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Preface

This book contains selected peer-reviewed contributions submitted by the ple-
nary speakers to the workshop “Reduced Basis, POD and Reduced Order Meth-
ods for model and computational reduction: towards real-time computing and vi-
sualization?” funded by CECAM (European Center for Atomistic and Molecular
Computing) hosted at Ecole Polytechnique Fédérale de Lausanne, Switzerland on
14-16 May 2012 (More info: http://www.cecam.org/workshop-681.html).

This book addresses a wide range of model reduction strategies with applications
in various fields.

The increasing complexity of mathematical models used to predict real-world
systems, such as climate or the human cardiovascular system, calls for the devel-
opment of model reduction strategies, that is computationally cheaper algorithms
that however still accurately capture the most important features of the phenom-
ena being modelled. Model reduction strategies can be classified according to two
main approaches: “reduce-then-model” and “discretize-then-reduce”. In the former
approach the continuous equations representing the underlying physics are first re-
duced, e.g. by symmetry assumptions that allow us to consider 1D or 2D equations
instead of the full 3D equations, before a computational model is derived. In the latter
approach a computational model is obtained by discretizing the continuous equations
and only then a reduced model is sought. Some subtopics include spatial dimension-
ality reduction and multiscale modelling frameworks in the “reduce-then-model”
category; state space and parameter space reduction — with a special accent on re-
duced basis and proper orthogonal decomposition — in the “discretize-then-reduce”
category. This monograph focuses more on this second aspect.

It can be regarded as a state of the art survey and integration of several contribu-
tions on model order reduction developed in the last few years in different fields and
with different purposes, in order to:

1. facilitate a stronger interaction between scientists doing model order reduction
on ordinary and partial differential equations (both theory and applications);

2. enhance the state of the art in model reduction making it possible to perform
real-time computing for complex systems;
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3. address the reliability of reduced order models when compared to more clas-
sical high fidelity discretization techniques (and discuss the trade-off between
accuracy and costs);

4. improve and generalize parametrization techniques from both a physical and a

geometrical point of view, in order to better deal with realistic parametrized ge-

ometries and complex parametrized systems;

propose and analyze novel sampling and parameter space exploration techniques;

6. certify reduced order modelling for time-dependent problems by simulating long-
time phenomena;

7. explore several possible combinations of reduction strategies (like POD, RB,
PGD).

9,

The monograph emphasizes model reduction topics in several areas:

1. design, optimization, and control theory in real-time with applications in engi-
neering;

2. data assimilation, geometry registration, and parameter estimation with a special
attention to real-time computing in biomedical engineering and computational
physics;

3. the treatment of high-dimensional problems in state space, physical space or pa-
rameter space;

4. the interactions between different model reduction and dimensionality reduction
approaches;

5. the development of general error estimation frameworks which accommodate
both model and discretization effects.

The book deals with mathematical models based on both ordinary and partial differ-
ential equations with emphasis on engineering and life-sciences applications, includ-
ing continuum mechanics, fluid dynamics, and transport problems with a method-
ological focus.

We anticipate a wide range of both academic and industrial problems of high
complexity to motivate, stimulate, and ultimately demonstrate the meaningfulness
and efficiency of the selected approaches.

The proposed topics open new perspectives in the development of efficient
methodologies related with new frontiers in computational science and engineering
in order to assist scientists and engineers during design, construction, manufacturing
or production phases, and even medical doctors during surgery or diagnosis.

The methodologies we consider are motivated by, optimized for, and applied with-
in two particular contexts: real-time (e.g., parameter estimation or control) and many
query (e.g., design, optimization or multimodel/scale simulation). Both contexts are
crucial to computational science and engineering and to more widespread adoption
and application of numerical methods for partial and/or ordinary differential equa-
tions in engineering practice and education.

The real-time context can be found in engineering situations dealing with in-the-
field robust parameter estimation (or inverse problems, or nondestructive evalua-
tion), design and optimization, and control. On the other side the many-query context
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involves multiscale (temporal or spatial) or multiphysics models in which behavior
at a larger scale must “invoke” many spatial or temporal realizations of parametrized
behavior at a smaller scale.

Both the real-time and many-query contexts present a significant and often unsur-
mountable challenge to “classical” numerical techniques such as the finite element
method (or finite difference, finite volume, spectral methods). These contexts are of-
ten much better served by the reduced order modelling techniques (even associated
with a posteriori error estimation techniques).

The development of reduced order modelling can perhaps be viewed as a response
to the considerations and imperatives described above. In particular, the parametric
real-time and many query contexts represent not only computational challenges, but
also computational opportunities.

The state of the art is currently moving towards interaction between different re-
duced order modelling techniques. For example, reduced basis method and proper
orthogonal decomposition are combined to solve time-dependent parametrized dif-
fusion-reaction problems with certification of accuracy for the reduced model pro-
vided by a posteriori error bounds.

Theoretical studies are being carried out to ensure a better understanding of model
order reduction and the reliability and the applicability of the methodologies pro-
posed. Parametrization of systems is advancing by proposing new techniques to deal
with more complex configurations and more parameters. Techniques to improve the
exploration of parameter space (sampling procedures, greedy algorithms) have been
refined, combined, and specialized.

Advances made in computer graphics and physics-based simulation communi-
ties can be adapted to produce new methodologies satisfying the real-time needs of
applications.

The book is organized as it follows. Chapter 1 deals with model order reduction
techniques for coupled multiphysics problems, then Chap. 2 introduces a case study
to compare reduced basis method in a time domain and the Loewner rational inter-
polation in a frequency domain. Chapter 3 focuses on the comparison with some
reduced representation approximations by showing different features, in Chap. 4
the emphasis is on reduction techniques for nonlinear parametrized problems. Then
Chap. 5 deals with efficient sampling techniques using nonlinear optimization; Chap-
ter 6 introduces parametrized model order reduction by implicit moment matching.
In Chap. 7 the focus is on reduced basis method for parareal time integration. Stabil-
ity of reduced order linearized models in computational fluid dynamics is discussed
in Chap. 8, followed by Chap. 9 with some more challenges and perspectives for
model order reduction in fluid dynamics; window proper orthogonal decomposition
and applications is the content of Chap. 10, followed by Chap. 11 with applications
of reduced order modeling in aeronautics and medicine.

We would like to thank the reviewers of each chapter for their remarks, criticism
and insights that have allowed a significant improvement of the book’s content.

We acknowledge the support provided for the workshop also by the MATHICSE
Institute of EPFL and by CADMOS (Center for Advanced Modeling Science), a
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joint-initiative by Ecole Polytechnique Fédérale de Lausanne, University of Lau-
sanne and University of Geneva.

Last, but not least, special thanks to Francesca Bonadei and Francesca Ferrari of
Springer Milano for their invaluable help and care.

Lausanne, Milano and Trieste Alfio Quarteroni
September 2013 Gianluigi Rozza
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A Novel Approach to Model Order Reduction
for Coupled Multiphysics Problems

Wil H.A. Schilders and Agnieszka Lutowska

Abstract Model order reduction (MOR) has become an important tool in the design
of complex high-tech systems. It can be used to find a low-order model that approx-
imates the behavior of the original high-order model, where this low-order approx-
imation facilitates both the computationally efficient analysis and controller design
for the system to induce desired behavior. This chapter introduces MOR techniques
that are designed especially for coupled problems, meaning that different physical
phenomena are simulated in conjunction with each other. The method developed
makes use of the reduction of the individual systems, and low rank approximations
of the coupling blocks. This is done in such a way that existing software for indus-
trial problems can be adapted in a straightforwward way. An industrial test case is
described in detail, so as to demonstrate the effectiveness of the reduction technique.

1.1 Introduction

This chapter focuses on the development of a model reduction methodology for cou-
pled multi-physical models to serve the efficient simulation-based design of the un-
derlying coupled systems. Examples of coupled systems are larger systems such
as magnetic resonance imaging (MRI) scanners, printers/copiers, precision motion
stages, foldable solar panels of a space-telescope, down to very small systems such
as very large scale integrated (VLSI) systems (see for instance [12,21]) and micro-
electromechanical systems (MEMS) (see for instance [15]). Figure 1.1 shows such
examples.

W.H.A. Schilders (&)
TU Eindhoven, Centre for Analysis, Scientific Computing and Applications
e-mail: w.h.a.schilders@tue.nl

A. Lutowska
TU Eindhoven, Centre for Analysis, Scientific Computing and Applications

A. Quarteroni, G. Rozza (eds.): Reduced Order Methods for Modeling and Computational Reduction,
MS&A 9. DOI 10.1007/978-3-319-02090-7_1, © Springer International Publishing Switzerland 2014
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(b)
Fig. 1.1. Coupled systems. (a) Foldable solar panels (courtesy ESA); (b) A MEMS comb drive

The word system, which originates from the Greek word s’ustema and the Latin
word sustema, stands for “a set of interacting or interdependent components form-
ing an integrated whole”. In this chapter, the integrated whole is called the system
or coupled system and its individual components are called sub-systems. The word
model as in “physical model” stands for a “representation” for the system under
consideration, usually in terms of a set of physical quantities and relations. A cou-
pled system’s model consists of the coupled sub-systems’ models. A multi-physical
model is a model which is represented by multiple physical quantities such as tem-
perature, structural mechanical displacements [7], electro-magnetic fields, and so
forth. Simple systems in an insulated environment can often be described with few
physical quantities and relations, while interacting systems frequently require more
of such quantities and relations.

This chapter is about sub-systems which inferact. When the interaction takes place
inside a domain of interest or through the boundary which separates, such a domain
of interest from the outside world such a system is called a coupled system. 1f the
physical quantities interact through a discrete amount of inputs and outputs in space,
then the system is said to be an inferconnected system (see for instance [24]) rather
than a coupled system.

To explain the envisioned reduction, first note that most physical models can-
not be solved exactly with contemporary computers. To calculate an approximate
solution, the involved physical quantities such as an electromagnetic field are first
discretized, i.e., represented by a finite number of degrees of freedom, after which the
physical equations are reformulated for the discretized physical quantities, leading to
a discrete system of equations. This process is called discretization of the model. An
accurate representation of physical quantities such as an electromagnetic field can
require millions of degrees of freedom and consume a considerable amount of data
storage and computation time. Therefore, an analysis of a coupled system’s dynamic
behavior can require excessive amounts of data storage and computation time.

We focus on state-of-the-art model order reduction techniques which reduce the
system as a whole based on available reduction techniques for the individual sub-
systems. Such methods are scarcely available and mostly in development. They have
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an advantage that the individual sub-systems can be reduced in parallel (see [3]) with
the method best suited for each of them. This can save a considerable amount of data
storage and computational time since these systems are also smaller than the system
as a whole. On the other hand, one must figure out how to couple the individually
reduced models to a reduced model for the whole, i.e., need to figure out how to
effectively deal with interior couplings/interconnections.

Our reduction methods are primarily for coupled time-invariant linear models.
Time-dependent linear models, affine models (such as presented in [4]) and non-
linear models (see for instance [14,23]) require other than the presented reduction
techniques. Furthermore, we restrict ourselves to Krylov subspace projection tech-
niques (see [11]).

In more detail, without loss of generality, we focus at systems which consist of
two coupled subsystems. We suggest a method for the parallel reduction of the in-
dividual sub-systems, call it the Separate Bases Reduction algorithm (SBR), and
show how to create a reduced model for the whole system based on the reduced
parts. Furthermore, we show that this algorithm applied to coupled systems matches
at least the same amount of moments as a standard method applied to the whole sys-
tem would (see [24] for interconnected systems). We establish that a large amount
of internal couplings leads to large and hence undesirable reduced models and show
that this can be overcome with the use of a generalized singular value decomposition
(GSVD) based reduction of the coupling blocks. However, the use of a GSVD-based
approximation leads to an approximation of the moments — which as benchmark ex-
amples show can still be quite accurate.

The remainder of this chapter is focused on the presentation of the SBR algorithm
and the GSVD reduction of the internal couplings. It is organized as follows. Sec-
tion 1.2 describes Krylov subspace techniques, focusing on coupled and intercon-
nected time-invariant linear systems. First, it shows what happens if standard tech-
niques are applied to the coupled system as a whole — it shows that the block structure
is lost. Next, it introduces existing techniques from the literature such as [1,6,9], still
based on Krylov subspace methods for the coupled system as a whole, which pre-
serve the block-structure and the number of matched moments. At the end of this
chapter, we show an alternative method to efficiently calculate the second Krylov
projector and extend the proof of [6] to a more general case, under assumptions.

In Sect. 1.3 we assume that Krylov subspace reduction methods are already avail-
able for the individual sub-systems and based thereon, we focus on the construction
of a reduced-order model for the system as a whole. We show that this is possi-
ble (and also that moments are matched) in Theorem 1.2 and call the approach the
Separate Bases Reduction algorithm (SBR). In Subsection 1.3.6 we show that the
SBR algorithm also matches the standard double amount of moments if one uses
two Krylov subspace projectors instead of one.

In Sect. 1.4 we show that the replacement of the coupling blocks by an explicitly
rank-revealing GSVD based components leads to the same Krylov subspaces and
hence matched moments. Approximations based on a few of the dominant modes
lead to quite accurate moment approximation.
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Finally, in Sect. 1.5 we apply the SBR algorithm to a benchmark system. The
system under consideration is scaled in a specific manner such that it is numerically
better conditioned. We conclude with some remarks and recommendations for fur-
ther research in Sect. 1.6.

1.2 Block-Structure Preserving Model Order Reduction

Model order reduction is frequently based on Krylov subspace projections. The start-
ing point is a linear time-invariant system, that in the Laplace domain is given by
(later we will also use small letters x, y for unknowns in the Laplace domain)

SEX(s) = AX(s) + BU(s)
Y(s) = CTX(s).

The left side of Fig. 1.2 represents a schematic model of an interconnected system
which consists of four sub-systems and a number of interconnections. These inter-
connections can be realized in different ways, which will be focused on in Sect. 1.3.
The right side of Fig. 1.2 shows the system matrix A which corresponds to the graph
on the left. The matrix A has a visible block-structure. Each of the gray diagonal
blocks corresponds to one sub-system. The off-diagonal blocks are related to the
interconnections. The blue dots in the off-diagonal blocks show that the two corre-
sponding sub-systems are interconnected. The empty off-diagonal blocks show that
there is no coupling between the corresponding two sub-systems.

In general, a system of £ components, can be described by a linear system

(1.1)

Ein - Eip| | Xy A A [X B
s = + U
En - Eu| [ Xk Ay A | Xa B;
T (1.2)
Xy
Y = [C{’ ’Cl” : ,
Xi

| |
=== A= <
G B

Fig. 1.2. Modeling of a coupled system
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A= :
3
4
Fig. 1.3. Loosing of the structure in the reduced-order matrix A
1
1
-~
A= 2 = A= 2
3 3
4
4

Fig. 1.4. Block structure preservation in the reduced-order matrix A

where the X, € RN", N; € N, i=1,...,k, and the corresponding sub-blocks have
compatible dimensions, where typically the off-diagonal blocks are not square. Nat-
urally, we would like to still be able to recognize this type of block-structure in a
reduced-order system matrix A. Unfortunately, if we apply a standard Krylov sub-
space reduction technique to the matrix A we unavoidably lose the block-structure
and obtain a non-structured dense reduced-order matrix A as shown in Fig. 1.3. Inthe
next two subsections, we present a brief overview of Krylov-subspace based block-
structure preserving reduction techniques. Such techniques applied to a structured
matrix A result in a reduced-order matrix A like the one shown in Fig. 1.4. Al-
though the potential sparse nature of the interconnection off-diagonal blocks is lost,
one can still recognize the system’s general block-structure. The diagonal blocks
still correspond to the reduced-order sub-systems and the zero blocks related to un-
coupled sub-systems are preserved. The reduction techniques of this type are called
block-structure preserving (BSP) methods (see for instance [9]). For more informa-
tion about this type of technique the reader can consult for instance [18].

For the sake of simplicity assume that there are two coupled sub-systems (k =2
in (1.2)). Then the system matrix has the block structure

A Ap
Az Axp

We call such a system an interconnected system if Aj2 and A are explicitly defined
by means of their inputs and outputs, i.e., if for instance Aj» = B3C4T. Otherwise, if
A > and Ay are specified in unfactored form, we call the system a coupled system.
However, it is reasonable to assume that even for the blocks specified in unfactored
form there might be defined related input and output operators, i.e., that there can be
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constructed B3 and C4 such that for instance Aj; = B3CI. [13] considers possible
construction methods for the input and output maps when A, and A;; are specified
in unfactored form.

1.2.1 Moment Matching Methods for the Coupled Formulations

We will begin with BSP methods that are directly applicable to coupled systems of
the form (1.2)

Eip - Eu| | X4 A - A | 1X B,

Ein - Eg]| [ Xk Ao A [ X By

X
Y= [CIT"" ’Cl{]

[ Xk

This type of methods is studied in more detail in for instance [2,6,9]. These methods
aim at the creation of a reduced-order model whose matrices exhibit the original
block-structure and whose transfer function matches a number of moments of the
transfer function of the original system. As for standard Krylov methods, the moment
matching property is realized by projecting the original system matrices onto the
appropriate input- and/or output-based Krylov subspaces by using the matrices ¥’
and J¥ for a chosen expansion point sy € C. However, to preserve the block structure
of the original system, the reduction bases also need to have a special shape. They
are created by partitioning the matrices V and W into k sub-blocks (with & being the
number of sub-systems)

Vi W,
V= and W= : |,
\'/* W,
where the number of rows in the blocks V;, W;, i = 1,...,k corresponds to the

number of rows of the diagonal blocks A;;. Next, the blocks V; and W; are used to
build block-diagonal reduction matrices V and W

V1 Wl
V= and W= (1.3)
Vk Wk
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and the reduced-order system is obtained by projecting the original matrices
A=W'Av, E=W/'EV, B=W'B, C=V/C. (1.4)

Note that since the splitting of the matrices V and W into sub-blocks may create
linearly dependent columns, one needs to apply a re-orthogonalization of the ma-
trices V and W to remove every possible linear dependence. Moreover, after re-
orthogonalization, one has to assure, that the matrices V and W have the same num-
ber of columns. This can be done by adding the necessary number of random or-
thogonal columns to the matrix with the smallest amount of columns.

For the reduction bases created in the way described above, the following theorem
holds.

Theorem 1.1 Let V and W span the input- and output-based Krylov subspaces of
the rth order around the expansion point s € C for the system (1.2). If

colspanV C colspanV and colspanW C colspanW,

then a reduced-order system computed as in (1.4) has the transfer function that
matches 2p moments of the transfer function of the original system (1.2).

There are several examples of methods that satisfy the foregoing. Paper [6] pre-
sents SPRIM, a structure preserving reduced order method for interconnect macro-
modeling. It focuses on an RLC circuit application, as model order reduction meth-
ods are of importance to microchip manufacturers since complex microchips such
as processors contain many interconnected substructures. The relevant equations are
(notation as in [6])

Gx+€x = Bu (1.5)
with
g E;GE; E/ Ce— E!CE. 0 . E! 7
—-E; 0 0 L 0

where G, C, and L are symmetric positive definite (square) matrices. The matrices
E;, E., E; and E, are parts of an adjacency matrix E which describes the connectivity
of the electronic circuit, the subscripts g, c,/,i stand for branches containing resis-
tors, capacitors, inductors and current sources. The SPRIM related Laplace domain
transfer function Hgpryyv is

Hspriv(s) = B (4 +5€) ' 2
where 4, € and ¥ are re-written

C 0
0 C

G G}
~G, 0

Cf:

? 3y

B,
ol

The paper presents a reduction basis V of the type (1.3) in [6, (21)] and proves in [6,
Theorem 3] that it (W = V) preserves 2p moments, double the amount preserved by
PRIMA.
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The technique proposed in [5] is motivated by the fact, that for some applica-
tions the single-point expansion does not give a sufficient approximation accuracy
in the frequency range. On the other hand, using a multi-point expansion can result
in excessively large models, especially for systems with many external inputs and
outputs. The method proposed in the paper mentioned above, is based on creating
a reduction space that consists of a number of sampling matrices Z;, j = 1,...,p,
computed for the system (1.2) for p sampling points s; as follows

Z,=(s;E—A)"'B.

In other words, Z;, j = 1,...,p is a vector (or a matrix) that, after projecting the
system (1.2) onto, will match the Oth moment around the point s, of the original
transfer function, since it consists of the input based starting matrix for the Krylov
subspace for s;. After computing p samples, the total sampling matrix Z is defined
as

Z=[1,....1,).

Next, following the block-structure presented by the system matrices, matrix Z is
split row-wise into k blocks V;, i=1,...,k

Vi
Finally, the singular value decomposition (SVD) is performed on each of the blocks
separately, to produce the orthogonal matrix V

Vi

Vi

where V;,i = 1,...,k is an orthogonal basis for V;. At this point, further reduction
in size is possible, by removing from the bases V;,i = 1,..., k the columns that cor-
respond to to small singular values. Having the reduction bases V, one can project
the original system in the way defined in (1.4).

A noticeable advantage of the technique described above is, next to the block-
structure preservation, the possibility of reducing different sub-systems with differ-
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ent reduction ratio, determined for each sub-system separately, based on the sin-
gular values related to this sub-block as well as the importance of the considered
sub-system in the total coupled system.

1.2.2 Two-Sided Structure Preserving Methods

In this section we will explain how the two-sided projection idea can be implemented
in case of the block-structure preserving methods. A detailed explanation of the two-
sided methods one can find for instance in [8]. Generally speaking, the use of a
two-sided reduction method means, that the system is projected onto two subspaces,
V and W, based on input and output matrices, respectively. In case of the coupled
system (1.10) (defined somewhat later), the reduction matrices V and W, for an
expansion point 5o € C, are built according to the following algorithm:

1. Create matrix V, whose columns span the nth Krylov subspace around sy € C
V = 0 (P(s0), R(50)),
where P(so) and R(sp) are
P(so) = (s)E—A) 'E and R(so) = (soE —A)"!B.
2. Create matrix W, whose columns span the nth Krylov subspace around so € C
W = #,(S(s0), T(s0)),
where S(so) and T(so) are
S(so) = (soE—A) TET and T(so) = (soE—A)~'C.
3. Build the block-diagonal reduction matrix V with Ny + N, = N rows

Vi 0
0V

3y

where V| and V; contain the first Ny respectively last N> rows of the matrix V.
4. Build the block-diagonal reduction matrix W with Ny + N, = N rows

W; 0
W= ,
0 W,
where W1 and W contain the first N respectively last N> rows of the matrix w.

Different algorithms lead to V and W (and hence V and W) with different specific
properties (such as orthogonality or bi-orthogonality). Some properties and their ad-
vantages and disadvantages are discussed in [17].

The described BSP algorithm results in a block-structured reduced order system
and uses both inputs and outputs. Consequently, the BSP-based reduced order sys-
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tem’s transfer function matches twice as many moments of the original system’s
transfer function.

1.3 Separate Bases Reduction Algorithm

Model order reduction techniques, designed especially for coupled or interconnected
systems, became a new field of research in recent years. The common feature of this
type of methods is the use of a special block-diagonal form reduction basis V

Vi
v=| - (1.6)
Vi

that results from the splitting a matrix V created by a Krylov method applied directly
to the coupled system. This approach allows for preservation of the zero-blocks in
the coupled system’s coefficient matrix. Such blocks appear when two of the sub-
systems are not coupled (interconnected) or the coupling holds only in one direction.
An example of uni-directional coupling can be a case of a vibrating structure, where
the movement of the structure causes acoustic noise, but there is no influence (feed-
back) of the acoustic behavior of the system on it’s dynamics.

Due to the fact that the zero-blocks are preserved in the reduced system, such
MOR techniques are called block structure preserving (BSP) model reduction meth-
ods. Their application usually results in a good approximation of the original model.
For most of them one can prove the moment matching property. However, this type
of methods also has three important drawbacks:

« Though V in (1.6) (possibly) matches the same (number of) moments as V, it
has k times more column vectors and therefore leads to a & times larger reduced
system.

« The calculation of V requires (repeatedly) solving systems with the entire coupled
system’s coefficient matrix which can be computationally (time- and memory-
wise) expensive.

* In practice, the reduction techniques based on an uncoupled formulation of the
system (see e.g. [24]) are restricted to the case of interconnected systems with
a limited number of interconnections. Otherwise, the reduction procedure is not
very efficient, since the dimension of the reduction basis (hence, the reduced-
order model) grows very fast. Moreover, such techniques assume that the inputs
B and outputs C of the sub-systems are both explicitly available. In case of a
coupled system these are not explicitly available, only their product BC is.

In the remainder of this chapter, we will focus on the second and third issue. We
present a reduction algorithm suitable for systems, coupled through a large num-
ber of couplings. We introduce a reduction technique based on an uncoupled for-
mulation of a coupled system, called Separate Bases Reduction (SBR) algorithm.
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Fig. 1.5. Schematic representation of the interconnected system S
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Fig. 1.6. Different types of strong coupling. (a) an interface coupling; (b) a strong coupling
between different physical domains

It creates a reduction basis for each sub-system separately, hence is computation-
ally cheaper compared to the reduction techniques that use a coupled formulation
such as the BSP methods discussed in Sect. 1.2. However, the algorithm still suffers
from the third point of the drawback list presented above. They can be easily applied
to interconnected systems of a form shown in Fig. 1.5, where the sub-systems are
not strongly interconnected (i.e. each sub-system exchanges information only with
a small number of other sub-systems). We suggest a way to relax this limitation, and
will also show how to apply the SBR algorithm to strongly coupled systems, i.e. to
the systems, where many degrees of freedom of one sub-system are coupled to many
degrees of freedom of other sub-systems and where the internal input and output ma-
trices are not explicitly given in the system formulation. Examples of these types of
coupled problems are shown in Fig. 1.6. Figure 6(a) presents a coupled system that
consists of two sub-structures, for instance a solid body and a fluid. The coupling
occurs at the interface, where all degrees of freedom of one sub-domain which are
sufficiently close to the interface influence similar degrees of freedom of the second
sub-domain and vice versa. A different type of strong coupling is shown in Fig. 6(b).
This picture shows a situation, where all degrees of freedom related to both physi-
cal quantities # and e are located inside the same domain. Such situations appear for
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instance in case of modeling of systems, where the dynamics of the structure is influ-
enced by an electromagnetic field (and vice versa). In the depicted case the change
of the velocity of the node u(x;) influences the electromagnetic field x — e(x) at the
node x;, and at many nodes in the neighborhood of x;.

1.3.1 Interconnected System — System Definition

In this subsection we introduce the family of linear interconnected systems to which
the reduction algorithm is to be applied to. For the sake of simplicity, we focus on
a system of two-subsystems where one sub-system’s output is used as a part of the
other sub-system’s input and vice versa. However, the proposed method can easily
be extended to systems composed of an arbitrary number of sub-systems.

1.3.1.1 The Uncoupled Formulation

The time domain behavior of each of the sub-systems S; and S, is modeled by a sys-
tem of first order differential-algebraic equations after which the frequency domain
behavior is obtained via Laplace transformation. For the two sub-system examples
in Fig. 1.7, this procedure leads to the Laplace domain systems

sE11x1 = A11x1 +Brug + B3ugs,
N yi = Clxq,
ys = Cixq,

sExxo = Axnxz + Bouz + Bauy,

S y2 = Clxo,
T
Y4 = C4 X2.
(S N
ul \ \ vi N
s1 ’
u3 y3
va ud
, S2
Ay v2 hN N u2
. J

Fig. 1.7. Schematic representation of the interconnected system
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Using matrix notation, the system S and system S, can be described as

uj
sEnx; = Anxg + [Bl B3] "
3
Sl . T (17)
M G
= T X1,
L’s G
up
SExnxo = Anxp + [Bz B4]
Uy
Syt (1.8)
Y2 c
=1 ;%
Y4 Cy

1.3.1.2 The Coupled System

When the output of S; is used as an input of S» and the output of S is used as an
input of Sy, equations (1.7) and (1.8) reduce to an interconnected Laplace domain
system. Due to the design of the system depicted in Fig. 1.7 one has

(1.9)

T
= ys= Cix2

7
uy= y;= C5xy,

which in addition implies

m3 = py

my = p3.
Using relation (1.9), the interconnected system (1.7) can be represented as a single
coupled system S of equations

sE1x; = Ajix; +Bju; +B3Cl xa,
sExxs = Axxs + Boup +B4C§X1,

y1 = Clxy,
y2 = Cix,
and in matrix form
E11 0 X1 A11 B3C£ X1 n B] 0 up
S =
0 E22 X2 B4C§ A22 X2 0 B2 ur
S: (1.10)
yi _ CIT 0 X1
Y2 0 C!| [x
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Let N = Ny + Ny, m =my +mp, p= p1+ p2 and define

Ei O A B3C£ B 0 C, 0
E= , A= , B= , C= , (1.11)
0 Ex B,Cl Ax 0 By 0 C

where A,E € RVV B e RV*™ € ¢ RV*P. The matrices defined in (1.11) show a
special block structure. The sub-systems’ matrices A1 and Aj> form the diagonal
blocks of the system matrix A of S. The off-diagonal blocks are the products B3;C}
and B4C} of the internal input and output matrices of the sub-system. The input and
output matrices B and C are block structured, as well as the matrix E.

1.3.2 Transfer Functions of the Uncoupled and Coupled Systems

One of the questions arising at this point is the relation between the transfer functions
of'the sub-systems S1 and S2, and the transfer function of the coupled system. In this
subsection we will study this issue. Let us begin with the uncoupled sub-systems. At
s € C the transfer function of sub-system S1 defined in (1.7) is given by

cl

i

H(s) = (sE11 —A11) "' [By Bs]

ClT(SEll —A11)_1B1 C{(SE“ —A11)_1B3 _ H]l(S) H]Q(S)
Cg(sEll —A11)_1B1 Cg(sEll —A11)_1B3 H21(S) H22(S)

1.12)
For the sub-system S2 defined in (1.8), similarly
c |
G(s)=| | (sSEx2—Ax)  [By By
G
Cl(sEx — A2) "By C} (sExp — Ax) "By G11(s) Gia(s)
CZ (SE22 = A22)_1B2 CZ; (SE22 = A22)_1B4 Gy (S) G (S) )
1.13
At s € C the transfer function of the coupled system (1.10) is
cl o E; 0 An Bsc!T\ ' [B o
Z(s)=C'sE—A) 'B=| ! s — 4
0 Cl 0 E» B,Cl Ax 0 B,
_ Z11(s) Zia(s)
L5 (s) Zxo(s)
(1.14)

Based on definitions Eqgs. (1.12) to (1.14) we will express the components of the
transfer function Z(s) in terms of the components of the transfer functions H(s)
and G(s) in two manners. First we follow the typical approach used in the field of
systems and control (more details can be found in for instance [19]). Secondly we
use the Sherman-Morrison-Woodbury formula.
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The Systems and Control Approach

The starting point of this approach are two transfer functions H(s) and G(s) of the
sub-systems 1 and 2, respectively. For each sub-system, its transfer function relates

its inputs to outputs:
uz
uy

[}’1] _ [HII(S) H12(s)] [ull lyz G11(s) Gia(s)
y3 Hoi(s) H(s)| us| ™ |ya

B G21(s) Gafs)

and
Z Z
Yi| _ [Zu(s) Zia(s)| {ur| (L15)
Y2 Z(s) Lna(s)| w2
Systems (1.12) and (1.13) in combination with relation (1.9) lead to
H11(S)“1 +Hi2(s)y4 (1.16)
Hyi (s)uy +Haa(s)ys (1.17)
y2 = Gii(s)uz + G12(s)y3 (1.18)
¥4 = Ga1(s)uz + Ga2(s)ys- (1.19)

Substituting y4 of (1.19) for y4 in (1.17) we obtain
y3 = Ha1(s)u1 +Haa(s)ys = Ha1 (s)ur +Haz(s)[Gai (s)u2 + Gz (s)ys3]
and hence
y3 = [I—Hx(s)Gaa(s)] ' [Ha1 (s)uy + Haa(5)Gay (s)ua). (1.20)

With this result and (1.19), we can also express y4 in terms of u; and u,

y4 = Goi(s)uz + G2 (s)ys = Gai (s)uz

(1.21)
+ GQQ(S) [I — H22(S)G22 (S)]fl [H21 (S)ll1 + H22(S)G21 (S)llz].

Using (1.20) and (1.21) in (1.16) and (1.18), we arrive at

yi = Hii(s)ui +Hiz(s)ys = Hu(s)w
+H12(5) (Ga1 ()12 + Gz (5)1 — Ha (5) G (5)]
x [Hai(s)uy +H22(S)G21(S)“2]>
= (H1106) + Ha(9)Ga 01 - B (5)62(6)) B (9)
+ (le(S)Gzl () +Hi2(5)Gaa (s) [1 — H2(5)G22(s)] ' Hoa (S)G21)112
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and
y2 = G11(s)u2 + Gi2(s)y3s = G (s)uz + Gi2(s)[I — Haa (s) G2 (S)]_l [Ha (s)u;

+ H22(S)G21 (S)llz] = G]Q(S) [I — HQQ(S)GQQ(S)]_lel (S)ll]
+ <G11 (8) + Gi2(s)[T—Haz(s)G22 (s)]’lez(s)Gzl (s)) u.

