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Abstract. Deterministic recursive algorithms for the computation of
generalized Bruhat decomposition of the matrix in commutative domain
are presented. This method has the same complexity as the algorithm of
matrix multiplication.

1 Introduction

A matrix decomposition of a form A = VwU is called the Bruhat decomposition
of the matrix A, if V and U are nonsingular upper triangular matrices and w
is a matrix of permutation. It is usually assumed that the matrix A is defined
in a certain field. Bruhat decomposition plays an important role in the theory
of algebraic groups. The generalized Bruhat decomposition was introduced and
developed by D.Grigoriev[l],[2].

In [3] there was constructed a pivot-free matrix decomposition method in a
common case of singular matrices over a field of arbitrary characteristic. This
algorithm has the same complexity as matrix multiplication and does not require
pivoting. For singular matrices it allows us to obtain a nonsingular block of the
biggest size.

Let R be a commutative domain, F' be the field of fractions over R. We want to
obtain a decomposition of matrix A over domain R in the form A = VwU, where
V and U are upper triangular matrices over R, and w is a matrix of permutation,
which is multiplied by some diagonal matrix in the field of fractions F'. Moreover
each nonzero element of w has the form (a‘a’~!)~!, where a’ is some minor of
order 4 of matrix A.

We call such triangular decomposition the Bruhat decomposition in the com-
mutative domain R.

In [6], a fast algorithm for adjoint matrix computation was proposed. On the
basis of this algorithm for computing the adjoint matrix, a fast algorithm was
proposed in [§] for LDU decomposition. However, this algorithm requires the
calculation of the adjoint matrix to calculate the LDU decomposition.

In this paper, we propose another algorithm that does not rely on the cal-
culation of the adjoint matrix and which costs less number of operations. We
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construct the decomposition in the form A = LDU, where L and U are lower
and upper triangular matrices, D is a matrix of permutation, which is multiplied
by some diagonal matrix in the field of fractions F' and has the same rank as the
matrix A. Then the Bruhat decomposition VwU in the domain R may easily be
obtained using the matrices L, D and U.

2 Triangular Decomposition in Domain

Let R be a commutative domain, A = (a; ;) € R™*™ be a matrix of order n,
af’j be k x k minor of matrix A which disposed in the rows 1,2,...,k — 1,7 and
columns 1,2, ...,k — 1,7 for all integers ¢, j, k € {1,...,n}. We suppose that the
row ¢ of the matrix A is situated at the last row of the minor, and the column j
of the matrix A is situated at the last column of the minor. We denote a® = 1
and of = ozk i for all diagonal minors (1 < k < n). And we use the notation J;;
for Kronecker delta.

Let k and s be integers in the interval 0 < k < s < n, A" = (a k+1) be the

matrix of minors with size (s — k) x (s — k) which has elements afjl, i,j =

k+1,. — 1,5, and A) = (o ;) = A.
We shall use the following 1dent1ty (see [, [5]):

Theorem 1 (Sylvester determinant identity).
Let k and s be the integers in the interval 0 < k < s < n. Then it is true that

det(A¥) = a®(aF)*=F1. (1)

Theorem 2 (LDU decomposition of the minors matrix).

Let A = (a;;) € R™ ™ be the matriz of rank r, o* # 0 fori =k,k+1,...,r,
r < s < n, then the matriz of minors A¥ is equal to the following product of
three matrices:

Ak = IEDAUE = (af (650" (@) ") (al )- (2)

7'7

The matriz L* = (a] j) i=k+1...s,j=k+1...7, is a low triangular matriz
of size (s — k) x (r— k), the matriz Us’C =(aj;),i=k+1l...r, j=k+1...5,is
an upper triangular matriz of size (r —k) x (s —k) and D’C (6;;0F (@=tat)7h),
i=k+1...r,j=k+1...7, is a diagonal matriz of size (r — k) x (r — k).
Proof. Let us write the matrix equation (2) for k+1=r

(ai3h) = (@) Grrerra® (@ a7 (@] ) 3)
This equation is correct due to Sylvester determinant identity

