
Chapter 9
Filtration

Abstract Filtration is the process whereby a solid separates from a fluid by
making the suspension pass through a porous bed, known as a filter medium. The
bed retains the particles while the fluid passes through the filter medium and
becomes a filtrate. To establish a flow of filtrate, it is necessary to apply a pressure
difference, called a pressure drop, across the filter medium. There are several ways
to do this depending on the driving force, for example: (1) gravity, (2) vacuum, (3)
applied pressure, (4) vacuum and pressure combined, (5) centrifugal force, and (6)
a saturation gradient. Usually the different driving forces require different filtration
equipment called filters. Two main dewatering stages are studied, cake formation
and dehumidification, which are studied as mono-phase flow and two-phase flow
of a fluid through rigid porous medium, respectively. Field variables and consti-
tutive equations are deduced from the chapter on flow in porous media. Methods of
filtration, cake porosity, permeability, capillary curves and relative permeabilities
are presented. Finally models of continuous filters are developed.

9.1 Definition, Equipment and Operation

Filtration is the process whereby a solid separates from a fluid by making the
suspension pass through a porous bed, known as a filter medium. The bed retains
the particles while the fluid passes through the filter medium and becomes a
filtrate.

To establish a flow of filtrate, it is necessary to apply a pressure difference,
called a pressure drop, across the filter medium. There are several ways to do this
depending on the driving force, for example: (1) gravity, (2) vacuum, (3) applied
pressure, (4) vacuum and pressure combined, (5) centrifugal force, and (6) a
saturation gradient. Usually the different driving forces require different filtration
equipment called filters.

We can distinguish three classes of filtration: (a) filtration with cake-formation,
(b) filtration without cake-formation and (c) deep filtration.
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9.1.1 Filtration with Cake Formation

During filtration with cake-formation, the filter medium retains the solid of the
suspension on the surface of the filter medium as a layer called a filter cake. This
layer forms naturally when the pores of the filter medium are smaller than the
particles. When this is not the case, it is necessary to cover the filter medium with a
thin sheet of a fibrous material, called a filter aid that blocks the particles from
passing to the filter medium. This type of filtration, in which the flow is perpen-
dicular to the filter medium surface, is the most commonly used in the mineral
industry (see Fig. 9.1).

Filtration without cake formation

When the suspension flow is parallel to the filter medium surface, the medium
retains the particles and allows the fluid pass through. However, the flow produces
a high shear at the solid surfaces that prevents the formation of a solid layer over
the filter medium, returning the particles to the suspension. In this way, the filtrate
crosses the filter medium while the particles increase the suspension concentration
with time. This type of filtration, which is called cross flow filtration, is useful
when suspensions are to be concentrated and there is no need for a dry solid
product. Although filtration without cake formation is also used in solid–liquid
filtration, it is mainly used in solid–gas separation (see Fig. 9.2).

Deep bed filtration

To filter fine particles in diluted suspensions, filter media are used. The filters
have pores that are larger than the particles they retain. Since they have greater
depths, particles penetrate the interior of the filter medium and are captured by the
fibers or particles forming the medium. This type of filter loses its properties with
time, and it is necessary to clean it to eliminate particles from its interior or replace
the filter with a new one. Two examples of deep filtration are sand filters and car
air filters (see Fig. 9.3).

PULP

FILTRATE

CAKE

p=p0

p>p0

FILTER MEDIUM

Fig. 9.1 Filtration with cake
formation
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A filtration process depends on many factors:

• fluid properties, such as density and viscosity,
• nature of the solid, such as its size, shape and size distribution,
• properties of the suspension, such as concentration and compressibility,
• filter capacity,
• commercial value of the material and whether the solid or the fluid is the

valuable material,
• whether it is necessary to wash the cake,
• whether it is important to keep the product from contamination.

9.1.2 Operating Variables

The principal variables in a filtration process are presented in the (Fig. 9.4).
Inlet variables Feed mass flow F(t) and feed % solid wF(t).
Outlet variables Cake discharge mass flow m(t) and cake humidity h(t).
Design variables Filtration area S and pressure drop Dp:
Control variables Cake formation time t1, cake washing time t2 and cake de-

moisturizing time t3.
Parameters Cake porosity e, permeability k(e) and compressibility reðuÞ:

Filtrate density qf and viscosity lf, solid density qs and
sphericity w.

Perturbations Particle size and particle size distribution; Agitation.

Fig. 9.3 Deep bed filtration
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Fig. 9.2 Filtration without cake formation
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Filtration cycles

All filtration equipment, whether batch or continuous, operate in cycles of cake
formation, washing, drying and discharge.

• Cake formation: The first step in a filtration process is the formation of the cake.
A pump feeds the pulp into the filter chamber for pressure filtration, or the sus-
pension of solid particles is suctioned through the filter medium during vacuum
filtration. The magnitude of the deposited material depends on the pressure gra-
dient, on the suspension concentration and on the filtration time. In this stage of
the cycle there is a continuous flow of filtrate across the cake and filter medium.

• Cake washing: When it is necessary to eliminate impurities from the filter cake,
washing is part of the process. Washing implies calculating the minimum
amount of water necessary to displace the liquor from the cakes pores and the
time necessary to do this.

• Cake drying: Drying is a key part of the filtration process. Usually the overall
requirement is a cake with a small amount of moisture, for example 8 % by
weight for copper concentrates. Drying is accomplished by blowing dry air over
the filter cake until enough water is displaced from the pores to obtain a given
humidity. To control this part of the process it is necessary to know the amount
of water retained in a saturated filter cake and the tolerated residual humidity in
the product. Generally, this is a technical and an economic choice.

• Cake discharge: The separation of the cake from the filter medium and its
discharge are important steps for efficient filtration. In vacuum filtration, blades
scrape the filter cloth and discharge the cake by gravity. In hyperbaric, or
pressure filtration, removing the dried cake is complicated because of the need
to maintain pressure in the filtration chamber. Valves pressurize and de-pres-
surize the discharge area, depending on the filtration cycle.

PARAMETERS

DISIGN

OUTLET

PERTURBATIONS

CONTROL VARIABLES
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ΔP

QC(t)

Particle size 
Particle size 
distribution 

QF(t)

ϕ F(t)
INLET

ε, k(ε), σe(ε), ρ s, ρ f, μ, Agitation; t1, t2, t3

(1−ϕC)(t)

Fig. 9.4 Variables of the filtration process
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9.2 Filtration Equipment

Vacuum filters had the advantage over pressure filters of their simple design and
operation, which made them very popular in the mining industry for most of the
twentieth century. Pressure filters began displacing vacuum filters in the 1980s due
to the limitation in pressure drop with vacuum filters, which depends on local
atmospheric pressure. This restriction is fundamental in mines in high altitudes, in
some cases of more than 4,000 m.a.s.l. The limitations of vacuum filters and the
great advances in control mechanism for pressure filtration have made the latter
the favorite of the mining industry today.

An interesting alternative is the combination of vacuum and pressure equipment
in a single unit. If a traditional vacuum filter is introduced into a pressure chambers
so that the pressure drop is increased, a hyperbaric filter is obtained.

9.2.1 Vacuum Filters

There are four types of vacuum filters: drum, disc, pan and band. Whereas the first
three produce cakes with 12–18 % humidity, a band filter reaches humidity levels
of 8–10 %. In the following section we will briefly describe this equipment.

Drum filter

The drum filter consists of a rotating drum with the lower part submerged in a
pool containing the suspension to be filtered. The drum surface is covered with a
filter medium called a filter cloth. The suspension is suctioned from the drum
interior, which is maintained under vacuum. While the drum rotates, the filtrate is
suctioned into the drum interior and the solid is retained, forming a cake on the
submerged surface of the filter cloth. This surface eventually emerges from the
pool where air is suctioned through the cake displacing the water from the pores.
During the rotation, it is possible to wash and dry the cake. Finally, a scrapping
mechanism separates the cake from the filter cloth and discharges it on a chute
before the surface of the drum submerges again into the suspension pool. These
operations complete a cake forming-drying-washing-drying and discharge filtra-
tion cycle for the drum filter (see Fig. 9.5).

Disc filter

The disc filter consists of a horizontal shaft mounted on two main bearings.
The shaft supports and connects a certain number of discs with the vacuum.
The bottom of each disc is submerged in a pool with a suspension from which the
filtrate is suctioned by the vacuum while the solid forms a cake on the disc surface.
Each disc presents several sectors that are individually connected to the vacuum
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chamber. The sectors are covered with a filter cloth. The discs rotate producing the
different filtration cycles: cake formation-drying-washing-drying-discharge. The
advantage of this equipment over the drum filter is its greater filtration surface per
unit of floor area, which is because both surfaces of the disc are operative. Another
advantage is its modular structure in sectors that permits the changing only the
damaged filter cloths (see Figs. 9.6 and 9.7).

A special type of disc filter uses micro-pore ceramic sectors instead of steel
covered with filter cloth. These vacuum filters are called ceramic filters.

There are two types of ceramic material. The first has 1.5-micron pores, with a
capillary entry pressure of 1.6 bars, while the second has 2.0-micron pores with
capillary entry pressure of 1.2 bars (for the meaning of entry pressure see Problem
(9.9) in Sect. 9.5.1). When a ceramic disc is submerged in a pool containing a
suspension, the capillary action initiates suction without any external force (see
Fig. 9.8).

Fig. 9.5 Drum filter

View of the discs Detail of a filter sector 

Fig. 9.6 Disc filters
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The solid material accumulates at the disc surface and the dewatering continues
as long as liquid is present. This process is called capillary filtration, which
combines the advantages of the conventional disc filter with the capillary effect.
Ceramic filters are used to filter copper concentrates and industrial minerals.

Pan filter

The pan filter consists of a series of horizontal trays rotating around a central
vertical axis. Each tray is a trapezoidal sector slightly inclined from the central
axis. All the trays are connected to a common valve. Filter cakes form on the trays
and are washed with a liquid jet. At a given point in the filter, a screw conveyor
drags the cake to the center of the tray and discharges it. Alternatively, each tray is
tilted to discharge the cake. The main disadvantage of the pan filter is that there is
only one filter surface and therefore the capacity per unit of floor is limited (see
Fig. 9.9).

Fig. 9.7 Ceramic filters

Fig. 9.8 Ceramic plate of a
disc filter
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Horizontal belt filter

The horizontal belt filter uses a continuously moving rubber belt to support and
transport the filter cloth (see Fig. 9.10). A vacuum is applied below the filter cloth
via a stationary vacuum box running the length of the filter. The advantage of this
filter is the flexibility to choose the length of the stages in a filtration-washing-
drying cycle. Belt filters are used in some concentrators, especially in gold mines,
to recover water from mineral tailings, with recovery up to 80 %.