This shows that the components of Z(s), as defined in (1.15), are

Z11(s) = Hyi (s) + Hia(s)Gaa(s) [T — Hoa (s)Ga (s)] 'Ha (5) (1.22)
Z1>(s) = Hi2(s)Goi (s )+H12(s)G22(s)[I—sz(s)Gzz(s)]_lez(s)Gzl(s) (1.23)
Z51(s) = Gi2(s)[I— Hx(s)Gaa(s)] " Hay (s) (1.24)
Z>>(s) = G11(s) + G12(s)[1 — Hx (s)Gxa(s)] " Haa (5)G2 (s). (1.25)

Computing the Transfer Function of the Coupled System Using the
Sherman—Morrison—Woodbury Formula

The evaluation of the transfer function of the coupled system, as defined in (1.14),
requires a computation of an inverse of a block matrix. For a system consisting of
an arbitrary number of sub-systems, a suitable tool towards this end is the Sherman—
Morrison—Woodbury formula (see for instance [10] and references therein). This
formula allows for a computationally cheap matrix inversion, as long as the con-
sidered matrix can be easily expressed as a sum of a matrix for which an inverse is
known (or easy to compute) and a (low rank) correction. Let L be non-singular and
let matrices J, M, N be of compatible size. Then the formula of K = L+ MJN is
(after [10])

K'=@L+MIN) =L L "M@ +NL M)~ INTLTY (1.26)

In our case, the matrix to be inverted can be decomposed into

K E11 0 A11 B3C£ SE11 —A11 —B3C£
=9 — =
0 Ex» B4C3T A —B3C3T sEx»n —Axn
_|sEn—Anp 0 0 BiCj
0  sExn—Axp B,CI 0
B 0 BiCj
B,C] 0

where L is a block-diagonal matrix, whose inverse can be calculated by computing

the inverses of each sub-block separately and the correction matrix can be factored
0 BsCi| _ |0 Bs|,
B.C! 0 B, 0

cl o

= MJN'.
0 C!
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Abbreviate G;(s) = (sE; — A;))~", P;i(s) = Gi(s)E; and R;(s) = G;(s)[B; By,
i = 1,2 and omit the argument s when possible. Note that R; = [R;;,Rp] =
[GiB;,G;B;;] consists of two blocks. Substituting the formulas for L,M,J and N

into the the Sherman—Morrison—Woodbury formula, we get
-1
E;p 0 Al BiCj

s

0 Ey B,Cl Az

. SE11—A11 0 0 B3 Cg 0 -
0 SEx — A B; 0 0 CZ
G 0 G 0 0 B;
= o]
0 G 0 Gy| |B4 0
2 2L - (1.27)
letol[Go]foBs clolfG o
|0 Ci| |0 Gy [Bs O 0 Ci||0 G
G 0 0 Rp2
= o
0 G Ry 0
[ T “rer
I— 0 C3R12 C3G1 0
_CZRQQ 0 0 CZGZ '

where the entries of G and R depend on s. Using this result and Eqgs. (1.12), (1.13),
(1.14), one can find the formula for the transfer function of the coupled system

cl o G 0 0 R
Z(s) = | ! ] 1 2|
0 C} 0 G2 |Rn 0
- - 1 r
o CIRp» clGg, o B, 0
CiRyn 0 | | 0 CiG 0 B,
_ ClTRll 0 n 0 ClTRl2 o
0 CiRy ClRy 0
i ST (1.28)
| 0 CIRp CiR;; 0
CiRy 0 |/ | 0 CiRy
_ H11(S) 0 0 H]Q(S) o
0 G11(s) G12(S) 0
-1
[— 0  Ha(s) Hxi(s) 0
Gxn(s) 0 0 Gal(s)

It is easy to show, that the formulation (1.28) is equivalent to the formulation given
by Egs. (1.22) to (1.25). Moreover, (1.28) provides an elegant relationship between
the components of the transfer functions of the sub-systems and the coupled system,
that reveals the symmetry and the structure of the coupled system. In addition it
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shows that the relation between the transfer functions is not straightforward. Since
several sub-expressions such as (sE; _Ail)_l reoccur frequently, we will introduce
abbreviations in the upcoming sections.

Formula (1.28) reveals a structure which is more difficult to find in (1.22)—(1.25)
and can be used to calculate the transfer function of the coupled system if the transfer
functions of the individual sub-systems are available. The involved inverse is of a
small matrix which means that calculation of the transfer function of the coupled
system is relatively cheap.

1.3.3 Standard Block Structure Preserving Reduction

In this section we will recall the general ideas of the standard block-structure pre-
serving methods.

A typical block structure preserving (BSP) model reduction method applied to
the system (1.10) consists of the following three steps:

1. Create the matrix V whose columns span the nth Krylov subspace around so € C
V = J(P(s0), R(s0)),
where P(so) and R(sy) are
P(so) = (s)E —A) 'E € RV and R(sp) = (soE —A) 'BeR".
2. Build a the block-diagonal reduction matrix V with Ny + N> = N rows

Vi 0
0V

b

where V| and V; contain the first N| respectively last N, rows of the matrix V.
3. Project the original system onto a lower-dimensional space

E=V'EV, A=Vv’Av, B=V/B, C=V/C.

When possible we write P and R rather than P(so) respectively R(sp). The model
reduction methods based on this idea are widely applied and popular due to a good
accuracy of the reduced-order systems that they deliver. However, they have a few
drawbacks, one of them being the high cost of the construction of the reduction basis.
The main computational cost of this type of methods is related to evaluation of x —
(soE — A)~'x, which involves solving a system of equations with a large coefficient
matrix. In the next section we introduce an alternative structure preserving method
which for some cases can significantly reduce the computational costs.

1.3.4 Separate Bases Reduction Algorithm

In the classical case, the reduction basis is built using the coupled formulation of
the system (1.10). The construction of this basis requires repeated evaluations of
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x+— (soE —A)~'x where soE — A is an N x N matrix. For large N this procedure can
be computationally very expensive or even unfeasible. In such cases one can try to
make use of a natural block structure of the coupled system and for instance replace
the evaluations involving (soE — A) ! by evaluations involving (soE1; —Aj;) ! and
(soEan — Agg)*l , i.e., by evaluations involving only the coefficient matrices of both
sub-systems. If NV is large and for instance N1 = N, = N /2 then the serial computation
of (soE11 —Aq1) " and (soE22 — Ax)~! may be much faster that of (soE — A)~'.
Further acceleration can be achieved through parallelism.

Following this idea, we introduce a new model reduction algorithm, called Sep-
arate Bases Reduction (SBR) algorithm. Here the Krylov subspaces that create the
reduction bases correspond to the uncoupled sub-systems (as defined in (1.7) and
(1.8)) rather than to the coupled system (1.10). The procedure is as follows:

1. Create two matrices V1 and V3, one for each sub-system:

 For the sub-system S, build a matrix V|, whose columns span the 7;th Krylov
subspace around sy € C

Vi = 2, (P1(s0),Ri(s0)),
where P (so) and R (so) are
Pi(so) = (soE11 —A11) 'Eqr and  Ry(so) = (soE11 — Aq1) '[By B3]

Matrix Vi has N; rows.
* For the sub-system S5, build a matrix V,, whose columns span the 7,th Krylov
subspace around so € C

V2 = 2, (P2(s0),Ra(s0)),
where P> (s0) and Ra(so) are
Pa(so) = (soE22 —A2) 'Eza and Ra(so) = (soE22 — A) '[Ba By].

Matrix V; has N, rows.
2. Build the block-diagonal reduction matrix V with Nj + N, = N rows

Vi 0
0V

3. Project the original system onto a lower-dimensional space
E=V'EV, A=v’Av, B=V/B, C=V/C.

In the sequel, when possible without causing confusion, we omit the argument sy of
P; and R;, i = 1,2. In the next subsection, we will compare the SBR algorithm with
a standard BSP reduction method, by examining their most important properties.
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1.3.5 Separate Bases Reduction Algorithm — Properties

In this subsection we will discuss the differences and similarities between Separate
Bases Reduction algorithm and standard block structure preserving model reduction
methods.

Block-Structure Preservation

As described in subsection 1.3.4, the SBR algorithm uses reduction matrices of the
block-diagonal form
Vi 0

0V,

Therefore, its application preserves the block structure of the coupled system matri-
ces.

Rank and Orthogonality

The sub-blocks Vi and V; of the projector V are constructed separately, using one
of the Krylov basis building algorithms. Hence, both of them have a full column
rank and, as a result, the matrix V also has a full column rank. If the sub-blocks V;
and V; have orthogonal columns then also matrix V has (automatically) orthogonal
columns, i.e., no explicit orthogonalization has to be applied.

Computational Cost

The difference between the computational costs for a standard block structure pre-
serving method and the Separate Bases Reduction algorithm comes from the fact,
that the SBR algorithm computes the reduction bases for the set of uncoupled sys-
tems instead of using the coupled formulation of the system. This approach can sig-
nificantly reduce the computational time and storage requirements needed during the
model reduction process.

The main cost of the Krylov basis construction lies in the evaluation of the matrix
pencil inverse function x — (soE — A)~'x. For coupled models with many degrees
of freedom this evaluation may be unfeasible. But for sub-problems of smaller size
evaluation may be possible. The amount of computational work required for the so-
lution of (soE — A)x = d depends on the employed solution method which at its turn
relies on specific properties of the matrix soE — A (symmetry, monotone, positive
definite, etc.). Different methods lead to different amounts of computational work:
The minimal amount of work of O(n) operations is usually achieved by multigrid
methods (see [25]), other methods such as GMRES, PCG, CGS and BiCGstab(l)
(see [16,20,22]) are more expensive. Classical fixed point methods such as Jacobi,
Gauss-Seidel and matrix-splitting based methods are usually even slower.
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Size of the Reduction Space

Another difference with respect to the standard BSP reduction methods is the size
of the reduction matrix V and, as a result, dimension of the reduced order model.

Let us consider the coupled system (1.10) and assume, for simplicity, that there is
no need for deflation (all columns turn out to be linearly independent) while building
the matrix V. We will apply a typical reduction procedure like described in subsec-
tion 1.3.3 and the SBR algorithm. In both cases, we will build a Krylov subspace of
order n and estimate the size of the reduction space and reduced order model.

We begin with the analysis of the standard structure preserving algorithm. The
nth Krylov subspace built for the coupled system for the starting matrices as defined
in subsection 1.3.3 will be of the form

V=2, (P,R) = colspan{R, ..., P" 'R}

where P = (soE — A)"'E and R = (soE — A)~'B. Since B € RV each of the
components P/R of the matrix V has m columns. Thus, for a degree n Krylov space,
assuming no deflation, the size of V is N x (nm). Next, the block-diagonal reduction
matrix V is created by splitting the rows of V according to the dimensions of the
sub-problems. In our case, the coupled system consists of two sub-systems, so the
final size of the reduction matrix V is N x (2nm). This leads to a reduced model of
order 2nm.

Next, we will focus on the SBR algorithm. In this case two matrices V| and V,, are
built separately and we assume that each of them corresponds to an nth degree Krylov
subspace based on the appropriate matrices (for i = 1,2 define G;(so) = (soE; —
A;i)7!, Pi(so) = G;E; and R;(s0) = G,[B; Bo,] and observe that R; = [R;;,Rp)]
where R;; and R, are G;B;, respectively G;B, ;). For the sub-system S, we create
the matrix V;

V1:%(P1,R1).

Here, R;,[B; B3] € RM*(mi+m3) g each component P{Rl of the matrix V; has
(m1 +ms3) columns whence V| has n x (m; +m3) columns.
For the sub-system S,, we create

V)= szn(Pz, Rz).

Similarly, since Ry, [B; B4 € RN2x(matms) every component P‘éRg of the matrix
V, has (m2 + m4) columns, and matrix V3 has n x (m2 + m4) columns.

Next, matrices V| and V; are used as diagonal blocks of the reduction matrix V,
resulting in a reduced model of order

nx (my+m3)+nx (my+my) =nx (m+m3+my).

This result shows that the SBR algorithm creates a smaller reduced order model than
standard BSP methods if (m3 + m4) < m. This is for instance the case for coupled
systems for which the number of internal inputs is not larger than the number of
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external inputs. If there are many more internal inputs than external ones, the size of
the SBR algorithm based reduction matrix will grow very fast compared to the size
of the BSP reduction matrix. However, this problem can be avoided for the category
of systems for which the internal input matrices B, and B4 can be approximated by
only a small number of dominant components. This approach will be explained in
more detail in the next section.

The Moment Matching Property

In order to assess the SBR moment matching properties we compare the column-
spaces of the BPS and SBR reduction matrices. For simplicity, without loss of gener-
alization, we focus on the SISO case (the coupled system is SISO) where in addition
B;, C;, i=1,... 4 related to the sub-systems are column-vectors which implies that
all products C! (.. B, i,j=1,...,4, are scalars. A similar analysis is possible for
the MIMO case (a MIMO coupled system with sub-system matrices B;, C;).

Theorem 1.2 Let the coupled system be as in Fig. 1.7, described by (1.7) and (1.8).
Assume that all inputs and outputs are column-vectors, i.e, mi=p;,=1,i=1,2,3,4.
Then the SBR reduced-order model transfer function matches at least the same
(number of) moments as the BSP reduced-order model transfer function.

Proof First, we examine the reduction space built by a standard BSP method. To
match the first X moments at so € C, of the coupled system of the form (1.10), one
has to construct the Krylov space

V = #/(P,R),

where
P=(GE—A)'E and R=(sE—A)'B.

The i Krylov step for the BSP method adds to the reduction basis the column span
of the following matrix VBISP

Vit via 0 o

(1)
Vil = 1.29
BSP 0 0 Vgl) ng) (1.29)
with blocks of the form
v Vil vi)
BSP — V(I) V(I)
21 Y22
(1.30)

PRy + Z’f:}? o PR S0 7PIR: _
T oB/PR Py 'Ry + 3 §PiRy

By (1.27) there exist scalars a, b, ¢, d and by construction (induction) there exist
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coefficient vectors o =

)
BSP = PVBSP

(127)

induction

Cl'(..)BjeC

P 2R11+Z, 34 PIR
Z’] jP2R22
PR+ 3 PRy

P~ ’Ri1+3/ 5 oPRp2
>0 B/PiRy
P 1R11+Z’ L o;P/R2

X ﬁ./PéRZZ
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A A

where & = [u, 0], B = [u3,B], = [12,7], 0 = [u4, 8], and the matrix with **” is
a full matrix. Now it is easy to see that the column span of the matrix constructed
from the matrix Vgép by splitting its rows, has the same column span as the matrix
defined in (1.29). Finally, the reduction basis Vgsp after £ steps of the BSP algorithm
has the following form

Visp = [Vidp, ., V). (1.32)

Now we will examine the SBR reduction space algorithm. Let P;,R; = [R;1,Rp],
i=1,2 be as defined before. For s € C SBR builds two Krylov subspaces

Vi =2 (P1,Ry), and V=.%(P2,Ry).

One can easily prove, that the /7 step of the Krylov iteration within the SBR algo-
rithm adds to the reduction basis the column span of the following matrix VS%R

vo [V o (133)
SBR 0 Vg) ) .
where
Vi) = [P’flRu,P’flRlz]
and

Vg) = |:P£71R21,P£71R22} .

Finally, the reduction basis Vgpr after & steps of the SBR algorithm has the following
form (1 .
Vg = [Vie, - V. (1.34)

Comparing (1.30) and (1.33), we observe that
colspanVgsp C colspanVggg.

Because the dimensions of the spaces are equal for our case (SISO external and
column-vectors B;, C; for the sub-systems) one finds that in addition

colspanVgsp = colspanVgpR. (1.35)

Because colspanVpggp C colspanVgpr the SBR reduced-order model transfer func-
tion matches (at least) the same (number of) moments as the BSP reduced-order
model transfer function which at its turn (Theorem 2, [6]) matches the same (num-
ber of) moments as the original coupled system’s transfer function. For the more
general case where B;, C;, i = 1,...,4 are matrices one should also obtain

colspanVggp C colspanVspr (1.36)

which is sufficient to prove the moment matching property of the SBR reduced-order
system.
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1.3.6 Two-Sided Separate Bases Reduction Algorithm

The two-sided projection technique introduced in the previous section can be adapted
to similarly improve the moment matching properties of the SBR algorithm, where
we assume, as in the previous section, thath the B; and C; are column vectors. With
the uncoupled formulation (1.7) and (1.8) in mind we define the reduction algorithm
as follows.

1. For the sub-system Sj, create two matrices:

+ Matrix Vi, whose columns span the »;th Krylov subspace around sg € C
Vi =, (P1(s0),Ri(50)),
where Py (so) and R (s¢) are
Pi(s0) = (soE11 — A1) 'Eip and  Ry(so) = (soE11 — A11) ' [By Bs).

Matrix Vy has Nj rows.
» Matrix W1, whose columns span the 7;th Krylov subspace around sg € C

Wi =2, (S1(50),Ti(s0)),
where S (so) and T (so) are
Sl(so) = (S()Ell —A11)_TE1T1 and Tl(so) = (S()Ell —All)_T[Cl C3].

Matrix Wy has N; rows.
2. For the sub-system S,, create two matrices:

» Matrix V2, whose columns span the n>th Krylov subspace around sg € C
Vo = 5, (P2(s0), Ra(50)),
where P> (s0) and Ra(so) are
P>(s0) = (soE22 —A2) 'Exy and  Ra(so) = (soE22 — Ax) ' [B2 By).

Matrix V5 has N> rows.
» Matrix W2, whose columns span the nyth Krylov subspace around sg € C

Wi = 7, (S2(s0), T2(s0)),
where S;(so) and Ta(so) are
S (So) = (S()E22 —AQQ)_TEgz and TQ(S()) = (S()E22 —AQQ)_T[CQ C4].

Matrix W, has N> rows.
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3. Build two block-diagonal reduction matrices V and W with Ny + N, = N rows

W; 0
and W= ! .
0 W,

Vi 0
0V,

V:

4. Project the original system onto the lower-dimensional space
Esgr = W'EV, Aggr = WAV, Bggr = W/'B, Cgspr = V! C.

Again, different algorithms lead to Vi, V> and W1, Wy with different properties.
Also the above SBR algorithm results in a block-structured reduced order system and
uses all of the inputs and outputs. Consequently, also the above SBR-based reduced
order system’s transfer function matches twice as many moments of the original
system’s transfer function as the only inputs based one in Sect. 1.3.3 (the moment
matching property follows from the BSP algorithm, Theorem 1 and Theorem 2).

1.4 Low-Rank Approximations Based SBR Algorithm

In Sect. 1.3 we presented the Separate Bases Reduction algorithm — a block-struc-
ture preserving model reduction method for coupled systems. As discussed in that
section, one of the SBR method’s disadvantages is that the sizes of the its Krylov
subspaces increase very fast for systems with a large number of internal inputs and
outputs. Hence, the use of the SBR algorithm was recommended for the cases, in
which the number of internal inputs and outputs was considerably smaller than the
dimension of the system or comparable to the number of the external inputs and
outputs. In this section, we approximate the internal inputs (outputs) by their GSVD-
based dominant parts. This improves the efficiency of the SBR method. In addition
we will prove that both the SBR algorithm and its low-rank based variant can be
applied to coupled systems for which the internal input and output operators B and
C are not explicitly availabe.

1.4.1 Implicitly Defined Couplings

In Sect. 1.3, we introduced the interconnected system (1.10) as a result of the cou-
pling of the two sub-systems, (1.7) and (1.8). Here, the coupling blocks are given
by the explicit products of the internal inputs and outputs of the two sub-systems,
namely B3C£ and B4C3T, . Having such a formulation at our disposal, we can ap-
ply the SBR algorithm in a straightforward way. However, for some applications it
may be impossible to obtain matrices B3, B4, C3 and Cy. In the following sections
we propose a way of transforming an interconnected system with implicitly defined
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couplings of a form

S[Ell 01 Xll _ (A An| [xi B, 0 Ul]
0 E Ar; A 0B
S 2| |x2 (A2l A X2 2| [u2 a3
Y - ClT 0 X1
¥ 0 CI| |x2
with
Ey 0 A1l A | B, 0 Ci 0
g |En Az [AnAnl g B Cc= |© (138)
0 Ex» Azl Ap | 0 B 0 C;

into a form that can be reduced using the SBR algorithm. Our goal is to find decom-
positions (factorizations) of the two coupling blocks

Ap=B;C] and Ay =By} (1.39)

that provide a good (with respect to the corresponding Krylov subspaces) approx-
imation of the original internal inputs and outputs of the coupled system (1.37). A
factorization of the type A = BC is not be unique. The next section shows how to
deal with this.

1.4.2 Decomposition Theorem

In this section, related to (1.37), first we show that a factorization A = BC is not
unique and next we prove that if Aj; = B;C; and simultaneously Aj; = B,C; then
Hp(A11,B1) = 7),(A11,B2) if Cy and C; are of full column rank. The proofs will
be for the input-based Krylov subspaces. Similar theory applies to the output-based
Krylov subspaces.

First, a factorization of the type A = BC is not unique since A = IA and A = Al are
two different factorizations. Even a QR factorization A = QR is not unique since
if A = QR then A = (QS)(SR) for all complex valued diagonal matrices S with
unit-length diagonal elements (S denotes the complex conjugate of S). Also other
factorizations such as Gaussian-elimination based A = LU exist.

Since we aim at the use of B for the generation of a Krylov subspace %}, (A1, B1)
we will next show that the non-uniqueness does not need to be an issue. To this end
we prove the following Lemma 1.1 and Theorem 1.3.

Lemma 1.1 Let B € R™?, C € RP*™ m,n,p € N. Then
rank(C) = p = colspan BC = colspanB.

Proof Matrix C has rank p which implies p < m and that C has p linearly indepen-
dent columns of length p. Thus based on

colspanC = {Cx: x e R"} (1.40)
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one finds
= N m = P
colspanC (50 {Cx:xeR }pgm R (1.41)

whence

_ . m — . P _
colspanBC (0 {BCx: xR }(131) {By:yeR }(110) colspanB.

Note: The condition that C has full column rank is sufficient but not necessary. It can
be relaxed: If for instance B has only 2 < p linearly independent columns, e.g. the ith
and the jth column, then a sufficient condition is colspanC = colspan {e;,e;} C R”.

Theorem 1.3 Let B;,B; € R"*7, C;,C, € RP*™ and m,n,p € N.
If
rank(Cl) = rank(Cg) =p and B1C1 = B2C2

then
colspanB| = colspanB,.

Proof Observe that

colspanB; = colspanB;C; = colspanB,C,; = colspanB;.
Lem.1.1 Lem.1.1

Next we prove that certain Krylov subspaces are identical.

Theorem 1.4 Let A € R"™*" is non-singular and B1,B; € R™™, n,m € N. Then

colspanB = colspanB, —> %, (A,B1) = 7,(A,By).
Proof Note that

colspanB; = colspanB; <
{Bix: xeR"} = {Bax: x € R"} «—
{ABix: x e R"} = {ABxx: x e R"} «—
colspan AB| = colspan AB:,

which, repeatedly applied, shows that colspanA*B; = colspanA*B, for all k > 0
whence 7,(A,B1) = 7,(A,B2).

Theorem 1.3 in combination with Theorem 1.4 show that every factorization of
an off-diagonal block of the form Ay = BCT with C of full column rank leads
to the same krylov space %, (A1, B). The following sections show how to use this
property for the application of the SBR method to an arbitrary coupled system (1.37).

1.4.3 Decomposition Theorem — Numerical Example

In Sect. 1.4.2 we showed that the Krylov space does not depend on the factors of the
decomposition Ay = BCT when these factors are of maximal column rank. To illus-
trate this numerically, we calculate these factors of A1, with different factorization
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techniques, based on a OR factoration and LU factorization. For simplicity, we use
a one-sided variant of the SBR method. The system used for the test is a linear beam
coupled to a controller. Only the beam system has an external input and external
output. Hence, the considered system is of a form

[I]l 0] [X]] A11 B3C£ X1 B]]
N = u
01 B,C} A 0
S: 22 X2 483 22 X2 (1.42)
X1
yi =[Ci 0]
X2

Let Aj2 = B3C} and Ay = B4CY. Here, the full coupled system has 80 degrees of
freedom, 40 for each sub-system. Both of the sub-systems have 5 internal inputs and
5 internal outputs. It means, that the coupling blocks A, and A, are of rank 5. For
all cases, the same number of Krylov iterations is performed and the reduced-order
systems are of the order 55 (originally 80). The first sub-system was reduced from
order 40 down to 30 and the second from order 40 down to 25.

To reduce the original system, we will build three reduction matrices involving
an nth-order Krylov sub-space as follows:

* Reduction matrix based on the original internal input blocks
The diagonal sub-blocks of the reduction matrix span the Krylov subspaces

Vl = %(PlaRI)a

where
P, = (S111 —A11)_1 and R, = (SI]l —All)_l[Bl B3]
and
Vi = (P2, Ra),
where

Py=(sln—A»n)' and  Ry=(sln—Ay) 'Bs.
The block-diagonal reduction matrix V is of the form

Vi 0
0V

* Reduction matrix based on a QR decomposition of the coupling blocks
Based on a QR decomposition of the coupling matrices Aj> and Ay;, we get

A12 = 321%1 and A21 = 32%2.

We use an rank-revealing version of the QR algorithm, i.e., 21, 2>, Z|, %5
are of full column rank. Hence, the matrices 2 and 25 used to build the Krylov
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subspaces have the same rank (and most likely amount of columns) as B3 and B.
Next, the reduction sub-blocks are created

R R R
VR — g, (PR ROFY,

where
PR — (sliy—An)' and R =(sli —An) ' [B 2]
and . . .
VIR = oz, (PYR RYY),
where

P%)R = (S122 — A22)71 and R%)R = (S122 — A22)71£22.
The block-diagonal reduction matrix V% is of the form
R
AT

VR =
OR
0 V5

* Reduction matrix based on the LU decomposition of the coupling blocks
Based on the LU decomposition of the coupling matrices A, and Ay, we get

A =A% and Ay =.5%.

We use a rank-revealing version of the LU algorithm, i.e., %, %, %," and %,"
are of full column rank. Hence, the matrices .#] and -% used to build the Krylov
subspaces have the same rank (and most likely amount of columns) as B3 and By.
Next, the reduction sub-blocks are created

Vi = (R,

where
PIU=(li—An) ! and  RE= (51— An) (B )
and
ViU =, (5 RYY),
where

Py =(sln—An)"'  and  R}Y=(shn—An) %
The block-diagonal reduction matrix V" is of the form
ViU 0

VLU _
0 ViU

Figure 1.8 shows the magnitude plots with respect to the frequency of the frequency
response functions of the three reduced-order systems, created using original, QR-,
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Fig. 1.8. Magnitude plots of the frequency response functions of the reduced-order systems

based on different decompositions of the coupling blocks
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Fig. 1.9. Magnitude plots of the relative errors of the reduced-order frequency response func-
tions based on different decompositions of the coupling blocks with respect to the reduced-
order frequency response function based on the original input and output matrices

and LU-decomposition based input matrices. The plots are almost identical, which
is confirmed in Fig. 1.9, that shows the relative errors between the reduced-order
frequency response function of the original system and the frequency response func-
tions computed based on both decompositions. The small differences between the
three frequency response functions should be caused by round-off errors.
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The next section shows how Theorems 1.3 and 1.4 in combination with GSVD
can be used to improve the performance of the SBR algorithm applied to coupled
systems with a high number of couplings (or interconnections).

1.4.4 Low-Rank Approximations Based SBR Algorithm

For coupled systems it is not always necessary to take into account all of the coupling
components. Sometimes only a small number of them determines the behavior of
the system and the rest can be neglected without much loss of accuracy. This section
extends the application of the SBR algorithm to coupled (or interconnected) systems
characterized by a high number of couplings of which only a small percentage is
relevant to obtain an accurate solution.

Section 1.3 pointed out that the standard SBR method should be applied only
for the systems with a relatively small number of internal inputs and outputs. That
is, only for coupled systems where few degrees of freedom of one sub-system (re-
lated to one physical domain or to a physcial quantity) are coupled/connected to the
other sub-system, which implies that the coupling blocks A1, and A;; of the system
(1.37) are of low rank. Otherwise, the SBR method produces reduction bases which
increase in size too fast with respect to the number of Krylov iterations. However,
if only a part of the components of the high rank coupling blocks is relevant, we
can decrease the growth speed of the reduction bases. To do so, we first need to de-
termine, which components of the coupling are important and should be kept, and
which ones can be neglected. One of the ways to make this decision, is to apply the
generalized singular value decomposition (GSVD) to the coupling matrices A, and
A;1. The GSVD should be applied to the pairs (Al},Al,) and (A},, AL,). One then
has

AL =Vvi§;XI' and Al = V,$:X)

which results in the expressions for the coupling blocks

Ap=X8/v (1.43)
Ay =XoST VL. (1.44)

Note, that here the matrices C; and C; are not used to denote external output ma-
trices, but components of the GSVD. Assuming that the coupling blocks are of the
form (1.39), since S; and S; are real-valued non-negative diagonal, we can define
the input and output matrices as following products

B;=Xx,8/2,  Cy=Vs]? (1.45)
By =Xo8)%  Ci=V,8)2 (1.46)

Since S; and S, are diagonal matrices with non-negative entries their square roots
are diagonal matrices with entries y/[S1]; and 1/[Sz2];;. Constructing the inputs and
outputs as in (1.45) and (1.46), all of B; and C;, i = 3,4 are scaled by +/S; or /S>.
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According to the Theorems 1.3 and 1.4, #,(A11,B3C} ) = #,(A11,B5C} ) and
%(Azz,mcg )= %(All,fhég ). Moreover, using a type of the decomposition
that orders the components with respect to their importance has an additional benefit.
It makes it possible to approximate the inputs and outputs leaving only the most
relevant components and, as a result, reduces the dimensions of the blocks. In some
cases, this reduction is sufficient to allow for an efficient application of the SBR
algorithm.

Let us now compare the procedures of building the standard and GSVD-based
Krylov subspaces. Here, we will limit the discussion to the case of creation of a
Krylov space based on inputs of the sub-system (1.7), but a similar analysis applies
to all the other cases, i.e. input-based Krylov subspace for (1.8) and output-based
Krylov subspaces for both sub-systems, (1.7) and (1.8). As defined in Chap. 1.3,
matrices Aj; € RVM>NM | B e RM>*™1 and By € RM*73. Assume, that B3 has full
column rank m3 and that application of GSVD to the pair (Al},Al,) leads to

]~33 = XISi/z = [51,..,6”,3] S RNIX”B.

where both X and S; in (1.45) are of full column rank. Next, let B; = ng) (Sgk))l/ 2
approximate B3 with the use of £ dominant components. Then

B = [by,.., by € RN, (1.47)

For simplicity, we assume that m| + m3 is a multiple of m + k (this may not be the
case in general), so there exists A € N such that

m1+m3 = A(my +k). (1.48)

The pth Krylov subspace created by the SBR algorithm for the sub-system (1.7) for
so € Cis
J,(P1,Ry) = colspan{R;,PRy,.. .,P’f_lRl},

where
P; = (soE;1 —A;1) 'E;p and Ry = (soEq; —Aq1) "' [By B3]

and consists of p(m; + m3) columns (assuming that no linear dependence occurs).
Likewise,

Jiﬁp(Pl,ﬁl) = colspan{ﬁl,Plﬁl,...,Pf”pflﬁl}, (1.49)
where
P; = (soE11 —A;1) 'E;; and Ry = (soE;; — A1) "' [By Bj)

consists also of p(m; + m3) columns, but approximately matches A as many mo-
ments of the original transfer function.

Projecting system (1.7) onto a subspace %} ,(P1 ,ﬁl) in (1.49) does not preserve
the moments of the transfer function of this sub-system. However, if the column span
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of the matrix B3 gives a good approximation of the column span of the matrix B3
we can expect that the reduced-order system obtained by projection onto the space
(1.49) will give an accurate approximation of the appropriate number of moments
of the transfer function of the original system. Moreover, if the matrix B3 can be
approximated by B3 with a significantly smaller number of columns, A times more
steps may be used during the Krylov procedure (to approximate a higher number of
moments) or one can use more expansion points, keeping the reduced-order model
still relatively small.

In the next section, we present the results of some numerical tests that show the
advantage of using the low-rank approximation based SBR algorithm for a system
with a high order of coupling.

1.5 Numerical Examples

In this section, we present two examples of the application of the SBR method com-
bined with low rank approximations for the coupling blocks. The first example is a
simple and small example, yet exhibiting interesting behaviour as far as coupling is
concerned. The second example is described in much more detail, as this is an in-
dustrial benchmark problem and needs some preliminary steps before the methods
described in this chapter can be applied.

