := £ ;141'? and B > 1 will be chosen later. Clearly y, € €',
V(6 = s(t + 8)*! f0<t<n-—3,
! snPHs =Y+ 8)7P ift>n—38,

and y,, y, are nonnegative and bounded with ||y,|lcc = cn® and ||y]||cc = sn*7.

Moreover

Ya)P st 4 8yt fort < n—§,
A0 0(t,n) fort>n-—34,
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where

. sy 1=p, —(B+s—1)(p—1) Bp—1)
om = (snﬂ"'f_l(t To Py — = (en’)’sn (487
Choosing B := *=2=1 we have ¢ = p, and

p—1
0(t,n) Sppsl_f'nfp_(ﬁﬂ—l)@—l)(t_}_ 5)s+p—l _ ppsl_p(t—}— 8)S+p—l'

Therefore, for ¢t > 0 we have,

}n t — 8 +p—
(l()‘) 1 <‘ N 4 (l )S r
)/n

Since by assumption w*P~1 € L} (£2), from (22) with y = y,, it follows that

" v
/(f g)Vn(W)‘i’JrCl/(ﬂf — ) - Nw yy () < <pp /( + 8y ‘|¢i¢|1 :

Now, noticing that y,(f) — (t + §)* and y/(1) — s(t + §)* ' asn — +o0,
f — &) (Yn(w) — y,(0) > 0 and &/ is monotone (that is (<%, — <7,) - iw > 0), by
Fatou’s Lemma theorem we obtain

[o-o0rirsras [Tt~ < ' gyt 2L

By letting § — 0 in the above inequality, we have the inequality (12).
Next, we choose R > 0 large enough and ¢ := @f with gz a cut off function,
that is

$(x) = (pr(x))” = (p1(]x[]L/R))".
With these choice we have

Mgl
g

— |X|L — —
=PVl (7 = PIVIP gl R v =: ey,
and from (12) we deduce

(y — ) - Gww'! < Czsl_pCS/ wtrlyl,

B 2/‘\BR

(f—g)wf+c1s/

Br Bg

which completes the proof of the claim in the case p > 1.
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Let p = 1. From (21) and the fact that <7, — <7, is bounded, the estimate (22)
holds provided we replace p with 1 and € with k,. The remaining argument is similar
to the case p > 1, hence we shall omit it.

Lemma 3.2 Letp > 1 andlet o/ : RN x R! — R be M-p-C. Let f,g € L} (RY)
and let (u,v) be weak solution of (9). Set w := (v —u)*. If (f — g)w > 0 and
wiyt € L' (Bog \ Br) forq > p—1,p > € > 0and R > 0 large, then

(f —gw? Pt (o (x, o) — o (x, ) - ow w9 gm0y € L (RY),  (24)

and for any gr € 6, (RN) cut-off function, for R large enough, we have,

p—1

1
/ v—g>sign+(w><pgsc( / \ ww‘@;) " RO, 25)
Byr\Br

where ¢ = ¢(0,k2,p, q, ||¥]]oo,£) and o > q_p’fl_s, 0 <s<min{l,g—p+ 1}.

Proof The claim (24) follows from Theorem 3.1.
Let s > 0 be such that ¢ > s 4+ p — 1. From Lemma 3.1, for any nonnegative
¢ € 6 (RY), we have

/(f —gw'e + Cls/("Q{v — ) - NGww Tl < cps' P /W‘Yﬂ’_l—IVLQS'p (26)

s r=1’

where, as in the proof of Theorem 3.1, we write .27, and 7, for </ (x, VL v) and
@ (x, VLu) respectively and S is the support of |V, ¢|.
Next, an application of Theorem 3.2 gives (20). That is

divy (sign+ (v —uw) (A (x,v, L) — A (x,u, VLu))) > signt (v —u)(f —g) onR".
27

Now we consider the case p > 1. Let 0 < s < min{l, g — p + 1}. By definition
of weak solution and Holder’s inequality with exponent p’, taking into account that
o is M-p-C and from (26) we get,

/signwv—gw < /I%—%IIVL¢>Isign+w 28)
S

- / (o — AT ST [Tplw T 29)
S

1 s—1 o (1—s)(p— )|VL¢|p 1
fk—z(/s(%—%)-%ww ¢) (/SW IF) (30)

1/p 1/p 1
< i L /p /Ws+p—l Mol & /W(l—s)(p—l) Vol /p' 31)
Tk, \ars? s ¢! s ¢!
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Since g > s + p —1land g > p — 1, applying Holder inequality to (31) with

exponents y = - +p pandy = m, we obtain
8 ’ /1 7 / i/
: V2 g™ "
/31gn+ w(f—g)¢ <d (/ wa//%) ﬁ /ﬁ .
s s yxTlgrx s X TP
(32)
where
s= L L _pt C/.:(g)”"i
o g T lav) ke

Next for ¢ > py’ (notice that py’ > py’ implies ¢ > py’), we choose ¢ = ¢g.
From (32) it follows that S = Bg \ Bg and

]

/sign+W(f—g)<p§§ < cho? (/W"I/f‘wﬁ) X
S

Il \ 77 Il \ 77
’ 7 X 4 7 y

«( / w1 ) ([ e )

S
, { Pt et Fr A,
< &ov /w‘fw L R ol By \ Bl R
S

8
c (/ qu/ﬂ%g) RCUI=O)—p
s

completing the proof of (25).
Now, we assume that p = 1. From (28), with the choice ¢ := @7, we have

. o _
/Slgn+w f —g)ep < k—2/|VL¢R| <cRY,
S

which completes the proof.

4 Comparison and Uniqueness

In this section we prove a comparison principle and its implication on the uniqueness

property.
Consider the following inequality,

divy (o7 (x, )=y |9 > divy (o (e, )=y ul®'w - onRY. (33)
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As preliminary result we have the following.

Lemmad4.1 Letp > 1, let &/ be M-p-C,q > landqg > p — 1.
Let (u,v) be weak solution of (33) with p > £ > 0. Then (v — u)") "yt €
LL.(RN) for any r < +oo0.

Proof Let (u,v) be a solution of (33) and set w := (v — u)™. By using the well
known inequality

=15l s = e 1= )" for1zs  (g= 1), Gd

we deduce that w9yt € L) (RM). From this it follows that we are in the position to
apply Theorem 3.1, with s = g — p + 1 obtaining w?¢* € L} (RY) with ¢; :=
2g — p + 1. Applying again Theorem 3.1, with s = ¢; — p + 1, we get w2y’ €
Ll (RY) withqy :=q1 +q—p+1=q+2(qg—p+ 1). Iterating j times we have
that wiyt € L} (RY) with g := g + j(g — p + 1). By choosing j sufficiently large
we get the claim.

Theorem 4.1 Letp > 1, let o7 be M-p-C,q > 1, g >p—1andp > £ > 0. Let
(u, v) be a weak solution of

divy (o (x, ) =¥ |7 v > divy (7 (x, Yu) =y Jul?"'u onRY.  (35)

Thenv < ua.e. on RV,
In particular if (u, v) be a weak solution of

divy (o7 (x, f) =y v|? v = dive (o (v, M) =y |ul"'u - onRY, (36

thenu = v a.e. on RV,

Proof Let (u,v) be a solution of (35) and set w := (v — u)*. From Lemma 4.1
we know that wy! € L}OC (RN) for any r, and hence we are in the position to

apply Theorem 3.1 with s large enough. Thus, from (34) and (12) we get w4yt €
L} (RY) and

/W"”w% < c(s,q,p)/wsﬂ'_‘%—?r-

q+ts
s+p—1

[Py
/wqﬂlﬂ% < C(s,%P)/l/fp(l_x)%.

> 1 we have

Applying the Holder inequality with exponent x :=



Uniqueness of Solutions of a Class of Quasilinear Subelliptic Equations 191

By the same choice of ¢ we made in the proof of Theorem 3.1, that is ¢ = @r a cut
off functions, it follows that

/ witsyl < cREPY = (ROPF)/(a=pt 1)
Br

Choosing s large enough and letting R — 400, we have that w = 0 a.e. on RV,
This completes the proof.

Corollary 4.1 Letp > 1, let of be W-p-C such that <7 (x,0) = 0. Let g and £ be
as in Theorem 4.1. Let h € L} (RV). Let v be a weak solution of the problem

loc

— divi, (&7 (x, ) + ¢ o]’ Mo = h. (37)
Then,
h h
inf — < |v]7 v < sup —.
RV Yt ry Y

In particular, if h > 0 [resp. < 0], then v > 0 [resp. < 0] and lfﬁ € L®(RM),
then v € L®(RV).

Proof We shall prove only the estimate

h
v|7 < sup —
|v] = sup o

the proof of the other inequality being similar. If suppy ﬁ = 400 there is nothing
to prove. Let M := supgwy ﬁ < 400. We define u := sign(M)|M|'/4. Then

divy (o (x, i) =¥ o7 o +h=0 > h—y ‘M= div; (o (x, u) = |u|? u+h,

that is (u, v) satisfy (35) with u constant. In this case all the previous estimates
still hold since in this case the operator can be seen as it were M-p-C. See also
Remark 3.1 and Lemma 3.1.

Thus the claim follows from Theorem 4.1.

Corollary 4.2 Let p > 1 and let o/ be M-p-C. Let q and £ be as in Theorem 4.1.
Leth € L! (RN). Then the possible weak solution of the problem (37) is unique.

loc

Moreover if <7 (x,0) = 0 and v is a solution of (37), then

.. h —1 h
inf — < |v]% v < sup —.
RV Yt gy Y



192 L. D’ Ambrosio and E. Mitidieri

Proof Uniqueness. Let u and v two solutions of (37). Then (i, v) solves
divy (o (x, fv)) — ¥ )9 v = divy (o (x, u) — v ul" 'y onRY,

and applying Theorem 4.1 we conclude that u = v.
The remaining claim follows from Corollary 4.1.

S Further Applications

5.1 Symmetry Results

An application of Theorem 4.1 to the symmetry of solutions is the following.

Proposition 5.1 Letp > 1. Let o/ be M-p-C and Let L be the operator generated
by <7, see (6). Let q be as in Theorem 4.1.
Let @ : RY — RN pea map which leaves L invariant, that is

divy (o (x, V(¢ (D(x)))) = dive(# (-, L)@ () for any ¢ € C*(RY).
L($p(P(x))) = L) (D(x)) for any ¢ € C*(R").
LetheL!

1oe(RY) be a @-invariant function, that is h(®(x)) = h(x) for a.e. x € RV.
If v is a solution of

— divy (o (x, })) + [v]*" v = h, (38)

then v is @-invariant.
If Y is @-invariant, p > £ > 0 and v is a solution of

—div (o (x, ) + ¥ |9 v = h, (39)

then v is @-invariant.

Proof Set vp(x) := v(@(x)). We have that

—L(v)(x) + ¥ @) ][ (x) = h(x) = h(P(x))
= —L0)((x) + ¥ (@) |v|7 v (P(x))
= —L(ve)(x) + ¥ (0)|ve | v (x)

and by the uniqueness of the solution we have the claim.
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In the Heisenberg group examples of map which leaves the p-laplacian invariant
are the following, ®(§) = —£, @(x,y,1) = (—x,y,7) and D(x,y,1) = Cu —
x,y,—t —4uy) for any u € R.

Proposition 5.2 Letg> 1,2 > ¢ > 0andh € L}, (R"). Let Ay be the Heisenberg
Laplacian on the Heisenberg group H" and let ||, the gauge related to Ay. Then
the problem

—Agv 4+ YT = h (40)

has at most one solution.
Moreover, let v be a solution of (40) we have

i) If his cylindrical, then v is cylindrical.
ii) Let £ = 0. If h does not depend on t, then v is independent on t and it solves the
problem

—Av+ T v=h onR™ 41)

5.2 Some Applications to Systems

Another consequence of Theorem 4.1 is the following.

Theorem 5.1 Letp > 1, let of be M-p-C and odd, that is of (x, —§) = —of (x,§)
foranyx e RN and§ e R.Letq > 1,q>p—1andp > £ > 0. Let hy,h, €
L} (RY). Let (u, v) be a weak solution of

divy (o7 (x, Yu)) = |9 v + hy on RV,
(42)
divy (o (x, ) = Y u|9™ 'u + hy on RV,

Ifhy + hy >0, thenu+v <0 a.e. on RV,
Moreover, if (u, v) solves also the equation in (42) and hy = —hy, then u = —v
and u solves

—divy (o (x, ) = |u|! u.

Proof Letw := —u. Summing up the inequalities, we have that (w, v) is a solution
of (35). Hence by Theorem 4.1 it follows that v < w. This completes the first part
of the proof.

Now, if (u, v) is a solution of (42) with equality sign, then (—u, —v) solves the
same equations. By the first part of this claim we deduce that —u — v < 0, thereby
concluding the proof.
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Corollary 5.1 Letp > 1, let &/ be M-p-C and odd. Let ¢ > 1, g > p — 1 and
p > 4L > 0and let (u,v) be a weak solution of

—divy (/(x, Mu)) = y*[o]"'v onRY,
(43)
—divy (o (x, i) = ¥ ulTu on RV,

Thenu = v a.e. on RV,

Proof The claim follows by observing that (—u, v) solves the system (42) with
equality signs and k; = h; = 0. Hence the claim follows from Theorem 5.1.

The above Theorem 5.1 and Corollary 5.1 were proved in a weaker form by the
first author in [7].

5.3 An Interesting Question

We the point out the following challenging question.

If p = 1 and ¢ > 1, from the results proved in the preceding sections it follows
that uniqueness and comparison principles for problem (37) hold.

A natural open question is whether in the case 0 < g < 1 the same results hold.
In these respects, the following partial results may give some indication that this
problem has an affirmative answer.

Theorem 5.2 Let p = 1, let o be M-p-C, ¢ > Oandp > £ > 0. If (u,v) is a
bounded weak solution of

divy (o (x, fu)) =y v > divy (o (v, ) =9 ul ' onRY,  (44)

thenv < ua.e. on RY.

Proof 1t is easy to see that
t]97 e — |59 s > cgt—s5), for M>t>s>—-M. (45)

Therefore by the argument used in the proof of Theorem 4.1, the claim follows.

Corollary 5.2 Letp = 1, let o be M-p-C, ¢ > 0,p > £ > O and let h € L}, (R").
Then the possible bounded solution of (37) is unique.

Looking at one of the model case, the p-Laplacian, one can easily realize that,
for p > 2 the p-Laplacian operator in not M-p-C. In this direction some efforts have
been made in [11]. However, even if the technique developed in the present paper
shows that it is possible to study equations associated to general operators satisfying
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appropriated structural assumptions, the uniqueness problem for the equation
—Apu + Ul lu=nh onRY,

forh € LI (RV)andu € W,”(RY), with g > p — 1 and p > 2 remains still open.

loc loc
Clearly, looking for nonnegative solution with 4 < 0 several results are known

see [13] for the Euclidean setting and [6] for the degenerate and anisotropic case.
The interested reader may refer also to [8—10] and [11].

6 Inequalities and M-p-C Operators

Here, we recall some fundamental elementary inequalities proved in [11] that we
use throughout the paper.
In what follows we shall assume that .7 has the form

A (x, §) = A(IE)§.
where o7 : Ry — R. We set ¢ (¢) := A()t.
Theorem 6.1 Let A be nonincreasing and bounded function such that

¢(0) =0, ¢() > 0fort > 0, ¢ is nondecreasing. (46)

Then <f is M-p-C with p = 2.

Theorem 6.2 Let 1 < p < 2. Let ¢ be increasing, concave function satisfying (46)
and such that there exist positive constants c,, cy > 0 such that

P(t) < cpt™! (47)
and

¢’ (5)s < cpp(s). (48)

Then o is M-p-C.

Remark 6.1 We notice that (47) is a necessary condition on &/ to be an M-p-C
operator. Indeed, if & is M-p-C, by taking n = 0, then it follows that .7’ is W-p-C,
and (47) holds by Holder inequality.
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7 Examples

Example 7.1 Let [ < N be a positive natural number and let ! € €' (RV;R/) be
the matrix defined as

u' = (1, 0).

The corresponding vector field V/ is the usual gradient acting only on the first /
variables

V= (0, 00s ..., 0y).
Clearly VY = V and V' is homogeneous with respect to dilation
(SR()C) = (Rxl, R)Cz, ey R)Cl, R8’+‘x1+1, ey R‘SN)CN)

with 8,41, ..., §y are arbitrary real positive numbers.

Example 7.2 (Baouendi-Grushin Type Operator) Let £ = (x,y) € R" xR¥(= RY).
Let y > 0 and let p be the following matrix

I, O
(0 |x|w) | )

The corresponding vector field is given by V, = (V,, [x|"V,)” and the linear
operator L = divz (Vi) = A, + |x|?” A, is the so-called Baouendi-Grushin operator.
Notice that if k = 0 or y = 0, then L coincides with the usual Laplacian
operator. The vector field V, is homogeneous with respect to dilation dg(x) =
(Rxy, ... ,Rxn,RH'Vyl, o ,RH"’yk).

Example 7.3 (Heisenberg-Kohn Operator) Let & = (x,y,1) € R" xR" x R = H"
and let u be defined as

I, 0 2y

01,2/}

The corresponding vector field Vy is the Heisenberg gradient on the Heisenberg
group H". The vector field V; is homogeneous with respect to 8z (£) = (Rx, Ry, R*t)
and Q = 2n + 2.

In H' the corresponding vector fields are X = 9, + 2yd;, ¥ = 0y — 2x0,. In this
case Q = 4.

In H" a canonical homogeneous norm, called gauge, is defined as

1/4

n 2
& = (Zx% +y?) +7
i=1
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Example 7.4 (Heisenberg-Greiner Operator) Let § = (x,y,1) € R" x R" x R,
r:=|(x,y)|,y > 1 and let u be defined as

I, 0 2yyr—2
(O I, —2yxr?=2 )" (50)

The corresponding vector fields are X; = 0d,, + 2yyir? 720, Y; = 0y, — 2yxir?’ 20,
fori=1,...,n.

For y = 1 L = div (V,-) is the sub-Laplacian Ay on the Heisenberg group
H* If y = 2,3,..., Lis a Greiner operator. The vector field associated to u is
homogeneous with respect to 8z(£) = (Rx, Ry, R?t) and Q = 2n + 2y.

Example 7.5 Let RY be splitted as
RV=R" xR2? x...-xR" 5 (xl,xz, o x),

and let o, 3, . .., o0, > 0 be fixed.

Let g, : R™ — R be an homogeneous function of degree ;.

Let g3 : R™ x R™ — R be an homogeneous function of degree o3 with respect
to dilation 8g(x', x?) = (Rx!, R®2F1x?), that is g3(Rx!', R2F1x?) = R g3 (x', x?).

Let g4 : R x R™ x R™ — R be an homogeneous function of degree oy with
respect to dilation 8g(x!, x2,x%) = (Rx!, R2T1x? R:T1x3),

We iterate the procedure by choosing analogously other homogeneous functions
giupto g, : R" xR™ x...xR"=! — R a homogeneous function of degree o, with
respect to dilation 8g(x!, x2, ... x"™") = (Rx!, R T1x2, ... [ Rv—1T1xy 1),

Next we define the matrix u as

L, 0
0 g2(x1)1y, 0

0 g3()cl,)cz)ln3 1)

0 g,(xl,xz, ... ,x’_l)l,,r

We have that the vector field uV satisfies the assumption of Sect.2. Indeed it is
homogeneous with respect to 8g(x) = (Rx',R2T!x2, ... R¥T1x"). This example
generalizes the Example 7.2.

Example 7.6 (Carnot Groups) On a Carnot group the horizontal gradient can be
written in the form pV as in Sect. 2 and it satisfies our assumptions. We refer the
reader to [4] for more detailed information on this subject. Special examples of
Carnot groups are the Euclidean spaces R". The simplest nontrivial example of a
Carnot group is the Heisenberg group H' = R3. See Example 7.3. Several other
examples can be found in the book [4].
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where x? € R N, + N, + ...+ N, = N and such that the N, left-invariant vector
fields X, X», ..., Xy, that agree with 9/ ax,f” at the origin generate the whole Lie
algebra of left-invariant vector fields on G.

The vector fields Xi, ..., Xy, are homogeneous of degree 1 with respect to the
dilations §,, that is

X; [f (G (D] (x) = AX;f (82x) .

The linear span of the vector fields X1, X5, ..., Xy, is called the horizontal layer of
the Lie algebra of G. The canonical sub-Laplacian on G is the differential operator

Ny
Ag =) X;
i=1

which is hypoelliptic by Hormander’s theorem (see [15]). We refer the interested
readers to [3] for a detailed introduction to Carnot groups.

By a general theorem of Folland (see [13]) the sub-Laplacian Ag admits a
smooth fundamental solution I" which is homogeneous of degree 2 — Q with respect
to the dilation &,

I (8 () =27°T ()

where Q is the homogeneous dimension of G defined by Q = Ny + 2N, + - -+ rN,.
The fundamental solution I” can be used to define on G a symmetric homogeneous
norm by

@Y x#o,

4 =1 x=0.

More precisely we have d (6, (x)) = Ad(x) and d (x) > 0 if and only if x # 0.
Setting

dx,y) = d(y_l ox)

one can check that d (x,y) = d (y,x), d (x,y) = 0if and only if x = y and that the
pseudo triangle inequality

d(x,y) <cld(x,z) +d(z,y)]

holds for a suitable ¢ > 0 and for every x,y,z € G.

From now on we will denote by C}, (G) the space of continuous functions on G
having continuous derivative with respect to the vector fields of the first layer. For
k € N we define likewise C¥, (G).
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Given a function u € CJ, (G) we define the horizontal gradient Vou as the vector
field

Ny
Vou =Y (Xu)X;.
i=1
For a horizontal vector field W = Zf\;‘l w;X; we define the horizontal divergence
Ny
diV() W= ZX,'W,'.

i=1

Iftw = Zf\;‘l wiX;and Z = va=11 z;X; are horizontal vector fields we can define
the scalar productby W - Z = va;l w;zi, so that |W|2 =W -W= Zf\;‘l wi2 and in
particular

Ny
Voul> = > Xl

i=1

Example 1.1 A first example of Carnot group is the Heisenberg group H" = R?' xR
with the group law

(x,y,0) 0 (x/,y’,t/) = (x+x’,y+y’,t+ {42 (y-x’ —x-y’))
and the family of dilations
8y (x,y,0) = (/\x, Ay, /lzt) .

In this case the horizontal vector fields are

X, 9 +2 9 and Y, 9 2 9
i= o i, i = o T Xy
o v o
and, since
0
[X;. Y] = XY, = YX; = ~4= = —4T.

they generate the whole (2n + 1)-dimensional Lie algebra of left invariant vector
fields. In this case the sub-Laplacian is given by

n

i=1
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and its homogeneous fundamental solution has the closed-form expression
Cn

n/2
((x2 +y2)% + ﬂ)

I (x)=

where ¢, is a suitable constant. In this case the homogeneous dimension is Q =
2n + 2 so that I' is homogeneous of degree —2n and the homogeneous norm is
given by

d) =T @5 = ((2+) + t2)1/4.

In what follows, we shall consider a non-linear generalization of the sub-
Laplacian called ¢-Laplacian defined by

. V()I/l
Ay = divo (i (V) )

where the function ¢ satisfies the structural assumptions

g € C*(RF) N C(RT),
9(0)=0, ¢ >00nRt.

A meaningful example of ¢-Laplacian is the p-Laplacian
Apu = divg (|v0u|1’—2 Vou)

that can be obtained with the choice ¢ (f) = #~'. Another interesting example

comes from the choice ¢ (1) = \/1’?2 that provides an analog of the mean curvature

operator on Carnot groups

V()Lt
V1 + 1 Voul®

Operators of this kind, or even more general, have been studied in R”, in the
context of Riemannian geometry and on Carnot groups by several authors (see [8, 9,
19, 21, 23] and references therein). In particular in [19] the authors considered the
existence of weak classical solutions to the differential inequality

AMcu = diVo

Agu = f (u) £ (| Voul)
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on the Heisenberg group and on R”. Under the generalized Keller-Osserman
condition

+00
/to YT F (t))dt < 400

where F (1) = [, f(s)dsand K (1) = |, Sf(/t()’) dt, they proved that such differential

inequality admits only constant non-negative entire solutions.
Observe that for the differential inequality

Aput = u” |Voul’
the generalized Keller-Osserman condition takes the form y + 6 > p — 1. One can

interpret this condition by saying that the non linearity in the RHS is bigger than the
non linearity in the LHS.

2 A Brief History of the Keller-Osserman Condition

Around 1957 Joseph Keller [17, 18] and Robert Osserman [22] independently
studied non-linear equations of the form

Au = f (u) (1)

or more generally
Auz=f(u). 2
In [17] Keller derived Eq. (1) from the study of the equilibrium of a charged

gas inside a container. Let p denote the pressure, p the mass density, ap the charge
density and E the electric field vector. Keller wrote the following equations

Vp = apE equilibrium equation,
divE = 4map  the electric field is generated by the gas,

p=g(p) equation of state of the gas.

The function g (p) is non-negative and increasing. Eliminating E from the first and
the second equation gives

div (p_IVp) = 4nd’p.
It is not difficult to see that by a change of variable this equation can be reduced to

Au = 4ra’p (p () = f ().
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For example if p = ¢ p the change of variable

u = log(p)
gives
4 2
cAu= T4 e,
c

Theorem 2.1 (Keller) Letf : R — [0, +00) be increasing and assume

+o00 x —1/2
/ |:/ f (@ dz:| dx < +o0. 3)
1 0

There exists a decreasing function g : R — R such that if u is a solution of Au =
f (w) in a domain D C R" then

u(x) < g(d(x, 0D)).

Moreover g (R) — —o0 as R — +00.

Observe that for f (1) = u” condition (3) is equivalentto y > 1.
The conclusion drawn by Keller using his theorem is the following:

Conclusion 2.2 For a certain class of equations of state, both p and p are bounded
above at every inner point of D, independently of the total mass of fluid within the
container D.

He also found this interesting corollary:

Corollary 2.1 Let f be as in the previous theorem, then Av = f (v) has no entire
solutions.

At the same time Osserman studied the differential inequality (2). In [22] he
proved the following:

Theorem 2.3 (Osserman) Let f(z) be positive, continuous, and monotone increas-
ing for z = zo, and suppose

/oo (/Otf(z)dz)_l/zdt < +00.

Then u cannot satisfy Av > 0 onR" and Av = f (v) outside some sphere S.

Osserman’s motivation was mainly geometric and as a consequence of his
theorem, he obtained the following geometric result.
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Corollary 2.2 If a simply-connected surface S has a Riemannian metric whose
Gauss curvature K satisfies K < —e < 0 everywhere, then S is conformally
equivalent to the interior of the unit circle.

Let us briefly sketch out the technique used by Keller and Osserman. Under the
condition [ *© ( fot f@ dz)_l/2 dt < 400, the initial value problem

9" (r) + =L (r) = f (9 (1))
p(0)=¢e ¢ (0)=0

has a solution defined on [0, R;) that satisfies liI}eL ¢ (r) = +oo. Let now u be a

solution of Au = f (u) defined in a disk of radius R,. Without loss of generality we
can assume that the disk is centered at the origin and consider v (x) = u (x) —¢ (]x|).
Note that v (x) — —oo as |x| — R.. Suppose v (x) has a positive maximum at xo.
In a neighborhood of xq

Av = Au—Ap = f (u) —f (¢) >0,

so that v would be sub-harmonic, contradicting that it has a maximum. It follows
that u (x) < ¢ (|x|).

After the seminal work of Keller and Osserman their technique has been extended
to a variety of equations, inequalities and operators. For example Redheffer [24]
considered a differential inequality with a gradient term

Au = f () £(|Vul),
Naito and Usami [21] and Bandle et al. [2] considered respectively
Agu = f (u)

and

Agu = f (u) £ (|Vul)

in R". More recently Filippucci et al. [11, 12] gave sufficient conditions for the
non-existence of entire positive solutions of differential inequalities of the kind

div {g (b)) [Val”™ Vu} = b (1x))f ()
and

div {g (x]) [Va”™ Vil = h (D) f o) B (1)) € (V)
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Mari et al. [20] studied the differential inequality

I (qu(IWI)

~d
p "\ v

Vu) =bx)f @l (Vul)
and

%div (D%Vu) =bx)f @l (Vul) —gw)h(Vul)

on weighted Riemannian manifolds.
Farina and Serrin [9] studied differential inequalities of the kind

div (o (x,u, Vu)) = PB(x,u, Vu)
with
| (x,2. )| < clal ol | (v 2. €) - 6177
B(x,z.§) = Clx|™"|z|*
obtaining non existence results under various assumptions on p, s, r, , q.
Despite the large literature on the subject, the sub-elliptic setting has been

considered only in a few papers. D’ Ambrosio [7] and D’ Ambrosio and Mitidieri
[8] considered inequalities of the kind

Lu = f (u)
where
Lu = divy (&7 (x,u, Viu)).
In this case the gradient V, and the divergence div, are generated by suitable
homogeneous vector fields.
Magliaro et al. [19] considered differential inequalities of the kind

Agu = f () £(|Voul)

on the Heisenberg group H".
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3 Coercive Differential Inequalities on Carnot Groups

Our starting point is the following theorem of Magliaro et al. [19, Theorem 1.4].

Theorem 3.1 Let ¢, £ and f satisfy the following structural assumptions

g e C'(RF)NC(RT), @
9(0)=0 ¢ >00nRT,
feC(RY),
’ )
f(©) =0, fincreasing,
e C ([0, +00)),
supl(s) < CL(1), £(0)>0, ©)
(0.1
o' () oy 1
el (0 L , 7
T €L O\ (hoo) ™
and the relaxed homogeneity conditions
s’ (st) < C1s57¢' (r) Vse[0,1], ®
s (1) < Gyl (st) Vsel0,1]
for positive constants C, Cy, C, and t. Define
t / t
k0 = [ 99 s anaF o = / £ (s)ds.
o L(s) 0
If the generalized Keller-Osserman condition
e Ll (+00) ©)
- 00
K= (F (1)

holds and 0 < u € C}, (H") satisfies
Agu = f () £ (|Voul) on H"

then u = 0.
The steps of their proof are more or less the following.

1. They assume there exists a non-negative, entire solution u # 0 of Ay,u =

J () £(|Voul) .
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2. They construct a radial function v defined in an annulus of the kind
Ri<dx)<Ry
satisfying
Apv < f(v) £(|Vou)),

such that v (x) — +00 as d (x) — R; and such that v (x) is small when d (x) is
close to R;. To do this, they implicitly define o by

a(Ry) ds
N
o) K71 (0F (s))

and observe that « satisfies ¢’ (¢’) &” = of (@) £ (). Setting v (x) = « (d (x))
they obtain

@ (o' |Vod|) 0 — 1
A — de / /Vd "
o0 |0|(€0(Ol|0|)0!+ Vol d

and using ¢’ (¢’) «” = of (@) £ (') and the structural assumptions, they are able
to show that for small o

Ao <f (W) E(Vovl).

3. A suitable choice of v implies that # — v must have a positive maximum ¢ inside
the annulus. At such a point u > v and Vou = Vyv. Also, since £ > 0

Agu = f () £ (|Voul) > f (v) £([Vov]) = Ayv.
It follows that there is a neighborhood of ¢ where
Agu = Ayv.

4. A comparison argument shows that this is not possible (if A, were linear then
u — v would be sub-harmonic in a neighborhood of g).

Let now G be a Carnot group, let Q be its homogeneous dimension, I” the

fundamental solution of the sub-Laplacian on G and d(x) = I’ o (x) the
homogeneous norm. In order to extend the results of Magliaro, Mari, Mastrolia and
Rigoli to Carnot groups the main problem to solve is the construction of the radial
supersolution. Let o be defined by

a(ty) ds
fto—t= / ey
o) K71(0F (s))
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and let v (x) = « (d (x)). For a radial function a lengthy computation gives

"|Vod -1
va = |V0d|2 ((,0/ (Ol/IV()dDOl”—i- @ (@' |Vod|) O )

Vod|  d
9 [od))
[Vod]

Vod
|Vod|

+ [(p’ (o |Vod|) o i| Vo |Vod| -

Since on the Heisenberg group the homogeneous norm is explicit, it is possible
to check that in this case

Vod

Vo |Vod] - Vod =

giving a much simpler expression for the ¢—Laplacian of a radial function. The
Carnot groups where such quantity vanishes have been studied by Balogh and
Tyson in [1] and have been called polarizable since they admit polar coordinates.
Unfortunately the only known examples of polarizable groups are the Heisenberg
group and more generally Kaplan H-type groups (see [16]).

In [4] the authors show that the techniques of Magliaro, Mari, Mastrolia and
Rigoli can be extended straightforwardly to polarizable groups. The case of non-
polarizable groups turns out to be more complicated and requires extra assumptions.
In [4, Theorem 4.1] the following result is proved.

Theorem 3.2 Assume the validity of (4), (5), (6) and (7). Also assume that

s¢’ (st) < C1s"¢' (1), Vse[0,1],
ST < Gl (st), Vsel0,1], (10)
19’ (1) < C3p (1)

for positive constants Cy, Co, C3 and t. If the generalized Keller-Osserman condi-
tion (9) holds, then every solution 0 < u € C}; (G) of

Apu = f ()L (|Voul) onG

is identically zero.

We point out that conditions (10) are stronger than the original conditions (8).
Indeed, (10) imply that a?”’ < ¢ (f) < bt’for some positive constants a, b and p.

When condition (9) is not satisfied, the inequality A,u = f (1) £ (|Vou|) admits
entire solutions. Indeed in [4, Theorem 5.1] the following is proved.

Theorem 3.3 Assume the validity of (4), (5), (6) and (7). Then, if the generalized
Keller-Osserman condition (9) is not satisfied, there exists a non-negative, non-
constant solution u € C}, (G) of inequality Ayu = f (u) £ (|Voul).
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4 A Sharper Result for the Heisenberg Group

An unpleasant feature of Theorem 3.2 is the assumption £ (0) > 0 since it excludes
some interesting model cases such as

Apu = f (u) [Vou|”.

In [5] it is proved that on the Heisenberg group it is possible to relax this hypothesis
and assume only £ (r) = 0.

The condition £ (0) > 0 was necessary in the comparison argument between u
and the radial supersolution. As shown in step 4 of the previous section, there exists
a point ¢ where u > v and Vou = Vyv. Assuming £ (0) > 0 gives

Qg = f () £ (|\Voul) > £ () £ (|Vov]) = Ayv.

and therefore A,u > A,v in a neighborhood of g,which is not possible. If £ is
allowed to vanish at 0 we only obtain

Apu = Ayv

at the point ¢ and unfortunately this is not enough to get a contradiction. However
since f (1) > f (v) the equality case

Apu = f () £ (|Voul) = f () £ ([Vov]) = Ayv

only happens if |Vou| = |Vov| = 0. Observe that this may actually happen. Indeed,
since v (x) = « (d (x)) we have

Vov () = &' (d () Vod (q)
and on the Heisenberg group for ¢ = (z, t) we have

¥
d(z,1)

IVod (q)| =

so that Vpv (g) vanishes on the vertical line z = 0. However, note that, if &’ # 0,
for the Euclidean gradient we have

|Vu| # 0.

Idea 1 Construct v in such a way that u — v cannot have a maximum at a point
where |Vou| = |Vou| = 0.

Since at a point of maximum we have Vu = Vv # 0 this will be achieved by
showing that the set

% = {peH": Vou(p) = 0and Vu (p) # 0}
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cannot be too big and choosing v in such a way that ¥ — v cannot have a maximum
in¥%.

The next theorem (see [5, Proposition 4.1]) shows that, in a suitable sense, % is
“small”.

Theorem 4.1 Let u € C% (£2), 2 open set in H™. Set
‘to”:{pe.Q:Xju(p)iju(p)zo,jz1,...,m, Tu(p);éO}.
Ifm > 1, for a.e. 7y € R™™
EN{(z0,1) : t € R}

is countable and discrete.
Ifm =1, for a.e. o € R

N {(z0,1) :t € R}

has Hausdorff dimension < %

The idea of the proof of this theorem is the following. If p € € then

1
0 # Tu(p) = =7 [Xi¥ju (p) = ¥Xju (p)].
It follows that X;Y;u (p) and Y;X;u (p) cannot both vanish at p. Hence either

pelqge: Xulg) =0, YXu(g) # 0}

or

pelqge2:Yulg) =0, XYu(g) # 0.

Since this holds for every j = 1,...,m it follows that p is in the intersection of
m of the above set.

Such intersections are m-codimensional H-regular surfaces by a theorem of
Franchi et al. [14]. In particular they have Hausdorff dimension equal to m + 2.
Thus

dim (¢) < m+ 2.
We now use FEilenberg’s inequality (see [10, Theorem 2.10.25] or [6, Theo-

rem 13.3.1]). If f : X — Y is a Lipschitz map between separable metric spaces,
A CXandO < k < d we have

/Y A (AT () dA () < e (Lipf) A (A).
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Here 7 denotes the d-dimensional Hausdorff measure and * f the upper Lebesgue
integral.
Taking f : H" — R?" such that f (z,f) = z,d = k = 2m and A = %, we obtain

[, 6@ 057 @) 4t @) < e Lipp o (6).
R m
Since dim (%) < m+ 2 < 2m (if m > 1), we have

7 (€ Nf (2) dt (2) < +o0,
R2m

which means that
G (€N{(z,1) : t € R})

is finite for a.e. z € R>".

