
Chapter 4
Optical Magneto-Spectroscopy
of Graphene-Based Systems

C. Faugeras, M. Orlita, and M. Potemski

Abstract Recent results of magneto-absorption and Raman scattering studies of
different graphene based systems are reviewed. The potential of these techniques
to derive the band structure, scattering efficiency and effects of interactions is dis-
cussed in reference to studies of two representative allotropes of sp2-bonded carbon:
graphene and graphite.

4.1 Introduction

Graphene and its layered structures including graphite are usually classified as zero-
bandgap semiconductors and/or semimetals [1, 2], and most naturally their prop-
erties are probed with electric conductivity measurements [3]. Indeed, our very
first knowledge on graphite is that it is a strongly anisotropic (three dimensional)
conductor [4] whereas the observation of the peculiar sequence of quantum Hall
states (half-integer quantum Hall effect) is a fingerprint of the characteristic (two-
dimensional) electronic states of graphene [5, 6]. What could be at first sight sur-
prising is that optical spectroscopy has played and continues to play an important
role in the research on graphene-based systems [7, 8]. Moreover, optical properties
can also be decisive for a number of anticipated applications of graphitic layers,
when, for example, they are used as saturable absorbers [9, 10], transparent con-
ducting electrodes [11, 12] or plasmonic devices [13]. Notably, optical properties of
graphene were a key ingredient to “see” the monolayer of carbon atoms deposited
on Si/SiO2 substrates through an optical microscope [14–18]—this was one of the
unquestionable milestones in the development of the graphene oriented research.
Optical spectroscopy of graphene based systems has developed today into a large
area of research with many different directions. Raman scattering of phonons is
one of the primary characterization tools of graphene materials [19–21] and also
provides the relevant information on electron-phonon interaction in these materials
[22–24]. Optical absorption is studied in a wide spectral range from far-infrared to
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the UV range. The experiments allow us to conclude about the characteristic doping
(Drude-like free carrier absorption in the limit of low frequencies) and the specific
band structure of the system studied (interband transitions in the infrared spectral
range) [25]. More challenging are perhaps: the intriguing frequency independent
(and given only by universal constants) optical absorption of graphene in a wide
spectral range [26–28], the excitonic effects at high energies (related to van Hove
singularities) [29–31] and possible modifications of the low frequency absorption
response by electron-electron interactions (enhanced/suppressed Drude peak, plas-
mons) [32–35]. A large number of optical experiments are devoted to the studies of
the dynamics of photo-excited carriers in graphene [36–45], which are closely re-
lated to possible application of graphene in optical devices. Interesting physics and
also potential applications may follow the recent interest in the photo-conductivity
response of graphene structures.

Optical spectroscopy appears to be a particularly forceful experimental tool to
study electronic properties when it is combined with the application of magnetic
fields. Primarily, this is because the application of a magnetic field significantly
changes the character of the motion of a charge carrier (cyclotron motion) and/or
induces a considerable modulation of the density of electronic states, including the
appearance of discrete (and highly degenerate) Landau levels in the case of two-
dimensional systems. When a magnetic field (B) is applied, the optical response
becomes richer in resonances which notably can be tuned with the field strength.
Very roughly speaking, the energies En(B) of Landau levels (and in consequence
the energies of cyclotron resonance and/or inter Landau level excitations) trace the
dispersion relations E(k) of the electronic states, following the approximate con-

jecture that En(B) ∝ E(kn) = E(
√

n
lB

), where n is an integer and lB =
√

�

eB
denotes

the (characteristic) magnetic length. The Landau level spacing which, for example,
scales as B · n is characteristic for parabolic bands whereas linear bands imply the√

B · n scaling. Hence, Landau level spectroscopy provides, first of all, information
about the band structure of the studied system. On the other hand, the analysis of
the broadening of the magneto-resonances is often a relevant source of information
about the efficiency of carrier scattering. The simple fact of observing the cyclotron
resonance (at frequency ωc and magnetic field B0) already implies some estimate of
the carrier scattering time (τ ) and/or mobility (μ): ωc · τ = μ ·B0 > 1. Optical mag-
neto spectroscopy is also a valuable tool to study the physics of interactions. This
certainly concerns the electron-phonon interaction because of the convenient pos-
sibility to tune the electronic excitations (with the magnetic field) across the char-
acteristic phonon energies. Furthermore, the magneto-optical response of an elec-
tronic system (in particular of a two-dimensional one) may also imply the effects
of electron-electron interactions. One must however admit that those latter effects
are most often hardly seen in the experiment. This can be understood when prob-
ing the electronic states with parabolic dispersion relations (optically active, zero
momentum excitation are insensitive to electron-electron interactions) but remains
surprising in the case of two-dimensional systems with linear bands.

As for the methods of optical magneto-spectroscopy, the typical magneto-
absorption, essentially in the far-infrared and microwave spectral range, is the most
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common technique applied to study graphene based materials. Pioneer magneto-
absorption measurements provided a relevant input to understand the electronic
properties of graphite already more than a half century ago [46, 47]. As shown
in this paper, those measurements have been more recently applied to many other
graphene based structures, providing valuable information on their band structure
and on the scattering efficiency as well as some input to the physics of interac-
tions in these systems. The methods of optical magneto-spectroscopy are comple-
mentary to other, for example, electric transport techniques widely applied to study
graphene based materials. Optics appears to be obviously advantageous when struc-
tures cannot be contacted/gated or when they consist of multilayered material with
different components (which can be spectrally resolved). So far, infrared magneto-
spectroscopy studies have been mostly limited to simple absorption type measure-
ments [7]. More information (particularly on the physics of the quantum Hall effect)
can be deduced when investigating the response of graphene with Faraday rotation
experiments [48], but only very first experiments towards this direction have been
announced so far [49, 50]. A clear drawback of magneto-spectroscopy at long wave-
lengths is that it is hardly applied to small graphene flakes and that the polarization-
resolved optics is also not very easy to handle in this spectral range. The methods of
Raman scattering, in a visible optical range, becomes then advantageous. Notably,
these are only very recent magneto-Raman scattering experiments [51, 52] which
show the possibility to trace the electronic response (inter Landau level excitations)
in graphene based structures [53, 54] using this technique. The results of these rel-
atively new experiments are largely discussed here. High quality of the electronic
system seems to be essential for tracing the electronic response in magneto-Raman
scattering experiments but we believe this will be possible in case of many different
graphene systems in the future.

