Chapter 15

Comparison of Autoregressive Curves Through
Partial Sums of Quasi-Residuals

Fang Li

15.1 Introduction

This chapter is concerned with testing the equality of two autoregressive functions
against two sided alternatives when observing two independent strictly stationary and
ergodic autoregressive times series of order one. More precisely, let Yy, Y2;, i €
Z := {0,4£1,-- -}, be two observable autoregressive time series such that for some
real valued functions w; and u,, and for some positive functions oy, o5,

Yij = wi(Yi—1) +o1(Y—1)er, Yy; = uo(Yoi—1) +02(Ya;—1)e2;. (15.1)

The errors {e,;,i € Z} and {g,;, i € Z} are assumed to be two independent
sequences of independent and identically distributed (i.i.d.) r.v.’s with mean zero
and unit variance. Moreover, €1;, i > 1 are independent of Y, o, and &5;, i > 1 are
independent of Y, . And the time series are assumed to be stationary and ergodic.

Consider a bounded interval [a, b] of R. The problem of interest is to test the null
hypothesis:

Ho @ pi(x) = pa(x), Vx € la,b],
against the two sided alternative hypothesis:
Hi @ pi(x) # ua(x), forsome x € [a,b], (15.2)

based on the data set Y]yo, Y]yl, e, Y]’nl, Yz’(), Yz’l, e, Y2,nz-

In hydrology, autoregressive time series are often used to model water reser-
voirs, see, e.g., Bloomfield (1992). The above testing problem could be applied in
comparing the water levels of two rivers.

Few related studies had been conducted under the two sample autoregressive
setting. Koul and Li (2005) adapts the covariate matching idea used in regression
setting to a one-sided tests for the superiority among two time series. Li (2009)
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studied the same testing problem, but the test is based on the difference of two sums
of quasi-residuals. This method is also an extension of 75 in Koul and Schick (1997)
from regression setting to autoregressive setting.

The papers that address the above two sided testing problem in regression set-
ting include Hall and Hart (1990); Delgado (1993); Kulasekera (1995) and Scheike
(2000). In particular, Delgado (1993) used the absolute difference of the cumula-
tive regression functions for the same problem, assuming common design in the
two regression models. Kulasekera (1995) used quasi-residuals to test the difference
between two regression curves, under the conditions that do not require common
design points or equal sample sizes. The current article adapts Delgado’s idea of
using partial sum process and Kulasekera’s idea of using quasi residuals to construct
the tests for testing the difference between two autoregressive functions.

Similarly, as in Delgado (1993), let

A(r) := / (11(x) = p2(0)) (fi(x) + fo(x)) dx, Ya <t <b, (15.3)

where 11, (o are assumed to be continuous on [a, b] and fi, f, are the stationary
densities of the two time series Y ; and Y, respectively. We also assume that f;, f,
are continuous and positive on [a, b]. It is easy to show that A(z) = 0 when the null
hypothesis holds and A(¢) # O for some ¢ under H,. This suggests to construct tests
of Hy vs. H, based on some consistent estimators of A(z). One such estimator is
obtained as follows.

First, as in Kulasekera (1995), we define quasi-residuals

e, =Yi; — (Y1), i=1,---,ny, (15.4)
and
erj =Y — 1Yo 1), j=1---,ny. (15.5)

Here, (1, and [i, are appropriate estimators, such as Nadaraya—Watson estimators
used in this article, of 1 and @,. See Nadaraya (1964) and Watson (1994).
Now, let

1 13
Un(t) = -~ > erilazyy, = — - > erjllazry; = (15.6)
g 250

where the subscript n, here and through out the chapter, represents the dependence
on n; and n,. With uniformly consistent estimators ft; and [t of u; and u, such as
kernel estimates and under some mixing condition on the time series Y ; and Y3 ;
such as strongly o —mixing, U, (¢) can be shown to be Uy, (¢) + U,,(¢) 4+ U3, () with

ny

1
Un,(@t) = - ZUI(Yl,i—l)Sl,i la<yi; 1<

i=1

1 &
- E 02(Y2,j-1)€2,jlja<y, ;1< = 0p(1),
2 4
Jj=1
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np