The fact that it is possible to construct v in such a way that u — v does not have
a maximum in % is a consequence of the following Lemma. See Proposition 3.4 in
[5] for a proof.

Lemma 4.1 Assume that the structural assumptions (4), (5), (6) and (7) and the
Keller-Osserman condition (9) hold. Let 0 < ty < t;, 0 < & < n, h;,hy :
[ty, +00) — R and let E C R be at most countable. Then there exist T > t; and a
strictly increasing convex function o € C? ([ty, T)) such that, for every g € H", the
radial function v (p) = «a (d (p, q)) satisfies

Apv < f (v) £(|Vov]) on Br () \ By, (9)

v=e¢ on 0By, (q)

K (11)
v =400 on 0B7 (q)
e<v<y on By \ By,.

Moreover, for everyt € E N [ty, T],
w0ﬂ¢mmamw0ﬂ¢mm.

The idea of the proof of this lemma is to construct a family of supersolutions
Ve (p) = o5 (d(p,q)) that satisfies (11), prove that for every r € E there exists
at most one value of ¢ such that o), (t%) = Ny (¢) and then note that there are

uncountably many values of o that work.
We are now ready to state the already-advertised result for the Heisenberg group
which is Theorem 5.1 in [5].
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Theorem 4.2 Let ¢, f, € satisfy the usual structural conditions except that we allow
£(0) = 0. Assume the “relaxed homogeneity condition”

S'sn _ ¢’ (0
I A0

Vs e[0,1], t € [0, +00)

and the Keller-Osserman condition. Let D = {(z0,1) : t € R} for some 7y € R*".
Let u be a non-negative solution of

Agu = f (u) £ (| Voul)

such that u € C (H™) N C%I (H™\ D). Also, in the case m = 1 assume that for
almost every z € R?, Tu (z,-) € C? (R) for some B > % Then u is constant.

When m > 1 this theorem follows from Theorem 4.1 and Lemma 4.1 in the
following way. Following the method of Magliaro, Mari, Mastrolia and Rigoli one
can construct a super-solution defined in an annulus that blows up on the exterior
boundary of the annulus. By choosing carefully the center (2o, #p) of the annulus it
is possible to ensure that

E=%N{(.1):te€R}

is countable. Applying the above lemma with A; (f) = 265 Tu (zo,t) and h, (1) =
212 Tu (zo, —t) ensures that at the points of E

Tu # Tv

and therefore u — v cannot attain a maximum where |Vou| = |Vyv| = 0.

For m = 1, the proof requires a more refined version of Lemma 4.1 which takes
into account the Hausdorff dimension of the set E. See Lemma 3.2 in [5].

The next theorem shows that Theorem 4.2 is sharp (see Theorem 6.1 in [5]).

Theorem 4.3 Under the usual structural assumptions, if the generalized Keller-
Osserman condition is not satisfied, there exists a non-negative, non-constant
solution u € Cl; (H™) N C% (H™ \ {z = 0}) of the inequality

Apu = f(u) £ (|Voul).
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1 Introduction

In his pioneering paper [23] L. Modica proved that if « is a (smooth) bounded entire
solution of the semilinear Poisson equation Au = F’(u) in R”, with nonlinearity
F > 0, then u satisfies the a priori gradient bound

|Dul* < 2F (u). (1)

With a completely different approach from Modica’s original one, this estimate
was subsequently extended in [3] to nonlinear equations in which the leading
operator is modeled either on the p-Laplacian div(|Du|[P~2Du), or on the minimal
surface operator div((1 + [Du|?)~'/2Du), and later to more general integrands of
the calculus of variations in [7]. More recently, in their very interesting paper [12]
Farina and Valdinoci have extended the Modica estimate (1) to domains in R” which
are epigraphs whose boundary has nonnegative mean curvature, and to compact
manifolds having nonnegative Ricci tensor, see [13], and also the sequel paper with
Sire [15].

It is by now well-known, see [1, 3, 7, 23], that, besides its independent interest,
an estimate such as (1) implies Liouville type results, monotonicity properties of
the relevant energy and it is also connected to a famous conjecture of De Giorgi
(known as the e-version of the Bernstein theorem) which we discuss at the end of
this introduction and in Sect. 6 below, and which nowadays still constitutes a largely
unsolved problem.

In the present paper we study Modica type gradient estimates for solutions
of some nonlinear parabolic equations in R” and, more in general, in complete
Riemannian manifolds with nonnegative Ricci tensor, and in unbounded domains
satisfying the above mentioned geometric assumptions in [12]. In the first part of the
paper we continue the study initiated in the recent work [2], where we considered
the following inhomogeneous variant of the normalized p-Laplacian evolution in
R" x [0, T],

|Du|*? {div(|Dulf*Du) — F'(w)} =u,, 1<p=<2. )
In [2] we proved that if a bounded solution u of (2) belonging to a certain class H

(see [2] for the relevant definition) satisfies the following gradient estimate at = 0
fora.e.x € R",

Dux, 1) < p%lF(u(x, 0), 3)

then such estimate continues to hold at any given time # > 0. On the function F' we
assumed that F € Clzof (R) and F > 0. These same assumptions will be assumed
throughout this whole paper.
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In Sect.2 we show that a similar result is true for the following inhomogeneous
variant of the minimal surface parabolic equation

. Du
(1 + |DM|2)1/2 {dlv (W) - F’(u)} = Uy, (4)
see Theorem 2.1 below. Equation (4) encompasses two types of equations: when
F(u) = 0 it represents the equation of motion by mean curvature studied in [10],
whereas when u(x,7) = v(x), then (4) corresponds to the steady state which is
prescribed mean curvature equation.

In Sect. 3 we establish similar results for the reaction diffusion equation in £2 x
[0.7]

Au = u, + F'(u), (5)

where now £2 is an epigraph and the mean curvature of 92 is nonnegative.
Theorem 3.1 below constitutes the parabolic counterpart of the cited result in [12]
for the following problem

Au = F'(u), in £,

(6)
u=0on 02, u>0onS2.

In that paper the authors proved that a bounded solution u to (6) satisfies the Modica

estimate (1), provided that the mean curvature of 92 is nonnegative.

In Sect. 4 we turn our attention to settings where global versions of such estimates
for solutions to (5) can be established, i.e., when there is no a priori information on
whether such an estimate hold at some earlier time #,. In Theorems 4.1 and 4.2 we
show that, quite remarkably, respectively in the case R" x (—oo, 0] and £2 x (—o0, 0],
where §2 is an epigraph that satisfies the geometric assumption mentioned above,
the a priori gradient estimate

|Du(x, t)|* < 2F (u(x, 1)) (7

holds globally on a bounded solution « of (5).

In Sect. 5 we establish a parabolic generalization of the result in [13], but in the
vein of our global results in Sect. 4. In Theorem 5.1 we prove that if M is a compact
Riemannian manifold with Ric > 0, with Laplace-Beltrami A, then any bounded
entire solution u to (5) in M x (—o0, 0] satisfies (7). It remains to be seen whether
our result, or for that matter the elliptic result in [13], remain valid when M is only
assumed to be complete, but not compact.

Finally in Sect. 6, as a consequence of the a priori estimate (7) in Sect.4, we
establish an analogue of Theorem 5.1 in [3] for solutions to (5) in R” x (—o0, 0].
More precisely, in Theorem 6.1 below we show that if the equality in (7) holds at
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some (xg, #p), then there exists a function g € C?’(R), a € R”, and « € R, such
that

ux, t) = g(< a,x > +a). (8)

In particular, u is independent of time and the level sets of u are vertical hyperplanes
in R" x (—o0, 0]. This result suggests a parabolic version of the famous conjecture
of De Giorgi (also known as the e-version of the Bernstein theorem for minimal
graphs) which asserts that entire solutions to

Au=u’—u, ©)]

such that |u| < 1 and ;—; > 0, must be one-dimensional, i.e., must have level sets
which are hyperplanes, at least in dimension n < 8, see [8]. We recall that the
conjecture of De Giorgi has been fully solved for n = 2 in [16] and n = 3 in [1],
and it is known to fail for n > 9, see [9]. Remarkably, it is still an open question for
4 < n < 8. Additional fundamental progress on De Giorgi’s conjecture is contained
in the papers [17, 24]. For results concerning the p-Laplacian version of De Giorgi’s
conjecture, we refer the reader to the interesting paper [25]. For further results, the
state of art and recent progress on De Giorgi’s conjecture, we refer to [4, 11, 14] and
the references therein.

In Sect. 7 motivated by our Theorem 6.1 below, we close the paper by proposing
a parabolic version of De Giorgi’s conjecture. It is our hope that it will stimulate
interesting further research.

2 Forward Modica Type Estimates in R” x [0, 7]
for the Generalized Motion by Mean Curvature Equation

In [3] it was proved that if u € C*(R") N L% (R") is a solution to

. Du /

such that |Du| < C, then the following Modica type gradient estimate holds

(1 + [Du»)? -1
(1 + |Dul?)1/2

< F(u). (11)

In Theorem 2.1 below we generalize this result to the parabolic minimal surface
equation (4). Such result also provides the counterpart of the above cited main
result (2) in [2] for the normalized parabolic p-Laplacian (3). Henceforth, by
v € Clzo’cl, we mean that v has continuous derivatives of up to order two in the x
variable and up to order one in the ¢ variable. We would also like to mention that

unlike the case when F' = 0, further requirements on F need to be imposed to ensure
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that a bounded solution to (4) has bounded gradient, see e.g. Theorem 4 in [19]. This
is why an L* gradient bound is assumed in the hypothesis of the next theorem.

We recall that throughout the whole paper we assume that F' € Clzof (R) for some
B > 0, and that F > 0.

Theorem 2.1 Fora givene > 0, letu € C.' (R" x [0, T]) N L® (R" x (—¢, T]) be a

loc

classical solution to (4) in R" x [0, T such that |Du| < C. If u satisfies the following
gradient estimate

(1 + [Du»)? -1
(1 + |Duj?)1/2

< F(u) (12)

att = 0, then u satisfies (12) for all t > 0.

Proof Since |Du| < Cand F € Clzof , it follows from the Schauder regularity theory
of uniformly parabolic non-divergence equations (see Chaps.4 and 5 in [22]), that
u € Hy1o(R" x [0, T]) for some o > 0 which depends on 8 and the bounds on u
and Du (see Chap. 4 in [22] for the relevant notion). Now we let

d) = +DY2 seR. (13)

With this notation we have that u is a classical solution to
div(¢'(|Du*)Du) = ¢'(|Du|*)u; + F'(u). (14)
Now given that u € H3 4, (R" x [0, T]), one can repeat the arguments as in the proof
of Theorem 5.1 in [2] with ¢ as in (13). We nevertheless provide the details for the

sake of completeness and also because the corresponding growth of ¢ in s is quite
different from the one in Theorem 5.1 in [2]. Let

E(s) = 25¢'(s) — p (), (15)
and define A = §’. We also define P as follows
P(u,x,1) = £(|Du(x, 1)|*) — 2F (u(x, 1)). (16)
With ¢ as in (13) above, we have that

(L4 [DuP)2 -1
7 1+ |DuP)i2

— 2F (u). (17)

We note that the hypothesis that (12) be valid at t = 0 can be reformulated by saying
that P(-,0) < 0. We next write (14) in the following manner

a;j(Du) uy = f(u) + ¢" u,,
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where for 0 € R"” we have let

a;(0) = 2¢"0; oj + ¢’5ij. (18)
Therefore, u satisfies
f ¢
d,:,' uj; = Z =+ Xu,, (19)

where d;; = ‘% By differentiating (18) with respect to x;, we obtain
(aij (u)i); = f ux + @' un + 20" upe up uy. (20)
From the definition of P in (16) we have,
P; = 2Auy; uy — 2f ui, P; = 2Auyy up — 2f u,. 21

We now consider the following auxiliary function

M ct
W:WR:P—E\/LXP—‘FI—W,

where R > 1 and M, c are to be determined subsequently. Note that P > w for
t > 0. Consider the cylinder Qg = B(0, R) x [0, T]. One can see that if M is chosen
large enough, depending on the L* norm of u and its first derivatives, then w < 0
on the lateral boundary of Q. In this situation we see that if w has a strictly positive
maximum at a point (xg, fp), then such point cannot be on the parabolic boundary
of Og. In fact, since w < 0 on the lateral boundary, the point cannot be on such set.
But it cannot be on the bottom of the cylinder either since, in view of (12), atz = 0
we have w(-,0) < P(u(-,0)) < 0.
Our objective is to prove the following claim:

w<K¥R I, inQp (22)
provided that M and c are chosen appropriately. This claim will be established
in (43) below. We first fix a point (y, s) in R”. Now for all R sufficiently large enough,
we have that (y, s) € Qg. We would like to emphasize over here that finally we let

R — oo. Therefore, once (22) is established, we obtain from it and the definition of
w that

/

K
P(u,y,s) < R (23)

where K’ depends on &, (y, s) and the bounds of the derivatives of u of order three.
By letting R — oo in (23), we find that

P(u,y,s) < 0. (24)
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The sought for conclusion thus follows from the arbitrariness of the point (y, s).

In order to prove the claim (22) we argue by contradiction and suppose that there
exist (xo, fo) € Qg at which w attains it maximum and for which

W(X(), o) > K.

It follows that at (xo, o) we must have
2 2N—1/2 21 1 1
(&” + |Du(xo, 0)|°)~""“|Du(xo, to)|~ > EP(xo,to) > EW(Xo,to) > EK’ (25)
which implies, in particular, that Du(xy, ty) # 0. Therefore, we obtain from (25)
2N—1/2 2| 1
|Du(xo, t0)| = (1 + |Du(xo, t0)|") ™"/~ |Du(xo, to)|~ > EP(xo,lo) > EK' (26)

On the other hand, since (xo, #p) does not belong to the parabolic boundary, from the
hypothesis that w has its maximum at such point, we conclude that w,(xg, ) > 0
and Dw(xo, tp) = 0. These conditions translate into

C
P> < 27
and
M Xo,i
p-M__ xi 28
R (o + D2 -
Now
M Xi
)y = (yP) = Ty )
where
aji
(djPy); = Z(Zj(Alxlki e —f wi)); = 2 ()i w)j = 2(f dij wi);. )

After a simplification, (29) equals
261,']' (Mk,')j Uy + 261,:,' Ui ukj — 2f/ d,’j U; Ltj — 2f d,:,' Lt,'j — 2f (d,j)j u;.
We notice that

4
’
2¢ uiujuiuj+¢ Sijuiuj

= |Dul?.
A

dijuinj =
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Now by using (20) and by cancelling the term 2f’|Du|?, we get that the right-hand
side in (29) equals

2¢ uy uy + 4¢” Upk Wy, Wity + 2ay; ug wyg — 2fdy wi; — 2fd;; ; u;.

Therefore by using the Eq. (19), we obtain

(diPy); = 2a; u; urj + 20" un w + 49" wn un ug u; (30)
o rew
— 25 2P oy

By using the extrema conditions (27) and (28), we have the following two conditions
at (xo, 7o)

f 2 M Xp Up

=21|D , 31

Ukh Uk Uy AI ul” + SRA(RE 1+ D172 (€19
c
2A g ug > 2fu; + R (32)
Using the extrema conditions and by canceling 2¢ uguy we obtain,
4 4 2

(dijwi); >2ai; upi uij + %C|Du|2u, f — 2fdy;; u; (33)

2(;5 M xp up, u; c¢’ M
R A (Jx|2 + 1)1/2 R2ZA R

— (d )i+

(T

Now we have the following structure equation, whose proof is lengthy but straight-
forward,

"

2
d,’jJLt,' = %(|Du|2Au — Upk Up Ltk). (34)
Using (32) in (34), we find
2¢" |Dul? M
diji ui = M(Au_f Xn Un ).

A A 2R |Dul? A(x]2 + 1)1/2

Using the Eq. (14), we have

2(;5” Upj Up Ui + (;S/ Au=f+ ¢’ U;.
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Therefore,

A ue— 20" e uy uy
- 5 _

Substituting the value for Au in (35) and by using the extrema condition (32), we
have the following equality at (xo, fy),

Au

(35)

2¢" |Duf? L \DuP . 4
dijj ui = A fHu ¢ —2¢ 1/ (36)
(]5// Mxh up Mxh up ¢/
RA(Ix]2 4+ 1)Y2 2R |Dul* A (|x|> + HV2 ]|

Using the definition of A and cancelling terms in (36), we have that the right-hand
side in (36) equals

2¢// |Du|*u, & M x, uy, 2(¢")? |Dul* M x;, uy
A A2R (x2 4+ DV2 R A2 (|x2 + 1)1/

(37)

Therefore, by canceling the terms 4¢”f % in (33), we obtain the following
differential inequality at (x, to),

c¢’' 22 M X; 2(;5” M xp, up, u;
)2 e = = )+
R/2A A R (Ix|> + 1)1/2 R A(|x]? + 1)1/2

2f ¢"'M x, wy 4f (¢")? |Dul* M x; uy,
AZR (|x]2 + 1)1/2 R A2 ¢ (x| + 1)1/2

(d,;jwi (38)

+ 2a;; uy; uyg.

Now by using the identity for DP in (21) above, we have

(Py + 2fur)?

4A2 (39

Ui U Ui Uj =
Also,
7 "
i Uk U = @ wip Uik + 24w u; i u;.
Therefore, by Schwarz inequality, we have

s Uik Ujie Ui Uj
|Du?

Augg wi wjg u;

"
+2¢ up u; up u; =
¢ ik Wi Ujk Uj IDMIZ

ajj Uy Ugi > @



224 A. Banerjee and N. Garofalo

Then, by using (39) we find

(Px +2fw)*> _ |DP|* + 4f*|Du|* 4+ 2f < Du,DP >
4A|Dul> 4|Dul?A '

(40)

Qjj Ujj Ugi =

At this point, using (40) in (38), we can cancel off ZALZ and consequently obtain the
following inequality at (x, to),

¢/ f<DuDP> M X; 2¢" M xy up u,
di' )i > - di' .
( /W)J RI/2A |Du|2A R ( y (|x|2+ 1)1/2)/+ RA(|X|2+ 1)1/2
(41)

4f (¢")? |Dul’M xy uy 2 ¢" M xpup
RA2G (X2 + D12 T AR (X2 + DI/2

By assumption, since w(xo, o) > K, we have that

1
|Du| > SR

Moreover, since u has bounded derivatives up to order 3, for a fixed ¢ > 0, we have

that ¢" and A are bounded from below by a positive constant. Therefore by (28), the

7
L <|1[3)Zi? j = can be controlled from below by —1% where M” depends on ¢ and

the bounds of the derivatives of u. Consequently, from (41), we have at (xo, ),

term

Cc) LM) M
R2 R RE 2

(dyjwi); =
Now in the very first place, if ¢ is chosen large enough depending only on ¢ and
the bounds of the derivatives of u up to order three, we would have the following

inequality at (xo, fo),
(d,'jW,')j > 0.

This contradicts the fact that w has a maximum at (xg,#y). Therefore, either
w(xo, fo) < K, or the maximum of w is achieved on the parabolic boundary where
w < 0. In either case, for an arbitrary point (y, s) such that |y| < R, we have that

1
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3 Forward Gradient Bounds for the Reaction-Diffusion
Equation (5) in Epigraphs

In this section we consider Modica type gradient bounds for solutions to the
parabolic equation (5) in unbounded generalized cylinders of the type £2 x [0, T.
On the ground domain §2 C R" we assume that it is an epigraph, i.e., that

R ={.,x,) eR" | ¥ eR" x,>h(x)}. (44)
Furthermore, we assume that # € Ci.% (R"~") and that

IIDhIICl-“(R”*I) < oQ. 45)

Before proving the main result of the section we establish a lemma which will be
used throughout the rest of the paper.

Lemma 3.1 Let u be a solution to (5), and assume that
igf |Du| > 0, (46)
for some open set G € R" x R. Define
P ) % P(u,x, 1) = |Du(x, 1)|? — 2F (u(x, 1)). 47)

Then, we have in G that

|DP|?
A —09,)P+ < B,DP > > ,
( )P+ > 2|Du|2

(48)

2F'(u)Du

where B = D

Proof The proof of the lemma follows from computations similar to that in the
proof of Theorem 2.1, but we nevertheless provide details since this lemma will be
crucially used in the rest of the paper. We first note that, since F' € Clzof , we have
u € Hsyg 0 for some o which also depends on 8. By using (5), it follows from a
simple computation that

(A —9,)P = 2||D?u||* — 2F' (u)*. (49)
From the definition of P, it follows that

DP = 2D*uDu — 2F (u)Du.



226 A. Banerjee and N. Garofalo
This gives
4|D*uDu|* = |DP + 2F (u)Du|* = |DP|? + 4F'(u)*|Du|?* + 4F'(u) < DP,Du > .
Therefore, from Cauchy-Schwartz inequality we obtain

4||D*u|)?|Du|?® > |DP|* + 4F'(u)?*|Du|?* + 4F'(u) < DP,Du > .

By dividing both sides of this inequality by 2|Du|?, and replacing in (49), the desired
conclusion follows.

We now state the relevant result which is the parabolic analogue of Theorem 1
in [12].

Theorem 3.1 Let 2 C R" be as in (44), with h satisfying (45), and assume
furthermore that the mean curvature of 052 is nonnegative. Let u be a nonnegative
bounded solution to the following problem

— /
Au = u, + F'(u), (50)
u=0on0d2 x[0,T],
such that
|Dul?(x,0) < 2F(u)(x,0). (51)

Furthermore, assume that ||u(-,0)||c1e@) < o00. Then, the following gradient
estimate holds for all t > 0 and all x € £2,

|Dul*(x,1) < 2F (u) (x. 1). (52)
Proof Henceforth in this paper for a given function g : R"~! — R we denote by
R, ={(¥,x) eR"| X e R, x, > g(x')}

its epigraph. With « as in the hypothesis (45) above, we denote

F ={ge C**R" )| 052, has nonnegative mean

curvature and ||Dg||cregn—1y < ||Dh|craga—1y ¢ -

We now note that, given a bounded solution u to (50) above, then by Schauder
regularity theory (see Chaps.4, 5 and 12 in [22]) one has

||”||H1+u(§X[0,ﬂ) =<C, (53)
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for some universal C > 0 which also depends on §2 and ||u(-, 0)||c1.(g), and for
every ¢ > 0 there exists C(e) > 0 such that

||”||H2+a(§x[g,r]) = C(e). (54)

Note that in (54), we cannot take ¢ = 0, since the compatibility conditions at the
corner points need not hold. With C as in (53), we now define

Y =ve Cz‘l(ﬁg x [0,T7) | there exists g € .# for which v solves (50) in £2, x [0, T],
with 0 < v < ||u|Le, ||v||H1+a(§g><[0,T]) <C, P(v,x,0)<0;.

Note that in the definition of ¥ we have that given any v € X, there exists a
corresponding g in % such that the assertions in the definition of the class ¥
hold. Moreover X is non-empty since u € X. From now on, with slight abuse of
notation, we will denote the corresponding £2,.) by £2,.

We now set

Py = sup P(v;x, 1).
vE X (x,1) €2, X[0,T]

We note that Py is finite because by the definition of X, every v € X has H,4, norm
bounded from above by a constant C which is independent of v. Furthermore, by
Schauder regularity theory we have that (54) holds uniformly for v € ¥ in £, x
[0, T]. Our objective is to establish that

Py <0. (55)

Assume on the contrary that Py > 0. For every k € N there exist vy € ¥ and
(xk, t) € §2,, x [0, T] such that

1
Py — % < P(vg, xx, tx) < Po.

By compactness, possibly passing to a subsequence, we know that there exists #, €
[0, T] such that i, — . We define

up(x, 1) = ve(x + Xz, fe).
We then have that 4, € ¥ and 0 € £2,,. Moreover,

P(ui, 0, 1) = P(ug, xi, tr) — Po.
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Now, if we denote by g the function corresponding to the graph of §2,,, from the
fact that 0 € £2,, we infer that

gx(0) = 0.
We now claim that g,(0) is bounded. If not, then there exists a subsequence such that

g1(0) —> —o0.

Moreover since ||Dgi||c1e is bounded uniformly in k, we conclude that for every
/ —1
x eR”

gk(x') — —o0, (56)

and the same conclusion holds locally uniformly in x’. Since the u;’s are uniformly
bounded in H;4,($2,, x [0,T]), we have that uy — wy locally uniformly in R” x
[0, T]. Note that this can be justified by taking an extension of u; to R" x [0, 7] such
that (53) hold in R” x [0, 7], uniformly in k. Applying (54) to the u;’s we see that
the limit function wy solves (50) in R”" x [0, T]. Since by the definition of X we have
P(uy, 0,0) = P(vg, x, 0) < 0, we have that #, > 0, and therefore by (53) we conclude
that P(wy,0,7) = Py > 0. Moreover, again by (53), we have P(wy,0,0) < 0. This
leads to a contradiction with the case p = 2 of Theorem 1.3 established in [2].
Therefore, the sequence {g;(0)} must be bounded.

Now since g;’s are such that Dg,’s have uniformly bounded C'* norms, we
conclude by Ascoli-Arzela that there exists gy € .# such that g — g, locally
uniformly in R"~!. We denote

20 ={(,x) eR"| X eR"™L, x, > go(x)}.

For each k, by taking an extension #; of u; to R” x [0, T] such that i; has bounded
H, 4+, norm, we have that (possibly on a subsequence) i, — ug locally uniformly
in R". Moreover, because of (54) applied to u;’s, the function u, solves the Eq. (5)
in £2 x (0, T]. We also note that since Dg;’s have uniformly bounded C'* norms,
0520 has nonnegative mean curvature. Moreover, by arguing as in (33) and (34) in
[12], we have that uy vanishes on 9£2 x [0, T]. Also, it follows that P(ug, x, 0) < 0 for
x € £29, and therefore uy € X'. Arguing by compactness as previously in this proof,
we infer that must be 7, > 0, and since u, € X, that

Py = P(uo, 0, to) = sup P(Mo,x, I) > 0.
(x,1) €20 [0,T]

Since uy > 0 and u, vanishes on 9£2 x [0, 7], indicating by v the inward unit normal
to 082y at x, we have for each (x, 1) € 352y x [0, T]

dytto(x, 1) > 0. (57)
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Given (57) and from the fact that «, is bounded, by arguing as in (36)—(38) in [12],
it follows that for all r € [0, T

inf | Duo(x, 1)] = 0. (58)
XERo

Next, we claim that if for a time level ¢ > 0 we have P(uy,y, ) = Py, then it must
be y € 9£2y. To see this, suppose on the contrary that y € §2y. Since Py > 0, this
implies that |Duy(y, r)| > 0. Consider now the set

U ={xe Q| Pug,x,1) = Po}.

Clearly, U is closed, and since y € U by assumption, we also know that U # &.
We now prove that U is open. Since |Duy(x, )| > 0 for every x € U, by Lemma 3.1
and the strong maximum principle (we note that since F € C,zuf , we have that u, €
H;4. in the interior for some «’ which also depends on . Hence, P(uy,-, ) is a
classical subsolution), we conclude that for every x € U there exists §, > 0 such that
P(ug, z,t) = Py for z € B(x, ;). This implies that U is open.

Since £y, being an epigraph, is connected, we conclude that U = £2,. Now
from (58) we have that for every fixed 7 € [0, T] there exists a sequence x; € §2y such
that Duy(x;, 1) — 0 as j — oco. As a consequence, I}E iogf P(uo, x;,1) < 0. This implies

that for large enough j we must have P(u, x;,7) < Py, which contradicts the above
conclusion that U = £2,. Therefore this establishes the claim that if P(ug,y,t) = Py,
then y € 9£2y. Since P(u, 0,%) = Py, and Py is assumed to be positive, this implies
in particular that (0, fp) € 952y x (0, T]. Again, since Py, > 0 by assumption, we must
have that in (57) a strict inequality holds at (0, #y), i.e.

Bvuo(O, Io) > 0. (59)

This is because if the normal derivative is zero at (0,#), then it must also be
Duy(0,15) = 0 (since uy vanishes on the lateral boundary of 2y x [0, T]), and this
contradicts the fact that Py > 0.

From (59) we infer that Duy(0, 7)) # 0, and therefore Lemma 3.1 implies that,
near (0, 1), the function P(uy, -, -) is a subsolution to a uniformly parabolic equation.
Now, by an application of the Hopf Lemma (see for instance Theorem 3’ in [21])
we have that

8,,P(u0, 0, lo) < 0. (60)

Again by noting that u, vanishes on the lateral boundary, we have that d,uy = 0 at
(0, 1p). Therefore, at (0, 1), the function u, satisfies the elliptic equation

Auo = F/(u()). (61)
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At this point, by using the fact that the mean curvature of 952, is nonnegative and
the Eq. (61) satisfied by u, at (0, 1)), one can argue as in (50)—(55) in [12] to reach
a contradiction with (60) above. Such contradiction being generated from having
assumed that Py > 0, we conclude that (55) must hold, and this implies the sought
for conclusion of the theorem.

Remark 3.1 Note that in the hypothesis of Theorem 3.1 instead of # > 0 we could
have assumed that d,u > 0 on 982 x [0, 7.

Remark 3.2 We also note that the conclusion in Theorem 3.1 holds if §2 is of the
form 2 = 2y x R for 1 < ny < n, where §2 is a bounded C>% domain with
nonnegative mean curvature. The corresponding modifications in the proof would
be as follows. Let D be the set of domains which are all translates of §2. The classes
H and ¥ would be defined corresponding to D as in [12]. Then, by arguing as in the
proof of Theorem 3.1, we can assume that sets §2,, € D are such that £2,, = p+ £2
where py = (p},0) € R™ x R"™. Since 0 € £2,, and §2y is bounded, this implies
that p), is bounded independent of k. Therefore, up to a subsequence, py — po and
ux — up such that ug solves (50) in §£2; = pgy + £2. The rest of the proof remains the
same as that of Theorem 3.1.

Remark 3.3 It remains an interesting open question whether Theorem 3.1 holds for
the inhomogeneous variant of the normalized p-Laplacian evolution studied in [2].
Note that unlike the case of R”, the Hopf lemma applied to P is a crucial step in the
proof of Theorem 3.1 for which Lemma 3.1 is the key ingredient. As far as we are
aware of, an appropriate analogue of Lemma 3.1 is not known to be valid for p # 2,
even in the case when F' = 0. Therefore, to be able to generalize Theorem 3.1 to
the case of inhomogeneous normalized p-Laplacian evolution as studied in [2], lack
of an appropriate subsolution-type argument (i.e., Lemma 3.1), and a priori H; 4o
estimates seem to be the two major obstructions at this point.

4 Gradient Estimates for the Reaction-Diffusion
Equation (5) in R” x (—o0, 0] and £2 x (—o0, 0]

In this section we turn our attention to the settings R" x (—o0, 0] and §2 x (—o0, 0],
where 2 is an epigraph satisfying the geometric assumptions as in the previous
section. We investigate the validity of Modica type gradient estimates in a different
situation with respect to that of Sect. 3, where such estimates were established under
the crucial hypothesis that the initial datum satisfies a similar inequality. We first
note that such unconstrained global estimates cannot be expected in R" x [0, T
without any assumption on the initial datum. This depends of the fact that, if at
time # = O the initial datum is such that the function defined in (47) above satisfies
P(u,x,0) > 0 at some x € R", then by continuity P(«,x,t) > 0 for all 7 € [0, €], for
some & > 0. This justifies our choice of the setting in this section. We now state our
first main result.
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Theorem 4.1 Let u be a bounded solution to (5) in R" x (—o00,0]. Then, with
P(u,-,-) as in (47) we have

P(u,x,t) <0, forall (x,1) € R" x (—o0,0]. (62)

Remark 4.1 An explicit example of a bounded solution to (5) is an eternal travelling
wave as in Sect. 7.

Proof The proof is inspired to that of Theorem 1.6 in [3]. We define the class X as
follows.

X ={v|vsolves (5) in R" x (—00,0], [|v][zee =< [[u]|zo0}. (63)
Note that u € X. Set
Py = SUPyex (xnerix(—o00 P (V. X, 1). (64)

Since F € Clzof (R) and the L* norm of v € X is uniformly bounded by that of
u, from the Schauder theory we infer all elements v € X have uniformly bounded
Hj34 o norms in R" x (—o0, 0], for some « depending also on f. Therefore, Py is
bounded.

We claim that Py < 0. Suppose, on the contrary, that Py > 0. Then, there exists
v € X and corresponding points (xi, ) € R" x (—o0, 0] such that P(v, xx, t;) —
Py. Define now

uk(x, l‘) = vk(x =+ X, t+ l‘k). (65)

Note that since #; < 0, we have that u; € X and P(u,0,0) = P(vg, Xk, ) —
Py. Moreover, since u;’s have uniformly bounded H34, norms, for a subsequence,
ux — up which belongs to X'. Moreover,

P(up,0,0) = sup P(ug, x,t) = Py > 0.

(x,)) ER"X(—00,0]

As before, this implies that Duy(0,0) # 0. Now, by an application of Lemma 3.1,
the strong maximum principle and the connectedness of R”, we have that
P(ug,x,0) = Py for all x € R". On the other hand, since 1 is bounded, it follows
that

inf |Duy(x,0)| = 0.
x€R”

Then, there exists x; € R”" such that |Dug(x;,0)] — 0. However, we have that
P(uo,x;,0) = Py > 0 by assumption which is a contradiction for large enough
Jj. Therefore, Py < 0 and the conclusion follows.
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As an application of Theorem 4.1 one has the following result on the propagation
of zeros whose proof is identical to that of Theorem 1.8 in [3] (see also Theorem 1.6
in [2]).

Corollary 4.1 Let u be a bounded solution to (5) in R" x (—o0, 0]. If F(u(xo, 1)) =
0 for some point (xo, ty) € R" x (—o0, 0], then u(x, ty) = u(xo, to) for all x € R".

We also have the following counterpart of Theorem 4.1 in an infinite cylinder of the
type §2 x (—oo, 0] where 2 satisfies the hypothesis in Theorem 3.1.

Theorem 4.2 Let 2 C R” be as in (44) above, with h satisfying (45). Furthermore,
assume that the mean curvature of 082 is nonnegative. Let u be a nonnegative
bounded solution to the following problem

Au = u; + F'(u)

(66)
u=0o0nd2 x (—o0,0].
Then, we have that P(u,x,t) < 0 forall (x,t) € §2 x (—00,0].
Proof By Schauder theory we have that
Nul| sy o(2x(—00.0) < C, (67)

for some C which also depends on 8. We let .# be as in the proof of Theorem 3.1
and define

2 ={v e C*'(2, x [0, T]) | there exists g € Z for which v solves (5) in £2, x [0, T],

with 0 < v < [[ul|ze0. v = 0 0n 382, x (—o0,0]}.

As before, note that in the definition of ¥ we have that, given any v € X, there
exists a corresponding g in . such that the assertions in the definition of the class
X hold. With slight abuse of notation, we will denote the corresponding £2, by £2,.
Again by Schauder theory, we have that any v € X satisfies (67) in £2,, x (—o0, 0],
where the constant C is independent of v. We now set,

Py = sup P(v,x,1).

VE X, (x,1) €2,y X (—00,0]

As before, we claim that Py < 0. This claim would of course imply the sought for
conclusion. From the definition of J#, we note that P, is bounded. Suppose, on the
contrary, that P, > 0. Then, there exists v;’s and corresponding points (x, #;) such
that P(vg, xi, ty) — Po. We define,

ur(x, l) = vi(x + xp, t + tk). (68)



Modica Types Gradient Estimates, etc 233

Since 7, < 0, we note that 4, € ¥. Now, by an application of Theorem 4.1 and
a compactness type argument as in the proof of Theorem 3.1, we conclude that if
gr 1s function corresponding to £2,, = $2,, for each k, then g;(0)’s are bounded
and since Dg;’s have uniformly bounded C'* norms, then g;’s are bounded locally
uniformly in R"~!. From this point on the proof follows step by step the lines of
that of Theorem 3.1 and we thus skip pointless repetitions. There exists a gy € .#
for which g, — go locally uniformly in R~ as in that proof and we call £, the
epigraph of gy. From the uniform Schauder type estimates, possibly passing to a
subsequence, we conclude the existence of a solution uy > 0 of (5) in £2y x (—o0, 0]
such that £2,, — £2y, and uy — up which solves such that d§2; has nonnegative
mean curvature. Moreover, i, vanishes on the lateral boundary and P(uy,0,0) =
sup P(ug, 0,0) = Py. The rest of the proof remains the same as that of Theorem 3.1,
but with (0, 0) in place of (0, 7).