The intention of this report is to present what can be learned from optical
magneto-spectroscopy studies of graphene based materials. Our main focuses are
two material systems: graphene (and/or graphene-like structures) and bulk graphite;
and the results of two types of experiments: of the magneto-absorption at long wave-
length (far-infrared and microwave range) and of the magneto-Raman scattering.
Section 4.2 is devoted to graphene with the subsequent subsections focused on the
aspects of the band structure, carrier scattering and the effects of interactions (es-
sentially electron-phonon). Section 4.4, devoted to graphite, has a similar structure.
Bilayer graphene is only briefly discussed (Sect. 4.3) since only few magneto-optical
investigations of these system has been reported so far.

4.2 Magneto-Spectroscopy of Graphene

4.2.1 Classical Cyclotron Resonance of Dirac Fermions

Cyclotron motion of charge carriers and the related cyclotron resonance (absorption
of light at the cyclotron frequency ωc) is primarily a classical effect, probably the
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Fig. 4.1 Upper panel:
Landau level fan chart with
schematically-shown
cyclotron resonance
transitions in the quantum
regime. Lower panel: A color
plot of the real part of the
experimentally determined
longitudinal optical
conductivity σxx(ω,B). The
dashed lines correspond to
transitions between adjacent
(hole) Landau levels in
graphene, L−m → L−m+1. In
both panels, a Fermi velocity
vF = 0.99 × 106 m/s was
considered to draw theoretical
lines. Taken from Ref. [35]

most representative for magneto-optical spectroscopy studies. Importantly, the cy-
clotron motion is not only characteristic for a conventional charged (e) particle with
mass m, which precesses with the frequency of ωc = eB/m, but also for massless
Dirac fermions. The solution of the classical equation of motion for a charged par-
ticle with energy ε that depends linearly on momentum p (ε = vF p), also results in
the cyclotron motion but with a frequency ωc = eB/(|ε|/v2

F ), in which one easily
identifies the energy dependent mass m = |ε|/v2

F . This latter expression, equivalent
to the Einstein relation between mass and energy, invokes the relativistic-like char-
acter of electronic states in graphene. Perhaps surprisingly, the classical regime of
the cyclotron resonance of graphene has been evidenced only recently [55]. This
classical regime, characteristic of the linear in B cyclotron resonance (CR) absorp-
tion at low magnetic fields is illustrated in Fig. 4.1 with recent results obtained on
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highly p-doped quasi-free standing epitaxial graphene on the silicon-terminated sur-
face of silicon carbide. If the 2D translational symmetry of (highly-doped) graphene
is broken either by the presence of specific disorder, or artificially, by lithographi-
cal patterning, effects of classical plasma dominate the optical response—CR is
replaced by magneto-plasmon resonances [56, 57].

It is worth noticing that the classical CR absorption is accompanied by a Faraday-
rotation effect, as demonstrated by Crassee et al. [49]. At higher fields, the quantum
regime of CR is approached [35] and CR gains the characteristic

√
B dependence,

see Fig. 4.1. The related Faraday rotation is expected to be quantized in units of the
fine structure constant [48], as indeed indicated in recent experiments [50]. Such
a quantum regime of the magneto-optical response of graphene is described in the
following section.

4.2.2 Magneto-Optical Response of Graphene: Quantum Regime

The specific electronic structure of graphene, namely the vanishing cyclotron mass
in the vicinity of the Dirac point, implies a rather large spacing between Landau
levels. A fully quantum-mechanical approach thus becomes necessary even in rela-
tively low magnetic fields, if we deal with a weakly doped graphene specimen. In a
quantum-mechanical picture, the application of the magnetic field B perpendicular
to the graphene plane transforms the continuous electronic spectrum into discrete
and highly degenerate Landau levels (LLs) [58]:

En = sign(n)vF

√
2|e|�B|n| = sign(n)E1

√|n|, n = 0,±1,±2 . . . (4.1)

which positions are defined by a single parameter, the Fermi velocity vF (E1 =
vF

√
2�|e|B). The degeneracy of each Landau level is ζ(B) = gvgs |eB|/h, where

we take into account both spin gs and valley gv degeneracies. This LL spectrum con-
sists of electron levels (n > 0), hole levels (n < 0) and a zeroth LL (n = 0) which is
shared by both hole and electron types of carriers and which is responsible for the
unusual sequence of the quantum Hall effect in graphene [5, 6]. We also immedi-
ately see that LLs in graphene are non-equidistant, they evolve as

√
B , see Fig. 4.2a,

and both the spacing and the field dependence, can be understood as a consequence
of the extreme non-parabolicity (in fact linearity) of the bands. The unusual

√
B-

dependence of LLs is responsible for the surprising sensitivity of graphene elec-
tronic states to a magnetic field. Experimentally, well-defined LLs have been ob-
served in this system down to 1 mT and almost up to the temperature of liquid
nitrogen [59]. It might be realistic that Landau level quantization in pure graphene
could also be observable in the magnetic field of the Earth (BEarth ∼ 10−5 T), which
is unique for a condensed-matter system.

Interaction of light with graphene in a quantizing magnetic field has been ex-
plored extensively both theoretically and experimentally over the few past years
[53, 59–73]. Graphene exhibits a relatively rich (multi-mode) magneto-optical re-
sponse, where the energies of individual resonances correspond to the individual
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Fig. 4.2 (a) Characteristic
√

B-dependence of LLs in graphene shown for a few low-index levels.
Dipole-allowed and Raman-active (Stokes branch) inter-LL transitions in undoped graphene are
shown in parts (b) and (c), respectively

inter-LL transitions and scale as
√

B . This unique property of the Landau level
spectrum is thus preserved in the magneto-optical response.