9.2.2 Pressure Filters

Nowadays vacuum filters like the drum, disc, pan and belt filters are less accepted
in the mining industry because of the high moisture content of their products,
which require thermal drying to reach an adequate humidity level of around 8 %.
Pressure filters are presently the most reliable approach to filter concentrates in the
mineral industry. They directly deliver cakes with 8 % humidity or less. As
vacuum filters, they operate in cycles, but have to stop operating to feed the
suspension and to discharge the cake, making the operation discontinuous.

Fig. 9.9 Horizontal pan filter

Fig. 9.10 Horizontal belt-filter and a schematic view
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Three types of pressure filters are commonly used: vertical filter presses, hor-
izontal filter presses and candle filters.

(a) Vertical filter press

In vertical filter press the separation takes place in chambers between plates.
The plates have openings for feeding and draining the filtrate. The plates are held
together by hydraulic pressure. They are mounted between two lateral bars that are
fixed at one end and connected to a hydraulic system at the other (see Fig. 9.11).

Filtration stage
A high-pressure hydraulic pump locks the pressure filter plate-pack. Feed slurry

enters the filter chambers through the top-feed ports. Filtration begins immediately
on both sides of the chamber. The filtrate drains through the ports of each chamber.
The double-sided filtration gives speedy buildup of the filter cake, making the
filtration part of the cycle short.

Compression stage
When the cake has formed, a rubber membrane is inflated by compressed air on

one side of each cake and eliminates water by compression.

Blowing stage
Compressed air flows to the surface of the filter cake displacing the water in the

cake to the filtrate discharge. The membrane remains inflated for a certain period
to maintain good cake stability. The duration of the air blowing depends on the
material to be dewatered but is typically 1–4 min.

Cloth washing stage
With the plate-pack still in the open position, the cake chute door (drip tray) is

closed and spray nozzles rinse the cloth. Cloth vibrators actuate during the cloth
washing. This sequence takes about 30 s, after which the filter is closed and the
cycle begins again.

Fig. 9.11 Vertical filter press
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Cake discharge stage
When the cakes are ready for discharge, the cake chute door (drip tray) is

retracted and the filter opens by actuating the high capacity hydraulic pump. The
filter opens at a rate exceeding one chamber per second. The cloths hang freely
from the suspension bar and the cakes are released at the same rate. During the
fully open position, the cloth is vibrated to ensure release of any cake residue.

(b) Horizontal filter press

The horizontal filter press has become very popular recently. It has the com-
bination of features that the process industry is looking for, low cake humidity
and high capacity in a small area (see Fig. 9.12).

The equipment consists of a series of horizontal chambers one on top of the
other on a continuous belt. In this way, the filter area per floor area is multiplied.
The chambers are fixed in space and do not move during operation. The belt
consists of a high resistance moving filter cloth mounted over driving rods, which
move the filter belt during the discharge operation. In the upper part of the
chambers are flexible rubber diaphragms that compress the cake during the
expression cycle. The filtration cycle has the following stages:

1. Cake formation
The slurry is pumped into all the filter chambers simultaneously. The solids
begin to form as the filtrate displaces more slurry enters the chamber. As the
solids build up, the pumping pressure increases. The filtrate is forced through
the cloth until the required solid thickness is achieved.

Fig. 9.12 Horizontal plates filter press
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2. Diaphragm Pressing I
High-pressure air or water automatically inflates the diaphragm located at the
top of each chamber, reducing the chamber volume and squeezing the solids to
remove additional filtrate. The tightly woven filter cloth produces clear filtrate.
High pressure of over 5 bars maximizes efficiency. Pressing the diaphragm
produces homogenous saturated solids of uniform thickness, which assists the
air blowing step.

3. Solid Washing
Pressure filters can wash dewatered solids in situ to maximize solute removal or
to recover mother liquor with minimal dilution. The wash liquid distributes
evenly on the homogenous solid since the filter plates are horizontal. The wash
liquid flows through the solids, displacing the mother liquid with minimal
mixing.

4. Diaphragm Pressing II
The diaphragms are re-inflated, forcing the wash liquid uniformly through the
solids. This produces a washing efficiency of over 95 %, with consistent sat-
urated solids and minimum wash liquid consumption.
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5. Air Blowing
Compressed air blows through the solids for final dewatering. The moisture
content reaches values around 8 % and is controlled by adjusting the pressure
and duration of the blowing air.

6. Solids Discharge and Cloth Washing
After the plate-pack opens, the dewatered solid is conveyed out of the chambers
on the moving filter cloth (see Fig. 9.13).

(c) Candle filter

Filtration takes place in a pressure vessel. The filter consists of a series of
porous tubes on the outside of which the cake forms. The filtrate flows inside the
tubes and is collected at the bottom of the vessel. After completion of the cake
formation cycle, the cake adhering to the filtration element is washed with a
suitable medium. To ensure the driest possible product, the washed cake is dried
for as long as necessary, with any of the following media: ambient air, hot air,
nitrogen or steam. Figure 9.14 shows a candle filter.

Fig. 9.13 Discharge of the filter cake
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9.2.3 Hyperbaric Filter

Vacuum filters have 0.8 atmospheres as limiting pressure drop under the most
favorable conditions, that is, at sea level. Using them in high mountains, where
mines are usually found, the pressure drops drastically.

In the late 1980s Professor Dr. Werner Stahl and co-workers introduced vac-
uum filters, such as disk and drum filters, in a pressure vessel, in this way,

Fig. 9.14 Candle pressure filter

Fig. 9.15 Hyperbaric filter
showing the pressure
chamber with a disc filter

9.2 Filtration Equipment 293



increasing the available pressure drop. They can easily add four or more bars to a
natural vacuum filter. This equipment is called a hyperbaric filter (see Fig. 9.15).

As in all pressure filters, the discharge is a problem in this new filter. Humidity,
which in vacuum filters does not fall to 15 %, reaches 8 % in hyperbaric filters.

9.3 Filtration Theory

Depending on the material to be filtered, and the magnitude of the pressure drop,
the filter cakes can remain rigid or are compressed. Copper concentrates, and in
general other metal concentrates, are incompressible if flocculants are not used
during the thickening process. On the contrary, flocculants are always used with
flotation tailings, so their filter cakes are compressible. When filtering these tail-
ings, what is not that common, vacuum filter are used and therefore the pressure
drop is small and the material can be considered incompressible under these
conditions.

The conclusion is that in the majority of mineral processing plants filter cakes
are nearly incompressible and the theory of flow through rigid porous beds is valid
as the basis to develop a filtration system. If in some instances this is not the case,
compression must be introduced in the theory.

Filtration with incompressible cakes

Consider a filtration process under the following restrictions:

1. The properties of the suspension, the cake and the filtrate are constant.
2. The cake formed is incompressible.
3. The filtration surface is plane.
4. The percolation velocity of the filtrate across the filter cake and the filter

medium is slow.

Restriction (1) permits eliminating the densities from the material balances.
From restriction (2), the filter cake is assumed to be rigid and the solid component
of the particulate system is immobile. In cases of curved surfaces, for example in
drum filters, restriction (3) requires that the diameter of the drum is much greater
than the cake thickness and restriction (4) permits using Darcy’s law as a con-
stitutive equation for the percolation velocity.

Filtration as a batch or a continuous process works in cycles that begin with the
entry of pulp into the filter and ends with the discharge of the filter cake. A
continuous filter is capable of making several thousand cycles before changing
filter media or mechanical maintenance is necessary. In each cycle we can dis-
tinguish two fundamental stages: (a) the cake formation stage, which includes
pumping the suspension into the filter chambers and compression of the suspen-
sion on the filter medium by means of pressured air, a rubber diaphragm or a
piston, and (b) cake dewatering by blowing or suctioning air through the filter
cake. In special cases, other stages are added, for example, if the filter cake is
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compressible a (c) expression stage is used to compress the cake to reduce its
porosity and eliminate some of the water saturating the cake. If the solid material
is to be free of contaminants, a (d) washing stage is used, followed by another
dewatering stage.

9.3.1 Cake Formation

Consider the following field variables [see Eqs. (6.39) and (6.40)]: cake porosity
eðz; tÞ, percolation velocity qðz; tÞ and excess pore pressure peðz; tÞ. These variables
constitute a simple filtration process if the following field equations are satisfied:

eðz; tÞ ¼ e0 and qðz; tÞ ¼ q0 ð9:1Þ

ope

oz
¼ l

kðe0Þ
q0 ð9:2Þ

where e0 is the constant porosity of the filter cake and q0 and kðe0Þ are the per-
colation velocity and the cake permeability, both constant.

Consider Fig. 9.16 representing a filtration process with a plane rigid filter cake.
Call p0 ¼ peð�‘mÞ; pm ¼ pemð‘mÞ and, p‘ðtÞ ¼ peð‘ðtÞÞ, then the pressure drop
Dp1 ¼ p‘ � pm [ 0 and Dp2 ¼ pm � p0 [ 0:

The boundary conditions are:

peð�‘mÞ ¼ p0 ð9:3Þ

Fig. 9.16 Filtration with plane incompressible cake
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peð‘ðtÞÞ ¼ p‘ ð9:4Þ

The term simple refers to the fact that these equations represent the simplest
case of a filtration process.

In vacuum filtration, the filter element is partially submerged in the suspension,
which is fed with a pump. The suspension is kept homogeneous by agitation. In
this case, the pressure drop is constant and depends on the available vacuum and
local atmospheric pressure.

Pressure filters are fed with centrifugal pumps. At the beginning of the feeding
process, the resistance of the cake and filter medium is low and the volume flow
rate is high and relatively constant. As the cake resistance increases, the pressure
drop also increases, while the volume flow rate decreases depending on the pump
characteristic curve. Figure 9.17 shows the characteristic curves of a centrifugal
pump and the curve of the system (see Chap. 11).

Once the filter chambers are full of suspension, the feed is stopped and a
constant pressure is applied by a rubber membrane. This step of the cake formation
stage is called expression.

These considerations lead to the study of the filtration process in the special
case of constant pressure drop.

(a) Cake formation with constant pressure drop

Consider the case of a constant pressure drop across the filter cake and the filter
medium:

Dp ¼ Dp1 þ Dp2 ¼ p‘ � p0 [ 0 ð9:5Þ

Fig. 9.17 Characteristic curves of a centrifugal pump
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Each pressure drop is a positive constant, therefore integration of Eq. (9.2) for a
given instant t leads to:

Zp‘

pm

dpe ¼
Z‘ðtÞ

0

l
k e0ð Þ

q0dz ) p‘ � pm ¼ Dp1 ¼
l‘ðtÞ
k e0ð Þ

q0 ð9:6Þ

Zpm

p0

dpe ¼
Z0

�‘m

l
km

q0dz ) pm � p0 ¼ Dp2 ¼
l‘m

km
q0 ð9:7Þ

where km and ‘m and k e0ð Þ and ‘ðtÞ are the permeability and thickness of the
filter medium and of the filter cake, and q0 is the percolation velocity, that is, the
volume flow rate of filtrate per unit filter area and e0 is the porosity of the filter
cake. Adding Eqs. (9.6) and (9.7) yields:

Dp ¼ l
‘m

km
þ ‘ðtÞ

k e0ð Þ

� �
q0 ð9:8Þ

We define the filter medium resistance Rm ¼ ‘m=km, so that (9.8) becomes:

Dp ¼ l Rm þ
‘ðtÞ

k e0ð Þ

� �
q0 ð9:9Þ

The volume flow rate of filtrate Qf can be expressed in terms of the percolation
velocity q0, and in terms of the volume of filtrate Vf ðtÞ.