Remark 4.2 As indicated in Remark 3.3, the conclusion of Theorem 4.2 remains
valid with minor modifications in the proof when 2 = 2y x R"™™, 1 < ny < n,
where §2¢ is a bounded smooth domain with boundary having nonnegative mean
curvature.

S Modica Type Estimates for Reaction-Diffusion Equations
on Compact Manifolds with Nonnegative Ricci Tensor

Let (M, g) be a connected, compact Riemannian manifold with Laplace-Beltrami
A,, and suppose that the Ricci tensor be nonnegative. In the paper [13] the authors
established a Modica type estimate for bounded solutions in M of the semilinear
Poisson equation

Agu = F (), (69)

under the assumption that F € C?(R), and F > 0. Precisely, they proved that
following inequality holds

|Veu(x)|* < 2F(u), (70)

where V, is the Riemannian gradient on M.
In this section, we prove a parabolic analogue of (70). Our main result can be
stated as follows.

Theorem 5.1 Let M be a connected compact Riemannian manifold with Ric > 0,
and let u be a bounded solution to

Agu = u, + F'(u) (71)
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on M x (—o0, 0] where F € C*P(R) and F > 0. Then, the following estimate holds
inM x (—o0, 0]

|Vu(x, 0)* < 2F (u(x. ). (72)
Proof By Schauder theory, we have that u € H34o(M X (—00,0]) for some «
which additionally depends on §. This follows from writing the equation in local

coordinates and by using the compactness of M. We next recall the Bochner-
Weitzenbock formula, which holds for any ¢ € C3(M)

1
EAg|vgq>|2 = |Hy|*+ < Vo0, VoA > + Ric, < Vo, Ve > . (73)

Here, Hy is the Hessian of ¢ and the square of the Hilbert-Schmidt norm of Hy is
given by

|Hy)? = % < vx, Ve Vx;» Ve >,

where {X;} is a local orthonormal frame. Moreover, Cauchy-Schwarz inequality
gives

|Hy|* = | V|Vl (74)

See for instance [15] for a proof of this fact. Now we define the class
F = {v | visaclassical solution to (71)in Mx (=00, 0], |[v||zeouy < |[ullzoomn)}-
By the Schauder theory we see as before that for every v € % the norm of v in
H344(M x (—00,0]) is bounded independent of v for some « which additionally
depends on B. In particular, without loss of generality, one may assume that the
choice of the exponent « is the same as for u. Now, given any v € .%, we let

P(v,x,1) = |Veu(x,0)]? — 2F (v(x, 1)). (75)
Applying (73) we find

(Ag — 0)P(v,x,1) = 2|H,|> + 2(< V,v, Vo Agu > + Ric, < Vv, Vev >)—
2 < Vou, Vou, > =2F (v)(Agv — v,) —2 < Vu, Vo F'(v) > .

Using the fact that v solves (71), we obtain

(Ag — 0)P(v,x, 1) =2|Hy|* + 2 < Vv, V. F'(v) >
+ 2Ricg < Vo, Vou > —2F (v)? =2 < Vv, Vo F'(v) > .
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After cancelling off the term 2 < V,vV,F’(v) >, and by using (74) and the fact that
the Ricci tensor is nonnegative, we find

(Ag — 3)P(v,x,1) = 2|Hy|* + 2Ricg < Vgu, Vou > —2F' (v)? > 2|V, (|Veu|)|* — 2F (v)2.
(76)

Now from the definition of P,
VP — 2F (v) Vv = V,(|V,u]?).
Therefore,
|VeP|? + 4F (v)?|Vgu]? — 4F' (v) < Vou, VoP >= |Vy(|Vu ) > = 4|V ]2V, (|Veu)) %

By dividing by 2|V,v|* in the latter equation, we find

|V, P? 22 o )
AV = 2|V, (|Vgu)|” = 2F (v)* + 2|V E < V,u, VP > . a7)
Combining (76) and (77), we finally obtain
F'(v) |VePI?
P+2—— <V,,V,P>> . 78
( [) + |Vg |2 gU 8 >— 2|ng|2 ( )

The inequality (78) shows that P(v, x,7) is a subsolution to a uniformly parabolic
equation in any open set where |V,v| > 0. Now we define

PO = sup P(U,.x, t)
VEZ (x.f) EMX(—00,0])

Our goal as before is to show that Py < 0, from the which the conclusion of the
theorem would follow. Suppose on the contrary that Py > 0. Then, there exists
v € F and (x, 1) € M x (—o0, 0] such that P(vg, xx, ty) — Po. We define

ug(x, 1) = v, £+ 1),

Since #, < 0 we have that u; € .%, and since M is compact, x; — xo after possibly
passing to a subsequence. Moreover, P(u, xo,0) — Py. By compactness, we have
that u; — up in Hz4,, wWhere ug is a solution to (71), and P(ug,x9,0) = Py >
0. Since since F > 0 this implies that V,uo(xo,0) # 0. By continuity, we see
that Veup # 0 in a parabolic neighborhood of (xo,0). By (78) and by the strong
maximum principle we infer that P(ug,x,0) = Py in a neighborhood of xy, and
since M is connected, we conclude that for all x € M

P(ug, x,0) = Py > 0. (79)
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Since uy(-,0) € C'(M) and M is compact, there exists yo € M at which uy(-,0)
attains its absolute minimum. At such point one has

Vgu()(y(), 0) =0.
Since F > 0, this implies that
P(uo,y0,0) <0, (80)

which is a contradiction to (79). Therefore Py < 0 and the theorem is proved.

Remark 5.1 Tt remains an interesting question whether the conclusion of Theo-
rem 5.1 (and for that matter even the corresponding elliptic result in [13]) continue
to hold when M is only assumed to be complete and not compact. In such a case, one
would need to bypass the compactness argument which uses translation in a crucial
way (see for instance (65) as in the proof of Theorem 4.1). We intend to come back
to this question in a future study.

6 On a Conjecture of De Giorgi and Level Sets
of Solutions to (5)

In 1978 Ennio De Giorgi formulated the following conjecture, also known as é&-
version of the Bernstein theorem: let u be an entire solution to

Au=u® —u, (81)

such that |u| < 1 and ax” > 0. Then, u must be one-dimensional, i.e., must have
level sets which are hyperplanes at least in dimension n < 8.

As mentioned in the introduction, the conjecture of De Giorgi has been fully
solved forn = 2 in [16] and n = 3 in [1], and it is known to fail for n > 9, see [9].
For 4 < n < 8 itis still an open question. Additional fundamental progress on De
Giorgi’s conjecture is contained in the papers [17, 24]. Besides these developments,
in [3] it was established that for entire bounded solutions to

div(|DulP~2Du) = F'(u), (82)
if the equality holds at some point xy € R” for the corresponding gradient estimate

\Dul < L Fu), (83)
p—1
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then u must be one dimensional. The result in [3] actually regarded a more general
class of equations than (82), and in [7] some further generalizations were presented.
We now establish a parabolic analogue of that result in the case p = 2.

Theorem 6.1 Let u be a bounded solution to (5) in R" x (—o0,0]. Furthermore,
assume that the zero set of F is discrete. With P as in (47) above, if P(u, xo, 1) = 0
for some point (xo, 1)) € R" x (—00,0], then there exists g € C*(R) such that
u(x,t) = g(< a,x > +a) for some a € R" and o € R. In particular, u is
independent of time, and the level sets of u are vertical hyperplanes in R" x (—o0, 0].

Proof We begin by observing that it suffices to prove the theorem under the
hypothesis that 7o = 0. In fact, once that is done, then if #p < 0 we consider the
function v(x,t) = u(x,t 4+ ty). For such function we have P(v,x,0) = P(u,x, ty)
and therefore v satisfies the same hypothesis as u, except that P(v,xy, 0) = 0. But
then we conclude that v(x, 1) = u(x,t + tp) = g(< a,x > +«), which implies the
desired conclusion for u as well.

We thus assume without restriction that P(u, xo, 0) = 0, and consider the set

A={xeR"|P(u,x,0) =0}

By the continuity of P we have that A is closed, and since (xy, 0) € A, this set is also
non-empty. We distinguish two cases:

Case 1 There exists x; € A such that Du(x;,0) = 0.
Case 2 Du(x,0) # 0 for every x € A.

If Case 1 occurs, then from the fact that P(u,x;,0) = O we obtain that
F(u(x;,0)) = 0. By Corollary 4.1 we thus conclude that must be u(-,0) = uy =
u(xy, 0). At this point we observe that, since by assumption F > 0, and F(uy) = 0,
we must also have F'(up) = 0. Therefore, if we set v = u—uy, then by the continuity
of F” and the fact that u € L*° (R"), we have

v+ug
|F' ()| = |F'(v + uo)| = |F'(v + uo) — F'(up)| < / |F"(s)|ds < Clv].

uo

Since by (5) we have Av —d,v = Au—d,u = F'(u), we see that v is thus a solution
of the following inequality

|Av — 0;v| < Clv|.

Since v(-,0) = 0, by the backward uniqueness result in Theorem 2.2 in [5], we have
that u = ug in R" x (—o0, 0], from which the desired conclusion follows in this case.

If instead Case 2 occurs, we prove that A is also open. But then, by connected-
ness, we conclude in such case that A = R”. To see that A is open fix x; € A. Since
Du(x1,0) # 0, by the continuity of Du we conclude the existence of » > 0 such that
Du(x,t) # 0 for every (x,f) € G = B(x,r) x (—r?,0]. By Lemma 3.1 above we
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conclude that P(u, -, -) is a sub-caloric function in G. Since by Theorem 4.1 we know
that P(u, -, -) < 0, by the strong maximum principle we conclude that P(u,-,:) = 0
in G. In particular, P(u,x,0) = O for every x € B(x;, r), which implies that A is
open.

Since as we have seen the desired conclusion of the theorem does hold in Case
1, we can without loss of generality assume that we are in Case 2, and therefore
Du(x,0) # 0 for every x € A = R". Furthermore, since for x € A we have
P(u,x,0) = 0, we also have

|Du(x, 0)|> = 2F (u(x,0)), for every x € R". (84)
Next, we consider the set
K= {(x, t) € R" x (—00,0] | P(u,x,t) = O}.

We note that K is closed and non-empty since by assumption we know that (xg, 0) €
A (in fact, by (84) we now know that R" x {0} C K). Let (y,t;) € K.If Du(y;, ;) =
0, we can argue as above (i.e., as if it were #; = 0) and conclude by backward
uniqueness that u = u(y;,#;) in R" x (—o0, #1]. Then, by the forward uniqueness
of bounded solutions, see Theorem 2.5 in [20], we can infer that u = u(y;, t;) in
R x (1, 0]. All together, we would have proved that u = u(y;, t;) in R” x (—o0, 0]
and therefore the conclusion of the theorem would follow.

Therefore from now on, without loss of generality, we may assume that Du never
vanishes in K. With this assumption in place, if (y1, #;) € K, then since Du(y;, t;) #
0, by continuity there exists r > 0 such that Du does not vanish in G = B,(y;) X
(t1 — r*,t,). But then, again by Lemma 3.1, the function P(u, -, ) is sub-caloric in
G. Since P(u,-,+) < 0in G (Theorem 4.2) and P(u,y1,t;1) = 0 ((v1,11) € K), we
can apply the strong maximum principle to conclude that P = 0 in G. Then, again
by connectedness, as in the case when 7; = 0, we conclude that R" x {f;} C K.
In particular, we have that P(u,y;,f) = O when t € (t; — %, t1]. Therefore, we can
now repeat the arguments above with (yy, 7) in place of (y1, #;) for each such 7 and
conclude that P = 0in R” x (t; — 12, 11].

We now claim that:

K = R" x (—00,0], orequivalently P(u,x,t) =0, forevery (x,#) € R" x (—o0,0].
(85)

Suppose the claim not true, hence P # 0 in R"” x (—o0,0]. From the above
arguments it follows that if for #, < 0 there exists y, € R” such that P(u, y,,1,) # 0,
then it must be P(u, x, ;) # 0 for all x € R". We define

To = sup{t <0 | P(u,-,t) # O}.

Since we are assuming the claim not true, we must have {r < 0 | P(u, -, ) # 0} # &,
hence T, < 0 is well-defined. We first observe that T, < 0. In fact, since by the
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hypothesis (xp,0) € K and we are assuming that we are in Case 2, we have already
proved above the existence of r > 0 such that R” x (—=r?%,0] C K. This fact shows that
Ty < —r* < 0. Next, we see that it must be P(u, -, To) = 0. In fact, if this were not the
case there would exist y, € R” such that P(u, y,, T) < 0. Since T, < 0, by continuity
we would have that P(u, y,,t) < 0, for all ¢ € [Ty, Ty + ;) for some §; > 0. By the
arguments above, this would imply that P never vanishes in R” x [Ty, Ty + §;), in
contradiction with the definition of 7j. Since, as we have just seen, P(u, -, Ty) = 0,
arguing again as above we conclude that P = 0 in R" x (T — 72, T] for some r > 0.
But this contradicts the definition of Tj,.

This contradiction shows that { < 0 | P(u,-,t) # 0} = @&, hence the claim (85)
must be true. We also recall that we are assuming that Du never vanishes in K =
R" x (—00,0].

In conclusion, we have that

|Dul?> = 2F(u)  inR" x (—00,0], and Du # 0. (86)

At this point we argue as in the proof of Theorem 5.1 in [3], and we let v = H(u),
where H is a function to be suitably chosen subsequently. Then, we have that

Av —v, = H (u)|Dul?® + H (u) Au — H (u)u,.
By using (5) and (86), we conclude that
Av —v, = 2H (u)F(u) + H' (0)F' (u). (87)

Let ug = u(0,0) and define
H(u) = / (2F(s))~/2ds.
uo

Since |Du|(x,t) > 0 for all (x, ) € R" x (—o0, 0], we have from (86) that F(u(x, 1)) >
0. Therefore, if the zero set of F is ordered in the following manner, ay < a1 < ay <
az < a4 < ..., then by connectedness, we have that F(u(R" x (—o0,0])) C (a;, ai+1)
for some i. We infer that H is well defined and is C>#, and with this H it is easy to
check that the right-hand side in (87) is zero, i.e., v is a solution to the heat equation
in R" x (—o0, 0]. Moreover, by the definition of H and (86),

|Dv|* = H' (u)*|Dul* = 1,

i.e., Dv is bounded in R" x (—o0,0]. Since v; = D,,v is a solution to the heat
equation for each i € 1,...n, by Liouville’s theorem in R" x (—oo, 0] applied to
v;, we conclude that Dv is constant, hence Av = 0. This implies v, = 0, hence v is
time-independent. Hence, there exist a € R" and & € R such that v =< a,x > +a.
The desired conclusion now follows by taking ¢ = H~!. This completes the proof
of the theorem.
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7 A Parabolic Version of the Conjecture of De Giorgi

Motivated by the result in Theorem 6.1, the fact that R” x (—o0, 0] is the appropriate
setting for the parabolic Liouville type theorems, and the crucial role played by
them in the proof of the original conjecture of De Giorgi, at least for n < 3 (see
[1, 16, 17]), it is tempting to propose the following parabolic version of De Giorgi’s
conjecture:

Conjecture 1 Let u be a solution in R" x (—o0, 0] to

Au—u, =’ —u,

such that |u| < 1, and 0, u(x, ) > 0 for all (x,7) € R" x (—o0, 0]. Then, u must be
one dimensional and independent of 7, at least for n < 8. In other words, for n < 8
the level sets of ¥ must be vertical hyperplanes, parallel to the ¢ axis.

However, Matteo Novaga has kindly brought to our attention that, stated this way,
the conjecture is not true. There exist in fact eternal traveling wave solutions of the
form

v(X, %, 0) = ul,x, —ct), ¢>0, (88)

for which d,,u(x) > 0. This suggests that one should amend the above in the
following way.

Conjecture 2 Let u be a solution in R"” x (—o0, 0] to
Au—u, =’ —u,

such that |u| < 1, and 9, u(x,f) > O for all (x,7) € R" x (—o0,0]. Then, u must
be an eternal traveling wave, i.e. after a change of coordinates, # must be of the
form (88). For interesting accounts of traveling waves solutions we refer the reader
to the papers [6, 18].

It also remains to be seen what additional assumption needs to be imposed in
the hypothesis of Conjecture 1 so that the corresponding conclusion holds. We hope
that these questions will stimulate interesting further research.
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In the first part I will discuss local gradient estimates for non-negative solutions
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The results presented here are part of an ongoing program in collaboration with
F. Leoni (Sapienza Universita di Roma) and A. Vitolo (Universita di Salerno).

Here, and in the whole paper, f is a bounded continuous function and F denotes
a continuous scalar mapping defined on S”, the set of symmetric n X n matrices with
the standard partial order ¥ > O if and only if Y is non-negative definite. We will
assume also, for simplicity, that F(O) = 0.

In the first part we will discuss some L*>°-gradient estimates for positive viscosity
solutions of

F(D*u) = g(u) +f(x)
in a ball Bg under the main assumptions of uniform ellipticity of F, that is
0<A||Y|| < FX+Y)—FX)<A||Y|]| VX, YeS", Y=>0,

and sublinearity of g. The results in this section of the paper are inspired by and
generalize those obtained in the linear case by Li and Nirenberg [23].

In the second part we address the issue of necessary and sufficient conditions for
existence of entire viscosity solutions of the differential inequality

F(D*u) > g(u) +f(x), x € R".

In this context, the nonlinear term g is typically superlinear and fulfills a Keller-
Osserman type integrability condition [18, 28]. Most of the existing literature on
both of the above type of problems deals with F = A or more general operators
under the assumption of uniform ellipticity, see for example [4, 11, 13, 23].

Let us point out explicitly that our results apply to a class of degenerate elliptic
operators satisfying some form of comparison principle. The model examples
considered in this paper are the partial Laplacian 3”,3’ defined for real symmetric
matrices X € . and a positive integer 1 < k < n as

PEX) = pnin1 ) + -+ pa(X)

where 11 (X) < u2(X) < ... < u,(X) are the eigenvalues of the matrix X, see [17]
and degenerate maximal Pucci operator defined by

M) = i),

1i>0
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2 Glaeser’s Type Inequalities

In this section we discuss some interpolation inequalities for non-negative functions
which are classical for smooth functions and can be generalized to some non-smooth
case.

In order to introduce the reader to this topic, let us consider first the case of a non-
negative single variable function defined on R. A classical interpolation inequality
states that if u : R — R is a bounded C? function with bounded second derivative,
then

['l]z0 < V2 1lullzoo [Ju"||1oo 3)

This well-known interpolation inequality due to Landau [20], see also Kolmogorov
[19], holds also for bounded functions of n variables having bounded Hessian matrix
D?u. Many authors contributed later several extensions and variants, for quite recent
results see e.g. [24, 25] and the material presented in this section.

2.1 An n-Dimensional Non-Smooth Glaeser Type Inequality

A similar but perhaps less known interpolation inequality holds under just unilateral
bounds on u and D?u. More precisely, assume that u € C?(IR") is non-negative and
that its Hessian matrix D?u satisfies, for some M > 0,

D*u(x)h-h < M|h|* forall x,h € R". “)

For such functions the following inequality holds:

|Du(x)| < v/2Mu(x) forall x € R". 5)

Note the pointwise character of the above estimate and also that boundedness from
above of u is not required a priori. For bounded above u the above gives back the
Landau inequality (3) in any dimension n. Observe also that for M = 0, (5) implies
the well-known fact that concave non-negative functions defined on the whole R”
are constants.

The above inequality (5), in the particular case of a strictly positive one variable
functions u# with bounded second derivative, can be found in the paper [16] (and
attributed there to B. Malgrange) in the equivalent form

sup |u”|

| (Vi) @] ==,

and employed later in [26].
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The elementary proof of the validity of (5) is as follows: the Taylor’s expansion
around a point x gives, since u > 0,

M
0 < u(x+ h) < u(x) + Du(x) - h + 5|h|2. (6)
For any fixed x, the convex quadratic polynomial
M.
O(h) := u(x) + Du(x) - h + ?|h|

attains its global minimum at 2* = —All Du(x) . Thanks to (6), one deduces that

1
0= O(h") = u() — o |Du(x)[*

and inequality (5) follows.

A more general non smooth version of the weak Landau inequality (5) is valid
for semiconcave, non necessarily differentiable, functions u : R* — R. By this we
mean that u is continuous and there exists M > 0 such that x — u(x) — %l)d2 is
concave on R”".

It is well-known that for semiconcave functions, at any point x the superdifferen-
tial of u at x, that is the set

Dt u(x) = {p € R" : limsup u) —u =p- by =) < 0}

y—>x |y - XI

is non empty, closed and convex. and that semiconcave functions are locally
Lipschitz continuous and twice differentiable almost everywhere as sums of a C?
function and a concave one. Of course, if u € C?(R") and the previously considered
condition

D*u(x)h-h < M|h|* forall x,h € R"

holds, then u semiconcave with constant M. It is also easy to check for semiconcave
functions a vector p € DT u(x) if and only if

M
u@) <ux)+p-@y—x) + E|y—x|2 forall yeR"

It is therefore immediate to derive the simple generalization of estimate (5) stated
in the next

Proposition 2.1 Assume that u € C(R") is semiconcave with semiconcavity
constant M and non-negative. Then,

D u(x) € B,(0) with r = /2Mu(x).
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As an application of this estimate, consider the Hamilton-Jacobi equation
u+ H(Du) =f in R" @)

where H is convex and coercive and f semiconcave. Equations of this type arise in
the Dynamic Programming approach to deterministic optimal control problems.
Assuming that H(0) = 0 and f > O, then the unique bounded viscosity
solution of (7) is Lipschitz continuous, non-negative and semiconcave for some
semiconcavity constant M depending on H and f.
Therefore, by the preceding Proposition and the Rademacher’s theorem,

|Du(x)| < v/2Mu(x) almost everywhere in R".
We refer to [2, 6] for properties of viscosity solutions of Hamilton-Jacobi equations.

2.2 Non-negative Functions in Bounded Sets

Let us consider first C? non-negative functions u defined on a finite interval (—R, R)
with u” < M. In this setting, the following form of the Glaeser inequality holds,:

() WO = VOM it M= 2
(x%) W (0)] < (“(O) + 2M) if M< 2’;(20).

Similar estimates holding at a generic x € (—R, R) can be easily deduced from the
above. The constant /2 is optimal in the first inequality as shown by u(x) = (x—R)?
The elementary proof is as follows:

0< u() = u(0) + ' (O)x + /0 (= y)u(y) d.

Hence,

W)= "Dy By

The conclusion is then obtained by constrained optimization: if M > % , minimize

the right hand side of above with respect to |x| € [0, R] to obtain (x). In the other
case, the choice |x| = R optimizes the right hand side, yielding (x*).

Similar Glaeser’s type inequalities hold for non-negative functions defined on a
higher dimensional ball, see [23]. A model result from that paper is as follows: if
u € C*(Bg(0)) is such that |Au| < M and u > 0, then

|Du(x)| < Cy/u(O)M if 2|x| < Q <R
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u(0)

0
|Du(x)| < € (T +MR) it 2] <k < /"9

M

for some constant C depending only on the space dimension.

Observe in this respect that condition (4) implies of course just the unilateral
bound Au < nM.

Consider now the following setting, generalizing that of [23]:

|F(D’u) — g(u)] <M in Bg. (8)

Examples of functions satisfying the above are of course, continuous viscosity
solutions of the second order partial differential equation

F(D*u) —g(u) =f(x) in Bg

with bounded right-hand side f.

Concerning the zero-order nonlinear term g we shall assume that, for some
positive constant G,

g:Ry — R iscontinuousand |g(s)| < Gs foralls> 0. C)
For the principal part, we assume uniform ellipticity:
0<A|Y||<FX+Y)—FX) < A||lY]| VX, YeS§", Y=>0.
For R > 0, let u € C(Bg) be a non-negative viscosity solution of
F(D’u) — g(u) = f(x), x € Bg

with f € C(Bg), ||f|looBr) < M and set

R« = Vu(0)/M , Rg=+o/G , Ry= min(Rs, Rg,R).

Our result in this setting is as follows:

Theorem 2.1 For F, g and u as above, there exist positive constants x and o
depending only on n, A and A such that

JVu(0O)M if R« < min(Rg, R)

x sup [Dul < “Q+ MR ifR < min(Rs,Rq). (10)
Bry/2 u(0)v/G + % if Rc < min(R, R)

The main tools used in our proof of Theorem 2.1, which is notably different from
the one in [23] for the linear case, are comparison principles and, in a crucial way,
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the weak Harnack inequality and the C'* regularity theory for viscosity solutions
as developed by Caffarelli [5]. Here below is a sketch of the proof, for simplicity in
the case F(D?u) = Au. We refer to [7] for full details and to [8] for complementary
result in this direction.

Let us assume then that

|Au—g)| =M
ue CBr(0), u=0, gu) =< Gu(x).

2(n+2)

The first step is to show that for 0 < r < ==

Harnack inequality holds:

f dx < ! ( 0) + M ) (1)
sup udx < ———(u — .
de(0.r)JBy 1— 2(3:52) 2(n+2)

, the following form of weak

The proof uses the upper bound Au — g(u) < M, the divergence theorem and the
coarea formula.

In the second step we use the lower bound Au — g(u) > M in order to show that
forO <r< 2(”—2'2), the following inequality holds:

Gr?

_ _ur 2
2(n+2) 1 Mr
u(0) < udx + . (12)
Gr? Gr?
~ w2 B 1= 75 2 +2)

Combining the two inequalities above we obtain that the following form of the
Harnack inequality holds

32 (0)+< SIS L (13)
SupU = o u —Ta T
Bry2 ) 2 w2 4 nt2

for r < min(4/2(n + 2)/G; R).
The final step of the proof makes use of the classical gradient estimate for
solutions of the Poisson equation:

1 |1 G, M
[Du(0)| < 75 = 4n + Zr ;upu—}- Zr (14)
r/2

which, together with the above inequality (13), allows to derive the claim after some
further computations. The Glaeser’s inequality easily produces a (perhaps) unusual

proof of the classical Liouville theorem for harmonic functions:

ueC*R"), Au=0,u>0 imply u = constant. (15)
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Indeed, if #(0) = O then, by the Maximum Principle, # = 0. The other possible
case is u(0) > 0; since u is harmonic,—e < Au < ¢ for any arbitrarily small ¢ > 0.
Thanks to the above Theorem,

1 0
sup [Du()] < Cv/eu0), R = 21/ D = g
BRE 2 &

for some constant C depending only on n.

Since R, — +o00 as ¢ — 07, one can pass to the limit by monotonicity in the
above to conclude that supg. |Du(x)| = 0.

3 Entire Subsolutions

Consider the semilinear equation
Au = |u]’u+f(x) (16)
with y > 1 and f(x) > ¢ > 0 bounded and continuous. We know from Brezis [4]
that this equation has a unique classical entire solution # < 0 in R".
Then v = —u solves
Av = o] —f(x).
Consider now the equation
Au = |u]” +f(x), (17
and observe that if u is a solution of the above then u solves also
Au = g(u) (18)
where
gy=0"+¢e for t>0 , g(t)=¢ for t<0

is a positive, non decreasing and continuously differentiable function such that

+o0 t —% +oo 1
/ (/ g(s)ds) dt = / ((y + D7t 4 et) ?di < 4o0.
0 0 0

Therefore, the so called Keller-Ossermann condition

/O+oo (/Org(s)ds) di = +00

=
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is not verified by g. hence, well-known results by Keller [18] and Osserman [28],
imply that inequality (18), and therefore also Eq. (17), does not have entire solutions.

We are interested here in investigating the validity of this type of results for
inequalities where the Laplace operator is replaced by somefully nonlinear, possibly
degenerate elliptic operator. More precisely, we consider viscosity solutions of the
partial differential inequality

F(D*u) > g(u) in R" (19)

where F is a second order degenerate elliptic operator in the sense of Crandall-
Ishii-Lions [10], that is

0<F(x,X+Y)—F(x,X) <Trace (Y)

forallx €e R"and X, Y € %" with Y > O and g(u) is a positive, non decreasing
zero order term.

In our presentation here, F will be either the “partial” Laplacian operator 2",
see [17, 23] and also [1, 27], defined for real symmetric matrices X € %" and a
positive integer 1 <k <n as

PEX) = a1 X0 + o+ pa(X)

where (1 (X) < ua(X) < ... < u,(X) are the eigenvalues of the matrix X or the
degenerate maximal Pucci operator defined by

Meh(X) =D ). (20)

ni>0
Observe that
PHX) < M (X)

forany 1 <k <nandforall X € &".
Our main results in this context are, for the “partial” Laplacian,

Theorem 3.1 Let 1 < k < nand g : R — R be positive, continuous and non
decreasing. Then the inequality

PH(D*u) = g(u) 1)

has an entire viscosity solution u € C(R") if and only if g satisfies the Keller-
Osserman condition

/0 +°O ( /0 tg(s)ds) di = +00 (22)

while for the degenerate Pucci operator we have

=
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Theorem 3.2 Let g : R — R be positive, continuous and strictly increasing. Then
the inequality

M (D) = g(u) (23)

has an entire viscosity solution u € C(R") if and only if g satisfies the Keller-
Osserman condition (22).

In order to appreciate the novelty of the above results, let us mention that after the
classical results of Keller, Osserman and Brezis for F = A several extensions have
been established, see [3, 11, 21, 22] for operators in divergence form and [12, 13, 15]
for fully nonlinear equations. In these papers, existence, uniqueness and comparison
results are given for the equation F(D?u) = g(u) assuming that the zero order term
g : R — R is odd, continuous, increasing, convex in [0, +00) and satisfying the

growth condition
400 t —%
/ (/ g(s)ds) dt < 4o00.
0

In all these papers with the exception of [12], the principal part F of the operator is
assumed to be uniformly elliptic.

Let us emphasize that our results cover in fact the somewhat complementary
cases in which g is bounded below, say positive, and non decreasing. As far as we
know, no previous results in this spirit were known before for degenerate elliptic
equations.

The proof of both theorems is based on a comparison argument with radial
symmetric functions obtained as solutions of an associated ODE.

It is worth to point out that the comparison principle works also in the present
cases where a strong degeneracy may occur in the principal part and possibly in the
zero order term as well.

Let us indicate the main steps of the proof of Theorem 3.1. The proof of
Theorem 3.2 is completely analogous; observe however that the stronger assumption
required there, namely g strictly increasing, is used to prove the validity of the
comparison principle for this strongly degenerate elliptic operator.

We refer for details to the forthcoming paper [9].

The first step is to consider as in [28] an auxiliary Cauchy problem, namely

-1
00+ —— ¢/ =5p(r) . ¢'0)=0 4
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with g : R — R continuous, non negative and non decreasing. For this ODE one
can prove the following facts:

e If ¢ > 0 then (24) has solutions ¢ € C2([0,R)), continuous in [0, R), twice
differentiable in (0, R) and such that

@'(r)

r

0=¢'(0)= lim ¢'(r), ¢"(0) = lim ¢”(r) = lim #+ 00
r—>07t r—>07t r—>07t

e If ¢ > O then every solution ¢ of (24) in some interval [0, R) is non decreasing
and convex.

e If ¢ > 1 then every maximal solution of (24) is globally defined in [0, 4+-00) if
and only if g satisfies the Keller-Osserman condition

/0+°° (/Otg(s)ds) dt = +o0.

The second step amounts to establish a comparison principle between viscosity
sub solutions and classical super solutions:

[STE

e assume g : R — R continuous and nondecreasing, let # € C(Bg) and @ €
C?(BR) be, respectively, a viscosity subsolution and a classical supersolution of
PE(D*P) = g(®) in Bg.

Or, alternatively,

e assume g : R — R continuous and strictly increasing, let u € C(Bg) and @ €

C?(BR) be, respectively, a viscosity subsolution and a classical supersolution of

M (X) =Yoo wi(X) = g(@)  in Bg.

Then the boundary sign condition lim supy,_,g— (u(x) — P(x)) < 0 propagates to
the interior, that is u(x) < @(x) forall x € Bg.

The proof of this property, see also [14], is by contradiction: suppose there is a
point x € Bg where u(x) > &(x). As easy to check the set 2 := {x € Bg, u(x) —
@ (x) > &} is non-empty and 2 C B, for & > 0 small enough. Since u is a viscosity
subsolution and @ is a classical supersolution, then by viscosity calculus it turns out
that the function v = u — @ satisfies

PFD) = PF (D) — DT (D*®) = g(u) — g(P)

in the viscosity sense in Bg. Since g is non decreasing, it follows then that
PF(D*v) > 0in 2.

Moreover, v > ¢ in £2 v = ¢ on d52. Hence, there exists a concave paraboloid
¥ (x) touching v from above at some point xy € §2, a contradiction to the inequality
3”,:’ (D*¥(x0)) > 0 which holds since @ is a super solution.

The following step is to use the ODE to build a local radial solutions. To this end,
let 1 < k < n, g non negative, non decreasing and continuous and ¢ € C? ([0, R))
be a solution of the auxiliary Cauchy problem with ¢ = k.
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Then, @(x) = ¢(|x|) is a classical solution of 9,?’ (D*®) = g(®) in Bg.
To check this, note that

0" (0)1,, ifx=0
D*®(x) =

S+ (0" — ) @ g ifx £ 0,
Hence, it is easy to check that @ € C?(B) and that the eigenvalues of D>®(x)
are:

* ¢”(0) with multiplicity n, if x = 0.
LAC)]

* ¢"(|x]), which is simple, and 7

with multiplicity n — 1 for x # 0.

Therefore,

PE(D*®(0)) = k¢ (0) = g(p(0)) = g(P(0))

so that, by step 1,

k —
(Do) = ¢" (k) + |T|1 ¢'(Ix) = g(p(Ix)) = g(@(x))  forx # 0.

Hence @ is a classical solution of 9:' (D*®) = g(®) in Bg.

Suppose now that the Keller-Osserman condition (22) holds and let ¢ be a
maximal solution of the ODE . By the first step we know that ¢ is globally defined on
[0, +00) which implies that u(x) = ¢(]x|) is an entire solution ofglj' (D*u) > g(u).

Conversely, assume that u € C(R") solves 9:' (D*u) > g(u) and let ¢ €
C? ([0, R)) be a maximal solution of the ODE problem such that u(0) > ¢(0). The
claim is that R = +o0. If, on the contrary, R < 400, then ¢(r) - +ocoasr — R~
and @(x) = ¢(|x|) blows up on the boundary dBg.

Hence, by comparison, u(x) < @(x) in B, a contradiction to u(0) > ¢(0).

Therefore, the maximal interval of existence of ¢ is [0, +00) and it follows
that (22) is satisfied.
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Abstract Using an improvement of flatness Lemma, we prove Holder regularity of
the gradient of solutions with higher order term a uniformly elliptic fully nonlinear
operator and with Hamiltonian which is sub-linear. The result is based on some
general compactness results.
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1 Introduction

In this paper we shall establish some regularity results of solutions of a class of
fully nonlinear equations, with a first order term which is sub-linear; it is a natural
continuation of [5, 12]. Precisely we shall consider the following family of equations

F(D?*u) + b(x)|Vul? = f(x) in 2 c R". (1)

See also [1] for related recent results.

Theorem 1.1 Suppose that F is uniformly elliptic, that B € (0, 1), f and b are in
€ (£2). For any u, bounded viscosity solution of (1) and for any r < 1, there exist
y € (0, 1) depending on ellipticity constants of F, ||b||co, @(b) and  and C = C(y)
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such that

_1
leellsgrr @, < € (Ilulloo + [1bllos” + ||f||oo) ;

as long as By (x,) C £2.

Answering a question that we raised in [4], Imbert and Silvestre in [12] proved an
interior Holder regularity for the gradient of the solutions of

|Vul*F(D*u) = f(x)

when o > 0. Their proof relies on a priori Lipschitz bounds, rescaling and an
improvement of flatness Lemma, in this way they are lead to use the classical
regularity results of Caffarelli, and Evans [7, 8, 11] for uniformly elliptic equations.

Following their breakthrough, in [5], we proved the same interior regularity when
a > 0 in the presence of lower order terms. We also proved C!” regularity up to
the boundary if the boundary datum is sufficiently smooth. Our main motivation to
investigate the regularity of these solutions i.e. the simplicity of the first eigenvalue
associated to the Dirichlet problem for |Vu|*F(D?u), required continuity of the
gradient up to the boundary.

When a € (—1,0), in [4] we proved ¢ regularity for solutions of the Dirichlet
problem, using a fixed point argument which required global Dirichlet conditions
on the whole boundary. So one of the question left open was: is the local regularity
valid for o < 0?

Theorem 1.1 answers to this question since the following holds:

Proposition 1.1 Suppose that, for o € (—1,0), u is a viscosity solution of
|Vul* F(D*u) = f(x) in 2
then u is a viscosity solution of
F(D*u) —f(x)|Vu|™ = 0in 2.

The proof is postponed to the appendix, but recall that singular equations require a
special definition of viscosity solutions.