QFHlgh+l _ g+l kel k42, k
@i j T k1041, T @iy @ (4)

and the equality ak +2 — . This equality is a consequence of the fact that minors

k” have the order greater then the rank of the matrix A.
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Let for all b, k < h < r, the statement (1) be correct for matrices A" = (a?jl).
We have to prove it for h = k. Let us write one matrix element in (2) for the

matrix A*! = (a k;rQ) :

min(i,j,r)

k+2 _ t kbl t—1 t\—1 ¢
a; ;"= Z a; 4o (') a; ;-

t=k+2

We have to prove the corresponding expression for the elements of the matrix
AF. Due to the Sylvester determinant identity (3) we obtain

k+1 _ k+1

ai,j — i,k+1(ak+1) 1 k+1 Lo ( k+1) 1 k+2

k+1 J ’J

min(i,7,r)
k+1 k(akak+1)—1ak+l 4+Ckk(0lk+1)_1 Z a;ﬁ’tak+l(at—lat)—1at -

az k+1a k+1,j t,J
t=k+2
mlnl
at—lat)~lat
g alta at)” a ;-
t=k+1

Consequence 1 (LDU decomposition of matrix A). Let A=(a; ;)€ R™",
be the matriz of rankr, r <mn, o #0 fori=1,2,...,r, then matriz A is equal
to the following product of three matrices:

A= LoDyUyR = (a] j)(6i5(a’ " a") ") (ak ). (4)
The matriz L2 = (az’j), 1= 1n, j =1...r, is a low triangular matriz of
size n x 7, the matriz US = (aaj), t=1...r, j=1...n, is an upper triangular

matriz of size r x n, and DY = (§;;(a' o)™, i=1...r,j=1...r,is a
diagonal matriz of size r X r.

Let I,, be the identity matrix and P, be the matrix with second unit diagonal.

Consequence 2 (Bruhat decomposition of matrix A). Let matric A =
(aij) have the rank v, r < n, and B = P,A. Let B = LDU be the LDU-
decomposition of matrix B. Then V = P,LP, and U are upper triangular ma-
trices of size n X r and r X n correspondingly and

A=V(P.D)U (5)
1s the Bruhat decomposition of matriz A.

We are interested in the block form of decomposition algorithms for LDU and
Bruhat decompositions. Let us use some block matrix notations.

For any matrix A (or AP) we denote by A;llx (or Agﬁéi) the block which
stands at the intersection of rows i1 +1,...,42 and columns j; +1,..., jo of the

matrix. We denote by AZl the diagonal block A“’Z2
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3 LDU Algorithm

Input: (Ak a*), 0 <k <n.

Output: {LF {aF*1 ok+2 . an} UF, ME WEY

where DF = aFdiag{a®fa**!, ... a""tan}~t MF = oF(LEDF)-1
Wy = (DRUY) ™

LIfk=n—1, A" = (a") is a matrix of the first order, then we obtain

{an’{an}’an,anfl’anfl}, DZ'71 — (an)fl.

n—1
2.lfk=n—-2, A"2 = a,y g is a matrix of second order, then we obtain
n—1 n—1 n—2 n—2 _
(7 8) s (20520 (5 4]
an—l B

_oy—1 _ 9271 _ — — —
where an:(an 2) ’DZ 220&” 2d1ag{a" 20&” 1,0&” lan} 1.

v 4
3. If the order of the matrix A is more than two (0 < k < n — 2), then we
choose an integer s in the interval (k < s < n) and divide the matrix into blocks

Aﬁ:(“g;g). (6)

3.1. Recursive step
{LE {2} UE, ME, WE} = LDU(AY, o)
3.2. We compute
U=(")"'MB, L=(*"'CWk, (7)
A5 = (@¥)"'a®(D - LD*D). (8)
3.3. Recursive step

{Ls {a"T a2 o}, US, ME, Wit = LDU(AS, o)

n?

3.4 Result:
{Lﬁ’{ak—‘rl’ak—"_z""?an}?U’II‘f’M’I”:?WTIf}?
where . .~
L% 0 us; U
k— = k—Ys
() o= () g
Mk 0
k _ s
O @

wh— ( WE —WEDEOW /o
" 0 W
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4 Proof of the Correctness of the LDU Algorithm

Proof of the correctness of this algorithm is based on several determinant iden-
tities.
Definition 1 (5f’j minors and G* matrices).