Qf ¼ q0S :¼ dVf ðtÞ
dt

ð9:10Þ

where S is the filtration area. Qf has a simple relationship with the cake thickness
‘; see Eq. (9.14). Substituting (9.10) in the previous equation gives:

Dp ¼ l
S

Rm þ
‘ðtÞ

k e0ð Þ

� �
dVf ðtÞ

dt
ð9:11Þ

Cake mass and thickness, filtrate volume and cake formation time

We want to obtain a practical cake formation equation involving the mass of
solid msðtÞ, the volume of filtrate obtained Vf ðtÞ and the thickness of the filter cake
‘ðtÞ, all as functions of time t. The volume fraction of solids u0 is written as:

u0 ¼
solid volume

suspension volume
¼ solid volume

solid volumeþ liquid volume
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The liquid volume is equal to the filtrate volume produced, plus the liquid
retained in the saturated filter cake, then:

u0 ¼
m e0; tð Þ=qs

m e0; tð Þ=qs þ Vf ðtÞ þ S‘ðtÞe0
� � ð9:12Þ

The solid mass is the volume of the solid in the filter cake times its density:

m e0; tð Þ ¼ qs 1� e0ð ÞS‘ðtÞ ð9:13Þ

Substituting Eq. (9.13) with Eq. (9.12) and calculating ‘ðtÞ or m e0; tð Þ we get:

‘ðu0; tÞ ¼
u0

1� u0 � e0

Vf ðtÞ
S

! m u0; e0; tð Þ ¼ u0 1� e0ð Þ
1� u0 � e0

qsVf ðtÞ ð9:14Þ

Expression (9.14) gives the relationship between the thickness of the filter cake
and the mass of material filtered, with the volume of filtrate at any given time
t. Substitution with Eq. (9.11) yields:

DpS ¼ l Rm þ
u0 1� e0ð Þ

S 1� u0 � e0ð Þk e0ð Þ
Vf ðtÞ

� �
dVf ðtÞ

dt
ð9:15Þ

The only variable in this expression is the filtrate volume Vf ðtÞ, therefore
integrating the time interval 0 to t gives:

Z t

0

DpS

l
dg ¼

ZVf

0

Rmdnþ
ZVf

0

u0

S 1� u0 � e0ð Þk e0ð Þ
ndn

DpS

l
t ¼ RmVf þ

u0

2S 1� u0 � e0ð Þk e0ð Þ
V2

f

ð9:16Þ

Filtrate volume:

Solving the quadratic Eq. (9.16) yields the volume of filtrate over time:

Vf ðtÞ ¼ Skðe0Þ
1� u0 � e0

u0

‘m

km

� �2

þ 2Dpe

lkðe0Þ
u0

ð1� u0 � e0Þ
t

" #1=2

� ‘m

km

8<
:

9=
; ð9:17Þ

Cake thickness

Substitution of Vf ðtÞ from (9.14) with (9.16) gives the algebraic equation in
terms of the thickness ‘ðtÞ of the cake:

‘2 þ 2kðe0Þ
‘m

km
‘� 2

kðe0Þ
l

Dp
u0

ð1 � u0 � e0Þ
t ¼ 0 ð9:18Þ
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‘ðtÞ ¼ kðe0Þ
‘m

km

� �2

þ 2Dp

lkðe0Þ
u0

ð1� u0 � e0Þ
t

" #1=2

� ‘m

km

8<
:

9=
; ð9:19Þ

Cake mass:

Substituting Eq. (9.13) with (9.19) yields the cake mass formed at time t:

mðe0; tÞ ¼ qsSð1� e0Þkðe0Þ
‘m

km

� �2

þ 2Dp

lkðe0Þ
u0

ð1� u0 � e0Þ
t

" #1=2

� ‘m

km

8<
:

9=
; ð9:20Þ

Cake formation time:

Inverting Eq. (9.20) the time to form a cake is:

t ¼ ms

qsSð1� e0Þkðe0Þ
þ ‘m

km

� �2

� ‘m

km

� �2
( )

2Dp

lkðe0Þ
u0

1� u0 � e0

� ��1

ð9:21Þ

All these expressions become simpler if the filter medium specific resistance
Rm ¼ ‘m=km is neglected.

Filtrate volume:

Vf ðtÞ ¼ S
2
l

� �1=2 1� u0 � e0

u0

� �1=2

ðkðe0ÞÞ1=2Dp1=2t1=2 ð9:22Þ

Cake mass:

mðe0; tÞ ¼ qsð1� e0ÞS
2
l

� �1=2 u0

1� u0 � e0

� �1=2

ðkðe0ÞÞ1=2Dp1=2t1=2 ð9:23Þ

Cake thickness:

‘ðtÞ ¼ 2
l

� �1=2 u0

1� u0 � e0

� �1=2

ðkðe0ÞÞ1=2Dp1=2t1=2 ð9:24Þ

Cake formation time:

t ¼ l
2q2

s S2

� �
1� u0 � e0

u0ð1� e0Þ2

 !
1

Dpkðe0Þ

� �
m2

s ð9:25Þ

It is important to take note that the expressions for filtrate volume, cake mass
and cake thickness are proportional to the square root of the product of the
pressure drop and time.
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Equations developed in the previous section are valid for cake formation in a
steady state, but also for a dynamic process where the amount of solid deposited
per time unit is small compared to the solid already forming the cake. This occurs
throughout the main part of the cake formation stage, except at the beginning of
the process. For example, during the feeding of a pressure filter, the flow is
variable, but the process becomes steady when the compression starts. It is obvious
that all the equations developed are valid for the washing stage of the filter cake.

Figure 9.18 shows the experimental curve of cake formation in the laboratory.
The circles represent experimental points, while the curve was drawn with
Eq.(9.17). For about 25 % of the filtration time, the filtration volume Vf ðtÞ pro-
duced is proportional to the time t. From that time on, Vf ðtÞ is proportional to t1=2.

In effect, Darcy’s law is valid at any instant t, therefore:

Dp ¼ l
‘m

km
þ ‘

kðe0Þ

� �
q ð9:26Þ

For the first instance, the cake thickness ‘ can be ignored, giving:

Dp ¼ l
‘m

km
q; since q ¼ Vf ðtÞ=St :

Dp ¼ l
‘m

km

Vf ðtÞ
St

; ) Vf ðtÞ ¼
SDp

l
km

‘m
t ð9:27Þ

and the filtrate volume is a linear function for short times.
These considerations are important when filtration parameters are to be

obtained in the laboratory.

V f = 0.8294t

V f  = -0.0002t 2 + 0.6125t  + 42.522
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Fig. 9.18 Modeling of the cake formation step during pressure filtration
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(b) Cake formation with constant volume

Filtration with constant volume occurs when the pulp is fed with a positive
displacement pump. In this case, the volume flow rate is constant. Equation (9.8) is
still valid, but now q is a constant and Dp is variable:

DpðtÞdt ¼ l
‘m

km
þ d‘ðtÞ

kðe0Þ

� �
q

DpðtÞSdt ¼ l
‘m

km
þ d‘ðtÞ

kðe0Þ

� �
Q

where Q is the volume flow rate of filtrate. The thickness of the cake and the mass
of solid in the cake is then:

‘ðtÞ ¼ Skðe0Þ
lQ

Z t

0

DpðnÞdn� ‘mkðe0Þ
km

ð9:28Þ

msðtÞ ¼
Sqsð1� e0Þkðe0Þ

lQ

Z t

0

DpðnÞdn� ‘mqsð1� e0Þkðe0Þ
km

ð9:29Þ

Values for DpðtÞ should be obtained from the pump curve.

Problem 9.1 (Wakeman and Tarleton 1999a) A filtration experiment is performed
with a 45 cm2 area pressure filter at 70 kPa. The ratio of moist to dry cake is 1.34.
The densities of the solid, filtrate and feed pulp are respectively:
qs ¼ 2,640 kg/m3, qf ¼ 1,000 kg/m3 and q0 ¼ 1,320 kg=m3. The viscosity of the
filtrate is l ¼ 0:01 poises. The filtrate production in time is given in Table 9.1.
Determine the time necessary to obtain a filter cake with a thickness of 4.5 cm.

Volume fraction of the suspension is u0 ¼
q0 � qf

qs � qf
¼ 1,320 � 1,000

2,640 � 1,000
¼ 0:195

Cake porosity:

e0 ¼
Vf

Vf þ Vs
¼

mf

�
qf

mf

�
qf þ ms=qs

Table 9.1 Filtrate production over time

Time t, s Volume Vf, cm3 Time t, s Volume Vf, cm3

0 0 457 285
170 141 527 320
275 200 589 341
340 230 660 370
390 252
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e0 ¼
1

1þ msqf

mf qs

but:

mf þ ms

ms
¼ 1:34;

ms

mf
¼ 1

0:34

then:

e0 ¼
1

1þ qf

0:34qs

¼ 1

1þ 1:00
0:34 � 2:64

¼ 0:473

There is a direct relationship between the mass in the cake, the suspension
concentration, cake porosity and filtrate volume. From (9.14), we have:

‘ðtÞ
VFðtÞ

¼ u0

1� u0 � e0

1
S
¼ 0:195

1� 0:195� 0:473
1

45
¼ 0:0131

VFðtÞ ¼
‘ðtÞ

0:0131
¼ 4:5

0:0131
¼ 344:75

From the table we can obtain the correlation between time versus the volume of
filtrate (see Fig. 9.19).

t VFð Þ ¼ �3 � 10�6V3
F þ 3:8 � 10�3V2

F þ 7:397 � 10�1VF � 3:142 � 10�1

t = -3E-06Vf
3 + 0.0038Vf

2 + 0.7397Vf - 0.3142

R2 = 0.9995
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Fig. 9.19 Filtrate volume in time, from the previous table
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Substituting VFðtÞ in the equation for t VFð Þ results in:

t VFð Þ ¼ � 3 � 10�6ð344:27Þ3 þ 3:8 � 10�3ð344:27Þ2 þ 7:397

� 10�1ð344:27ÞVF � 3:142 � 10�1

¼ 500 s

9.3.2 Cake Dehumidification

During the filtration process, the cake formation stage removes the main part of the
water from the suspension. At the end of this stage, the suspension covering the
filter cake disappears and the filter cake looks dry but its pores are saturated with
water. Saturation s is the fraction of pore volume in a porous medium filled by
water. The saturation varies between zero and one, 0� s � 1. If s ¼ 1, the cake
pores are full of water and if s ¼ 0, the cake is dry. The only way to eliminate
water from a saturated filter cake is by expression and/or by dehumidification.