Theorem 1.1 concerns continuous viscosity solutions of (1); we should point out
that in the case of L” viscosity solutions (see [9]) it is possible to use a different
strategy. Indeed one could prove first, using the argument below, that the solutions
are Lipschitz continuous. By Rademacher theorem they are almost everywhere
differentiable and hence they will be an L viscosity solution of

F(D’u) = g(x)
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with g € L®. The classical result of Caffarelli [7] implies that the solution are C'.
But this is a different result from ours, since continuous viscosity solutions are L”
viscosity solutions only when g is continuous, which somehow is what we want to
prove.

In turn the C' regularity implies that g is Holder continuous, so further
regularities can be obtained (see e.g. [6, 14]).

Even for F(D*u) = Au it would be impossible to mention all the work that has
been done on equation of the form

F(D*u) + |Vul’ = f(x).

Interestingly most of the literature is concerned with the case p > 1. In particular
the so called natural growth i.e. p = 2 has been much studied in variational contexts
and the behaviours are quite different whenp > 2 or 1 < p < 2. We will just
mention the fundamental papers of Lasry and Lions [13] and Trudinger [15]. And
more recently the papers of Capuzzo Dolcetta et al. [10] and Barles et al. [2]. In the
latter the Holder regularity of the solution is proved for non local uniformly elliptic
operators, and with lower order terms that may be sublinear.

Remark 1.1 Observe that the operator is not Lipschitz continuous with respect to
Vu. This implies that in general uniqueness of the Dirichlet problem does not hold.
For example, when §2 is the ball of radius 1, then u = 0 and u(x) = C(1 — |x|")

with y = % andC =y '(y + N — Z)ﬁ are both solutions of equation

Au+ |Vulf =0 in 2,
u=20 on 052.

2 Interior Regularity Results

Let SV denote the symmetric N x N matrices. In the whole paper F indicates a
uniformly elliptic operator i.e. F satisfies F(0) = 0 and, forsome 0 < A < A,

AN < F(M + N) — F(M) < AuN

for any M € S and any N € SV such that N > 0. The constants appearing in the
estimates below often depend on A and A, but we will not specify them explicitly
when it happens.

We recall that we want to prove

Theorem 2.1 Let f and b continuous in By C $2. For any u, bounded viscosity
solution of (1) in By, and for any r < 1 there exist

Y = Y(Iflloo: 1bllo. B. @s(8)) and C = C(y)
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such that
1
lullzr@,) < C(Ilulloo + [bllos” + Ilflloo) :

Before proving Theorem 2.1, we shall prove a local Lipschitz continuity result.

Lemma 2.1 Suppose that H : By x RN — R is such that
H(.,0) is bounded in By and there exist C > 0 such that for all ¢ € RY,

|H(x,q) — H(x,0)| < C(lq|” + |q]).
Then there exists C, such that if C < C,, any bounded solution u of
F(D*u) 4+ H(x, Vu) = f(x) in B,

is Lipschitz continuous in B,, for r < 1 with some Lipschitz constant depending

on r, ||[flloo, Co and ||H(.0)||co-

Proof of Lemma 2.1 The proof proceeds as in [5, 12]. We outline it here, in order to
indicate the changes that need to be done.
Letr < ¥ < 1 and x, € B,, we consider on B,» X B,» the function

D(x,y) = u(x) — u(y) = LPo(lx =) = Lix = x> = Lly — x,

where the continuous function w is given by w(s) = s — w,,s% fors < (2/3w,)? and
constant elsewhere; here w, is chosen in order that (2/ 3w,,)2 > 1.
The scope is to prove that, for L independent of x,,, chosen large enough,

®(x,y) < 0on B, (2)

This will imply that « is Lipschitz continuous on B, by taking x = x,, and letting x,
vary.

. 8‘v
So we begin to choose L > —2

=7
sup @(x,y) > 0. By the hypothesis on L, (x,) is in the interior of B2. Proceeding
in the calculations as in [2] (see also [3, 12]) we get that if (2) is not true then there
exist X and Y such that

(q+.X) € Y u(®), (gy.—Y) € >~ u(3)

Suppose by contradiction that @(x,y) =

where 7~ 7, 77 are the standard semi-jets, while g, = L2’ (|x—y|) 22 +2L(x—x,)

[x—yl
and gy = L*0'(]x — y|)% —2L(y — x,).
Then, there exist constant k;, k£, depending only on A, A, w, such that

MYX+Y) < =i L2

and |q.|. |qy| < kL2
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Using the equation,

fx) < H(x,qx) + F(X)
<H(.q) +F(=Y)+ . #1(X+7Y)
<fG) —riL?
HHC 0)loo + CUUgxl? + lgyl? + 1g:] + lgy])-

The term ||H(., 0) || is 0(L?), while for C, < Tess

K1L2
Claal® + 19,1° + 1:] + 1gy]) < 5= +4C,(1 + L)

3K1L2
<
- 4

+ 4C,.

In conclusion we have obtained that f(x) < f(y) — % + o(L?). This is a
contradiction for L large.

Corollary 2.1 Suppose that (f,), and (H,(:,0)), are sequences converging uni-
formly respectively to fo and Ho, on any compact subset of By, such that for all
q € RY,

|H, (x. q) — Ha(x,0)] < €(lgl” + |l) 3)
with €, — 0. Let u, be a sequence of solutions of
F(Dzun) + H,(x, Vu,) = fu(x) in By.

If ||unlloo is a bounded sequence, then up to subsequences, u, converges, in any
compact subset of B1, 1o us, a solution of the limit equation

F(D*uso) + Hoo(x) = fio(x) in B.

2.1 Holder Regularity of the Gradient: Main Ingredients

We will follow the line of proofin [5, 12]. The modulus of continuity of a function g
is defined by w,(8) = supy,_, <5 [g(x) — g()]. In the following, » will denote some
continuous increasing function on [0, §,] such that w(0) = 0.

Lemma 2.2 (Improvement of Flatness) There exist €, € (0, 1) and there exists
p € (0,1) depending on (B,N,A, A,w) such that : for any € < €,, for any
p € RY and for any f and b such that ||f|ec < € |bllcc < € and such that
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wp(8) < ||b|loo@(8), if u is a solution of
F(D*u) + b(x)|Vu + p|? = f(x) in B,

with oscp, u < 1, then there exists g* € RY such that

1
osc(u—qg*-x) < —p.
B,,(“ q X)_zp

Proof of Lemma 2.2 We argue by contradiction i.e. we suppose that, for any n € N,
there exist p, € R", and u, a solution of

F(Dzun) + bn(-x)|vun +pn|ﬁ :fn(x) in By

with oscp, u, < 1 and such that, for any p € (0, 1) and any ¢* € RN,
(n— ") > »
osc(u, —q* -x) > —p.
A q 2,0

Observe that u,, — u,(0) satisfies the same equation as u,, it has oscillation 1 and it
is bounded, we can then suppose that the sequence (u,) is bounded. Suppose first
that |p,| is bounded, so it converges, up to subsequences. Let v,(x) = u,(x) + p, - x,
which is a solution of

F(Dzvn) + bn(-x)|vvn|ﬁ :fn(x)

We can apply Corollary 2.1 with H,(x, g) = b,(x)|q|?, since (3) holds.

Hence v, converges uniformly to v, a solution of the limit equation
F(D*Vso) = 0in By.

l urt]lerlll()le Voo SatiSﬁeS, ‘()r a]ly /) € ((), 1) a]ld a]ly q* (S RN,
OSC(v q X p. 4
3 o0 juill 2

This contradicts the classical € regularity results, see Evans [11] and Caffarelli
[7].

We suppose now that |p,| goes to infinity. There are two cases, suppose first
that |p,|?||b,|lco is bounded. Let H,(x,q) = b,(x)|q + p.|?. Since W}, 18, (8) =
122l 11Bnll o (8), Hy,(x,0) is equicontinuous and up to a subsequence, it converges
uniformly to some function Hu (x), while (u,), is a uniformly bounded sequence of
solutions of

F(D*uy) + Hy(x, Vu,) = f,(x).



Holder Regularity for Fully Nonlinear Equations 263

We can apply Corollary 2.1 and up to a subsequence, u, converges to us, Which is a
solution of

F(D*us0) + Hoo(x) = 0.

Furthermore u«, satisfies (4), for any p € (0, 1) and any ¢g* € R". As in the case p,
bounded, this contradicts the classical €' regularity results cited above.

We are left to treat the case where a, = |p,|?||by|l0o is unbounded. Hence, up to
a subsequence, it goes to +o0o. We divide the equation by a,, so v, := Z—: satisfies

b"(x)|a YV, + pal? :w.

n aﬂ

F(D*v,) +

We can apply Corollary 2.1 with
Hy(x.q) = by~ g + a, ' pal’.

Observe that, H,(x,0) = b,(x)a, '|p,|? is equicontinuous, of L® norm 1 and up to
a subsequence, it converges uniformly to some function Hee (X).
Passing to the limit one gets that the limit equation is

F(0) + Hoo(x) = 0.

This yields a contradiction, since Hy has norm 1 and it ends the proof of
Lemma 2.2.

The next step is an iteration process which is needed in order to prove
Theorem 2.1.

Lemma 2.3 Given €,, w and p as in Lemma 2.2. Let b and f be such that
Iflloos 1B]lce < €, and such that wp(8) < ||b|lco@(§). Suppose that u is a viscosity
solution of

F(D*u) + b(x)|Vulf = f(x) in B, (5)

and, oscg, u < 1. Then, there exists y € (0, 1), such that for all k > 1, k € N there
exists p; € RN such that

osc(u(x) — pi %) < rt (6)
Tk

where 1y := pF.

The proof is by induction and rescaling. For k = 0 just take p; = 0. Suppose now
that, for a fixe k, (6) holds with some p;. Choose y € (0, 1) such that p¥ > %
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Define the function u;(x) = rk_l_y (u(rix) — pr - (rex)) . By the induction
hypothesis, py is such that oscp, ux < 1 and uy is a solution of

F(D*w) + r, "b(rx)|r] (Vg + per DIP = 7 f(rix).
Denoting by by the function b(x) = r,i_y(l_ﬂ )b(rkx) which satisfies wy, () =

r,l_}/(l_ﬁ)w;,(rké’) < r,l_y(l_ﬁ)||b||oow(rk8) < ||br]lcc®(8), the equation above can
be written as

F(D*w) + by ()| Vg + pere 1P = 1t 7 f(rex).

Since the L* norm of f; = r,l_yf(rk-) is less than €, we can conclude that there
exists g such that

1
—qgr-x) < —p.
%Spc(uk(x) qi - X) < ZP

So that, for py4+1 = pr + qerH’

o
osc (u(x) —p41-X) < or 0 Sy
Tt 1 2

This ends the proof of Lemma 2.3.

2.2 Holder Regularity of the Gradient: Conclusion

Lemma 2.4 Suppose that for any r, there exists p, such that

oBsc(u(x) —pr-x) < Crity

then uis €' in 0.

Proof 1t is clear that it is sufficient to prove that p, converges when r goes to 0.
We will prove that the sequence p,—« converges and then conclude for the whole

sequence. Let ry, = 217 , since ry+ < ry forx,yin By, |

lu(x) —u(y) = prg1- (x=y)| = Cr,iii/
and

Ju(x) —u(y) —pe- (x—y)| < Cr,7.
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Subtracting

1+ 1+
[Pt —px-x =Y < Cr iy +r ).

Then, choosing x = pk+l:£’;\ Fk+1 = —Y, one gets

= bk

1+ 1+
2Pt — prlrisr < Clrl ] + 1)

which implies
Ipit1 —pil < C2r}.

This proves that the series of general term (pi+1 — px) converges; hence so does the
sequence py.

We deduce the convergence of the whole sequence p, when p goes to zero. Let k
be such that #*! < p < r*. Then for all x € B,

(u(x) —p,-x) < Co'T" < cr M

and also, since x € B,

(u(x) —pys - x) < Cr,lﬂ'.

Hence, by subtracting, (p, — p«) - x < 2Cr,1+y. Then, taking x = ﬁ":ﬁ"';‘
Py
I+y

I+y
|pp —p| < CrkT < Crri - = 2Cr} . This implies that p, has the same limit as py.

This ends the proof of Lemma 2.4.

P, we get

Suppose now that u is a bounded solution of (5), for general f bounded in L*>°, and

1
. . . — 1 —
b continuous. The function v(x) = eu(x) with ¢! = oscu + ;(|[f||oo +161157)
satisfies the equation

F(D*v) 4+ b(x)e' P |Vu|f = ef (x).

Our choice of ¢ implies that we are under the conditions of Lemma 2.3, so v is in
€', by Lemma 2.4, and so is u.

Appendix

Proof of Proposition 1.1 We assume that @ € (—1,0) and that u is a supersolution
of

|Vu|*F(D*u) = f(x) in 2 (7
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i.e. we suppose that for any x, € §2 either u is locally constant in a neighbourhood
of x, and then 0 < f in that neighbourhood, or, if it is not constant, for any ¢ test
function that touches u by below at x, and such that Ve (x,) # 0, we require that

V(o) ["F(D*0(x,)) < f (o).
We need to prove that this implies that u is a supersolution of
F(D*u) —f(x)|Vu|™ = 0in £2, ®)

in the usual viscosity sense. Without loss of generality we let x, = 0. If u is constant
around 0, D*u(0) = 0 and Du(0) = 0, so the conclusion is immediate. If ¢ is
some test function by below at zero such that Vo(0) # 0, the conclusion is also
immediate. We then suppose that there exists M € S such that

() 2 u(0) + 3 (5,) + (). ©)
We want to prove that
FM) <0.
Let us observe first that one can suppose that M is invertible, since if it is not, it can

be replaced by M,, = M — %I which satisfies (9) and tends to M.
Let k > 2 and R > 0 such that

1
inf (u(x) — —(Mx,x) + |x|k) = u(0)
|x|<R 2
where the infimum is strict. We choose § < R such that k(26" < 1 inf; [A;(M).
Let € be such that

inf (u(x) — l(Mx, x) + |x|k) =u(0) + €
§<|x|<R 2

and let §, < § and such that k(28)¥'8; + |[M |00 (83 + 2828) < . Then, for x such
that |x| < &3,

1
inf () — 5 (My.3) + 1) + 5

. 1 k
inf () = 5 (M(y ).y =) + |y '} < inf

IA

= u(O)—i—Z
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and on the opposite

inf {u(y) — —(M(y x),y = x) + |y =«

R>\|8

1
> ‘1|nf8{u(y) - —(My y) + Iylf }— —>u(0) + 3—

Since the function u is supposed to be non locally constant, there exist xs and y; in
B(0, 8,) such that

1
u(xs) > u(ys) — E(M(XS = y5), x5 — ys) + |xs — ys|*

and then the infimum inf,, |, <5 {u(y) — %(M(xg —y),xs —y) + |xs — y|¥} is achieved
on some point zg different from xs. This implies that the function

1 1
9(2) = u(zs) + 5 (M(xs —2). x5 —2) — x5 —7"+ 5 (M (x5 —25). x5 —25) + x5 — 25 g
touches u by below at the point zs. But
Vo(zs) = M(zs — x5) — klxs — 2 (25 —x5) # 0,

indeed, if it was equal to zero, zs — x5 would be an eigenvector corresponding to the
eigenvalue k|xs — z5|~2 which is supposed to be strictly less than any eigenvalue
of M.

Since u is a super-solution of (7), multiplying by |Ve(zs)| ™%, we get

F (M - —(|x5 _ z|k)(z$)) < ) Vo) ™.

By passing to the limit for § — 0 we obtain the desired conclusion i.e. F(M) < 0.
We would argue in the same manner for sub-solutions.
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The Reflector Problem and the Inverse Square
Law

Cristian E. Gutiérrez and Ahmad Sabra

Al diletto amico Ermanno Lanconelli in occasione del suo
settantesimo compleanno’

Abstract We introduce a model to design reflectors that take into account the
inverse square law for radiation. We prove existence of solutions in the near field
case when the input and output energies are prescribed.

Keywords geometric optics * Monge-Ampere type equations ¢ radiometry
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1 Introduction

It is known that the intensity of radiation is inversely proportional to the square of
the distance from the source. In particular, at large distances from the source, the
radiation intensity is distributed over larger surfaces and therefore the intensity per
unit area decreases as the distance from the surface to the source increases. The
purpose in this paper is to describe and solve a problem in radiometry involving the
inverse square law, see e.g., [2, Sect. 4.8.1, formula (10)] and [8, Chap. 4]. We will
present here only the essentials for the solution; details and further results can be
found in [6].

We begin explaining the concepts needed to pose the problem. Let £2 € S2, and
suppose that radiation is emanating from the origin O for each direction x € §2;
f(x) denotes the radiant intensity in the direction x, measured in Watts per steradian.
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Then the total amount of energy received at £2, or in other words the radiant flux
through £2, is given by the surface integral

@ = /Q f(x)dx.?

The irradiance E is the amount of energy or radiant flux incident on a surface per
unit area; it is measured in W/m?. If radiation is received on a surface o, given
parametrically by p(x)x for x € §2, then by [2, Sect. 4.8.1, formula (10)] the
irradiance over an infinitesimal patch around p(x)x is given by

N (CERYC)

p(x)?

where v (x) is the outer unit normal to the surface o at the point p(x)x. Based on the
above considerations we introduce the following quantity, measuring the amount of
irradiance at the patch of surface o (§2), and given by the surface integral

x-v(x)
[ o= as 1)

The problem we propose and solve in this paper is the following. Suppose f is a
positive function defined in £2 € 52, and 7 is a Radon measure on a bounded set D
contained on a surface in R? with dist(0, D) > 0. We want to find a reflector surface
o parameterized by p(x)x for x € £2 such that the radiation emanated from O is
reflected off by o into the set D and such that the irradiance received on each patch
of D has at least measure 7. In other words, we propose to find o such that

/ e xp'(‘;gf) dx > n(E), @)

for each E € D, where the set 7, (E) is the collection of directions x € 2 that o
reflects off in E. We ask the reflector to cover all the target D, that is, 7, (D) = 2.
In particular, from (2) we need to have

x-v(x) - ]
[ o0 5 ax= oy ®

we say in this case that the reflector o is admissible. Since f and 7 are given but we
do not know the reflector o, we do not know a priori if (3) holds. However, assuming

2The units for this quantity are Watts because the units for £2 C S are considered non dimensional
units, i.e., £2 is measured in steradians.
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that the input and output energies satisfy

/Q [@dx = Zn(D),

we will show that there exists a reflector o satisfying (2); see condition (12) and
Theorems 4.1 and 5.1. Here C is an appropriate constant depending only on the
distance between the farthest point on the target and the source, and from how close
to the source we want to place the reflector. In particular, we will see that if the
target D has a point very far away from the source, then the constant 1/C will be
very large and therefore, for a given n we will need more energy f at the outset to
prove the existence of a reflector satisfying (2). We will also see that, in general, for
each fixed point Py in the support of the measure 7, a reflector can be constructed
so that it overshoots energy only at Py, that is, for each set E C §2 such that Py ¢ E
we have equality in (2); see Theorems 4.1 [parts (2) and (3)] and Theorem 5.1. In
Sects. 4.1 and 5.1, we show that it is possible to construct a reflector that minimizes
the energy overshot at Py, that is unique in the discrete case, see Theorem 4.2.

To solve our problem, we introduce the notion of reflector and reflector measure
with supporting ellipsoids of revolution, and show that (2) makes sense in terms
of Lebesgue measurability, Sect.3. With this definition, reflectors are concave
functions and therefore differentiable a.e., so the normal v(x) exists a.e.. To obtain
the o-additivity of the reflector measure given in Proposition 3.5, we need to assume
that the target D is contained in a hyperplane or D is countable. This is needed in
the proof of Lemma 3.2 and Remark 3.1, those results might fail otherwise, see
Remark 3.2.

With this definition of the reflector, the reflected rays might cross the reflector
to reach the target, in other words, the reflector might obstruct the target in certain
directions. This is physically undesirable and it can be avoided by assuming that the
supporting ellipsoids used in the definition of reflector have the target contained in
their interiors. Another kind of physical obstruction might happen when the target
obstructs the incident rays in their way to the reflector. All of these are discussed
and illustrated in Sect. 3.1.

When the reflector is smooth, it satisfies a Monge-Ampere type pde that is
indicated in Sect. 6.

We finish this introduction mentioning results in the literature that are relevant for
this work and place our results in perspective. The reflector problem in the far field
case has been considered by L. Caffarelli, V. Oliker and X-J. Wang, see [3, 9, 10].
The near field case is in [7] where the notion of reflector defined with supporting
ellipsoids is introduced. In all these papers it is assumed that |, of(x) dx = n(target),
and the model does not take into account the inverse square law. For the far field
refraction, models taking into account the loss of energy due to internal reflection
are considered in [5].

We believe that this work is the first contribution to the problem of constructing
a reflector that takes into account how far it is from the source.
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2 Ellipsoids

Let O be the origin in R?, P # O be an arbitrary point, and ¢ > OP. The ellipsoid
of revolution E;(P) with foci O and P is given by {X : |X| 4+ |X — P| = ¢} and has
polar radius

d
pa(x) = ————, “)
1l—ex-m
2 _ op? oP
where d = e is the so called semi-latus rectum, ¢ = — is the eccentricity,
C C

OP
and m = —, x € 2. From (4), we obtain that the outer unit normal to the ellipsoid

E,(P) at the point py(x)x is given by

X—&m

&)

M) = L el

2ed
Using the formula for ¢, and d we get that OP = ———. Solving for ¢ we obtain
—¢
the following simple proposition that will be used frequently in the paper.
Proposition 2.1 Let O be the origin in R? and P # O. Fix § > 0 and consider an

ellipsoid E;(P) with d > § OP. Then there exists a constant 0 < cs < 1, independent
of P, such that E4(P) has eccentricity ¢ < cs and we have

(6)

< min pg(x) < max pg(x) <
x€S? x€S?

1 +cs 1—cs

In fact,

e< -84+ V1+8:=c5<1. @)
To conclude this section, we recall the following proposition borrowed from [7,

Lemma 6].

Proposition 2.2 For ellipsoids of fixed foci O and P, the eccentricity € is a strictly
decreasing function of d, and for each fixed x, py(x) is strictly increasing function
of d.

3 Reflectors and Reflector Measures

In this section we introduce the definition of reflector and reflector measure, and
prove some properties that will be used later in the paper.
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Definition 3.1 Let 2 C 5?2 such that |0§2| = 0. The surface 0 = {p(x)x} g is
a reflector from 2 to D if for each xy € £2 there exists an ellipsoid E;(P) with

P € D that supports o at p(xo) xo. That is, E;(P) is given by ps(x) = T exm
—ex-m

opP _
withm = OF and satisfies p(x) < py(x) for all x € £2 with equality at x = xo.

Notice that reflectors are concave and therefore continuous.
The reflector mapping associated with a reflector o is given by

N5 (xo) = {P € D : there exists E;(P) supporting o at p(xo)xo};
and the tracing mapping is
,(P)={xe R :Pec HK)

For the proof of the properties of the reflector measure, we will need the
following measure theory result.

Lemma 3.1 Let S C R” be a set, not necessarily Lebesgue measurable, and
consider

SNB
f(x) := limsup —I ,(x)|*’
r—0 |B,(x)]
where | - |« and | - | denote the Lebesgue outer measure and Lebesgue measure

respectively. If
M={xeS:f(x) <1},

then |M| = 0. Here B,(x) is the Euclidean ball centered at x with radius r.
Moreover, if B,(x) is a ball in a metric space X and u* is a Carathéodory outer
measure on X,> then a similar result holds true for all S C X.

The proof of Lemma 3.1 uses Vitali’s covering theorem as stated in [11, Corol-
laries (7.18) and (7.19)]. From the book of Ambrosio and Tilli [1, Theorem 2.2.2.],
we conclude that the same result applies to the case of a general metric space.

The following lemma is essential for the reflector measure.

Lemma 3.2 Suppose D is contained in a plane I in R3, and let o be a reflector
from §2 to D. Then the set

S = {x € 2 : there exist P| # P, in D such that x € t,(P1) N 7, (P2)}

has measure zero in S

3From [11, Theorem (11.5)] every Borel subset of X is Carathéodory measurable.
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Proof Let N be the set of points where o is not differentiable. Since p is concave,
it is locally Lipschitz and so the measure of N in S? is zero. Let us write S =
(SN N) U (SN N€). We shall prove that the measure, in S?, of F := S N N is zero.

Letxo € SNN¢, then there exist E4, (P1) and E4, (P2) supporting ellipsoids to o at
xo with Py # P,, and X is not a singular point of ¢. Then there is a unique normal
Vo to 0 at xo and vy is also normal to both ellipsoids E4, (P;) and Eg, (P2) at xo.
Hence from Snell’s law p(x()xo is on the line joining P and P,. Since D C IT we
get that E := {p(xo) xo : xo € SN N} C I1. That is, the graph of o, for x € S N N¢,
is contained in the plane I7.

We will prove that the set S N N¢ has measure zero in S2.

Case 1 O € II. Since p(z) z € I1, for each 7 € F, then the incident ray is contained
in 7. Therefore F is contained in a great circle of S? and hence has surface measure
zero.

Case 2 O ¢ I1.In this case, it can be shown, see [6], that for every 7o € F, |B,(z0) N
Fle < %|B,(ZO)| for all r > 0, and hence by Lemma 3.1 the measure of F is zero in
5 and the proof of the lemma is complete.

Remark 3.1 1If D is a finite or countable set, then the conclusion of Lemma 3.2 holds
regardless if D is on a plane. In fact, let D = {P;}2,, with O ¢ D. Let IT;; be the
plane (or line) generated by the points O, P;, P;. Following the proof of Lemma 3.2
we have that

SNN¢C Uiz 15,

and since the surface measure of § N N N IT;; is zero we are done.

Remark 3.2 We present an example of a target D that is not contained in a plane,
aset 2 C S?, and a reflector ¢ from £2 to D such that the set S in Lemma 3.2 has
positive measure. Consider the origin O, the point Py = (0, 2, 0), and the half sphere
S_ ={X = (x1,x2,x3) : | X =Pyl = 1,x3 < 0}. Let D = S_ U {Py}, and consider
the ellipsoid E;(Py) = {pa(x)x},es2 with d large enough such that it contains D. Let
Q2 = {x=(a,b,c) € $?: ¢ > 0} and the reflector 0 = {p (x)x} c5-

Each point P € D is reached by reflection, because the ray from P, passing
through P intersects o at some point P’ and since o is an ellipsoid, the ray emanating
from O with direction P’/|P'| is reflected off to P. We can see in this case that the
set S in Lemma 3.2 has positive measure, see [6].

Similarly, Lemma 3.2 does not hold when D is contained in a finite union of
planes. For example, let P = (0,2,0), € be the closed disk centered at (0,2, —1)
and radius 1 contained on the plane z = —1, and let the target be D = P U %.
If o is a sufficiently large ellipsoid with foci O, P, and containing D, then the set
75 (P) N 75 (%) has positive measure.

As a consequence of Lemma 3.2 we obtain the following.
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Proposition 3.1 Suppose o is a reflector from $2 to D and the target D is contained
in a plane or D is countable. If A and B are disjoint subsets of D, then t1,(A) N t5(B)
has Lebesgue measure zero.

Definition 3.2 Suppose D is compact not containing O, and M = maxpep OP. For
each § > 0, we let &7 (§) be the collection of all reflectors 0 = {p(x)x},5 from
2 to D, such that for each xy € §2 there exist a supporting ellipsoid E;(P) to o at
p(xo) xo with P e Dandd > § M.

The following proposition will be used in Sect. 5.

Proposition 3.2 If 0 = {p(x)x},ep is a reflector in </(8), then p is globally
Lipschitz in $2, the Lipschitz constant of p is bounded uniformly by a constant
depending only on § and M.

Proof Let x,y € £2. Then there exist P € D with d > §M such that E,;(P) supports
o at p(x)x, i.e., p(z) < py(z) for all z € §2 with equality at z = x. Therefore since

2ed )
P = ——, using (7) we get that
1—¢2

OP1+e¢ <M1+05
2

p(y)—px) = p(y) —pa(x) < pa(y)—pa(x) < 1 x—y| < X
— & 21— Ccs

Interchanging the roles of x, y, we conclude the proposition.

Proposition 3.3 Assume O ¢ D with D compact such that either D is contained
on a plane or D is countable. Let 6 € o7 (§) and let S be the set from Lemma 3.2.
Suppose {x,}°2 |, %0 are in 2\ S and x, — xo. If Eq,(P,) and Eg,(Po) are the
corresponding supporting ellipsoids to o at x, and xy, and v(x,),v(xo) are the

corresponding unit normal vectors, then we have

1. lim, o d, = dp.
2. lim, o0 P, = Py.
3. limy— 00 v (x,) = V(x0).

Definition 3.3 Let § > 0 and let D be compact with O ¢ D. Given o € 27 (3), we
define ¥ = { E C D : 1,(F) is Lebesgue measurable}.

Proposition 3.4 If O ¢ D, with D a compact set contained either on a plane or D
is countable, then . is a sigma-algebra on D containing all Borel sets.

We are now ready to define the notion of reflector measure.

Proposition 3.5 Assume the target D is a compact set with O ¢ D such that D is
contained on a plane or D is countable. Let f € L' (£2) be non-negative, and let o
be a reflector in <7 (§) for some § > 0. We define

x-v(x)
p?(x)

for each Borel set E. Then  is a finite Borel measure on D.

ME) = )f €9) dx

5 (E
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Proof By Proposition 3.4, 7, (E) is Lebesgue measurable for each Borel set E. By

Proposition 3.3 the function x - v(x) is continuous relative to £ \ S. Since o € A(§),
x-v(x)

p*(x)

l—ex-m

p is continuous and bounded below. It then follows that the function is

continuous relative to £2 \ S.

Let x € £\ S, by (5) and Proposition 2.1, we have x - v(x) = ﬁ >

x—em

1— Cs
1 +cs
From Proposition 3.1, |S| = 0 and therefore w(E) is well defined for each E
Borel set and is non negative. To prove the sigma additivity of w, let Ey, Es, ...
be countable mutually disjoint sequence of Borel sets. Then by Proposition 3.1,
((E; N E;) = 0 forall i # j, and hence u (UL E) = Y15 w(E)).

> 0, where ¢ is the eccentricity of the supporting ellipsoid to o at p(x)x.

To complete the list of properties of the reflector measure, we state the following
stability property.

Proposition 3.6 Suppose D is a compact set with O ¢ D and such that D is
contained on a plane or D is countable, and let f € L'(2) be non-negative. Let o,,
be a sequence of reflectors in <7 (8) for some fixed § > 0, where 6, = {pn(X) X},c5
are such that p,(x) < b for all x € 2, for all n and for some b > 0, and p,, converges
point-wise to p in 2. Let 0 = {p(x)x} 5. Then we have

1. 0 € o/(8), i.e., forall x € 2 there exist P in D and d > 8M such that E;(P)
supports o at p(x)x.
2. If u is the reflector measure corresponding to o, then i, converges weakly to L .

Corollary 3.1 If D = {P,,P>,...,Py} and 0,0, iUy, L are as in Proposition 3.6,
then

lim w,(P;) = u(Py).
n—-+00

Proof Define h;(P;) = 8{:, 1 <i,j < N. Since D is discrete, & is continuous on D,
then by the previous proposition

im_p(P) = Tim /D h)din(y) = /D WO)() = 1(P).

3.1 Physical Visibility Issues

With the Definition 3.1 of reflector, the reflected rays might cross the reflector to
reach the target, in other words, the reflector might obstruct the target in certain
directions. This is illustrated in Fig. 1a. In this section, we show by convexity that
if the ellipsoids used in the definition of reflector are chosen such that they contain
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Fig. 1 Reflectors illustrating (a)
obstruction. (a) P = (1, 0),

Q= (0,1), E2(P) and

Ei14(Q); (b) P = (—1,0.2),

0 = (1,0), Es5(P) and

Es(Q)

(b)

all points of D in their interiors, this obstruction can be avoided, that is, the reflector
will not obstruct the target in any direction. For example, in Fig. 1b each reflected
ray will not cross the reflector to reach the target.

Indeed, let {E4 }ie; be a family of ellipsoids with foci O and P;, such that the
convex body B enclosed by all {E }e; is a reflector. Let us assume that all P;’s
are in the interior of B, and D = {P;};e; is compact. We shall prove that under
this condition any ray emanating from O is reflected into a ray that does not cross
the boundary of B to reach the target. Suppose by contradiction that there is ray r
emanating from O so that the reflected ray r’ crosses the boundary of B to reach the
target. Then r hits dB at some point P, and so P is on the boundary of some ellipsoid
Ej;, and the reflected ray r’ crosses the boundary of B at a point Q to reach the target
at say P;. Since P; is in the interior of B, P € 0B, and B is convex, the segment
(1 —t)P 4 tP; € Int (B) for all 0 < ¢ < 1. Since for some #, Q is on this segment,
then Q belongs to the interior of B, a contradiction.
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To assure that each supporting ellipsoid in the definition of reflector contain all
points in D, we proceed as follows. Take m = minpep OP, M = maxpep OP. Let
P;, P; € D, P; is inside the body of the ellipsoid with focus O and P; if and only if

OP;
0P,’~|‘P,’Pj <Cj: _—,
. g

OP;
that is, if and only if &; < —— 7 forall P;, P; € D. Therefore, in the definition
OP; + P;P;

of reflector it is enough to choose ellipsoids with eccentricity ¢ satisfying

m
< —. 8
*= M + diam(D) ®)
. (1—¢7) OP; . .
Since d; = . then by monotonicity of d we have that (8) is then
J

equivalent to

' (rssan)
> —MEdam®)) op e e b,

o
M + diam(D)

' (s i)
M+’cqi11am(D) i

e
M + diam(D)
Therefore, to avoid obstruction of the target by the reflector, we can consider
reflectors in the class 7' (§) with

and so it is enough to choose d >

' (=)
5> \MEdiam®D)) . _ )

22—
M + diam(D)

To complete this section, we mention the case when the target is on the way to
the reflector, that is, the incident rays cross the target before reaching the reflector.
Clearly, this can be avoided if we assume that 2 N D* = @, where D* is the
projection of D on S2.
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4 Solution of the Problem in the Discrete Case

Definition 4.1 Let 2 C S? with [022] = 0, D = {P,,P,,...,Py} is such
that O ¢ D, and M = maxpep OP. Let dy,--- ,dy be p_ositive numbers and
w = (dy,d,,--- ,d,). Define the reflector 0 = {p,,(x)x}, x € §2, where

pw(x) = min o (),

ith pg, (x) d L am = 9P op = OB
with pg,(x) = ————, & = — — ——andm; = —, OP; = |OP;|.
P I—eix-m OP? ~ OP OP;

Lemmad.l Let 0 < § < &, and let {p,(x)x} be the reflector with w =
(di,--,dy), whered, < 8 M and d; > §M for 1 < i < N. Iff € L'(2) and
f > 0a.e. then

w()
€9

1 (D) = /Q £00 xp;’ dx > C(3.8' M) /Q Fo) dx (10)

where C(8,8', M) is a constant depending only on 8, §' and M.

Proof From Proposition 3.2, the set of singular points of the reflector p,, has
measure zero. For each x € £2 not a singular point the normal v,,(x) exists and

-V, 1 —c5)3
o) A=) s s and
pr(x) T (1 +cs) (8" M)?
-y (%)
P (%)
To prove the strict inequality, suppose by contradiction that we have equality. Since
f > 0 a.e., we then would get that

by (5) and Proposition 2.1,

X

y(D) = /Q £ dr > C(5.8',M) /Q F0) d.

X Vy(x)

p2.(x)

= C(,8',M), forae.xe £, (11)

then p,, is constant a.e. and hence by continuity p,, is constant on §2, a contradiction.
The following lemma is similar to [7, Lemma 9].

Lemma 4.2 Consider the reflectors 0 = {p,(x)x},cp and 6 = {py(X)x}.c5
with w = (dy,da,-+ ,dp,--- ,dy) and w = (dy,dy,--- .d),--- ,dy), such that
c?l < d;. We write in this case w >; w.

If w and [i are the corresponding reflector measures, then fL(P;) < n(P;) for
i # 1
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As in [7] we obtain the following corollary.

Corollary 4.1 Let w; = (d},d),--- ,dy) and w, = (d3,d3, -+ ,d%). Define w =
(dv,da, -+ ,dy) where d; = min(d}, d?), we write w = min(wy, w»). Let i1, o, (b
be their corresponding reflector measures. Then

w(P;) < max(ui(P;), u2(Py)) foralll <i <N.

We now prove existence of solutions in the discrete case.

Theorem 4.1 Let 2 C S? with [02] = 0, f € L'(2) such that f > 0 a.e,
g1,82,°+ , gn positive numbers with N > 1. Let D = {Py, Py, ... ., Py} be such that
O ¢ D, and let M = max,<;<y OP;. Define the measure 1 on D by n = Zf\,:l 8ibp;.