1.5.1 A Simple Example

In this section, we consider a simple example. The difficulty of this test case is that
here the coupling blocks of the system are of rank 10 (the coupled system has 10 in-
ternal inputs and 10 internal outputs), while each of the sub-systems contains only 40
degrees of freedom (80 degrees of freedom in total). In this case, the standard SBR
algorithm generates too many columns to be competitive. However, the use of low-
rank approximations makes the SBR algorithm more competitive. Fig. 1.10 shows
the magnitude plots with respect to the frequency of the original and reduced-order
frequency response functions. In case of the two-sided BSP method and the two-
sided SBR algorithm based reduced-order systems, the original system was reduced
to 42 degrees of freedom. The low-rank approximation based two-sided SBR algo-
rithm created the reduction bases for rank 3 approximations of the coupling blocks,
i.e. the internal input and output matrices B;,C;, € R***10 ;= 3 4 were approx-
imated by B;,C; € R¥*3 i = 3,4. Hence, every Krylov step was adding 4 new
columns to the reduction basis (3 corresponding to B3 or C4 and 1 corresponding to
B, or C}) in case of the sub-system S} and 3 new columns (corresponding to B, or
C3) in case of the sub-system S». To construct the reduced-order system of dimen-
sion 42, the low-rank approximation based SBR algorithm performed 6 iterations
for each sub-system (for both, input and output related bases). Figure 1.11 shows
the magnitude plots of the relative errors of the reduced-order frequency response
functions with respect to the original one. Note that the two-sided SBR algorithm
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Fig. 1.11. Magnitude plots of the relative errors of the reduced-order frequency response
functions with respect to the original frequency response function

based on low-rank approximations of the internal inputs and outputs leads to much
better results than the SBR algorithm applied to the original coupling blocks. The
two-sided low-rank based reduced-order transfer function Hjgw_rank_SBR approxi-
mates H less accurate than the standard two-sided BSP transfer function but in the
neighborhood of the expansion point s the relative error is still below 2%. Table 1.1
shows that not only the first 6 derivatives are matched but also the 7' one is well
approximated.
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Table 1.1. Derivatives of the original and low-rank approximation based reduced-order trans-
fer functions for the expansion point (s) for the second example, multiplied by 107

i d'H(s) 0" Hiow—rank—sBR (5)
0 —0.349984611544531 —0.349975323605725
1 0.000580754070987 0.000580770193275
2 —0.000001928114532 —0.000001928787960
3 0.000000012770698 0.000000012766510
4 —0.000000000067912 —0.000000000068062
5 0.000000000000859 0.000000000000859
6 —0.000000000000014 —0.000000000000014
7 0.000000000000000 0.000000000000000
8 -0.000000000000000  —0.000000000000000
9 0.000000000000000 0.000000000000000

1.5.2 Industrial Benchmark Problem

The benchmark system treated in this chapter is a model of a printhead delivered by
Océ Technologies B.V. in the Netherlands. It isa MEMS (micro-electro-mechanical-
system) based design, containing a large number of individual channels integrated
into a single chip. A schematic overview of a single channel (a side and bottom view)
is shown in Fig. 1.12. The dotted line depicts the ink flow; the ink, coming from the
reservoir, enters through a restriction (1), from which it flows into the actuation

... Piezo actuator
Inkflow 2

Nozzle plate wafer
Side view

2 (3 4%

Bottom view

Fig. 1.12. A schematic overview of a single channel (courtesy of Herman Wijshoff)
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chamber (2). Below the actuation chamber, a 300 um long feed-through is placed
(3), after which the nozzle plate is reached. The nozzle plate is 75 um thick and
consists of a pyramid shaped funnel (4) and a nozzle (5) with a radius of 11 gum.

The main goal is to suppress acoustic pressure waves, which can be generated in
a number of ways, such as the non-continuous ink supply by many thousands of ink
channels, residual vibrations at the inlet of the ink channels, fast movement of the
printhead, resonance of the whole structure, etc.

The models of such devices used for simulations can reach large dimensions,
hence application of the model order reduction techniques is often required, to de-
crease the simulation time. In this chapter, we study the application of the GSVD
based approximations for the coupling blocks in the model of the printhead.

1.5.3 The Second and First Order System

The related system of equations is a second order system. Let n1,n, € N and n =
n1 + ny. The second order system of interest is

Mx"4+Kx =b
{ vt (1.50)
y = ¢x
with (n1 +mn2) X (n1 + n2), 2 % 2 block-matrices
M 0 K1 K
Mo |1 . K= n Kz (1.51)
M M 0 Kx
and My = —pKE. The first sub-system corresponds to the displacement of the

structure and the second sub-system describes the pressure of the fluid. The related
Laplace transformation

WMX+KX =B
Y =cX

leads to transfer function
Hw)=c(K+Ww'M)'b, weC.

Searching for purely oscillatory modes implies that the related w is purely imaginary,
i.e., that one is interested in positive real values w of:

Hw)=c¢(K—w'M)"'b, weR. (1.52)

Let x, = x{. Then the first order system reformulation of (1.50) is

X2 = X] X]—x2 =0
! = ! _
Mx; +Kx; =b Mx; +Kx; =b
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which implies

/ - -
1 X I| [x 0
o 1 n
M X2 —-K X2 b
S~—— —_—— =~
E A o B
Y1 _ c0 n X] '
Y2 _0 0 | X2
Its related transfer function is
H(s)=C(sE—A)"'B. (1.53)

Solution of FX = B:

{ SX{—Xp =0 { SXi—X> =0 {X1=(S2M+K)1b
— —

sMx> +Kx; =b $*Mx; +Kx; =b X2 = SX].

This implies that .
yi=c(s’M+K) b

is identical to y if and only if s = iw, w € R.
In the sequel we will examine the second order system.

1.5.4 Sparsity Patterns and Magnitudes of the Blocks of M, K

There are three available discretizations for the OCE application: coarse: 1188_1050,
medium: 4752_5304 and fine: 20748_35775. The numbers relate to the amount of
degrees of freedom as follows: Case 4752_5304 implies n; = 4752 and n, = 5304.
Extracted from ANSY'S, the blocks M, M, M2, K1, Kj2,Kp; in (1.51) are very
differently scaled: For instance, for the medium case their absolute value greatest
resp. smallest entries (magnitude) are of the order

M = o 10719 0 | K=o 1078 10°*
1075 10718] 7 0 104"
(1.54)
M = 0 10712 0 | K=o 107121079
B B TR T/ ] 0o 10°"

For the calculation of the transfer function furthermore note that w € [0,27 * 1500].
Thus approximately, w? € [0,10%]. The use of the standard MATLAB *\” operations
to solve (K —w>M)x = b leads to error messages and abortions, not to solutions.
An alternative, the use of the MATLAB package Factorize, alleviates this problem,
but (too) severe round-off remains. Furthermore, the ’\” operation turns out to be
very slow for this poorly scaled problem. Investigation shows that that K;; contains
entries in [107!21078]. The use of standard double precision floating point /EEE
arithmetic involved in matrix operations such as matrix multiplication is bound to
round-away contributions of the smaller entries.
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Further investigation shows that all diagonal blocks but K; are symmetric. For
the results shown in this chapter the slightly non-symmetric ANSYS block Kj; has
been used as is. The results would be the same if one had instead used its symmetric
part (K1 +K7,)/2 (tested). It has also been shown that indeed Ma; = —pKJ, for
all three examples, where p = 1090.

Observe that the determination of the smallest absolute value positive entry of
a sparse MATLAB matrix with MATLAB is not trivial: The smallest entry of a sparse
matrix usually is zero (since the default entry has value zero), MATHWORKS and
other sources do not provide an on-the-shelf solution. To obtain the smallest non-
zero entry we have written a MATLAB function vfilter which for a full or sparse
matrix X writes all entries X;; such that |X;;| > & > 0 column-wise into a full vector.
The use of this function applied to matrix X and € = 0 in combination with min
provides the smallest absolute value entry of X.

Naturally, small entries should only be discarded if they are not relevant to the
system of interest, i.e., if the the system is properly scaled, which is the topic of
discussion of the next subsection.

1.5.5 Scaling the Second Order System

We need to scale the matrices K and M (E and A) to obtain a numerically robust
solution of the system
Kii —w'M K
Fw)x=b < (K-wM)x=b = | "~ "' 2 |x=b,
pw K12 K22 — W M22

which depends on w. For the problem of interest we expect symmetric blocks
M 1,M»,,K;; and K»», and My = —pKsz. This implies that this system could be
scaled (preconditioned) into a symmetric one (symmetry scaling), for which effi-
cient linear solvers exist. This can be done as follows: Observe that for a two by two
matrix

A:

ad 1
— D;'AD; =

1
cb]’ Dl:[ JeTd

can be scaled to a symmetric one. Hence, based on ¢ = pw? and d = 1, define

a ed
Ved b

I,

pwzlnzl .

Furthermore, to better scale the entries inside and between blocks (create diagonal
elements of magnitude 1), define

D, = diag(1/4/[D; 'FD ]11,...,1/4/[D; 'FD]).



40 W.H.A. Schilders and A. Lutowska

We now scale with a diagonal scaling:

M := D,D, ' MD;D,,
—— =

Q P
K := QKP.,b:= Qb,¢& := cP,

which, by invariance under inputs and outputs transformations means that
H(w) :=c¢(K—w’M) " 'b

is identical to H in (1.52) for all w. Obviously D is non-singular except for w = 0
and D; exists and is non-singular when all diagonal entries of DleDl are non-zero.

The factors P = P(w) and Q = Q(w) depend on w. This is fine for the construction
of Krylov spaces to match moments. However, to plot the transfer function H one
needs to evaluate ¢(K —w?M) for many wy, € [0, 10%]. Repeated calculation of P(wy)
and Q(wy) would be (too) costly, so we decided to use the w-independent factors
P:=P(w) Q := Q(w) for all w where w is the average of all wy. For the OCE
example, to plot the transfer functions, we sample the provided region of interest:
wr=5m-k, k=0,...,600. The value of W turns out to be wsg; which is close to
but not too close to a pole of H and such that all diagonal entries of DleDl are
non-zero.

1.5.6 The Structure and the GSVD of K>

Here we briefly comment on the GSVD of the scaled K},. Figure 1.13 and numer-
ical investigation show that K;» € R'!88x1050 is 3 sparse matrix which contains a
small non-zero sub-block of size 295 x 175 (window (3,...,297) x (561,...,735)).
This is typical for applications where the different physical quantities are defined in
bordering sub-domains and are coupled via the mutual boundary — if one numbers
the degrees of freedom on the mutual boundary consecutively. Since K1, has this
structure it is of the required type. This means that also V has all its non-zero entries
in the same sub-block, i.e., it only has possible non-zero entries from row 561 to
735. This information is of importance, because the standard GSVD implementa-
tions such as MATLAB’s do not use this information and generate V which contains
round-off (non-zero) entries outside the window, as can be seen in Fig. 1.14. For the
medium test case the results are worse, as to be expected: For p =5 and € = 0, Kg‘g)
(definitions, see below) is a full matrix.

To work around this problem we have written a MATLAB function spf ilter which
for a full or sparse matrix X copies all entries X;; such that |X;;| > M(X) - € into a
sparse matrix Y, where M(X) := max{|X|;;}; ;. This way, using € = 10~'!, both
K> = XSTVT and all of its dominant parts Kg‘g) = XISV (for some p < n)
have similar sparsity patterns.

In MATLAB there are different but equivalent manners for the filtering of entries
from a matrix. However, most of them do not terminate or lead to out of memory
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Fig. 1.14. Entries of K

d)p=52e=10"10

greater than € - M (KE‘?), small case

errors even for the small case. Functions vfilter and spfilter contain information
on manners which somehow do not lead to the desired result.

Explicit multiplication with factors X, ${?) and V{#) for the multiplication with
x — Kx is likely to be the more efficient then the use of multiplication with KY?.
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Fig. 1.15. Entries of x in (1.55), sorted

1.5.7 A GSVD-Based Approximation of K3

In this subsection we analyse how the GSVD based approximation of K|, influences
the solution of the static problem
Xj by
= (1.55)
X2 bz

Based on the definition of Kg) the approximation leads to system

Ky K2
0 Ky

Ki K5 | [vi”] _ [P
0 Kn||y; b
We intend to estimate -
1 (b =321/ (1.57)

over the set of indices 7 for which x; is non-zero (outside round-off region). To deter-
mine this set, we first solved (1.55) and made a log-plot of its sorted entries, shown
in Fig. 1.15. Based on this plot we decided to omit all entries smaller than 10~ and
obtained the results in Table 1.2. The accuracy does not seem to be (very) sensitive
to the amount of principal components used, which is due to the fact that the scaled
K> block is still of magnitude 10° smaller than the scaled diagonal blocks K;; and
K»>>. However, Sect. 1.5.8 shows that different amounts of principal components do
have a remarkable effect on the related transfer function.

1.5.8 The K, GSVD-Approximation Based Transfer Function

The aim is to determine a principal component analysis (PCA) based rank-revealing
factorization Kj» = BCT where B and C are constructed with the use of the first
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Table 1.2. Relative errors due to use of the GSVD approximation

1) =P @)1/ 1x(D) ]l

p
1 3.750080647¢-008
2 1.427208120e-007
3 1.119493657¢-007
4 1.468582269¢-007
5 1.500944068¢e-007

p < n principal components, based on the scaled versions of K (and if needed M)
as constructed above.

To the scaled matrix K (which depends on ) we apply a GSVD to K|, and K1,
such that KT, = UCX! and K{, = VSX'. Hence,

K = XSTVT = XV/ST/STVT,
S———
B CT

Figure 1.16 shows all of the diagonal values of the matrix S and Fig. 1.17 shows the
first 1000 of them. Next, for p = 1,...,5 we approximate K, by the contribution
of its p most dominant modes

KP — (X(p) A /S(p))(w /S(p)\/(ﬁ))

10° \ . : ; :

0 1000 2000 3000 4000 5000

Fig. 1.16. Diagonal elements of S
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Fig. 1.17. First 1000 diagonal elements of S

and plot the related transfer functions, together with the transfer function related to
K> (blue) in Fig. 1.18. One can observe that the transfer function related to K
closely approximates p peaks of the original transfer function (the one for Ky»).

1.5.9 The GSVD Approximation of Ml_ll K2

In fact, we need to apply the GSVD to Ml’ll K> rather than K;5. Fortunately, there is
a straightforward relation between the GSVD of (K1, Kj2) and (M]’ll Kii, Mﬂl Ki2).
To see this, abbreviate K := K, and M := M and observe that

K'=vsx" —
K=XS'vl —
MK =M IXSTVI —
MK = (M 'X)VSTvSTy!
Yz

which leads to the principal component based approximation:
M 'K =M 'xPsPvr),
One first rewrites (1.53) to produce the term sl, for instance as follows:

Hw) = ¢(K—w’M)"'b =
Hw) = ¢(M'K—w M~ 'b — (1.58)
H(w) = —e(wWI-M'K)M'b.
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Fig. 1.18. Low-rank approximations of block K

Observe that the inverse of block-matrix M in (1.51) is

—1
ML — My 0
—M,) My M| My,
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whence

Mﬁl Ky Mﬁl K>

MK = 1 1 1 -1 1
_—M22 M21M11 K —M22 M21M11 K>+ M22 K22_

Now, SBR applied to the first row of this system leads to the approximation

Mﬁl Ki: Mﬁl X(P)§P)y(p)

M K= 1 - - -1 -
_—M22 M21M11 K —M22 M21M11 K>+ M22 K22_

which shows that one can use the GSVD-based approximation

where

1.6 Conclusions

We proposed a new model order reduction technique for coupled systems. Our meth-
od, called the Separate Bases Reduction (SBR) algorithm, belongs to the family of
block-structure preserving (BSP) reduction techniques based on the uncoupled for-
mulation of the coupled problem. However, unlike other reduction approaches deal-
ing with the separate sub-system representation, the SBR algorithm can be applied
to a wide category of coupled systems, including strongly coupled systems and in-
terconnected systems with many interconnections. This is due to the fact that for
such cases we avoid a too fast growth of the reduction bases and related reduced-
order model, as long as the coupling can be well approximated by a relatively small
number of GSVD principal components. Examples of such strongly coupled sys-
tems are systems with an interface coupling, for instance systems describing inter-
actions between a fluid and a solid wall, or systems which for instance describe an
electromagnetic-structural coupling in an electronic device. Another advantage of
the proposed technique is that it is computationally cheaper than the more common
BSP reduction methods which deal with the coupled formulation of the system.

For the initial version of the SBR algorithm (without low-rank approximations of
the couplings), we proved the moment matching property. The GSVD based approx-
imation of the couplings only approximates the moments, but numerical experiments
show that taking a sufficient number of dominant components still results in accu-
rately approximated moments. What makes the SBR algorithm universal, is the fact,
that it can be applied even if the internal input and output matrices are not known
explicitly. We show, that having at our disposal only the coupled system’s matri-
ces, external inputs and outputs, and the dimensions of the sub-systems, we are able
to create appropriate Krylov subspaces for each sub-system. This property of the
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reduction method is desirable when dealing with industrial problems for which the
separate sub-systems’ information may not be available.

The SBR method has been designed keeping in mind the practical use in an in-
dustrial environment. It is fairly straightforward to adapt existing software modules
and make them suitable for application of SBR. This is certainly not the case for
the BSP type methods. Although the reduced-order models obtained by application
of the BSP methods frequently show a bit better approximation accuracy, the SBR
algorithm is much more beneficial from the point of view of the computational time.
This property is especially valuable in case of large industrial applications.
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2

Case Study: Parametrized Reduction Using
Reduced-Basis and the Loewner Framework

Antonio C. Ionita and Athanasios C. Antoulas

Abstract In this case study, we compare two methods for model reduction of param-
etrized systems, namely, Reduced-Basis and Loewner rational interpolation.

While having the same goal of constructing reduced-order models for large-scale
parameter-dependent systems, the two methods follow fundamentally different ap-
proaches. On the one hand, the well known Reduced-Basis method takes a time-
domain approach, using offline snapshots of the full-order system combined with
a rigorous error bound. On the other hand, the recently introduced Loewner ma-
trix framework takes a frequency-domain approach that constructs rational inter-
polants of transfer function measurements, and has the flexibility of allowing differ-
ent reduced-orders for each of the frequency and parameter variables.

We apply the two methods to a parametrized partial differential equation model-
ing the transient temperature evolution near the surface of a cylinder immersed in
fluid. Then, we compare the resulting reduced-order models with the full-order finite
element system by running both time- and frequency-domain simulations.

2.1 Introduction

The growing need for highly accurate modeling of physical phenomena often leads to
large-scale dynamical systems. For example, accurate simulations involving partial
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differential equations require taking fine spatial discretizations that, in turn, lead to
dynamical systems of large dimensions. Hence, high accuracy comes at a steep price.
Simulating such large-scale systems is a prohibitively expensive task that requires
long simulation times and large data storage.

Model reduction seeks to overcome these obstacles by constructing models of
low dimension that have short simulation times, require low data storage, but still
accurately capture the behavior of the large-scale system.

In the case of systems that do not depend on parameters, reduced-order models
can be obtained using an extensive array of model reduction methods [1]. For in-
stance, we can follow SVD-based approaches such as the proper orthogonal decom-
position (POD) [27] for non-linear systems and Balanced Truncation [8] for linear
systems. Alternatively, we can follow rational interpolation approaches such as (it-
erative) Rational Krylov [9, 11]. These methods are well understood and known to
give accurate reduced-order models in various practical applications [1,5]. However,
in the case of systems that depend on parameters, there is a limited choice of avail-
able model reduction methods. The main obstacle is the fact that, in the presence
of parameters, approaches like Balanced Truncation or iterative Rational Krylov are
difficult to generalize.

Nevertheless, in recent years, a number of efficient methods have emerged to
form the so-called Reduced-Basis framework for parametrized model reduction [13,
14, 18, 22-24]. Reduced-Basis methods extend the POD approach to the case of
parametrized systems by relying on an offline space that contains snapshots of state
trajectories of the full-order system. An error bound is used to iteratively enrich this
space and extract a reduced-basis that yields accurate reduced-order models.

More recently, the rational interpolation approach has also been generalized to
the case of parametrized systems [3]. Here, we apply this recent approach to con-
struct reduced-order models that interpolate transfer function measurements of the
full-order system. The key of the rational interpolation approach is the Loewner
matrix, which allows the flexibility of choosing different reduced orders for each
of the frequency and parameter variables. The reduced-order models are efficiently
computed using a rational barycentric formula together with the null space of a gen-
eralized two-variable Loewner matrix.

In this case study, we compare the Reduced-Basis approach and the Loewner ma-
trix approach, i.e., we compare a time-domain, POD-based method with a frequency-
domain, rational interpolation method. In Sect. 2.2, we review the two methods,
showcasing their common traits and differences. Then, in Sect. 2.3, we present a nu-
merical example involving a parametrized partial differential equation modeling the
transient temperature evolution near the surface of a cylinder immersed in fluid. Af-
ter applying the Reduced-Basis and Loewner frameworks, we compare the resulting
reduced-order models in both time- and frequency-domain simulations.
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2.2 Parametrized Model Reduction

We begin with a short introduction to model reduction of parametrized systems,
followed by an overview of the two reduction methods compared in this study.

We define a parametrized linear dynamical system of order # in terms of state-
space equations that depend on parameters p € RY:

E(p)x(c) = A(p)x(¢) +B(p)u(7),
y(1) = C(p)x(1) + D(p)u(t),

where x(¢) € R” denotes the system’s state, u(¢) € R the input, y(¢) € R the output,
and E(p),A(p) € R™", B(p),C’ (p) € R”, D(p) € R are the parameter-dependent
system matrices. Notice that the system’s state x(¢) and output y(¢) also depend on
the parameters p as the system evolves in time; however, for notational simplicity,
we only depict their dependence on time ¢.

Model order reduction methods seek models of order &

Q.1

E(p)X() = A(p) (1) + B(p) u(1), 22
y C(p)x ’

with E(p), A(p) € R*¥, B(p),C7 (p) € R¥, such that

« the new state X(¢) has reduced dimension k< n;

* the reduced-order model (2.2) accurately captures the behavior of the full-order
system (2.1), by introducing a small time-domain approximation error |y(¢) —
¥(¢)|, or a small frequency-domain approximation error |[H(s, p) — ﬁ(s, p)|, for

—1

H(s,p) = C(p) (sE(p) — A(p)) B(p)+D(p), (2.3)

denoting a system’s transfer function.

We now review the two methods that approach the model reduction problem from
different perspectives, but, as we shall ultimately see, both lead to accurate reduced-
order models.

2.2.1 Reduced-Basis Approach

Since their introduction in [18,23], Reduced-Basis methods have become a reliable
tool for obtaining accurate parametrized reduced-order models. Here, we summarize
the Reduced-Basis approach along the lines of the presentation given in [14].

Reduced-Basis methods construct the reduced state X(¢) by means of a judiciously
chosen Petrov-Galerkin projection VW’ . The reduced-order model (2.2) is obtained
by projecting the system matrices:

E(p) =W'E(p)V, A(p)=W/A(p)V,
B(p) =W'B(p).  C(p)=C(p)V. D(p) = D(p),
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with initial conditions X(0) = W’ x(0), and the reduced state defined as
X(1) := Wx(t).

However, before discussing how to choose the projection VW’ in a Reduced-
Basis setting, we outline an error analysis [14] that is valid for any general projection
with W'V = I;. Consider the error introduced by the projection framework when
approximating the full-order state:

Next, we derive a bound for this error that can be efficiently computed for different
values of the parameters p and time ¢. Towards this end, we define the residual vector

R(1,p) := A(p)VX(1) + B(p)u(r) — E(p) VX(1).

that depends only on the reduced state and the input, and satisfies by construction
the orthogonality condition W/ R(z,p) = 0.
Then, it is easily checked that the error satisfies the following evolution equation

E(p)e(t) = A(p)e(r) + R(z,p).

In most practical applications, the matrix E(p) is invertible for all parameter values
inside a domain of interest, and, therefore, we can define A(p) = E(p)~'A(p) and
R(z,p) = E(p)"'R(¢,p) to obtain

&(r) = A(pe(t) +R(1,p),

which has the solution

~ t ~
e(t) = dAPe(0)+  "PAPIR(7, p)dr.
0

Then, it immediately follows that the output error can be bounded by

I¥(0)-5(011 < 1€ (o) + IRz p)l e )

and, assuming that we can bound the matrix exponential of the full-order system
[CeAP)|| < Cy(p), the error bound becomes

¥ -501 < Citp) (1)1 + | IR@Epor). @4

Since for fixed p, the residual R(z, p) depends on the reduced state X(¢) and not on
the original state x(¢), the bound can be efficiently evaluated at different values of
time ¢, by using numerical quadrature [16] to compute the integral.

In practical applications, the bound given in (2.4) can be improved by using a
norm || - || tailored for the specific application, namely, || - || is the vector norm in-
duced by a problem-specific symmetric positive definite matrix G, ||z||é =z/Gz. In
addition, the bound can be further improved by considering the so-called dual prob-
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lem. For details concerning the dual problem, such as the additional computational
cost involved, we direct the reader to the discussion given in [12,22].

The error bound shown in (2.4), or its tighter dual, represents a key result for the
offline stage of Reduced-Basis methods. In this stage, we obtain the most computa-
tionally intensive quantities needed in the Reduced-Basis approach, and, usually, it
may take arbitrarily long to complete. Nevertheless, the benefits of the offline com-
putational effort become clear in the online stage, when we perform fast simulations
of the reduced-order model, with simulation times independent of the full order ».

In the offline stage, we compute the right-hand term C; (p) in (2.4), i.e., we bound
the matrix exponential of the full-order system (2.1). In a large-scale setting, this
task has its own well known challenges, and it often requires great computational
effort [20,21]. Then, we compute the so-called offline space

X=[..,x(t,p,), ...] eR*"M (2.5)

which is a collection of full-order state snapshots obtained for a user-selected time
grid #;, i =1 : N, and parameter grid p;, j = 1 : M. Computing the offline space
requires solving the large-scale equations (2.1), leading to significant computational
effort. In practice, the snapshots are obtained by discretizing the time ¢ and then
employing an Euler scheme [16].

The next step in the offline stage is to extract a reduced-basis V from the offline
space X, i.e., to compute the projection matrix V € R”*¥ such that column span V C
column span X. In short, there are various ways of choosing an appropriate V, such
as using a combination of POD, greedy algorithms and adaptive approaches [12,13,
22,24]. The main idea behind these iterative approaches is to start with an initial
reduced-basis V = V), then evaluate the error bound (2.4) and search for additional
basis components V| to obtain an enriched reduced-basis V = [V, V] that in turn
gives a new lower error bound. In this case study, the Reduced-Basis model shown
in Sect. 2.3 is obtained using the greedy scheme presented in [22].

Once the reduced-basis V is computed, we can obtain the reduced-order model. It
is assumed that the parameter dependence of the full-order system (2.1) is separable
into sums of constant matrices weighted by scalar functions of the parameters:

mmzﬁamm, MN=2%@A,

Mm=iﬁwﬂq amzimmc.

Then, the reduced-order parameter-dependent matrices result from projecting the
constant matrices E; = W/E,V, A, =W/ A,V, B;=W'B,, C; =C,;V, namely

Ep) =YeamE. A =Yapa,
. e (2.6)
B(p) = ;Bl(p)ﬁi , C(p)= ;%(p) C .
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The final step in Reduced-Basis methods is the online stage, where the pre-com-
puted reduced-order model from the offline stage is used for fast simulations of the
output y(z) for different input signals u(z) and parameter values p. The reduced ma-
trices (2.6) can be evaluated for different p in real time, since this operation only
requires evaluation of scalar functions &;(p), c;(p), Bi(p) and ¥ (p). Then, the out-
put ¥(¢) is computed using an Euler scheme involving only the reduced-order ma-
trices, resulting in an overall computational complexity of the online phase that is
independent of the full-order .

2.2.2 Loewner Matrix Approach

Next, we construct parametrized reduced-order models using a two-variable rational
interpolation approach. The discussion summarizes the recent results in [3], where
a Loewner matrix framework was introduced for constructing rational interpolants
for frequency-domain measurements of systems with one parameter p.

The Loewner approach starts from measurements of the full-order parametrized
transfer function (2.3):

¢i,j = H(slapj)a (27)

i=1:N,j=1:M, and constructs a two-variable rational function H(s, p) that
interpolates these measurements, ITI(s,7 p;) =i,

In the Loewner framework, the order of the reduced model H(s, p) is a pair (k,q),
where £ is the reduced order in the frequency variable s, and ¢ is the reduced order in
the parameter variable p, with k£ not necessarily equal to q. Therefore, we can choose
different orders for s and p, resulting in greater flexibility and a better understanding
of the structure of the underlying interpolant H(s, p).

The first step consists in identifying the reduced order (k,q) directly from
the given measurements ¢; ;, by computing the ranks of appropriate one-variable
Loewner matrices [2, 19]. Hence, consider the pairs (x;, f;), i = 1 : T, which we par-
tition in any two disjoint sets

{xl} = {lla"'vlr}u{,ula"'nuf}a
{fit ={w1,-..,w, JU{v1,...,v¢}, 2.8)

such that »+ ¢ = T. Then, the one-variable Loewner matrix L associated with (x;, f7)
and the partitioning in (2.8) is defined as

yi—w; yi—wr

m—A A
L=| - . - 1. (2.9)
=2 =D

Using this definition, we introduce the following one-variable Loewner matrices

associated with the two-variable measurements given in (2.7):
L, = L associated with (s;,¢;;), Jj=1:M,
L,, = L associated with (p;,¢;;), i=1:N,
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where the index p; (s;) indicates thatL,,, (Ly,) corresponds to measurements given
by constant p = p; (s = s;). Then, the ranks of these Loewner matrices give the order

(k,q) of the underlying interpolant ﬁ(s, p):

k = max rank]ij, j=1:M,

/ (2.10)
q = max rank L, , i=1:N.
1

Next, we construct the rational interpolant H(s, p) of order (k,q) by computing
the null space of an appropriate two-variable Loewner matrix L. Towards this end,
we partition the frequency and parameter grids (2.7) into any disjoint sets

{S,} = {llv"'7;Ln'}u{u17""uN—n’}» @.11)
{pj} ={m,.... 5w} U{vVi,...,Viy_m },

using the following notation for the corresponding partitioned measurements

Wil o Wi (O o0 O
[d) ] . Wl o Walw! ¢n’7m’+1 ¢n’,M _ @11|¢12 — @
1, . = —
J Ot Qi | Vi1 0 Vimew @31 | P2
L OV O | YN—r YN M

.12)
namely @ contains w; ; := H(A;,7;) fori=1:7, j =1:m', while @, contains
viji=H(w,v,), fori=1:(N—n), j=1:(M—n').

Then, from this partitioning, we define the two-variable Loewner matrix

Ve(i)./() — We(). 7))
(Hey = Aap) (Vi) — 7))

Lop(i,j) = (2.13)

of dimension (N—#')(M—m') x (W'm’) and with indices e,2, f,/ having the fol-
lowing Kronecker structure

e=[1:N-H|®1,;, =[1,...,1,2,....2,..., N—H,... . N—#],
e=[1:A@1y_y =1[1,...,1,2,....2,....1,....1],
=1 :M-ml=[1,.... M=’ 1,... M—n' .../ 1,... . M—n],
7= Ly w®[l:m] =[1,....0', 1,... ;... 1, 0],

for 1,;, € R! *n" a row vector with all entries equal to 1.

The main feature of the Loewner matrix IL,p is that its rank encodes the order
(k,q) of the underlying rational interpolant H(s, p), and, furthermore, H(s, p) can be
easily constructed from its null space.
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Theorem 2.1 (Two-variable rational interpolation [3]) If (k,q) is given by (2.10)
and ' >k, m' > q, then the two-variable Loewner matrix (2.13) is singular, with

rank Lop = W'm’ — (W — k) (m' — q).

In addition, if we set (W',m') = (k+1,q+ 1) in (2.11), then the rational function
H(s, p) of order (k,q) that interpolates all given measurements ¢; ; has the form

k+1q§‘1 Ci,jWij
~ i=1 j=1 (S_)’i)(p_n.l)
F(s.p) = , 2.14)

withe =[c1,1,¢12,...,€2,1,€22, -, Cky1,g+1] inthe null space of Lop, i.e., Lppe =0.

Notice that ﬁ(s, p) is given in terms of a rational barycentric formula that de-
pends on the two-variables s and p, and is, in fact, a generalization of the one-variable
rational barycentric formula [2,4]. It is easily checked that if we multiply both the
numerator and denominator in (2.14) with ]'[k+1 H‘]H% (s —Ai)(p — m;), then, after
simplification, we obtain two polynomials having the highest degree in s equal to
k and the highest degree in p equal to g. Hence, H(s, p) is a two-variable rational
function of order (k,q).

The barycentric formula allows us to write down the interpolant in terms of the
two-variable Lagrange basis (s —A;)(p—m;),i=1:n',j=1:m', which is formed
directly from the partitioned frequency and parameter grids in (2.11). The Kronecker
structure of the Lagrange basis dictates the Kronecker structure of the denominator
in each entry of Lyp. As a result, the rank of L, is not fixed, but it depends on
the order (k,q) of the underlying interpolant and on the dimensions (#/,m’) of the
partitioning. To obtain H(s, p) of order (k,gq), we choose (#,m') = (k+1,g+1).