1
Uy (t) = - Z (1 (Y1) — o(Yim) la<yi;_y<n
L

ny

- Z (m2(Ya,j—1) — 1 (Y2, j—1)) ] a<r, ;<1
2 4
j=1

= / (11(x) = 12(0)) (f1(x) + f2(x)) dx + 0p(1),

np

1 N
Us, (1) = - Z (2(Y1,i-1) — o(Yi—i) la<yy;_ <

i=1

1 & .
- Z (1Yo, j—1) — 1 (Y, j— 1)) a<y, <y = op(1),
2 4
Jj=1

uniformly for all ¢ € [a, b]. Thus, U, (¢) provides a uniformly consistent estimator
of A(z). This suggests to base tests of Hy on some suitable functions of this pro-
cess. In this chapter, we shall focus on the Kolmogorov—Smirnov type test based on
SUP, < <b |Un(0)].

To determine the large sample distribution of the process U, (t), one needs to
normalize this process suitably. Let

2
12(t) = E {Ulz(Yl,o) (1 + fZ(Yl’O)) 1[a5Y1,ost]}

fiY10)
fif20)\?
+ @2 E Y03 (Ya0) (1 + —) Lia<¥ao<r] f » (15.7)
{ 2 £(Ya0) la<Yyp=t]
N N
where, 9 : n n]liznz’ CZZ T (tllﬁnz and N.:. n’:sz.
We consider the following normalized test statistics:

NY2U, (1)

T := su |

In the case o;’s and f;’s are known, the tests of Hy could be based on T, being
significant for its large value. But, usually those functions are unknown which renders
T of little use. This suggests to replace 7, with its estimate 7> which satisfies

2(b)
72(b)

I (15.8)

—p 1. (15.9)

An example of such estimator 7, () of 7,(¢) is

. 2
. 1 - 2 Jo(Y1i-1)
2O =qg— > (Y- i) [T+ 5] lazr,_ =
S - Si(Yii-1)

. 2
I 5 - 2 (. Si0-)
+aq2— Z (Yo — a(Ya,j-1)) <1 + ) N, i< ¢

na2 j=1 fA‘Z(YZ,j—l)

(15.10)
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where, [i;’s and f, ’s are appropriate estimators, such as kernel estimators used in this
paper, of w;’s and f;’s. Therefore, the proposed tests will be based on the adaptive
version of T, namely

Foe s ‘N”zUn(r)
' agtgb ‘/fnz(b)

We shall study the asymptotic behavior of T as the sample sizes n; and n;, tend
to infinity. Theorem 2.1 of Sect. 15.2 shows that under Hy, T weakly converge to
supremum of Brownian motion over [0, 1], under some general assumptions and
with (i; and /1, being Nadaraya—Watson estimators of 11 and ,. Then, in Corollary
2.1, under some general assumptions on the estimates fi;, fty and fl, fz, we derive
the same asymptotic distributions of T under Hy. Remark 2.2 proves that the power
of the test basted on T converges to 1, at the fixed alternative (15.2) or even at
the alternatives that converge to Hy at a rate lower than /t2(b). In Sect. 15.3,
we conduct a Monte Carlo simulation study of the finite sample level and power
behavior of the proposed test 7. The simulation results are shown to be consistent
with the asymptotic theory at the moderate sample sizes considered. In Sect. 15.4, we
study some properties of kernel smoothers and weak convergence of both empirical
processes and marked empirical processes. Those studies facilitate the proof of our
main results in Sect. 15.2. But, they may also be of interest on their own, hence are
formulated and proved in Sect. 15.4. The other proofs are deferred to Sect. 15.5.

| (15.11)

15.2 Asymptotic Behavior of 7 and T

This section investigates the asymptotic behavior of T’ givenin (15.8) and the adaptive
statistic 7 given in (15.11) under the null hypothesis and the alternatives (15.2).
We write P for the underline probability measures and E for the corresponding
expectations. In this chapter we consider Nadaraya—Watson estimators [i;, i, of i
and u,, i.e.,

i Yi K (Yij—1 = X)
> K (Yij —x)
where K, (x) = hl_K (5-), with K being a kernel density function on the real line

with compact support [ — 1, 1], k;, h, > 0 are the bandwidths. First, we recall the
following definition from Bosq (1998):

, i=1,2, (15.12)

fi(x) =

Definition 2.1 For any real discrete time process (X;,i € 7Z) define the strongly
mixing coefficients

a(k) := supa(o-field(X;,i <t), o-field(X;,i >t +k)); k=1,2,...
teZ

where, for any two sub o -fields B and C,

a(B,C)= sup |P(BNC)— P(B)P(C)|.
BeB,CeC
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Definition 2.2. The process (X;,i € 7Z) is said to be geometrically strong mixing
(GSM) if there exists co > 0 and p € [0, 1) such that a(k) < cop*, for all k > 1.
The following assumptions are needed in this paper.