1+
Fix$ >0, letk > < , where cs is from (7), and suppose that
]

1
/éf(x) dx > WU(D), (12)

(1—cs)’
(1 + c5)(kEM)?
Then there exists a reflector w = (dy,--- ,dy) in </ (8), i.e., with d; > §M for
1 <i <N, satisfying:
1. 2 =YL, w%(P).
2. i(P;) = gifor2 < i < N, where [i is the reflector measure corresponding to w;
and
3. m(P) > g1

Proof Consider the set:

where C(8,ké,M) =

W= {W: (dl,"' ,dN)Idl = kéM, d; > M,

X Vy(x)

o (Pi) = f(x) dx < gii=2,--+ N}

2
Tow(P;) % w (x)

We first show that W # @. In fact, since d; is fixed we can choose d; large enough
for i # 1 so that p,,(x) = pg (x), in that case u,,(P;) =0 < g;fori =2,--- ,N and
wew.

W is closed. In fact, let w, = (dY,--- ,dy) € W convergingtow = (di,--- ,dy),
and let p,, and p be their corresponding reflector measures. By Proposition 2.1 we

have py,, (x) = pg, (x) < ] . Then by Corollary 3.1 u(P;) = lim,—co in(P;) <
—cs
giforalli=2,---,N. Thereforew € W.
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Note that u,,(P;) > g for every w € W. In fact, by Lemma 4.1 and
condition (12), we have that

/“LW(PI) — 81 =I"LW(D) - (gl + /‘Lw(PZ) +ee :u*w(PN))
E,va(D) - (gl +g 4+ + gN) > 0.

Let d_l = kéM, and c?i = inf,ewd; for 2 < i < N. Take the reflector
5 = {pp(x)x} and it’s corresponding measure ji, with w = (di,---,dy).
We have that d; > &M for 2 < i < N. Since W is closed and the
d s are bounded below, the infimum is attained at some reflector w; =
(k8M dz,--- dl 1,d dH_l,-- dN) € Wfor2 < i < N. Let 1; be the reflector
measure corresponding to w;. Since w = miny<;<y w;, it follows from Corollary 4.1
that fi(P;) < max (i (P;), it3(P;), -+, in(P;)) < gifor2 <i < N,andsow € W.

It remains to prove that in fact we have i(P;) = g; for all i > 2. Without loss of
generality, suppose that the inequality is strict for i = 2, that is, i(P2) < g». Take
0<A<l1,wy = (kéM, Adz,dg,. d_N) and let p1, be the corresponding reflector
measure. We claim that d, > §M. Suppose by contradiction that d, = M. Then by

+ cs
, we have

koM
Proposition 2.1, p; < —— and p; > ﬁ but since k >

—cs
pg, = pg,- Therefore 75 (Pl) C 75 (P;) and hence by Proposition 3.1 ,u(Pl) =0,a
contradlctlon. This proves the claim, and therefore Ad> > 8M for all A sufficiently
close to one. Moreover, by Lemma 4.2, u,(P;) < ju(P;) < g; fori > 3, and by
Corollary 3.1 limy—,; wa(P2) = jA(P2) < g2 Then there exist Ay close to one such
that i) (P,) < g, and Ady > 8M, for Ao < A < 1.Hence w) € W contradicting the
definition of d». We conclude that W satisfies conditions (DH-(3).

4.1 Discussion About Overshooting in the Discrete Case

Theorem 4.1 shows the existence of a solution that overshoots energy at P;.
Definition 4.2 With the notation of Theorem 4.1 we define the following

={w=(d,---,dy) :di =kéM,d; = M, u,,(P;) < g;i for 2 <i < N}.
2. The reflector & = {p;(x)x}, and its corresponding reflector measure i, where
w = (dy,--- ,dy) withdy = k6M, and d; = inf,ew d; for2 <i <N.

Theorem 4.2 Let w = (di,dy,...,dy) € € and p its corresponding reflector
measure. Then

(D) < pu(D),
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where [i is the reflector measure corresponding to w. Moreover, if 2 is connected
and i(D) = u(D) then:

di=d; for all 1 <i<N.

Proof Since w and w are in &, then p(P;) = ji(P;) for all 2 < i < N. By definition
of w = (d,--- .dy) we have d| = kM = d, and d; < d; forall 2 < i < N,
since ¥ € W. Let o and & be the reflectors corresponding to w and w, respectively,
then by Proposition 2.2 75(P;) € 7,(P;) and fi(P1) < wu(P;). We conclude that
(D) < (D).

Suppose now that £2 is connected and we have equality, i.e., £(P;) = u(P;) for
alll <i<N.LetI ={l<i<N:di=d}andJ = {1 <i <N :d; < d.
Our goal is to prove that J is empty. Flrst notice that I # @, since 1 € I. Similarly
as before 13 (P;) C t,(P;) for all i € I, and therefore

X vg ) A
P) = : = :
) tU(P,)f( & Pd( x) x TJ(P,)f( ) Pf; ()
V3 (x)
= iy 2 d
r;(Pof( 9 'Od ®) i /mPl-)\rr—,(Pl-)fx P

2
d;
o ey
= AR +/ra<Pi)\ra(Pi)f(x) p3 () &

vz, (%)
pf; )
0 |75 (Py)| = |t5(P;)| fori e 1.

Suppose now that J # @ and let x € Ujej 75 (P;), then x € 75(P;,) for some
Jjo € J. By Proposition 2.2 we have:

Since w(P;) = i(P;) and

f(x) > 0ae., we get |7,(P;) \ 75(P;)| = 0, and

pi(0) = g, () < puy () < pu(6) = pz, (@) forallier
Then by continuity of py,
x € Int U 75 (P)) and so U 75 (P;) C Int U 75 (P))
j€J jer jeJ

Since £2 is connected and Ujes to(P)) is closed, we get that the set A =
Ujes %6(P) \ Ujes T (Pj) contains the non empty open set then ¢, 7 (P)) =

(UjEJ Ty (Pj)) U A with |A| > 0, a contradiction.
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5 Solution for a General Measure u

Theorem 5.1 Suppose the target D is compact, O ¢ D, and either D is contained
on aplar}e, or D is countable, and let M = maxpep OP. Let 2 C S2, with |082] =0,
f e LY(Q2) withf > 0 a.e, and let n be a Radon measure on D.

Given § > 0, k >

(&) .
, with cg from (7), we assume that
cs

1
/éf(x) dx > WU(D), (13)

(1—cs)’
(1 + cs)(k6M)?"

Given Py € supp(1), the support of the measure 0, there exists a reflector o =
{p(xX)x} e from §2 to D in o/ (§) such that

where C(8,k6, M) =

X V(x)
NE) < /TU(E)f(X) s
for each Borel set E C D, and
X-v (x)
E) = L .
08 = | WS

) SM kéM -
for each Borel set E C D with Py ¢ E; and < px) < forallx € £2.
1+ cs 1 —cs

Proof Partition the domain D into a disjoint finite union of Borel sets with small
diameter, say less than ¢, so that Py is in the interior of one of them (D has
the relative topology inherited from R?). Notice that the n-measure of such a set
is positive since Py € supp(n). Of all these sets discard the ones that have n-
measure zero. We then label the remaining sets Di, o ,D}\,l , and we may assume
Py € (D})° and n(D}) > 0 for 1 < j < Nj. Next pick P} € Dj, so that
P! = Py, and define a measure on D by 1 = Y™ n(D})8p1. Then from (13),
m@D) = nD) < C(8,k8,M) [5f(x)dx. Thus by Theorem 4.1, there exists
d!

1

——— with df = kéM,
I —¢ x-m,

a reflector 04 = {pl(x)x : p1(x) = minj<j<p,
—

. . . oP} : o

di > 6M for2 < i < N, m = P! for 1 < i < Nj, and satisfying

1

m@ < [ fon

dx, with equality if Py ¢ E, for each E Borel subset
7oy (E) pi(x
of D.
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By this way for each { = 1,2,---, we obtain a finite disjoint sequence of
Borel sets Df, 1 < j < N with diameters less that 5/24 and n(Df) > 0
such that P, € (Df)°, Df“ C Df, and pick Pf € Df with Pf = Py, for all
£ and j. The corresponding measures on D are given by 1, = Zf\;‘l n(Df)é’Pg
satisfying n¢(D) = n(D) < C(8,k8, M) |, &.f(x) dx. We then have a correspondiné
sequence of reflectors given by oy = { pg(x)x : pe(x) = minj<i<y, %

1 —¢ x-m;

—
(

OP¢
with df = kéM, df > 8M for2 <i < Ny, mf = O_Pl[ for 1 <i < Ny, and satisfying
nE < [ pooe
oy (E) Py (x
of D.

Since oy € &/ (8) for all £, it follows by Proposition 3.2 that p; are Lipschitz
continuous in £2 with a constant depending only on § and M. In addition, from

. < pe(x) < T Ve, x.
By Arzela-Ascoli theorem, there is a subsequence, derfoted also by py, consverging
to p uniformly in £2. From Proposition 3.6, ¢ = {p(x)x} is a reflector in .27(§) and
the reflector measures j¢, corresponding to oy, converge weakly to u, the reflector
measure corresponding to 0. We also have that 1, converges weakly to 1, and
ne(E) = ¢ (E) for every Borel set E C D with Py ¢ E, and each £. Then we obtain
that n(E) = w(E) for every Borel set E C D with Py ¢ E. Since n¢(E) < ¢ (E) for
any Borel set E C D, we also conclude that n(E) < u(E).

dx, with equality if Py ¢ E, for each E Borel subset

Proposition 2.1, and since df = kM, we have 7

5.1 Discussion About Overshooting

In this section, we will discuss the issue of overshooting energy to the point Py €
supp(n) and show that there is a reflector that minimizes the overshooting. Indeed,
let Py € supp(n) and

. x - Vp(x) . .
I = inf F) — dx : o is areflector as in Theorem 5.1; . (14)
76 (Po) P (x)
There exists a sequence of reflectors o = {px(x)x} such that
I= lim f() % dx.
k=00 Toy (Po) pk ('x)

Therefore from Proposition 3.2, p; are uniformly Lipschitz in £2, and by Theo-
rem 5.1 uniformly bounded. Then by Arzeld-Ascoli there exists a subsequence, also
denoted py, converging uniformly to p. By Proposition 3.6, 0 = {p(x)x} € 27(8),
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and the corresponding reflector measures p; and p satisfy pup — p weakly. In

particular, I = f(x) a ; o)
76 (Po) P (x)
We now compare (i (Py) with n(Py).

p()

dx, and we are done.

Case 1 u(Py) = frU(Po)f( ) dx > 0.

In this case, we shall prove that for each open set G C D, with Py € G, we have:

X v,(x)
d G), 15
o () x > n(G) (15)

in other words, the reflector overshoots on each open set containing Py. Notice
that from Theorem 5.1 we have equality in (15) for each Borel set not containing
Py. Suppose by contradiction there exists an open set G, with Py € G, such that

ffa(c)f( x) 25()) = 1n(G). Then
x-vp(®) x-vp(0)
X dx = dx
/f?f( " %(D)ﬂ =T
x-vp(x) x- vp(x)
= d
/raw\c)f(x) 2 T fa(c)f() P*(x)

= 1D\ G) + 1(G) = (D) < C(5.k8. M) /Q F0o) d

.. X - Vp(x)
from (13). But f > 0 a.e. and by Proposition 2.1, T C(8,k6,D) = 0,
P2 (x
X Vp(x) = . .
thus = C(8,k6,M) for a.e. x € 2. Hence, again by Proposition 2.1,

2
p*(x) .
p(x) is constant a.e., and since p is continuous, then is constant in £2 . This is
a contradiction. Notice that if n(Py) > 0, then u(Py) > 0 and so the reflector
overshoots.

Case 2 u(Py) = frU(Po)f( X) —2——dx =0.

This implies that |‘L’G(P0)| = 0 and n(Pg) = 0. Then for each G open
neighborhood of Py we have

_ X V,(x) x-vp(x) _
1(G) = /fa<G\P0>f(") oy et [ R e = G\ P = 016,

This identity also holds for every open set not containing Py, and so for any open set
in D. Since both measures p and 7 are outer regular then they are equal. Therefore
in this case the reflector doesn’t overshoot.

X- vp(x)
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6 The Differential Equation for the Problem

Proceeding similarly as in [4, Appendix] we conclude that p satisfies the following
Monge-Ampere type equation

|det (D?p + & (x, p(x), Dp(x)))] (16)
_ @)
" 4g(T(x) Y1 —|x2 |[F(F + Dp - D,F)| p*/p* + |Dp|? — (x- Dp)>

with T the map from £2 to D and F := F(x, p(x), Dp(x)),where

u

Vi 1pP = (p-)?

) e PG i+ 26 p) L ’
—u+ipr—@E-x)+2u+p-x
V2 +pP = (p-x)?
and
1
o (x,p,Dp) = —— [(F + pF,)Dp ® Dp + pDp @ D.F] .*
(x, p, Dp) p(FJer.DpF)[( pF.,)Dp & Dp + pDp ]
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Abstract Recently, Bourgain and Brezis and Lanzani and Stein considered a class
of div-curl inequalities in de Rham’s complex. In this note we prove the natural
counterpart of these inequalities for horizontal vector fields in the Engel group and
in the seven-dimensional quaternionic Heisenberg group.
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1 Introduction

LetZ = Z(x) = (Zi(x), Z2(x), Z3(x)) be a compactly supported smooth vector field
in R3, and consider the system

curlZ = f
divZ=0.
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It is well known that Z = (—A)~!curlf is a solution of (1). Then, by the Calderén-
Zygmund theory we can say that

||VZ||U(]R3) < CP”f”U’(Rg') R for 1 <p <.

Then, by Sobolev inequality, if 1 < p < 3 we have:

”Z”U’*(R3) = “f”l!’(]l@)v

where L = 1 -1

o T3 When we turn to the case p = 1 the first inequality fails.

The second remains true. This is exactly the result proved in [11] by Bourgain and
Brezis.

More precisely, in [11], Bourgain and Brezis establish new estimates for the

Laplacian, the divi-curl system, and more general Hodge systems in R” and they

show in particular that if Z is a compactly supported smooth vector field in R”, with

n > 3, and if curl Z = f and div Z = 0, then there exists a constant C > 0 so that

1 Z| =1 ey < Wfll1 ey - (2)

This result does not follow straightforwardly from Calderon-Zygmund theory and
Sobolev inequality. The inequality (2) is a generalization of the classical sharp
Sobolev inequality (the so-called Gagliardo-Nirenberg inequality) valid for all
n > 1:let u be a compactly supported scalar smooth function in R” then

lull prro—v@n < || Vullp qn). 3)

In [28] Lanzani and Stein proved that the classical Gagliardo—Niremberg inequal-
ity (3) is the first link of a chain of analogous inequalities for compactly supported
smooth differential #-forms in R”. In particular, their result for one-forms read as

lleall =1y ey < C (lldull gy + 118ull 1 gony) 4

where d is the exterior differential, and § (the exterior codifferential) is its formal
L?-adjoint.

Here 7' (R") is the real Hardy space (see e.g. [34]). In other words, the main
result of [28] provides a priori estimates for the div-curl system

du=f
du = g,
when the data f, g belong to L'(R"). This result contains in particular Burgain—

Brezis inequality (2); see also [36] for divergence-free vector fields in R” [10, 11].
Related results have been obtained again by Burgain—Brezis in [12].
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We refer the reader to all previous references for an extensive discussion about
the presence of the Hardy space in (4). We stress explicitly that (4) holds forn = 2
(see [11]).

Recently, in [14], Chanillo and Van Schaftingen extended Burgain—Brezis
inequality to a class of vector fields in Carnot groups. Some of the results of [14]
are presented in Theorem 2.1 below.

We recall that a connected and simply connected Lie group (G, -) (in general
non-commutative) is said a Carnot group of step k if its Lie algebra g admits a step
Kk stratification, i.e. there exist linear subspaces Vi, ..., V, such that

g=Vi®...8V,., [Vi,Vi]=Vit1, V.#{0}, V;={0}ifi>«,

where [V}, V;] is the subspace of g generated by the commutators [X, Y] with X € V,
and Y € V;. The first layer V| is called the horizontal layer and plays a key role in
the theory, since it generates the whole of g by commutation.

A Carnot group G can always be identified, through exponential coordinates,
with the Euclidean space R", where n is the dimension of g, endowed with a suitable
group operation.

In addition, the stratification of the Lie algebra induces a family of anisotropic
dilations 8, (A > 0) on g and therefore, through the exponential map, on G. We
refer to [18] or [9] for an exhaustive introduction.

We denote by Q the homogeneous dimension of G, i.e. we set

0:= ZK: idim(Vy).

i=1

It is well known that Q is the Hausdorff dimension of the metric space G endowed
with any left invariant distance that is homogeneous with respect to group dilations.
In general, Q > N.

The Lie algebra g of G can be identified with the tangent space at the origin e
of G, and hence the horizontal layer of g can be identified with a subspace HG, of
TG,. By left translation, HG, generates a subbundle HG of the tangent bundle TG,
called the horizontal bundle. A section of HG is called a horizontal vector field.
Since, as usual, vector fields are identified with differential operators, we refer to
the elements of V; as the horizontal derivatives.

The scalar Gagliardo-Nirenberg inequality is already well known in the setting of
Carnot groups, as well as its geometric counterpart, the isoperimetric inequality (see
[13,20,21,23,29,30]) but, in spite of the extensive study of differential equations in
Carnot groups (and, more generally, in sub-Riemannian spaces) carried out during
the last few decades, very few results are known for pde’s involving differential
forms in groups (see, e.g., [1, 2, 6, 8, 19, 22, 31, 33]).

A natural setting for div-curl type systems in Carnot groups is provided by the
so-called Rumin’s complex (E;, d.) of differential forms in G. In fact, De Rham’s
complex (§2*, d) of differential forms, endowed with the usual exterior differential,
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does not fit the very structure of the group, since it is not invariant under group
dilations: the differential d mixes derivatives along all the layers of the stratification.
Rumin’s complex is meant precisely to overcome this difficulty.

As a matter of fact, the construction of the complex (E;, d.) is rather technical
and will be illustrated in Sect. 2. However, it is important to stress here that Rumin’s
differential d. may be a differential operator of higher order in the horizontal
derivatives. This property affects crucially our results, that are therefore a distinct
counterpart of those of Lanzani and Stein.

Among Carnot groups, the simplest but, at the same time, non-trivial instance
is provided by Heisenberg groups H", with n > 1, and, in particular, by the first
Heisenberg group H' which is in some sense the “model” of all topologically three-
dimensional contact structures. These are step 2 Carnot groups and Lanzani-Stein
inequalities for H" are studied in [3-5].

The aim of the present note is to attack the study of inequality (4) for differential
forms and their related div-curl type system in some distinguished Carnot groups
of higher step: the first Engel group and the seven-dimensional quaternionic
Heisenberg group. The Engel group is the model of the class of the so-called filiform
groups; the quaternionic Heisenberg groups represent in some way an extension
of Heisenberg groups: they are defined by replacing the complex field C by the
field of quaternions H in t he definition of H". This generates a two-step Carnot
group whose centre is three-dimensional (while the centre in H" is one-dimensional
instead). The study of quaternions has received a boost in recent years, especially
from their application to computer graphics. Quaternion multiplication can be used
to rotate vectors in R? and it is much better suited than the usual multiplication
by 3 x 3 rotation matrices: data storage is reduced to speed up calculations and
distortions of lengths and angles due to numerical inaccuracies can be avoided since
quaternions can be easily renormalised without floating point computations.

Sections 3 and 4 contain a detailed presentation about these groups.

This note is organized as follows: in Sect.2 we fix our notations and we
collect some known results about Carnot groups and in particular we recall a
crucial estimate proved by Chanillo and Van Schaftingen [14] for “divergence free”
horizontal vector fields in Carnot groups. Moreover, we sketch the construction
of Rumin’s complex of differential forms in Carnot groups, and we remind some
properties of the fundamental solution for a suitable Laplace operator on Rumin’s
forms [6, 7]. In Sect. 3 we present some basic facts about differential forms in the
first Engel group and we collect our main result in Theorem 3.1 In Sect.4, we
extend the results seen in the Engel group to the seven-dimensional quaternionic
Heisenberg group.

Finally, we recall that different generalizations of the global inequalities proved
by Lanzani and Stein and Bourgain and Brezis have been proved in [27] (for
the differential complex associated with an involutive elliptic structure), in [38]
(for pseudoconvex CR manifolds) and in [37] (where, in particular, a Gagliardo-
Nirenberg inequality for the subelliptic d-operator in H” is obtained).
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2 Preliminary Results and Differential Forms in Carnot
Groups

With the same notations used above, let us denote by (G, -) a Carnot group of step
k identified to R” through exponential coordinates, and with g its Lie algebra.

LetX = {Xi, ..., X, } be the family of left invariant vector fields where the subset
{X1,...,Xu} spans V|, and hence generates by commutations all the other vector
fields; we will refer to Xy, ..., X, as the generating vector fields of the algebra, or
as the horizontal derivatives of the group.

The Lie algebra g can be endowed with a scalar product (-,-), making
{X1,...,X,} an orthonormal basis.

We can write the elements of G in exponential coordinates, identifying p with
the n-tuple (py,...,p,) € R" and we identify G with (R",-), where the explicit
expression of the group operation - is determined by the Campbell-Hausdorff
formula.

For any x € G, the (left) translation t, : G — G is defined as

I T2 =X-Z.
For any A > 0, the dilation §, : G — G, is defined as
S (xty .. x) = Ay, .. A%,

where d; € N is called the homogeneity of the variable x; in G (see [18], Chap. 1).

The Haar measure of G = (R”, -) is the Lebesgue measure .Z" in R".

The dual space of g is denoted by /\1 g. The basis of /\1 g, dual of the basis
X1, , Xy, is the family of covectors {0y,--- , 0,}. We still indicate by (,-) the
inner product in /\1 g that makes 0y, - - - , 6, an orthonormal basis. We point out that,
except for the trivial case of the commutative group R”, the forms 6y, --- , 6, may
have polynomial (hence variable) coefficients.

Following Federer (see [16], 1.3), the exterior algebras of g and of /\1 g are the

graded algebras indicated as /\* g = @ /\hg and /\>k g = @ /\hg where
h=0 h=0

Nog = /\Og =Rand,for1 <h <n,
/\hg i=span{X; A AKX, 11 <ip <---<ip <nj,
/\hg i=span{f, A+ A0, 1 <i <---<iy <n}
The elements of A ,g and \"g are called h-vectors and h-covectors.

We denote by @" the basis {0y NN By i1 <y <+ < <n}of /\hg. We
remind that dim A\"g = dim A\,g = (}).
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The dual space /\1(/\hg) of A\,g can be naturally identified with /\hg. The
action of a h-covector ¢ on an h-vector v is denoted as (¢|v).

The inner product (-, -) extends canonically to /\,g and to /\h g making the bases
X;, A---AX;, and 6;; A --- A B;, orthonormal.

We also setXqj .. iy ;= X1 A~ AXyand Ogy ... 3 =01 A+ A Dy

Starting from /\ g and /\*g, by left translation, we can now define two families
of vector bundles (still denoted by A ,g and /\* g) over G (see [8] for details).
Sections of these vector bundles are said respectively vector fields and differential
forms.

Iff: G — R, we denote by Vgf the horizontal vector field

Vof = Y _(Xif)X:.
i=1

whose coordinates are (Xif,...,X,f). Moreover, if @ = (¢1,...,¢,) is a
horizontal vector field, we define divg ¢ as the real valued function

divg (@) == > Xj¢y.

J=1

As costumary, we set

Agf ;= divg (V(Gf)

Following e.g. [18], we can define a group convolution on G: if, for instance,
f€2(G)andg € L (G), we set

loc

fxgp) = /f(q)g(q_lp) dg forp €G.

We remind that, if (say) g is a smooth function and L is a left invariant differential
operator, then

L(f xg) =f*Lg. ®)

In addition

(f xglo) = (gI'f @) and (f x glo) = (flo *'g)
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for any test function ¢. Supposenow f € &'(G) and g € 2'(G). Then, if ¥ € 2(G),
we have (all convolutions being well defined)

(L) * glv) = (LFly *'g) = (=D {fly = (L*g))

11| Vykv ©)
= (=D = L™ Ygly).

We should also remind the notion of kernel of order a. Following [17], a kernel
of order « is a homogeneous distribution of degree o — Q (with respect to group
dilations), that is smooth outside of the origin.

Proposition 2.1 Let K € 2'(2) be a kernel of order a.

(i) YK is again a kernel of order a.

(ii) X¢K is a kernel of order a — 1 for any horizontal derivative XyK, £ = 1,...,m.
(iii) Ifa > 0, then K € L} (H").
(iv) Ifa = 0, then the map f — f % K is LP continuous for 1 < p < oo.

We now recall a remarkable estimate proved by Chanillo and Van Schaftingen in
the spirit of Bourgain—Bresis’s inequality which is crucial to our proof.

Letk > 1be fixed, and let F € L' (G, ®k/\1 b1) belong to the space of horizontal
k-tensors. We can write

Moreover, we denote by .7 (G, Sym(®* /\; h1)) the subspace of smooth symmetric
horizontal k-tensors with coefficients in . (G).

Theorem 2.1 ([14], Theorem 5) Let k > 1, F € LY(G,®\, h1), ¢ € (G,

Sym(®*A, b))
Suppose

/ Fydv =0 forally e 2(G),
G
i.e. suppose that

Z Wi, - Wy Fi. =0 in2G).
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Then
| [ @.F1av] = GlFIu o, 0 I Ve @ o o,

Let us turn to differential forms in Carnot groups. The notion of intrinsic forms in
Carnot groups is due to Rumin [32, 33]. A more extended presentation of the results
of this section can be found in [8, 19, 35].

The following notion of weight of a differential form plays a key role.

Definition 2.1 If o € /\lg, a # 0, we say that « has pure weight p, and we write
w(e) = p, if & € V,,. More generally, if o € /\hg, we say that o has pure weight p
if a is a linear combination of covectors 6;, A---A8;, withw(6;,)+---+w(6;,) = p.

In particular, the canonical volume form dV has weight O (the homogeneous
dimension of the group).

We have ([8], formula (16))

max
M h

Ni= P A"s ™)

p=M;;mn

where /\h’” g is the linear span of the h-covectors of weight p and M{", MM are
respectively the smallest and the largest weights of left-invariant #-covectors.
Since the elements of the basis ®@" have pure weights, a basis of /\h’p g is given
by @ := @' N /\h’” g. In other words, the basis ©" = U,O"” is a basis adapted
to the filtration of /\hg associated with (7).
We denote by 22" the vector space of all smooth 4-forms in G of pure weight p,
i.e. the space of all smooth sections of /\h"" g. We have

max
M h

"= G 2.

p=M;;mn

Definition 2.2 Letnow & = Y picgny @ 0 € 27 be a (say) smooth form of pure
weight p. Then we can write do = doo + dyo¢ + - -+ + d,«, where d; increases the
weight by i withi =1,... k.

Definition 2.3 (M. Rumin) If 0 < & < n we set
E(')' :=kerdy N (Im do)* C 2"

In the sequel, we refer to the elements of Eg as the intrinsic h-forms on G. Since the
construction of Eg is left invariant, this space of forms can be seen as the space of
sections of a fiber subbundle of /\h g, generated by left translations and still denoted
by E’(}. In particular E’(} inherits from /\h g the scalar product on the fibers.
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As a consequence, we can obtain a left invariant orthonormal basis Eé’ = {§} of
E} such that

h
—h ~hp
z=U &
[)=N;"i"
d
—h, — hp - N . h,
where E;7 := " N \"? g is a left invariant orthonormal basis of E,”. All the

elements of E(I)l ? have pure weight p. Without loss of generality, the indices j of

Eé‘ = {¢ jh} are ordered once and for all in an increasing way according to the weight
of the respective element of the basis.
Correspondingly, the set of indices {1, 2, ..., dim Eg} can be written as the union

of finite (possibly empty) sets of indices

max
Nh

. hy _ h
(1,2,....dimE} = | | 15 s
p:N;nin
1
where
~h,p

jely, ifandonlyif g e &7

Without loss of generality, if m := dim V|, we can take

&)

5 = E&’l = {dxy,...,dx,}.

Once the basis O} is chosen, the spaces &(£2, El), 2(82,EL), (G, E}') can be
identified with &(2)4mEo, (£2)4mEs, §(G)%mEs, respectively.

The differential d. acting on h-forms can be identified with respect to the bases
Eé‘ and Eé’“ with a matrix-valued differential operator L := (Llhd) Ifj e Ig!p and
i€ I(’)’jj'l, then the L" ';’s are homogeneous left invariant differential operators of order
g —p > 1 in the horizontal derivatives, and Ll’.’J =0ifj e I(’)”p and i € Igjj'l, with
q—p <1 (see,e.g., [33] and [8], Sect. 2).

Analogously, 8. can be identified, with a matrix-valued differential operator
P = (P}).

We have:

A= ()"

v be a differential operator on &(G, RY) defined by
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where the .Z};’s are constant coefficient homogeneous polynomials of degree a in
Xi,...,Xpy. Due to the left invariance and the homogeneity (with respect to the
group dilations) of the vector fields X1, .. ., X,,, the operator . is left invariant and
homogeneous of degree a. We notice that the formal adjoint ’.% of .% is given by

tZ(O{],...,O[N) = (Z tZ],‘O{i,...,Z tZNiO{i).

The following result is contained in [7], Theorem 3.1.

Theorem 2.2 Suppose £ is a left-invariant hypoelliptic differential operator on
E(G,RN) such that '.¥ = £. Suppose also that £ is homogeneous of degree
a < Q. Thenforj=1,...,N there exists

Kj = (Kyj.....Ky;)

with Ky € 2'(G)N &G\ {0}), i,j = 1,...,N such that
(i) We have

k.= ) ST E=]
Z‘Z‘K"_{Oiﬂ o

(ii) The K;;’s are kernels of type a in the sense of [17], fori,j = 1,...,N (i.e. they

are smooth functions outside of the origin, homogeneous of degree a — Q, and
hence belonging to L\ (G), by Corollary 1.7 of [17]).

loc

(iii) When o € 2(G,RY), if we set
H o= (ZO‘/*KU’""Z“J’*KM)’
J J

then L X o = o and X Lo = a.

3 Engel Group

The first Engel group is a three-step Carnot group whose Lie algebra is given by
g=Vi &V, &d Vs, where

Vi = span{Xy, Xo}, Vo = span{T) = [X1, Xz]}, V3 = span{T» = [X1, T1]}
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and thus will be realized on R*. In exponential coordinates an explicit representation
of the vector fields is

2

X2 X3 X1X2 X x
Xm0 =2 — (B I, X =0+ g+ g

1 1= 503 (2+12)4 2 2+23+124

X
T1=33+3134,T2=34-

The Lie algebra g is endowed with a scalar product making {X;, X, Ty, T2} an
orthonormal basis. We denote by {dx;, dx,, 71, 7o} the dual basis of Al g. The forms
dxi, dx, have weight 1, whereas t; has weight 2 and 1, has weight 3.
One can easily compute the intrinsic classes of forms Ey = ker dp N (Imdy)*:

E) = 20

E} = 21! = span{dx, dx,};

E% = span{dx; A 11,dx; A T} C 0223 @ 2

ES =¥ = span{dx; A T} A Ta,dxa A T1 A T2}

Ej = 2% = span{dx| A dxy A T A T2}
We want to compute the action of the differential operator d. on Ej as a matrix-
valued operator as follows:

e d.: E) —> E} can be seen in matrix form as

with L{ | = X; and LY | = X, .
e d.: E(l) — E% can be expressed as

i = Lil Liz
L2,l L2,2

L, ==X .Li,=T1+XX. L, =T, - X\T) + X{X2.L}, = —Xj .

where
* d.:E}—> EJ is given by
i - Li’l L;z
Ly Ly,

L, =X .Li,=-T1 - X\ X2.13, =XX{ + T, —T1X; .13, = -X; .

where
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e d.: Eg — Eg can be expressed as
_ (713 73
de = (Ll,l Lz,l)
with
L, =X.,L, =-X.

Analogously

e §.:E} —> EJ is given by:
Sc(fidxi + fadxz) = Xifi + Xof>
so that, in matrix form we obtain
5= (Pl PL,)

where P{ | = X and P}, = X,.
e J.: E% — E(l) has the form:

8c(fidxy AT1 + fodxy A T2) = (L3of1 + L3 fo)dxy — (L7 ofi + L 1 fo)dxs .

5 (P%,l P%,z)
< P2 PZ
2,1 722

where P} | = —X3 . P}, = XoX; + T, —T\X, .P3, =T\ + X1 X, . P}, = —X] .
* §.:E} —> E has the form

The matrix form will be then:

8C(fldx1 ANTL ATy +f2d)€2 AT A ‘L’z) =(—Li,2f1 + Lé’lfz)dXQ ATy
+ (—Li,fi + L} fp)dxi A 1o

The matrix form will be then:

b (P i
P, P,

where P?,l = X? ,P?,z = X12X2 =+ T2 —XlTl ,P;l = —Tl —X2X1 ,P;z = —X% .

We must remind now few definitions of the function spaces we need for our
results.
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If p, g € [1, 00], we define the space
PNG) = LP(G) N LYG)
endowed with the norm

lullra@y = (lullFrg) + lulfoe) '’
We have:

e [74(G) is a Banach space.
* 2(G) is dense in L71(G).

Againif p, g € [1, o], we can endow the vector space L (G) + L(G) with the norm

lullzr(@)+2a@) == inf{(lur 1) + lu2lfoy)
uy € (G),up; € L1(G),u = uy + uz}.
We stress that L (G) + LY(G) C L .(G). Analogous spaces of forms can be defined
in the usual way.

The following characterization of (I79(G))* can be proved by standard argu-
ments of functional analysis.

Proposition 3.1 Ifp,q € (1,00) and p’, q' are their conjugate exponents, then

(i) Ifu =u +uy € IV (G) + L7 (G), with uy € L’ (G) and uy € LY (G), then the
map

¢ — /(ulgb + uyp)dV  for ¢ € LP1(G)
G
belongs to (I71(G))* and ||u||U,/(G)+L,,/G) > ||F]l.
(ii) If u € g G) + LY (G), then there exist u, € I’ (G) and uy € L7 (G) such

that u = uy + up and ”“”U"(G)+L</G) = (”"‘1”%/)(([;) + ||"‘2||iq(¢;,))1/2- Then the
functional

¢ — F(¢) := /(M1¢ +up)dV  for¢p € P4(G)
G
belongs to (LP(G))* and ||F|| ~ |lullp G)+1 c)-
(iii) Reciprocally, if F € (LP9(G))*, then there existu = u;+u; € IV (G)+L7 (G),
u LV (G) and u, € LY (G) such that

F(p) = /@ (1 + ) dV  forall ¢ € [P9(G).

Moreover ”u”LI’/(G)-i-Lq/G) = “F“
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We can state now our Gagliardo-Nirenberg inequality for horizontal vector fields
in Engel group.

Theorem 3.1 There exists a constant C > 0 such that, if u = ujdx + urdy €
2(G, Eé) and we set d.u = fdx, A t1 + gdx| A 1y, then

luell Lore—2 G £y + 10103 6 EL) = C(Ifll ) + lglo @) + lAcSeull 1) (B)

Proof To prove (8), first we need to define a suitable differential operator Ag,; on
E} that is provided of a homogeneous fundamental solution. We set

AG,I = 8c (_AG O) dc + (dc(gc)3

0 1
=6 _AGL%,I _AGLi,z
S\ Ly L,

_ — (L} )*AcLyy + (LY )*Ly, —(L} )*AcLi, + (L} )*L),
_(Li,z)*AGLi,l + (Lé,z)*lé,l _(Li,z)*AGLi,z + (Lé,z)*lé,z

+(deSe)’.
It is easy to see that Ag is a self-adjoint non-negative left invariant differential
operator that is homogeneous (with respect to group dilations) of degree 6 < 7 = Q.
Lemma 3.1 The operator Ag, is hypoelliptic.

Proof We use Rockland’s approach as in [15, 24, 25]. Let © be a nontrivial
irreducible unitary representation of G. Without loss of generality, if S, is the space
of ®° vectors of the representation, we may assume that

Sy = .7 (RY),
for a suitable k € N. By [25] (see also [15], p. 63, Remark 5), the hypoellipticity of

Ag.1 is equivalent to the injectivity of Jr(AG,l) on SNt
Let now u = (u,up) € (5”([&"))2 be such that

(5.) (‘”ﬁf@) ?) 7 (doyu + (e(d) (5 u = 0. ©)

We multiply (9) by u and we integrate the identity on (RF)M'.
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We consider first the term and we integrate by parts. We obtain

/ ((5.) (‘”ﬁf@) ?) e (doyu. ) dV
G

= [ {er@oml pm et pu + (el

+ (m(—=Ag) (L} )u2) (w (L] ur) + (w(Lh )ua) (e (L) )uy)
+ (”(—AG)N(Li,l)’41)(7T(Li,2)u2) + (”(L;,l)ul)(ﬂ(lé,z)uz)

+ (r(=A)w (L ) (r(L} ) + (r(Ly )| aV = 1.
Consider now the term —m(Ag). We have
—71(Ag) = 7(=X7) 4+ 7(=X3) = 7(X)*7 (X)) + 7 (X2) 7 (Xy).
Hence
1= [ {e@nl g + @t
G
+ 2w (X)) (L o) (X)) (L] un) + 20w (L 5)ua) (r (L 1))
+ (r(X) (Ll )m)? + (n(L;,Z)uz)Z} dv
+ [ et puy
+ 2w (X7 (L)) (e (X)w (L) )
+ (r()T(L] )’ dv
= [ {ereom@d e+ wexome] oy
+ (e s + 7L )2} AV

+ [ {een @l e + xGr @y} av

301
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Therefore (9) yields
(X)) (L) y)us + 7 (X1)w(L] )ur = 0, (10
(X)) (L 5)us + 7 (Xo)mw (L} )uy = 0, (11)
m(Ly,)uz + (L )uy = 0 (12)
and
n(=Ag)mw(d)u = 0. (13)

We apply (X)) to (10) and 7 (X3) to (11). Summing up we obtain
m(Ac)((Ly y)uz + m(Li)ur) = 0.
But w(Ag) is injective, since Ag is hypoelliptic, by [26], and hence
m(L{ uz + 7(Ly )uy = 0. (14)
Combining (12) and (14) we obtain
w(de)u = 0. (15)

By [33], proof of Theorem 5.2, there exists X € g such that, for any v €
(7 ®)™,

v = Oy (d.)v + 7(d.) Oxv, (16)
where
QOx := (g, M) Pxixmw (I[1gg,).