For compressible cakes, it is possible to eliminate some water by expression,
that is, by applying pressure and squeezing the filter cake like a sponge. In this
case, the mechanism of expression is the reduction of the pore size by
compression.

In dehumidification, the water is displaced from the filter cake by air. During
vacuum filtration, air is suctioned through the filter cake, while in pressure fil-
tration the air is blown into the filter cake. During dehumidification, air and water
flow simultaneously through the filter cake. In general, the solid particles attract
water, wetting the solid skeleton. The air, on the contrary, displaces the water from
the pores, but leaves a thin film adjacent to the solid surfaces held by capillary
forces. These phenomena make the flow of water different in a water saturated and
unsaturated porous medium.

To calculate the water and airflow through an unsaturated filter cake, the theory
of two-phase flow through a porous medium is used (see Chap. 3). Darcy’s
equation can be used in this case but here the permeabilities of the liquid and air
are not functions of the cake porosity only, but are also a function of saturation,
kiðe0; sÞ; i ¼ ‘; a, called effective permeabilities, where ‘ and a refers to liquid and
air respectively:

q‘;a sð Þ ¼ k‘;a e0; sð Þ½ �
l

ope

oz
ð9:30Þ

Relative permeabilities of the liquid kr‘ðe0; sÞ and air kraðe0; sÞ are defined as the
quotient between the effective permeabilities k‘;a½ðe0; sÞ� and the permeabilities
k‘;a½ðe0Þ� for the flow ql;a under the same pressure gradient ope=oz:
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kri e0; sð Þ ¼ ki e0; sð Þ
k e0ð Þ

; where i ¼ ‘; a ð9:31Þ

With these definitions of relative permeability, Darcy’s equation for the water
and airflow in a filter cake are:

q‘ðsÞ ¼
kr‘ e0; sð Þ � k e0ð Þ

l‘

ope

oz
ð9:32Þ

qaðsÞ ¼
kra e0; sð Þ � k e0ð Þ

la

ope

oz
ð9:33Þ

The relative permeabilities must be determined experimentally. Figure 9.20
shows the relative permeabilities of a wetting fluid (water) and a non-wetting fluid
(air) in a filter cake.

When air is blown through the filter cake, it displaces the water from the pores
and water and air leaving simultaneously. When the cake saturation reaches the
residual saturation s1, only air will flow out. The rest of the water is retained in the
cake by capillary forces.

Functional forms for the relative permeabilities must be postulated to introduce
them in Eqs. (9.32) and (9.33)

kriðsÞ ¼ fi s; s1ð Þ; with i ¼ ‘; a ð9:34Þ

where s and s1 are the instantaneous and the residual saturations, and i refers to
the type of fluid.
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Fig. 9.20 Experimental relative permeability curves for the flow of water and air through a
copper concentrate filter cake
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Blowing time

Taking into consideration that qf ðtÞ ¼ oVf ðtÞ=ot, for the blowing stage Eq.
(9.11) is written in the form:

Dp

l‘
¼ Rm þ

‘

kðe0Þkr‘ðsÞ

� �
dVf ðtÞ

dt
ð9:35Þ

The thickness of the cake is constant and equal to ‘ ¼ ms=S 1� e0ð Þ and the
water in the cake at time t is S‘e0sðtÞ, where sðtÞ diminishes with time. The filtrate
volume is Vf ðtÞ ¼ S‘e0 1� sðtÞð Þ, so that: dVf =dt ¼ �S‘e0ds=dt. Introducing these
relationships in Eq. (9.35) yields an equation in terms of the saturation:

Dp

l‘
¼ � Rm þ

‘

kðe0Þkr‘ðsÞ

� �
S‘e0

ds

dt

Integrating with respect to s:

Z t

0

Dp

l‘
dn ¼ �

Zs

1

S‘e0 Rm þ
‘

kðe0Þkr‘ðgÞ

� �
dg

Integrating, the blowing time to reach a saturation s is obtained:

t ¼ ‘e0l‘S
Dp

Rmð1� sÞ þ ‘

kðe0Þ

Z1

s

dg
f‘ gð Þ

0
@

1
A ð9:36Þ

The integral in (9.36) can be calculated once the function f ðsÞ is known.

Airflow

Since in pressure filtration the pressure gradient is much greater than the sat-
uration gradient, the latter can be neglected (see Sect. 6.5.4) and the air flow
necessary to reach a given saturation can be obtained by directly integrating Eq.
(9.33):

Dp

la
¼ Rm þ

‘

kðe0ÞkraðsÞ

� �
qaðtÞ

The air flow rate is Qa ¼ Sqa, therefore:

QaðtÞ ¼
SDp

la

� �
Rm þ

‘

kðe0ÞkraðsÞ

� ��1

ð9:37Þ

In these equations, Rm and S are equipment parameters, qs; kðe0Þ and e0 are
characteristic parameters of the porous medium, q‘ and l‘ are properties of the
fluid and Dp; ‘ and sðor tÞ are operational parameters and variables.
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Humidity is the ratio of water mass to total mass expressed as percentage.
Equation (9.38) gives the relationship between saturation and humidity:

h ¼ 100
q‘e0s

q‘e0sþ qs 1� e0ð Þ and s ¼ qs

q‘

1� e0

e0

h

100� h
ð9:38Þ

9.3.3 Cake Washing

The same equations and methods used for cake formation and blowing can be used
for cake washing, with a restriction on the concentration of the element that is to
be eliminated.

9.4 Filtration Parameters and Their Measurements

Figure 9.4 shows the several variables and parameters that influence the filtration
process. Inlet variables are feed pulp flow and concentration. Outlet variables are
filter capacity, mass of solid filtered per time unit and the thickness and humidity
of the filter cake. Design variables are filtration area and pressure drop in the
equipment. Control variables are applied pressure, times for cake formation,
washing, expression and blowing, temperature, pH, additives and pulp agitation.
Perturbations are the type of material, particle size and size distribution, impu-
rities in the feed material. Parameters are porosity, permeability and compress-
ibility of the cake, relative permeabilities for air and water and residual saturation.

In the previous section, we developed relationships between these variables and
parameters. To complete the necessary information to design and simulate a fil-
tration process, it is necessary to determine the dependence of the parameters on
the properties of the solid and the liquid.

9.4.1 Filtration Parameter Measurements

Several companies that provide equipment have laboratory instruments to measure
filtration parameters that are based on similar principles but differ in the amount of
sample they can take and the quality of their instrumentation. Here we will
describe FILTRATEST, an instrument designed by Bokela GmbH.

The core of FILTRATEST is a stainless steel pressure vessel that supports pressures
up to 10 bars (150 w) and therefore can simulate a vacuum and most pressure
filtration processes. The instrument has a filtration area of 19.63 cm2 and a water
jacket that permits operation at controlled temperatures. A set of rotameters of
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different sizes measures the airflow rate. A digital manometer controls air pressure.
A beaker sitting on a digital balance receives and weighs the filtrate. The porta-
bility of the instrument is fundamental to take measurements at plant sites. The
Fig. (9.21) shows the FILTRATEST.

Software especially designed for this instrument registers the exact time and
filtrate produced during cake formation, expression and blowing cycles. From
these data, functional forms are postulated for the filtration rate and time, from
which the permeabilities of the cake and the specific resistance of the filter
medium are calculated. The relative permeabilities for the water and air are also
calculated.

(a) Cake porosity

The cake porosity is a function of the size distribution of the particles forming
the porous bed. A bed formed of particles of only one size will have the same
porosity irrespective of the size of the particles. The case of sphere packing
illustrates this. Table 9.2 (Wakeman and Tarleton 1999b) shows the porosity for
different types of sphere packing.

We can see that a three-fold value of the porosity of spheres is possible
(0.26–0.78) for different types of packing. The nominal value used for porosity in
filter cakes is e0 ¼ 0:4, a bit lower than the average in Table 9.2.

In the case of filter cakes, it is more useful to determine the porosity experi-
mentally. There are three ways to do that: by drying and weighing the cake, by
measuring the depth of the saturated cake, and by a water balance at the end of the
bed formation time. When the cake is saturated, the water has disappeared from
the suspension and the difference between the total water in the suspension and the
water in the filtrate gives the volume of water saturating the cake, which is equal to
the volume of pores in the cake.

Fig. 9.21 FILTRATEST

instrument
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Problem 9.2 A sample of copper concentrates was taken from a Larox pressure
filter with a cylinder of 5 cm in diameter. The thickness of the sample was 35 mm.
The weight of the sample after drying was 147 g and the density of the solid
3.87 g/cm3.

The cake porosity then was:

e0 ¼ 1� 147=3:87
p � 52=4ð Þ � 3:5

¼ 0:45

Problem 9.3 In a laboratory test 138.7 g of copper concentrate, with a density of
4,300 kg/m3, was filtered from a suspension of 72.2 % solid by weight. The cake
formation time was t1 ¼ 42:7 s and, during that time, 20.6 cm3 of filtrate was
recovered. Calculate the saturated cake porosity.

1� e0 ¼
Vs

Vs þ Vfq
¼ Vs

Vs þ Vf � VF

e0 ¼ 1� ms=qs

ms=qs þ ms � ð100� wsÞ=ws � VF

e0 ¼ 1� 138=4:30
138=4:30þ 138 � ð100� 72:2Þ=72:2� 20:6

e0 ¼ 0:50

For compressible filter cakes, constitutive equations, such as Eqs. (9.39) and
(9.40) describe their porosity (Tiller et al. 1985):

e ¼ 1� pb
s ð9:39Þ

e ¼ 1� a lnðps=bÞ ð9:40Þ

Table 9.2 Porosity versus type of packing for spheres

Types of packing Coordination number Porosity e0

3 0.7766
4 0.6599
5 0.5969

Cubic 6 0.4764
7 0.4388

Orto-rombic 8 0.3955
9 0.3866

Tetragonal 10 0.3019
11 0.2817

Romohedral 12 0.2595
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Problem 9.4 Laboratory tests were performed with 80 g of a copper flotation
tailing in the FILTRATEST having 19.63 cm2 of filter area, giving a cake with a
porosity e ¼ 0:493 at a pressure drop of 0.75 bars. Tests at different pressure drops
yielded the result shown in Table 9.3. Determine the constitutive equation for the
compressibility of the cake as a function of porosity.

The correlation between the pressure ps and thickness height is, see Fig. 9.22

‘ ¼ 2:8708 p�0:0519
s cm:

The cake thickness for a pressure of 0.75 bars is

‘ ¼ 2:8708ð0:75Þ�0:0519 ¼ 2:914 cm

Calculating the cake volume Vc and the solid volume Vs from the filter area and
the cake thickness, for a pressure of p ¼ 0:75, we obtain:

Vc ¼ S � ‘

¼ 19:63 � 2:914 ¼ 57:20 cm3

Vs ¼ 1� eð Þ � Vcake

¼ ð1� 0:493Þ � 57:202 ¼ 29:0 cm3

Finally, the values of the cake porosity for the various pressures ps are calcu-
lated from:

1� e psð Þ ¼
Vs

VcakeðpsÞ
¼ 29:0

19:63 � 2:9 � p�0:0519
s

Figure 9.23 shows a plot of the solid volume fraction versus the applied
pressure.