(A.1) The autoregressive functions i, 4, are continuous on an open interval
containing [a, b] and they have continuous derivatives on [a, b].

(A.2) The kernel function K (x) is a symmetric Lipschitz-continuous density on R
with compact support [ — 1, 1].

(A.3) The bandwidths %4, h, are chosen such that hl2 N'=¢ — oo for some ¢ > 0
and h? N — 0.

(A.4) The densities f; and f, are bounded and their restrictions to [a, b] are posi-
tive. Moreover, they have continuous second derivatives over an open interval
containing [a, b].

(A.5) The conditional variance functions o} and o3 are positive on [a,b] and
continuous on an open interval containing [a, b].

(A.6) Yy;,Yr;,i € Z are GSM processes.

(A.7) For some M < oo, we have

E(e}) < M, i=1,2.

(A.8) For i = 1,2, the joint densities g;; between Y;o and Y;; for all [ >
1 are uniformly bounded over an open interval Z; containing Z, i.e.,

SUP;> SUPy ye, gi,/(-x’ y) < oo.
(A.9) The densities g; and g, of the innovations ¢;; and &, are bounded.

Let K(y) = f Y , K(#)dt be the distribution function corresponding to the kernel
density K(y)on [ — 1, 1] and let

1 & SYriz1) t—Yiiq
Vi) = — g1 01(Y1,-1) (1 a<yi;<t] + : (IC ( . )
ny ; M VA esti=i SfiYizn) h

-+ (=52)))

ny

{ fiYa-1) t— ¥y
- . Y . 1 a< : < : ]C ’
. 282,/ 02(Ya 1)( la<Vy; 1< T (Yo i-1) hy

j=1
_ a — Yzyjfl
K (—h1 >>> (15.13)

ny

1
Walt) = -~ D (Vo) = oY) asy,, <1
=

and

1 &
+ — D () = (V2 - lazrs, =0 (15.14)
2 7
j=1

We are now ready to state the main result.
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Theorem 2.1 Suppose, the conditions (A.1)—(A.9) hold true. Then, under both null
and alternative hypotheses, as ny A np — 00,

12
su ———
agtrs)b \/ ‘Er%(b)

Here, U, is given in (15.6) with j11, i of (15.12), and V,, and W, are given in
(15.13) and (15.14). Consequently,

(Un(t) = V(1) = Wa(0)) | = 0p (D). (15.15)

N1/2 .[Z(t)
——— (Ua(t) = W,(t)) = Boo(t), o)= li 5

Vi (b)

in the Skorohod space D|a,b], where B o ¢ is a continuous Brownian motion on
[a, b] with respect to time @. Therefore, under Hy, T of (15.8) satisfies

(15.16)

1 S
nipAn2— 00 ‘L'nz(b)

T = sup |B(1)],

0<t<l1
where B(t) is a continuous Brownian motion on R.

Proof: The proof is given in Sect. 15.5.
Next, we need the following additional assumption to obtain the asymptotic
distribution of T given in (15.11)

Assumption 2.1 Let 1;, f, be estimators of w; and f;, respectively, satisfying

sup |fii(x) — wi()| = op(),  sup | fi(x) = fitx)l = op(1), i=12,

a<x<b a<x<b
under both null and alternative hypotheses.

Corollary 2.1 Suppose the conditions of Theorem 2.1 hold true. In addition, suppose
that there are estimates [1; and f; in (15.10) satisfying Assumption 2.1. Then, as
ny A np — 0o and under Hy, T of (15.11) satisfies

T = sup |B()|.