Furthermore, the barycentric formula in (2.14) cannot be directly evaluated at the
grid points A; and 7; as it requires dividing by zero. However, just like in the case
of evaluating a one-variable barycentric formula [4], we use the convention that

(l,,n]) = ¢ ;Wi ;/ci; = w; ;. Therefore, H(s p) interpolates the measurements
w; ; contained in @1 by construction. Then, we force interpolation of the remaining
measurements @15, @,, Py by computing the barycentric coefficients ¢ such that
]LQDC =0.

In practice, it is possible to obtain models of even lower order (£, g) than the one
given by (2.10). Choosing k < max rank I, and g < max rank Ly, results in a
Loewner matrix L, that is full rank. However, if Lyp is close to being singular,
we can still compute barycentric coefficients such that Lope =~ 0. In this case, the
coefficients ¢ give a rational function H(s, p) (2.14) that interpolates @;; by con-
struction, and, approximates the entries in @15, P>y, P,y with small error, i.e., we
get a two-variable rational approximant, instead of an interpolant.

Finally, notice that equation (2.14) gives H(s, p) in transfer function form as a

ratio of barycentric sums. Therefore, evaluating H(s, p) for a particular frequency s
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and parameter p, can be efficiently implemented using only O(kq) operations. Nev-
ertheless, in practical applications, we also need to have ﬁ(s, p) expressed in terms
of state-space matrices, as in (2.2). Next, we present two simple state-space realiza-
tions for H(s, p).

Lemma 2.1 (State-space realization) The rational barycentric form ﬁ(s, p) in
equation (2.14) has the following state-space realization

fi(s,p) =C(p) (sE-A(p) B @19)

with the system matrices defined as

1 -1 M A

E—|: 7 Alp) = | " 7
1 -1 2 M A1
00 -+ 0 ai(p) oa(p) -+ o4r1(p)

€)= [Bi(p)s s Ber(p)], B0, i0,1]',

q+1 q+1

Bip) =y St ap)= 3,

k) 9
P T =Py

Ci,j

and the convention that Bi(r;) = ¢; jw; ; and o4(m;) = ¢; ;.

The proof of this result relies on exploiting the non-zero structure of the matrices
together with a cofactor expansion to show that det(sE — A(p)) equals the denom-
inator in (2.14). For simplicity, the full details are omitted here.

The above state-space realization uses system matrices of dimension £+ 1 and
has no D(p) term. The parameter dependencies are present only in the C(p) and
K(p) matrices, and take the form of barycentric sums involving the parameter p.
In contrast to standard state-space realizations that use a companion matrix K(p)
and coefficients o;(p) that are polynomials in p [1], the realization given in (2.15)
is better suited for practical implementations, since the coefficients o;(p) do not
contain powers of p.

Furthermore, we can also avoid barycentric sums by using the following result.

Lemma 2.2 (State-space realization [3]) The rational barycentric form ﬁ(s, p)in
equation (2.14) has the following state-space realization

H(s,p) =CO(s,p) 'B 2.16)
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with the system matrices defined as

[J(s,A,k) 0 0 R R 0
O(s,p) = A I (p,myq) 0 ,C= [00 —eZH},B: T,
L B 0 [J*(p7 ”»q),T] 0
[ Ci1 oo Crtagl CLawer o Chp1 1 We11
A= o .o 1], B= S : ,
| Clg+1 """ Chtlg+1 Clg+1Wigt+l =+ Chpl,g+1Witl,g+1
_S—),l 12 — S
s—A A3—s . 1
I A k)= | . IO e .
. . Hj 1717&( n/)
_S—/ll ).k+1 —S

Unlike the realization of Lemma 2.1, the parameter p enters only linearly in the
resolvent O(s, p) = sE — A( p). However, having such a simple parameter depen-
dence results in a realization of dimension £ +2(g+1).

We also remark that the existence of state-space realizations with linear depen-
dence in p and minimal dimension  is still an open problem [6,7,17,25]. Such min-
imal realizations are known only for the special case of H(s, p) having a separable
denominator, i.e., the denominator can be factored as the product of two one-variable
polynomials in s and p [10]. Nevertheless, the realizations provided in this section
are useful in practical applications, since their dimensions are close to the minimal
dimension % in a reduced-order setting.

2.2.3 Discussion

Next, we discuss the common traits and differences between the two methods. We
begin with the computational effort required for each. Notice that the most compu-
tationally intensive part of the Reduced-Basis approach is the offline stage. Its com-
putational cost depends on the number of operations needed for obtaining the snap-
shots and on the algorithm used for assembling the reduced basis. For the Loewner
approach, the computational effort consists in computing the full-order transfer func-
tion measurements, the reduced-order (£,q) and the null space of Lyp. In practice,
computing (k,g) does not require the ranks of all Loewner matrices L;,, and L,;
in fact, the ranks of only a few of these matrices usually give a good indication for
appropriate values of (k,q). The most computationally intensive part is computing
the full-order measurements H(s;, p,), since it involves the full-order matrices and
(2.3). In most practical applications, the resolvent sE(p) — A(p) has sparse structure;
hence, we can use sparse linear system solvers [26] in (2.3) to efficiently compute
the measurements.

The use of explicit transfer function measurements H(s;, p;) has another advan-
tage. Suppose we do not have a model of the full-order system (2.1), but we only
have access to its transfer function measurements; for instance, suppose we use a
device to take frequency response measurements of a system. Then, we can still ob-
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tain a reduced-order model by applying the Loewner approach; i.e., we identify a
reduced-order model directly from the available measurements.

We also remark that the results given in [3] developed the Loewner approach
for the case of systems that depend on a scalar parameter p, unlike the Reduce-
Basis approach which can accommodate a vector of parameters p. However, since
the publication of [3], the authors of this case study have generalized the Loewner
approach to a vector of parameters p. A detailed discussion of this case is scheduled
for publication [15].

Perhaps the most obvious difference between the two methods is the possibility
of choosing different reduced-orders for s and p in the Loewner approach. This is a
direct consequence of using the two-variable Lagrange basis, and, in practice, it can
prove useful to differentiate between s and p, since some systems have an inherently
low order dependence on the parameter p. This feature is discussed in detail in the
example given in Sect. 2.3.

The common trait of the two methods is the fact that they both offer ways of effi-
ciently evaluating the reduced-order models for different values of p. The Reduced-
Basis approach achieves this in the online stage using equation (2.6), while the
Loewner approach uses the rational barycentric formula (2.14).

Finally, after these theoretical remarks, we are ready to see how these methods
compare in a practical application. In the next section, we give such an example.

2.3 Numerical Experiments

In this section, we compare the Reduced-Basis approach and the Loewner rational
interpolation approach through a numerical example treating a parameter-dependent
partial differential equation. This parametrized system models the transient evolu-
tion of the temperature field near the surface of a cylinder immersed in fluid. For
details on deriving the state-space matrices (2.1) using a finite element spatial dis-
cretization, we direct the reader to the book [22] and its software package.

The parameter dependence is present only in the A matrix as

A(p) =Ai+p ' As, 2.17)

with the parameter p € [0.1,100] representing the Péclet number. The dimension of
the full-order state-space matrices (2.1) is » = 878, and the output matrix C is highly
sparse with dimension 919 x 878, as it maps the n = 878 system states to the 919
nodes in the spatial discretization.

2.3.1 The Reduced-Order Models

First, we obtain a Reduced-Basis model (2.6) of order £ = 11. This particular
reduced-order model is already available as part of the software package included
with [22]. The Reduced-Basis V is computed using a greedy approach and an offline
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Singular values of one-variable Loewner matrices
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Fig. 2.1. Singular values of Ly, (green dots) and Ly, (blue dots), i=1:N,j=1:M

space (2.5) generated from a parameter grid p € [0.1,100] and a time grid 7 € [0,1]
having time step 6 = 0.01. We denote the Reduced-Basis model with X .

Next, to obtain the Loewner model (2.15), we consider a frequency grid of N =50
frequencies s; logarithmically spaced in [1072,10%], and a parameter grid of A/ = 50
parameters p, logarithmically spaced in [0.1,100]. We then compute the associated
transfer function measurements ¢, ; = H(s;, p;).

The crucial step of the Loewner approach is to determine the reduced order (%, g),
with krepresenting the order in the frequency variable s, and g the order in the param-
eter variable p. Therefore, in Fig. 2.1, we plot the singular values of the one-variable
Loewner matrices L, and Ly, and, from (2.10), the maximum rank of L, gives
k and the maximum rank of L, gives g. Then, by Theorem 2.1, the two-variable
Loewner matrix L), is singular and the barycentric coefficients ¢ in its null space,
L,;e = 0, give amodel H(s, p) (2.14) that interpolates all given measurements ¢, ;.

However, for the purpose of comparing the Loewner model with the Reduced-
Basis model, we select £ and g lower than the ranks of ]Lp ; and Ly, , namely, we take
k = 11, the same value as for the Reduced-Basis model. In addition, we take g = 7
to showcase that the order in p can be chosen to be different from the order in s.

As a result of this choice of (k,q) = (11,7), the two-variable Loewner matrix
LL,p is not singular. However, its smallest singular value is equal to 3- 1078, i.e.,
Lyp is close to being singular, and we can still compute barycentric coefficients ¢
such that Lyje =~ 0. Thus, H(s, p) in (2.14) approximates the given measurements
¢:.;, instead of interpolating them. The final step consists in forming a state-space
realization using either (2.15) or (2.16). We denote the Loewner model with Xy,.

2.3.2 Comparison of the Reduced-Order Models

We now compare Xpp, the Reduced-Basis model, and Xy, the Loewner model. Be-
fore presenting their time- and frequency-domain behavior, we briefly discuss their
reduced orders.

Notice that the parameter dependence (2.17) of the full-order system has a ratio-
nal form, present only in the A(p) matrix; therefore, the resolvent (sE —A(p)) ™' €
378878 i5 also rational in both s and p. Hence, the system’s transfer function H(s, p)
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(2.3) is a two-variable rational function with the highest degree in s equal to 878 and
highest degree in p equal to 878, i.e., H(s, p) has order (878,878).

Since the projection framework (2.6) preserves the structure of the parameter
dependence, the Reduced-Basis model X5 is also rational in both s and p, and has
order (11,11), given by the dimension of the reduced-order system matrices (2.6).
On the other hand, Xy, has the flexibility of differentiating between the orders of s
and p. Therefore, we have selected a lower order for the parameter p, resulting in a
Loewner model Xy, of order (11,7).

Next, we compare the frequency-domain behavior of X and Xy,. In Fig. 2.2, we
plot the frequency response of the two models for 4 different values of the parameter
p€{0.1,1,10,100}. The models have one input and 919 outputs, with frequency
responses ﬁ/gB(jwi,p), ﬁL(jw,,p) € C21%1 To get a single line plot for each pa-
rameter value, we show the average of each frequency response.

On one hand, Fig. 2.2 shows that g provides a loose approximation of the
full-order system frequency-domain behavior. This was to be expected, since the
Reduced-Basis method is tailored for approximation of time-domain snapshots. On
the other hand, Xy, accurately matches the full-order system, since the Loewner ap-
proach is a bespoke frequency-domain method. Nevertheless, for this particular ex-
ample of a parametrized partial differential equation, the frequency-domain behavior
has secondary importance. Our primary goal is to accurately match the time-domain
transient behavior using reduced-order models.

Therefore, we now simulate the transient behavior of the temperature field when
the system is excited by the input u(¢) = 10r for ¢ € [0, 1]. Figure 2.3 shows the
temperature field around the cylinder at final time + = 1 when the simulation is run
for the parameter value p = 0.1. Because of the problem’s symmetry, we plot only
half of the rectangular domain and half of the cylinder.

As expected, the Reduced-Basis approach gives an accurate approximation of
the temperature field, with the relative error |y(¢) — y(z)| /|y(¢)| bellow 1072, In
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Fig. 2.2. Frequency responses of: full-order system H(jo, p) (black) of order (878,878),
reduced-order model Zpp (red) of order (11,11), and 2y, (green) of order (11,7), for p €
£0.1,1,10,100}
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Fig. 2.3. Temperature field at time + = 1 for input u(#) = 10z and p = 0.1. Upper pane:
Reduced-Basis model X 5. Lower pane: the Loewner model Zy,. Right-hand side: the rel-
ative error (in logarithmic scale) between the reduced-order models and the full-order finite
clement model

t=1

addition, the lower half of Fig. 2.3 shows that the L.oewner approach produces similar
levels of accuracy.

Therefore, through this numerical example, we have seen that, although they ap-
proach the problem from different perspectives, both methods produce accurate re-
duced-order models.

2.4 Conclusions

Motivated by the ever increasing need for accurate, low dimension models of param-
eter-dependent systems, this case study is one of the first efforts to compare differ-
ent approaches for parametrized model reduction. More precisely, we compared the
well known Reduced-Basis approach with the recently introduced Loewner matrix
approach for rational interpolation.
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We saw that the main difference between the two is the fact that Reduced-Basis
uses time-domain snapshots, while the Loewner approach uses frequency-domain
transfer function measurements. Furthermore, the key feature of Reduced-Basis is
an error bound; while for the Loewner approach, it is the possibility of choosing
different reduced orders for the frequency and parameter variables.

Although different in their approach, both methods proved successful at comput-
ing accurate reduced-order models in a numerical example involving a parametrized
partial differential equation.
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Comparison of Some Reduced Representation
Approximations

Mario Bebendorf, Yvon Maday and Benjamin Stamm

Abstract In the field of numerical approximation, specialists considering highly
complex problems have recently proposed various ways to simplify their underly-
ing problems. In this field, depending on the problem they were tackling and the
community that are at work, different approaches have been developed with some
success and have even gained some maturity, the applications can now be applied to
information analysis or for numerical simulation of PDE’s. At this point, a crossed
analysis and effort for understanding the similarities and the differences between
these approaches that found their starting points in different backgrounds is of in-
terest. It is the purpose of this paper to contribute to this effort by comparing some
constructive reduced representations of complex functions. We present here in full
details the Adaptive Cross Approximation (ACA) and the Empirical Interpolation
Method (EIM) together with other approaches that enter in the same category.

3.1 Introduction

This paper deals with the economical representation of dedicated sets of data, that
are currently — and more and more importantly — available stemming out of various
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experiences or given by formal expressions. The amount of information that can be
derived out of a given massive set of data is far much smaller than the size of the
data itself, therefore, parallel to the increasing size of data acquisition and storage
available on computer architectures, an effort for post processing and economically
represent, analyze and derive pertinent information out of the data has been done
during the last century. The main idea starts from the translation of the fact that the
data are dedicated to some phenomenon and thus, there exists a certain amount of
coherence in these data which can be separated into two classes: deterministic or
statistical. Among them have been proposed: regularity, sparsity, small n-width etc.
that can be either assumed, verified or proven.

The data themselves can be known in different ways, either (i) completely explic-
itly, like for instance (i-1) from an analytic representation or at least access to the
values at every point, (i-2) or only given on a large set of points, (i-3) or also given
through various global measures like moments, or (ii) given implicitly through a
model like a partial differential equation (PDE). The range of applications is huge,
examples can be found in statistics, image and information process, learning pro-
cess, experiments in mechanics, meteorology, earth sciences, medicine, biology, etc.
and the challenge is in computationally processing such a large amount of high-
dimensional data so as to obtain low-dimensional descriptions and capture much of
the phenomena of interest.

We consider the following problem formulation: Let us assume that we are given
a (presumably large) set.# of functions ¢ € .% defined over Q, C R% (with d, > 1).
Our aim is to find some functions Ay, 4, ..., hy : £, — R such that every ¢ ¢ F
can be well approximated as follows

0
¢(x) ~ 21 Pahg(x),
q:

where O < dim(span{.% }). As said above, the ability for .% to posses this property is
an assumption. It is precisely stated under the notion of small Kolmogorov n-width,
defined as follows:

Let .# be a subset of some Banach space .2" and V, be a generic O-dimensional
subspace of 2". The angle between .% and V, is

E(Z;Vp):=sup inf |[@—vpl .
pe7 Y0V

The Kolmogorov n-width of .% in 2" is given by
do(F, Z°) :=inf{E(F;V()|Vy a O-dimensional subspace of 2"}

The n-width of .# thus measures to what extent the set .% can be approximated by
a n-dimensional subspace of 2.

This assumption of small Kolmogorov n-width can be taken for granted, but there
are also reasons on the elements of .% that can lead to such a smallness such as regu-
larity of the functions @ € %#. As an example, we can quote, in the periodic settings,
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the well-known Fourier series. Small truncated Fourier series are good approxima-
tions of the full expansion if the decay rate of the Fourier coefficients is fast enough,
i.e. if the functions ¢ have enough continuous derivatives. In this case, the basis is
actually multipurpose since it is not dedicated to the particular set .%. Fourier series
are indeed adapted to any set of regular enough functions, the more regular they are,
the better the approximation is. Another property for .% to have a small Kolmogorov
n-width is that it satisfies the principle of transform sparsity, i.e., we assume that the
functions ¢ € .% are expressed in a sparse way when written in some orthonormal
basis set {y;}, e.g. an orthonormal wavelet basis, a Fourier basis, or a local Fourier
basis, depending on the application: this means that the coefficients ¢; = (¢, y;)
satisfy, for some p, 0 < p < 2, and some R:

ol = (X1o0) g,

A key implication of this assumption is that if we denote by ¢y the sum of the N
largest contributions then

IC(R,p), Vo € Z, o —oullz <CRp)(N+1)!/>17,

i.e. there exists a contracted representation of such a ¢. Note that the representation
is adaptive and tuned to each ¢ (it is what is called a nonlinear approximation).
However, under these assumptions, and if .% is finite dimensional (with a dimension
that is much larger than ), the theory of compressed sensing (see [29]), at the price
of having a slight logarithmic degradation of the convergence rate, allows to propose
a non-adaptive recovery of £” functions, with p < 1, that is almost optimal. We refer
to [29] and the references therein for more details on this question. Anyway, these
are cases where the set of basis functions {#;} does not constitute a multipurpose
approximation set, all the contrary: it is tuned to that choice of .% and will not have
any good property for another one.

The difficulty is of course to find the basis set {#;}. Note additionally that, from
the definition of the small Kolmogorov n-width, except in a Hilbertian framework,
the optimal elements need not even be in span{.7 }.

Let us proceed and propose a way to better identify the various elements in .7:
we consider that they are parametrized with y € €, C R% (with dy, > 1), so that
F consists of the parametrized functions f': Q, x , — R. In what follows, we
denote the function /" as a function of x for some fixed parameter value y as f, :=
f(-,). However, the role of x and y could be interchanged and both x and y will be
considered equally as variables of the same level or as variable and parameter in all
what follows.

In this paper, we present a survey of algorithms that search for an affine decom-
position of the form

0
flx,y) = qu(y)hq(X). (3.1)
g=1
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We focus on the case where the decomposition is chosen in an optimal way (in terms
of sparse representation) and additionally we focus on methods with minimal com-
putational complexity. It is assumed that we have a priori some or all the knowledge
on functions f in %, i.e. they are not implicitly defined by a PDE. In that “implicit”
case there exists a family of reduced modeling approaches such as the reduced basis
method; see e.g. [62].

Note that the domains €2, and €, can be with finite cardinality A and /, in which
case the functions can be written as matrices, then, the above algorithms can often be
stated as a low-rank approximation: Given a matrix M € R™*V  find a decomposition
of the matrix M:

M~UV!

where U is of size M x Q and V of size N x Q.

In this completely discrete setting, the Singular Value Decomposition (SVD), or
the related Proper Orthogonal Decomposition (POD), yields an optimal (in terms
of approximability with respect to the || - || 2-norm) solution, but is rather expensive
to compute. After presenting the POD in a general setting in Sect. 3.2, we present
two alternatives, the Adaptive Cross Approximation (ACA) in Sect. 3.3 and the Em-
pirical Interpolation Method (EIM), in Sect. 3.4, which originate from completely
different backgrounds. We give a comparative overview of features and existing
results of those approaches which are computationally much cheaper and yield in
practice similar approximation results. The relation between ACA and the EIM is
studied in Sect. 3.5. Section 3.6 is devoted to a projection method based on incom-
plete data known as Gappy POD or Missing Point Estimation, which in some cases
can be interpreted as an interpolation scheme.

3.2 Proper Orthogonal Decomposition

Let us start by assuming that we have an unlimited knowledge of the data set and that
we have unlimited computer resources — coming back at the end of this section to
more realistic matter of facts. The first approach is known under the generic concept
of Proper Orthogonal Decomposition (POD) which is a mathematical technique that
stands at the intersection of various horizons that have actually been developed inde-
pendently and concomitantly in various disciplines and is thus known under various
names, including:

* Proper Orthogonal Decomposition (POD): a term used in turbulence;

* Singular Value Decomposition (SVD): a term used in algebra;

* Principal Component Analysis (PCA): a term used in statistics for discrete ran-
dom processes;

* the discrete Karhunen-Loeve transform (KLT): a term used in statistics for con-
tinuous random processes;

* the Hotelling transform: a term used in image processing;

* Principal Orthogonal Direction (POD): a term used in geophysics;
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* Empirical Orthogonal Functions (EOFs): a term used in meteorology and geo-
physics.

All these somewhat equivalent approaches aim at obtaining low-dimensional ap-
proximate descriptions of high-dimensional processes, therefore eliminating infor-
mation which has little impact on the overall understanding.

3.2.1 Historical Overview

As stated above, the POD is present under various forms in many contributions.

The original SVD was established for real-square matrices in the 1870°s by Bel-
trami and Jordan, for complex square matrices in 1902 by Autonne, and for general
rectangular matrices in 1936 by Eckart and Young; see also the generalization to
unitarily invariant norms by Mirsky [58]. The SVD can be viewed as the extension
of the eigenvalue decomposition for the case of non-symmetric matrices and non-
square matrices.

The PCA is a statistical technique. The earliest descriptions of the technique were
given by Pearson [63] and Hotelling [44]. The purpose of the PCA is to identify the
dependence structure behind a multivariate stochastic observation in order to obtain
a compact description of it.

Lumley [51] traced the idea of the POD back to independent investigations by
Kosambi [47], Loéve [50], Karhunen [46], Pougachev [64] and Obukhov [59].

These methods aim at providing a set of orthonormal basis functions that allow to
express approximately and optimally any function in the data set. The equivalence
between all these approaches has been also investigated by many authors, among
them [48,56,71].

3.2.2 Algorithm

Let us now present the POD algorithm in a semi-discrete framework, that is, we
consider a finite family of functions { fj;}yGQ;rain where f, : Q, — R for each y €

Q, = Q=" where Q1" is finite with cardinality N. In this context, the goal is to
define an approximation Pp[f,] to f, defined by

0
Polf)(x) = Zlgqm hy(x) (3.2)
e

with Q < N. The POD actually incorporates a scalar product, for functions depend-
ing on x € €, and the above projection is then an orthogonal projection on the
O-dimensional vectorial space span{/,,q=1,...,0}.

The question is now to select properly the functions /,. With a scalar product,
orthonormality is useful, since we would like that these modes are selected in order
that they carry as much of the information that exists in the { f; }, Qjrain, i.e. the first
function A should be selected such that it provides the best one-term approximation
similarly, then 4, should be selected so that, with /1, h,... hy_1 it gives the best g-
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Scheme 3.1. Proper orthogonal decomposition (POD)

am [Let Q) ETai= Ly, I Pn} be a N-dimensional dicrete representation of £2,.
b. Construct the correlation matrix

G %(.f_;ﬂ.l..f_l;._,_]ﬂx. 1<i,j<N,

where (-,-)q. denotes a scalar product of functions depending on €2,.
c. Then. solve for the O largest eigenvalue-eigenvector pairs (44, v,) such that

Cvy )"’f\.‘.f‘ == ) (3.3)

d. The orthogonal POD basis functions {/,..., hg} such that Vg = span{ Ay, ..., ho} are
then given by the linear combinations

N
hy(x) 2 (Vg)uf(x.0n), 12950, x€&,
n=l1

and where (v, ), denotes the n-th coefficient of the eigenvector vy,

Approximation. The approximation Fy[f] to f, : £, — R. for any y € £y is then given
by
3 0

Polfilx) = Y, gg0) hglx), x€ £,
q=1

Usifg ),

1 o ( H g —
with g, (v) ha i)y "

term approximation. The best g-term above is understood in the sense that the mean
square error over all y € .Q;rain is the smallest. Such specially ordered orthonormal
functions are called the proper orthogonal modes for the function f(x,y). With these
functions, the expression (3.2) is called the POD of f and the algorithm is given in
Table 3.1.

Proposition 3.1 The approximation error

1

EP©Q)= |5 T Ih-Rolll,

train
YyeQy

minimizes the mean square error \/ % Yyeqprain 5 — Zolh) ||fQX over all projec-

tion operators P onto a space of dimension Q. It is given by

(3.4)
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where {Ag+1,...,Ax} denotes the set of the N — Q smallest eigenvalues of the eigen-
value problem (3.3).

Remark 3.1 (Relation to SVD) If the scalar product (-,-)q, is approximated in the
sense of £2 on a discrete set of points Q2 = {£,,... %/} C Q,, i.e.

(V, W) Q)t(:rain =

then we see that C = A’ A where A is the matrix defined by 4, ; = 1/ % J5;z)- And
thus, the square roots of the eigenvalues (3.3) are singular values of A.

Remark 3.2 (Infinite dimensional version) In the case where the POD is processed by
leaving the parameter y continuous in €2y, the correlation matrix becomes an operator
C: L2(Qy) — L*(Qy) with kernel C(y1,32) = (£, /5,) o, that acts on functions of
y € £y as follows

(€O =(C;r).0)q, ¢ €L ().

Assuming that f € L*(€, x €2;), by the results obtained in [67] (that generalize
Mercer’s theorem to more general domains) there exists a sequence of positive real
eigenvalues (that can be ranked in decreasing order) and associated orthonormal
eigenvectors, which can be used to construct best L>-approximations (3.1).

The infinite dimensional version is important to understand the generality of the
approach, e.g. how the various POD algorithms are linked together. In essence, this
boils down to spectral theory of self-adjoint operators, either finite (in the matrix
case) or infinite (for integral operator defined with symmetric kernels). Such opera-
tors have positive real eigenvalues and the corresponding eigenvectors can be ranked
in decreasing order of eigenvalues. The approximation is based on considering the
only eigenmodes that corresponds to the largest eigenvalues, they are those that carry
the maximum information.

In practice though, both in the x and the y variables, sample sets €252 and Q;ram
are devised. Depending on the size of N, the solution of the eigenvalue problem (3.3)
can be prohibitively expensive. Most of the time though, there is not much hint on
the way these training points should be chosen and they are generally quite large sets
with N > Q.

We finally remind that the original goal is to approximate any function f(x,y)
for all x € €, and y € €. In this regard, the error bound (3.4) only provides an
upper error estimate for functions f, with y € Q;rain and no certified error bound
for functions f, with y € Q,\ Q77" can be provided.
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3.3 Adaptive Cross Approximation

In order to cope with the difficulty of implementation of the POD algorithms, let us
present here the Adaptive Cross Approximation. The approximation leading to (3.1)
is

fwn]’ f(x1,)
fey)=Tolhlx) = | M (3.5)
f(x,30) f(x0,y)

with points x4, ¥4, ¢ = 1,..., 0, chosen such that the matrix
Sry) - fxpo)
MQ = S ]RQXQ
(xo,y1) - f(x0,50)

is invertible. Notice that while Py used in the construction of the POD is an orthog-
onal projector, Jo : CO(Qy) — Vo is an interpolation operator from the space of
continuous functions C%(£,) onto the system Vy := span{f;,, ..., £} i.€.

Jolhl(xg) = f(xg,y) forallyandg=1,...,0.

Due to the symmetry of x and y in (3.5), we also have Jp[f, | (x) = f(x,y,) for all x
andg=1,...,0.
3.3.1 Historical Overview

Approximations of type (3.5) were first considered by Micchelli and Pinkus in [57].
There, it was proved for so-called totally positive functions f, i.e. continuous func-
tions f: [0,1] x [0, 1] — R with non-negative determinants

f(&,01) - f(&1,0y)

F(Enr) - £(E0y)

forall0 <& <...<§ <1,0<v <...<vy,<1,and g =1,...,0, that such
approximations are optimal with respect to the L'-norm, i.e.

11 0

11
min fay) = X ug(x)vq(v)| dyde = [f(x.) = TolA](x)] dydy,
UgVg 0 0 g=1 0 0

where J is defined at implicitly known nodes x1,...,xp and y1,...,yo; see [57] for
an additional technical assumption.
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Instead of L!-estimates, it is usually required to obtain L~-estimates. The obvious
estimate

14 =Tolblll=(an < (1+01[f]) Viel%/fg 15y =vllr=(ay)
contains the expression

f(xvyl)

o1]f] := sup HM&T

XEQy o

f(xva)

Since there is usually no estimate on the previous infimum (note that V) also de-
pends on F = {f,},cq,). one tries to relate f, — Jp[f,] with the interpolation error
in another system Wy = span{wi,...,wp} of functions (e.g. polynomials, spheri-
cal harmonics, etc.); cf. [6, 12]. Assume that the determinant of the Vandermonde
matrix W := [wi(x;)]; j=1...0 does not vanish and let L : £, — RY be the vector
consisting of Lagrange functions Lie Wy, ie. Li(x;) = 8, i,j=1,...,0. Then,
the interpolation operator ’J’Q defined over C°(£,) with values in Wy can be repre-
sented as

o()]"
Jplelx)=| - L(x), ¢eC’(Q),
®(xp)
and we obtain
= Jolf](x)
f61,y) ! flen) T [y
- : ~MpL(x) | M, :
A xQ ) fx.30) (x0,¥)
5@ =310 [y
= () = Tl (x) - : M|
0 (%) =T frp) (x) f(x0,y)
Hence, for any y € £,
15 = Jolhllli=(a) < (1+02 [f])ze{yglﬁff’yg} 152 = To A=) (3.6)
where
f(x1,p)

o[ f] := sup HM&1
yeQy

o
f(xQ’y)
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3.3.2 Construction of Interpolation Nodes

The assumption that the determinant of the Vandermonde matrix Wy does not van-
ish, can be guaranteed by the choice of x1,...,x(. To this end, let O linearly indepen-
dent functions w1, ..., wy be given as above. As in [8], we construct linearly indepen-
dent functions /1,...,/p satisfying £,(x,) =0, p < g, and span{/,..., Lo} = W)y,
q < Q, in the following way. Let /1 = w; and x| € £, be a maximum of |¢;|. Assume
that £p_; has already been constructed. For the construction of £ define £p o :=wp
and

¢
ngq:ZEQﬂfl_ngqfl(xq)éq(—)ch)a g=1,...,0-1.

Then £y p—1(xy) =0, g < O, and span{lpy,...,Lp o1} =span{ly,... . Lo_1,wp}.
Hence, we set £ := £ o1 and choose

= 4 . 3.7
xg = arg sup o (x)| 3.7
The previous construction guarantees unisolvency at the nodes x,, g = 1,...,0.

Lemma 3.1 It holds that det W # 0.

Proof Sincespan{/y,...,{p} =span{wi,...,wp} it follows that there is a non-singular
matrix T € RY*? such that
51 w1
. = T .
to wo
Hence, Rp = TWy where Rg := [/;(x j)]z%:l is upper triangular. The assertion fol-

lows from
detRp =4, (x1)-... ~£Q(XQ) #£0.

As an example, we choose Wy = Il | the space of polynomials of degree at most
QO — 1. Then, it follows from (3.6) that ACA converges if, e.g., f is analytic with
respect to x, and the speed of convergence is determined by the decay of /s deriva-
tives or the elliptical radius of the ellipse in which f has a holomorphic extension.
Furthermore, it can be seen that

01
lo(x) = || (r—xq).
q=1
Hence, the choice (3.7) of x( is a generalization of a construction that is due to Leja
[49]. Leja recursively defines a sequence of nodes {x,...,xp} for polynomial inter-
polation in a compact set K C Cas follows. Letx; € K be arbitrary. Once x,...,xp—1
have been found, choose xp € K so that

0-1 0-1
[T o —xqf = max T v —xq].
q=1 g=1
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In [68] it is proved that Lebesgue constants associated with Leja points are subex-
ponential for fairly general compact sets in C; see also [65]. Hence, analyticity is
required in general for the convergence of the interpolation process.

The expression 0>[f] on the right-hand side of (3.6) can be controlled by the
choice of the points yi,...,yp € £y. Due to Laplace’s theorem

f(xlay)
Mél : —
(vay) q

detM,(»)

=1,...
detMQ ? q ? 7Q7

where M,(y) arises from replacing the g-th column of My by the vector
[f(x1,2), -, f(x0,¥)]", we obtain that 6»[f] < Qify,. ..,y are chosen such that

|detM| > |detM,(»), g=1,...,0, y€ Q,. (3.8)

In connection with the so-called maximum volume condition (3.8), we also refer to
the error estimates in [66] which are based on the technique of exact annihilators
(see [2,3]) in order to provide similar results as (3.6).

3.3.3 Incremental Construction

The maximum volume condition (3.8) is difficult to satisfy by an a-priori choice
of y1,...,yp. Therefore, the following incremental construction of approximations
(3.5), which is called Adaptive Cross Approximation (ACA) [6], has turned out to be
practically more relevant. Let #o(x,y) := f(x,y) and define the sequence of remain-
ders as

I‘q,1 (x,yq)rq,l (xt]ay)
rq—1(Xq,¥q)

rq(an’) ::I‘Q*l(xay)_ ) C]:Lu-»Q’ (39)

where x4 and y, are chosen such that r,_1(x,,y,) # 0. Then, the algorithm is sum-
marized in Table 3.2.