Let A € R™™™ be a matriz. The determinant of the matrixz obtained from the
upper left block Ag:g of matrix A by the replacement in matriz A of the column
1 by the column j is denoted by 5f’j. The matriz of such minors is denoted by

k k+1
g = (") (12)
We need the following theorem (see [4] and [5]):

Theorem 3 (Base minor’s identity).
Let A € R™ ™ be a matriz and i, j, s, k, be integers in the intervals: 0 < k <
s <n, 0<i,j <n. Then the following identity is true

S
s k+1 k _s+1 __ k+1¢s
atafft —afaift = Y7 alfiey, (13)
p=k+1
s+1

The minors a;;"" in the left-hand side of this identity equal zero if i < s+ 1.

Therefore, this theorem gives the following

Consequence 3. Let A € R™*" be a matriz and s, k be integers in the intervals:
0 <k < s<mn. Then the following identities are true

syrkik+1l,s _ rrkokik+1,
agUn;erl,s - US gn;erl,vsz' (14)
kik+1l,s _ jgkokik+1,
asAn;erl,fz - ‘AS gn;erl,fL' (15)
The block AZ’;E; of the matrix A% was denoted by B. Due to Sylvester
identity we can write the equation for the adjoint matrix

(AD)" = (A9~ (@) (ah) (16)

Let us multiply both sides of equation (15) by adjoint matrix (A¥)* and use
equation (16). Then we get

Consequence 4
(AD)'B = (AD)" AT, = (@) g (17)
As well as LEDEUF = Ak,
M = oM(LED) ™ = o UL(AD) ™! and W =o*(DIUS)™. (18)
Therefore,
U = () MIB = (o) ' UH(44) B = (o)} (ah) U4 B, (19)
Equations (19), (17), and (14) give
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Consequence 5

77 kik+1,
U= Un;s+1,; (20)
In the same way we can prove
Consequence 6
z _ Lk;s+1,n (21)
— njk+1,s"

Now we have to prove identity (8). Due to equations (14)-(19) we obtain
LD*U = (o*)'CWFDF(o*) ' MFB =
()2 C(A5) B = (o5) " (") ' C(4h) B (22)
The identity
A;, = (@) "D — (oF) T C(4])*B) (23)

was proved in [4] and [5]. Due to (20) and (21) we obtain identity (8).

To prove formulas (10) and (11) it is sufficient to verify the identities M* =
¥ (LEDE)=1 and WP = o*(DEUF)~1 using (9),(10), (11) and definition DF =
afdiag{arakt1, ... an"tan} L

5 Complexity

Theorem 4. The algorithm has the same complexity as matriz multiplication.

Proof. The total amount of matrix multiplications in (7)—(15) is equal to 7, and
the total amount of recursive calls is equal to 2. We do not consider multiplica-
tions of the diagonal matrices.

We can compute the decomposition of the second order matrix by means of 7
multiplicative operations. Therefore, we get the following recurrent equality for
complexity

t(n) =2t(n/2)+TM(n/2), t(2)=T1.

Let v and 3 be constants, 3 > 3 > 2, and let M (n) = yn”+0(n?) be the number
of multiplication operations in one n X n matrix multiplication.
After summation from n = 2% to 2! we obtain

nf —n2f-1 7

068-(k—1) k—268-1 k=2~ _
7y(2°2 4. 28020 28T =Ty 98 _ o +4

n.

Therefore, the complexity of the decomposition is

Tynf
28 —2
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6 The Exact Triangular Decomposition

Definition 2. A decomposition of the matrix A of rank r over a commutative
domain R in the product of five matrices

A=PLDUQ (24)

18 called exact triangular decomposition if P and Q are permutation matrces, L
and PLPT are nonsingular lower triangular matrices, U and QTUQ are non-
singular upper triangular matrices over R, D = diag(d;l,dgl, d10,..,0) s
a diagonal matriz of rank r, d; € R\{0}, i =1, ..r.

Designation: ETD(A) = (P, L, D, U, Q).

Theorem 5 (Main theorem). Any matriz over a commutative domain has
an exact triangular decomposition.

Before proceeding to the proof, we note that the exact triangular decomposi-
tion relates the LU decomposition and the Bruhat decomposition in the field of
fractions.