All dipole-allowed inter-LL transitions in graphene follow the selection rules
|n| → |n| + 1 and |n| → |n| − 1, which are active in the σ+ and σ− polariza-
tions of the incoming light [67, 69], respectively. These dipole-active transitions
can be divided into three groups (j ≥ 1): Inter-band resonances L−j → Lj+1 and
L−j−1 → Lj at an energy E1(

√
j + 1 + √

j), intra-band resonances Lj → Lj+1
and L−j−1 → L−j at an energy E1(

√
j + 1 − √

j), and the mixed L−1(0) → L0(1)

resonance, involving the n = 0 LL, which has an energy of E1. Typical magneto-
transmission data taken on quasi-neutral sheets of multilayer epitaxial graphene are
shown in Fig. 4.3. The spectra are in this particular case dominated by the mixed
mode L−1(0) → L0(1); nevertheless, a series of interband inter-LL resonances is
also well resolved. Experimentally, this behaviour has been observed in multi-
layer epitaxial graphene with a characteristic rotational stacking of adjacent lay-
ers [62, 66, 67, 70, 71] and also in exfoliated graphene specimens [64, 68].

The intra-band transitions appear at low energies and are followed by inter-band
resonances at higher energies. There is however no distinct separation in energy
scale between these two types of transitions, which is in contrast to the case of con-
ventional 2D systems based on gapped semiconductors, but somehow similar to the
case of narrow-gap II/VI compound structures [74–77]. Nevertheless, in graphene,
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Fig. 4.3 Far infrared transmission T plotted as − lnT as a function of the magnetic field at
T = 2.0 K. The dashed lines denote the expected transitions for vF = 1.02 × 106 m s−1. The
inset shows the transmission spectrum at B = 0.3 T. Copyright (2008) by The American Physical
Society

we deal with only one type of atomic orbital, and therefore both intra- and inter-
band transitions follow similar selection rules: namely, the modulus of the LL index
is changed by 1. This is again in contrast to the case of conventional 2D systems,
made for instance from GaAs, for which the inter-band transitions conserve the LL
index and their dipole moment is due to different s- and p-orbitals in the conduc-
tion and valence bands, respectively. Owing to the electron-hole symmetry of the
graphene band structure, two different inter-band resonances, such as, for example
L−2 → L3 and L−3 → L2 in Fig. 4.2b, may appear at the same energy. Such en-
ergy degenerated transitions are, however, active in opposite circular polarizations
of light. At low temperatures one may expect at most two different intra-band tran-
sitions, but a series of inter-band transitions. The situation is even more complex at
higher temperatures, when the thermal spreading of the Fermi distribution exceeds
the separation between Landau levels. The intra-band absorption (CR) may then also
reveal a multi-mode character, due to partial occupation of a few non-equidistant
LLs curve depicts the thermal activation of L0 →L1. Such a multi-mode intra-band
absorption spectrum, with an envelop that corresponds, nota bene, to the classical
cyclotron resonance, discussed at the beginning of this section, was recently ob-
served in graphene (on the surface of bulk graphite) by Neugebauer et al. [59].

Inter-LL excitations visible in Raman scattering experiments follow different se-
lection rules [53]. To indicate the different polarization configurations, we use the
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Fig. 4.4 Grey scale plot of the unpolarized scattered intensity as a function of the magnetic field
measured on natural graphite specimens. The B = 0 spectrum has been subtracted from each spec-
tra. Three different types of excitations are observed: Solid and dotted lines correspond to inter-
band inter-LL excitations in decoupled graphene flakes on graphite. The latter are coupled with
E2g phonon line resulting in characteristic avoided crossing behavior. Dashed lines correspond to
interband inter-LL excitations at the K point of bulk graphite. For details see Refs. [79] and [51].
Copyright (2011) by The American Physical Society

notation σExcitation/σCollection where σExcitation is the circular polarization of the
excitation photon and σCollection the one of the collected photon. The dominant con-
tribution to the Stokes component of the Raman scattering spectrum is provided by
transitions symmetric with respect to the n = 0 LL, −n → n with n > 0, see Fig. 4.2,
that are visible in the so-called co-circular configuration, in which the in-coming
and out-going photons keep the same circular polarization (σ−/σ− or σ+/σ+).
These excitations have been detected in the Raman scattering spectra of graphene-
like locations on the surface of bulk graphite and represent probably the first purely
electronic excitation in graphene observed in Raman scattering experiments (see
Fig. 4.4). It is worth noticing that more recently, a purely electronic Raman scat-
tering signal has been also found in metallic carbon nanotubes [78]. The other
(relatively weak) contribution, predicted to be active in the cross-circular polariza-
tion [53] (σ+/σ− and σ+/σ−) and following the selection rule −n → n + 2 and
−n − 2 → n, respectively, see Fig. 4.2c, has not yet been observed experimentally.

4.2.3 Landau Level Fan Charts and Fermi Velocity

A clear illustration of the characteristic
√|Bn| scaling of Landau levels, in fact

equivalent to the observation of linear dispersion relations of carriers, has been
the first important feat of the Landau level spectroscopy of graphene systems [62].
Sadowski et al. [62] observed a practically perfectly

√|Bn|-scaled Landau level
fan chart in multilayer epitaxial graphene (MEG) structures and extracted the only
scaling parameter—the Fermi velocity, vF = 1.03 × 106 m s−1. Jiang et al. [64]
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and subsequently Deacon et al. [68] found somehow higher values vF ≈ 1.1 ×
106 m s−1 for gated (exfoliated) graphene flakes on Si/SiO2. We note that the
Landau levels in MEG structures as well as in graphene flakes floating on the
graphite surface have been also visualized using tunnelling spectroscopy in mag-
netic fields [80, 81]. The Fermi velocity found in these later STS experiments agrees
well with the magneto-transmission data in the case of MEG structures [62, 71]. The
STS experiments [80] on graphene flakes on graphite indicate a surprisingly low
0.79 × 106 m s−1 Fermi velocity in these systems in strike difference to the value
of 1.00 × 106 m s−1reported from microwave absorption measurements [59]. This
contradiction might be due to a different renormalization of vF seen by these two
experimental probes, or perhaps due to a very local (and invasive) character of the
STM tip.