Since r4_1(x4,y,) coincides with the g-th diagonal entry of the upper triangular
factor of the LU decomposition of My, we obtain that detM # 0. In [12], it is shown
that

fy) = TJolh)(x) +rox.y) (3.10)

and

SO = 3 ryr ryg) L)
q=1

rg— l(xquq)

This method is used in [21] (see also [23]) under the name Geddes-Newton series
expansion for the numerical integration of bivariate functions, where instead of the
maximum volume condition (3.8) (x4,y,) is found from maximizing |r,_1|. This
choice of (x4,y,) is usually referred to as global pivoting. Another pivoting strategy
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Scheme 3.2. Bivariate Adaptive Cross Approximation (ACA?2)

Set.g:—1.

While err < tol

a. Define the remainder rg—1 = Z:” ]l ¢; and choose -f.\'q.._l"Jl = P2 .(Jy such that
Fy ][:'\-i.l"."'r.f ==

b. Define the next tensor product by

Fo—10X,Yq ) ra—1(Xq,))
r'llrl_.\'._l'] £ 18 q .

Fg ]'.r-\-cl.'-_"rjr_:l
¢. Define the error level by
err = [rg—ill1=(a,x,)

andsetg:=q+ 1.

is the so-called partial pivoting, i.c., y, is chosen in the g-th step such that
|rg—1(%q:¥q)| = |rg-1(xq,y)| forall y € £y

for x, € £, chosen by (3.7). For the latter condition (and in particular for the stronger
global pivoting) the conservative bound o,[f] <29 — 1 can be guaranteed; see [6].
The actual growth of o3[f] with respect to Q is, however, typically significantly
weaker.

3.3.4 Application to Matrices

Approximations of the form (3.5) are particularly useful when they are applied to
large-scale matrices A € R**¥_Tn this case, (3.5) becomes

AmA=AGA A, 3.11)

where 7:= {/1,...,ip} and 0 := {ji1,..., jp} are sets of row and column indices,
respectively, such that A; 5 € RY*¢ is invertible. Here and in the following, we use
the notation A for the rows 7 and A. ; for the columns o of A. Notice that the
approximation A has rank at most Q and is constructed from few of the original ma-
trix entries. Such kind of approximations were investigated by Eisenstat and Gu [37]
and Tyrtyshnikov et al. [35] in the context of the maximum volume condition. Again,
the approximation can be constructed incrementally by the sequence of remainders
RO :=Aand

(g—1) plg—1)
R(q)::R(tH),M, g=1,...,0,
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where the index pair (iy, jq4) is chosen such that Rl(j;ll) # 0. The previous condition
guarantees that A; s is invertible, and we obtain

o QR VR
A= Z‘I R(qfl)
= lq:]q

If A arises from evaluating a smooth function at given points, then R(%) can be esti-
mated using (3.6).

In order to avoid the computation of each entry of the remainders R, it is im-
portant to notice that only the entries in the i,-th row and the j,-th column of R(7~1)
are required for the construction of A. Therefore, the following algorithm computes
the column vectors u, := R:(’q];l) and row vectors v, := RI(Z:I) resulting in

. & vl
A=Y 212, (3.12)
q=1 (Vq)./'q
The iteration stops after Q steps if the error satisfies
IA—Al=IR? |z <e (3.13)

with given accuracy € > 0. The previous condition cannot be evaluated with linear
complexity. Since the next rank-1 term (v )J_Q1+1 uQ+1V§ .1 approximates R(@), we
replace (3.13) with the error indicator

T
g4 1vpiille _ Jlugsillelvorille
|(Vo+1) g |(Vot+1)jo

<E.

The algorithm is presented in Table 3.3.

Remark 3.3 Notice that almost no condition has been imposed on the row index i,.
The following three methods are commonly used to choose i;. In addition to choos-
ing i, randomly, i, can be found as

Iq := argmax |(ug_1 ),
i=1,...M

which leads to a cyclic pivoting strategy. If A stems from the evaluation of a func-
tion at given nodes, then the construction of Sect. 3.3.2 should be used in order to
guarantee the well-posedness of the interpolation operator J’Q and exploit the error
estimate (3.6).

In some cases (see [15]), it is required to put more effort in the choice of i, to
guarantee a well-suited approximation space span{A,;, ,... ,A,Q,;}; cf. [7].

Instead of the M - N entries of A, we only have to compute Q(M + N) entries
of A for the approximation by A. The construction of (3.12) requires &(Q*(M +
N)) arithmetic operations, and A can be stored with Q(M + N) units of storage.
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Scheme 3.3. Adaptive Cross Matrix Approximation

Set q . I
While err < tol

a. Choose i, such that
Vgi=Ap . — Y —Lv

is nonzero and j, such that |(vy); | = max;_
b. Compute the vector

U = A. ; i,
: o (Vi)
1
¢. Compute the error indicator
arr Vgl I Ug |[¢2 || Ve || 2
andsetg:=qg+1.
Possible redundancies among the vectors ug, v4, g = 1,..., 0, can be removed via
orthogonalization.

The origin of this matrix version of ACA is the construction of so-called hierar-
chical matrices [7,39,40] for the efficient treatment of integral formulations of ellip-
tic boundary value problems. Hierarchical matrices allow to treat discretizations of
such non-local operators with logarithmic-linear complexity. To this end, subblocks
A, ¢ from a suitable partition of large-scale matrices A are approximated by low-rank
matrices.

A form that is slightly different from (3.11) and which looks more complicated
at first glance is i

Ars A=A Ayls Aq o ALl Ar,.

with suitable index sets 7, oy, Ty, and o, depending on the respective index ¢ or s
only. Notice that in contrast to A, A does not interpolate A on the “cross” but rather
at single points specified by the indices 7, 0y, i.e. Ay, 6, = Ay o, The advantage of
this approach is the fact that the large parts A.q A7 }G, and A?S,layArs.,: depend only
on either one of the two index sets # or s, while only the small matrix Az o, de-
pends on both. This allows to further reduce the complexity of hierarchical matrix
approximations by constructing so-called nested bases approximations [13], which

are mandatory to efficiently treat high-frequency Helmholtz problems; see [11].

3.3.5 Relation with Gaussian Elimination

Without loss of generality, we may assume for the moment that i, = j, = ¢, g =
1,...,Q. Otherwise, interchange the rows and columns of the original matrix RO
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(@D T
R@ — (1 _ m> R — L@RD).

Then

egR(‘I*I)eq
where L@ € RM*N is the matrix

- 1 -

0
L@ — ol L REDe, ,

_7_1
eg R Jey

B eAT/IR(q’l)eq 1
egR(‘i‘l)eq i

which differs from a Gaussian matrix only in the position (g, g); cf. [6]. This relation
was exploited in [41] for the convergence analysis of ACA in the case of positive
definite matrices A.

Furthermore, it is an interesting observation that ACA reduces the rank of the
remainder in each step, i.e. rankR(? = rankR@~") — 1. This was first discovered
by Wedderburn in [69, p. 69]; see also [6,26]. Hence, ACA may be regarded as a
rank revealing LU factorization [22,45]. As we know, it is possible that the elements
grow in the LU decomposition algorithm; cf. [34]. Thus the exponential bound 2¢
on oz [f] is not a result of overestimation.

3.3.6 Generalizations of ACA

The Adaptive Cross Approximation can easily be generalized to a linear functional
setting. Instead the evaluation of the remainders at the chosen points x4, y4, ¢ =
1,...,0, one considers the recursive construction

(rg—10¢,),Wq) {@g,7q-1(+,)))
re(x,y) = rg—1(x,y) — , g=1,...,0.
7 7 <(Pq7rq*17ll’q>
Here, ¢, and y,; denote given linear functionals acting on x and y, respectively. It is
easy to show (see [10]) that

(@i, rg(-3)) =0=(ry(x,-),y;) foralli<g,xecQ,andye Q. 3.14)

Hence, r, vanishes for an increasing number of functionals and

i r lx <(anrq 1(7y)>
g=1 o <‘Pq”’q 1, V)
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gradually interpolates f, (in the sense of functionals). The Adaptive Cross Approxi-
mation (3.9) is obtained from choosing the Dirac functionals ¢, := &, and y; := 9y, .

The benefits of the separation of variables resulting form (3.5) are even more im-
portant for multivariate functions f. We present two ways to generalize (3.9) to func-
tions depending on d variables. An obvious idea is to group the set of variables into
two parts each containing d/2 variables; see [10] for a method that uses the covari-
ance of f to construct this separation. Each of the two parts can be treated as a single
new variable. Then, the application of (3.9) results in a sequence of less-dimensional
functions which inherit the smoothness of /. Hence, (3.9) can be applied again until
only univariate functions are left. Due the nestedness of the construction, the con-
structed approximation cannot be regarded as an interpolation. Error estimates for
this approximation were derived in [8] for d = 3,4. The application to tensors of
order d > 2 was presented in [4,60,61].

A more sophisticated way to generalize ACA to multivariate functions is pre-
sented in [9]. For the case d = 3, the sequence of remainders is constructed as

_ rq—1(X,0:29) Fg—1(%,Y4,2) rq—1 (Xq:,2) rg—1 (%4, g, 2¢)
rq—1(%,Yq:2q) g—1(Xq,¥:2q) Fg—1(Xg:¥g:2)

instead of (3.9). Notice that this kind of approximation requires that x,,y4,2z4 can
be found such that the denominator r,_1(x,y,2¢) Fg—1(X¢,¥:2¢) rq—1 (X4, ¥¢,2) # 0.
On the other hand, the advantage of this generalization is that it is equi-directional
in contrast to the aforementioned idea, i.e., none of the variables is preferred to the
others. Hence, similar to (3.14) we obtain for all x,y,z

r(](xayvz) =Ty (xayaz)

rg(x,y,zi) = rq(x,yi,2) = rq(x;,3,2) =0, i<q.

3.4 Empirical Interpolation Method

3.4.1 Historical Overview

The Empirical Interpolation Method (EIM) [5] originates from reduced order mod-
eling and its application to the resolution of parameter dependent partial differential
equations. We are thus in the context where the set of solutions u(-,y) to the PDE
generates a manifold, parametrized by y (the parameter is generally called u in these
applications) that possesses a small Kolmogorov n-width. In the construction stage
of the reduced basis method, the reduced basis is constructed from a greedy ap-
proach where each new basis function, that is a solution to the PDE associated to
an optimally chosen parameter, is incorporated recursively. The selection criteria of
the parameter is based on maximal (a posteriori) error estimates over the parameter
space. This construction stage can be expensive: indeed it requires an initial accu-
rate classical discretization method of finite element, spectral or finite volume type
and every solution associated to a parameter that is optimally selected, needs to be
approximated during this stage by the classical method. Once the preliminary stage
is performed off-line, all the approximations of solutions corresponding to a new
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parameter are performed as a linear combination of the (few) basis functions con-
structed during the first phase. This second on-line stage is very cheap. This is due to
two facts. The first one is related to the fact that the greedy approach is proven to be
quite optimal [14, 16,28], for exponential or polynomial decay of the Kolmogorov
n-width, the greedy method provides a basis set that has the same feature.

The second fact is related to the approximation process. A Galerkin approxima-
tion in this reduced space indeed provides very good approximations, and if Q modes
are used, a linear PDE can be simulated by inverting O x O matrices only, i.e. much
smaller complexity than the classical approaches.

In order that the same remains true for nonlinear PDE’s, a strategy, similar to the
pseudo-spectral approximation for high-order Fourier or polynomial approximations
has been sought. This involves the use of an interpolation operator. In order to be
coherent, an approximation ug(-,y) = Z,Q:1 o;(y) u(-,y;) being given (where the y;
are the parameters that define the reduced basis snapshots) we want to approximate
4 (up(-,y)) (¢ being a nonlinear functional) as a linear combination

Y
G (ug(-,y)) ;Bz(y)g(u(-,yf))-

The derivation of the set {f;}; from {o;}; needs to be very fast, it is defined by
interpolation through the Empirical Interpolation Method defined in the following
section. This has been extensively used for different types of equations in [36] and
has led to the definition of general interpolation techniques and rapid derivation of
the associated points.

The approach having a broader scope than only the use in reduced basis approx-
imation, a dedicated analysis of the approximation properties for sets with small-
Kolmogorov n-width has been presented in [54]. This approach for nonlinear prob-
lems has actually also been used for problems where the dependency in the parame-
ter is involved (the so called “non-affine problems”) and has boosted the domain of
application of reduced order approximations.

3.4.2 Motivation

As said above and in the introduction, we are in a situation where the set .% =
{f(,y) }yegy denotes a family of parametrized functions with small Kolmogorov
n-width. We therefore do not identify €2, with €2;. In addition, for a given parame-
ter y, f(+,y) is supposed to be accessible at all values in €Q,.

The EIM is designed to find approximations to members of .% through an in-
terpolation operator /; that interpolates the function f, = f(-,») at some particular
points in €2,. That is, given an interpolatory system defined by a set of basis functions
{m,...,hg} (linear combination of particular “snapshots” £, ,..., f;,) and interpo-
lation points {x1,...,x,}, the interpolant /,[£}] of f,, with y € Q, written as

LA = Y g0 ). xe Qs G.15)
Jj=1
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Scheme 3.4. Empirical Interpolation Method

Set ¢ = 1. Do while exrr < tol:

a. Pick the sample point
yq = arg sup ||y — ly—1[Hlllzra,): (3.18)
' yvelld, : :
and the corresponding interpolation point
Xg Eil';‘__‘ .;;.lp fy, () = Iy L[ 1)) (3.19)

b. Define the next basis function as

e A
ho= —Pa e\l (3.20)
; 'f Ij'\.i_f ) J!r_.' 1 r'r' :':-\.c_.’ )
c. Define the error level by
err errp| =, With errp(v) =/ — Il (A1 Q.
and setg :=q+ 1.
is defined by
LplGa) = Hlx), i=1,.q. (3.16)
Thus, (3.16) is equivalent to the following linear system
q
J=1

One of the problems is to ensure that the system above is uniquely solvable, i.e.
that the matrix (/;(x;)); , is invertible, which will be considered in the design of the
interpolation scheme.

3.4.3 Algorithm

The construction of the basis functions and interpolation points is based on a greedy
algorithm. Note that the EIM is defined with respect to a given norm on €2, and we
consider here L7(£,)-norms for 1 < p < e, The algorithm is given in Table 3.4.

Remark 3.4 Note that whenever dim(span{.# }) = ¢*, the algorithm finishes for
q9=q"

As long as g < ¢*, note that the basis functions {A1,...,4,} and the snapshots
{fo1s-+ -+ Jy,} span the same space, i.e.,

Vy=span{h,...,hy} =span{fy,.... fy, }-
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The former are preferred to the latter due to the following properties
hi(x))=1, Vi=1,...,q and h;(x;)=0, 1<i<j<gq. 3.21)

Remark 3.5 1t is easy to show that the interpolation operator /; is the identity if re-
stricted to the space V, i.e.,

Lis)x) =£,x), i=1,...,q9 xec&.

Remark 3.6 The construction of the interpolating functions and the associated in-
terpolation points follows a greedy approach: we add the function in .% that is the
worse approximated by the current interpolation operator and the interpolation point
is where the error is the largest. The construction is thus recursive which, in turn,
means that it is of low computational cost.

Remark 3.7 As explained in [5], the algorithm can be reduced to the selection of
the interpolation points only, in the case where the family of interpolating functions
{fy1s-+sJygs- -} 1s preexisting. This can be the case for instance if a POD strategy
has been used previously or when one considers a set that has a canonical basis and
ordering (like the set of polynomials).

Note that solving the interpolation system (3.17) can be written as a linear system
Bg, = f, with g unknowns and equations where

B, =h;(x;), (£)i=fH0), ij=1,..4q,

such that the interpolant is defined by
q
LIAIx) = X () hi(x), x€ s
Jj=1

This construction of the basis functions and interpolation points satisfies the follow-
ing theoretical properties (see [5]):

* the basis functions {/,...,A,} consist of linearly independent functions;

* the interpolation matrix B, ; is lower triangular with unity diagonal by (3.21) and
hence invertible, the remaining entries belong to [—1,1];

+ the empirical interpolation procedure is well-posed in L (£2,), as long as g < ¢*.

Ifthe L= (£2;)-norm (p = ) is considered, the error analysis of the interpolation pro-
cedure classically involves the Lebesgue constant A, = sup,co 7 | |L;(x)| where
L; € V, are the Lagrange functions satisfying L;(x;) = &;,;. The following bound
holds [5]

5 = Lol BH]ll =) < (1+Ag) ilelg 5y = valllL=(ay)-
V& Vq

An (in practise very pessimistic) upper bound (cf. [54]) of the Lebesque constant is
given by
Ay <291,
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which in turn results in the following estimate. Assume that . C 2~ C L=(£2) and
that there exists a sequence of finite dimensional spaces

ZyCZyC..., dim(Zy)=gq, and Z,C .7,
such that there exists ¢ > 0 and o > log(4) with

2 <ce M, yeQy,

inf -V
Jnf 1 =g

then

1 = g L) =) < ce (@108,

Remark 3.8 The worst-case situation where the Lebesgue constant scales indeed like
Ay <29—1israther artificial and in all implementations we have done so far involv-
ing functions belonging to some reasonable set with small Kolmogorov n-width, the
growth of the Lebesgue constant is much more reasonable and in most of the times a
linear growth is observed. Note that, the points that are generated by the EIM using
polynomial basis functions (in increasing order of degree) on [—1, 1] are exactly the
Leja points as indicated in the frame of the EIM by A. Chkifa! and the discussion in
Sect. 3.3.2 in the case of ACA. On the other hand, if one considers the Leja points on
a unit circle and then project them onto the interval [—1, 1] a linear growth is shown
in [25].

3.4.4 Practical Implementation

In the practical implementation of the EIM one encounters the following problem.
Finding the supremum respectively the arg sup in (3.18) and (3.19) is not feasible if
any kind of approximation is effected. The least difficult way, but not the only one, is
to consider representative point-sets Q**'* = {£1,%,,..., %/} of Q, and Q4" =
{J1,72,...,9n} of ;. Then, the EIM is written as in Table 3.5.

This possible implementation of the EIM is sometimes referred to as the Discrete
Empirical Interpolation Method (DEIM) [24].

Remark 3.9 Different strategies have been reported in [38,55] to successively enrich
the training set Q;“in. The main idea is to start with a small number of training
points and enrich the set during the iterations of the algorithm and obtain a very fine
discretization only towards the end of the algorithm. One can also think of enriching
the training set 2721 simultaneously.

Remark 3.10 Using representative pointsets Q5*2'* and Q;“in is only one way to
discretize the problem. Alternatively, one can think of using optimization methods
to find the maximum over €2, and £2,. Such a strategy has been reported in [18,19]
in the context of the reduced basis method, which, as well as the EIM, is based on a
greedy algorithm.

! personal communication.
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Scheme 3.5. Empirical Interpolation Method (possible implementation of EIM)
Set g = 1. Do while err < tol:
a. Pick the sample point

Yq arg max | .J{_:.' = !:I.l I "rl | LP(£2: )3 (3.22)
ye {2Erain b

and the corresponding interpolation point

Xq = argmax | fy, (x) — g1 [y, ] (x)]-
yEErain - -

b. Define the next basis function as

Jrg = g1y,
hy — e
.-'r’_'-'..-'l-\‘i..'.] Jllcl.' ]__J(_l',_..l"-\'ql
¢. Define the error level by
err = |lerrp|l;=(o,y With erry(y) = |l —ly—11H]llr ()

and setg :=¢g -+ 1.

3.4.5 Practical Implementation Using the Matrix Representation
of the Function

One can define an implementation of the EIM in a completely discrete setting us-
ing the representative matrix of /" defined by M; ; = f(x;,y;) for 1 <i < M and
1 < j < N. For the sake of short notation we recall the notation M. ; used for the
J-th column of M.

Assume that we are given a set of basis vectors {hy,...,h,} and interpolation
indices iy, . .., iy, the discrete interpolation operator I, : RY — RY of column vectors
is given in the span of the basis vectors {h;}_,. i.e. by I;[r] = £7_, g;(r)h; for some
scalars g;(r), such that A ’

Me

(Iqm)l‘/{ = g]‘(f) (hj)i/( :I‘,’k, rc RN, k= 1,...,q.

1

J

Using this notation, we then present the matrix version of the EIM in Table 3.6.
This procedure allows to define an approximation of any coefficient of the ma-
trix M. In some cases however, one would like to obtain an approximation of f(x,y)
for any (x,y) € € x €. After running the implementation, one can still construct
the continuous interpolant /[ f](x,v) for any (x,y) € €, x £2;. Indeed, the interpola-
tion points xy, . ..,xp are provided by x; = %;, . The construction of the (continuous)
basis functions /%, is based on mimicking part b of the discrete algorithm but in a
continuous context. Therefore, during the discrete version one saves the following
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Scheme 3.6. Empirical Interpolation Method (implementation based on representative ma-
trix M of f)

Set g = 1. Do while err < tol

a. Pick the sample index

Jq = argmax [[M.; — I, [M. /]||¢,

J=10 0

and the corresponding interpolation index

iy ;11'%t1111\\_'|l\'l_,__,.d — [lr; 1M JalJil-
I yrangd

b. Define the next approximation column by

fq

M, g — g1 M. )i,

h M., — Iq 1||\'12.,'_|.:

¢. Define the error level by

err max [|M. j—Io—1[M: j]||e
J=1 A
and setg:=qg+ 1.
data
g—1
Sq.; = &M j,), from 1,1[M. ;] = 2 gi(M:;,)h;,
J=1

Sq.q = Mig.jy — (Ig-1 [Mia,/}/])iq’

Then, the continuous basis functions can be recovered by the following recursive
formula

=1 .

g = 2154, hy

h(] e e —]
Sq.q

using the notation y,; = .

3.4.6 Generalizations of the EIM

In the following, we present some generalizations of the core concept behind the
EIM.

3.4.6.1 Generalized Empirical Interpolation Method (gEIM)

We have seen that the EIM-interpolation operator I,[f,], ¥ € €y, interpolates the
function f, at some empirically constructed points xi,...,x,. The EIM can be gen-
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Scheme 3.7. Generalized Empirical Interpolation Method (gEIM)

Set ¢ = 1. Do while err < tol:

a. Pick the sample point
yq =argsup [l fy —Jy-1[Hlll1r(a,),
YEL, :
and the corresponding interpolation moment
Gy = "1"% .F"gp lo(fy, =y 1|.f_|'\.f.}|-

b. Define the next basis function as

Ty = Ja—1lfy]

h =
1= oy, —dg-1l5,])

¢. Define the error level by
err ||errp [ () with err;,(v} |5y — i"q I|f1| Lr(€2,)

and setg:=qg+ 1.

eralized in the following sense as proposed in [52]. Let X be a dictionary of linear
continuous forms (say for the L?(£2,)-norm) acting on functions £, y € ;. Then,
the gEIM consists in providing a set of basis functions /4y, ..., Ay, such that V, =
span{hy,...,hy} = span{fy,,..., fy,} for some empirically chosen {yi,...,y;} C
€, and a set of linear forms, or moments, {o1,...,0,} C X. The generalized inter-
polant then takes the form

q
Jt][ﬂ/] = zigj(y)hj(x)v X c QX? )’6 va
J=

and is defined in the following way

GI(JQ[)’]):O-i(f)‘/% i:17"'7q7

which will define the coefficients g;(y) for each y € €,. We note that if the lin-
ear forms are Dirac functionals o, with x € Q,, then the gEIM reduces to the plain
EIM. The algorithm is given in Table 3.7. This constructive algorithm satisfies the
following theoretical properties (see [52]):

* theset {Ay,...,h,} consists of linearly independent functions;

* the generalized interpolation matrix (B);; = o;(4;) is lower triangular with unity
diagonal (hence invertible) with other entries s € [—1,1];

+ the generalized empirical interpolation procedure is well-posed in L2(£2,).
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In order to quantify the error of the interpolation procedure, like in the standard
interpolation procedure, we introduce the Lebesgue constant in the Z?-norm:

J,
A= su g 5]l 2000
veay, A2y

i.e. the L2-operator norm of Jy. Thus, the interpolation error satisfies:
=SB lli2q) < (14 Ag) inf 17o=vallizca
Again, a (very pessimistic) upper-bound for A, is:
Ay <20 ,max 17ill 12 (2

indeed, the Lebesgue constant is, in many cases, uniformly bounded in this gener-
alized case. The following result proves that the greedy construction is quite opti-
mal [53].

1. Assume that the Kolmogorov n-width of .% in L?(£2,) is upper bounded by
Con~ % for any n > 1, then the interpolation error of the gEIM greedy selec-
tion process satisfies for any f € 7 the inequality ||/(,») —Jol/(-V)]l;2(0,) <
Co(1+Ap)*0 .

2. Assume that the Kolmogorov n-width of .% in L?>(€,) is upper bounded by
Coe 1" for any n > 1, then the interpolation error of the gEIM greedy selec-
tion process satisfies for any /'€ 7 the inequality [|/(-.y) —Jo[f (- »)]ll;2(0,) <

Co(1+ Ag)3e22” for a positive constant ¢, slightly smaller than c;.

3.4.6.2 hp-EIM

If the Kolmogov n-width is only decaying slowly with respect to » and the resulting
number of basis functions and associated integration points is larger than desired,
a remedy consists of partitioning the space €, into different elements Q/, ..., QP
on which a separate interpolation operator Iy, : {f,},cor — Vg, with p=1,.... P
is constructed. That is, for each element Qf a standard EIM as described above
is performed. The choice of creating the partition is subject to some freedom and
different approaches have been presented in [30,32].

A somewhat different approach is presented in [55], although in the framework
of a projection method, where the idea of a strict partition of the space £2; is aban-
doned. Instead, given a set of sample points yy,...,yx for which the basis func-
tions f(-,1),...,f(-,yx) are known (or have been computed) a local approximation
space for any y € £, is constructed by considering the N basis functions whose
parameter values are closest to y. In addition, the distance function, measuring the
distance between two points in £y, can be empirically built in order to represent lo-
cal anisotropies in the parameter space £2,. Further, the distance function can also be
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used to define the training set Q;rain which can be uniformly sampled with respect
to the problem dependent distance function.

3.4.6.3 Curse of High-Dimensionality

Several approaches have been presented in cases where €y is high-dimensional
(dim(£2y) ~ 10). In such cases, finding the maximizer in (3.22) becomes a challenge.
Since the discrete set Q;rain should be representative of €2, we require that Q;rai“
consists of a very large number of training points. Finding the maximum over this
huge set is therefore prohibitive expensive as a result of the curse of dimensionality.

In [42], the authors propose a computational approach that randomly samples the
space £, with a feasible number of training points, that is however changing over
the iterations. Therefore, counting all tested training points over all iterations is still
avery large number, at each iteration though finding the maximum is a feasible task.

In [43], the authors use, in the framework ofthe reduced basis method, an ANOVA
expansion based on sparse grid quadrature in order to identify the sensitivity of each
dimension in £2;. Then, once unimportant dimensions in €2, are identified, the values
of the unimportant dimensions are fixed to some reference value and the variation
of y in € is then restricted to the important dimensions. Finally, a greedy-based
algorithm is used to construct a low-order approximation.

3.5 Comparison of ACA versus EIM

In the previous sections, we have given independent presentations of the basics of
the ACA and the EIM type methods. As was explained, the backgrounds and the
applications are different. In addition, we have also presented the results of the con-
vergence analysis of these approximations yielding another fundamental difference
between the two approaches. The frame for the convergence of the ACA is a compar-
ison to any other interpolating system, such as the polynomial approximation and the
existence of derivatives for the family of functions f,, y € €2, is then the reason for
convergence. The convergence of the EIM is compared with respect to the n-width
expressed by the Kolmogorov small dimension.

Nevertheless, despite there differences in origins, it is clear that some link exist
between these two constructive approximation methods. We show now the relation
between the ACA and the EIM in a particular case.

Theorem 3.1 The Bivariate Adaptive Cross Approximation with global pivoting is
equivalent to the Empirical Interpolation Method using the L™ (£ )-norm.

Proof We proceed by induction. Our affirmation A, at the g-th step is:

(Ag)1: the interpolation points {xi,...,x;} and {y1,...,y,} of the EIM and ACA
are identical;

(Bg)2: gg() = rg1(xg,p), ¥ €Ly

(At])3: Iq[fy](x) = jq[ y] (X), (X,y) € Qx X -Qy‘
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Induction base (g = 1): First, we note that 7y = f and thus

(x1,01) = T qup lro(x,y)| = Lresup o, |f ()]

Then, from (3.20) we conclude that /; (x) = /f((;yyl and by (3.17) we obtain that
g1(y) = hlx(;’ly)) = f(x1,y) = ro(x1,y) since A1 (x;) = 1. Further, using additionally
(3.15), we get

L)) = 210 (x) = ro(x1,3) fx,y)  ro(xry)ro(x,yr)

fay)  rolxny)

= jl[ ,V](x)7

for all (x,y) € €, x Q, and A; holds in consequence.
Induction step (g > 1): Let us assume A,_; to be true and we first note that

Fa1(6y) = f(,3) = g1 [£](x) (3.23)

by (3.10) and (A,_1)3. Therefore, the selection criteria for the points (x,,y,) are
identical for the EIM wit p = o and the ACA with global pivoting. In consequence,
the chosen sample points (x,,y,) are identical. Further, combining (3.20) and (3.23)

el fia®) — Iy 11,0 (r)
hy(x) = 2o LW 2T T 1Y) 3.24
o) fyq (xg) —Ig—1 [fyq] (xg)  rg-1(xg,¥q) ¢ )
By (3.17) for i = g, using that /;(x,) = 1 and (3.23), we obtain (A,):
g () = f(xg,¥) — Z g = f(xg,y) = Ig-1[H](xg) = rg-1(xg,y). (3.25)

Finally, combining (3.24) and (3.25) in addition to (A, )3, we conclude that

Iq[ y] (x) = qul[ y](x) +gq(y)hq(x) = jqfl [f})] (x) -I—Fq,l(xq,y)m

rq—l(xqayq)
=4[] (x)

and the proof is complete.

3.6 Gappy POD

In the following, we present a completion to the POD method called Gappy POD[17,
31,70] or Missing Point Estimation [1]. We refer to it as the Gappy POD in the
following. It is a projection based method (thus not an interpolation based method
although in some particular cases it can be interpreted as an interpolation scheme).
However, the projection matrix is approximated by a low-rank approximation that
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in turn is based on partial or incomplete (“gappy”) data of the functions under con-
sideration. In a first turn, we present the method as introduced in [17,70] and we
generalize it in a second turn.

3.6.1 The Gappy POD Algorithm

We start from the conceptual idea that a set of basis functions {A1,...,Ap}, that
can — but does not need to — be obtained through a POD procedure, is given. We
first introduce the idea of Gappy POD in the context of Remark 3.1 where functions
are represented by a vector containing its pointwise values on a given grid Q72* =
{%1,...,%1}. We remind that the projection Pp[f,] of £, with y € £, onto the space
spanned by {A1,...,hp} is defined by

(PQ[ y],hq)g%:rain - (_fy,hq)g}}:rain, = 1 ,Q
Next, assume that we only dispose of some incomplete data of f,. That is, we are
given say L (< M) distinct points {x1,...,x; } among QF*'* where f;(x;) is avail-

able. Then, we define the gappy scalar product by

€|

(v, W)} Qprain = v(x) w(x;),

VN

i=1

which only takes into account available data of f,. We can compute the gappy pro-
jection defined by

(PQ*,L[ y]ahq)L,Q;grai" = (fyahq)L,Q}'grai"a =1,...,0.

Observe that the basis functions {41, ..., ¢} are no longer orthonormal for the gappy
scalar product and that the stability of the method mainly depends on the properties
of the mass matrix My, ;, defined by

(Mh,L)i«,j = (hj7 hI)L7Q;(:rain.

To summarize, in the above presentation we assumed that the data of £, at some
given points was available and then defined a “best approximation” with respect
to the available but incomplete data. For instance, the data can be assimilated by
physical experiments and the Gappy POD allows to reconstruct the solution in the
whole domain QF72* assuming that it can be accurately represented by the basis
functions {Ay,...,ho}.

We now change the viewpoint and ask the question: If we can place L sensors
at the locations {x;}- | C €, at which we have access to the data f;(x;) (through
measurements), where would we place the points {x;}-_?

One might consider different criteria to chose the sensors. In [70] the placement
of L sensors is stated as a minimization problem

mink(My;) where My is based on L points {xi,...,x.}
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Scheme 3.8. Sensor placement algorithm with Gappy POD and minimal condition number

Forli=s =<7
x; = argmin k(My, ;(x))
xef2,
where
(Mp(x))i : Za’r,-'\_\',;-_]h_, (xp) +hi(x)hi(x) |, 1<ij<min(Q,[).
k=1

Scheme 3.9. Sensor placement algorithm with Gappy POD and minimal error

Forl<[<UL:
x; = argmax ||Po 1 5] = fillreia.
Al : ; x
where Py 1] /3] is the gappy projection of f; onto the span of {/,..., hinto1—1) + based
on the pointwise information at {xy,...,x; 1 }.

and k(M ;) denotes the condition number of My, ;. We report in Table 3.8 a slight
modification of the algorithm presented in [1, 70] to construct a sequence of sensor
placements {x1,...,x, } (with L > Q) based on an incremental greedy algorithm.