0<t<l

Proof: 1t suffices to prove (15.9). Let

(Y10))’
O1=E {Ulz(Yl,o) <1 + S ) 1[u<Y1,o<b]}

fiY10)

and

. 2
1 & . 2 LYz

Oy =— (Y — i Y-) [T+ 57— lia=r, =
ni Z SiYri—1) o

i=1
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By Assumption 2.1, (A.4), (A.5) and Chebyshev’s inequality, it can be derived that

O, = 01 +o0p(1). (15.17)
Similarly, we obtain
02, = 02+ 0p(1), (15.18)
with
A0\
0, = E {07 (Y20) (1 + =) ljzry=s
{ : S (Yap) la=T20=01
and
& A0\
. 2 1(Ya,j-1
Oy = — (Yo; — (Yo ) [ 1+ 5] Ly, i=n)
2 ; ! ! J2(Ya,j-1) o

From (15.17), (15.18) and the fact that O, O, are some positive constants, we
have

t;(b) = ;@) q1(O01 +o0p(1) +¢2(02 +0p(1)) R

- 1,
t2(b) — t2(a) q101+q20; i

which completes the proof of the corollary. O

Remark 2.1 An example of estimates [i; and f, satisfying Assumption 2.1 are:
;i = f1; of (15.12) and

R 1 &
ﬁu):—fE:KM%¢4—xL i=1,2, (15.19)
j=1

n;

with &1, h, being appropriate bandwidths that could be different for constructing fi;
in U, of (15.6). For example, here we can take h; = O(ni_l/s), See Bosq (1998). But
to construct fi; in U, of (15.6), we need to choose bandwidths that satisfy (A.3).
Remark 2.2 Testing property of T: Under the model (15.1), consider the following
alternative that is the same as in (15.2):

H,: pi(x)—pu(x)=48x)#0 forsomex € [a,b],

where § is continuous on [a, b] since (4, (L, are continuous.
Theorem 2.1 and its corollary suggest to reject the null hypothesis for large values
of T given in (15.11) under Assumption 2.1.
Let
R 1/2 R N1/2
T(@t) = —=U,), T1(1) = —=—=—=(U,(t) — W, (1))

VT2(b) NaA Q)
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Then,
R R 1/2
T@) =T+ h@®), h@)=—=W,0)
V()
By Ergodic theorem,

t
W, —>p/ S(x)dx,

h(t) ~ (15.20)

N1/2 t
— / S(x)dx.
£/ ‘Enz(b) a

This, together with N2 00, (15.9), and the fact that fat 8(x)dx is not O for

N TAb)

some a <t < b implies,

sup |h(t)| — p oo. (15.21)

a<t<b

Hence, in view of (15.16) and (15.9),

T = sup |T(0)| = sup |T\(t) + h(t)] = p 0. (15.22)

a<t<b a<t<b

This, together with Corollary 2.1 indicates that the test bases on T is consistent
for H,.

Note: By using the same arguments as above, we even can claim that under As-
sumption 2.1, the test based on T is consistent for the alternatives converging to the
null hypothesis at any rate a,, that is lower than N~!/2, since (15.21) is still satis-
fied when §(x) is replaced by §(x)a,. Furthermore, under H; : pi(x) — pa(x) =

‘er /(Zb 8(x), x € [0,1], the limiting powers of the asymptotic level o tests T is

computed as

lim P(T; > by,) = P ( sup |Bog(t)+ g(t)| > ba) ,
n—oo

a<t<b

where b, is defined such that

P < sup |B(t)| > bo,> =a
0<t<1

15.3 Simulation

In this section, we investigate the finite sample behavior of the nominal level of the
proposed test T under Hj and power of T against some nonparametric alternatives.
As sample sizes, we choose the moderate sample sizes n; = n, = n = 50, 100, 300,
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Table 15.1 The critical
values b,

0.05 0.025 0.01
o 2.24241 2.49771 2.80705

S

S

600, 1,000, and 2,000 with each simulation being repeated for 1,000 times. The data
is simulated from model (15.1), where the two autoregressive functions are chosen
to be uy(x) = 1+ x/2 and p;(x) = pa(x) + 8(x), and the innovations {¢;;} and
{2} are taken to be independent standard normal N'(0, 1). We choose §(x) = 0

corresponding to Hy and §(x) = 1, 2(x — 3)/x, and 2 (%) 2 =2 N 1/2
corresponding to H,. Note that the second choice of § is negative for x < 3 and
positive for x > 3 and converge to 0 for x — 3; the last choice of § corresponds to
the local alternatives with a rate being the same as 7, of (15.7). For simplicity, the
conditional variance functions o, and o, are chosen to be (i) o1(x) = 0>(x) = 1 and
(ii) 01(x) = 02(x) = 3/+/1 + x2. Finally, the interval [a, b] in (15.2) is taken to be
[2, 4].