4.2.4 Beyond Simple Band Models

Relatively small but noticeable deviations of the electronic bands from their ideal
linearity, on the order of a few percent at large ±0.5 eV distances from the Dirac
point, have been found by a combination of far and near-infrared magneto-optical
experiments performed on multi-layer epitaxial [70]. These deviations were re-
vealed by a departure of the observed excitations from a simple

√
B-dependence,

which increases with the photon energy of the probing light. No signs of the
electron-hole asymmetry have been found in these experiments. On the other hand,
traces of the electron-hole asymmetry have been reported by Deacon et al. [68] in
exfoliated graphene placed on Si/SiO2 substrate, who estimated the difference in
the electron and hole Fermi velocities to be on the order of a few percent. Magneto-
transmission experiments, if carried out on neutral graphene specimens, may also
bring relevant information on a conceivable appearance of a gap at the Dirac point.
Working in the limit of low magnetic fields, Orlita et al. have estimated a gap to be
smaller than 1 meV in quasi-neutral MEG structures [71] and its maximum possible
value of a fraction of 1 meV in graphene flakes on graphite substrates [59].

4.2.5 Scattering/Disorder

Cyclotron resonance measurements on graphene, in particular in the limit of low
magnetic fields (and low frequencies), can be effectively used to estimate the scat-
tering time and/or mobility of carriers. For instance, Orlita et al. [71] (working in
fields down to 10 mT range) have shown (see Fig. 4.3) the possibility to achieve a
room-temperature carrier mobility exceeding 250 000 cm2/(V s) in multi-layer epi-
taxial graphene, which is a record value among all other known materials. Nev-
ertheless, the dependence of the carrier mobility on the energy, i.e., on the dis-
tance from the Dirac point, was not determined. Recent line-shape analysis of in-
terband inter-LL resonances in equivalent specimens allowed the authors to follow
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the broadening of states as a function of energy. It was shown that the mobility
is a parameter strongly dependent on energy (or carrier density) in the graphene
system investigated [73]. This is in contrast with the behavior typical of exfoli-
ated graphene specimens and points towards significantly different types of scatter-
ing mechanisms in quasi-neutral epitaxial graphene, most likely due to short-range
scatterers [82]. Using also magneto-optical methods, a mobility of charged carriers
exceeding 107 cm2/(V s) up to the temperature of liquid nitrogen has been deter-
mined for high-quality graphene flakes on the surface of bulk graphite [59]. Even
today, this observations sets a surprisingly high limit for the mobility of man made
structures. For this particular, natural graphene system, the energy dependence of
the scattering time and or mobility has not yet been clarified.

4.2.6 Electron-Electron Interaction

Since the discovery of graphene, the effects of electron-electron interaction were
a subject of particular interest in this material. Nevertheless, a great majority of
experimental results obtained on various graphene systems are fairly well under-
stood within single electron models. This also concerns a number of magneto-
transmission studies [59, 62, 70, 71]. Characteristically, they display a regular, de-
fined by a single parameter vF , series of transitions, which are thus very tempt-
ing to be assigned as those between single particle Landau levels. However, the
excitations between highly degenerate Landau levels are known as nontrivial pro-
cesses which involve the effect of electron-electron interaction. The corresponding
electron-hole excitation is characterized by its wave vector (which is proportional
to the electron-hole separation). The specific shapes of the dispersion relations for
inter and intra Landau level excitations are central for the many-body physics of
the integer [5, 6, 83] and fractional [84–86] quantum Hall effects, respectively. We
know from this physics that, when considering a single parabolic band of a conven-
tional two-dimensional electron gas (with equidistant Landau levels), the energies
of optically active k = 0 inter-Landau level excitations correspond to those of single
particle excitations. This can be viewed as a consequence of Kohn’s (or Larmor’s)
theorem and can be seen as a result of the perfect cancellation of the Coulomb bind-
ing and exchange repulsion for the k = 0 electron-hole excitation. This reasoning
does not hold for a 2D gas of Dirac electrons, for which the exchange term may
even largely exceed the Coulomb binding, and in addition be different for different
pairs of Landau levels. The apparent approximate validity of the Kohn’s theorem
in graphene is a surprising effect, and in our opinion calls for further clarifications
of the theoretical background. The first theoretical works dealing with this problem
have been already published [87–89]. We note, however, that there are small (within
the line width) but noticeable deviations from a perfect single particle scaling of
inter Landau level excitations that have been already reported in experiments on
exfoliated graphene structures [64]. Recently, Henriksen et al. [72] have reported
changes in the energy of the L−1(0) → L0(1) transition, which is especially pro-
nounced at high magnetic fields, when tuning the Fermi energy in between n = −1
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and n = 1 Landau levels. Both these observations [64, 72] are discussed in terms
of electron-electron interactions but perhaps they also include some effects of dis-
order [90]. Notably, magneto-optics allows for probing the nature of quasi-neutral
graphene in high magnetic fields (a possible appearance of a gap in the zero LL at
a filling factor of zero), which became a subject of many theoretical considerations
and experimental works, see, e.g., [91, 92]. Visualization of the strong Fermi veloc-
ity enhancement [93], observed recently near the Dirac point in free-standing neutral
graphene by the magneto-transport technique, is another task for infrared magneto-
spectroscopy. Magneto-optical experiments performed on graphene specimens with
similar quality and carrier density (decoupled graphene flakes on graphite) [59] do
not show this behavior, probably as a result of strong screening effects induced by
the underlying substrate.