Here Py is the inverse of 7 (%), Zx being the Lie derivative along X.
Replacing (15) in (16), we get

u = m(d.)Qxu. (17
Thus, if we replace (17) in (13), we get
7((—Ag)*)Qxu = 0,

yielding eventually u = 0, since (—Ag)? is hypoelliptic and then 7 ((—Ag)?) is
injective. Thus QOxu = 0 and therefore u = 0, by (17).
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To achieve the proof of Theorem 3.1, we notice that, by Theorem 2.2, if u €

P(G,E}) and ¢ = ¢1dx + ¢ody € P(G, E}), we can write

(Lt, ¢>L2(H1,E(l)) = (M, AG,I'%/(}&)LZ(HI,E(I))

—AgL} |, —AgL}
= (d.u, L1 12 )
| u( b, )Pees

+ (u, (de8e) H ) 2.l
Since d_.u is a closed form in E%, we can write
du=fdyrnt +gdx N 1,
with
—Tig + Xif —XiXog = 0
and
Tof + XoXif — Xag — T Xif = 0.
We notice also that, if
H = (H $)idx + (H ¢)ady,

we can write

—AgLl |, —AgL!
( . 11 . 12| g
2.1 22

= (_ AGLi,l(l/‘p)l - AGLiz(e%/(ﬁ)z) dy ATy
+ (L;,l(%(ﬁ)l + Lé,z(z%/qb)z) dx A 1.

Thus

—AgL! | —AgL!
(dL'uy ( Li l 1,1 L; i 1.2 %¢>L2(G,Eg)

- /G F (= A6LL,(H$) — AL (A $)2) dV

+ /Gg (L3 () + Ly, (H p)2)dV :=1, + L.

(18)

19)

(20)
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We notice now that (19) can be written as
—2X1X28 + X2 X8 + Xif = 0.

On the other hand, we can write g = X1 g1 + X282, with g1, g2 € ZL(G).
Therefore, (21) can be written as

—2X1X:X1g1 — 2X1X58> + XoXig1 + XoX1Xog2 + Xif = 0.
We denote by F the differential operator
F:=201X1X:X1 + 200X1X; — g1XX7 — 92XoX1 Xa80 — fX]
that, in turn, can be identified with the horizontal three-tensor

F:=21 XX ®X1 +20X1 X, X, — g1 X ® X1 ® X
— 82X ® X1 ® X280 — fX1 ® X1 ® X;.

Identity (19) can be written as
/ FydV =0 forall y € 2(G).
G

Now we can estimate /. Consider for instance

‘/GfAGLi,l(«%/@l avy,
and let @ be the symmetric three-tensor (with coefficients in . (G))
@ := AgLi,(H $)1 X1 ® X1 ® X1.
By Theorem 2.2,

AcLy (¢ = AcLy | A + AcLy Hiag,

21

where AgL{,lt}ifn and Aq;,L% %12 are convolution operators associated with kernel

of type 2. Thus by Theorem 2.1 and [17], Proposition 1.11,

’[GfA@L;I(;m)ldv’ - /(}(F,(D)dv

< (Il + I8l ) - (IVe ALty #iidilo) + Ve AcL] | #1291l o))

< C(Ifll ) + gl @)l o g1 -
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The same argument can be repeated for all terms that appear in /; and we obtain

L <C(Iflp ) + ||g||L1(G))||¢||LQ/2(¢;,,E(1))

(22)
= C(”f”Ll(G) + ||g||L1(G))||¢||LQ/2.Q/3(G,E(1))-

In order to estimate I, we note first that (20) can be written as
XIXof — 3X1 XoX\f + 2XoXif — X3¢ = 0.
We denote by G the differential operator
G := (X)X} = 3(Xi )Xo X1 + 2(X1f) X1 X2 — gX3
that, in turn, can be identified with the horizontal two-tensor
G:=XNXi X —3XiHNX X +2(XiH)X1 ® Xo — X2 @ Xo.

Identity (20) can be written as
/ Gy dV =0 forall y € 2(G).
G

Since the function g appears as the coefficient of the symmetric tensor X, ® X,, we
can try to repeat all the arguments yielding to the previous estimate of /;. However,
we are facing a crucial difference: when handling, e.g., the first term in /5, the terms
AgL{,lf%fl 1 and AgL{J%g (that are convolution operators associated with kernels
of type 2) are now replaced by Lé,lz%/n and L;ll/u that are convolution operators
associated with kernels of type 3. Thus, we are led to the estimate

L < C(Ifly @ + lgll (G))||¢||LQ/3(@,E(1))
(23)
< C(IIfllzr @) + gl (G))||¢||LQ/2»Q/3(G,E(1))-

Combining (22) and (23) we obtain an estimate of the first term of the right-hand
side of (18).

Let us proceed to consider the second term of the right-hand side of (18). We can
write

(u, (dC8C)3%¢)L2(G,E(1)) = (8.d:Scu. 8.d.SuX ¢) 2

= (8cdScu, 8.d:Scu((¢r * Ki)dx + (¢1 * Kz1)dy)) 12 ()
+ (8cdcdcu, $cdcScu((da * Ky 2)dx + (1 x Ka2)dy))2c)-
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By (5), the last term is a sum of terms of the form
((‘)’L.dc&.u, ¢j * LK,'J'))LZ(G),

where L is a left invariant differential operator of order 3 in the horizontal
derivatives. On the other hand, by (6),

<5CdC8CM, ¢j k LKiJ))LZ(G) ‘ = ‘ <8Cd58CM k VLKLJ', ¢j)>L2(G)
< |8cdcSeu * YLK || oo ) 9l o3 ) (24)
< Cl[8cdcScu|l s )19l o3 )

by Theorem 6.10 in [18], since YLK;; is a kernel of type 3, by Proposition 2.1.
Combining (18), (22), (23) and (24) we achieve the proof of the theorem by a
duality argument.

Remark 3.1 If d.u = gdx; A 1, (in particular if u is closed), it follows from the
proof of the previous theorem that (8) may be improved as follows:

lull ore—s ety < ClIglii@) + | Acbeull s ))-
0

4 The Seven-Dimensional Quaternionic Heisenberg Group

Let H be the space of quaternionic numbers and let i, j, k be three imaginary units
such that

The quaternionic Heisenberg group (in dimension 7) is a nilpotent Lie group with
underlying manifold R* x R3, where the group structure is given by:

[x, %[y, s] =[x+ y,t + s+ %Im@x)]

where x,y € H =~ R*andt,s € Im(H) =~ R3, where one identifies x = x; + x,i +
x3j + x4k, with x = (X],XQ,X3,X4) andt = ni + 1j + sk witht = (l‘], 1, 13).
A basis for the Lie algebra of left-invariant vector fields on the group is given by:

PRI SIS S I
T o T 20 T2 T 2 M o

g 1 9 1 a9 1 0
___x3_’

X =——=—x1—+ = :
2 0xy 2XI on 2X4 o, 2 03
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o 1 9 19 19
a2 e T
ad 1 9 1 9 1 0

Xi = — 4 X — —xy e —
! 0x4 + ZXS ot 2.X2 ot ZXI or3

X3 =

d
T, = —fork=1,2,3.
g oty of

The non-trivial commutation relations are:
X1, X] = —[X3,Xu] = —T1 ;5 [X1,X3] = [X2, Xu] = —Tn;
(X1, X4] = —[X2, X3] = —T3.

The standard quaternionic contact forms 71, 12, 73 are given by:

1 1 1 1
71 =df — §x2dxl + EXIdxz — 5)64(1)(3 + §X3d)C4;

1 1 1 1
T, =dn — §X3dxl + §X4dX2 + Exldx3 — E)Czd)m;

1 1 1 1
71 = d; — E)C4dx1 — EX3dX2 + EXZdXS + Exldx4.

So that:

dry = —dx; Adxy — dxz A dxy;
dty, = —dx; Adxz + dxy A dxy;
drz = —dxy Adxg —dxy Adxs.

The space of intrinsic one-forms and two-forms are

E(l) = = span{dxy, dx,, dxs, dx,},

and

E; = span{as, ag, a6} ® span{By, B, B3. Ba, Bs, B, B Bs} »

where

oy i=dx; Adxy +dxz Ndxy , o 1= dx; Adxy —dxs Adxy
o3 = dxy ANdxz —dxa Adxy , o4 i = dxy ANdxs + dxa A dxy

o5 = dx; ANdxg +dxa ANdxs , ag = dx1 Adxg —dxa Adxs,
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ﬂl Z=dxl/\‘L’z—l—d)C4/\‘L’1,ﬂ2Z=dX2/\‘L'3—|—dJC4/\‘L'1, ﬂj; =dag AT +Hdo AT,

Bsi=da Aty +do AT, Bsi=do AT +das A3, Be:=dxyg Ao+ dxs A T3,

,87 =dxo AT —dxs A T3, ﬂg = —dx3z ATy + dxy A T3, ,89 =dxy ATy —dxg AT,

ﬂ]() =dx ATz —dxo AT, ﬂll =dx; AT —dxz A T3, ,312 =dxy ATy +dxg A T3,

respectively.

We want to compute the action of the differential operator d. on Ej as a matrix-

valued operator as follows:

e d.: Eg — E(l) can be seen in matrix form as

with L(l),l =X, Lg,l =X, Lg,l = X3 and Lg,l =X4.
e d.: E(l) — E% can be expressed as

Qi1 01, Q15 Qi
010505054
031 03, 035 O34
Qi) Qi Qi3 Oy
Ly, Lip Lis Liy
Lé,l Lé,Z Li3 Li4
Ly, Ly, Ly Ly,
Lélt,l Li,Z L4113 L4114
Lél LéZ Lé? Lé4
L, Ly Loy Ly
L;l L%Z L%? L;4
Ly, Ly, Ly Ly,

where Q] | = 1X5, 0}, = —1X1, 0}; = —3X4. O}, = 1X5, 0} = 1Xs,
Qi,z = %X4, Qé,g, = _%Xl, Qé,4 = —%Xz, Q;,,l = %X4, Q;l,,z = —%X3, Q;,,3 =
3%, 04, = —3X1, Ll = (T — XiXa), L, = 3X1Xs — XaXi + XoX3),

4

L, =1} -X3-X)), L}, = 1(XuX3 = 3X1 X2 + XoX)), Ly, = —1X0X,,
Li,z = %(T3 — X3X3), L§,3 = %X%’ Li,4 = %XZXI’ Lé,l = %(T3 — X1 Xy), Lé,z =
100X -3X1X34+X5X1), LY 5 = 1 (XX 43X X-X0X)), LY, = 1 (X7 —X3-X3),
L411,1 = _%X3X2’ Lalx,z = %X3X17 Li,:’, = %(Tl — X4X3), L411,4 = %X%, Lé,l =
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1T = XiX), Ly, = (X — X3 — X)), Li; = 1(GX; — 3X1Xs + XuX)),
Ll, = 1(XaXo — X1 X3 + 3X3X)), Ly, = —31XuXa, L, = 1X3, L5 = 1XuXy,
Ly, = 3T —XoXs), Ly = 3(-X3+ X3+ X3). L}, = (T + XoXy), LY =
100Xy — 3X,Xy — XaX)), Ly, = 1(3X3Xs — XoX3 — XuX)), Ly, = —3X3,
Ly, = 3X3X4, L}, = 3(X1X3 — T») and Lg s = —31X3X; .

 8.:E) —> E]is given by:

8:(fidx1 + fadxa + fidxs + fadxy) = —Xifi — Xofs — Xafs — Xufa
so that, in matrix form we obtain
8 = (P{,l ) P%,zv P{!3,P%,4)

where P | = =X, P}, = —X;, P}y = —Xzand P , = —X, .
* §.: E} —> E} can be expressed in matrix form as:

o= (P} P3)
where

5 5 5
_Q4,1 _Q4,2 _Q4,3

5 5 5
P% — 3.1 32 33
- 5 5 5
_QZ,I _Qz,z _Q2,3
5 5 5
L1 12 13

with Q?,l = —X3, Qiz = Xz, Qi3 = Xl’ Qg,l = —X4, Qg,Z = —Xl, QSJ = XZ,
Q3 =X1,03,=—X4, 03, =X3,0}, = X2, 03, = X3, 03, = Xy and

L5, L5, —Li, —Li, ~Lis —Li, Li; L
-1, L3, L3y L3, L35 L3 —L3; —Lig
Lg,l Lg,z _L§,3 _Lg,zt _Lg,s _Lg,o L§,7 Lg,s
—L}, -}, Ly Li, Lis Lig —Li; —Lig

p; =

with L] | = T+ 10X, —XaX4), L}, = T1— 3 (X1 X3 +X3X4), L 5 = 2(X3—X3),
Ly, = 3(X3 —X3), L5 = $(XX5 + X3X)), L] g = —T» + 3(X1X3 — XoXy),
L}, =-T3+ 31X Xs—X3X0), L g = T3 — S(Xi X4 + XoX3), L3 | = (X7 —X3),
L3, = $(X3—XD, L35 = —5(X X, + XoX)), I3, = T1 + 5(XaX3 — X1X2),
L35 =Ty + 35(XaX) — XoX3), L3 g = T3 — 5(Xi X4 + XoX3), L3 ; = —5(Xa X4 +
XaXo), Ly = Tr 4+ 5(0Xs — XiX3), 13, = =51 Xy + XaX1), 3, = T3 +
3(X6Xo —X1X4), L35 = —Ta + 3 (XaXo = X3X1), L3, = —T2 + 5 (XaXo + X1 X3),

L3s = ;X = X3), L3¢ = 33 = X3), L3; = Th = 5(XiXs + XaXa), L35 =
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3XXa+XaX), L3 = —To— 3 (XoXa+X3X1), L3, = =5 (XaXo+X0Xa), L] 5 =
Ts + $(XGX1 4+ X3X0), L, = 30GXo 4+ XoX3), L 5 = Th + 100X + XuX3),
Lig= 1(X3X + XuX5), Li; = 7(XG —X3). Lis = 75 —XD).

We can state now our Gagliardo-Nirenberg inequality for horizontal vector fields
in the seven-dimensional quaternionic Heisenberg group.

Theorem 4.1 There exists a constant C > 0 such that, if
U= uydx; + urdxy + usdxs + usdxy € .@(G,E(l))

and we set

3

8
dou = Zﬁai + Zgiﬂh

i=1 j=1

then

3 8
luell Lore— G £1)+ L2/ .EY) = C(Z Ifill @) + Z Igilli@) + |l AcSeullmg))-
=1 =1

Proof Thanks to the explicit form of the intrinsic differential d, given above, we can
repeat more or less the proof of Theorem 3.1. In particular, it is crucial to provide
preliminarily a suitable differential operator Ag; on Eé with a homogeneous
fundamental solution. Let us set:

_A(G : Id3><3 0

Ag1 =6,
Gl ( 0 Idgxs

)¢+@m?

Itis easy to check that Ag ; is a hypoelliptic operator and then Theorem 2.2 applies.
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Precisely we are interested in the regularity properties of the free boundary for
the following kind of problems. In a bounded domain §2 C R”, consider the problem

Au=f in 27(w) U2~ (),
ey
ulf = G(u,x) on F(u) =02 (u) N 2,

where
RTw)={xeR:ux)>0}, 2 (u)={xe:ukx <0.

Here f is bounded on £2 and continuous in £27 (1) U £2~ (u), while u;” and u;, denote
the normal derivatives in the inward direction to £27 (x) and £~ (u) respectively.
F (u) is called the free boundary.

The function

G(n,x) : [0, 00) x 2 — (0,00)

satisfies the following assumptions.

(H1) G(1,-) € C%(£2) uniformly in n; G(-, x) € C'7([0, L]) for every x € 2.

(H2) G,(-,x) > 0 with G(0,x) > yo > 0 uniformly in x.

(H3) There exists N > 0 such that 77V G(n, x) is strictly decreasing in 7, uniformly
in x.

We describe two typical model problems of this type arising in classical fluid-
dynamics. A traveling two-dimensional gravity wave moves with constant speed on
the surface of an incompressible, inviscid, heavy fluid. The bottom is horizontal.
With respect to a reference domain moving with the wave speed, the motion is
steady and occupies a fixed region £2, delimited from above by an unknown free
line S, representing the wave profile.

Since the flow is incompressible, the velocity can be expressed by the gradient
of a stream function . If some suitable hypotheses on the flow speed are satisfied,
then v and the vorticity, @ are functionally dependenti.e. w = Ay

Assuming furthermore that the bottom and § are streamlines, from Bernoulli law
on S we derive the following model:

Ay = -y (¥) in 2={0<vy <B}
0<y <B in 2
V=B ony=0

IVy|*> +2gy =0, ¥ =0on S.

Here Q is constant, B, g are positive constants and y : [0, B] — R is called
vorticity function.
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Fig. 1 Prandtl-Batchelor .

flow configuration Q B
w, <0
/

The problem is to find S such that there exists a function ¥ satisfying the above
system.

Since ¥~ = 0 this is a one phase problem and several papers have been recently
devoted to it. Of particular interest is the proof of the so-called Stokes conjecture,
according to which at points where the gradient vanishes (stagnation points) the
wave profile presents a 120° corner. Away from stagnation points the free boundary
is Lipschitz and moreover Q — 2gy > 0.

We refer to [21, 22] and the reference therein for more details and known results.
Among the various problems left open there was the regularity of S away from
stagnation points. The answer is given in [8], where the author shows that in this
regions S is a smooth curve.

The second model is a two phase problem called Prantl-Batchelor flow. A
bounded 2-dimensional domain is delimited by two simple closed curves y, I". Let
£21, §2, be as in the Fig. 1.

For given constants i < 0, w > 0, consider functions ¥, ¥, satisfying

Ay =0in £,y =0o0n y, ¢y =p on [,
AWz =w in .Qz,}ﬁz =0 on Y.
The two functions V1, ¥, are interpreted as stream functions of an irrotational
flow in £2; and of a constant vorticity flow in §2,. In the model proposed by
Batchelor, coming from the limit of large Reynold number in the steady Navier-

Stokes equation, a flow of this type is hypothesized in which there is a jump in the
tangential velocity along y, namely

Vo = VY P =0

for some positive constant ¢. In this problem y is to be determined and plays the
role of a free boundary.
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There is no satisfactory theory for this problem. Viscosity solutions are Lipschitz
across y as shown in [6], but neither existence nor regularity is known (uniqueness
fails already in the radial case, where two explicit solutions can be found).

As a consequence of the results in [11], flat or Lipschitz free boundaries are
smooth.

Other problems of the type (1) arise from singular perturbation problems with
forcing terms in flame propagation theory (see [18]) or from magnetohydrodynam-
icsasin [17].

We shall work in the context of viscosity solutions which we introduce below.
First classical comparison sub/super solutions are defined as follows.

Definition 1.1 We say that v € C(£2) is a C? strict (comparison) subsolution (resp.
supersolution) to our £.b.p. in 2, if v € C>(2+(v)) N C?(£2~(v)) and the following
conditions are satisfied:

1. Av > f (resp. < f)in 2% (v) U 27 (v).
2. If xg € F(v), then

v (x0) > G(v; (x0).x0) (resp. vy (x0) < G(v} (x0).%0). v; (x0) # 0).

Observe that the free boundary of a strict comparison sub/supersolution is C2.
Given u, ¢ € C(§2), we say that ¢ touches u by below (resp. above) at xy € §2 if

u(xo) = ¢(xo), and
u(x) > @(x) (resp. u(x) < ¢(x)) inaneighborhood O of xy.

Definition 1.2 Let u be a continuous function in §2. We say that u is a viscosity
solution (resp. supesolution) to our f.b.p. in £2, if the following conditions are
satisfied:

1. Au = fin 2% (u) U 27 (u) in the viscosity sense.
2. Letxp € F(u) and v € C2(B*(v)) N C*(B—(v)) (B = Bs(xo)) with F(v) € C2. If
v touches u by below (resp.above) at xg € F(v), then

vl (x0)) < G(vy (x0)) (resp. >).

When f = 0 the existence of Lipschitz viscosity solutions has been settled by
Caffarelli in [4]. In particular, the positivity set of u has finite perimeter and, with
respect to the n — 1 Hausdorff measure H"~!, a.e. point on F (u) has a normal in the
measure theoretical sense.

Under the assumption G(1,x) — 0o, as n — oo, the Lipschitz continuity of
the solution in the nonhomogeneous case has been proven in [6], Theorem 4.5, as a
consequence of the following monotonicity formula:

Theorem 1.1 Let u, v be nonnegative, continuous functions in By, with

Au > —1, Av > —1 in the sense of distributions
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andu (0) = v (0) =0, u(x) v (x) = 0in By. Then, forr <1/2,

! |Vul? |Vu)? , .
q>(r):_/ < e (1 Tlay) (14 100m)-
rt B, |x|n_2 B, |)C|n_2 I ||L2(Bl) l ”Lz(Bl)

Observe that if the supports of # and v were separated by a smooth surface with
normal v at x = O then, by taking the limit as r — 0, we could deduce that

(4, (0))* (v, (0))* < D (1/2).

Hence @ (r) “morally” gives a control in average of the product of the normal
derivatives of u at the origin.

As we have said, we are mainly interested in the regularity properties of the free
boundary, in particular in proving that flat or Lipschitz free boundaries are smooth
(C'7).

A way to express the flatness of the free boundary is to assume that F (u) is
trapped between two parallel hyperplanes at §-distance from each other, for a small
8 (8-flatness). While this looks like a somewhat strong assumption, it is indeed a
natural one since it is satisfied for example by rescaling a solution around a point of
the free boundary where there is a normal in some weak sense (regular points), for
instance in the measure theoretical one. We have seen that in the homogeneous case
H""'-a.e. points on F (u) are of this kind. Moreover, starting form a Lipschitz free
boundary, H"~!-a.e. points on F (u) are regular, by Rademacher Theorem.

The following results are proved in [11]. A constant depending only on (some
of) the parameters n, Lip(u), yo and N is called universal. The C'¥ norm of G(-, x)
may depend on x and enters in a qualitative way only. We will always assume that

0€F(u).

Theorem 1.2 (Flatness implies C“Y)Letubea viscosity solution to (1) in By, with
Lip(u) < L. Assume that f is continuous in BI" (u) U By (), |Ifllzeo)) < L and G
satisfies (H1)-(H3). B

There exists a universal constant § > 0 such that, if

{x, <=8} C By N{ut(x) =0} C {x, <6}, (8 — flatness) 2)

with 0 < 8 < 8, then F(u) is C' in By ».
‘We also have:

Theorem 1.3 (Lipschitz implies C'Y ) Let u be a viscosity solution to (1) in By, with
Lip(u) < L. Assume that f is continuous in BT () U By (), Ifllzocgy < L and G
satisfies (H1)—(H3). If F(u) is a Lipschitz graph in a neighborhood of 0, then F(u)
is CYY in a (smaller) neighborhood of 0.
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As we shall see later, Theorem 1.3 follows from Theorem 1.2 and the main result
in [3] via a blow-up argument.

The flatness conditions present in the literature (see, for instance [5]), are often
stated in terms of “e-monotonicity” along a large cone of directions I" (6, €) of axis
e and opening 6. Precisely, a function u is said to be e-monotone (¢ > 0 small)
along the direction t in the cone I" (6, e) if for every &’ > ¢,

u(x + &'7) > u(x).

A variant of Theorem 1.2, found in [11] states the following.

Theorem 1.4 Let u be a solution to our f.b.p in By, 0 € F(u). Suppose that u™ is
non-degenerate. Then there exist 0y < 7 /2 and gy > 0 such that ifu™ is e-monotone
along every direction in I" (09, e,) for some & < &, then u™ is fully monotone in By />
along any direction in I' (01, e,) for some 0, depending on 0y, &o. In particular F(u)
is Lipschitz and therefore C'7 .

Geometrically, the e-monotonicity of u™ can be interpreted as e-closeness of
F(u) to the graph of a Lipschitz function (Fig. 2). Our flatness assumption requires
e-closeness of F(u) to a hyperplane. If ||f|| is small enough, depending on &, it is
not hard to check that e-flatness of F(u) implies ce-monotonicity of u™* along the
directions of a flat cone, for a ¢ depending on its opening.

The proof of Theorem 1.4 follows immediately from the fact that if u™ is non-
degenerate and e-monotone along every direction in I"(6p, e,,) for some & < g, then
there exist a radius 7y > 0 and 8y > 0 depending on &y, 6 such that u™ is §,-flat in
B,,.

Fig. 2 &-monotonicity along £
a cone of directions

u(x+&'t)-u(=)>0

flat Lipschitz graph \ -.
— \ £ >

——n
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2 Reduction of Theorem 1.2 to a Localized Form

The proof of Theorem 1.2 is based on an iterative procedure that “squeezes” our
solution around an optimal configuration Ug (x - v) at a geometric rate in dyadically
decreasing balls. Here Ug = Ujg (¢) is given by

Up()=art =B, B=0, a=Go(B) =G(B,0)

and v is a unit vector which plays the role of the normal vector at the origin.
Up (x - v) is a so-called two plane solution.

This strategy of flatness improvement works nicely in the one phase case (8 = 0)
or as long as the two phases u™, u™ are, say, comparable (nondegenerate case). The
difficulties arise when the negative phase becomes very small but at the same time
not negligible (degenerate case.) In this case the flatness assumption in Theorem
1.2 gives a control of the positive phase only, through the closeness to a one plane
solution Uy (x,) = xF.

As we shall see, this requires to face a dychotomy in the final iteration. A similar
situation is already present in the homogeneous case f = 0 (see e.g. [5]).

The first step is to check that the flatness condition (2) implies that u is close to
Up for some . Indeed we prove the following lemma.

Lemma 2.1 Let u satisfy (2). Given any n > 0 there exist 5, p > 0 depending only
on n,n, and L such that if § < §, then
lu— Uglleos;) < np 3)
forsome 0 < B <L.
The proof, by contradiction, follows from the following compactness result.

Lemma 2.2 Let uy be a sequence of (Lipschitz) viscosity solutions to

|Auy| <M, in 2% () U 27 (w),

(u,j')v = Gr((uy)v, x), on F(uy).
Assume that:

1. uy — u* uniformly on compact sets of 2.
2. Gi(n,+) = G(n,-) on compact sets of $2, uniformly on 0 < n < L = Lip(u).
3. {uf =0} — {(u*)* = 0} in the Hausdorff distance.

Then

|Au*| <M, in QW)U Q2 (u*)
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and u* satisfies the free boundary condition
W) = G(w"); %) on Fu"),

both in the viscosity sense.

In view of Lemma 2.1, after proper rescaling, Theorem 1.2 follows from the
following result.

Lemma 2.3 Let u be a viscosity solution to our f.b.p. in By with Lip (u) < L. There
exists a universal constant 1 > 0 such that, if
lu—Ugllroo)y <1 forsome 0 < B <L, “)
Do < =0} C BN (' () = 0} C {x, = 7}, ®)

Fllzee @)y = 7, (G0, Neossy =0, YO<n <L,

then F(u) is C'V in By .

We are almost ready to start the improvement of flatness procedure. This means
that from (4) and (5) we should be able to squeeze more the graph of u (and therefore
F (1)) around a possibly rotated new two plane solution in a neighborhood of the
origin. A closer look to (4) reveals that, when « and 8 are comparable, a nice control
on the location of F (u) is available but when 8 < « only a one side control of F (u)
is possible. This dichotomy is well reflected in the following elementary lemma that
we state for a general continuous function. In particular, it translates the “vertical”
closeness between the graphs of u and Ug given by (4) into “horizontal” closeness.

Lemma 2.4 Let u be a continuous function. If, for a small n > 0,

H”_ Up “LOO(BI) =1

and
b < =0y CBIN{u(x) = 0} C {x, <},
then:
Ifg =l
Ug (xn — n1/3) <u(x) <Ug (xn + 771/3) in Bjg.
Ifg<n'’,

Uo (x — 771/3) <ut (x) < Uy (v, + 771/3) in By.
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Set 7 = & in Lemma 2.3. Then, according to Lemma 2.4, the dichotomy
nondegenerate versus degenerate will translate quantitatively into the two cases:

B > £ : nondegenerate, B < £ : degenerate.

The parameter £ will be chosen later in the final iteration.

3 Lipschitz Implies C!”

In this section we show how Theorem 1.3 follows from Theorem 1.2. For simplicity
of exposition we consider the model case

G(n,x) = 1+ n%

We use the following Liouville type result for global viscosity solutions to a
homogeneous free boundary problem, that could be of independent interest. Note
that no growth at infinity is needed.

Lemma 3.1 Let U be a global viscosity solution to

AU =0, in{U >0} U{U <0},
2 -2 _ o (6)
Ur) —WU,) =1,0on F(U) := d{U > 0}.

Assume that F(U) = {x, = g(*'),x' € R} with Lip(g) < M. Then g is linear
and (in a proper system of coordinates) U(x) = Ug(x) for some > 0.

Proof Balls of radius p and centered at 0 in R"~! are denoted by B;.
By the regularity theory in [3] , since U is a solution in B, the free boundary
F(U)is C'7 in By with a bound depending only on n and on M. Thus,
lg) —g(0) = Vg(0) -¥'| = Cl¥|'*, ¥ e B

with C depending only on n, M. Moreover, since U is a global solution, the rescaling

1
gr(¥) = Eg(Rx’), X € B,

which preserves the same Lipschitz constant as g, satisfies the same inequality as
abovei.e.

lgr(x') — gr(0) — Vgr(0) - ¥'| = Cl'|'**, ¥ € B;.
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This reads,
lg(Rx) — g(0) — Vg(0) - RX'| < CRIX|'T®, X €B].

Thus,

1
80/) = 8(0) = Vg(0) /| = Coly/ ¥, ¥ € By

Passing to the limit as R — oo we obtain that g is linear.

After a change of coordinates, the free boundary reduces to x, = 0. Since u,,
is harmonic and (it can be shown) positive on x, > 0, by Liouville Theorem we
conclude the proof.

We need another Lemma stating that if the free boundary F (u) is trapped in a
§-neighborhood of a Lipschitz graph, then our solution grows linearly §-away from
the free boundary.

Lemma 3.2 Let u be a solution to (1) in By with Lip(u) < L and ||f||po < L. If
o < g() =8} C{u” =0} C {xy < g(v) + 8},
with g a Lipschitz function, Lip(g) < L, g(0) = 0, then
u(x) = coln = g(x)),  x € {xn = g(x') + 26} N By,

for some ¢y > 0 depending on n, L as long as § < c.
Proof All constants in this proof will depend on n, L. It suffices to show that our
statement holds for {x, > g(x) + C8} for some large constant C. Then one can
apply Harnack inequality to obtain the full statement. To this aim, we want to show
that

u(de,) > cod, d > C§.
After rescaling, we are reduced to proving that

u(e,) > co

aslongas § < 1/C and ||f| s is sufficiently small. Let
1 -y
w(x) = —(1—[x]7)
14

be defined on the closure of the annulus B, \ B; with ||f| s small enough so that

Aw > ”f” on B, \El
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Let

wi(x) = w(x + te,),
t € R. Notice that

[Vwo| <1 on 0B;.

From our flatness assumption for |¢| sufficiently large (depending on the Lipschitz
constant of g), w, is strictly above u. We increase ¢ and let 7 be the first ¢ such
that w, touches u by above. Since ws is a strict supersolution to our free boundary
problem, the touching point z can occur only on the 1 := %(1 — 277) level set in
the positive phase of u, and |z|] < C = C(L) . Since u is Lipschitz continuous,
0 < u(z) = n < Ld(z, F(u)), that is a full ball around z of radius /L is contained in
the positive phase of u. Thus, for § small depending on 7, L we have that B,/»(z) C
{x, > g(x') + 28}. Since x,, = g(x') + 26 is Lipschitz we can connect e, and z with
a chain of intersecting balls included in the positive side of u with radii comparable
to 1/2L. The number of balls depends on L . Then we can apply Harnack inequality
and obtain

u(e,) > cu(z) = co,

as desired.
We can now provide the proof of Theorem 1.3.

Proof Let 1 be the universal constant in Lemma 2.3. Consider the blow-up sequence

with §; — 0 as k — oo. Each u; solves (1) with right hand side

Je() = 8if (81x)
and
e < Sellflle = 7
for k large enough. Standard arguments (see for example [1]), using the uniform
Lipschitz continuity of the u;’s and the non-degeneracy of their positive part u,j'

(see Lemma 3.2), imply that (up to a subsequence)

uy — u uniformly on compacts
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and
{u,;|r =0} — {# =0} in the Hausdorff distance,

where the blow-up limit # solves the global homogeneous two-phase free boundary
problem

Aii = 0, in {ii > 0} U {it < 0}°,
(@H)? — (i7)? = 1, on F(ii) := d{it > 0}.

Since F(u) is a Lipschitz graph in a neighborhood of 0, it follows from
Lemma 3.1 that F(&) is a two-plane solutions, # = Up for some 8 > 0. Thus,
for k large enough

llue — Uglloe < 7
and

{x, < -7} C By N{uf (x) = 0} C {x, < 7}

Therefore, we can apply our flatness Theorem 1.2 and conclude that F(u;) and hence
F(u) is smooth.

4 The Nondegenerate Case

4.1 Improvement of Flatness

Assume that for some ¢ > 0 small, we have
Uﬁ(xn —¢&) Zu(x) < Uﬁ(-xn +¢) in By, (7
with0 < 8 < L,a = G(B,0) = Gy (B). One would like to get in a smaller ball a

geometric improvement of (7).We assume that (this will be achieved at the end by
rescaling)

Iflloo sy < & min {a, B}, (8)
and
IG(.) = Go o < €. YO <n<L.

Then the basic step in the improvement of flatness reads as follows.
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Lemma 4.1 If0 < r < ry for ry universal, and 0 < ¢ < g for some &, depending
onr, then

U (x- vy — rg) < u(x) < Up(x- v + rg) in B, )

with |vi| = 1, |vi — en| < Ce, and |B — B’| < CBe for a universal constant C.
Assume the lemma above holds. To prove Lemma 2.3 we rescale considering a

blow up sequence

u (x) = M(,(/))/ZCX) o =7, x€B (10

for suitable ¥ < min {ro, 11—6} , & < &9 (7r), as in Lemma 4.1, and iterate to get, at the
kth step,

Ug,(x-vi — prer) < up(x) < Up,(x - vi + prer)  in By,
with e, = 2758, |ne| = 1, [vg — vt | < Cegy,
1Bk — Bi—1| < CPimr81—1, & < P < L.

Note that in the non-degenerate case, § > &, at each step we have the correct
inductive hypotheses. For simplicity, say we are in the model case G(n,x) =
1+ n?%. Starting with 8 = By > ¢p = &, if k > 1 and Br—1 > &1, then

Br = Bio1(1 — Cer—y) = 27"z (1 — C27*H1%)
= 2_k§ = &k.
Thus, since

Je @) = pif (pix) . x € B

(recall that 7j = &%)
Ifill oo g,y < PrE” < &xBr = & min {ay, Bi} -

The Fig. 3 describes the step from k to k + 1.

This implies that F (u) is C"” at the origin. Repeating the procedure for points in
a neighborhood of x = 0, since all estimates are universal, we conclude that there
exists a unit vector veo = limv; and C > 0, y € (0, 1], both universal, such that,
in the coordinate system ey, ..., €,—1, Voo, Voo-L€j, €j - €x = S, F (1) is clr graph,
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Fig. 3 Improvement of :
flatness (here p; = 27%) %(V,,VM)QC,;: v,

Vin

S(vi.Cu*2*)

length=Cu*2™*
a<l

S(V Cp"‘ kT

k4l

say x, = g (x'), with g (0') = 0 and

1+y

[ (x') = voo | = C |
in a neighborhood of x = 0.
The main question is: where is it hidden the information allowing one to realize

the step from (7) to (9)?
Here a linearized problem comes into play.