If D matrix is combined with L or U, we get the expression A = PLUQ. This
is the LU-decomposition with permutations of rows and columns. If the factors
are grouped in the following way:

A= (PLP")(PDQ)(Q"UQ),

then we obtain LDU-decomposition. If S is a permutation matrix in which the
unit elements are placed on the secondary diagonal, then (SLS)(STD)U is the
Bruhat decomposition of the matrix (SA).

Bruhat decomposition can be obtained from those PLUQ-decomposition that
satisfy the additional conditions: matrices PLPT and QTUQ are triangular.
Conversely, LU-decomposition can be obtained from the Bruhat decomposition
V'D'U’. This can be done if the permutation matrix D can be decomposed into
a product of permutation matrices D’ = PQ so that the PTL'P and QU'QT
are triangular matrices.

If matrix A is a zero matrix, then ETD(A) = (I,1,0,1,1).

If A is a nonzero matrix of the first order, then ETD(A) = (I,a,a™ %, a,I).

Let us consider a non-zero matrix of order two. We denote

A A#0 1/A, A#£0

_(ap _|aB _ -1 _
A(W)’A ’5{1,A:0 , 4 {O,A:O.

v 6
Depending on the location of zero elements, we consider four possible cases. For
each case, we give the exact triangular decomposition:

a0 a™t 0 of
If a#0, then A= (’ys)( 0 A_la_l) (O 6).
—1
If a=0, 3#0, then A= (?S) (50 —A—016_1> (gg) <(1)(1)>
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B (01 (0 [~! 0 v 6
If a=0,v#0, then A—(lo Os)( 0 —A-ly-t R

-1
If a=p=7=0,0#0, then A= <(1)(1)> <g(1)> (50 8) <g(1)> <(1)(1)>

There are only two different cases for matrices of size 1 x 2:
_ af
If a#0, then (aﬁ) = (a) (a 10) <0 1).

_ _ 1 B0 01
It a=0, B£0, then (08)=(8)(510) (0 1) <1O>.
Two cases for matrices of size 2 X 1 can easily be obtained by a simple transpo-
sition.
These examples allow us to formulate

Sentence 1. For all matrices A of size n X m, n,m < 3 there exists an exact
triangular decomposition.

In addition, we can formulate the following property, which holds for triangu-
lar matrices and permutation matrices in the exact triangular decomposition.
We denote by I the identity matrix of order s.

Property 1 (Property of the factors). For a matrix A € R™*™ of rank r, r <
n,r < m over a commutative domain R there exists the exact triangular decom-
position (24) in which

() the matrices L and U are of the form

_(L:i O (U Us
(B) the matrices PLPT and QTUQ remain triangular after replacing in the
matrices L and @ of unit blocks I,,_, and I,,,_, by arbitrary triangular blocks.

Without loss of generality of the main theorem, we shall prove it for the ex-
act triangular decompositions with property 1. We prove it by induction. The
theorem is true for matrices of sizes smaller than three.

We consider a matrix A of size N x M. Assume that all matrices of size less

than n x m have the exact triangular decomposition. We split the matrix A into

blocks: A = é]]?)) , where A€ R"*", n< N, n <M.
(1). Let the block A have the full rank. There exists exact triangular decom-
position of this block: A = Py L1 D,U,Q. Here the diagonal matrix D; has full

rank, and the matrix A is decomposed into the factors:

PO Ly 0\ /Dy 0 Uy DT'LT'PIBY (Q1 0
07)\cQfu'prtI 0 D* 0 I 01)"

Here D* = D— CQTU'D; 'L~ P"B. The matrix D* also has the exact trian-
gular decomposition D* = Py Lo DoUsQ)2. Substituting it in this decomposition,
we obtain a new decomposition of the matrix A:
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P 0 Ly 0\/D: 0 \/U Di'L7'PIBQT\ (Q1 0

0 P, J\PfCQTU'D Ly J\ 0 D2 )\ 0 Us 0 Q)"

It is easy to see that this decomposition is exact triangular if both block
decompositions were exact triangular.

(2) Let the block A has rank r, r < n. There exists exact triangular decom-
position of this block:

A = P.L, DU, Q.