4.2.7 Effects of Electron-Phonon Interaction

The effective coupling of optical phonons (E2g) to electronic excitations in graphene
yields a particularly remarkable (resonant magneto-phonon) effect when the E2g

phonon response is investigated as a function of the magnetic field applied across
the layer [94, 95]. Then, the E2g phonon is expected to hybridize with the se-
lected Ln→m inter Landau level excitations. In consequence, the ample magneto-
oscillations in the phonon response (in disordered systems) [79] and/or a series
of avoided crossing events (in cleaner systems) [51, 96] can be observed in Ra-
man scattering experiments. So far, an increasing number of graphene-based sys-
tems such as quasi-neutral graphene-like systems: epitaxial graphene [79], doped
exfoliated graphene [97] together with the circular dichroism associated with circu-
larly polarized phonons and a non-zero Fermi energy, in quadrilayer graphene [98],
bulk graphite [52] and graphene locations on graphite surface [51, 96, 99], have
shown the clear magneto-phonon resonant effect. The amplitude of this effect de-
pends on the electron-phonon coupling constant, on the oscillator strength of the
inter LL excitation, which includes matrix elements and occupation factors of the
initial and final state LLs and certainly on the quality of the electronic system in-
vestigated. As for today, the most pronounced magneto-phonon effect is observed
for the high quality graphene locations on a graphite substrate. This is illustrated in
Fig. 4.5 with the results of recent polarization resolved magneto-Raman scattering
studies of such locations on a graphite substrate. As expected from theory [94, 95]
the E2g phonon, observed in the σ+/σ− (or σ−/σ+) configuration of the excita-
tion/scattered light, hybridizes with the specific asymmetric Ln,m excitations with
|n| − |m| = ±1. The appropriate analysis of the hybrid modes yields the character-
istic value of λ = 4.4 × 10−3 for the electron-phonon coupling in the system inves-
tigated. Surprisingly, however, experiments show that the E2g phonon of graphene
on graphite couples not only with asymmetric excitations but also with other inter
Landau level excitations: L−n,n and L0,2. These theoretically unexpected effects
remain to be clarified and could possibly be related to the particular structure of
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Fig. 4.5 (From Ref. [99]) Magneto-Raman scattering response: Intensity false color plot where
black (white) corresponds to high (low) intensity. Black dotted lines are the energies of the inter-LL
excitations that interact with the zone-center E2g -phonon. White lines are the calculated hybrid
electron-phonon mode energies including optical-like excitations, symmetric excitations and the
L0,2 excitation, with the parameters given on the right side. Copyright (2012) by The American
Physical Society

graphene-like locations on graphite, as they were not observed in multilayer epitax-
ial graphene [79]. Another manifestation of electron-phonon interaction has been
recently found in CR experiments on MEG structures, where a clear coupling of CR
line with K point phonons has been demonstrated [100].

4.3 Magneto-Spectroscopy of Bilayer Graphene

Bernal-stacked (AB) bilayer graphene, with its nearly parabolic bands near the
charge neutrality point, might provide us with a more conventional magneto-optical
response as compared to graphene. Nevertheless, bilayer graphene with its zero-gap
band structure and a chiral character of massive Dirac fermions carriers still exhibits
a behavior that is distinctively different from other semiconducting materials.

The simplest quantum-mechanical approach to the Landau levels, originally used
to interpret magneto-transport data on bilayer graphene [101], takes account of two-
bands with a parabolic profile. It implies a spectrum of LLs that is linear in B [102],
see Fig. 4.6a:

En = ±�ωc

√
n(n − 1), n = 0,1,2, . . . , (4.2)

and in the limit of high n (practically even for n > 2), the LL spectrum (4.2) has
the form En ≈ ±�ωc(n+1/2), typical of conventional massive particles. The n = 0
and n = 1 levels becomes degenerate and thus form a zero-energy level with an
eight-fold degeneracy and this results in a characteristic quantum Hall effect with
the Berry phase of 2π [101, 102]. Dipole-allowed transitions in bilayer graphene,
active in this simplest approach, follow the selection rule |n| → |n| ± 1 [69] seen
in Fig. 4.6b. Raman-active modes fulfill a different set of selection rules, depending
on the circular polarization of the incoming and outgoing light [54], as shown in
Fig. 4.6c.

Two independent measurements have been performed up to now—on exfoli-
ated flakes of graphene bilayer [103], and subsequently, on bilayer graphene that
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Fig. 4.6 Part (a): LLs in graphene bilayer, evolving nearly linearly with B at lower fields, but
bending to sub-linear dependence at higher B and/or higher energies. Parts (b) and (c): Schematic
plot of dipole-allowed and Raman-active inter-LL excitations in bilayer graphene

is present in a form of inclusions inside multilayer epitaxial graphene with the pre-
vailing rotational stacking of adjacent layers [104]. The first study focuses on the
intra-band response, i.e., on the cyclotron resonance of massive Dirac fermions (see
Fig. 4.7a), and the second work deals with the interband inter-LL transitions (see
Fig. 4.7b). In both cases, a clear departure of the optical response from a linear in B

behavior has been reported, and therefore, the above theoretical model can provide
a qualitative explanation only. A reasonable quantitative agreement is achieved if
the LL spectrum is calculated within the four-band model. In the case of gated ex-
foliated flakes [72], the potential drop between layers induced by the back-gate has
to be properly considered [105, 106].