4.2 The Linearized Problem
Let us first consider the one-phase case (see [8]) where u > 0 in By,
Au=f in B?’ (u)
and u;” = |Vu™| = g (x) on the free boundary. Assume that
Ifl <&, g —1] <&
The flatness condition writes (Uo (x) =xF )

n—8)T <ulx) < (x,+e)7" in By. (11)
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Renormalize by setting

i (x) = in BT (u) U F (u)

u (x) — x,
e
or
u(xX) = x, + it (x)  in B (u) UF (u). (12)
In (12), u appears as a first order perturbation of the hyperplane x,,.
The idea is that the key information we are looking for is stored precisely in
the “corrector” ii.. To extract it, we look at what happens to ., asymptotically as
& — 0. Note that, as ¢ — 0, BIF (u) — {x, > 0} and F (1) goes to {x, = 0}, bothin

Hausdorff distance.
We have

A@=€~eianm
and on F (u),
|Vul* = |e, + eVii|* = g> ~ 1+ &2
that is, after simplifying by ¢,
2it,, + € |Viig|* ~ .
Thus, formally, letting ¢ — 0, we get “for the limit” # = ity the following problem:

Ali=0, in B

Fo =B N i, > 0) (13)

and the Neumann condition (linearization of the free boundary condition)
iy, =0 on By N{x, =0}. (14)

We call (13), (14) the linearized problem.
Let us see how the general condition

‘Vuﬂ =G(Vu|,x)

linearizes in the nondegenerate two phase problem.
First let

Au =f in B]
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with
If| < & min{a, B}
and
G (1,) = Go ()] < & ¥ne[0,L].

The flatness condition

@ =) =Bl — )T <u() <alu+eF -, +~ inB, (15
with0 < 8 < L, o« = Gy (B), suggests the renormalization

“en e Bl (u) U F(u)

e (x) =
u(X)ﬂ_gﬂx” X c Bl—(u)
or
ax, + eaiis(x), x € B (u) U F(u)
ux) = . - (16)
@ Bx, + eBiis(x), x € By (u).
We have
Aii; ~ ¢ inBf (u) UB] (u).

On F (u),

\Vut| = a e, + eVt ()| ~ « (1 + & (iig),, + & |va€|2)
and

G(Vu| %) = G(|Ben + epVie 1) ~ G (B (14 @), +2 Vi) %)
~ Go(B) + £Gy (B) (B (o), + eB [Vii*) + &,

As before, letting ¢ — 0, we get formally for “the limit” # = i the following
problem:

At =0, in Bl+/2 U B, (17)



Regularity of the Free Boundary in Problems with Distributed Sources 329

and (¢ = Gy (B)) the transmission condition (linearization of the free boundary
condition)

a (i)t =BG} (B) (it,)” = 0 onByj2 N {x, = 0} (18)

where (ﬁx,,)+ and (&1,,)” denote the e,-derivatives of u restricted to {x, > 0} and
{x, < 0}, respectively.

Thus, at least formally, we have found an asymptotic problem for the limits
of the renormalizations i,. The crucial information we were mentioning before
is contained in the following regularity result. Consider the transmission problem,

(@ # 0)

A =0 in By N {x, # 0}, (19)
&> (it,)t — B2(i,)~ = 0 on By N {x, = O}.

Theorem 4.1 Let i be a viscosity solution to (19) in By such that |[it]| .o < 1. Then
necC® (Bft) and in particular, there exists a universal constant C such that

|i(x) — &(0) — (Voit(0) - X' + px;\ — gx;))| < Cr%, in B, (20)

forall r < 1/2 and with @*p — g = 0.

The question is now how to transfer the estimate (20) to i, and then read it in
terms of flatness for u through the formulas (16).

The right way to obtain the proof of Lemma 4.1 is to proceed by contradiction.

Fix r < ry, to be chosen suitably. Assume that for a sequence ¢, — 0 there is a
sequence u; of solutions of our free boundary problem in B;, with right hand side f;
such that ||fi||zeo(s,) < 2 min{oy, i},

Gk (1) — Ge(n.0) oo < &f. YO <n <L, 1)
and
Uﬂk(xn — &) < ur(x) < Uﬁk(x,, + &) in By, 0 € F(u), 22)

with 0 < B, < L, ax = Gy (B«,0), but the conclusion of Lemma 4.1 does not hold
for every k > 1.
Construct the corresponding sequence of renormalized functions

wO—ots e B (1) U F(uy)

(0924
u(x) =

() =Brxn —
ot X € By (w).
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Uptoa subseguence, Gi(-,0) converges, locally uniformly, to some C!-function Go,
while B¢ — B sothat oy — & = Go(B). At this point we need compactness to show
that the graphs of i, converge in the Hausdorff distance to a Holder continuous # in
Bj /2. The compactness is provided by the Harnack inequality stated in Theorem 4.2
below and its corollary, as we shall see later, and is inspired by the work of Savin
[20].

It turns out that the limit function u satisfies the linearized problem (17) and (18)
in the viscosity sense. Hence, from (20), having #(0) = 0,

it (x) — (v + pxf —gx))| < €, xeB, (23)
forall r < 1/4 (say), with
#p—P*g=0. |V|=|Vei(0) < C.

Since it converges uniformly to i in By /2, (23) transfers to i :

it (x) — (X' -0/ +[~7x,'1" —qx,)| < C'¥*, xeB,. 24)
Set
- 1
Bi =B +&q), w=————(ex+e(.0)).
Ji+ e
Then,

ap = Ge(Bi(1 + €q),0) = Gi(Br, 0) + BrG(Bx, 0)exg + O(s}

— (1 + ﬁk%:’o)qek) + 06 = (1 + ) + O(D)

since from the identity ap — B 5}6 (B)q = 0 we derive that

B

G, ,0
k%q =p+ O(er).
k

Moreover
v = e, +&(v,0) + 5,%1, |z] < C.

With these choices we can show that (for k large and r < ry)

. rooo. . r .
Ug (x - v — 8"5) < u(x) < Ug(x-ve + skz), in B,
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where again we are using the notation:

Ulj’/c (x)—agxn

x € Bf (Ug)) U F(Ug)

» 72 ’
Uy (x) =
B
‘ Uy (=i
Brek ’

This will clearly imply that
Upy (x- vy — g,é) < () < Ugy (- vy + skg), in B,

leading to a contradiction.
In view of (24) we need to show that in B,

f]ﬁ;()n Ve — sk%) <V +pxf ) —Cr?

and

~ r - -

Ug (x - v + skz) > - +px;lF —gx,) + Cr.
This can be shown after some elementary calculations as long as r < ry, rp universal,
and € < g (r).
4.3 Compactness

We are left with compactness. The Harnack inequality takes the following form.

Theorem 4.2 Let u be a solution of our f.b.p. in By with Lipschitz constant L. There
exists a universal € > 0 such that, if xo € Biand u satisfies the following condition:

Ug (xy + ao) <u(x) < Upg (x, + bo) in B, (xo) C By (25)

with
Ifll oo s,y < &> minfer, B}, 0 < B <L, (26)
IG(,%) = Go) ooy < €%, VO <y <L, 27)

and

0<by—ag <er
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for some 0 < ¢ < g, then
Ug (xp +a1) <u(x) < Ug (x, + b1) in By (x0)
with
ay<ay <by <by and by —a; < (1 —c)er

and 0 < ¢ < 1 universal.

If u satisfies (25) with, say » = 1, then we can apply Harnack inequality
repeatedly and obtain

IA

Ug(xn + am) < u(x) < Up(xy + by) in Bao—n(xo),
with
by —an < (1—c)"e
for all m’s such that
(1—=c¢)"20"e < ¢&.
This implies that for all such m’s, the oscillation of the renormalized functions iz in

B, (x0), r = 207", is less than (1 —¢)™ = 207" = r¥. Thus, the following corollary
holds.

Corollary 4.1 Let u satisfies at some point xy € B,
Up(xn + ao) < u(x) < Ug(xy + bo) in Bi(xo) C Ba, (28)
forsome 0 < B < L, with
by —ag < &,
and let (26)—(27) hold, for ¢ < &, & universal. Then in B1(xy), (¢ = Go(B))

Y in B (u) U F(u)
i, (x) =

—"@ﬁ‘f*", in By ()

has a Holder modulus of continuity at xo, outside the ball of radius ¢/¢, i.e for all
x € Bi(xp), with |x —xo| > ¢/&

[its (x) — it (x0)| < Clx — xo|".
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Since in the proof of Lemma 4.1,
—1512](()6)5 1, for x € By
we can implement the corollary above and use Ascoli-Arzela theorem to obtain that
as & — O the graphs of the i converge (up to a subsequence) in the Hausdorff
distance to the graph of a Holder continuous function i over B .

Thus the improvement of flatness process in the nondegenerate case can be
concluded.

5 The Degenerate Case

5.1 Improvement of Flatness

In this case, the negative part of u is negligible and the positive part is close to a
one-plane solution (i.e. B = 0). Precisely, assume that for some ¢ > 0, small, we
have

Uo(x, — &) <ut(x) < Up(x, +¢), in By. (29)

Again one would like to get in a smaller ball an improvement of (29). This time the
key lemma is the following.

Lemma 5.1 Let the solution u satisfies (29) with

4
llzoos) < €.

G, -) — Go(M)|lzee < €%, 0 <n < Cé?,
and
U™ ooy < €. (30)

There exists a universal ry, such that if 0 < r < ry and 0 < ¢ < & for some &
depending on r, then

Uop(x- vy — r%) <ut(x) < Up(x-v; + r%) in B, (31

with |vi| = 1, |vi — e,| < Ce for a universal constant C.

The proof follows the same pattern of the nondegenerate case. For simplicity, we
outline it in the model case G(n,x) = /1 + n2.
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Fix r < r, to be chosen suitably. By contradiction assume that, for some
sequences & — 0 and uy, solutions of our f.b.p. in B with r.h.s. f; such that
fillzoo81) < &; and

et [lzo0 8y < 3.
U()(Xn — Sk) < uk(x) < U()(xn + Sk) in B1,0 € F(Mk)

the conclusion of the lemma does not hold.
Then one proves via a Harnack inequality (see below), that the sequence of
normalized functions

() = %}:" x € B (u) U F(uw)

converges to a limit function i, Holder continuous in By 5.
The limit function # is a viscosity solution of the linearized problem

A =0, in Bl/z n {xn > O},
i, =0, on Byp N {x, = 0}.

The regularity of u is not a problem and the contradiction argument proceeds as

before with obvious changes.
The Harnack inequality takes the following form.

Theorem 5.1 Let u be a solution of our f.b.p. in By. There exists a universal € > 0
such that, if xo € By and u satisfies the following condition

(on+a0)t <ut () < (x +bo)T, in B.(x0) C By (32)
with

4 - 2
Ifll oo,y < &% N llpoos,) <€

and
0<by—ag<er
for some 0 < ¢ < g, then
G +a)t <ut () < G +0)T i By (x0)
with
ay<ay <by <by and by —a; < (1 —c)er

and 0 < ¢ < 1 universal.
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Lemma 5.1 provides the first step in the flatness improvement. Notice that this
improvement is obtained through the closeness of the positive phase to a one plane
solution, as long as inequality (30) holds. This inequality expresses in another
quantitative way the degeneracy of the negative phase and should be kept valid at
each step of the iteration of Lemma 5.1. However, it could happen that this is not
the case and in some step of the iteration, say at the level ¢; of flatness, the norm
|t~ || o (,) becomes of order &7. When this occurs, a suitable rescaling restores a
nondegenerate situation. This give rise in the final iteration to the dychotomy we
have mentioned in Sect. 2.

The situation is precisely described in the following lemma.

Lemma 5.2 Let u be a solution in B; satisfying
Uo(xy — &) <u™(x) < Uo(xu +€) in By (33)
with
I llizoo )y = &t
and for C universal,
™ ||zoo sy < C& Nlu™ ||oo sy > €. (34)
There exists (universal) €, such that, if 0 < ¢ < ¢, the rescaling
e (x) = ey (sl/zx)
satisfies, in By3
Up (x, — C'e"?) < uo(x) < Upr(x, + C''?)

with B’ ~ &% and C' depending on C.

Let us see how the dychotomy arises. To prove Lemma 2.3 in the degenerate
case, § < &, choose ¥ < min {ry, ri,1/16} and & < min{eo (¥), &, (¥) /2,1/(2C)}.
In view of our choice of &€, we obtain that u satisfies the relation

Uo(xn — &) < u™(x) < Up(x, + & in B.

Since

”” —Up ||L°°(Bl) <ij=8
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we infer
4™ [l poos) < B+ & <2
Call ¢ = +/2¢. Then
Up(x, —&') < u+(x) < Up(x, +¢&) in By
and
n4 — n2
Ifllzoosy < (&) u™ llzeoay < (¢').

From Lemma 5.1, we get
/

A
Uox- vy — ;%) <ut() < Uplx-vi + ?%) in B

with |[v| = 1, |v; — e,| < Cé¢’ for a universal constant C.
We now rescale considering a blow up sequence

u (pyx)
Pk

uk(x)z pk=7k, X € By

and set gy = 27 k¢’

S (X) = puf (oxx) x € By.
Note that

1
Wficll oo g,y = Px (8/)4 =1 (8’)4 =e.

We can iterate Lemma 5.1 and obtain
Uo(x - vx — &x) < uif (x) < Up(x- v + &), in By
with |[vy — vi—1| < Cer—1, as long as
i oo s,y < -
Let k* > 1 be the first integer for which this fails:

— 2
e Nl oo 81y > €jx

D. De Silva et al.

(35)
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and
e oo < &7

k*—11ILo°(B1) = ©fx—1-

We also have
Uop(x - vpr—) — ggx—1) < “Ij;‘—l(x) < Up(x-vgx—| + &*—1), in By.
By usual comparison arguments we can write
uh_(x) <Clx,—¢ 2 in B
e (X) < Clxy — epr—1]| g5x_; In Big/ao

for C universal. Rescaling, we have

lugellzoo ) < Cre

k* 1L (By) = & 1&g

where C; universal (C; depends on 7). Then u;~ satisfies the assumptions of
Lemma 5.2 and therefore the rescaling

v () = e Pup (%)

satisfies in B3
Uﬁ/(x cVpx — C/Siiz) < v(x) < Uﬁ’(-x c Ve + C/Siiz)

with B/ ~ &7, Call £ = C/sll(iz. Then v is a solution of our £.b.p. in B, /3 with r.h.s.

1/2 1/2
g (1) = &\ fir (,47%)

satisfying the flatness assumption

IA

Ug (x-vix — &) < v(x) < Up(x-ver + ).

Since B’ ~ 7., we have
1/2 o
lgllioom) < eiete < 826

as long as € < min {so (), %} , which is true if C’ (25)1/4 < min {so (), %} or

1
2 C/4

M

=

BE
min%so(?),%} .
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With these choices, v satisfies the assumptions of the nondegenerate case and we
can proceed accordingly.
This concludes the proof of the main lemma.

6 Remarks and Further Developments

Theorem 1.2 holds for more general operators (see [11, 12]). For instance when
£ is a uniformly elliptic operator in nondivergence form with Holder continuous
coefficients,

ZLu="Tr (A (x) Dzu) +b(x)-Vu
or a fully nonlinear operator
Lu=F (D*u), (Z(0)=0)

where D?u is the Hessian matrix of u.
Notably, in the fully nonlinear case we do not need to assume for % neither

concavity nor homogeneity of degree one. In this case in Theorem 4.1, u € C*° (ET)

has to be replaced by u € C'* (ET) and, in formula (20), r? is replaced by r' ™.

In general, we need to assume Lipschitz regularity of our solution. Indeed, in
this generality, the existence of Lipschitz viscosity solutions with proper measure
theoretical properties of the free boundary is an open problem and it will be object
of future investigations.

However, if . is linear and can be written in divergence form an estimate like in
Theorem 1.1 is available (see [19]) and one can reproduce the proof of Theorem 4.5
in [6], to recover the Lipschitz continuity of a viscosity solution. Observe that then
f = f(x,u, Vu) is allowed, with f(x, -, -) locally bounded.

Theorem 1.3 continues to hold when . is linear or if .% (positively) homo-
geneous of degree one (or when .%,(M) has a limit #*(M), as r — 0, which is
homogeneous of degree one).

With the two Theorems 1.2 and 1.3 the regularity theory for two phase problems
has reached a reasonably satisfactory level. However many questions remain open,
object of future investigations.

The first one is to provide an existence results for viscosity solutions satisfying a
Dirichlet boundary condition, extending for instance the results in the homogeneous
case in [4].

Another question is the C°°-smoothness (resp. analyticity) of the free boundary
in presence of C*° (resp. analytic) coefficients and data.

We shall deal with these two questions in forthcoming papers.

Also of great importance, we believe, is to have information on the Hausdorff
measure or dimension of the singular (nonflat) points of the free boundary. For
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instance, in 3 dimensions, the free boundary for local energy minimizer in the
variational problem

/ {|Vu|2 + X{u>0}} — min
2

is a smooth surface (see [7]). In dimension n = 7, De Silva and Jerison in [9]
provided an example of a minimizer with singular free boundary. The conjecture is
that energy minimizing free boundaries should be smooth forn < 7.

Nothing is known in the nonhomogeneous case.
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The Role of Fundamental Solution in Potential
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Tu se’ lo mio maestro e ’l mio autore;
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Abstract In this survey we consider a general Hormander type operator, repre-
sented as a sum of squares of vector fields plus a drift and we outline the central
role of the fundamental solution in developing Potential and Regularity Theory
for solutions of related PDEs. After recalling the Gaussian behavior at infinity of
the kernel, we show some mean value formula on the level set of the fundamental
solution, which allow to obtain a comprehensive parallel of the classical Potential
Theory. Then we show that a precise knowledge of the fundamental solution leads
to global regularity results: estimates at the boundary or on the whole space. Finally
in the problem of regularity of non linear differential equations we need an ad hoc
modification of the parametrix method, based on the properties of the fundamental
solution of an approximating problem.
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1 Introduction

In this paper we consider a general operator of the form

Ly =Y a;(t,0) XX; — Xo (1)

ij=1

where
N N
Xi = Z%’ax_,, Xo =0+ Zaoja)f_/’
j=1 j=1

and the coefficients o3 only depend on the spatial variables x € RY. We also require
that Xo, X1, X5, ...,X,, is a system of real smooth vector fields defined in some
domain D C [0, T[xRY satisfying the Hérmander’s rank condition at any point:

rank(Lie(Xo, ..., X,)(#,x)) =N+ 1, V (t,x) € D.

The matrix A = {aij (1, x)}in

=1 is real symmetric and uniformly positive definite,
that is

ATVIER < Y ay (1.x) £ < AJEP )

for some A > 0 and for every § € R and every (t,x) € D. We will assign
degree 1 to the vector fields (X;)i=1.. ., (denoted d(X;) = 1), while d(Xy) = 2.
We will denote d((t, x), (z, £)) the Carnot-Carathéodory distance generated in D by
the vector fields Xo, X1, ..., X, with their degrees. Precisely for every pair of points
(t,x) and (z, &), we define

d((t,x),(t,§)) = inf{r >0 ‘ there is a Lipschitz path y such that

y(0) = (.x). y(1) = (z.§). and, forae.s, y'(s) = Z,Bi(s)xi()’(s))
i=0
with [Bi(s)| < r for i =1,....,m, and |Bo(s)| < 72}.
3
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The Carnot-Carathéodory metric generated by the vector fields Xo, X1, . . ., X, plays
a crucial role in the regularity theory for subelliptic degenerate operators.

After the celebrated Hormander’s paper [65], where the explicit fundamental
solution of a Kolmogorov-type operator was computed, Folland [55], Rothschild
and Stein [97], Jerison and Sanchez-Calle [66] proved existence and asymptotic
behavior of the fundamental solution, under the assumption that A is the identity.
Almost at the same time, Franchi and Lanconelli [58] studied regularity of sum of
squares of diagonal vector fields and established a Poincaré type inequality. The
equivalence of several distances was proved by Nagel et al. in [88]. After that, in the
last 20 years we witnessed an extraordinary development of the theory of subelliptic
operators. We refer the reader to the book [23] and to the introduction of each section
of this paper, for more historical remarks and references.

A significant contribution to the development of Potential Theory of subelliptic
PDEs is due to Ermanno Lanconelli. His personal and original approach is based
on a far-reaching use of the fundamental solution in order to prove, in this setting, a
complete parallel of the classical Potential and Regularity Theory.

In this paper we take this perspective, and we describe from a unitary point of
view a number of results obtained by the authors in collaboration with him. In Sect. 2
we will recall Gaussian estimates of the fundamental solution of large classes of
operators of the type (1). In particular for the heat equation we discuss the results of
Bonfiglioli et al. [21, 22], Bramanti et al. in [28], and for the Kolmogorov operator
we quote the results of Polidoro [94], Lanconelli and Polidoro [76], Lanconelli and
Pascucci in [74]. In Sect. 3 we describe the quasi-exponential mappings, introduced
in Lanconelli and Morbidelli [73], which are a tool to obtain a Poincaré inequality.
Level sets of the fundamental solution are special families of balls, on which mean
value formulas have been proved by Citti et al. (see [42]), Lanconelli and Pascucci
(see [75]), which lead to another proof of the Poincaré inequality. Using the mean
value formulas, characterizations of subharmonicity were obtained by Bonfiglioli
and Lanconelli [13, 15, 17]. The optimality of these sets have been investigated by
Lanconelli [72], Abbondanza and Bonfiglioli [1], Kogoj et al. [69] and Kogoj and
Tralli [68]. The properties of the fundamental solution immediately imply internal
regularity of solutions. Here we are also interested in global regularity of solutions
which will be presented in Sect. 4. Precisely we will recall Schauder regularity up
to the boundary, by Manfredini in [79], and the estimates on the whole of space by
Bramanti et al. [29, 31]. Finally in Sect. 5 we conclude our survey with a discussion
on regularity of solutions of non linear-equations with nonlinearity in the vector
fields, and in particular of the Levi equation. For the case of C? see [40, 44]. For the
Levi equation in C"™! with n > 1, we refer to the regularity results in [49, 81, 83],
the counterexamples by Gutierrez et al. [62], and the symmetry results by Martino
and Montanari [80].
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1.1 Applications to Complex Analysis, Finance and Vision

Equation (1) is a natural generalization of the classical equation which models
particle interactions in phase spaces. In this case the drift term expresses the
coupling position-velocity:

X() = ijaqj + 3,
j=1
and the matrix (a;) is the identity in the space of velocities:
1 m m
L:EZagj—Zp,.aqj—a,, (t.q.p) € R x R" x R". 4)
j=1 j=1

Kolmogorov constructed already in 1934 an explicit fundamental solution of (4)
(see (13) below) which is a C*° function outside the diagonal [70].

As it is well known, in this problem the propagation is expressed as a
2m-dimensional stochastic process ¥ = (P,(Q), and the fundamental solution
of (4) describes its transition density. As a result of the random collision, the
propagation of the P-variables is driven by a m-dimensional standard Brownian
motion W, while Q variables are related to the P by a natural differential equality.
Then the propagation is formalized as solution of the Langevin’s equation

dP(t) = dW (1),

)
dQ(t) = —P(t)dt.
In the deterministic expression, the differential relation between the variables is
coded as a 1-form. Clearly the fundamental solution of the more general Eq. (1) has
an analogous probabilistic meaning.

These models, introduced at microscopical level for the description of kinetic
theory of gases (see [36]), can be applied at meso-scopical level in biological
models, where the atoms are replaced by cells. Indeed simple cells of the cortex are
able to detect not only the intensity of the visual input, but also secondary variables,
typically gradient of perceived images or velocities of objects. The differential
relation between these variables allow to identify the cortical space as a phase space,
and to describe propagation of the visual signal with instruments similar to the ones
recalled above. Consequently propagation of the signal have been modeled with a
Kolmogorov-Fokker-Planck equation by Mumford [87], Williams and Jacobs [107],
August and Zucker [3], models with non linear differential equations are due to [41].

Also in financial mathematics, stochastic models involving linear and non linear
Kolmogorov type equations are relevant because they appear when considering
path-dependent contingent claims (see, for instance, [90]). More precisely, let us
assume that the price S of an asset is defined as in the Black-Scholes framework
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[10]: S; = exp ((r — %) t+ UW,) where r and o denote the constant interest rate
and volatility respectively. Then the price u = u(t,S;,Y;) of a contingent claim

which depends on ¥, = fot log S,ds, solves a Kolmogorov type equation (see, for
instance, [4]). Other examples of path-dependent models arising in finance can be
found in [56, 63].

As a generalization of the phase space, we can consider a general CR structure
or a real hyper-surface in C": in this case the analogous of the coupling position-
velocity is realized by the quasicomplex structure. The basis of the complex tangent
bundle is a lower dimensional distribution, described by a family of vector fields. In
particular, curvature equations are naturally expressed in terms of vector fields and
provide examples non linear Hormander type PDE (see [39, 84]).

2 Fundamental Solutions of Linear Operators

The first aspect of the problem we want to face is the existence and Gaussian
estimates and of a fundamental solution for the operator of (1) with Holder
continuous coefficients. The first existence results for operators of Hormander type
operators, refer to sum of squares of vector fields, plus a drift term.

L =Y XX (©6)
i=1

In this case the matrix (a;;) in (1) is the identity. In particular Hormander pointed out
in the introduction of his celebrated paper on hypoelliptic second order differential
equations [65] that the Kolmogorov method can also be applied to a class of
operators which generalize Eq. (4), but fall in the general framework (1). Uniform
but not Gaussian estimates, for families of Hormander operators of this type,
were proved by Rothschild and Stein [97]. Gaussian but not uniform estimates
were proved by Jerison and Sdnchez-Calle [66], via Gevrey regularity methods,
Varopoulos et al. [105], via semi-group theory, and by Kusuoka and Stroock [71],
via probabilistic techniques.

The results we plan to present here refer to non divergence form operators,
with C* coefficients, and the main results regarding the heat equation are due to
Bonfiglioli et al. [21, 22], Bramanti et al. in [28] while for the Kolmogorov operator
we quote the results of Polidoro [94], Lanconelli and Polidoro [76], Lanconelli and
Pascucci in [74].

The contribution of these papers are twofold: from one side they establish
uniform Gaussian bounds for the fundamental solution of a model operator of the
form

Ly =Y agnXiwXjw — Xouw (7)

ij=1
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where (a;;(w)) are constant coefficients while the family (X;,,) is can be the given
operators or a nilpotent and stratified approximation. This goal can be reached either
with probabilistic instruments or with an analytic approach:

They apply the Levi’s parametrix method to prove the results for operators with
Hélder continuous coefficients a;;. The method is based on the approximation of
the fundamental solution I'4(z; ) of the given operator by the fundamental solution
I,(z; ¢) of a model operator belonging of the previous studied class and obtained
by evaluating the coefficient at a point w and approximating the vector fields in a
neighborhood of each point w.

We present here the application of the method in two particularly significant
cases of Eq.(1): the Kolmogorov equation, which will be studied with stochastic
instruments and the heat equation, which will be studied with deterministic ones.

2.1 Kolmogorov Type Operators

We will call Kolmogorov type operators an operator of the form

m N
Lau(t,x) := Z aij(t, x) 0y u(t, x) + Z bijx;j0y,u(t, x) — 0u(t, x), ®)
ij=1 ij=1

where a;; satisfy condition (2). This operator clearly falls in the general framework

of Eq. (1), by choosing Xo = 9, — Z%:l byx;dy;, X; = 0;. In order to study its

fundamental solution, we will preliminary study a model operator
1 m N
Ku(t, x) :=§ Z 3)2(]_14(1‘, x) + Z bijx;0yu(t, x) — 0,u(t, x). 9)
j=1 ij=1
The linear stochastic differential equation in R associated to K is the following:
er - BZrdt + O-dWr, ZS =2, (10)

where W is a standard m-dimensional Brownian motion, B is a N X N constant matrix
and o is the N X m constant matrix
Il‘ﬂ
o= (11

where [,,, denotes the identity matrix in R™. Then the solution of (10) is a Gaussian
process with mean vector

E[Z] = e(r_S)BZs
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and covariance matrix 6((t — s) where
! *
Co(t) = / PG *=PE gp, t>0.
0

Since ¢ has dimension N x m, the matrix %(t) is generally only positive semi-
definite in R, that is Z, possibly has degenerate multi-normal distribution. We
recall the well-known Kalman condition from control theory provides an operative
criterion for the positivity of %y (¢): the matrix %y (¢) is positive definite for r > 0 if
and only if

rank [0, Bo, B%o, ..., B" 'o] = N. (12)
Then (12) ensures that Z, has a Gaussian transition density

1

G(s,y;t,x) =
(5735,%) V @m)N det Go(t — s) ex

1 — - —S
p(—zwo Lt —5)(x — e m9Py) el ‘>By).
(13)

Furthermore G is the fundamental solution of the Kolmogorov PDE associated
to (10).

The fundamental solution under special assumptions has been found by Kol-
mogorov and Hérmander [65], but a systematic study of the operator (9) has been
done by Lanconelli and Polidoro in [76]. In particular they recognized that the
hypoellipticity is equivalent to the following explicit expression of B, with respect

By % -+ % x
B=| 0 Ba-- % x| (14)
0 0 - B,

where each B; is a p; X p; matrix with rank p;, with
,
po=m=pi =--=p. =1 Y p=N, (15)
j=0

and the *-blocks are arbitrary. Let us explicitly recall that the stratification condition
implies in a standard way that in canonical coordinates there is a dilation and a
translation naturally associated to the vector fields.
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Using the existence of the fundamental solution for the constant coefficient
operator, from the parametrix method it follows:

Theorem 2.1 Assume that (a,-j(t, )c))l.‘].:l o 18 symmetric with Holder continuous

entries and satisfies (2) for some positive constant A. Then the operator L defined
in (8) has a fundamental solution I'. Moreover, for any T > 0 there exist some
positive constants ¢, ct, A7, AT such that

I (txt,8) <I'(txt§) < C+F+(t,x; 7,§),

ct

|0, (. x; 7, 6)| < rt(txrf),

T—1t
for any (1,x), (v, €) with 0 < © —t < T. Here I' * is the fundamental solution of L
in (9) with constant coefficients a;-' = A+8,;,~, a; = A7y

We outline the proof of Theorem 2.1 given in Polidoro [95] and Di Francesco
and Pascucci [51].
Sketch of the Proof. For fixed w € R'*V, we denote by I',(z; ¢) the fundamental
solution of the model operator L,,, with constant coefficients evaluated at the point w

m

L,u:= Z a;(w)XiXju — Xo.

ij=1
Then we call parametrix the function

Z(z:0) = I (z:6). (16)

We remark that Z is a good approximation of I near { and the expression of Z can
be estimated explicitly. Then we suppose that the fundamental solution takes the
form:

[(6) = 2(z6) + /0 /1; (GO . (17

In order to find the unknown function G, we impose that I" is the solution to the
equation LI"(-;¢) = 0 in ]0, +0o[xR": we wish to point out one more time, to
make this totally transparent, that the operator L acts on the variable z while the
point  is fixed. Then formally we obtain

0=Lmzo=Lazo+L‘ﬂ’Z@wwwxMw
10 T[xRN

=w@o+‘ﬂ LZ(z w)G(w: Odw — G(z: ).

10.T[XRN
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hence

G(z:0) =LZ(z: ) + /f LZ(z;w)G(w; &)dw. (18)
10,T[XRN

Therefore G is a solution of an integral equation equivalent to a fixed-point problem
that can be solved by the method of successive approximations:

+o00
G(z0) =) (LDuz0), (19)

k=1

where
(LD)1(z:0) = LZ(z:§),
(LZ)k+1(z:¢) = // LZ(z; w)(LZ) (w; ©)dw, keN.

10.T[XRN

It is possible to prove that there exists kp € N such that, for all 7 > 0 and { =
(0,y) € RV, the function (LZ),(-; ¢) is continuous and bounded for any k > k.
Moreover the series

+o00
> L2 0)

k=ko

converges uniformly on the strip ]0, 7[xR". Furthermore, the function G(-,{)
defined by (19) is a solution to the integral equation (18) in ]0, T[xR" and I in (17)
is a fundamental solution to L.

Remark 2.1 The method also gives some pointwise estimates of the fundamental
solution and its derivatives. We refer to Corielli et al. [48] where the accuracy of
the parametrix method is studied to obtain numerical approximations for financial
problems.

Remark 2.2 There exists a positive constant M and, for every T > 0, there exists
¢ = ¢(T) > 0 such that

e~ Md((12).(x))* /(=) ce—d((020.(1)*/M(1=)
= I (%), (r.y) <
c|B ((t,x),\/t—tH |B ((t,x),\/t—r)|
for any (t,x), (zr,y) with 0 < T —t < T, where d is the distance defined by the

vector fields. Gaussian estimates for a general equation like (1) have been obtained
by Boscain and Polidoro [26] and Cinti and Polidoro [37].

(20)
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2.2 Gaussian Estimates for the Fundamental Solution of Heat
Operators

An other particularly notable class of operators of type (1) is given by the heat
operators

m

LA = Z Clij (t, X) Xt}(j — 3,. (21)

ij=1

For sum of squares of vector fields operators of the kind (1) with left invariant
homogeneous vector fields on Lie groups, Gaussian bounds have been proved by
Varopoulos (see [105] and references therein). In absence of a group structure,
Gaussian bounds have been proved, on a compact manifold and for finite time, by
Jerison and Sdnchez-Calle [66], with an analytic approach and, on the whole RV *!,
by Kusuoka and Stroock, (see [71] and references therein), using the Malliavin
stochastic calculus.

In a long series of papers Bonfiglioli et al. [20-22], Bramanti et al. [28] and
Capogna et al. [35], proved new Gaussian bounds for the operator L, with Holder
continuous coefficients. In the first papers the vector fields were assumed to belong
to a Carnot group. Then, in [28] the results are presented in the full generality of
C® vector fields satisfying the Héormander condition. In this last case, the operator
Ly is initially assumed defined only on a cylinder R x §2 for some bounded §2, but,
in order to obtain asymptotic estimates, it is extended to the whole space R¥*!, in
such a way that, outside a compact spatial set, it coincides with the classical heat
operator. Henceforth all our statements will be referred to this extended operator.

Theorem 2.2 (Gaussian Bounds) There exists a positive constant M and, for every
T > 0, there exists a positive constant ¢ = ¢(T) such that, for 0 < t —1v < T,
x, & € RN, the following estimates hold

e~ Md(x§)? /(=) ce—d0x)? /M=)
——F—— = Ltxt§) s —————
c|B (x, «/t—r)| |B (x,«/t—r) |

ce—dE)? /M=)
|XiFA (tv < T, g) (‘x)l =

S U—02B (1)

r o ce— A&’ /M=)
XiXjIy (1,7, ST, =
XL e ) O T e D01 = (=)

where |B(x,r) | denotes the Lebesgue measure of the purely spatial d-Carnot-
Carathéodory ball in RV,

We explicitly note that this estimate is analogous to the estimate (20) for the
Komogorov equation, but here the distance in [0, T] x R" splits in the sum of a
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purely spatial one and a purely temporal one. Hence in this case

d2 ((tv -x)s (ts E))z < d (-xv %‘)2

M(t—r1) _M(t—t)+c

allowing to discard the temporal part of the distance in the estimate.

As a main step in the proof of these bounds, they first consider constant
coefficients operators: the point here is to handle carefully the dependence on the
matrix A and obtain uniform estimates, in the ellipticity class of the matrix A. To
prove these uniform bounds, in [21] the authors exploited direct methods and the
previous results in [18, 19]. While in [28] the authors have followed as close as
possible the techniques of Jerison and Sanchez-Calle [66], the main new difficulties
being the following: first, they have to take into account the dependence on the
matrix A, getting estimates depending on A only through the number A; second, the
estimates have to be global in space, while in [66] they work on a compact manifold;
third, they need estimates on the difference of the fundamental solutions of two
operators which have no analogue in [66]. The procedure is technically involved, it
makes use of the uniform estimates [21] on groups, and a crucial role is played by
the Rothschild-Stein lifting theorem [97].

Once obtained the uniform estimates for the model operator with constant
coefficients, one can apply the Levi parametrix method and establish existence and
Gaussian bounds for the fundamental solution of the operators with variable Holder
continuous coefficients a;;.

Theorem 2.3 (Existence of a Fundamental Solution) Under the above assump-
tions, there exists a global fundamental solution Ty(t, x; T, §) for Ly in RN T, with
the properties listed below.

(i) Ty is a continuous function away from the diagonal of RNT! x RN*tL,
Ty(t,x;7,€) = 0 fort < t. Moreover, for every fixed ¢ € RNt I,(-;¢) €
CZY(RN*1IN\ {¢)), and we have

loc

Ly (I3 (:0) =0 in RV {Z}.