Table 9.3 Filter cake
compression

Pressure drop. bars Cake height (cm)

0.8 2.90
1.0 2.87
1.5 2.81
2.0 2.77
2.7 2.73
3.0 2.71
3.5 2.70
4.0 2.68
4.7 2.66
5.0 2.63
5.5 2.62
6.0 2.61
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From Fig. 9.23 the following constitutive equations can be obtained by non-
linear fitting:

e ¼ 1� 0:514 p0:0519
s ð9:41Þ

The constitutive equation for the solid pressure is:

ps ¼
1� e
0:514

� �19:27

ð9:42Þ

1- ε = 0.5146p s
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Fig. 9.23 Solid volume fraction (1 - e) versus pressure drop for a copper flotation tailing
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Problem 9.5 A flotation tailing is filtered in a vacuum band filter at 0.75 bars,
obtaining a cake with e0 ¼ 0:493 in porosity. An experimental test to determine
the compressibility of the cake gave the following constitutive equation:

e ¼ 1� 0:5146 p0:0519
s

What would the porosity be if the same material were filtered in a hyperbaric
filter with 3 bars of overpressure and in a Larox PF filter at 6 bars.

For the different filters, we have:

Larox PF eð6 barsÞ ¼ 1� 0:5146 � ð6Þ0:0519 ¼ 0:435

Hiperbaric flilter eð3:75 barsÞ ¼ 1� 0:5146ð3:75Þ0:0519 ¼ 0:449

(b) Filter medium resistance and cake permeability

The filter medium is an important component in the filtration process. It is a
medium with pores of different sizes and geometry, the structure of which can
cause variations in the way in which the particles are deposited and in the dis-
tributions of the filtrate flow. A filter cloth must not only retain the solid particles
and produce a clean filtrate, but must also resist the stresses imposed by the
equipment. Therefore in addition to the specific resistance to filtration, we must
consider the mechanical resistance as another parameter.

Experimental determination

To determine the specific resistance of a filter medium Rm and the permeability
of the filter cake kðeÞ Eq. (9.17) is written in the form:

t

Vf ðtÞ
¼

Rmlf

SDp
þ

lf

2S2Dp

u0

1� u0 � e0ð Þkðe0Þ
Vf ðtÞ ð9:43Þ

where Rm ¼ ‘m=km, and ‘m and km are the thickness and permeability of the filter
medium, information that is usually not known.

Write Eq. (9.43) in the form:

t

Vf ðtÞ
¼

Rmlf

SDp|ffl{zffl}
a

þ
lf

2S2Dp

u0

1� u0 � e0ð Þkðe0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
b

Vf ðtÞ ð9:44Þ

t

Vf
¼ aþ bVf

From the plot of t
�

Vf versus Vf , the value of Rm and kðe0Þ can be obtained
from the intercept ‘‘a’’ on the ordinate and from the slope ‘‘b’’ of the straight line
(see Fig. 9.27):
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Rm ¼ a � DpS

lf
and k e0ð Þ ¼

1
b
�

lf

2S2Dp

u0

1� u0 � e0
ð9:45Þ

Problem 9.6 (Massarani 1978) Calculate the filtration area necessary to treat
10,000 1=h of a 5 % by weight calcium carbonate suspension. The solid density is
2,500 kg/m3. The filter operates at 20 �C and 40 w of pressure. Laboratory
experiments with a filter with 500 cm2 area and 40 w pressure give a cake 3.2 cm
in thickness. The weight percentage of solids of the cake is 60.2 % and the vis-
cosity is l ¼ 1 cp. Figure 9.24 shows a plot of t=Vf versus Vf :

Parameters:
From Fig. 9.24 the ordinate intercept a ¼ 0:0071 and the slope is b ¼

1 � 10�6 and from Eq. (9.44), the intercept and slope are given by:

a ¼ 0:0071 ¼ l
SDp

‘m

km
and b ¼ 1 � 10�6 ¼ 1

2S

u0

ð1� u0 � e0Þkðu0Þ

u0 ¼
5

2:5 � ð100� 5Þ þ 5
¼ 0:0206 ðSuspensionÞ

ucake ¼ 1� e0 ¼
60:2

2:5 � ð100� 60:2Þ þ 60:2
¼ 0:374 Cakeð Þ

e0 ¼ 1� 0:209 ¼ 0:791 Cakeð Þ

t/Vf = 1E-06Vf + 0.0071

R2 = 0.9977
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Fig. 9.24 Plot of t/Vf versus Vf to calculate filtration parameters
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Dp ¼ 40 � 6:897 � 104 ¼ 2:76 � 106 dyns=cm2

l ¼ 0:01 g/cm-s

From (9.45):

Rm ¼ a � DpS

lf
¼ 0:0071 � 40 � 6:897 � 104

0:01
¼ 9:79 � 108 cm�1

kðu0Þ ¼
l

2S2Dp
� u0

1� u0 � e0
� 1

b

¼ 0:01
2 � 5002 � 2:76 � 106

� �
0:0206

1� 0:0206� 0:209

� �
1

10�6

� �

¼ 1:18 � 10�16 cm2

QFiltrate ¼ 10,000 � 103

3:6 � 103

� �
¼ 2,777:8 cm3=s

From Eq. (9.11) the filtration area is:

S ¼ l � Rm þ
‘ðtÞ

kðu0Þ

� �
QFiltrate

Dp

¼ 0:01 � 9:67 � 108 þ 3:2
�

1:94 � 10�11
� �� �

� 2,777:8
2:76 � 106 � 105

� �

¼ 1:7584 � 105 cm2 � 77:87 m2

Problem 9. 7 Calculate the permeability and resistance of the filter medium of a
material filtered in the laboratory at 70 kPa through a filter area of 45 cm2. The ratio
of the wet and dry cake weight was 1.34. The solid, filtrate and feed pulp densities is
qs ¼ 2,640 kg=m3, qf ¼ 1,000 kg/m3 and pulp density q ¼ 1,320 kg=m3. The fil-
trate viscosity is lf ¼ 0:01 poises. Table 9.4 shows the filtrate production over time:

Calculate the permeability and filter medium resistance.
Volume fraction in the feed:

u0 ¼
1,320� 1,000
2,640� 1,000

¼ 0:195

Table 9.4 Filtration production in time

Time t in s Volume in cm3 Time t in s Volume in cm3

0 0 457 285
170 141 527 320
275 200 589 341
340 230 660 370
390 252
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The ratio of wet to dry cake is the inverse of the solid fraction of the cake,
therefore:

X ¼ ms

ms þ mf
¼ 1

1:34
¼ 0:746

Volume fraction of solids in the cake:

uc ¼
qf X

qsð1� XÞ þ qf X
¼ 1,000 � 0:746

2,640 � ð1� 0:746Þ þ 1,000 � 0:746
¼ 0:527

Cake porosity e ¼ 1� uck ¼ 1� 0:527 ¼ 0:473
Plotting t=Vf versus Vf , we obtain the Fig. 9.25.
From the figure a = 0.88946 and b = 0.00246, so that:

Rm ¼ a � DpS

lf
¼ 0:88946 � 7:0 � 105 � 45

0:01
¼ 2:80 � 109cm�1

kðeÞ ¼ 1
b
�

lf

2S2Dp
� u0

1� u0 � e
¼ 1

0:00246
� 0:01

2 � 452 � 7 � 105

� 0:195
1� 0:195� 0:473

¼ 8:44 � 1011 cm2

t/V = 0.00246V + 0.88946
R2 = 0.98310

0.0

0.5

1.0

1.5

2.0

2.5

0 50 100 150 200 250 300 350 400 450

Volume cm3

t/V
  s

/c
m

3

Fig. 9.25 Determination of the cake permeability and filter medium resistance
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Specific resistance of the cake is:

a ¼ ‘

kðeÞ ¼
0:784

8:44 � 10�10
¼ 5:33 � 10�1

Problem 9.8 Calculate the specific resistance of the filter medium and the cake
permeability for a copper concentrate filtered in a Larox PF filter. A laboratory test
was performed in the FILTRATEST having a filtration area of 19.63 cm2. A sample of
156.78 g of solid was filtered at 2 bars for 39.76 s, time at which the cake was
formed. The volume of filtrate formed at any time was registered and is shown
Fig. 9.26. (Fig. 9.27)

The following data are known: (Tables 9.5, 9.6, 9.7)
Plotting t/Vf versus Vf in Fig. 9.28, we get the correlation:

t=Vf ¼ t=ð�0:0029 � t2 þ 0:480 � t � 2:841Þ

From Fig. 9.28 the values of a and b are a ¼ 3:0855 s/cm3 and
b ¼ 0:029 s/cm6, then:

Rm ¼
a � Dp � S

lf
¼ 3:0855 � 2 � 105 � 19:63

0:012
¼ 1:0095 � 109 cm�1

V f = -0.0029t 2 + 0.4804t  - 2.841

R2 = 0.9981
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Fig. 9.26 Filtrate volume versus time for the laboratory experiment in a FILTRATEST. The line
gives the polynomial correlation
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Pulp concentration 78 % solid
Feed volume fraction u0 ¼ 78

3:87 � ð100� 78Þþ 78 ¼ 0:478

Cake porosity

e ¼ 1� 156:78=3:78
19:63 � 3:6

¼ 0:43

k e0ð Þ ¼
1
b
�

lf

2S2Dp

u0

1� u0 � e

¼ 1
0:029

0:012

2 � ð19:63Þ2 � 2 � 106

0:48
1� 0:478� 0:43

¼ 5:74 � 10�9 cm2

Table 9.5 Data for the
filtration of a copper
concentrate in a Larox PF
filter

Parameters Larox PF filter

Solid density, g/cm3 3.87
Filtrate density, g/cm3 1.0
Feed pulp concentration, % by weight 78.0
Filtrate viscosity, kg/m-s 0.0012
Particle size Size analysis
Feed pulp temperature, �C 20
Feed pulp pH 9.1
Pressure during cake formation, bar 2
Air pressure during blowing, bar 4
Cake thickness, mm 3.6

Table 9.6 Particle size
analysis

Mesh size Average size x, lm Weight retained, g f3(x)

35/48 365 2.32 0.024
48/65 252 0.77 0.008
65/100 178 1.87 0.019
100/150 126 7.75 0.079
150/200 89 16.22 0.165
200/270 63 27.15 0.277
270/400 45 23.73 0.242
-400 31 18.27 0.186
SUMM 98.15 1.000

Table 9.7 Laboratory data Cake thickness, mm 36
Weight of wet cake, g 168.28
Weight of dry cake, g 156.78
Cake formation time t1, s 39.76
FILTRATEST area, cm2 19.63
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Effect of the particle size

The Kozeny–Carman equation for the permeability of porous media was given
in Sect. 6.3, Eqs. (6.29)–(6.33):

t /V f = 0.029V f + 3.0855

0

10

20

0 2 4 6 8 10 12 14 16

Filtrate volume V f

t /
V

f,
 s

/c
m

3

t /V f=t/(-0.0029t 2+0.4804t -2.841)

Fig. 9.27 Classical t/Vf versus Vf curve for the determination of the permeability and the filter
medium resistance
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Fig. 9.28 Capillary curve: pressure drop versus saturation
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k eð Þ ¼
d2

p

36b

 !
e3

1� eð Þ2
; k eð Þ ¼ d2

ew
2

36b

� �
e3

1� eð Þ2
;

k eð Þ ¼ �x2
12

b as=avð Þ2

 !
e3

1� eð Þ2

ð9:46Þ

These equations show that the permeability of a filter cake depends on the
characteristics of the particles through two particle parameters, the average particle
size and the particle shape, both squared, and on the porosity through the function

e3
.
ð1� eÞ2. This last function, as we have already seen, depends on size distri-

bution, the packing factor and particularly the applied pressure.