Due to the lack of experimental data, a number of theoretical predictions for the
magneto-optical response of bilayer graphene is still awaiting experimental verifi-
cation [107–109]. These predictions involve, for instance, the appearance of the op-
tically active transition within the zero-energy Landau level [109], corresponding to
the splitting of n = 0 and n = 1 levels seen in Fig. 4.6a. Low-magnetic-field experi-
ments in the microwave range should be a sensitive tool to study the Lifshitz transi-
tion in bilayer graphene. It is the trigonal warping, which at low energies transforms
the nearly parabolic bands in bilayer graphene into four disconnected Dirac cones
and changes thus significantly the topology of the band structure [69, 102, 110].
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Fig. 4.7 Part (a): Cyclotron resonance absorption in exfoliated bilayer graphene. Taken
from [103]. Copyright (2008) by The American Physical Society. Part (b): Fan chart of transitions
observed in multi-layer epitaxial graphene. Transitions related to AB-stacked bilayer graphene in-
clusions are denoted by indices n and schematically depicted in the inset. Taken from Ref. [104].
Copyright (2011) by The American Physical Society

A new set of inter-Landau level excitations is also predicted to be active in Ra-
man experiments [54]. Perhaps surprisingly, part of these predictions can be veri-
fied using another system, bulk graphite. As discussed in the next part, this material,
namely at the K point of the band structure, shares the same single-particle Hamil-
tonian with bilayer graphene [111, 112].

4.4 Graphite

The renewed interest in the properties of bulk graphite is a direct consequence of
the outbreak of current graphene physics. As a 3D crystal, graphite is a system
characterized by a higher degree of complexity compared to graphene; neverthe-
less, both materials share many common properties. The appealing possibility of
tracing the relativistic carriers not only in graphene monolayer and bilayer but also
in bulk graphite resulted in a number of works which offer new pieces of informa-
tion, new interpretations of old data, but unfortunately, often also rediscoveries of
well-established prior knowledge [113].

4.4.1 Simplified Models for the Band Structure

As discussed in the preceding sections, optical spectroscopy combined with high
magnetic fields can provide a unique insight into the band structure of graphene
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based systems. Bulk graphite, graphene sheets in a Bernal type of stacking, is char-
acterized by a 3D band structure defined on its 3D hexagonal Brillouin zone. A con-
ventional description of the band structure of bulk graphite and its evolution with the
magnetic field relies on the SWM model with seven γ0, . . . , γ5,
 tight binding pa-
rameters [114–116]. This model has been used to describe most of the data obtained
from magneto-transport [4, 117–119], infrared magneto-reflectivity [47, 120–122],
and magneto-transmission [112, 123, 124] experiments. It predicts the existence
of massive electrons near the K point with a parabolic in-plane dispersion and of
massless holes near the H point with a linear in-plane dispersion. Under an applied
magnetic field, Landau bands are formed with a continuous dispersion along kz, the
wave vector measured in the units of the inverse inter-layer spacing, from equally
spaced and linear in B Landau levels at the K point (kz = 0) to non equally spaced
and

√
B evolving Landau levels at the H point [116] (kz = π/2). Even though there

is still no consensus concerning the precise values of the SWM parameters, mainly
because of the different energy range probed in different experiments and because
of the lack of polarization resolved measurements, the validity of the SWM model
is generally accepted.

Instead of the full SWM model, it is often sufficient to use the effective two-
parameter model [111, 125] (so-called “effective bilayer” model), which describes
parabolic dispersion in the plane with the curvatures evolving along kz. This model
is obtained by (i) considering only the two first SWM parameters γ0 and γ1, the
intra-layer and the inter-layer nearest-neighbor hopping integrals, respectively, and
(ii) projecting the resulting kz-dependent 4 × 4 Hamiltonian on the two low-energy
bands. The Hamiltonian can be identified, at each value of kz, to that of a graphene
bilayer determined by the effective parameters γ0 and γ ∗

1 = 2γ1 coskz. As a con-
sequence, for kz = 0 (corresponding to the K point), γ ∗

1 is twice enhanced with
respect to γ1 describing the real graphene bilayer. The Landau level fan chart with
Landau level indices, together with dipole-allowed excitations and Raman scatter-
ing selection rules, is presented in Fig. 4.6. The electronic properties of the K point
carriers in graphite are hence very similar to those of bilayer graphene.

The effective, two-parameter parabolic model has been proven to bring a fair
frame to describe magneto-absorption experiments [112, 124]. It can be refined, as
done in Ref. [124], by (i) introducing two different effective mass values describing
positive and negative energy states, to reproduce electron-hole asymmetry, (ii) in-
troducing a splitting of the lowest Landau level to reproduce the low energy Landau
level structure of bilayer graphene and of bulk graphite. Figure 4.8a shows the re-
sults of such an analysis on magneto-absorption measurements performed on bulk
graphite (from Ref. [124]). An excitation with a

√
B evolution involving massless

holes at the H point is observed (line A in Fig. 4.8a) together different linear in B

excitations involving massive electrons at the K point. The effective two-parameter
parabolic model describes most of the observed behaviors in the low magnetic field
and low energy regime. Figure 4.8b shows that this model appears to be also efficient
at higher values of magnetic field or of energy. It can also be used to describe few
layer graphene specimens with band structures composed of superimposed graphene
bilayer electronic dispersions with different values of kz and hence of γ ∗

1 [111].
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Fig. 4.8 Part (a): Transmission minima (symbols) as a function of the magnetic field. Solid
lines are the results of the effective two-parameter model used in Ref. [124]. Part (b): High en-
ergy/magnetic field range with results after Ref. [112]. Solid lines are the same as in the upper
panel. Adapted from Ref. [124]. Copyright (2009) by The American Physical Society

4.4.2 Full Slonczewski-Weiss-McClure Model

If polarization resolved measurements are complicated to achieve in the infrared
range of energy, this problem can be overcome by using Raman scattering tech-
niques, in the visible range of energy. Such experiments have recently been per-
formed on bulk graphite [52]. Depending on the relative circular polarization of the
excitation beam and of the scattered light, different types of electronic excitations
can be selected: (i) 
|n| = 0 excitations in the co-circular polarization configura-
tions (σ−/σ− and σ+/σ+) and (ii) 
|n| = ±2 and 
|n| = ±1 excitations in the
crossed circular polarization configurations (σ−/σ+ and σ+/σ−). Strictly speak-
ing, only 
|n| = ±2 excitations are expected to be Raman active, but 
|n| = ±1
excitations can also be observed in this polarization configuration thanks to trigonal
warping. These experiments allowed us to make a direct estimation of the electron-
hole asymmetry by selecting either an excitation from a level n− to a level (n+ 1)+
or from a level (n + 1)− to n+ for instance in the case of optical-like excitations.
Figure 4.9a shows the evolution of the maxima of the scattered light as a function
of the magnetic field for the two crossed circular polarization configuration together
with the theoretical expectations in the frame of the full SWM model (solid and
dashed lines). In contrast to the case of graphene where the main visible excitations
in crossed circular polarization configuration are the 
|n| = ±1 excitations, the
dominant contribution to the electronic Raman scattering spectrum of bulk graphite
arises from 
|n| = ±2 electronic excitations.