To construct the test statistics 7' of (15.11), we consider Nadaraya—Watson esti-
mators 11, fip of (15.12) with kernel K (x) = %(1 —x2)1(Jx| < 1) and we considered
three different bandwidths 2; = h, = 0.15,0.2 and 0.25. The estimates i1, it, and
fl, fz in 7, of (15.10) are from Remark 2.1 with h; = ni_l/s, i = 1,2. Let by satisfy
P(supy,<; |B(t)| > by) = a. Then, the empirical size (power) is computed by the

: : # Of [T>by]
proportion of rejects 00—

In Table 15.1, we give the critical values b, obtained from the formula
P (SUP05t51 |B(1)| < b) =P(|BA)| <b)+2> 72, (= 1) P(Q2i — )b < B(1) <
(2i 4+ 1)b) given on page 553 of the book by Resnick (1992).

The simulation programming was done using R. To generate each of the two
samples, we first generated (500 + n) error variables from A/(0, 1). Using these
errors and model (15.1) with the initial value Y; ¢ randomly chosen from A/ (0, 1), we
generated (501 + n) observations. The last (n + 1) observations from the data thus
generated are used in carrying out the simulation study.

The results of the simulation study are shown in Table 15.2 below. Three rows
correspond each choice of §(x) with the first row corresponding to bandwidth 0.15,
the second to 0.2 and the third to 0.25. The finite sample level and power behavior
of the tests are shown to be quite stable across the various choices of the bandwidth.
One sees that for both choices of o) and o5, the empirical sizes of the test are not
much different from the nominal levels for most moderate samples sizes, but they are
closer to the true levels when the sample size gets larger. The simulated powers under
fixed alternative 5(x) = 1 are close to 1 for all moderate sample sizes, even at «-level
.025. The simulated powers under fixed alternative §(x) = 2(x — 3)/x are seen to
increase quickly with n and they are quite large for n > 600. The simulated powers
under local alternative §(x) = 2 N~ '/2 are stable for most moderate sample sizes. In
summary, the simulated levels and powers are consistent with the asymptotic theory
at most moderate sample sizes considered.
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15.4 Properties of Kernel Smoothers and Weak Convergence
of Empirical Processes

In this section, we first study the asymptotic behavior of the following kernel
smoothers over [a, b] fori = 1,2:

n;

R 1 & 1
ft(x) = n_i;Kh,’(Yi,jfl _-x)5 Ai,n(-x) jz;al(ylj 1)8,]Kh (Yt] 11— )
(15.23)

Ky, (Yij—1—x)
Wi(x,y) = — Z v, (;” 5 lyo<yy V1= fa, Y2=fi, (15.24)

np

1 1 &
Moy = P 281,1“112(1/1,;‘—1,)’), h(y) = P Zgz,i‘l’l(Yz,i—l,}’), (15.25)
Lo 250

H; j(y) = —ZKh Yikt =i =), i, j=1,2. (15.26)
i

By Lemma 14 in Li (2008), we have the following results.
Lemma 4.1 Suppose conditions (A.2), (A.3) and (A.4)—(A.8) hold. Then,

logn; .
sup |Ai,(x0)| = 0P< ) i=1,2,

a<x<b nih;

where A;,(x) is given in (15.23).

Lemma 4.2 Suppose conditions (A.2), (A.3), (A.4), (A.6) and (A.8) hold. Then f;
of (15.23) satisfies

a<x<b nih;

5 lo
sup | fi(x) = fi(x)l —0p< g"’) +O0(hd), i=1.2.