Problem 9.9 For the data of problem 9.8, use the Kozeny–Carman equation to
predict the permeability of a filter cake formed at 6 bars of applied pressure.

At 4 bars of cake formation pressure, the porosity was e ¼ 0:43. Since the
copper concentrate is practically incompressible, we can assume that at 4 and
6 bars the porosity will be the same. Assume a sphericity of w ¼ 0:5 for the
concentrate. The particle size distribution is given in Table 9.8.

The surface volume average is �x12 ¼ 1
1:85 � 10�2 ¼ 54:18 lm and the equivalent

volume diameter de ¼ 0:69 � �x12 ¼ 0:69 � 54:18 ¼ 37:39 lm (Concha et al.
1973). After Coulson and Richardson (1968), b ¼ 5, therefore:

k eð Þ ¼ dewð Þ2

36b
e3

1� eð Þ2
¼ 37:39 � 10�4 � 0:5ð Þ2

36 � 5
� 0:433

1� 0:43ð Þ2
¼ 4:75 � 10�9 cm2

(c) Residual saturation and capillary curve

The entry pressure and the residual saturation are two important parameters to
determine the operating conditions of an industrial filter. Entry pressure is the

Table 9.8 Particle size distribution

Mesh size Average size x, lm Weight retained, g f3(x) xf3(x) f3(x)/x

35/48 365 2.32 0.024 8.89 6.67E-5
48/65 252 0.77 0.008 1.98 3.11E-5
65/100 178 1.87 0.019 3.39 1.07E-4
100/150 126 7.75 0.079 9.95 6.27E-4
150/200 89 16.22 0.165 14.71 1.86E-3
200/270 63 27.15 0.277 17.43 4.39E-3
270/400 45 23.73 0.242 10.88 5.37E-3
-400 31 18.27 0.186 5.77 6.00E-3
Sum 98.15 1.000 72.99 1.85E22
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minimum pressure at which a saturated filter cake begins dewatering. It is the
lower boundary for the blowing pressure. Residual saturation is the value at which
the saturation does not decrease with increased pressure.

Problem 9.9 Calculate the entry pressure and the residual saturation for a copper
concentrate, with a density qs ¼ 3:87 g

�
cm3, having the data of Table 9.9, plotted

in Fig. 9.28 showing the values pb ¼ 0:20; s1 ¼ 0:50:

The figure shows that it is unnecessary to blow air at pressures over 2.5 bars,
and that the minimum saturation possible is s = 0.50. Since the porosity is
e ¼ 0:43, the minimum humidity of the final cake is:

h ¼ 100 �
qf es

qf esþ qsð1� eÞ

¼ 100 � 1,000 � 0:43 � 0:50
1,000 � 0:43 � 0:50þ 3,870 � ð1� 0:43Þ ¼ 8:9 %

Correlation for the residual saturation

According to Wakeman, see Eqs. (6.74) and (6.75) of this book, the residual
saturation can be calculated in terms of the capillary number with the following
equations:

s1 ¼ 0:155 1þ 0:031 N�0:49
cap


 �
; Ncap ¼

e3
av�x

2
12Dp

1� eavð Þ2‘c

Table 9.9 Filtrate production in time during the blowing stage

Dp Filtrate volume Vf Liquid in the cake V Porosity e Saturation s

0.00 16.47 26.3 0.43 1.00
0.20 17.07 25.7 0.43 0.98
0.40 22.84 19.9 0.43 0.76
0.45 24.32 18.5 0.43 0.70
0.47 26.17 16.6 0.43 0.63
0.50 27.09 15.7 0.43 0.60
0.55 27.79 15.0 0.43 0.57
0.60 28.39 14.4 0.43 0.55
0.65 28.56 14.2 0.43 0.54
0.70 28.57 14.2 0.43 0.54
0.80 28.57 14.2 0.43 0.53
0.90 28.86 13.9 0.43 0.53
1.00 28.89 13.9 0.43 0.51
1.50 29.32 13.5 0.43 0.50
2.00 29.58 13.2 0.43 0.50
2.50 28.58 13.2 0.43 0.50
3.00 29.58 13.2 0.43 0.50
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where Ncap is the capillary number, eav and ‘ are the average cake porosity and
the thickness, �x12 is the surface-volume average particle size, Dp is the pressure
drop across the cake and c is the liquid surface tension.

Problem 9.10 Determine the residual saturation for the filter cake of the previous
problem. The experimental information is:

eav ¼ 0:43; �x12 ¼ 54:18 lm; Dp ¼ 2:5 bars, ‘ ¼ 3:5 cm, c ¼ 72 dyns=cm

Ncap ¼
e3

av�x
2
12Dp

1� eavð Þ2‘c
¼
ð0:43Þ3 � 54:18 � 10�4ð Þ2 � 2:5 � 106

� �
1� 0:43ð Þ2 � 3:5 � 72

¼ 0:0713

s1 ¼ 0:155 � 1þ 0:031 � N�0:49
cap


 �
¼ 0:155 � 1þ 0:031 � 0:0713�0:49

� �
¼ 0:173

The value obtained with Wakeman’s correlation is about 35 % of the
experimental value of s1 ¼ 0:50.

(d) Relative permeability

We defined the relative permeability of the water and that of the air in a porous
medium at time t, as the ratio of the respective water and air permeability at time
t and the permeability of the saturated cake. As we know, this last parameter is a
property solely of the porous medium.

To calculate the permeabilities of the water and the air during the blowing
filtration stage, the flow of water and air as a function of time must be known
(Table 9.10).

Problem 9.11 Determine the relative permeabilities of water and air for a copper
concentrate filtration process. Experiments were made with the FILTRATEST on a
copper concentrate pulp with 73 % solid by weight. Experimental conditions
were: Dp ¼ 6 bars for the cake formation stage, filtration area S ¼ 6:55 cm2,
temperature T ¼ 20 �C, filtrate viscosity l ¼ 1 mPa-s, air viscosity 0:0187 mPa-s,
concentrate density qs ¼ 4:50 g

�
cm3. At the end of the filtration cycle, the humid

cake weighed 46.57 g and after drying, the weight was 43.27 g. The cake for-
mation stage took 37 s and liberated 5.79 g of filtrate. The expression stage
eliminated 4.56 g of filtrate during 38 s at Dp ¼ 7:5 bars. Finally, during 121 s, air
blown at Dp ¼ 6 bars liberated 1.99 g of additional filtrate. Table 9.11 shows data
for the several filtration stages. The rate of filtrate production is given in the first
two columns of Table 9.12, for the cake formation stage, and the first three col-
umns of Table 9.13 for the blowing stage.
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Cake permeability
To calculate the cake permeability, we model the filtrate volume flow from

Table 9.12.
Figure 9.29 shows a plot of the filtrate volume versus time for the cake

formation stage.

Table 9.10 Summary of the mass balance results

Data Symbol Unit cgs

Solid density qs 4.5
Temperature T(�C) 20
Filter area S 6.5
Pressure drop in cake formation DP 6.00E+06
Pressure drop in expresion DP 8.50E+06
Pressure drop in blowing DP 6.00E+06
Filtrate viscosity lf 0.01
Air viscosity la 0.000187
Weight of humid cake Wh 4.66E+01
Weight of dry cake Wd 4.33E+01
Cake formation time t1 3.70E+01
Cake expresion time t2 3.80E+01
Cake blowing time t3 1.21E+02
Filtrate from formation V1 5.79E+00
Filtrate from expresion V2 4.56E+00
Filtrate from blowing V3 1.99E+00
Parameter t/Vf versus Vf a 4.73E+00
Parameter t/Vf versus Vf b 2.85E-01
Results
Weight of humid cake Wh 4.66E+01
Weight of dry cake Wd 4.33E+01
Filtate in saturate cake Vfsc 9.85E+00
Filtrate after expresion Vfaexp 5.29E+00
Filtrate in final cake Vffc 3.30E+00
Total filtrate produced Vf 1.23E+01
Water in suspension Vwat0 1.56E+01
Humidity of saturated cake hsc 18.54
Humidity of final cake hfc 7.09
% solid in suspension w0 73.5
Volume fraction in suspension u0 0.381
Cake volume of saturated cake Vcsat 19.47
Cake volume after expression Vcaexp 14.91
Cake porosity in cake formation e0 0.506
Cake thickenes in formation Lexp 2.97
Cake thickeness after blowing Lb 2.28
Cake porosity after blowing in blowing eab 0.355
Cake final saturation S 0.624
Cake permeability k(e) 2.29E-10
Filtermedia resistance Rm 1.86E+10
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From the figure, the following correlation are obtained:

Vf ¼ �0:0012 t2 þ 0:2189 t � 0:5716

Using this correlation, a graph t=Vf versusVf yields Fig. 9.30.
From the correlation t=Vf ¼ 4:7322þ 0:2848Vf , the following parameters

a and b are:

a ¼ 4:7322 and b ¼ 0:2848

With these values, the permeability and the filter medium resistance are:

Table 9.11 Data for different filtration cycles

Stage Time s Dp bars Filtrate production at stage, g

Formation 36.69 6.0 5.79
Expression 38.31 7.5 4.56
Blowing 120.57 6.0 1.99
Total 195.57 12.34

Table 9.12 Filtrate production in time during the cake formation stage

Cake formation stage

time t, s Vf cm3 Vf (sim) cm3 t/Vf (sim) s/cm3

2.14 0.01 0.0491 43.550
4.18 0.25 0.2932 14.255
6.21 0.68 0.6570 9.452
8.24 1.14 1.0682 7.714
10.27 1.56 1.4913 6.887
12.31 1.93 1.9115 6.440
14.34 2.34 2.3170 6.189
16.37 2.65 2.7064 6.049
18.4 3 3.0788 5.976
20.43 3.35 3.4339 5.950
22.47 3.75 3.7740 5.954
24.5 4.06 4.0966 5.981
26.53 4.48 4.4042 6.024
28.56 4.7 4.6979 6.079
30.6 4.99 4.9798 6.145
32.63 5.27 5.2481 6.217
34.66 5.48 5.5051 6.296
36.69 5.79 5.7514 6.379
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kðeÞ ¼ 1
b
� l