Such an experiment also allowed us to probe the dispersion along kz through
the line shape of the electronic Raman scattering features, in particular those ob-
served in both circular polarization configurations. As it is shown in Fig. 4.9b, the
observed line shape is strongly asymmetric with a long tail on the high energy side
of the feature. Theoretical calculations [126, 127] show that the scattered intensity,
at a fixed value of the magnetic field, is directly proportional to the density of states
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Fig. 4.9 Part (a): Evolution of the maxima of scattered light as a function of the magnetic field
for both crossed circular polarization configurations (σ−/σ+ and σ+/σ−). Solid and dashed lines
represent the expectations from the full SWM model. Part (b): Three Raman scattering spectra
measured at B = 0, B = 12 T and B = 20 T in the co-circular polarization configuration (σ−/σ−).
Solid and dashed lines are calculated line shapes. Adapted from Ref. [52]. Copyright (2011) by The
American Physical Society

and one expects an energy independent response for a bilayer graphene character-
ized by a parabolic dispersion and a rather linear in energy response for graphene
monolayer with linear dispersion. This is in striking contrast with the optical absorp-
tion which is energy independent in monolayer graphene [26] and which scales, at
low energies, with the inverse of the energy for a bilayer graphene specimen [128].
Studying the K point carriers in bulk graphite with Raman scattering experiments
confirms that there is a contribution of low energy electronic excitations to the Ra-
man scattering spectrum of bulk graphite at B = 0, which is flat up to 1200 cm−1

in agreement with the expectation for a graphene bilayer, but that can be identified
by applying a magnetic field. This energy independent response was also identified
in unpolarized configuration [129]. Under an applied magnetic field, it then trans-
forms into discrete features due to Landau quantization. The resulting line shape of
the electronic feature observe through Raman scattering is determined mainly by
the electronic dispersion around the K point and can be calculated quite accurately
within the SWM model (solid and dashed lines in Fig. 4.9b). This set of experimen-
tal results can only be understood within the full SWM model taking into account
the electron-hole asymmetry, the trigonal warping and the dispersion along kz.

4.4.3 Band Structure Close to the Neutrality Point: Proximity
to Lifshitz Transition

The low energy band structure of bilayer graphene and of bulk graphite, close to
the charge neutrality point, is extremely sensitive to the effect of trigonal warp-
ing described by the γ3 SWM parameter. In the case of bilayer graphene, recent
magneto-transport experiments [110] performed on gated high mobility specimens,
reveal that the low energy electronic dispersion is determined by interaction effects
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Fig. 4.10 Parts (a) and (b)
Low energy in-plane band
structure of bulk graphite
close to the K point. Solid red
lines show the two
separatrices and the blue solid
line shows the Fermi level.
Part (c) Derivative of the
magneto-absorption spectrum
measured at a fixed
microwave excitation energy
of �ω = 1.171 meV as a
function of ω/ωc . Adapted
from Ref. [130]. Copyright
(2012) by The American
Physical Society

which strongly modify the topology of the non trivial low energy Fermi surface. In
case of ideal and noninteracting system, the electronic band structure evolves from
a single electron (or hole) pocket at high energies to four distinct electron (or hole)
Dirac cones when the Fermi energy is tuned to lower energies, below the topologi-
cal transition named the Lifshitz transition. These magneto-transport measurements
show that the low energy band structure is in fact composed of only two Dirac cones
indicating a reduced symmetry caused either by the strain or, perhaps, pointing at a
nematic electronic phase transition driven by a Coulomb interaction.

The band structure of bulk graphite is very similar to that of graphene bilayer,
but the Fermi energy can hardly be tuned by gate effects. As a result, it is not nowa-
days possible to explore the situation where, as it was done for a graphene bilayer,
the Fermi energy is below the separatrix. Bulk graphite is an electronic system
with a Fermi energy slightly above the topological separatrices. Recent magneto-
absorption experiments performed in the micro-wave range of energy (1 meV) re-
veal the rich physics associated with the topology of the low energy band structure
close to the K point [130]. As is sketched in Fig. 4.10a and b, the band disper-
sion has six saddle points at two different energies εe−sp and εh−sp , which define
two separatrices (iso-energetic lines separating regions with different topologies).
When the Fermi energy εF crosses these separatrices, the topology of the Fermi
surface changes from a single electron pocket around the K point to four discon-
nected cones for εF < εe-sp . These topological changes have a pronounced effect
on the cyclotron frequency which vanishes at ε = εsp . Because εF in bulk graphite
lies ∼ 6 meV above εsp , the cyclotron resonance (CR) response measured at low
energies is strongly affected. As is presented in Fig. 4.10c, which shows the deriva-
tive, with respect to magnetic field, of the magneto-absorption spectrum measured
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Fig. 4.11 Raman scattering
spectra of the L2−,2+ feature
at B = 20 T and at T = 4.2 K
and T = 295 K. Adapted
from Ref. [52]. Copyright
(2011) by The American
Physical Society

at low temperature, this proximity results in (i) the appearance of a large num-
ber of CR harmonics (up to 20) (ii) an enhanced strength of 3k + 1 harmonics
as compared to 3k − 1 harmonics and finally, (iii) a characteristic broadening of
the observed resonances on the low energy side of the absorption peak. These are
the magneto-optical signatures of the proximity to the Lifshitz transition in bulk
graphite [130].