Lemma 4.3 Suppose condition (A.2), (A.3), (A.4), (A.6) and (A.8) hold. Then,
W;(x,y) of (15.24) satisfies

1
sup Var{W;(x, y)} = O(——), i=1,2.
a—h; <x <b+h; nih
a<y=<b
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Lemma 4.4 Suppose condition (A.2)- (A.4), (A.6) and (A.8) hold. Then H;; of
(15.26) satisfies

. ) - logn;
H; j() = h! fi(y)u; + Op (h{“ +h] = ) ,
nin;

1
u,-:f K (uu’ du, ij=1,2
—1

uniformlyona < x < b.

Next, we study the property of some empirical processes. The weak convergence
of marked empirical process proved in Theorem 2.2.6 of Koul (2002) implied the
following lemma:

Lemma 4.5 Suppose conditions (A.4), (A.6), (A.7) and (A.9) hold, then fori = 1,2,

sup Z(|s,]| Ele; jDly,, =n| = Op(n; ).

asy=b | Mi

Next, recall that C(y) = f ;v] K (t) dt is the distribution function corresponding to
the kernel density K(y) on [ — 1, 1]. We prove the following lemma:

Lemma 4.6 Suppose conditions (A.2), (A.3), (A.4), (A.6) and (A.8) hold. Then T';
of (15.25) satisfies

(Y1 1) y—Yiiq
o - A () <
(my) Z S " )‘ op(1)

sup
a<y<b
1 Fi(Ya,_ 1) y =Yoo
N/ F b l h = 1 .
atro < ) Z () ( hy >>‘ o

Proof: The proof is similar to the proof of Lemma 1 of Li (2008) which is in turn
similar to Lemma 6.1 of Fan and Yao (2003). It is sufficient to prove the first equality.
Let C denote a generic constant, which can vary from one place to another. Also let

N2 lfz(le 1) < Y],i—l) _ A
( 0= Z R 2 o)

Now, decompose A, (y) into A} ,(y) + Az, (y) with

1 &
_ N2 . . _ .
A,(») =N ansl,, (W2(Y1i-1,y) — E(Wa(Y1-1, ),

ni

Y-, (y— Y
Asy =N1/2 i B, y) — = —))
22(¥) 281 < (¥2(Yii-1,¥) fl(Yl,i—l)IC< hy ))
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First, we show SUP,<y<p |A2,(y)| = op(l). For some(Yl*’F1 € [a—2h,, b+2h,],
By Tayler expansion, We have

A2,n(y)
y=Y

1 1 - hl’ii] Yii_ h Yii_
ZNI/Z_ZSIJ / 2 K(u)(fZ( Li-1+hau)  fo(Yy, 1)> i
D

1 Ao+ ha)  fi(Yii1)

Y=Y

1 iy LT i) fii-) — T i) (Y1)
=N'"?— i 7 / K (u)=— ' o —d
ni ZEL ? -1 uk ) 1Yz 4+ how) f1(Y1-1) !

i=1

I Yi- * *
N W [ ‘uz K PV DAW-) = O DD
2 J5 SiYrizr +haw) f1(Y1-1)
n y=Ti-1
<N1/2h2i 281'/‘ 2 MK(M)fz/(Yl,i_l)fl(Yl,i—O—fl/(Yl,i_l)fz(Yu—l) du
- n ) Si(Yrio1 + haw) fi(Y1i-1)

i=1
1 &
+N'"2h3—3"le1s] - C, by (A2)and (A4),
R
uniformly over [a, b],
By a similar argument in proving Lemma 4.1 or Lemma 1 of Li (2008), it can be
shown that

n Y Vi1

1 iy LD itz — A i—) LX)
— i K d
| e /,1 ukw A1 + haw) f1(Y1, 1) ¢
_ logn;
- n1h2 '