Lo 0
My T

Uy V¢
Here U; = < OO IO)’ L, = <
has a block d; of rank r.

Let us denote C = (C’,C"”) and (Cy, C1)= (C'Uy,C'Vy + C")Q1, B =
! !
<B ), (BO>— P, < LoB > Then for the matrix A we obtain the de-

) and the diagonal matrix D; = (C(l)l 8)

B// B1 MOB/—I—BN
composition:
Lo 00\ /di 0 0 Up Vo dy "By
,4:(1;1?) My T0|[ooB |01 o (%1?). (26)
Cod;' 01 0C; D 00 I

(2.1) Let B; = 0 and C; = 0. We can rearrange the block D in the upper left
corner
0 B\ [0I Do 0r1
C; D) \IO 00 10/
Let us find the exact triangular decomposition of D:
D = P, Ly DyUsQs.
We denote
100 100
P3=<];1P9) 007),Qs=[001 (%15)
>/ \010 010 2
Then for the matrix A we obtain the following decomposition:
Lo 00 di 00 Up di'BoQT Vo
A=P;3 | PI'Cod; ' L2 0 0 D20 0 Uy 0 ]Qs.
M, 01 0 00 0 0 1

It is easy to check that the decomposition is exact triangular.
(2.2) Suppose that at least one of the two blocks of By or C; is not zero. Let
the exact triangular decomposition exist for these blocks:

C = P,LyDyUzQ2, B = P3L3D3U3Qs3.
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We denote
100 I 0 O
PO 0
Plz(ol_r),Pz: 0P;0 |,Qe=[0Q20 ’Q1:<%1I>’
00 P 00 @3

P; =P.Py, Q3 =Q:Q:, D' = P/ L;'DU; QY.
Then, basing on expansion (26) we obtain for the matrix A the decomposition
of the form:
Lo 0 0 d 0 0 Uo VoQF d7'BoQY
A=P3| PIMy L; 0 0 0 D 0 U 0 Qs. (27)
PI'Cod;' 0 Ly 0 Dy D' 0 0 Us

We denote dy and ds nondegenerate blocks of the matrices Dy and D3, respec-

tively,

_ M M, -
(Vi, Vi) = VoQ3, (Vs, V) = dy 'BoQs . (Mi) = Py Mo, (MZ) = Py Cod; '

_(L20 _ (150 (U2 Ve _(UsVs) _(D1Ds
L2<M21>’L3(M3])’U2<0 1)%={o1)P= DDy )

Mz =Dhdg', V7 = dy 'DiU;, Vs = dy ' (D} Vs + D).
Then (27) can be written as

Lo 0000\ [di000 0 Uo Vi Vi Vs Vis
My L0 0 O|[000ds 0 0 U, V5 00
A=Ps| MyMsT 00|] 0000 0 00100 /[|Qs=
Ms 0 0L,0 || 0dy0oD} Dy 00 0 U}V
Mg 0 0M,I) \ 0 00D, D), 0000
Lo 0000\ [di000 0 Uo Vi Vi Vs Vis
My L0 00| [0 o00ds 0 0 Uy Va Vi Vi
Ps|MyMsT 00| 0000 0 007100 /|Qs (28)
Ms 00L,0 || 0d200 0 00 0U4Vs
Mg M7;0M,I) \ 0 000 D, 0000 T

Find the exact triangular decomposition D/:

D) = PyL4D4UsQu, (29)
Let us denote the matrices Py = diag(I,I,1,1,Py), Q4 = diag(I,1,1,1,Qu4),
P5 == P3P4a QS = Q4Q3a (MéaMéaMé) = P4T(M6’M7?M2) (‘/6/,‘/8/,‘/3/) =

(Vs, Vs, V3)Q1 .
After substituting (29) into (28) we obtain the decomposition of the matrix

A as

Lo 000 0\ (di000 0 Uo Vi Vi Vs Vi
My Ly 0 0 0 000ds 0 0 Uy Vo Vi VY

A=Ps| MyMsI 0 0 0000 0 00700 |Qs (30
Ms 0 0Lj 0 0d00 0 000U,V
M, M,OM,Ly) \N 0 000 Dy 000 00U
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We rearrange the blocks ds, d3, and D4 to obtain the diagonal matrix d =
diag(dy,ds, da, D4,0). To do it we use permutation matrices Ps and Qg:

10000 10000 d 000 0
00010 01000 0 00ds O
Ps=[010001],Q6=]100001],P| 0 000 0 |Qs=d
00001 00100 0d200 O
00100 00010 0 000 Dy
As a result, we obtain the decomposition:
A =PsLdUQg, (31)

with permutation matrices P = P5P and Qg = QI Qs, diagonal matrix d
and triangular matrices

Lo 000 0 Ly 0 0 00
M L0 0 0 Ms Ly 0 00
L=P | MyMs1 0 0 |Pf=|M 0 L; 00
Ms 0 0L, 0 Mg M, M, Ly 0
Mg ML 0 M} Ly My 0 Mz 0T
Uo Vi Vi V5 Vg Uo Vi Vs Vg Vi
0 UyVo Vo VY 0 Uy Ve VI Vs
U=Q{| 00T 00 |Qs=]|00U,V{iO
000U,V 00 0U0
00000U 00001

We show that expansion (31) is an exact triangular decomposition. To do this,
we must verify that the matrices £ = PgLPZ and Q = QI'UQg are triangular,
and the matrices P, L, U, Q satisfy the properties («) and (5).

It is easy to see that all matrices in sequence

L1 = PLP{, Lo =P,LiP], L3 =PoLoP) Ly = P1L3PT (32)

are triangular and L4 = L.
Similarly, all of the matrices in the sequence

U = QELQs,Us = QLU Qu, Us = Q3 U Qo Us = QT UsQy (33)

are triangular and Uy = U.

For the matrices L and U Property 1 («) is satisfied. To verify the properties
(8), the unit block in the lower right corner of the matrix L and U should be
replaced by an arbitrary triangular block, respectively, the lower triangle for
L and the upper triangular for U. We check that all the matrices in (32) and
(33) will be still triangular. This is based on the fact that the exact triangular
decompositions for matrices A, B, C, D’ have the property (53).
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7 Conclusion

Algorithms for finding the LDU and Bruhat decomposition in commutative do-
main are described. These algorithms have the same complexity as matrix mul-
tiplication.

8 Example
1-401 2401217 0 0 1/(-144) 0 30 0 1
4553 _ 0 60154 0 O 0 1/(-1440) 06 6 5
1222 0 0 61 0 1/18 0 0 00 —24 -16
3001 0 0 03 1/3 0 0 0 00 0 60
References

1. Grigoriev, D.: Analogy of Bruhat decomposition for the closure of a cone of Chevalley
group of a classical series. Soviet Math. Dokl. 23, 393-397 (1981)

2. Grigoriev, D.: Additive complexity in directed computations. Theoretical Computer
Science 19, 39-67 (1982)

3. Malaschonok, G.: Fast Generalized Bruhat Decomposition. In: Gerdt, V.P., Koepf,
W., Mayr, E-W., Vorozhtsov, E.V. (eds.) CASC 2010. LNCS, vol. 6244, pp. 194-202.
Springer, Heidelberg (2010)

4. Malaschonok, G.I.: Matrix Computational Methods in Commutative Rings. Tambov
University Publishing House, Tambov (2002)

5. Malaschonok, G.I.: Effective matrix methods in commutative domains. In: Krob,
D., Mikhalev, A.A., Mikhalev, A.V. (eds.) Formal Power Series and Algebraic Com-
binatorics, pp. 506-517. Springer, Berlin (2000)

6. Malaschonok, G.I.: A fast algorithm for adjoint matrix computation. Tambov Uni-
versity Reports 5(1), 142-146 (2000)

7. Malaschonok, G.I.: Fast matrix decomposition in parallel computer algebra. Tambov
University Reports 15(4), 1372-1385 (2010)

8. Malaschonok, G.I.: On the fast generalized Bruhat decomposition in domains. Tam-
bov University Reports 17(2), 544-550 (2012)



	Generalized Bruhat Decomposition in Commutative Domains
	1 Introduction
	2 Triangular Decomposition in Domain
	3 LDU Algorithm
	4 Proof of the Correctness of the LDU Algorithm
	5 Complexity
	6 The Exact Triangular Decomposition
	7 Conclusion
	8 Example
	References