These results have been explained in the frame of a single particle model with-
out taking interaction effects into account. Having the possibility to tune the Fermi
energy across the separatrices in bulk graphite, for now, still remains a challenge.

4.4.4 Scattering Efficiency

In the case of optical excitations among discrete graphene-like Landau levels, the
room temperature magneto-optical response is very similar to the one observed at
low temperature, with no apparent shift nor broadening of the absorption lines [71].
This indicates that there is no relevant temperature activated scattering mechanism.
The case of bulk graphite appears to be quite similar. As can be seen in Fig. 4.11,
electronic Raman scattering features in a magnetic field, and in particular the L2−,2+
feature, can be observed up to room temperature. The line shape of this feature is
strongly affected by temperature with an overall blue shift and a smearing due to
thermal population of the final state n = 2+ Landau band. If the low energy onset
of this feature is rather sharp at low temperature since all the n = 2+ Landau band
is empty down to the kz = 0 states, the thermal population of this band leads to a
Pauli blocking of the transitions starting from those involving the kz = 0 final states.
This effect quantitatively accounts for the shift and additional broadening of the
L2−,2+ spectrum at elevated temperatures. Thermal population effects appear to be
the main source for the observed difference in the spectral response. This implies
that other possible sources of spectral broadening have a negligible temperature
dependence.
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Fig. 4.12 Part (a) Raman scattering spectra in the E2g phonon range of energy for different values
of the magnetic field. Parts (b) and (c): Evolution of the Raman shift and of the FWHM of E2g

phonon feature as a function of the magnetic field in the two different crossed circular polarization
configuration. Solid lines are the result of the calculation presented in Ref. [52]. Figures adapted
from Ref. [52]. Copyright (2011) by The American Physical Society

4.4.5 Electron-Phonon Coupling

As in the case of graphene systems discussed in the preceding section, it is possible
to tune the electron-phonon interaction to resonance in bulk graphite by applying
high magnetic fields. Relevant electronic excitations for the electron-phonon cou-
pling in bulk graphite are optical-like excitations (
k = 0 at B = 0) which trans-
form into inter Landau bands excitations with 
|n| = ±1 under an applied mag-
netic field. It is possible to tune these excitations in resonance with the E2g optical
phonon occurring around 1580 cm−1 by increasing the magnetic field. This leads
to the magneto-phonon effect which manifests itself as pronounced oscillations of
the phonon energy and line width, as it is shown in Fig. 4.12a. The Raman shift
and the full width at half maximum (FWHM) extracted from the Lorentzian fitting
of this line are presented in Fig. 4.12b and c. This effect in bulk graphite is signifi-
cantly different that the one observed in the graphene monolayer. The fundamental
difference between these two systems is the 3D nature of electronic states in bulk
graphite and of the associated kz dispersion. The magneto-phonon effect in bulk
graphite involves Landau bands, in contrast to discrete Landau levels in graphene.
The electronic dispersion close to the K point causes the oscillator strength of the
optical-like excitations in this system to be spread over a significant range of energy
(typically a few meV). As a result, the observed oscillations of the phonon energy
and the line width are asymmetric and strongly damped, as shown in Fig. 4.12b
and c. In graphene, a fully resonant coupling occurs between two discrete excita-
tions while in bulk graphite, the 3D Landau bands that appear in magnetic field
spread the interaction over a range of energy as wide as the observed electronic
features. Although these oscillations are mainly due to K points excitations, they
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also reflect the excitation spectrum of the H point carriers and their electron-hole
asymmetry [52]. This results of the fact that the Fermi level at the H point lies be-
low the charge neutrality point and the 0th Landau band at this particular point is
completely empty. Hence, only the L−1,0 has a finite oscillator strength and couples
to the phonon while the oscillator strength of L0,1 vanishes, creating the asymme-
try observed in the two crossed circular polarization configurations, one component
being blue shifted at high fields while the other component is red shifted. Modelling
the magneto-phonon effect in bulk graphite allows us to extract the dimensionless
electron-phonon coupling constant λ which, in this case, is 3.0 × 10−3, approx-
imately one third lower than the expected value. This difference probably arises
from the approximation γ3 = 0 made in the calculation which impacts the matrix el-
ements and, in fine, the estimation of the coupling constant. To this end we note that
in more recent, Raman scattering experiments with unpolarized light, the magneto-
phonon resonance of bulk graphite could be traced in fields up to 45 T [131].

4.5 Conclusions

Concluding, the aim of our report has been to present the potential of optical
magneto-spectroscopy methods to investigate the electronic properties of graphene
based materials. Primarily, those methods provide the valuable information about
the characteristic band structure of the system investigated. Furthermore, they also
allow us to conclude on carrier scattering efficiency/mechanism and are the con-
venient techniques for studying the effects of electron-phonon coupling. Magneto-
absorption in the far infrared range is naturally the most straightforward tool to
studying the graphene and its derivatives, but this technique suffers an easy appli-
cation to small size samples. A relevant step forward to applying magneto-optics
to study the micron-size structure was the recent demonstration of the electronic
response in magneto Raman scattering experiments. These experiments, as far per-
formed only on graphite and on graphene locations on the graphite substrate, are cer-
tainly suitable to study all other high quality graphene structures. The fabrication of
large size graphene structures (e.g., CVD growth) on one hand and a clear progress
in increasing the quality (mobility) of well characterized individual graphene struc-
tures (e.g., graphene on boron nitride) on the other hand, will certainly open new
possibilities for optical magneto-spectroscopy studies in a very near future. Those
studies may in particular include the investigations of the effects of interactions
(electron-phonon and electron-electron) in the regime of the quantum Hall effect.
Other applications of optical magneto-spectroscopy might be relevant when search-
ing for the graphene systems with an open energy gap, when studying the plasmonic
structures and/or when searching for a light emission from graphene systems.
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