This natural algorithm actually seems to have some difficulties at the beginning,
for small values of /. It is thus recommended to start with the algorithm presented in
Table 3.9.

This criterion is actually the one that is used in the Gappy POD method presented
in [20] in the frame of the GNAT approach that allows a stabilized implementation
of the gappy method for a challenging CFD problem. Further, we have the following
link between the gappy projection and the EIM as noticed in [33].

Lemma 3.2 Let {hy,...,hg} and {xi,...,x0} be given basis functions and interpo-
lation nodes. If the interpolation is well-defined (i.e. the interpolation matrix being
invertible), then the interpolatory system based on the basis functions {hi,...,hp}
and the interpolation nodes {x1,...,xp} is equivalent to the gappy projection sys-
tem based on the basis functions {hy,... hp} with available data at the points
{x1,...,x0}, that is, for any y € §, the unique interpolant Ip[f,] € span{hy,... .hy}
such that

IQ[ y](xq):fy(xq)a q= 17"'7Q7 (326)
is equivalent to the unique gappy projection Py 1 fy] defined by

(PQ’L[‘f}‘/],hq)Q7Q}t(:rain = (f)‘/,hq)Q7Q)t{:rain, q= ],...7Q. (327)
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o | i(x4) and take the sum overall g = 1,..., QO to obtain

<] 3 X ) hi(x,) = €]
0 (;IQU}]( q)hz( q)— 0 ;

M

ﬂ/(x‘I)hl(xq)7 i:17"'7Q7

1

which is equivalent to (IQ[ ) i) grain = (fy,hi)p qprain for alli=1,...,0. On
the other hand, if Py [, ] is the solution of (3.27), then there holds that

M

0
EIPQ,L K hi(xg) =Y Hlx)hilxg), i=1,...,0. (3.28)
-

1

q

Since the interpolating system is well-posed, the interpolation matrix B; ; = & (x,) is
invertible and thus there exists a vector u; such that Bu; = ¢; for some j = 1,...,0
where ¢, is the canonical basis vector. Then, multiply (3.28) by (u,); and sum over
all i:

0
ZPQLfy(xq)(uf = zfqu u] (]17 jzlv"'aQa
i,q=1 iq=1

to get

Porlhlee)) = fHlxp), J=1...,0.

Thus, the gappy projection satisfies the interpolation scheme.

One feature of the sensor placement algorithm based on the Gappy POD frame-
work is that the basis functions {/,...,A,} are given and the sensors are chosen
accordingly. As a consequence of the interpretation of the gappy projection as an in-
terpolation scheme if the number of basis functions and sensors coincide, one might
combine the Gappy POD approach with the EIM in the following way in order to
construct basis functions and redundant sensor locations simultaneously:

1. use the EIM to construct simultaneously Q basis functions {hq}Q , and interpo-
lation points {xq} ~, until a sufficiently small error is achieved,;

2. use the gappy prOJectlon framework as outlined above to add interpolation points
(sensors) to enhance the stability of the scheme.

3.6.2 Generalization of Gappy POD

In the previous algorithm the functions were represented by their nodal values at
some points £y, ...,%,. That is, we can introduce for each point £; a functional &; =
O¢, (O denoting the Dirac functional associated to the point x) such that the inter-
polant of any continuous function f onto the space Vj, of piecewise linear and glob-
ally continuous functions can be written as

M
Y 6
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where {(pm _; denotes the Lagrange basis of V,, with respect to the points
x1 5. ,xM.

We present a generalization where we allow a more general discrete space V.
Therefore, let Vj, be a M-dimensional discrete space spanned by a set of basis func-
tions {}*, such as for example the finite element hat-functions, Fourier-basis or
polynomial basis functions. In the context of the theory of finite elements, cf. [27], we
are given M functionals {6,,}%_,, associated with the basis set {¢;}},, which de-
termine the degrees of freedom of a function. That is, for f regular enough such that
all degrees of freedom 6,,(f) are well-defined, the following interpolation scheme

M
=2, Gulf)Pm
m=1

defines a function in V), that interpolates the degrees of freedom.
We start with noting that the scalar product between two functions f,g in V;, is
given by

M
(f:8)a, = Z_,l&n(f)ém(g) (Pns D)2y

In this framework, the meaning of “gappy” data is generalized. We speak of gappy
data if only partial data of degrees of freedom, i.e. the 6,,(f) is available. Thus, in
this generalized context, the degrees of freedom are not necessarily nodal values,
i.e. the functionals being Dirac functionals, and depend on the choice of the basis
functions.

Assume that we are given Q basis functions #4y,...,hg that describe a subspace
in Vs and L > Q degrees of freedom o; = 6;,, for / = 1,...,L (chosen among all
M degrees of freedom 61,...,6;). Denoting by ¢; = ¢, the corresponding L basis
functions, we then define a gappy scalar product

(f,8)r.0, = 2 2) (@1, ) 0,

lk:I

Given any f,, y € £y, the gappy projection Py ; [f;] € span{h,...,hp} is defined by

(Porlh)hg)r.o, = (hihgra, q=1,....,0.

Then, the sensor placement algorithm introduced in the previous section can easily
be generalized to this setting.

Remark 3.11 If the mass matrix M;; = (@;,@)q, associated with the basis

set {@;}M, satisfies the following orthogonality property M; J=(9,,0)a, = "l 0;j
either by construction of the basis functions or usmg mass lumping (in the case of fi-
nite elements) and if the basis functions { ¢} are nodal basis functions associated
with the set of points QF*31® = {3, ... xM} then the original Gappy POD method
is established.

Remark 3.12 Ifthe mass matrix (M)i, = (9}, §i) o, associated with the selected func-
tions {¢;}-, is orthonormal, then the gappy projection Py .[f;] is solution to the
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following quadratic minimization problem

L

min 2|61(fy)—01(f)|2~

fEVQ =1

Since L > Q in a general setting, this means that the gappy projection fits the selected
degrees of freedom optimally in a least-squares sense. In the general case, Py 1 [f)]
is solution to the following minimization problem

L

min ) (0;(fy) — or(/))(@r, Om) . (0k(fy) — Ok (f))-

€V %=1
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Abstract Projection based methods lead to reduced order models (ROMs) with dra-
matically reduced numbers of equations and unknowns. However, for nonlinear or
parametrically varying problems the cost of evaluating these ROMs still depends on
the size of the full order model and therefore is still expensive. The Discrete Empir-
ical Interpolation Method (DEIM) further approximates the nonlinearity in the pro-
jection based ROM. The resulting DEIM ROM nonlinearity depends only on a few
components of the original nonlinearity. If each component of the original nonlin-
earity depends only on a few components of the argument, the resulting DEIM ROM
can be evaluated efficiently at a cost that is independent of the size of the original
problem. For systems obtained from finite difference approximations, the ith com-
ponent of the original nonlinearity often depends only on the ith component of the
argument. This is different for systems obtained using finite element methods, where
the dependence is determined by the mesh and by the polynomial degree of the finite
element subspaces. This paper describes two approaches of applying DEIM in the
finite element context, one applied to the assembled and the other to the unassem-
bled form of the nonlinearity. We carefully examine how the DEIM is applied in
each case, and the substantial efficiency gains obtained by the DEIM. In addition,
we demonstrate how to apply DEIM to obtain ROMs for a class of parameterized
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gains are obtained with the DEIM ROMs when one has to compute derivatives of
the model with respect to the parameter.

4.1 Introduction

Projection based reduced order models systematically extract the features of very
large-scale systems to approximate these systems by substantially smaller ones.
However, if the original system is parameter dependent or is semilinear, then, al-
though the new small system involves substantially fewer equations and unknowns
than the original one, the computational cost of its numerical solution can be essen-
tially the same as that of the original large-scale system. The discrete empirical inter-
polation method (DEIM) of [7] further approximates projection based reduced order
models to obtain small systems that capture the solution of the original large-scale
system and that can also be solved at a computational cost that depends only on the
size of the small system, provided each component of the original semilinear func-
tion depends only on a few components of its argument. So far, the DEIM has been
primarily applied to finite difference discretizations of semilinear PDEs where the ith
component of the nonlinearity depends only on the ith component of the argument.
This is different in finite element discretizations, where the dependence of the non-
linear function is determined by the mesh as well as by the polynomial degree used
to construct the finite element spaces. Therefore results from DEIM applied to finite
difference approximations of PDEs do not necessarily carry over to DEIM applied
to finite element approximations of PDEs. One purpose of this paper is demonstrate
two approaches to apply DEIM to finite element discretizations of semilinear PDEs
and numerically study their computational cost. The two approaches apply DEIM
at different stages of the finite element assembly process. The size of the nonlin-
ear function as well as its dependence on the argument are different at each stage
of the assembly process, which impacts the computational efficiency of the result-
ing DEIM reduced models. The second purpose of this paper is to demonstrate how
to apply DEIM to a class of parameter dependent systems that arise, e.g., in shape
optimization.

Discretizations of parameterized semilinear elliptic partial differential equations
(PDESs) lead to large scale nonlinear algebraic systems of the form

A(6)y+F(y:0) =b(6), 4.1

where the parameters 8 € © C R” and for each parameter 0 the matrix A(6) € RV*V
and the vectors F(y; 0) and b(0) € R, Projection based model reduction techniques
[1,19,24,29] generate matrices V, and V, € RV*" with n < N and replace (4.1) with
the reduced system

VIA(0)(y+V,y) + VI F(y+V,y;0) = V] b(6). (4.2)

While the reduced order system (4.2) is much smaller than the original one, the cost
of computation of 6 — V/ A(8)V,, 8 — V] b(0), and (y,0) — V! F(y +V.,y;0)
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still depends on N. Therefore, additional approximations are needed to obtain re-
duced order models that capture the original system as well as evaluate with a com-
putational complexity that depends only on the reduced order system size »n but is
independent of the full order model size N >> n.

The empirical interpolation method (EIM) of [2] and the DEIM of [7] gener-
ate reduced order models from (4.2) that approximate the full order model within
desired error bounds and that can be numerically solved at a cost that essentially
depends only on the reduced order system size. While the EIM is applied to the vari-
ational formulation that leads to the nonlinear algebraic system (4.1), its derivative,
the DEIM is applied directly to discrete systems. Applications of EIM and DEIM to
nonlinear finite element computations are also discussed, e.g., in [9,15,17,22]. We
will focus on discrete systems (4.1) and therefore consider the DEIM. Especially,
we carefully expose the dependency of the computational complexity of the DEIM
on the polynomial degree of the finite element method.

One purpose of this paper is the study of DEIM to nonlinear systems Ay + F(y) =
b obtained from finite element discretizations. The DEIM reduced order model is of
the form V] A(y +V,y) + F(y) = V! b, where F depends only on m components of
the original nonlinearity F. As we have mentioned before, the efficiency with which
the DEIM reduced order model can be applied depends on how many components
of the argument are needed to evaluate m components of the original nonlinearity F.
For systems obtained from finite element discretizations the dependence of F on
its argument is determined by the mesh, as well as by the polynomial degree used
to construct the finite element spaces. One can apply DEIM at different stages of
the finite element assembly process. This effects the structure of the nonlinearity.
We demonstrate how to apply DEIM to finite element discretizations of nonlinear
PDEs in the assembled and in the unassembled form, and we numerically study
the computational cost of the resulting reduced order models. Either version of the
DEIM is preferable over the naive application of projection based model reduction as
in (4.2). For large systems, the application of the DEIM to the so-called unassembled
form of the nonlinearity leads to additional gains in the on-line cost of the reduced
order models.

A second focus of this paper is the application of DEIM to generate reduced
order models for parametrically dependent PDEs A(6)y = b(8), where A(6) =
YM. g,(0)A;and b(8) = M, 1,(8)b,. For large M the complexity of evaluating the
reduced order matrix V/ A(6)V, = M, g,(0)V] AV, is still high. The DEIM can
be used to obtain an approximation that allows more pre-computation of matrices
and that can be evaluated more efficiently in the on-line phase. Additional bene-
fits arise when derivatives of the matrix with respect to the parameter 8 have to be
computed, and we illustrate these gains in the context of shape optimization.

The next section describes two model problems, a semilinear elliptic advection
reaction diffusion equation and the Stokes equations on a parameterized domain,
and their finite element discretizations. These problems will be used to demonstrate
the application of the DEIM, and to numerically evaluate the computational costs re-
quired to solve the full and the reduced order models. Section 4.3 reviews approaches
to construct the reduced order subspaces spanned by the columns of the matrices V,
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and V, € RV*" and it reviews the DEIM. The main contributions of this paper are
presented in Sects. 4.4 and 4.5.

In Sect. 4.4 we discuss the application of the DEIM to finite element discretiza-
tions of semilinear PDEs. We illustrate how ith component of the nonlinearity de-
pends on the components of its arguments for piecewise linear and piecewise quadra-
tic elements, and we demonstrate how this dependence impacts the efficiency of the
DEIM. In addition, we discuss the application of DEIM to the fully assembled sys-
tem, as well as the unassembled form of the nonlinearity. The latter was originally
suggested by [9,33]. The nonlinear vectors are larger, but each component depends
on fewer components of the argument. We describe both version of the DEIM and
computationally compare them on the semilinear elliptic advection reaction diffu-
sion model equation of Sect. 4.2.1. As we have mentioned before, either version of
the DEIM is preferable over the naive application of projection based model reduc-
tion as in (4.2). For large systems, the application of the DEIM to the unassembled
form of the nonlinearity is more expensive in the oft-line cost, but leads to additional
gains in the on-line cost of the reduced order models.

The application of the DEIM to obtain efficient reduced order models for systems
with parameterized matrices A(0) = Y™, g,(8)A, and vectors b(8) = Y, 1,(0)b; is
demonstrated in Sect. 4.5. We numerically illustrate the efficiency gains achieved by
the DEIM reduced order model using the Stokes equation on parameterized domains
introduced in Sect. 4.2.2. The DEIM not only leads to reduced order models that
can be evaluated efficiently, but in addition it also leads to reduced order models
where derivatives with respect to the parameter 6 can be computed efficiently. Both
efficiency gains are crucial, e.g., for shape optimization.

4.2 Model Problems

4.2.1 Semilinear Advection-Diffusion-Reaction PDE

Our first model problem is a semilinear advection diffusion reaction equation. Let
Q CRY,d e {2,3} bean open, bounded Lipschitz domain with boundary 0Q = I}, U
Iy, where I, and Ty corresponds to Dirichlet and Neumann parts. Given a diffusion
coefficient v > 0, an advection vector § € R4, a nonlinear function RxRP >R,
and Dirichlet data A, the semilinear advection diffusion reaction equation is given by

V- (vVy)+B-Vy+ f(»,0) =0, in Q, (4.32)
y=h, on Ip, (4.3b)
Vy-n=0, on Iy. (4.3¢)

We consider the specific nonlinearity

f(,0) = Ay(C —y)e H/P) (4.4)
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used e.g., in [11]. Here C, D are known constants and 6 = (In(4),E) are sys-
tem parameters that can vary within the parameter domain @ = [5.00,7.25] x
[0.05,0.15] C R?.

The weak form of (4.3) is given as follows. Find y € H'(Q) with y = 4 on I},
such that

vVy-Vvdx+ B-Vyvdx+  f(3,0)vdx=0 4.5)
Q Q Q

for all v € H'(Q) with v = 0 on T},. Existence results for linear and nonlinear ad-
vection diffusion equations can be found, e.g., in [26,32] and [23], [27, Sec. 6.3]
We discretize the equations using an SUPG (streamline upwind/Petrov-Galerkin)
stabilized FEM [5, 10,25]. The Dirichlet boundary conditions are implemented via
interpolation. Let {€2.}7¢ | be a conforming triangulation of the domain €. Further-
more, let {¢,} , be the piecewise polynomial nodal basis functions. To simplify

the presentation, we assume that nodes with indices 1, ..., Ny are in Q \ I}, and that
the nodes with indices N+ 1,...,Np + Np are in I,. We define

v 9) = VVya(x) - VO(x)+B - Vyn(x)9(x)dx

+Z TeB Vo(x) (V- (VVyn(x)) + B - Vyn(x))dx,  (4.6a)

Filyn, 9:6) Qf(ywc),e>¢dx+"ge1 7B VW) 0n), 00 (4.6

If we let /1, denote the length of largest side of each element Q. and P, = 4. || 8|/ (2V)
the mesh Péclet number, then the SUPG stabilization parameter is defined as

P (1 —i>
= .
2|[Bl P

The solution y of (4.5) is approximated by

Np+Np
yr(x) = 2 Vi¢;(x) 4.7)
Jj=1
where yj, satisfies
an(vh, 0i) + F(vh, 0i50) =0, i=1,...,Nr, (4.82)
Yh(XNp4i) = h(XNg14), i=1,...,Np. (4.8b)

To state the nonlinear algebraic system corresponding to (4.8), we define

Vi = 01seovn) s YD = Nty INpip) s

h = (h(xNF+1)7 cee 7h(xNF+ND))T7

and partition the matrices and vectors into submatrices and subvectors corresponding
to the free variables y;- and those determined by the Dirichlet boundary conditions,
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(4.8) leads to a system of algebraic equations of the type

(o) () (o) = (0) e

Of course, this is equivalent to Ay ryr + Fr(yr,h;0) + Apph = 0. If we set b =
—Arph, N = Ny, if we drop the subscript F', and if we drop the constant h from the
arguments of the nonlinearity F, then we arrive at the N x N system

Ay +F(y;0) =b, (4.10)

which is a special case of (4.2). In this model problem, the matrix A and the vector
b do not depend on the parameter 6. For later reference, we note that the matrix A,
the function F, and the vector b are given by

Ay = an(d;, ) ij=1,...N,  (411a)
N N+Np

Fi(y;0) = F(X,yi8+ D, hix))e,,6:6), i=1,...N,  (411b)
J=1 J=N+1
N+Np

b, = bu(9) == an( Y, h(x;)9;,9), i=1,...N. (4.11¢)
J=N+1

4.2.2 The Stokes Equations on Parameterized Domains

As our second model problem we consider the Stokes equations posed on a family
of parameterized domains Q(6) C R?, where 8 € ©® C R”. Since our numerical
examples are 2D problems we describe the approach for parameterized domains
in R?. However, everything can be easily generalized to the Stokes equations on
parameterized domains in R3. The boundary dQ = I}, U Iy is decomposed into
an outflow boundary Iy and T = dQ \ I5y. We assume that the parameterized
domains £2(6) can be mapped onto a reference domain Q C R2. That is we assume
that for each 6 € O there exists a diffeomorphism @(-; 6) with

Q(6) = d(Q:0). (4.12)

The Stokes equations for the velocity » and the pressure p are

—VAu(x )+Vp(x) = f(x), in Q(0) (4.13a)
V-u(x) =0, in 2(6) (4.13b)

u(x) = h(x), onIpH(0) (4.13¢)

(VVWu(x) — p(x)) - n(x) =0, on Iou(6), (4.13d)
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where 1 € (L*>(2(8)))>. The weak form of (4.13) is given as follows: Find u €
(H'(2(6)))?> with u = hon I})(8) and p € L>((8)) such that

vVu(x) : Vy(x) — Vv(x)plx) = S)w(x), (4.14a)
Q(0) Q(0) Q(6)

- V-u(x)g(x) =0, (4.14b)
Q(6)
for all v e {¢ € (H'(22(0)))*> : ¢ =00nT)(6)} and g € L>(2(8)). Existence
results for the Stokes equations can be found, e.g., in [12,13].
We approximate (4.14) using Taylor-Hood P2-P1 finite elements [10]. We tri-
angulate the reference domain €2 and use (4.12). Let N, be the number of velocity

nodes in QU ﬁmt and let N, be the number of pressure nodes in Q. If the piece-

wise quadratic basis functions for the velocities on the reference domain are ¢;,
j=1,...,N,, and the piecewise linear basis functions for the pressure on the refer-
ence domain are y;, j = 1,..., N, then the basis functions for velocities and pressure
on the domain Q(6) are

¢j(99):$]o¢71(99)7 jzla"'ana

~ (4.15)
vi(50)=y,0® 1 (50), j=1,...,N,.
The Taylor-Hood P2-P1 finite element discretization of (4.14) leads to
S(0)y =b(6), (4.16)
where
A(6) 0 BY(G) u b (6)
S(0) = ( 0 A(9) B(2)(6)T) Y= (uz) , b(0) = (b(2> 9)),
B () BP(6) 0 P b3 (0)
4.17)
with
A(0);; = vV Ve, dx, 1 <ij<N,
. 20) .
and 26 26
1 )/ 2 _ )/
B )(9)1‘/ =- ) a_xl‘//l dx, B )(e)u =- ) a_x2‘//1 dx,

1<j<N,, 1 <i<N,.
We use the integral transformation as well as the structure (4.12) of the basis
functions to compute

A0);= v V6(® (DO(E0))" (DD(F:6)) ' V,(%) [det(DD(%;0))| ¥

for 1 <i,j <N,, and

M(g),, o
(Barg)) == (000 V6,6 W(e) lex DG 0)) .

for 1 <j<N,, 1 <i<N,.
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Finally, we approximate the integrals by a quadrature rule with nodes X; and
weights w;, i = 1,...,M. To keep the presentation simple, we assume that the
same quadrature rule is used for all integrals. If we define functions g; : @ — RY,
k=1,...,7, component-wise as follows

(B N ) = v or otz (Do) oo
({840 &) — o, ocez0)) 7 dpitszo))|

then, if the integrals are replaced by quadrature, the matrices in the Stokes system
can be written as

() Mo o
()£ (58 <550

M 7
S(0) =2 3. (80)¢(6)Su- (4.18)
Similarly, if we replace the integrals in the right hand side vectors
b06)i= |, AXOE) dr= (D 0)) () det( DO 0)| ¥, k=12
Q6 Q

by quadrature rules, then

¢i(xe) (8744(0)), k=1,2,

Mz

b®)(6), =
4

where (g7.4(0))¢ = @ fil(P(X;; 0)) |det(DD(x(;0)) |, k= 1,2.

1

4.3 Projection Based Reduced Order Models

4.3.1 Generating the Reduced Order Model Subspaces

The computation of the matrices V,,V, € R¥*” is crucial for the accuracy of the
resulting reduced order model and involves some sort of sampling of the solutions to
the full order model. Commonly used methods to generate these matrices include the
greedy algorithm (see, e.g., [4, 6,24,29]), proper orthogonal decomposition (POD)
(see, e.g., [19]), and, for time dependent linear problems, balanced POD (see, e.g.,
[1,21,28]). Since emphasis of this paper is the efficient evaluation of the reduced
order model (4.2) using DEIM, it does not matter how V,,V, € RV*" have been
generated. We assume these matrices have been generated by a suitable method. In
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our numerical examples, we generate V =V, = V,. € RV using a simple sampling
strategy and proper orthogonal decomposition. This often results in good reduced
order models, although more sophisticated sampling strategies might have provided
equally good reduced order models using fewer samples.

Since we will refer to the proper orthogonal decomposition (POD) later, we pro-
vide a few details on this method. First by POD we mean the construction of a &
dimensional subspace that best approximates given samples sy, ...,sx. Thus, selec-
tion of these samples is not part of POD. We assume s, ...,sx € RY, but in general
these samples could be vectors in a Hilbert space. See, e.g., [19]. Given the samples
S{,...,8x the POD successively computes vectors vy, ...,V as the solution of

K ‘
minimize Y |ls; — > vi v/ ;|3 (4.192)
Jj=1 i=1
subjecttov,-ij =&, i,j=1,...,k, (4.19b)
where §;; is the Kronecker delta, or in matrix notation
minimize ||S —V; VI S| (4.20a)
subject to VIV, =1, (4.20b)

where I;, € R¥** is the identity. Is is well known that the solution can be computed
via the singular value decomposition (SVD) of S, S = VEW . In fact, since W
is orthogonal, ||S — V; VI'S||I2. = |V — V; VI VZ|3. If V; € RV is submatrix
consisting of the first £ columns of V € RV*¥ and if X, € R¥*X is obtained by
replacing the singular values 0j_1, Oy.2,... in £ € RV*X by zero, then

IS= Ve ViS|[7: =[VE— Vi Vi VI|} = |[VE - VI [} = |2 - Z[|7
min{K N}

= Y o (4.21)
J=k+1

Algorithm 4.1 (POD)

Input: Samples S = (sq,...,sx) € R¥*X and tolerance 7 > 0.
Output: V; = (vi,...,v;) € RV¥k,

1. Compute the singular value decomposition S = VW’
2. Find smallest index & such that the singular values satisfy o3, < 70].
3. Return the first & columns V; = (v,...,v;) € RV*¥ of V.

Given t]l(l?v bound (4.21), the index £ is often chosen to be the smallest index such
that 2‘;1:",1( +1’ 6]2 < t. This requires computation of all singular values, which can
be expensive. Therefore, we use the smallest index k such that 63,1 < 70o7. This

alternative provides a bound on the relative error in the two-norm: ||[S— V; VI S||; <
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7||S]|2. In our examples, the matrix of samples S € RM*X satisfies K < N and we
compute the so-called economy-sized SVD. In the large scale setting, we can use
an iterative method (e.g. ARPACK) to compute just the largest £ singular values
without computing all of them.

We note that often the snapshots do not have to be approximated in the Eu-
clidean norm sense as in (4.19), but instead using a weighted dot product v/ Ms J
and corresponding norm ||s||3; = s’ Ms, respectively, where M € RV is a sym-
metric positive definite matrix. This is for example the case when the snapshots
5;(x) = XN | s;;¢:(x) belong to the Hilbert space H_ (€2). In this case, M is the stiff-
ness matrix. See, e.g., [19]. This can be accomplished by modifying the SVD.

4.3.2 The DEIM

In this section we review the DEIM to approximate a function G : R¥ — RV, We
require a subspace with basis {uy, . .., u,, } such that G(z) is approximately contained
in span{uy,...,u,} for the arguments z of interest. Typically, one samples G and
then applies the POD to the samples to obtain an orthonormal basis {uy,...,u,}. To
obtain a computationally efficient DEIM approximation of G one needs that m < N.

The DEIM [7] can be viewed as variant of the empirical interpolation method
of [2] (see also [14]) applied to large scale finite dimensional systems. R

The DEIM computes indices p1,...,py in {1,...,N} and an approximation G :
R¥ — R of the function G which satisfies

G, (2) =Gp(z) fori=1,...,m (4.22)

moreover, for each z the computation of a(z) only requires the m components
Gy, (2),...,Gp, (z) of the original function G. More specifically, if e; is the ith unit

vector in RY, P=[ep,,...,ep,] € RV*™ is the submatrix of the identity obtained by
extracting the columns py, ..., py, and U = [uy,...,u,], then the DEIM approxima-
tion of G is

G=UP'U)'"P'G:Rf - RV,

Clearly, P’ G = P’ G, which verifies the interpolation property (4.22), and PG =
(Gpys---,Gp, )", which means that only the components py, ..., p, of G are needed
to compute the approximation G. This is the source of the complexity reduction
provided by the DEIM.

Before we review how DEIM computes the indices py, .. ., p, and the DEIM error
bounds, we discuss when the DEIM approximation is useful. For example, in model
reduction we have to evaluate the nonlinearity (y;6) — V! F(y +V,y;0), where
F:RY xRP — RY and V; and V, € R¥*" with n < N. As we have mentioned,
this requires the computation of y + V,, the evaluation of the nonlinearity F(y -+
V,y;0) and the projection V! F(y + V.,y; 0). All of these operations depend on the
size N of the full system and, therefore, the evaluation of the reduced order model
is almost expensive as that of the full order model. The complexity of the reduced
order model can be made independent of the full order problem size N using the
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DEIM approximation. If we compute a DEIM approximation
F=UP'U) 'P'F,
then we can approximate the nonlinearity V! F(y + V,y;6) by
VIF(y+V,3:0) = (VIUPTU) ) PTR(y +V,§;0). (4.23)

Typically in problems arising from spatial discretization of a PDE, the ith compo-
nent of F depends only on a few components of y. Hence, the evaluation of the m
components P” F(y+ V,y; 8) of the nonlinearity requires only a few, say O(m) com-
ponents of y + V,y. Hence we do not need to compute y + V,y at a cost of 2Nn+ N
flops (we count multiplication and addition as a flop), but only some components of
this vector at a cost of O(mn). Furthermore, the matrix V] U(P"U) ! € R™" can be
precomputed so that afterwards the evaluation of (y; 6) — V/ F(y+V,y:0) defined
in (4.23) requires only O(mn) operations. In finite difference approximations, the ith
component of the nonlinearity F typically depends only on the ith component of the
argument y. Finite difference approximations are used, e.g., in the examples in [7,8].
If finite element methods are used, the ith component of the nonlinearity F depends
on more than the ith component of the argument. The dependency of the ith com-
ponent of F on the components of the argument depends on the polynomial order
used in the finite element method, on the mesh, and also in what stage of the finite
element assembly process the DEIM is applied. We will explore this in Sec. 4.4.

Algorithm 4.2 (DEIM)

Input: Linearly independent vectors uy, ..., uy,,.
Output: Indices p1, ..., pp-

L. [p, pi] = max{|u|}

2. SetU=[w],P=]e, ], p=I[p1]

3. Fori=2,...,mdo

. Solve (P’ U)e =P’ y, fore

r,=u;,— Uc

. [P, pi] = max{|r;|}
. Update U=[U u,P=[P e,],p=[p" pl’

ao o

We next state an error estimate from [7] for the DEIM approximation
G=UrP'v) PG
to G. If U € RV*™ has ortho-normal columns, then
IG~Gll2 < [(P"U) "[l2| (1= UUT)G 2. (4.24)

This result indicates that very little accuracy is lost when the orthogonal projection
of POD is replaced by the DEIM interpolatory projection so long as ||(P"U)~!(»
is of modest size. In practice, we simply compute this quantity and use it as an a-
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posteriori estimate. The greedy DEIM index selection actually limits the growth of
||(P"U)~ 1|2 and typically it has remained on the order of 100 or less in all of the
examples we have considered. Finally, we must emphasize that the DEIM does not
improve the accuracy of the POD reduced model. The sole benefit of the DEIM is
to greatly reduce the complexity of evaluating the reduced model.

4.4 Evaluation of Nonlinear Functions Arising in Finite Element
Methods Using DEIM

We study the application of the DEIM for the evaluation of nonlinear terms in finite
element models. As noted in Sect. 4.3.2, the main issue here is the computational
complexity of the DEIM reduced model. It depends on how may components of the
argument influence a component of the nonlinearity, and it is determined by the finite
elements used. We present two ways of applying the DEIM. One approach applies
DEIM to the assembled form of the nonlinear term, the other approach, originally
suggested by Dedden et al. [9,33], to the unassembled form.

We use the semilinear advection diffusion reaction equation from Sect. 4.2.1 and
continuous finite element approximations. However, the approaches can easily be
extended to other equations and discontinuous Galerkin methods.

4.4.1 The Reduced Order Model

We consider the finite element discretization of the semilinear advection diffusion
reaction equation discussed in Sect. 4.2.1. To simplify our notation, we assume that
the boundary data /(x) = 0 in (4.3). The finite element discretization of (4.3) leads
to the N x N system of nonlinear equations

Ay +F(y;0) =b, (4.25)

where A € RVV and F: RY x R” — RY are given by (4.11). Note that since A(x) =
0, the vector b =0 ¢ RV,

Assume we have generated V, and V, € RV*” with n < N. Then the reduced
order model of (4.25) is

VIA(Y+V,¥)+VIF(y+V,5:68) = V. (4.26)

As we have mentioned before, VI AV,, VI Ay and V!'b can be precomputed, but
since the nonlinearity depends on y and 0 the term VZT F(y + V,¥;0) needs to be
evaluated whenever y or 6 changes, and the cost of evaluating this nonlinearity still
depends on the size N of the full order model.

To reduce the complexity of the nonlinear term, we apply the DEIM. The DEIM
reduced order model is given by

VIAGY+V,3)+ (V{U(PT U)‘I)PTF(}7 +V,5:6) =V/b. “27)
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Fig. 4.1. Left plot: Piecewise linear finite elements on triangles. If the DEIM index p; corre-
sponds to the vertex indicated by the large dot, then the p;th component of the nonlinear func-
tion depends on the seven adjacent vertices indicated by dots. Right plot: Piecewise quadratic
finite elements on triangles. If the DEIM index p; corresponds to the vertex indicated by the
large dot, then the p;th component of the nonlinear function depends on nineteen adjacent
nodes indicated by dots. If the DEIM index p; corresponds to the midpoint indicated by the
large dot, then the p;th component of the nonlinear function depends on nine adjacent nodes
indicated by dots

The n x m matrix VZU(PT U)~' can be precomputed once. We still need to study
the complexity of the evaluation of the nonlinearity

_ =R _ =R _ R r
PIF(y+V,3:0) = (Fm (Y+Vry;9),--'7Fpm(y+Vry;9)) cR”

in the DEIM reduced model (4.27). The ith component F; of the nonlinearity depends
on all components y, for which the intersection of the support of basis functions ¢,
and ¢; does not have measure zero. See (4.11b).