(ii) For every ¥ € CRNTY), the function w(z) = fRN+1 TA(z;8)¥(¢)de
belongs to the class Clzofl (RN, and we have

Lyw = —¢ in RVt
(iii) Let w > 0 and T, > T\ be such that (T, — T\)u is small enough. Then, for
every f € CP([Ty, T>] x RY) (where 0 < B < a)and g € C (RN) satisfying the

growth condition |f (x, 1), |g(x)| < ¢ exp(u d(x,0)?) for some constant ¢ > 0,
the function

U 1) = fou Ta(t.x: T1, ) 8(6) dE + fir 1w Tl 7.6)f(x.§) drdE.
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x € RN, t € (T, T»], belongs to the class Clzof (T}, T») x RYy N C([Ty, T»] x
RY). Moreover, u is a solution to the following Cauchy problem

LAM = _f in (Tls TZ) X RNa u('a Tl) =8 in RN'

The proof follows the same ideas of the analogous presented in the previous
section. The parametrix function is built starting from the fundamental solution I,
of the constant coefficient operator

Ly =) az(w) (t.x) XiX; — ;.

ij=1

2.3 Fundamental Solution of More General Operators

Operators in the form of sum of squares of Hérmander vector fields with drift
L=) X' —Xo (22)
j=1

write in the form (1) as A is the mxm identity matrix. Kogoj and Lanconelli consider
this kind of operators in [67], under the assumption that every pair of points (¢, x)
and (t,&) with t < 7 can be joined by a Lipschitz path y which solves almost
everywhere the non-autonomous ODE

Y'(5) = Y _Bi$)Xi(y(5)) + Bo()Xo(¥(s)) (23)

i=1

with Bo(s) > O for almost every s. In the article [67], Kogoj and Lanconelli give
a list of examples of operators satisfying (23), that include, among other examples,
Kolmogorov operators, as well as heat operators with smooth coefficients. For this
family of operators, they prove the existence of a fundamental solution 1" (z, x, s, y),
which is strictly positive in the set {(x,r) € RV*! | 1 > s}, and Gaussian upper
bounds for I". They also prove mean value formulas and Harnack inequalities for
the positive solutions of Lu = 0.

Based on the Harnack inequality proved in [67], and on the translation invariance,
Pascucci and Polidoro prove in [91] sharp lower bounds for the fundamental solution
of operators satisfying (23). More recently, the method used in [91] has been
extended in [38] to the study of Hormander operators that do not satisfy (23). For
instance, the operator L = 8§1 + xfaﬁz + 0, is considered in two space variables.
The fundamental solution I" = I'(#, x, 7, §) is supported in the set {(7,x) € R*|r >
T,Xp > 52}, then no Gaussian estimates can be proved for this example. On the
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other hand, upper and lower bound have been proved by combining PDE methods
and Malliavin calculus.

3 Balls, Mean Value Formulas and Potential Theory

An important aspect in the study of the geometric analysis associated with many of
the PDEs discussed so far is the investigation of the underlying geometric properties
naturally associated to these PDEs. Starting from the celebrated papers of Bony
[25] and of Nagel et al. [88], it became clear that the properties of the exponential
maps associated with the smooth vector fields play a crucial role in understanding
the equivalence of the distances of the spaces. This notion has been weakened by
Lanconelli and Morbidelli [73] to the notion of quasi exponential for Lipschitz
continuous vector fields. Then they proved a Poincaré inequality under a ball box
type assumption.

A complementary point of view, largely adopted by Lanconelli, is to choose the
level sets of the fundamental solution as privileged class of balls for the operator.
The main advantage of this perspective is that the level sets of the fundamental
solution reflect the main properties of the operator, and in particular they give
information on the directions of propagation, allowing to express in a natural and
intrinsic way the Poincaré inequality and the Potential Theory results, properties
which are classically expressed on the balls of the metric.

The first results extending the mean-value formulas from the classical Laplace
setting to the parabolic one are due to Pini [92], Watson [106], Fabes and Garofalo
[54], Lanconelli and Garofalo [60, 61]. In the sub-Riemannian setting, a mean value
theorem for sums of squares of vector fields has been proved by Hoh and Jacob
[64], Citti et al. [42], while the formula for general Kolmogorov type operators of
type (1) is due to Lanconelli and Pascucci [75]. It has been proved in [23, 33, 59]
that there is a strict relation between the existence of representation formulas and
the Poincaré inequality, which indeed are equivalent in some special cases.

The use of asymptotic average operators in the characterization of classical
subharmonic functions has a long history, starting with the papers [9] of Blaschke,
[93] of Privaloff, [6] of Beckenbach and Radd, up to the recent monograph [2] of
Armitage and Gardiner. This direction of research has been deeply developed in the
framework of Carnot groups by Bonfiglioli et al. in the monograph [23], and then
by Bonfiglioli and Lanconelli, who obtained new results concerning with: Harnack
and Liouville type theorems [11]; characterizations of subharmonicity [13] (see also
the very recent paper [17]); average formulas and representation theorems [17];
formulas of Poisson and Jensen type; maximum principles for open unbounded sets
[12]; the Dirichlet problem with L” boundary data and the Hardy spaces associated
with them [14]; the Eikonal equation and Bocher-type theorems for the removal of
singularities [15]; convexity properties of the mean-value formulas with respect to
the radius [24]; Gauss-Koebe and Montel type normality results [5].
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Finally we quote some results of Lanconelli [72], Abbondanza and Bonfiglioli
[1], Kogoj et al. [69], Kogoj and Tralli [68], who characterized the set on which a
mean value formula can be proved as the level sets of the fundamental solution.

3.1 Almost Exponential Maps and Poincaré Inequality

The most classical result on exponential mappings and properties of control balls is
due to Nagel et al. [88].

An abstract version of these notions was provided in the paper [73] for a
family X, ..., X,, of Lipschitz continuous vector fields in RY. Indeed the authors
introduced the notion of controllable almost exponential map and they showed that,
if a suitable ball-box inclusion holds, then one can get a proof of a Poincaré-type
inequality for the family X1, ..., X,,. Next we will describe such result.

Definition 3.1 Let £2 C R" be an open set and let Q be an open neighborhood of
the origin in RY. We say that a C! map E : 2 x Q — RY is an almost exponential
map if:

(1) The map Q > h + E(x, h) is one-to-one for each x € £2.
(ii) There is Cy > 1 such that

JoE JoE JoE
0< Co_l‘detﬁ(x, 0)‘ < ‘det%(x, h)‘ < Co‘detﬁ(x, 0)‘ forall i € Q.
An almost exponential map is controllable if there are a hitting time T > 0 and a

control function y : 2 x Q x [0, T] — RY such that:

(iii) For each (x,h) € 2 x Q, the path r — y(x, h, 1) is subunit and it satisfies
y(x,h,0) = xand y(x, h, T(h)) = E(x, h) for some T(h) < T.

(iv) For each h € Q and ¢ € [0,T(h)], the map x — y(x,h,1) is one-to-one, of
class C! and it satisfies for some Cy > 1

9
deta—y(x, h)| = Cy' forallxe 2,he Qandr e [0,T(h)].
X

Let us recall also the local doubling condition for the Lebesgue measure of
control balls: for any compact K there is Cp and ry > 0 such that

|B(xo,2r)| < Cp|B(xo,7)|] forallxy € K and r < ry.

Now we are ready to give a condition which ensures the Poincaré inequality.

Theorem 3.1 ([73], Theorem 2.1) Let X1, ..., X,, be a family of locally Lipschitz-
continuous vector fields in RN. Assume that the Lebesgue measure of Carnot—
Carathéodory balls is locally doubling. Let K C RN be a compact set and let
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B = B(xg,r) be a ball such that xy € K and r < ry. Assume that for a suitable
Co > 0 there are open sets Q D {0}, 2 C B and an almost exponential map
E: 2 x Q — RY such that

(1) 12| > C5'[B|
(2) The map E is controllable with a control y having hitting time T < Cyr.
(3) we have the inclusion B C E(x, Q) for each x € 2.

Then, there is a constant C| depending on Cy and Cp such that
/ |u(x) — ugldx < Clr/ |Xu(x)|dx  forallu € C'(C,B). 24)
B CiB

Remark 3.1 Here up denote the standard average on the ball B:

1
ug = E/Bu(y)dy.

In the next section we will give a different definition of mean, to be used when the
vector fields are associated to an operator.

For the proof we refer to the original paper [73]. Here we note that the method
has been tested successfully in the case of Hormander vector fields, with regular
and non regular coefficients and on a class of vector fields introduced by Franchi
and Lanconelli [57, 58] which have the form

X = axla X, = A'Z(XI)a)cza cee , Xy = A'n(xla cee 7xn—l)ax,,a

where the functions A; satisfy suitable assumptions. We refer to the discussion
in [73, Sect.3] for the proof that these vector fields fit in the framework of
controllable almost exponential maps. Further results with minimal assumptions on
the coefficients are due to [85], and with a slightly different technique to [30].

3.2 Mean Value Formulas on Level Sets and Poincaré
Inequality

We will present here mean value formulas, which have been constructed for different

operators: in the subelliptic setting: by Citti et al. for sum of squares [42], Lanconelli

and Pascucci for Kolmogorov-type operators [75]. The first corollary will be a

Poincaré formula, to be compared with the one established in the previous section.
Let us consider a particular operator of type (1)

N
Ly =) a;XiX; + X (25)

ij=1
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for a constant coefficient matrix (a;) satisfying (2). We will denote
2,(x) = {y eRY : I'(x,y) > 1/r},

so that 2, (x) will be the level set of I".

Let 2 € RY be an open set and suppose u is u.s.c. on §2. For every fixed a > 0,
and every x € RY and r > 0 such that £2,(x) C £, we define the Surface Mean m,
and the Solid Mean M, for a function u:

o aOXEOXE0)
@ = [ PRI o), 26)
M) = 5T [ myo e ap @

where Vg denotes the Euclidean gradient, and I'(y) = I"(x,y). Here o denotes the
Hausdorff (N — 1)-dimensional measure in RY. We also denote

a+1 (7,
L=+ / o ( / aiX:T (x, y)Xu(y) dy)dp. (28)
r¢ 0 2,()
The following theorem, for the special case X, = 0 has been proved in

[42], A general formula has been established by Lanconelli and Pascucci [75] for
Kolmogorov equations, which reduces to the following one, when divX, = 0.

Theorem 3.2 Then, for every function u of class C> on an open set containing
£2,(x), we have the following mean value formulas:

u(x) = mr(u)(X)—/Q ( )az;inF(xs VXu(y)dy.  ux) = M w)(x)—1(x). (29

In [45] the authors remarked that the Poincaré inequality can be obtained by
means of the mean value formula for a very special class of vector fields, with
minimal regularity of the coefficients in the same spirit of Bramanti et al. [30]
and Montanari and Morbidelli [85]. Precisely when Xy = 0, and there exists a
continuous function ¢ such that

X = Bxi —xH.anZn, X, = axn + Zw(x)szn,XH_n = 3xi+n +xi3xh, (30)
i = 1,...,n — 1. These vector fields satisfy the Hormander condition, and ¢ is

continuous, so that there is a CC distance associated to these vector fields.

Theorem 3.3 Let §2 be an open set. Assume that the functions ¢ and u are Lipschitz
continuous defined on §2 with respect to the CC distance associated to these
vector fields. For every compact set K C S2 there exist positive constants Cy, C,
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with C, > 1 (depending continuously on the Lipschitz constant of ¢) such that if
£2¢,r(x) C K, we have

/ lu(x) — ug,m@ldx < Clr/ [Vul.
52r() 20,r(®)

3.3 L-Subharmonicity and Average Operators

As we shall see soon, mean value formulas naturally allow the characterizations of
the .Z-subharmonic functions, and the derivation of an in-depth Potential Theory
for Z.

Let

N
L= Z 0y, (aij(x) 9y;,) = div(A(x) V) (3D

ij=1

be a linear second order PDO in R", in divergence form, with C* coefficients and
such that the matrix A(x) := (a;;(x))ij<n 1S symmetric and nonnegative definite at
any point x = (xi,...,xy) € RY. The operator .Z is (possibly) degenerate elliptic.
However, we assume that .Z is not totally degenerate at every point. Precisely, we
assume that the following condition holds: there exists i € {l,...,N} such that
a;; > 0 on RY. This condition, together with A(x) > 0, implies the well-known
Picone’s Maximum Principle for .Z.

A function h will be said .%-harmonic in an open set 2 C RV if h € C?(2,R)
and .Zh = 0 in £2. An upper semicontinuous function (u.s.c. function, for short)
u: 2 — [—o00,00) will be called .Z-subharmonic in 2 if:

1. The set 2(u) := {x € 2 |u(x) > —oo} contains at least one point of every
(connected) component of £2, and

2. For every bounded open set V C V C £ and for every .Z-harmonic function
he C?(V,R)N C(V,R) such that u < hon dV, one has u < hin V.

We shall denote by .7 (§2) the family of the .Z’-subharmonic functions in £2.

It is well known that the subharmonic functions play crucial roles in Potential
Theory of linear second order PDEs (just think about Perron’s method for the
Dirichlet problem) as well as in studying the notion of convexity in Euclidean and
non-Euclidean settings.

Our main assumption on .Z is that it is C*°-hypoelliptic in every open subset of
RN, We further assume that, in the spirit of the rest of the present paper, . admits
a nonnegative global fundamental solution

RY xR\ {x=y} 2 (x,y) = I'(x,y) € R,

with pole at any point of the diagonal {x = y} of R" and vanishing at infinity.
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We are then able to define suitable mean value operators on the level sets of I".

We explicitly remark that study of the integral operators related to general PDOs
considered in this paper is complicated by the presence of non-trivial kernels. For
instance, when . in (31) is a sub-Laplacian on a stratified Lie group G, the kernels
appearing in the relevant mean-integrals cannot be identically 1, unless G is the
usual Euclidean group (RY, +), as it is proved in [15].

Definition 3.2 (Mean-Integral Operators) Let x € R" and let us consider the
functions, defined for y # x,

(AMVL0), VL))
V() ‘
We will call surface mean integral operator and solid mean integral operator, the

two mean operators m, and M, defined in (26) and (27), respectively. Furthermore,
for every x € RY and every r > 0, we set

Ii(y) := I'(x.y), He(y) =

a0 = (ro-a ow="5 [ramae.

1
o) = o | PRGOS

Remarkable mean-value formulas generalizing the classical Gauss-Green formulas
for Laplace’s operator and the ones in Theorem 3.2 hold true also in this more
general setting:

Theorem 3.4 (Mean-Value Formulas for .£) Let m,, M? be the average opera-
tors in Definition 3.2. Let also x € RN and r > 0.

Then, for every function u of class C* on an open set containing T(x), we have
the following £ -representation formulas:

1
u) =m@ - [ (rey 1) Zut)ay (32

2r(x)

1 [ 1
ww = - [ ([ (ren=2) zumas)an @

We shall refer to (32) as the Surface Mean-Value Formula for .2, whereas (33) will
be called the Solid Mean-Value Formula for .Z.

Before stating our main theorem, we need two definitions. With the same notations
as in the previous paragraph, an u.s.c. function u defined on an open subset £2 of R¥
will be called m-continuous in §2 if

liII(l) m,(u)(x) = u(x), foreveryx e 2.
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Analogously, u is said to be M*-continuous in S2 if ling) M2 (u)(x) = u(x), for every

x € 2.
Finally, let/ C R be an interval and suppose that ¢ : I — R s a strictly monotone
continuous function. We say thatf : I — R is g-convex if

_ 9D —p0) e )
7O = S =or’  wm = e’

forevery ri,r,rp € I suchthatr; <r < r,.

We are ready to present our main result (see [17, 24]). This generalizes previous
results in [13]; in the case of sub-Laplacians on Carnot groups, the paramount role
of mean value operators is shownin [1, 5, 11, 12, 14-16]; see also the comprehensive
monograph [23].

Theorem 3.5 (Characterizations of Subharmonicity) Suppose £ satisfies the
above axioms. Let §2 be an open subset of RN and let u : 2 — [—00,00) be
an u.s.c. function such that £2(u) = {x : u(x) > —oo} contains at least one point of
every component of §2.

Let q,, Q,, w, be as in Definition 3.2. Let also R(x) := sup{r > 0 : £,(x) C £2}.
Then, the following conditions are equivalent:

u € . (82) with respect to L.

. u(x) < m,(u)(x), for every x € 2 and r € (0, R(x)).
. u(x) < M2 (u)(x), for every x € 2 and r € (0, R(x)).
. It holds that

~

A LN

. my (1) (x) — u(x)
imsup ————

>0, foreveryxe 2(u).
r—=0 qr(x)

5. It holds that

I M (u) (x) — u(x)
imsup ————

>0, foreveryx < 2(u).
r—0 0r(x) f ”

6. u is m-continuous in §2, and r — m,(u)(x) is monotone increasing on (0, R(x)),
foreveryx € £2.

7. u is M®-continuous in §2, and r — MZ(u)(x) is monotone increasing on
(0, R(x)), for every x € £2.

8. u is m-continuous in $2, and

M (u)(x) < m,(u)(x),

for every x € §2 and every r € (0, R(x)).
9. u is m-continuous in $2, and

limi m,(u)(x) — M (u)(x)
im inf
r—=>0 ()

>0, foreveryx e 2(u).
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10. u is M®-continuous in 2, u € L} () and Lu > 0 in the weak sense of
distributions.

1
11. u is m-continuous and the map r +— m,(u)(x) is —-convex on (0,R(x)), for
r
every x € §2 (or, equivalently, for every x € §2(u)).
12. uis M®-continuous and, for every x € §2 (or, equivalently, for every x € §2(u)),
the map r — M2 (u)(x) is m-convex on (0, R(x)), for some (or for every)

a > 0.
Furthermore, if u € . (RN) we have the following results:

13. The functions x + m,(u)(x), M*(u)(x) are £-subharmonic in RY, finite
valued and continuous.
14. Let ju, be the £-Riesz measure of u; the maps r — m,(u)(x) and r — M (u)(x)
can be prolonged with continuity up to r = 0 if and only if x € §2(u).
Furthermore, for every x € §2 and r € (0,R(x)), one has the following
representation formulas (of Poisson-Jensen type):

: /’Lu(Sp?;(x)) dp

(reen =) au)

) =m @@ - [

—m e - [

2,(x)

uur=Mﬂmum—Ar%;§(A;m(auo—ﬁ(FéEQ)mw@Odp

P

=Mﬂ@@—%§{[ﬁ(merww—%ﬂm@ﬂw.

When x ¢ $2(u), all the sides of these formulas are —oo, and this happens if
and only if 1, ({x}) > 0.

The equivalences (1)—(9) do not require the hypoellipticity of .2, which is only used
in (10)—(14) (requiring Riesz-type representation results).

We observe that Theorem 3.5 provides new insight on the Potential Theory for
operators in divergence form, which are not necessarily in the form of Hérmander
sums of squares, nor left invariant on some Lie group (see [17, 24]).

Finally we mention some results of Lanconelli [72], Abbondanza and Bonfiglioli
[1], Kogoj et al. [69], Kogoj and Tralli [68]: in these papers, it is proved, for several
classes of PDOs, that the sets on which a mean value formula can be obtained are
precisely the level sets of the fundamental solution. For instance the inverse mean
value theorem for .Z states the following: let JZ(y) be as in Definition 3.2 and let
us set dv(y) := J£(y) dy; let D be a bounded open neighborhood of 0 such that

1
wm=;@51j@mww, (34)
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for every u which is .Z-harmonic and v-integrable on D. Then, necessarily, D =
£2,(0) for some r > 0. More precisely, it suffices to suppose that (34) holds for the
family of the .Z’-harmonic functions on D of the form D > y — I'(y, x), for x ¢ D.

4 Global Regularity Results

Interior Schauder and L” estimates can be obtained as a direct consequence of
existence of the fundamental solution. A much more delicate problem is the problem
of global regularity results, namely regularity on the whole space, or regularity at
the boundary.

We provide here a couple of results, obtained using potential theory and existence
of the fundamental solution, proved in the previous section.

4.1 A First Regularity Result at the Boundary

An essential play in study of the existence and regularity theory of the equation
Lu = f where L is the operator in (8) is the derivation of the Schauder estimates
in terms of weighted interior norms. Such apriori estimates allow to extends the
results of potential theory to the class of L having Holder continuous coefficients
and to establish the solvability of the Dirichlet problem in the generalized sense.
For continuous boundary values and a suitably wide class of bounded open set the
proof of solvability of the Dirichlet problem can be achieved entirely with interior
estimates.

Interior Schauder’s estimates for the Kolmogorov operator (6) are proved in
Shatyro [99], for the operator (8) in the homogeneous case by Manfredini in [79]
and in the non homogeneous case in Di Francesco and Polidoro [52]. In Lunardi
[78] global estimates with respect to the spatial variable are proved for operator (8)
with constant coefficients a;;.

We denote by C(£2) the space of the Holder continuous function whose norms
| - |a.a;2 are weighted by the distance to the boundary of the bounded open set
§2. Schauder’s type estimate can be proved using classical arguments, based on a
representation formula for the second derivatives of smooth functions in terms of
the fundamental solution of the operator and on its bounds in Theorem 2.1.

Theorem 4.1 (Schauder Interior Estimates) Ler §2 be a bounded open set, f €
CY(82), and let u be a bounded function belonging to Clz(:“ (£2) such that Lu = f in
2. Thenu € C[21+°‘ (£2) and there exists a positive constant c, independent of u, such
that

|ulrtad:0 < ¢ (sup |u| + |@°fla.a;2)-
2
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Here |d*f|q.4: denotes the following norm :

) _ ) 2o Q) — /O]
14 letse = supd_1f ()] + Z,éesggﬁdz,z d(z. 0

where d, = inf,co d(z,w) and d,; = min{d, d;}.
And

o lu@ —u
[ul2+a.a:2 —suplu(z)l + Zsupd |9y u(2)| + sup dzzg— |u(z) — u(®)|

i=1%€82 LeR d(z, 0)®
) 2t [05u(@) = B
" Zzéesgg;ég dz,é‘)‘ d(z,0)* + |d"Xou|o.a;2
=] wiER,

+ 3 PR o
ij=1

(35)
Using Schauder apriori estimates we can extend potential theory to the operator
L with Holder continuous coefficients. In fact, L endows R¥*! with a structure of
B-harmonic space (according to the classical definition in [47]). Precisely, if U is
a bounded subset of R¥*! the space (U, H*) of L-harmonic Clzo'f“(U) functions
satisfies the axiom of positivity and separation, the Doob convergence property and
finally the property of resolutivity. In particular the last axiom requires that there
exists a basis (for the Euclidean topology) of bounded open set V called H:-regular

set such that the Dirichlet problem

Lu=0 ir'l v, (36)

u =¢ indV, ¢ € C(AV)
is univocally solvable. We cannot expect that the parabolic cylinders are H:-regular
set. A geometric condition on dV ensuring the solvability of (36) is a generalization
of the Poincaré exterior ball condition. Precisely, we assume that for every zop € dV
there exists a L-non-characteristic outer normal v € RM*! such that B,,(z0 +
v, |v]) € RM*1\ V and

m
Zaqzo (v, X)) {(v,Xj) > 0.

The construction of a basis of H--regular sets is proved using an argument due a
Bony [25] and the method of continuity.

The general potential theory ensures the existence of a generalized solution in
the sense of Perron-Wiener-Brelot-Bauer of the Dirichlet problem in an arbitrary
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bounded open set £2. This solution assumes the boundary data at every L-regular
point. A point zy is L-regular if there exists a local barrier at zg.

Theorem 4.2 Manfredini [79] (Existence of a Generalized Solution). Let §2 be a
bounded open set, f € C*(§2) and ¢ € C(082). Then, there exists a solution u €
Clzot“ (£2) of Lu = f in 2 such that lim,—,, u(z) = @z for every L-regular point

70 € 052.

Geometric properties of the boundary determine the continuous assumption of
boundary values. In the paper [79] the author introduce an exterior cone type
condition which extends the classical Zaremba criteria for the regularity of the
boundary points and a boundary condition for the Kolmogorov operator in R?
proved in [89]. Besides, a geometric condition ensures the regularity for the L-
characteristic boundary point, when the Fichera function Xyvzy is positive definite.

Related results on the regularity of boundary points for the Dirichlet problem are
also proved in [77, 102-104].

4.2 A Global Regularity Result in L7 Spaces

We conclude this section with LP-regularity results on the whole space for degen-
erate Ornstein-Uhlenbeck operators obtained by Bramanti et al. in [29] (constant
coefficients) and [31] (variable coefficients).

The class of operators considered in [29] is

Po
o = Z Cl,'jX,'Xj + X(),
ij=1
where 1 < py <N, X; = 0y, and Xp = ZZ‘:l byx;d,;. Here A = (a;)1<ij<p, and
B = (bij)1<ij<n are constant coefficient matrices. Moreover, B! has the structure
described in (14) and A satisfies the ellipticity assumption (2), with pg in place of m.
The evolution operator corresponding to <7, that is

L:%_a[,

is a Kolmogorov-Fokker-Planck ultraparabolic operator, studied in Sect.2.1. For
this operator, I? global estimates on the strip S = RY x [—1, 1] have been proved in
[29].

Theorem 4.3 For every p € (1, o0) there exists a constant ¢ > 0 such that

9 H <c|L i i=1.2.....po. 37
x,x_,u (S) —C” u”l/’(S) fO}’lJ Po 37




364 A. Bonfiglioli et al.

for every u € Cg°(S). The constant ¢ depends on p,N, po, the matrix B and the
number A in (2).

As a by-product of the above result, global L’(RV) estimates are deduced for the
operator .7 .

Theorem 4.4 For every p € (1,00) there exists a constant ¢ > 0, such that for
every u € C§° (RN) one has:

2
XiXj

u (U)(RN) <ec {||du||U(RN) n ||u||U,(RN)} forij=1.2,....p0.  (38)

We point out that the estimates of [97] for these type of operators only allow to get
local estimates in L7, while the results presented here are global.

The same authors prove in [31] similar estimates in the case of variable
coefficients a;;, entries of the matrix A. Precisely, if a; are uniformly continuous
and bounded functions in RY, estimates analogous to (37) (with § = RN x [-T,T),
for some 7' > 0) and (38) still hold true. The proofs of the results in [31] rely on
a freezing argument, that allows to exploit results and techniques contained in [29],
and useful estimates proved in [52, 76].

Let us describe now the general strategy of the proof of Theorem 4.3, as well as
the main difficulties.

Since B has the structure described in (14), with the *-blocks possibly not null,
the operator L is left invariant with respect to a suitable Lie group of translations,
but, in general, is not homogeneous. A basic idea is that of linking the properties of
L to those of another operator of the same kind, which not only is left translation
invariant, but is also homogeneous of degree 2 with respect to a family of dilations.
Such an operator Ly always exists under our assumptions by Lanconelli and Polidoro
[76], and has been called “the principal part” of L. Note that the operator L fits
the assumptions of Folland’s theory [55]. The authors exploit the fact that, by
results proved in [52], the operator L has a fundamental solution I" with some good
properties. First of all, I" is translation invariant and has a fast decay at infinity,
in space; this allows to reduce the desired L’ estimates to estimates of a singular
integral operator whose kernel vanishes far off the pole. Second, this singular kernel,
which has the form n - 8§ixj1“ where 7 is a radial cutoff function, satisfies “standard
estimates” (in the language of singular integrals theory) with respect to a suitable
“local quasisymmetric quasidistance” d, which is a key geometrical object in the
paper under consideration. Namely,

d(z.0) = [ oz (39)

where 7! o 7 is the Lie group operation related to the operator L, while ||| is
a homogeneous norm related to the principal part operator L, (recall that L does
not have an associated family of dilations, and therefore does not have a natural
homogeneous norm). This “hybrid” quasidistance does not fulfill enough good
properties in order to apply the standard theory of “singular integrals in spaces of
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homogeneous type” (in the sense of Coifman and Weiss [46]). Hence, an ad hoc
theory of singular integrals in nonhomogeneous spaces (see [27]) and a nontrivial
covering argument are applied to get the desired L bound.

S Non Linear Curvature Equations

We conclude this review studying non linear PDE’s. The standard prototype of non
linear equations have always been minimal surfaces and curvature equations. Also
in the setting of CR manifolds and subriemannian spaces, curvature equations can
be chosen as the prototype of non linear equations. These equations describe the
curvature or the evolution of a graph, with respect to vector fields, (or a metric)
dependent on the graph itself. This is why curvature equation in this setting can be
expressed in the form (1), where the coefficients 0j; = 0y;(u, X;u) of the vector fields
depend on the solution or its intrinsic derivatives. Equations of this type naturally
arise while studying curvature equations in CR manifolds, called Levi Equation
[39, 84], Monge-Ampere equation [96, 98] or minimal graphs in the Heisenberg
group (see for instance [34, 50, 86]), as well as in mathematical finance [43, 53].

Here we will focus in particular on Levi equations, for which much of the
technique has been developed.

5.1 Regularity Results for the Levi Equations

The Levi curvatures of a graph is the formal complex analogous of the curvature
operator in RY. Namely it is the determinant of Levi form of a real hypersurface
in C"*! (or elementary symmetric functions of it). We can always assume that the
surface M is the graph of a C? function u : 2 — R, where £2 € R**! is open. We
identify R"*! x R with C"*!, and denote

2=y = (@, 20> Znt1), 3 = Xoj—1 +ix25, 1 £ j < n, Zpp1 = Xout1 + iy
We let
y(u) ={(x,y) € 2 xR : y =u(x)} = graphof u.

Calling f(x,y) = y —u(x), the Levi form associated with f at the point p = (x, u(x))
is the following Hermitian form:

n+1

Lwt) =Y ik e T (yw),

Jjk=1
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where T;Cy(u) denotes the complex tangent space to the graph of u. If we denote
by & the complexified second fundamental form, it turns our that /,(C, E) =

mLp(u, ¢) forall ¢ € T;C(y(u)). Let A1(p), ..., A,(p) be the eigenvalues of

h.For 1 < m < n, 0™ denotes the m-th elementary symmetric function and

1
K™ (@D) i= —~0™(A1,..., Ay,

()
we define the m-th Levi curvature operator as
LM W) (x) = K" (y (), x € L,

(see the papers by Bedford and Gaveau [7], by Tomassini [101], and by Lanconelli
and Montanari [84]).

The Levi form has been introduced by E.E. Levi and used by Oka, Bremmerman
and Norgouet in order to characterize domains of holomorphy. The first existence
results were obtained in the Levi flat case, i.e. null Levi form, by Bedford and
Gaveau [7] and by Bedford and Klingenberg [8]. They used a purely geometric
approach, which does not work in the non Levi flat case. Slodkowski and Tomassini
in [100] introduced a PDE’s approach in studying boundary value problems for
the prescribed Levi curvature equation with curvature different from zero at any
point and proved L* a-priori bound for the gradient. However the degeneracy of
the equation did not allow the mentioned authors to obtain internal regularity with
standard instruments. Almost 10 years later the work by Slodkowski and Tomassini,
in [39] G. Citti recasted the problem in dimension n = 1 in the set of sum of squares
of vector fields. Precisely, choosing the coefficients of the vector fields X; = 070,
of (1)as o;; = §fori = 1,2,

Uy, + Uy, Uy,

1+ u2,

X2 uxl “,m

u
013(Du) = T2 023(Du) = —
X3

and the Levi Curvature operator for n = 1 can be expressed as

£y

LYy = Xu+ Xw( +d?)and[X,, %] = - ——
u (Xiu su) ( i) (X1, Xo] 1+u§3

X3

This representation tells us that, while prescribing the curvature, we can control
the rank of the Lie algebra generated by the vector fields, allowing to apply to the
equation the theory of subriemannian operators. E. Lanconelli and A. Montanari
studied the problem in full generality (see [84]) proving that .#™ can be written as
follows:

2n
LMW =Y auZiZiw), ueC(R.R). £ R
Jk=1
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where

. Z/ = axj +ajaX2n+l’ a/ :Cl](DM), ]: 1’... ,2”.
* (aj)jk=1.. 20 is symmetric and a;x = a;jx(Du, D*u).

Then, if j # k, we have : Z;; = [Z;,Zi] = gjx Ox,,,,. When computed on m-
strictly pseudoconvex functions, i.e., on functions satisfying .2 (u)(x) > 0 for
every x € 2 and 1 < k < m, the operator .Z™ displays a subelliptic property.
Precisely:

» Foreveryx € £2, gjx(x) # O for suitable j, k.
* The matrix (a;x(x))jr=1,...24 is strictly positive definite at any point x € £2.

Therefore, if u is m-strictly pseudoconvex, .2 is elliptic only along the 2n
linearly independent directions Z; = 9y, + @0y, , = € + ajent1,j = 1,...,2n,
and the missing ellipticity direction ej,+ is recovered by commutation. This
commutation property can be restated as follows:

dim(span{Z;(x), Zjx(x) : j,k=1,...,2n}) =2n+1, forevery x € £2.

We would also like to stress that .2 is a PDO in R?"*!, which is fully nonlinear
ifn> 1.

From the subelliptic properties of . several crucial results follow. Here we
only mention a Strong Comparison Principle and a regularity result.

Theorem 5.1 (Strong Comparison Principle) Let u,v : 2 — R, where 2 C
R>"*1 is open and connected. Assume u and v strictly m-pseudoconvex and

(i) u<vin$2, u(xg) = v(xg) atxg € £2.
(ii) L™ (u) > L™ (v) in £2.

Then u = v in $2 (see [39] for n = 1, [84] for the general case).

Theorem 5.2 (Smoothness of Classical Solutions) Let u € C>%(82) be a strictly
m-pseudoconvex solution to the K-prescribed Levi curvature equation

LM ) =K(,u) in 2.

If K is strictly positive and C* in its domain, then u € C*°(82) (see [40] forn = 1,
[83] for 1 < m and [81] for the general case 1 < m < n).

Strategy of the Proof for n=1. In the low dimensional case, the proof of regularity
is based on an ad hoc approximation method, similar to the parametrix method (see
Sect. 2). The difficult here is the fact that the approximation has to be applied to the
vector fields, not to the metric of the space. Following [97], the approximating vector
fields X; ,, of X; are obtained via Taylor approximation. The additional difficulty here
is due to the fact that a function differentiable in the direction of the vectors X; will
not necessarily be differentiable in the direction X;,,. We explicitly note that not
even the more recent results of Bramanti et al. [32] could allow to obtain the result.
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On the contrary a completely new approach to singular integrals has been introduced
in order to deal with these non linear vector fields.

Strategy of the Proof in Higher Dimension. Since the prescribed Levi curvature
equations present formal similarities with the real and complex Monge-Ampere
equations, which are elliptic PDE’s if evaluated on strictly convex and plurisubhar-
monic functions, respectively, we would like to briefly recall how the smoothness
follows from the classical Schauder theory for the real Monge-Ampere equation.
The real Monge-Ampére equation in a domain §£2 C R” is of the form det(D*u) =
f@,u,Du). If u € C*>%(£2) is a strictly convex solution to this equation, then the
linearized operator L (at u) is elliptic with C* coefficients, and Du satisfies a linear
uniformly elliptic equation of the type L(Du) = F € C*(£2). By the classical
Schauder theory, Du € C>%(£2). Repeating this argument one proves u € C®(£2).
In our case it is not possible to argue in the same way, because the Levi curvature
equations are not elliptic at any point, also when restricted to the class of strictly
pseudoconvex functions. However, in [82] Montanari proved interior Schauder-type
estimates for solutions of Hv = f with H a linear second order subelliptic operator
of the type H = ) hmjZuZ; with Holder continuous coefficients and with Z;
first order partial differential operator with C'* coefficients. This result is obtained
by a non standard freezing method and on the lifting argument by Rothshild and
Stein. The study of the operator H is reduced to the analysis of a family of left
invariant operators on a free nilpotent Lie group, whose fundamental solutions are
used a parametrix of the operator H, and provides an explicit representation formula
for solutions of the linear equation Hv = f. Once this is established, the strategy
to handle the prescribed m-th Levi curvature equation in higher dimension is to
apply the a priori estimates in [82] to first order Euclidean difference quotients of a
strictly m-pseudoconvex solution u, in order to prove that the function Du has Holder
continuous second order horizontal derivatives. The smoothness result is then obtain
by a bootstrap argument.

n
mj=1

5.2 A Negative Regularity Result

We want to stress that, in dimension n > 1, the classical C>* solvability of the
Dirichlet problem for the K-prescribed Levi curvature equations is still a widely
open problem. Even though it is possible to give a definition of Lipschitz continuous
viscosity solutions (we refer [83]), these solutions are not expected to be smooth if
the data are smooth. Indeed, very recently, Gutierrez et al. [62] proved the following
negative regularity result. To state the theorem, we need some more notation. With
B, we denote the Euclidean ball in R>**! centered at the origin and with radius r,
K denote a function of class C*° defined on the ball (B; x R), strictly positive and
such that s — K(-, s) is increasing. Then, we have the following result.



The Role of Fundamental in Potential and Regularity Theory 369

Theorem 5.3 (Gutierrez et al. [62]) There exist r € (0, 1) and a pseudoconvex
Sfunction u € Lip(B,) solving

L) =K(x,u) in B,,

in the weak viscosity sense and such that

C ud B ifn=2
e udCY forany B > 1—%whenn>2.

This equation is the motivation for a number of interesting problems: symmetry
problems and isoperimetric integral inequalities [80] of surfaces with prescribed
Levi curvature, and regularity results of radially symmetric solutions.
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