2S2Dp
� u0

1� u0 � e0

¼ 1
0:2848

� 0:01
2 � 6:552 � 6 � 106

0:381
1� 0:381� 0:506

¼ 2:293 � 10�10 cm2

Rm ¼ a � DpS

l
¼ 4:7322

6 � 106 � 6:55
0:01

¼ 1:860 � 10þ10 cm�1

Relative permeability
The first four columns of Table 9.13 show data for the blowing stage. The plot

of the filtrate volume versus time for the blowing stage gives: (see Figs. 9.31, 9.32,
9.33, 9.34):

Vf ¼ �0:0482þ 0:544 t0:278 Qf ðtÞ ¼ 0:1512 t�0:722

QaðtÞ ¼ 46:17 1� 1= expðtÞð Þ þ 0:02713 � t

The effective and relative permeabilities of the filtrate and of the air are given by:

keaðtÞ ¼
‘

Dp

� �
�

lf Qf ðtÞ
S

� �
and kra ¼

kea

k eð Þ

kaðtÞ ¼
‘

Dp

� �
� laQaðtÞ

S

� �
and kraðtÞ ¼

kra

k eð Þ

The saturation is given by:

s ¼ Vf�suspension � Vf�totalðtÞ
Vf�suspension � Vf�cakeformation þ Vf�expression

� � ¼ 15:64� Vf�totalðtÞ
15:64� 5:79þ 4:56ð Þ

¼ 15:64� Vf�totalðtÞ
5:29

;

The residual saturation is s1 ¼ 0:535, so that the reduced saturation becomes:

sr ¼
s� s1
1� s1

¼ s� 0:535
1� 0:535

¼ s� 0:535
0:465

The relative permeabilities can now be correlated with the reduced saturation in
the form (see Fig. 9.35):

krf srð Þ ¼ exp �5:50 1� s2
r

� �� �
kra srð Þ ¼

0:67 1� sr

� �
1� 0:92 � sr � 0:045 � s2

r

:
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V f = -0.0012t 2 + 0.2189t  - 0.5716
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Fig. 9.29 Filtrate volume versus time for the cake formation stage
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Fig. 9.30 Plot of t/Vf versus Vf for a copper tailings
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9.5 Continuous Modeling

9.5.1 Vacuum Filters

Vacuum filtration is an important process in the mining industry and for the first
half of the 20th century it was the only filtration process in practice.

In this type of filtration, pulp feeds a tank in which a filter is submerged. The side
of the filter in contact with the feed is at atmospheric pressure while the other side
connects to a vacuum pump that provides a pressure drop across the filter. The
difference in pressure drives the filtrate across the filter medium leaving the solid
adhering in the form of a cake. The maximum theoretical pressure available for this
type of filter is one atmosphere, but the pressure drop in the piping system and,
especially, the height of the location with respect to sea level drastically diminishes
this value, often reaching 0.6–0.8 bars. Thus vacuum filtration operates at low and
constant pressure drop and therefore the filter cake produced is incompressible.

Rotary drum, disc, band and pan filters operate under vacuum. The selection of
the appropriate filter for a given duty depends principally on the material to be
filtered. Pulps with large solid particles, such as potassium chloride or potassium
sulphide crystals, are difficult to maintain in suspension and therefore band filters
are best, while disc or drum filters are appropriate for pulps of fine material.

One of the main costs of using filter cloth is the air consumption with power
demands on the order of 2–15 kW/m2 of filter area (Henriksson 2000). An alter-
native to filter cloth is ceramic plates made of alumina. These filters are homo-
geneous and have small pores on the order of 2 ml, which produce capillary
suction according to the Young–Laplace equation (see Sect. 6.5.1 in this book).
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Fig. 9.35 Relative permeability versus reduced saturation

330 9 Filtration

http://dx.doi.org/10.1007/978-3-319-02484-4_6


This action permits fluid flow through the filter medium with minimum help from a
vacuum, requiring only about 0.05 kW/m2 of filter area (Henriksson 2000). The
principal problem with ceramic filters is blockage of the pores with small solid
particles that must be removed with acid leaching.

Rotary Filter Model

Consider a rotary vacuum filter, for example a disc filter, rotating at N rpm with
cake formation and dehumidification stages. The time tR, in minutes, for each rev-
olution is tR ¼ 1=N. If the fraction of this time used during the cake formation is I,
then, the time for the cake formation stage t0 and the time for dehumidification t3 are:

cake formation stage:

t0 ¼ I � tR ¼
I

N
; min =rev ð9:47Þ

dehumidification stage

t3 ¼ 1� Ið Þ � tR ¼
1� I

N
; min =rev ð9:48Þ

Assume that the filter is submerged in the suspension forming an arc with an
angle of h, as is shown in Fig. 9.36. The fraction of time I in cake formation must
be equal to the fraction of filter area submerged in the suspension, that is
I ¼ h=360, then, Eqs. (9.47) and (9.48) become:

t0 ¼
h

360
� 1

N
and t3 ¼ 1� h

360

� �
� 1

N
; min =rev ð9:49Þ

(a) Cake formation

The relationship between the production of filtrate and the cake formation time
is given by Eq. (9.16), therefore:

θ

h

Fig. 9.36 Rotary vacuum
filter
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V2
f t0ð Þ þ 2Skðe0ÞRm

1� u0 � e0

u0
Vf t0ð Þ � 2S2kðe0Þ

Dp

l
1� u0 � e0

u0
t0 ¼ 0

Substituting (9.49) in this equation yields the volume of filtrate per revolution:

V2
f Nð Þ þ 2Skðe0ÞRm

1� u0 � e0

u0
Vf Nð Þ � 2S2kðe0Þ

Dp

l
1� u0 � e0

u0

h
360 N

Rearranging:

S

N

� �2 Vf Nð ÞN
S

� �2

þ 2Skðe0ÞRm
1� u0 � e0

u0

S

N

� �
Vf Nð ÞN

S

� �

� 2S2kðe0Þ
Dp

l
1� u0 � e0

u0

h
360 N

¼ 0

Dividing by S2=N2 gives:

Vf Nð ÞN
S

� �2

þ 2Nkðe0ÞRm
1� u0 � e0

u0

Vf Nð ÞN
S

� �

� 2 kðe0Þ
l

1� u0 � e0

u0

h N

360
¼ 0

Filtrate flow rate

The term Vf ðNÞN=S ¼ q0 is the filtrate flow rate produced per unit area during
N revolutions. Substituting the previous equation yields an equation for the pro-
duction of filtrate during the cake formation time

q2
0ðtÞ þ 2Nkðe0ÞRm

1� u0 � e0

u0
q0ðtÞ �

kðe0ÞNDp

l
1� u0 � e0

u0

h
180
¼ 0 ð9:50Þ

The solution to this equation is:

q0ðtÞ ¼ Nk e0ð Þ
1� u0 � e0

u0
R2

m þ
Dp

lk e0ð Þ
u0

1� u0 � e0

h
180 N

� �1=2

�Rm

( )

ð9:51Þ

Mass flow rate

The mass flow rate relates to the filtrate flow rate by Eq. (9.14), that is

msðtÞ ¼
qsu0ð1� e0Þ
1� u0 � e0ð Þ Sq0ðtÞ
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Substituting Eq. (9.51) yields:

msðtÞ ¼ qsð1� e0Þk e0ð ÞSN R2
m þ

Dp

lk e0ð Þ
u0

1� u0 � e0

h
180 N

� �1=2

�Rm

( )
ð9:52Þ

Neglecting the filter media resistance, Eqs. (9.54) and (9.52) become:

q0ðtÞ ¼
k e0ð ÞDp

l
1� u0 � e0

u0

h N

180

� �1=2

ð9:53Þ

msðtÞ ¼ qs 1� e0ð ÞS k e0ð ÞDp

l
1� u0 � e0

u0

h N

180

� �1=2

ð9:54Þ

Equations (9.51)–(9.54) permit the calculation of a rotary vacuum filter
capacity. In these equations u0 is the suspension volume fraction, e0 and k e0ð Þ are
the filter cake porosity and permeability during the cake formation stage, qs is the
solid particle density, l is the filtrate viscosity, Dp is the total pressure drop across
the filter, N is the filter velocity in rpm and h is the angle subtended by the part of
the filter submerge in the suspension.

It is useful to separate the variables in Eqs. (9.53) and (9.54) that are properties
of the suspension, the cake and the filtrate from operating variables:

q0ðtÞ ¼
1� u0 � e0

u0

� �1=2

� k e0ð Þð Þ1=2

Suspension and cake properties

� 1
l

� �1=2

Filtrate property

� Dp
h

180
N

� �1=2

Operational variables

ð9:55Þ

ms e0; tð Þ ¼ S
1� u0 � e0

u0

� �1=2

k e0ð Þð Þ1=2

Suspension and cake properties

� 1
l

� �1=2

�
Filtrate property

qs
Solidproperty

� Dp
h

180
N

� �1=2

Operational variables

ð9:56Þ

Cake thickness

The cake thickness is related to its mass by Eq. (9.13):

‘ ¼ ms e0; tð Þ
qsS 1� e0ð Þ ð9:57Þ

Replacing Eq. (9.57) with Eqs. (9.56) or (9.52), depending whether or not the
filter medium resistance is omitted, yields:

‘ e0; tð Þ ¼ k e0ð Þ � R2
m þ

Dp

lk e0ð Þ
u0

1� u0 � e0

h
180 N

� �1=2

�Rm

( )
ð9:58Þ
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‘ e0; tð Þ ¼ u0

1� u0 � e0

� �1=2

� k e0ð Þð Þ1=2 � Dph
180 N

� �1=2

ð9:59Þ

(b) Cake dehumidification

The cake dehumidification takes place by vacuum suction of the filtrate in the
interior of the equipment from the atmosphere at the surface of the filter cake. The
suction time t3 is given by Eqs. (9.36) and (9.49), then:

1� h
360

� �
1
N
¼ l‘e

Dp
Rmð1� sÞ þ ‘

k e0ð Þ

Z1

s

dg
kr‘ g; s1ð Þ

0
@

1
A ð9:60Þ

This equation relates the rotation speed to the final saturation. The air flow
during the dehumidification stage is given by Eq. (9.37):

QaðtÞ ¼
SDp

la

� �
Rm þ

‘

k e0ð Þkraðs; s1Þ

� ��1

ð9:61Þ

In these equations kr‘ðsÞ and kraðsÞ are the relative permeabilities of the liquid
and air respectively.