Also, Nl/zhgi YoM leril = Op(NY?h3)) = op(1) by (A.3). Hence, by (A.3)
we have

sup [42,(y)| = Op (Varhzlognt) + 0(1)

a<y=<b
/ N
= Op < q1h, log q_> +o0p(1) =0p(1). (15.27)
1

Now, it is left to prove

sup |A,(y) =op(1). (15.28)

a<y=b

Slightly simpler than the proof of Lemma 1 in Li (2008) and Lemma 6.1 in Fan
and Yao (2003), the proof consists of the following two steps:
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(a) (Discretization). Partition the interval [a, b] with length L into M = [(N I4ey1/2]
subintervals {/;} of equal length. Let {y;} be the centers of ;. Then

sup |A1a(y)| = max |A1n(yk)| +op(D). (15.29)

a<y<b

(b) (Maximum deviation for discretized series). For any small €,

P (Ima)%l|A1,,,(yj)| > e) — 0. (15.30)
<js

mation theorem for the empirical process of a stationary sequence of strong mixing
random variables established in Berkes and Philipp (1997) and in Theorem 4.3 of
the monograph edited by Dehling et al (2002) implied

sup sup |G1a(y) — Gra(y)| = op(D). (15.31)

1<k<M yeli

Let Gin(y) = /ni (i Z';‘zl Ly, < — P(Yij1 < y)). The strong approxi-

Now, we prove part (a). First, forany 1 < K < M and all y € I;, we decompose
Al,n(y) - Al,n(yk) as Dl,n(y) + DZ,n(y) Wlth

1 &
Dy,(y) = Nl/zn— 281,1' (V2(Y1io1,y) — VoY1, 1)) »
Lz

1 «
Do) =N"2—=% o1 (E(Wa(Y1im1,) = EW(Y1im1,30)
Lo

Without losing generality, it is sufficient to consider all y, < y € I;. Itis easy to see
that

[ Dy ()]
s 1 ni 1 ny
=CN }’l_ Z lenil 1y - ha<Yii-1=y+h2] nahy Z lye<raii<y
i=1 i=1
1 & 1 &
= CN'? (n_ Z (leril = EleriDlpy—ny<vi;1<y+ha1 + n_l Z IIYkhszl,f1§y+h2]>
i=l i=1
1 1
W —(Gz,n()’) = Gop(yi) + POk < Y21 < y)
N1/2
(OP ( ) (G1 2(y +h2) = Gy — h2))
1
+ POy —hy < yrio1 £y +h)) (OP(\/_H—z) + 0P(M)> by Lemma 4.5, (15.31)
cNm(o ( : >+0 (h ))( (——)+0 (1)> in by (15.31)
=C— — op(—— —) | again .
I P s plhn2 P I Py g y
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and similarly,

1 & 1
|D2,n(y)| < CN1/2 (_ Z |81,i|1[)’k—h2<Y1,i1<)‘+h2]) <_ P(yk = Y2,i—l =< y))
n = h2
N'/2 1
= Ch_ZOP(hZ)OP (W) =op(1).

Hence, we have

sup sup A1, (y) — Aa(y)l = op(1).
1<k<M }'Elj

This proves part (a). Next,

2 2
P(max [A1,() > €) < M max E (AT, 00) /€

_ N1/2“/2Nl0 (

> — 0, by Lemma 4.3 and (A.3).
n

nahs

This proves part (b) and hence finishes the proof of (15.28) and the Lemma. O

15.5 Proofs

Here, we shall give the proof of our main result, Theorem 2.1. The lemmas proved
in Sect. 15.4 will facilitate the proof of this theorem. As usual, let C be a generic
constant. It suffices to prove (15.15) and (15.16). Now consider N'/2U,,(t) for all
a <t < b. We decompose N'/2U, () as By, (t) — By,(t) with

1 R
By (1) = Nl/zn— D i = (Vi) sy, <i1s
L

ny

1 .
Boy(®) = N'2— 3 (V2 = n(Vaj)lazray =1
2

i=1

We first consider Bj,(#). Recall definitions (15.12) and (15.23)—(15.25). By
decomposition and simple algebra, we rewrite By ,(¢) as I(¢t) — II(t) + III(t) with

12 m
I(t) = . Z (erio1(Y1i—1) + (i1 (Y1,i-1) — po(Y1i—O))a<yy; <y (15.32)
Lo
N2 3" ey i00(Ya i 1)K, (Yo i1 — Y1i_1)
() = ZZH e A ey, < (1533)

1 W n2 fo(Y1n-1)
1) = N1/2 i 2 a(Yrim1) — po(Ya jm)) Ky (Yo j1 — Yi-1)
ny f2(Y1,-1)

ny

l[a<Yii—1=t]

i=1

(15.34)
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Now we consider /I(t). By decomposition, we rewrite it as I1;(¢) + II>(¢) with