This is illustrated in Fig. 4.1 for piecewise linear (left plot) and piecewise qua-
dratic (right plot) basis functions ¢; on triangles. In the case of piecewise linear basis
functions, there are N = 36 degrees of freedom, which correspond to the vertices.
If the DEIM index p; corresponds to the vertex indicated by the large dot, then the
pith component of F depends on seven components of y, which corresponds to the
vertices indicated by dots. If piecewise quadratic basis functions are used, then there
are N = 121 degrees of freedom, which correspond to the vertices and edge mid-
points. If the DEIM index p; corresponds to the vertex indicated by the large dot,
then the p;th component of F depends on nineteen components of y, which corre-
sponds to the vertices and edge midpoints indicated by dots in the bottom right part
of the right plot in Fig. 4.1. On the other hand, if the DEIM index p; corresponds to a
midpoint, then this midpoint is shared by only two triangles, and the p;,th component
of F depends on nine components of y, which corresponds to the vertices and edge
midpoints indicated by dots in the top left part of the right plot in Fig. 4.1.

An alternative DEIM reduced order model is obtained when we consider the un-
assembled nonlinearity. As we have mentioned earlier, this was first suggested and
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explored by [9,33]. Since [, =3¢ [q, We can write (4.11b) as

Fi(y;0) = 2 (Zw, )0+ (B-Vor) S Zm
e=1

When the intersection of the supports of the basis functions ¢; and ¢; and of
the element €, has measure zero, the integral [, f (Z =195 )(1), +17 (B-

Vo)) f (Z _1Yi9); )dx is zero. Therefore for nodal basis functions, this integral

can only be nonzero when the indices i and j correspond to nodes in Q.. For each
of the n, elements £, we can compute #,, integrals

Fi(y;0) zn@:NH4eﬁV@ (Zn@, N, (428a)

where 7, is the number of degrees of freedom per element and the indices 7 corre-
sponds to nodes in the element €,. This gives a function F¢(y; ) : R""» x R” —
R”™"r. Then we can assemble the element information into the global vector of un-
knowns F. This can be expressed as

F(y;0) =QF°(y:;0) (4.28b)

where Q € RV*(""p) The size of the unassembled nonlinearity F¢ is larger than
that of the assembled one F. If the ith component of the unassembled nonlinearity
belongs to element £2,, then F{ only depends on the unknowns y; with indices j
corresponding to nodes in the element €2, see Fig. 4.2. Consequently, a component

|
14

2\ %

Fig. 4.2. If DEIM is applied to unassembled piecewise linear elements, then the p;-th com-
ponent of the unassembled nonlinearity only depends on values at nodes in the element that
contains the node p;. Left plot: For piecewise linear elements on triangles, the p;-th component
of the unassembled nonlinearity only depends on the values at the three vertices, indicated by
dots, of one triangle. Right plot: For piecewise quadratic elements on triangles, the p;-th com-
ponent of the unassembled nonlinearity only depends on the values at the vertices and edge
midpoints, indicated by dots, of one triangle
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of unassembled nonlinearity depends on fewer components than a component of
assembled nonlinearity does.
The reduced order model (4.26) can now be written as

ViA(y+V,y)+V/QF(y+V,y:0) = V/b. (4.29)

We can apply DEIM to the unassembled nonlinearity. Let the columns of U¢ =
[uf,...,u.] be a basis of a subspace that approximately contains F¢(y;6) for the
arguments y and 6 of interest. The DEIM approximation of the unassembled non-

linearity is given by
Fe(y:0) = U((P) (U%)) '(P) F¥(y;0).

Here P¢ is the sub matrix of the identity generated using the indices pf,...,pJ.e
generated by the DEIM applied to u$, ..., u¢..
If we insert this into (4.29) we arrive at the DEIM reduced order model

VIAV,(7+ V) + (VEQUE((P) (U9)) ™) (P) F*(3+ V,§:6) = V[ b. (4.30)

The nx m* matrix V] QU¢((P¢)" (U*)) ! can be precomputed.

The advantage of the DEIM reduced order model (4.30) over (4.27) is that each
component of the unassembled nonlinearity in (4.30) depends on fewer components
of the argument than the nonlinearity in (4.27) does. Hence, if the dimension of the
subspace Z(U) containing the image of F is roughly equal to dimension of the sub-
space Z(U®) containing the image of F*, i.e., if m ~ m®, then the evaluation of (4.30)
is computationally less expensive than that of (4.27). This is illustrated in Fig. 4.2.
If a DEM point p; corresponds to a node in a triangle, the the p;th nonlinearity de-
pends on all components of the argument that correspond to nodes in the triangle.
The left plot in Fig. 4.2 illustrates this for one point when piecewise linear elements
are used, whereas the right plot in Fig. 4.2 illustrates this when piecewise quadratic
elements are used. Note, that if the unassembled form of the nonlinearity is used, the
connectivity is the same no matter whether the DEIM point corresponds to an vertex
or an edge midpoint.

The disadvantage of the DEIM reduced order model (4.30) compared to (4.27)
is that the size of the unassembled nonlinearity F¢(y;0) is significantly larger than
the size NV of the nonlinearity F(y; 8). The size n.n, of the unassembled nonlinearity
F*(y; 0) now depends on the number 7, of elements and the number #,, of degrees of
freedom #,, per element. For example, if we use piecewise linear basis functions on
the mesh in the left plot in Fig. 4.1, there are N = 36 vertices, where as n.n, = 150.
If we use piecewise quadratic basis functions on the mesh in the right plot in Fig. 4.1,
then there are N = 121 degrees of freedom, whereas n.n, = 300. Since the vectors
uj,...,u, and u§,...,uf. are typically computed from a POD of samples of the
nonlinearities F and F*, respectively, the computation of the vectors uf,...,uf. is
more expensive than the computation of uy,...,u,. However, this computation is
done in the off-line phase.
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4.4.2 Numerical Examples

We apply DEIM reduced order models to approximate the semilinear advection dif-
fusion reaction equation (4.3) with nonlinearity (4.4). The full order model is ob-
tained using the SUPG stabilized finite elements reviewed in Sect. 4.2.1. The diffu-
sivity is v =5-107°, and the parameters C = 0.2 and D = 0.4 in (4.4) are fixed and
6 = (In(4), E) vary within © = [5.00,7.25] x [0.05,0.15] C R>.

To construct the reduced basis matrices V = V;, = V,, we sample the fi-
nite element solution of (4.4) at 25 parameters. We denote these solutions by
y(61),...,y(65). We compute the mean y = % >, y(6,), and generate the reduced
basis matrices V = V;, = V,. by applying the POD, Algorithm 4.1 to the samples
¥(61) —,...,y(625) — y with tolerance T = 10~. To construct U = [uy,...,u,,)]
and U¢ = [uf,...,ul.] for the DEIM approximation, we sample the nonlinearities
F(y(0);60) and F°(y(0); 0), respectively, at the same parameters used to construct
V, and then we apply the POD with tolerance 7 = 10~ to obtain U and U¢, respec-
tively.

All computations in this subsections were done using Matlab on MacBook Air
with 8 GB of memory and 1.8 GHz Intel Core i5 processor. The nonlinear full order
or reduced order models are solved using Newton’s method. The linear systems in
Newton’s method are solved using the Matlab backslash command.

4.4.2.1 2D Example

We consider the domain Q C R? shown in Fig. 4.3, taken from [3]. The Dirichlet
boundary segments are I, = {(0,x2) : x2 € (0,2) U (2.75,4.25)U(5,7)} and the
Dirichlet data # is specified in Fig, 4.3.

To study the computational cost of applying DEIM reduced order models we
use three meshes, referred to as Mesh 1 to Mesh 3, of different sizes, and we use
piecewise linear and quadratic elements. We compute an approximate solution of
(4.3) at the parameter (In(4), E) = (6.4,0.11) not contained in the parameter sample.
Figure 4.4 shows the triangulation corresponding to Mesh 2, of medium size, as well
as the full order model solution of (4.3). (The reduced order model solutions are
indistinguishable from the full order model solution.)

7
‘h:O
4.2§ |h_02 —
275 — —
h=0
0 . :
0 75 15 35

Fig. 4.3. 2D Example: The domain Q with Dirichlet boundary segments I}, = {(0,x,) : x; €
(0,2)U(2.75,4.25)U(5,7)} and Dirichlet data 4
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I I 1 4

0 0.02 0.04 0.06 0.08 01 012 0.14 0.16 0.18 02

Fig. 4.4. 2D Example: A triangulation of the domain € (top plot) and solution of the advection
diffusion reaction equation (4.3) with parameter (In(4), £) = (6.4,0.11) (bottom plot)

As we have described in the previous section, the complexity of evaluating DEIM
reduced order models depends on the connectivity of the nodes in the finite element
mesh. We illustrate this in Fig. 4.5 using Mesh 2. For four different configurations,
we plot the triangles that are involved in the evaluation of the DEIM nonlinear term.
More precisely, the degrees of freedom corresponding to all nodes in the red solid tri-
angles are needed to evaluate the DEIM nonlinear term. The top two plots correspond
to piecewise linear finite elements using the assembled (top plot) and unassembled
(second from top plot) form of the nonlinearity. The top two plots in Fig. 4.5 corre-
spond to the schematic plots on the left in Figs. 4.1 and 4.2, respectively.

The bottom two plots in Fig. 4.5 correspond to quadratic finite elements. If we
look at the third plot from the top, which colors the triangles involved in the evalu-
ation of the DEIM nonlinear functions (assembled form), then at most two triangles
are connected. This means that all DEIM points in this case correspond to edge mid-
points (see the right plot in Fig. 4.2). We observed the same for the computations
on Mesh 1 and Mesh 3. The bottom plot in Fig. 4.5 corresponds to the unassembled
form of the DEIM using quadratic finite elements. In this plot a few adjacent trian-
gles are colored red, which simply means that the DEIM selected points that happen
to correspond to nodes in adjacent triangles.

Table 4.1 summarizes the problem size for the different models for the three
meshes and piecewise linear and quadratic finite elements. In Tables 4.1 to 4.3,
DEIM refers to the DEIM reduced order model (4.27) obtained using the assem-
bled form of the nonlinearity, whereas DEIM-u refers to the DEIM reduced order
model (4.30) obtained using the unassembled form of the nonlinearity.
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Fig. 4.5. 2D Example: The triangles that contain DEIM points are shown in solid red. The
different plots correspond to different polynomial degree used in the FEM and application of
the DEIM to the assembled or unassembled form of the nonlinearity

The computing times to evaluate the full and the various reduced order models
are shown in Table 4.2. The nonlinear systems are solved using Newton’s method
and the computing times listed are for the Newton solve (and not for one Newton
iteration). The number of Newton iterations required are shown in parenthesis. The
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Table 4.1. 2D Example: The size N of the full order finite element system, the number of
POD basis vectors n, the number of DEIM points m the number of nodes adjacent to DEIM
points, the number of DEIM points m® when the unassembled (DEIM-u) nonlinearity is used,
and the number of nodes adjacent to DEIM points for piecewise linear and quadratic finite
elements on three grids. The mesh in Fig. 4.5 correspond to grid number 2

Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2 3
number of triangles 1,437 3,213 12,976 1,437 3,213 12,976
number of nodes N 825 1,768 6,813 3,089 6,751 26,604
number of POD basis vectors n 17 17 17 17 17 17
number of DEIM points m 20 20 21 21 21 21
number of nodes adjacent to DEIM pts. 107 139 166 165 174 186
number of DEIM-u points m* 20 20 21 20 21 21
number of nodes adjacent to DEIM-u pts. 48 56 63 111 117 126

Table 4.2. 2D Example: The computing times (in sec) and the number of Newton iterations
(in parenthesis) needed to solve the full order model, the POD reduced order model, the POD-
DEIM reduced order model, and the POD-DEIM-u (unassembled) reduced order model for
different grid levels and linear and quadratic finite elements

Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2 3
Full 0.55 (4) 0.41 (4) 1.49 (4) 0.85(4) 1.36 (4) 5.75 (4)
POD 0.17 (4) 0.29 (4) 1.24 (4) 0.51(4) 1.03 (4) 3.77(4)
POD-DEIM 0.04 (4) 0.04 (4) 0.02 (4) 0.08 (4) 0.07 (4) 0.12 (4)
POD-DEIM-u 0.11 (8) 0.05(5) 0.04 (5) 0.13(5) 0.07 (4) 0.08 (4)

computing times do not include the time needed to compute the matrices V, U, or
U¢ via POD.

In this application, the solution of the POD-DEIM-u reduced order model re-
quired more Newton iterations in several cases, offsetting the gain in computational
complexity of the POD-DEIM-u reduced order model nonlinearity. Another issue
that makes computing time comparisons difficult using Matlab is that the comput-
ing time is often not determined by how many floating point operations are executed,
but instead by how well the code is vectorized. We have made a great effort to vec-
torize the code for all models as much as possible, this is more effective for the full
order and the POD reduced order models because by design the POD-DEIM and
POD-DEIM-u reduced order models work with shorter vectors. Therefore the Mat-
lab timings for the smaller problems likely do not accurately reflect what would be
observed with, say, C code. However, from the Table 4.2 we can infer that POD
reduced order models are only slightly more computationally efficient than the full
order model. Applying DEIM for the assembled or unassembled form of the nonlin-
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Table 4.3. 2D Example: Errors between the full order model solution and the POD reduced
order model solution, the POD-DEIM reduced order model solution, and the POD-DEIM-u
(unassembled) reduced order model solution

Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2 3
POD 7.8¢-5 1.5¢-4 3.5¢-4 1.3¢-4 2.5¢-4 6.9¢-4
POD-DEIM 7.8¢-5 9.4e-5 4.8e-4 2.5¢e-4 2.6e-4 7.9e¢-4
POD-DEIM-u 1.2¢-4 1.5e-4 2.2e-4 1.4e-4 1.8e-4 6.3¢e-4

earity results in significant computational savings compared to both the full and the
POD reduced order models when applied to larger problems. For larger problems
the POD-DEIM-u reduced order model nonlinearities can be evaluated more effi-
ciently than the POD-DEIM reduced order model nonlinearities. Different reduced
order models may require different numbers of Newton iterations. In this example,
the number of Newton iterations needed to solve the POD-DEIM-u reduced order
model was at least as large as the number of Newton iterations needed to solve the
POD-DEIM reduced order model. If the Newton iterations needed to solve the POD-
DEIM-u reduced order model is larger, then the gains in efficiency of evaluating the
nonlinearity is offset by the larger number of Newton iterations.

The errors between the full order model solution and the reduced order model
solutions shown in Table 4.3 are of the order of the tolerance T = 10~* used to
construct the bases with the POD.

4.4.2.2 3D Example

The domain is the cube Q = (0, 18) x (0,9) x (0,9) (in [mm]). The left face Q2 =
{0} % [0,9] x [0,9] is the Dirichlet boundary, all other faces corresponds to Neumann
boundaries d€2y. On the part {0} x [3,6] x x[3,6] of the Dirichlet boundary we
impose the Dirichlet conditions y = 0.2 and on the remainder of d €, impose y = 0.
This is the problem setup used in [11].

For the numerical solution, we use SUPG stabilized piecewise linear FEM on
tetrahedra. To discretize the domain, 2 is divided into cubes of size & x h x h and
then each cube is divided into six tetrahedra. We use three meshes, Mesh 1 to Mesh 3,
with & = 1.125, h = 0.5625, and 7 = 0.375, respectively. Mesh 2 is shown in the
left plot in Fig. 4.6. The full order model solution of (4.3) parameter (In(4),E) =
(6.4,0.11) is shown in the right plot in Fig. 4.6. (The reduced order model solutions
are indistinguishable from the full order model solution.) For reasons explained be-
low, we only apply piecewise quadratic finite elements on Meshes 1 and 2, but not
on Mesh 3.

Figure 4.7 shows the tetrahedra in Mesh 2 that contain a node corresponding to
a DEIM point. The plots in the left column correspond to the DEIM applied to the
assembled form of the nonlinearity. In case of quadratic elements, the nodes are ei-
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Fig. 4.6. 3D Example: Partitioning of the domain £2 into tetrahedra (left plot) and solution of
the advection diffusion reaction equation (4.3) with parameter (In(4),E) = (6.4,0.11) (right

plot)
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Fig. 4.7. 3D Example: The tetrahedra that contain DEIM points are shown. The different plots
correspond to different polynomial degree used in the FEM and application of the DEIM to
the assembled or unassembled form of the nonlinearity.
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ther vertices or are edge midpoints. If we use Mesh 1, only one of the 21 DEIM
points corresponds to a vertex. If we use Mesh 2, then none of the 21 DEIM points
corresponds to a vertex. Since vertices are shared by more tetrahedra than edge mid-
points, this means that DEIM points corresponding to edge midpoints lead to DEIM
reduced order nonlinearities that can be evaluated more efficiently.

Table 4.4 summarizes the problem size for the different models for the three
meshes and piecewise linear and quadratic finite elements. As before, in Tables 4.4
to 4.6, DEIM refers to the DEIM reduced order model (4.27) obtained using the
assembled form of the nonlinearity, whereas DEIM-u refers to the DEIM reduced
order model (4.30) obtained using the unassembled form of the nonlinearity.

The computing times to evaluate the full and the various reduced order models
are shown in Table 4.5. Again, the computing times listed are for the entire Newton
solve (and not for one Newton iteration). The number of Newton iterations required

Table 4.4. 3D Example: The size N of the full order finite element system, the number of
POD basis vectors n, the number of DEIM points m the number of nodes adjacent to DEIM
points, the number of DEIM points m® when the unassembled nonlinearity is used, and the
number of nodes adjacent to DEIM points for piecewise linear and quadratic finite elements
on three grids. The mesh in Fig. 4.7 corresponds to grid number 2

Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2
number of tetrahedra 6,144 49,152 165,888 6,144 49,152
number of nodes N 1,296 9,248 30,000 9,248 69,696
number of POD basis vectors n 19 18 19 18 19
number of DEIM points m 21 21 22 21 22

number of nodes adjacent to DEIM pts. 183 271 320 445 559

number of DEIM points m® 21 21 22 21 22
number of nodes adjacent to DEIM pts. 67 80 88 193 220

Table 4.5. 3D Example: The computing times (in sec) and the number of Newton iterations
(in parenthesis) needed to solve the full order model, the POD reduced order model, the POD-
DEIM reduced order model, and the POD-DEIM-u (unassembled) reduced order model for
different grid levels and linear and quadratic finite elements

Polynomial degree p=1 p=2

Mesh number 1 2 3 1 2
Full 1.78 (4) 10.60 (3) 43.30(3) 7.80 (3) 185.00 (3)
POD 1.28(4) 8.04(3) 23.80(3) 4.12(3) 38.80(3)
POD-DEIM 0.15(4) 0.10(3) 0.21(4) 0.21 (3) 0.40 (3)

POD-DEIM-u 0.16(9) 0.07(4) 0.10(4) 0.01(4) 0.18(4)
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Table 4.6. 3D Example: Errors between the full order model solution and the POD reduced
order model solution, the POD-DEIM reduced order model solution, and the POD-DEIM-u
(unassembled) reduced order model solution

Polynomial degree p=1 p=2
Mesh number 1 2 3 1 2
POD 4.7¢-5 1.7e-4 5.2e-4 1.1e-4  7.3e-4
POD-DEIM 3.4e-4 4.0e-4 4.5¢-3 4.8¢-4 2.4¢-3

POD-DEIM-u 4.4e-4 1.7e-3 5.7¢-3 1.4¢-3 4.5¢-3

are shown in (in parenthesis). The computing times do not include the time needed
to compute the matrices V, U, or U¢ via POD.

Table 4.4 shows that in the 3D case the DEIM applied to the unassembled form
leads to nonlinear terms in the reduced order models which depend on significantly
fewer components of the arguments than the nonlinear terms resulting from the
DEIM applied to the assembled form. Table 4.5 shows that the POD-DEIM-u re-
duced order models are computationally more efficient than the POD-DEIM reduced
order models, even if their solution required one more Newton iteration. The POD
reduced order model leads to greater computational savings over the full order model
in the 3D case compared to the 2D case (see Table 4.2). This is due to the computing
time needed to solve the sparse linear systems in Newton’s method. As before, sig-
nificant reductions in computing times can only be achieved after DEIM is applied
(either to the assembled or the unassembled form of the nonlinearity).

For 3D problems, the cost of solving the large sparse linear systems arising in
Newton’s method using the sparse LU decomposition is significant, especially for
finer meshes and for piecewise quadratic elements. For the larger problems, it is
likely beneficial to replace the direct solvers by iterative solvers. For this reason we
have not included results for quadratic elements on the fine Mesh 3. The solution
of the full order model using the sparse LU decomposition would have made the
full order model solution artificially costly. Switching to iterative solvers for some
discretizations would have raised the question what the ‘best’ iterative solver is.
Therefore, we have limited our computational tests, to cases where the use of direct
solvers still seems to be justifiable.

Asinthe 2D case, the errors between the full order model solution and the reduced
order model solutions shown in Table 4.6 are of the order of the tolerance 7 = 10~*
used to construct the bases with POD.

4.5 Evaluation of Parameterized Matrices and Vectors in
Reduced Order Models Using DEIM

In this section we describe the use of the DEIM for the generation of efficient reduced
order models that involve parameterized matrices. We first describe the approach
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applied to a generic matrix A(0) and afterwards we apply it to the solution of Stokes
equation in parameterized domains.

4.5.1 The Reduced Order Matrix

We consider a parametrically dependent matrix A(6) that has the representation

A(6) =Y gi(0)A (4.31)
i=1

with functions g = (gi,...,8v)” : © — RM and matrices A; e RNV i =1,... M.
As we have seen in Sect. 4.2.2 this is, e.g., the case when A(6) is the stiffness matrix
of a parametrically varying linear PDE. In this subsection A(6) is a generic matrix.
In the next subsection we will apply the reduction technique to the parametrically
dependent Stokes system (4.16).

If we have computed the matrices V,V, € RV*”, then the system matrix for the
reduced order model is given by

M
VIA(O)V, =Y gi(0) VIAV,. (4.32)
i=1

If M is small, we can precompute the matrices VfT A;V, and for each 0 we can use
(4.32) to compute V! A(0)V, in n*M operations. However, if M is large, which is
the case, e.g., in the example in Sect. 4.2.2 an additional approximation is needed to
allow for a fast computation of an approximation of VET A(0)V,. We can apply the
DEIM.

The DEIM computes a matrix U € R of rank m and a function

g=(g,....gn) =(P'U) 'Pg:0-R" (4.33a)

such that
g(6) ~8(0) = UK(6). (433b)

We assume m < M.
If we insert (4.33b) into (4.32), we obtain

M
VIA(O)V, = Y 2(6) VIAV,
i=1

~

M m
(0) VIAV, =3 3 U;g,(0) Vi AV,

i=1j=1
(l

~
~

Il
Ms [Mz
Mz

Il
-

U V{A,Vr> 2,(0). (4.34)

~
n



4 Application of DEIM to Nonlinear and Parametric Systems 125

The matrices Z?il U, VZT AV, e R™" j =1 ... m, can be precomputed. After-
wards, for each 0 the reduced order matrix

J

m M
A(0) = (2 U;; V{A,W) 2,(0) (4.35)
—1 \i

i=1

can be computed at a cost of n>m < 1> M operations. Under the assumption that b(8)
has a decomposition similar to (4.31), we can easily extend the ideas from reduction
to M(0) in (4.35) to b(6). We have omitted those details to avoid repetition.

We note that the approximation presented previously can be generalized if A(0)
is of the form

M K
A(8) = Zi Zl(g.f)z(e)Ai.f (4.36)
i=1j=

by applying the previous techniques to each of the functions g; = (g1, .. ,gM,)T ,
j=1,....K.

In many applications we also need to compute the derivative of the matrix A(0)
with respect to 0. If the function g is differentiable, then the derivative of A(0) is
given by

M
DoA(0) = Y, Dogi(0)A, (4.37)
=

and requires the evaluation of the derivative of all M functions gy, ..., gys. The same
is true for the derivative of (4.32). The derivative of the DEIM reduced matrix,

R m M
DoA(6) =Y, (2 U V?A,-V,) Deg;(0) (4.38)
J=1 \i=1
only requires the evaluation of the m < M functions g, .. ., g,,. From (4.33) we have
that ~
Dogp, Dogp,
Deg = : = (P'U)'P' Dpg = (P U)"! : ,
Degpm Dﬂgpm

since P’ just extracts the m rows from Dyg that corresponding to the DEIM indices
Pi,---,pm- Thus evaluating the derivative DgA(0) of the DEIM reduced matrix,
requires the derivative of only m < M functions g, ,...,gp,,

4.5.2 Numerical Example

We illustrate the DEIM approximation of parametrized matrices and vectors on the
example of evaluating the objective function and its derivative in shape optimization
of Stokes equation.

Suppose we want to minimize the functional

J(@) = Q(e)l(u(e)vp(e))dxa (4.39)
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where the velocities #(0) and pressure p(0) are the solution of the Stokes equa-
tion (4.13). The function / will be specified later.

We assume that the domains Q(0) are obtained by mapping a reference domain
as shown in (4.12). Furthermore, we discretize the Stokes equation using P2-P1 finite
elements as described in Sect. 4.2.2. The discretized Stokes system is given by

S(0) (;) = b(6), (4.40)
where S(0) has the form (4.18). In our examples, the forcing function f in (4.13) is
zero. Therefore, the right hand side b is determined by the S(6) and the in homoge-
nous Dirichlet data on the velocity in (4.13). The Stokes matrix S(6) in (4.18) has
the same structure as the generic matrix S in (4.36). Since the forcing function f in
(4.13) is zero, no additional parameterization of the right hand side b(6) is needed.

Applying the domain mapping, the P2-P1 finite element discretization, and the
quadrature formula from Sect. 4.2.2 to the objective (4.39) gives the discrete objec-
tive functional

M
Jn(8) = Y, @ l(un(X0), pu(X0)) |det(DD (X3 6)], (4.41)
-1

where uy, is the piecewise quadratic FEM approximation of the velocity and py, is the
piecewise linear FEM approximation of the pressure. The objective (4.41) depends
on 6 via the function gg : © — RM defined by

(23(0))¢ = o|det(DD(x1; 0))|.

Since the discretized velocity and pressure u; and p, are determined by their
coefficients u and p, we can write the discrete objective functional (4.41) as

M
Jn(8) = Y 1¢(u,p) (g5(6))e- (4.42)
(=1

Note that its parameter dependence has the same structure as that of the generic
matrix and therefore DEIM can be applied to reduce the computational cost. As in

SeCt. 4.2.2 we Set
< )
p '

To summarize, we want to minimize
M
Jn(8) =1(y(6)) gs(6) = . 1i(y(6)) (23(6))s,
(=1

where y(8) solves (4.40). In many minimization problems there will be additional
constraints on the parameter or on the velocities or pressures. Since we focus on the
evaluation of reduced order models, we focus on the evaluation of J;,(6) and on its
gradient.

The evaluation of the objective function requires the following steps.
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J1: Assemble S(0) and b(0) and solve the state equation S(8)y = b(0) for y(6).
_P>: Compute J,(0) =1(y(0)) g5(0).

We briefly summarize the computation of the gradient of J,(0) via the adjoint
approach, see, e.g., [18, Sec. 1.6]. We define the Lagrangian functional

L(y,2,68) =1(y)" gs(6) + A" (S(6)y —b(8)).

We assume that the objective has already been computed, i.e., that S(6) and b(0)
have been assembled and that y(6) has been computed. Then the computation of the
gradient requires the following steps.

% Solve the adjoint equation S(8)" 1 = —Dyl(y(0))" gs(0) for 1(6).
%: Compute V.J,(8) =1(y(6))" Dogs(8) +1(8)" (DgS(8)y(6) — Deb(6)).

To construct the reduced basis for the state equations (4.40), we sample the solu-
tion of the discrete Stokes (4.40) at » samples in the parameter domain ©. We then
apply the POD Algorithm 4.1 with tolerance 7 individually to the snapshots for the
x1- and xp-components of the velocity and the snapshots for the pressures. If N, are
the degrees of freedom for the x;- and x;-components of the velocity and N, are
the degrees of freedom for the pressure, the POD generates matrices V,, € RV
V., € RM™*m, and V,c RN»*"p The reduced order Stokes matrix and right hand
side are

T

vV, 0 0 A6) 0o B V,, 0 0
vis@v=| 0 v, 0 0 A(6) BY(g) 0V, 0
0 0V, BM(6) BY(B) 0 0 0V,
VI A(6)V,, 0 viBU(0)'V,
= 0 VI A(0)V,, VLB (0)'V, (4.43)
viBW(0)V,, VIB@(0)V,, 0
and .
vV, 0 0
vib@)=1 0 V,, 0 | b(6).
0 0V,
The preliminary version of the reduced order Stokes system is
VIS(6)Vy =V'b(6). (4.44)

Since the b3 component of the right hand side (4.16) of the discrete Stokes equa-
tion is nonzero, the velocity snapshots are not divergence free (in the discrete sense).
Therefore, as already noted in [30], there is no guarantee that the reduced Stokes ma-
trix (4.43) satisfies an inf-sup condition. In [30] a procedure is proposed that enriches
the velocity subspaces to guarantee the inf-sup condition. Instead we monitor the inf-
sup constant corresponding to (4.43) by computing the singular values of the small
matrix B(6) = (VIB(0)V,, , VIB®(8)V,,)” and found that no enrichment of
the velocity space was needed in our example.
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The matrix S(6) has the structure (4.18). Since in our examples the forcing func-
tion f in (4.13) is zero, no additional parameterization of the right hand side b(0)
is needed. We apply the DEIM as described in the previous Sect. 4.5.1 to obtain a
DEIM reduced order matrix S(0) and right hand side vector b(6). Specifically, the
reduced bases, the matrices U for the nonlinear terms gy, ..., gg are constructed by
sampling these nonlinearities at the same parameters used to construct the reduced
basis V,,,V,, and V, and then applying POD with tolerance 7 to get matrices U
for the DEIM. We apply DEIM to each of the eight functions gy, ...,gs separately,
i.e., for each of the eight functions we generate a matrix U. Applying the DEIM
approximation of Sect. 4.5.1 we obtain the DEIM reduced order system

S(6)y =h. (4.45)

Furthermore, applying DEIM to the function gg in the objective, i.e., approxi-
mating
28(0) ~ gs(0) = Usgs(6).

where
g5 = ((8s)1,---,(8)m)" = (PgUs) 'Pygg: 0 — R

leads to the reduced order objective
Jn(68) =1(Vy(0))" Usgs(6), (4.46)

where y(0) is the solution of (4.45). In our applications, 1 is affine linear or quadratic
in y, so that fast computation of y — I(Vy)’ Uggs(8) is possible.

All computations were done using Matlab on a MacBook Pro with 8GB of mem-
ory and a 2.53 GHz Intel Core 2 Duo processor. The nonlinear full order or reduced
order models are solved using Newton’s method. The linear systems are solved us-
ing the Matlab backslash command. The 6 derivatives are computed using INTLAB
Version 5.5 [31].

4.5.2.1 Evaluation of Drag Generated by Parameterized Airfoil
The drag on the boundary portion Ij,e (0) C d€Q(0) is defined by

2

Cp=———
PTUURL

((vVu(x) — p(x))n(x)) - i ds, 4.47)

where #. = U is the velocity of the incoming flow, .. is the unit vector directed
as the incoming flow, U.. is constant, and L is the characteristic length of the body.
See, e.g., [16,20]. As usual, we use the Stokes equations (4.13) to find an equivalent
formula for the drag that avoids integration over the boundary. We use a function
Voo € (H'(€2(0)))? With Ve = e 0N Tirag(0) and ve. = 0 0n 92(0) \ Tirae(0) as a
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test function in (4.13) to obtain

0=— ((vVu—pDh)n) - ve. + (VWu—pl): Ve — s,
20(6) Q(6) Q(6)
S (VVu—phn)-tia+  (VWu—pl):Vva—  fove.
Tirag (6) (0) 2(6)
Hence,
Cp= —% ( Q(e)(VVu(x) —px)1) 1 Vve(x) dx — Q(e)f(x) Voo () dx) :

(4.48)
We use Cp as our objective functional for this example, i.e., in this example J in
(4.39) is given by (4.48).

The domain Q(0) (for 8 = 0.5) is sketched in Fig. 4.8 and has the boundary
20Q(0) =L, UT) UI—&rag(e) U Tout, where Iy = {—6} x (=3,5), I) = ((—6,6) x
{=3}HU((—6,6) x {5}), Tour = {6} x (—3,5) and Ija5(0) is the boundary of airfoil.
We specify an inflow velocity # = 1, on I}, and a constant viscosity v = 0.1. The
forcing function f in (4.13) is taken to be zero. We assume that the airfoil is of unit
length, and the boundary has the following parameterization,

Elrag = {(xl,xz) | 0<x<lx= 1-|—T](9)}
where for 0 € [0,2]

6
(o) =+ (0.2969/x1 — 0.1260x; — 0.3520x7 +0.2832x; —0.1021x7) .