Problem 9.12 A rotary drum filter with 3 m2 of area operates at a speed of
0.5 rpm, an internal pressure of 30 kN/m2 and 30 % of its surface area submerged.
The atmospheric pressure is 1.013 9 105 N/m2. Calculate the filter capacity and
the final humidity of the cake. The cake is incompressible and the filter cloth
resistance is equivalent to the resistance of a 1 mm filter cake. The following data
are known:

Submerged angle h ¼ 120�

Surface area S ¼ 3m2

Rotational speed N ¼ 0:5 rpm
Atmospheric pressure 1.013 9 105 N/m2

Internal pressure 30 kN/m2

Suspension concentration N ¼ 0:5 rpm
Cake porosity e0 ¼ 0:40
Cake permeability k e0ð Þ ¼ 5 � 10�13m2

Cake thickness ‘ ¼ 2:3 cm
Solid density qs ¼ 2,000 kg

�
m3

Filtrate density q‘ ¼ 1,000 kg
�

m3

Filtrate viscosity la ¼ 1 � 10�3 Pa - s
Air viscosity la ¼ 1:85 � 10�5 Pa - s
Liquid relative permeability; kr‘ ¼ exp 4:466 s2

r � 1
� �� �

Air relative permeability kra ¼ 0:5521 � 1�srð Þ
1�0:9155 � sr�0:07643 � s2

r
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Results:

Filtration time:

Capacity:
Filter capacity given by (9.52)

ms¼qs � 1� e0ð Þ � k e0ð Þ � S � N R2
mþ

Dp

l‘ � k e0ð Þ
� u0

1�u0�e0
� h

180 � N

� �1=2

�Rm

( )

¼2,000 � ð1�0:4Þ � 5 � 10�13 � 3 � ð0:5=60Þ

� 2 � 109
� �2þ 0:713 � 105

1 � 10�3 � 5 � 10�13

0:111
1�0:111�0:4

� 120
180 � ð0:5=60Þ

� �1=2

�2 � 109

( )

¼0:731 kg=s

¼0:731 � 3,600=1,000¼2:64 tph

¼2:64 � 24¼63:4 tpd

Cake thickness:

From Eq. (9.57): ‘ ¼ ms
qs 1 � e0ð ÞSN ¼ 0:792

2,000 � 1 � 0:4ð Þ � 3 � 0:5=60 � 100 ¼ 2:64 cm

Filtrate flow: Qf ¼ ms
qs

1 � u0 � e0

u0

1
1 � e0

¼ 0:0025 m3=s

Cake humidity:

Equation (9.34) relates the filtrate flow to the relative permeability:

Dp

l‘
¼ Rm þ

‘

k e0ð Þ � k � kr‘ sð Þ

� �
q‘

The relative permeability is then:

kr‘ sð Þ ¼ ‘

Dp=l‘Q‘ � Rmð Þ � k eð Þ ¼
2:64

7:13 � 105 � 3
10�3 � 2:5 � 10�3 � 2 � 109
� �

� 5 � 10�13

¼ 0:635

If the constitutive equation of the relative permeability of the filtrate is given by:

Pressure drop Dp ¼ 1:013 � 105 � 0:3 � 105 ¼ 0:713 � 105 N=m2

Suspension concentration u0 ¼ 20 � 1,000=ð2,000 � ð100� 20Þ þ 20Þ ¼ 0:111
Filter medium resistance Rm ¼ 1 � 10�3

k e0ð Þ ¼
1 � 10�3

5 � 10�13 ¼ 2 � 109 m�1

Rotation time tR ¼ 1
N ¼ 60

0:5 ¼ 120 s

Cake formation time t1 ¼ h
360 tR ¼ 120

360 � 120 ¼ 40 s

Dehumidification time t3 ¼ 1� h
360

� �
� tR ¼ 1� 120

360

� �
� 120 ¼ 80 s
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kr‘ srð Þ ¼ exp 4:4662 � s2
r � 1

� �� 

Then, the reduced saturation is:

sr ¼
ln kr‘ srð Þ
4:4662

þ 1

� �1=2

¼ ln 0:635
4:4662

þ 1

� �1=2

¼ �0:4547
4:4662

þ 1

� �1=2

¼ 0:948

The final saturation is:

s ¼ s1 þ sr � 1� s1ð Þ ¼ 0:535þ 0:948 � 1� 0:535ð Þ ¼ 0:976;

and the final humidity is:

h ¼ 100 �
qf es

qf esþ qs 1� eð Þ

¼ 100 � 1,000 � 0:4 � 0:976
1,000 � 0:4 � 0:976þ 2,000 � 1� 0:4ð Þ ¼ 24:5 %

Air flow
The relative air permeability is given by:

kra ¼
0:5521 � 1� srð Þ

1� 0:91554 � sr � 0:076429 � s2
r

¼ 0:5521 � 1� 0:948ð Þ
1� 0:91554 � 0:948� 0:076429 � 0:948ð Þ2

¼ 0:453

The airflow through the filter cake is given by:

Qa ¼
SDpN

la

� �
� Rm þ

‘

k eð Þkra sð Þ

� ��1

¼ 3 � 7:1 � 105 � 0:5=60
1:85 � 10�4

� �
� 2 � 109 þ 2:30

5 � 10�13 � 0:453

� ��1

¼ 9:31 � 10�4m3=s

¼ 3:35 m3=h

¼ 80:4 m3=d

9.5.2 Pressure Filters

As we said in Sect. 9.2.2, pressure filters work in a semi-continuous manner, that
is, with filter cycles.

Pulp is fed to the filtration chambers from a manifold with as many rubber hoses
as there are filtration chambers. The chambers are closed spaces between the
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filtration cloth and the rubber diaphragm. As soon as all the chambers are closed, the
pulp is pumped and distributed evenly across the horizontal surface of the filter cloth
in all the chambers. When the chambers are full, air is pumped to the other side of the
diaphragms. Although filtration starts when the pulp begins to enter the chambers,
the cake formation continues until no further filtrates comes out of the cake. If the
material is compressible, the diaphragm pressure reduces the cake porosity in an
expression stage. Once cake formation and expression are finished, air is blown
through the cake to displace the water retained in the pores. Finally, automatic
mechanisms open the set of filtration plates to discharge the cake. The table below
shows a typical filtration cycle for a Larox pressure filter (Droguett 2000).

Stage Function Time (s)

1 Closing the plates 50
2 Filling the filtration chambers 85
3 Washing the feeding tube 13
4 Washing the feeding hoses 50
5 Pressing and expression 80
6 Compressed air release 5
7 Opening and closing the outlet tubes 30
8 Cake blowing 100
9 Pressure drainage 10
10 Opening the feeding valve 1
11 Cake discharge 18
12 Filter cloth washing 72
14 Total cycle 514

The table shows that time is divided into effective filtration time, cake formation
t1, cake pressing t2 and cake blowing t3 and time that is not used for filtration,
which is called dead time t4. The filtration time is 265 s and the dead time is 249 s.
Optimizing a filtration system should shorten filtration time and especially dead
time.

Problem 9.13 With the data from problem 9.11, calculate the capacity, in tpd, of a
horizontal pressure filter with 144 m2 in filter area, to produce a copper concentrate
cake, qs ¼ 4,500 kg=m3, with 8.5 % humidity. The feeding and cake formation
takes t1 = 85 s at Dp = 6 bars producing a cake of 3.0 cm. An expression stage at
7.5 bars takes t2 = 75 s and is followed by a blowing stage at 6 bars.

From problem 9.11 we have the following data and parameters:

9.5 Continuous Modeling 337



Cake formation stage:

Dp ¼ 6 � 106 N=m2

‘ ¼ 3:0 cm

e0 ¼ 0:520

Rm ¼ 9:80 � 109 cm�1

k e0ð Þ ¼ 1:55 � 10�10 cm2

S ¼ 144m2

Expression stage:

Dp ¼ 74:5 � 106N=m2

Reduction of porosity from e0 ¼ 0:520 to e ¼ 0:362

Blowing stage:

Dp ¼ 6 � 106 N=m2

e1 ¼ 0:362

Reduced permeability correlations:

k‘ ¼ exp 4:4662 s2
r � 1

� �� 

ka ¼
0:5521 1� srð Þ

1� 0:91554001 � sr:0:07642878 � s2
r

s1 ¼ 0:535

Since the solid volume is the same before and after pressing, we can write:

Vs ¼ V0 1� e0ð Þ ¼ V2 1� e1ð Þ
V ¼ ‘ � S

‘1 ¼ ‘ �
1� e0

1� e1
¼ 3 � 1� 0:400

1� 0:362
¼ 2:82

Blowing time
To obtain the desired humidity of 8.5 %, the saturation must be:

s ¼ qs

qf

1� e0

e0

h
100� h

¼ 4:5
1

1� 0:362
0:362

8:5
100� 8:5

¼ 0:737

sr ¼
s� s1
1� s1

¼ 0:737� 0:535
1� 0:535

¼ 0:4344

From expression (9.35) and from the relative permeability of the liquid, with
parameters a ¼ �4:466256 y b ¼ 4:4661532, we obtain the blowing time to get
a saturation of 0.4344:
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t3 ¼
l‘e0

Dpe
Rmð1� sÞ þ ‘ 1� s1ð Þ

k e0ð Þ

� �Z1

sr

dg
exp aþ bg2ð Þ

¼ l‘e0

Dpe
Rmð1� sÞ þ ‘ 1� s1ð Þ

k e0ð Þ

� �
1

2b � exp aþ bg2ð Þ

� �

t3 ¼
0:01 � 2:26 � 0:362

6 � 106
� 9:80 � 109 � ð1� 0:737Þ þ 2:26 � ð1� 0:535Þ

10:55 � 10�10

� �

� exp 4:466256� 4:4661532 � g2ð Þ
�2 � 4:4661532 � g

� �1

0:43

¼ 91:7 s

Airflow:
The airflow is calculated from (9.36):

Qa ¼
SDpe

la

� �
� ‘

k e0ð Þfa e0; sð Þ

� ��1

Qa ¼
SDpe

la

� �
� ‘

k e0ð Þ � a þ csr
1 þ bsr þ ds2

r


 �
0
@

1
A
�1

¼ 1:24 m3
�

s

Air consumption:

Va ¼ Qa � t3 ¼ 1:24 � 91:7 ¼ 113:8 m3

Filter capacity:
The time for one cycle is:

t ¼ t1 þ t2 þ t2 þ t4

¼ 85þ 80þ 92þ 249 ¼ 506 s

Therefore, for each cycle of 506 s, a cake is formed in 85 s.
Mass per cycle:

m e0; tð Þ ¼ qs 1� e0ð ÞS 2
l

� �0:5

� u0

1� u0 � e0

� �0:5

� k e0ð Þð Þ0:5 � Dp0:5
e � t0:5

¼ 2:356 � 107 g=cycle

¼ 2:356 � 107 � 3600=506 ton=cycle

¼ 167:6 tph:
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