1 &
() = Nl/zn— Z82,_,'02(Y2,j—1)(‘~1-’1(Yz,j—l,f) -V (Y2;-1,0a))
2 4
j=1

1 & S1(Ya,j-1) t—Yy; 4
S
na ]2:1:82’102( 2 l)fz(Yz,j—1) h
_x (“—hﬁ)) +op(D), (15.35)
1

uniformly on a <t < b by Lemma 4.6 and its proof, and uniformlyona <t < b,

N2 I 32 e j00(Ya 1)Ky (Yo, j—1 — Y1i-1)

L) = / 1< 1<
: ni ; nay f2(Y1,-1) la=hiz1=i
HY1io) = H(Yii1)
A
N2 |
=C n ; n ]X:;82,j02(Y2,j—1)Khz(Y2,j—1 = Yii-0D| Yasyy; <1
HY1io) = A1)
sup =
a<yi_i<t LYz
I 1
= CN'?0p ogn | | Op 082 —}—Op(h%) ,by Lemma 4.1 and 4.2
l’l2h2 l’lzhz

=op(1), by (A.3).
Next, we consider I11(t). Let M(zl) denote the first derivative of u,. Then, by (A.1),
uniformly ona <t < b,

N2 T M(zl)(Yl,i—l)|H2,1(Yl,i—1)| + C|Hon(Y1,-1)|

Hit) < =
ni ; LYo

l[afyl.i—lft]

1
—0p (Nl/2 (hg +hy og}?z)) — 0p(1), by Lemma 4 and (A.3)  (15.36)
nany
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Hence, by (15.32) and (15.35)—(15.36), we have uniformly ona <t < b,

12 m
Z(SleI(YU D+ (ui(Yi—) — po(Yi—OD <y, <n

Nl/z S fi(Ya;-1) t—Yo 1
282102(1/2, 1)f2(Y2’j_1) (K( I )

—K (“ __;2»1*1 )) +o0p(1) (15.37)
1

Bl,n(t) =

Similarly, we have uniformly ona <t < b,

12 ™

an(r)—n—ZZ@z,oz(YQ, D+ (2o ;1) = 1 (Yoo O iasrs =01
j=1
N2 & f2(Y1i1)< (l— Y1i1>
— €10 Y i— : K :
n l:zl 1o, 1)fl(Yl,i—l) hy
Y,
-k (u)) +op(1) (15.38)
hy

By (15.37) and (15.38), we proved (15.15).
Now, we need to prove (15.16). Applying the CLT for martingales [Hall and Heyde
(1980), Corollary 3.1], we first could show that the finite-dimensional distributions
of 1\; (/b) V.(t) tend to the right limit. Then, apply theorem for weak convergence
on functional space [Hall and Heyde (1980), Theorem A.2], we need to prove the

tightness of - 0 (b) V (). It suffices to prove the tightness of

Nl/2
401 (Y- a<y,;_ <)

i=1

and

N2 & Yii- 1= Yy,
—281,1'01(1/1,;'71)]02( 1, 1),C< 1, 1)'
nos HiYri-) hy

The tightness of the first sequence is implied by the weak convergence of a marked
empirical process [Koul and Stute (1999), Lemma3.1].

Since K ( = Y“ ‘) =1forY;—y <t—hyand K (’ T ‘) Lii—hy<¥y, <t+hy) jUSt
behaves like &, K n,(t — Y1,_1), the second sequence can be rewritten as

N2 L ST
erio1(Yi—1)—=—1iy,,_ <i—n
ni ; l A L-) Wim=r=hel
N2 L LYz (=Y
N o (Y i N e,
- Lio1 (Y1, l)fl(Yl,i—l) ( I ) [r—ha<Y1; 1 <t-+hs]

i=1
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with second term bing op(l) uniformly on a < ¢ < b by a proof similar

to that of Lemma 4.1. Again, by the weak convergence of a marked empiri-

cal process [Koul and Stute (1999), Lemma3.1], we could prove the tightness of
12" i

Nn] > 51,1‘01(Y1,i—1)%+;,31[Y1,f715t—hz]- Therefore, we complete the proof of

the main theory. m|
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