The diffeomorphism @ that is used to map the reference domain f), is given by

S~ =N.py X _ r
¢)((x1,x2),6) = <(1 +n(9))3€v2> = (X],XQ) .
for % € [0,1] and ®((%1,%2);0) = (¥1,%2) else. The reference domain is Q =
D((—6,6) x (—3,5);0.5)(= 2(0.5)) and is shown in Fig. 4.8.

The problem is discretized using P2-P1 Taylor Hood elements as described in
Sect. 4.2.2. We compute 25 snapshots each for both the solution to the state equa-
tions and the nonlinear terms. The reduced basis are generated using the POD with
atolerance 7 = 10°.

We evaluate Cp (see (4.47)) and its derivative with respect to 6 at an arbitrary
point & = /2 € @, which is not in the snapshot set. Table 4.7 summarizes the size
of the full and the reduced order systems for three finite element grids using the
full order model, the POD reduced order model and the POD-DEIM reduced order
model. The mesh in Fig. 4.8 is the coarse Mesh 1. The DEIM points (quadrature
points) chosen are contained in the triangles marked in red.

The computing times to evaluate the objective function (steps _#1 + _#>) and its
gradient (steps 4 + % ) for the full order model and the reduced order models are
shown in Table 4.8. For the reduced order models the times do not include off-line
cost. Most of the computational cost in computing objective functional occurs in Step
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Fig. 4.8. The reference domain Q for the NACA airfoil 4-digit family. The DEIM points
(quadrature points) are contained in the triangles marked in solid red

J1. Computing the gradient requires solving the adjoint equations (Step ¢ ) and the
sensitivities of system matrices and the objective functional (Step %) with respect
to the shape parameter 8. Since this example only involves a scalar parameter, for
the full order model Step & is the most expensive step in the evaluation of the
gradient of objective functional. The cost of sensitivities increases with the number
of parameters, see Sect. 4.5.2.2.

The errors between the full order model (objective functional Cp) and the re-
duced order model solutions shown in Table 4.9 are of the order of the tolerance
7 = 107° used to construct the bases with the POD. The error in gradient compu-
tation is slightly higher, due to the fact that adjoint solutions have not been taken
into account to generate the reduced bases. This accuracy can be easily improved by
enriching the snapshot set.

Table 4.7. The size N = N, + N, + N, of the full order finite element system, the number of
POD basis vectors n = ny, + iy, + np, and the number of DEIM points m — 2?11 my

Mesh number 1 2 3
number of triangles 6,094 8,838 24,990
number of nodes N 27,039 39,343 111,887
number of POD basis vectors n 55 58 63

number of DEIM points m(= 2%11 my) 26 26 26




4 Application of DEIM to Nonlinear and Parametric Systems 131

4.5.2.2 Channel with Parameterized Top and Bottom Wall

In our second example we consider a channel in which the bottom and top boundaries
are parameterized using Bézier curves. The reference domain is = (—1,1)%. The
bottom and top wall of the channel are parameterized by Bézier curves with py
control points for the top boundary and pp control points for the bottom boundary.
Thus the physical domain (0) is parameterized by 6 € © C R?, p = pr + pp.

The boundary d€Q(8) is decomposed into the inflow and outflow boundaries
Iin(6) ={-1} x(—1,1), and I3, (6) = {1} x (—1,1), both of which are indepen-
dent of the parameterization and the top and bottom boundaries I;(6) and I;(6).
The viscosity is v = 1.0. On the inflow boundary I}, we specify an parabolic inflow
velocity 7 = 8(1+x2)(1 —x2). The velocity 2= 0 on I;(6) and I;(0). The forcing
function f in (4.13) is taken to be zero.

We use pry = pp = 2 Bézier control points to specify the top and the bottom
boundary of the variable domain (0). The parameters are in ® = (0.5,3.0) x
(0.5,3.0) x (—3.0,—0.5) x (—3.0,—-0.5)

For this example the objective functional is

J(6) = lu—u P dx
Q(6)
where u are the velocities computed as the solution of the Stokes equations (4.13)
on (). The functions u“ are the desired velocities computed by solving the stokes
equation on Q(69) with fixed parameter 8¢ = (1.0,0.5, 0.5 —1.0)".

The problem is discretized using P2-P1 Taylor Hood elements as described in
Sect. 4.2.2. To construct the reduced basis, we compute 5* snapshots in the param-
eter domain O i.e., we take 5 sample points in each direction. Then we apply Algo-
rithm 4.1 with tolerance T = 10~ to construct the reduced basis, as before.

We evaluate J and its derivative with respect to 8 at an arbitrary point 8 =
(v2,v/2,—v/2,—v/2)" € ©, which is not in the snapshot set. Table 4.10 summa-
rizes the size of the full and the reduced order systems for three finite element grids
using the full order model, the POD reduced order model and the POD-DEIM re-
duced order model.

Table 4.8. The computing times (in sec) to evaluate the objective functional (Steps _#7 +
#>), and the gradient of objective functional (Steps ¢ + %) corresponding to the full order
model, the POD reduced order model, and the POD-DEIM reduced order model for different
meshes

Mesh number 1 2 3
fl-l-/z G +% fl-i-/z G +% fl-i-/z G +%

Full 2.04 2.00 3.16 2.94 12.50 12.80

POD 0.83 0.89 1.23 1.07 3.49 2.95

POD-DEIM 0.02 0.02 0.02 0.01 0.05 0.03
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Table 4.9. The errors between the full order and the POD reduced order model (objective
functional and its gradient) and errors between the full order and the POD-DEIM reduced
order model (objective functional and its gradient) for different meshes

Mesh number 1 2 3

objective gradient objective gradient objective gradient

POD 4.67e-6  5.08e-5 5.83e-6 2.44e-4 1.12¢-5 4.50e-4
POD-DEIM 531e-6  1.1le-4 6.05e-6 2.66e-4 121e-5 3.67¢-4

74223 £35157 samununs suaas 15 1aas 0 2
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Fig. 4.9. The reference domain Q for the channel example. The top I'r and bottom I3 bound-
aries are parameterized by py = 2 and pg = 2 Bézier control points respectively. The DEIM
points (quadrature points) lies in the interior of the triangles marked in solid red

The mesh in Fig. 4.9 is the coarse Mesh 1. The DEIM points (quadrature points)
chosen are contained in the triangles marked in red.
The computing times to evaluate the full and the various reduced order objective
(Steps #1 + _#>) and its gradient (Steps 41 +% ) are shown in Table 4.8. For the
reduced order models the times do not include off-line cost. As in the previous exam-
ple, most of the computing cost for the computation of the objective function occurs
in step #1, the assembly and solution of the state equation. Computing the gradient
requires solving the adjoint equations (Step 4)) and the sensitivities of system ma-
trices and the objective functional (Step %) with respect to the shape parameter 6.
We observe that in this example and for the full order model, Step % is the most
expensive step in the evaluation of the gradient of the objective functional. This is
due to the fact that we have four parameters.
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Table 4.10. The size N = N, + Ny, + N, of the full order finite element system, the number
of POD basis vectors n = ny, + ny, + np, and the number of DEIM points m = 2?:1 my. The
mesh in Fig. 4.8 corresponds to grid number 1

Mesh number 1 2 3
number of triangles 800 3,200 7,200
number of nodes N 3,561 14,321 32,281
number of POD basis vectors n 261 264 265
number of DEIM points m(=¥5_, m;) 53 53 53

Table 4.11. The computing times (in sec) to evaluate the objective functional (Steps ¢ +
#>), and the gradient of objective functional (Steps ¢ + %) corresponding to the full order
model, the POD reduced order model, and the POD-DEIM reduced order model for different
meshes

Mesh number 1 2 3
A+ P Y+ A1+ G+ A1+ G+
Full 0.33 0.73 1.50 3.86 5.00 13.30
POD 0.36 1.06 1.26 4.95 4.41 15.90
POD-DEIM 0.05 0.13 0.04 0.14 0.09 0.14

Table 4.12. The errors between the full order and the POD reduced order model (objective
functional and its gradient) and errors between the full order and the POD-DEIM reduced
order model (objective functional and its gradient) for different meshes

Mesh number 1 2 3

objective  gradient  objective  gradient  objective  gradient

POD 2.01e-3 2.53¢-3 1.91e-3 1.61e-3 1.83¢-3 1.62¢-3
POD-DEIM 2.03e-3 2.57e-3 1.93e-3 1.71e-3 1.82e-3 1.63e-3

The errors between the full order model (objective functional C, and its gradient)
and the reduced order model solutions shown in Table 4.12 are of the order of the
tolerance 7 = 10~* used to construct the bases with the POD.

4.6 Conclusions

We have demonstrated the application of the DEIM to compute reduced order mod-
els for finite element discretizations of seminar elliptic PDEs and for parameterized
linear systems that arise, e.g., in shape optimization, and we have studied the com-
putational efficiency of the resulting reduced order models.



134 H. Antil et al.

The efficiency with which DEIM reduced order models of discretized semili-
nar elliptic PDEs can be evaluated is determined by how many components of the
argument each component of the nonlinearity depends on. For finite element dis-
cretizations this dependence is determined by the mesh, the polynomial degree used
in the finite element approximation, but also by whether the nonlinearity is defined
in its assembled or unassembled form. For nodal based finite element methods, each
component of the unassembled form of the nonlinearity depends only on the compo-
nents associated with the degrees of freedom corresponding to one element. This is
different for the assembled form of the nonlinearity. Here a component of the non-
linearity can depend on the degrees of freedom in several adjacent elements. More
precisely, if the component of the nonlinearity corresponds to a node on the bound-
ary of an element, then this component of the nonlinearity depends on all degrees
of freedom in the elements that share this node. Because of the dependence of the
components of the nonlinearity on the components of its argument, the unassembled
form is attractive for DEIM. Since DEIM applied to the different forms of the non-
linearity generates different reduced order models, which require different numbers
of Newton iterations to solve, the dependency of the nonlinearity on its argument
alone cannot be used to decide which form of the DEIM is favorable. Our numerical
examples have shown that either version of the DEIM is preferable over the naive
application of projection based model reduction. For large systems, the application
of the DEIM to the unassembled form of the nonlinearity led to additional gains in
the on-line cost of the reduced order models. The off-line cost of DEIM applied to
the unassembled form of the nonlinearity is always higher (and can be significantly
higher) since the unassembled form results in a nonlinear vector valued function that
has significantly more components than the nonlinear vector valued function arising
in the assembled form.

A second focus of this paper was to demonstrate the application of the DEIM to
compute reduced order models for an important class of parameterized linear sys-
tems. The DEIM not only leads to reduced order models that can be evaluated effi-
ciently, but in addition the derivatives of the reduced order models with respect to
the parameter can be computed efficiently. Both efficiency gains are crucial, e.g.,
for shape optimization. We have demonstrated this numerically using the Stokes
equations on parameterized domains.
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Greedy Sampling Using Nonlinear Optimization

Karsten Urban, Stefan Volkwein and Oliver Zeeb

Abstract We consider the reduced basis generation in the offline stage. As an alter-
native for standard Greedy-training methods based upon a-posteriori error estimates
on a training subset of the parameter set, we consider a nonlinear optimization com-
bined with a Greedy method. We define an optimization problem for selecting a new
parameter value on a given reduced space. This new parameter is then used —in a
Greedy fashion— to determine the corresponding snapshot and to update the reduced
basis. We show the well-posedness of this nonlinear optimization problem and de-
rive first- and second-order optimality conditions. Numerical comparisons with the
standard Greedy-training method are shown.

5.1 Introduction

Reduced Basis Methods (RBM) are nowadays a well-known tool to solve paramet-
ric partial differential equations (PPDEs) in cases where the PPDE has to be solved
for various values of the parameters (the so-called multi-query context, e.g. in op-
timization) or when the solution for different parameter values has to be computed
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extremely efficiently (the realtime context), see e.g. [15]. A key ingredient is an
offline-online-decomposition. In the offline stage, detailed and thus expensive simu-
lations (sometimes called truth) are computed for a moderate number of the param-
eters, U,...,Uy. The arising solutions u(y;), i = 1,...,N, of the PPDE (sometimes
called snapshots) are stored and are used to form a low-dimensional linear space
spanned by the reduced basis. In the online stage, an approximation uy () for a new
parameter u # y; is determined as the Galerkin projection onto the reduced space
Vy =span{u(y;) : i=1,...,N}. A whole variety of results for all sorts of problems
has been published in the last years so that an even only halfway complete review
including a reference list is far beyond the scope of this paper.

The topic of this paper is the generation of the reduced basis in the offline stage,
namely the selection of y,...,uy above. It is nowadays basically standard to use
a Greedy method, see e.g. [12]. The starting point is an a-posteriori error estimator
Ay(p) for the quantity of interest on a current reduced space V. Such an estimator
can often be constructed in such a way that the evaluation for a given parameter y is
highly efficient (in particular independent of the size of the truth system). A training
set Eyain is defined and the error estimator Ay () is maximized over Zy,i,. The
arising maximizer py. is used to compute the next snapshot u(fy1) in order to
form the reduced space V1 of the next higher dimension. We refer to this approach
as Greedy-training.

Even though this approach obviously has the advantage of being efficiently re-
alizable, it may also suffer from the following fact: The training set S, needs to
be defined. This may be a delicate task since =4, should be small for efficiency
reasons and at the same time sufficiently large in order to represent the whole pa-
rameter range as well as possible. The performance of the RBM crucially depends
on the choice of =i ,iy,.

This is the starting point of the present paper. Instead of maximizing the error
estimator Ay (1) over Siqin, we develop a nonlinear optimization problem w.r.t.
on Vy based upon the residual of the primal (and possibly the dual) problem. We
show the well-posedness of this optimization problem and derive first-order optimal-
ity conditions. The optimization problem is solved numerically by a gradient-type
method. This method suffers from the fact that we can only determine local but not
global solutions. To overcome this problem we combine the optimization strategy
with different choices for the initial value for the optimization.

Let us refer to the work [2,3], where reduced bases are computed for high-dimen-
sional input spaces. In our paper we prove existence of optimal solutions and de-
rive optimality conditions, which can be also applied in the case, where one has
to deal with distributed parameter functions; compare [8]. We also mention the re-
cent work [4-6, 11], where adaptive strategies are suggested for the Greedy-training
to overcome the problem with high-dimensional parameter spaces. In the context of
the method of proper orthogonal decomposition (POD) nonlinear optimization is uti-
lized in [10] to determine optimal snapshot locations in order to control the number
of snapshots and minimize the error in the POD reduced-order model.

The remainder of the paper is organized as follows. In Sect. 5.2, we review the ba-
sic ingredients of the RBM and develop the nonlinear optimization problem (which,



5 Greedy Sampling Using Nonlinear Optimization 139

in fact, is a minimization problem). We also prove the existence of a solution (Theo-
rem 5.1). Section 5.3 is devoted to the derivation of first order optimality conditions
(Theorem 5.2) while second-order conditions are discussed in Sect. 5.4. Finally, in
Sect. 5.5 we report on numerical experiments in which we compare the optimization
method with the known Greedy-training approach.

5.2 Problem Formulation

In this section we introduce our minimization problem and discuss the existence of
optimal solutions.

5.2.1 The Exact Variational Problem

Let 2 C R” be a given nonempty, closed, bounded and convex parameter domain
and V a separable Hilbert space. For given £ € V' (V' denotes the space of all bounded
and linear functionals defined on ¥ with norm || - ||+ and scalar product (-,-);), the
goal is to find the scalar output

s(u) == (Lu(w))yy, HED, (5.1a)

where u(1) € V satisfies the variational problem (f € V' given)

a(u(u), ;i) = (f,@)y, forallpeV. (5.1b)

In (5.1a), we denote by (-, ), - the dual pairing of the spaces V" and V. Furthermore,
in (5.1b) the parameter-dependent, bilinear form a(-,-;u) : ¥V x V — R is assumed
to have the affine form

a(e,y;u 219‘7 Yal(g,y) foro,yeVanduec?

with (twice) continuously differentiable coefficient functions 19 : 2 — R and with
parameter-independent bounded bilinear forms a7 : V' x V — R, 1 < g < Q. More-
over, that the parameter-dependent bilinear form « is uniformly bounded and coer-
cive, i.e., there exist constants oy > 0 and y > 0 such that

o(p):= inf M >o09>0 forallue 2, (5.2a)
o0} ol
(o, 0; )| <7vlloll o], forallp,p € Vandpu e 2.  (5.2b)

Since the bilinear forms a7 are bounded we assume that

la®(9,9)| <vlloll, ], forallg,gcVandforl<g<Q. (5.3)
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Notice that (5.2a) implies
a(p, ;) > ap||@||> forall @ € V and forall 4 € 2. (5.4)

Let us mention that we suppose that both f and ¢ do not depend on u in the affine
form only for simplifying the presentation. From (5.2a) it follows by standard argu-
ments that (5.1b) has a unique solution u(u) € V for any u € 2.

Due to (5.1a) we require the following dual problem: for given yu € & find p(u) €
V solving

a(@,z(u); ) = — (L, @)y forallgel. (5.5)

Since the bilinear form a(-, -; i) is bounded and uniformly coercive, the dual prob-
lem (5.5) possesses a unique solution z(it) € V for any u € 2.

5.2.2 The Truth Approximation

Next we introduce a so-called truth approximation for (5.1). For that purpose let
V" =span{¢i,...,@ ¢} C V be afinite dimensional subspace with linearly inde-
pendent functions ¢;. The subspace V'-" is endowed with the topology of V. We
think of .#" > 1 being ‘large’. Then, for any u € & we consider the ‘truth’ output

s () = (G (W), (5.6a)
where u (u) € V" satisfies the variational equation

alu" (W), @) = (fr@i)yry forl<i< A (5.6b)

We define the discrete coercivity constant

u/,‘/ u/,‘/ .
a1 (IJ«) = ) ln£ a((P 7(l/) 29.”’) , ‘LL 6 @
Unsing V- C V and (5.2a) we find
o' (> inf QPLH S o forallpe

T oen\(0} ol

Thus, (5.6b) has a unique solution " (u) € V" for every u € 2.

5.2.3 The Reduced-Order Modelling

Let us introduce a reduced-order scheme for (5.6). For chosen linearly independent
elements {y;}"*, in V" we define Vyer := span{1,..., yyer}. Analogously, for
linearly independent {q)i}f\[:d L in V" we set Pyau := span{¢y,...,dyau}. We have
that max(NP", N4) < 4. In the context of reduced-order modeling, max (NP", N4!)
is much smaller than ./,
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For any u € & we consider the scalar output

(Cun (1)) yrps (5.72)
where uy (i) € Vyer satisfies the variational equation
a(un(p), yis ) = (f, Wiy, for 1 <i < NPL (5.70)

For notational convenience, we just write uy instead of upr (also for other quantities)
since there should be no misunderstanding. We collect some more or less known
facts for later reference.

Lemma 5.1 Suppose that the bilinear form a(-,-; 1) satisfies (5.2). Further, f €V’
holds. Then, there exists a unique solution un(lL) € Vapr to (5.7b) for every € 9
with

)l < L2 o aity e 2. (58)

Proof By assumption, the bilinear form a(-,-; i) is bounded for every u € 2. Since
Vyer CV, the form a(-,-; 1) is also uniformly coercive on Vypr. Thus, it follows from
the Lax-Milgram theorem that (5.7b) possesses a unique solution uy € Vypr for every
u € 2. Utilizing (5.4) and (5.7b) and the uniform coercivity, we obtain

y _alun(w),un(p)su) o))y | flly
< = — <
()l < TR o < )l

which gives (5.8).

Remark 5.1 1) Due to Lemma 5.1 we can define the primal (non-linear) solution
operator /" :  — Vyer, Where uy (1) = P (1) denotes the unique solution to
(5.7b).

2) Let us consider a specific case. Suppose that the bilinear form is given by
a(-,-;u) = 8 (u)a'(-,-) (e, O =1) and ©'(u) # 0 holds for all u € 2.
Let u, = uy(11) be a solution to (5.7b) for given y; € 2. Then, the function
u = 0 (w)ul /9! (12) € VY solves (5.7b) for iy € 2. In fact, we have

a(uy, Wiz ta) = 0" (t2)a' (i, i) = 0! (1) a' (uy, wi) = a(uy, @i 1)
:<f7ll/l>V/7V for1 <i<N.

Consequently, solutions to different parameter values are linearly dependent. O

For given u € 2 the associated dual variable zy (1) solves the dual problem [1],
namely

a(@izv(W)ip) = — (6.9}, 1 <TSNY (5.9)

Remark 5.2 1) If the bilinear form satisfies (5.2) and £ € V' holds, it follows by sim-

ilar arguments as in the proof of Lemma 5.1 that (5.9) admits a unique solution
zy(u) € Py satisfying

|
lzv ()l < % forall u € 2. (5.10)
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2) We define the (non-linear) solution operator 5”]\‘}“ : D — Vyau, where zy = 5”1\‘}“ (u)
is the unique solution to (5.9). O

Next we define the residuals 7§ (-5 ), 78 (-; 1) € (V") by
(o) = (0" )y —alun(u), 9" sp)  foroer " andpe 2,
Mo ) = (Lo )y +ale" zn(u)n)  foree V" andp € 2.

It has turned out that the primal-dual output defined as

sn (k) = (Laun (1) = 1K (2v (1); 1)

gives rise to favorable output error estimates which take the form (see [15], for in-
stance)

PR t) o P51y
s () —sn(u)| < AY () = 1/2<V ) o Y s
%

Remark 5.3 1) From

Ndu
,LL) = 2 uN,j(IJ) Y and ZN(”) = z ZN,j (,LL) d)/
J=1 j=1

we infer that

() = (fs o)y Z uy,; () a(y;, @izt

0
={f,0) 1y ZuN,/ 21 W) d (v, 1),
5
(i) = (¢, ¢,>V/V+a(<pth(u) u
Ndu Q
=, @)y + _ZIZNL/( 21 9 (w)d (@i, ;)
J= q=

for 1 < i< .#. These representations of the residuals are utilized to realize an
efficient offline-online decomposition for the reduced-order approach, see e.g.
[12,15].

2) Suppose that the bilinear form is given by a(-,-;u) = 9" (u)a'(-,-) (i.e., 0= 1)
and ' (1) # 0 holds for all € 2. Then, solutions to different parameter values
are linearly dependent; see Remark 5.1-2). Let w1, tio € 2 be chosen arbitrarily.
By u),, i = 1,2, we denote the solutions to (5.7b) for parameter yu = ;. From
u = 0 (w)ul /0! (12) we infer that

1
V'sa(ud, ) — f = glgﬁga(u}/,-;uz)—fza(u}v,';m)—f.
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Hence, the norm |[a(uy (1), ;1) — f1] 7. y is constant forall u € &, where uy (1)
denotes the solution to (5.7b) for the parameter pt. Analogously, we can prove that
thenorm ||a(-,zy (i ); 1) + £ 1.y is constant forall i € &, where zy (1) denotes
the solution to (5.9) for the parameter . a

5.2.4 The Minimization Problem

Let N := (NP, N9, Yy := Vypr x Pyau, Xy = Yy x R” and X{¢ = Yy x 2. We en-
dow Xy with the natural product topology. In the Greedy algorithm a new reduced-
basis solution uy (i) associated with a certain parameter value g is added to the al-
ready computed set of ansatz functions provided an a-posteriori error measure A (1)
in (5.11) is maximal. The idea here is to avoid the Greedy method and to determine
u as the solution of a minimization problem. Thus, we introduce the cost functional
J: Xy — R forxy = (un,zy, 1) € Xy by

1
Joy) = =3 (lf — au,- ;u)||fyﬂ4f~), + ][+ a(- ,ZN;u)IIfW),).

To ensure that the objective J is twice continuously differentiable we do not utilize
directly the estimator Ay, (u) from (5.11), but a quadratic upper bound. This choice
also ensures that both the primal and the dual residual are minimized during the op-
timization process, whereas in (5.11) it would be sufficient if only one of the factors
becomes small. If J(xy (1)) > —eap holds true for xy () := (uy (1), zn (), 1), we
infer by using Young’s inequality that

1RGP C30l oy () _

NN < _ .
s (u) —sn(w)] < 300 o <€
Now we consider the following optimization problem:
min J(xy) subjectto(s.t) xnv = (yv,U), YN = SN (1), (P)

XN EX]‘\’,d

where we have set .y = (S8, ) : @ — Yy, i.e., yv = v (1) means that yy =
(un(1),zn(w)). Introducing the reduced cost functional

J(p) = J( Sy (), ) forpe 2,

we can express (P) equivalently in the reduced form

A

L‘EBJ(”) ®)

If (P) has a local solution & € 2, then xy := (yy, it) is a local solution to (P), where
we set yy = (uy, pn) := v (). We now give a general existence result.

Theorem 5.1 Suppose that the bilinear form a(-,-; |L) satisfies (5 2). Further, f and
¢ belong to V'. Then, there exists at least one optimal solution xy = (yy, ), YN =
(uN,zN) cYy, to (P)
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Proof Since & is assumed to be nonempty and .y : 2 — Yy is well-defined, the
set of admissible solutions

FP) = {xn = (v, 1) € X4 | yn = () }

is nonempty. Let {x },,GN C F(P), A = (yN ,ut) andy - (u/(\;' ,z]\;’)) be a
minimizing sequence for J:

)
XNg;f(P)J(xN) = lim J(xy").-

Since 2 is bounded and the a-priori bounds (5.8), (5.10) hold, infy, c5p)J(xy) is
bounded from below. Moreover, from u) € 2 C R” for every n we infer that there
exists a subsequence {1}y in 2 and an element it € Z so that

lllm/,t”k)—_ in R”.
It follows from the a-priori estimates (5.8) and (5.10) that the sequence
{(uj(\}1 V2 )}neN is bounded in Yy. Consequently, there exist a subsequence

{yN }keN and a pair yy = (uy, py) € Yy such that

(ng)

) (ng)

—uy fork—coin Vypr and zy* — zy for k — oo in Pyau. (5.12)

Next we prove that yy = %y (1) holds. For 1 <i < NP we have
)

v k) — a(uy, yis i) =
)

(Wi —aluy, wis ) = a(ul®|

(7

—a(uN W) —a(u  yis ) + a(u — i, yis 1)

2 (09— 09()) at (¥, ) ) +alu¥) — i, yis ).

Let us define the functionals F; € V' C ¥y, by (F, @)y := a(@,y;u) for ¢ € V
and 1 <i < NP, From (5.12) we infer that

a\™ —ay, wi;it) = F@™ —iy) >0 fork —coand 1 <i< NP,

Moreover, ||u](\7") |l is uniformly bounded and the ¥7’s are continuous. Thus,

M

((ﬁq(u(”k)) —99(1)) a (u, l,l/,-)) 0 fork—eand1 <i<O.
1

q

Consequently, uy = .8(ft) holds. Analogously, we find that zy = .74 (i) holds
true. Thus, xy = (yy, i) € F(P) is satisfied. Next, we show that xy is a minimizer
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for J. Note that with the above arguments
a5 ) = a5 )|
2 — () (ng) k— o0
< 2 |19‘1(u) — 9 )| | (u* ’.)||(VU,1,,)/ =,
q=1

This and (5.12) imply

klif}o”f_a(uz(\?k)";“(nk))||(V"’"')/ —

)

(ng)

= Jim |1 = a(u s ) oy + lim a3 i2) — a5 1) g

= If = a(uy, s 1)l vy
Analogously, limy_,.. ||£+a(- ,21(\7") ;) || oy =lle+a(-,zv; )|l .y and there-
fore )
. T AN —
gy /o) = lim Joey™) = o),
i.e., xy is a solution to (P). |

Before we continue, let us collect some notation that will be needed in the se-
quel. Let xy = (v, 1), yv = (uy,zy), be an optimal solution to (P) according to
Theorem 5.1. Then, define corresponding (optimal) primal and dual residuals as

Ao ") = (fo0 " Yy —atun, 0" 3 10) foro" ev’,
Ao )= (o Yy tale! Gl forgl e

We define the corresponding Riesz representations pff, /31‘\‘,“ eV’ ie.,

(P "y =R (9 ") =0 )y —alun, "5 jr) forallg ey,

(Vo =0 ") = (Lo " )y y +ale 2vim)  forall e vt

This in particular implies that
(g,FR})(VW)/ = <g, Eﬁr>(yw4w)1y,4' for all gc (V"V)/,

which will be used later. It is noticable to mention that we have in general p{f & Vypr
and pi ¢ Pyau.
5.3 First-Order Necessary Optimality Conditions

First we write the equality constraints in (P) in a compact from. For that purpose we
introduce the nonlinear mapping e = (e, e2) : Xy — Y by

(e(xn), Av)y; vy, = (€1 (xN)a)']\ll>V](m,VNpr + (e (xN)JA21>I7A',dUJ7Ndu
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for xy = (uy,zn, 1) € X]f}d and Ay = (),]\1,,79%,) € Yy. Here, we identify the dual ¥}
with Ve X Viau and we put

(e1(en)s Adpr e = L)y —aluy, Ay o),

Npl’7 Npl’7
2 2 2 .
<32 (xN)alN>I~/](/duJ7Ndu = <€7 AN>I7](/du,I7Ndu +a(7LszN7 “)
Using (5.2b) we infer that
lleGen)llyy, = sup {e(xn), An)yy vy
l[Awlyy =1
1 2
= sup {er(en)s ) yr v sup {e2(xn ), )iy, P
Ax =1 lAxl-=1

< Ce (1+ Juwlly + llznlly )

with €, = max((| £l + 1]l 7).

To derive first-order optimality conditions for (P) we have to ensure that the map-

ping e is continuously (Fréchet) differentiable and satisfies a standard constraint qual-
ification; see, e.g., [7,16].
Proposition 5.1 Suppose that the bilinear form a(-,-; 1) satisfies (5.2). Further,
f.£ eV holds and the functions 09 are continuously differentiable for 1 < g < Q.
Then, the mapping e is continuously (Fréchet) differentiable and its (Fréchet)
derivative at xy = (yn, L) eX@ yy = (uy,zn), is given by

) 5 91 5 12
<e/(xN)xNa7LN>Y;,,YN = (e} (xN)xNva’N>V1<,pr,VNpr + <e/2(xN)xNv7LN>I7](/d",I7Ndu

for any direction x = (u$,2%,u%) € Xy and for Ay = (A}, A%) € Yy, where

0
(€1 (o), A, i = — (s A ) — 3, a (e, A) VO () T,

N

q=1
0
(AT, 1 = AR5 + X, @ (A, 20) VO () T®
q=1

withVoI () = (0 (1), ..., 98, (1) " €R” and O], = %—’Z]. Furthermore, the (Fré-
chet) derivative € (xy) : Xy — Y, is a surjective operator for every xy € Xj\‘;d.

Proof 1t follows by standard arguments that e is (Fréchet) differentiable for every
Xy € X;;d . Therefore, we only prove that the linear operator ¢’ (xy) is onto. Let Fy =
(F\,F2) € Y}, be chosen arbitrarily. Then, ¢’(xy) is surjective if there exists an ele-
ment x§ = (ug,2%, u®) € Xy satisfying

¢ (xy)xd =Fy inYy. (5.13)
Equation (5.13) is equivalent with

n)xy = Fyin Vi in eb(xew)xd = F2 in M. (5.14)
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Choosing 1% = 0 we obtain from (5.14) that

a(uf i) = — (B Ay e forall Ay € Vo, 515
a(Ag,2s 1) = <FN77LN>V’d Fya  forall A% € Pyau. '

Slnce the bilinear form a(-,-; i) is bounded and coercive, there exists a unique pair
¥S = (uf,2%) € Yy solving (5.15). Summarizing, x§ = (v§,0) solves (5.13) which

implies that € (xy) is surjective.

Next let us introduce the Lagrange functional .Z : Xy x Yy — R for xy =
(x},x%, 1) € Xy and Ay = (A}, A%) € Yy as

2L (xn, Ay) = Jxn) + {eCen ), Av vy, ry

1
= =5 (If —atux s ) [y v y + laCzvs ) + G )
{50, ) gy — @t A ) + (A% 23 ).

We infer from Proposition 5.1 that first-order necessary optimality conditions are
given as follows [7, 16]: Let xy = (yy, 1) € Xj\‘}d, vy = (uy,zy) € Yy, be a local
solution to (P). Then, there exists a Lagrange multiplier Ay = (4}, A2) € Yy solving
the following system

Lo o, A )y = 0 for all ud) € Vyer, (5.16a)
Lo (T, An)zd =0 for all z§ € Pya, (5.16b)
L (v, ) (=) >0 forall u® € 2, (5.16¢)

where, for instance, .%,,, denote the (Fréchet) derivative of the Lagrangian with re-
spect to the argument uy. First we study (5.16a). For uf, € Vyer we find

guN(x_NJLN)u](?/ = (f_a(ﬁN";ﬁ)va(u?f";I'_L))(V</""")’ _a(u?/’zl\l/;“)-

Using the Riesz representation pff € V' of 1{f € , we get
c—guN(x_Na/lN)u]?/ = (—ffr (u]%a';/j)) yAy (u]%’),]\l/,/j) (5.17)
= a(uf, p's it ”Na)w»ll) = a(ufy, pf - Alfalj)
From (5.16a) and (5.17) we infer the first adjoint equation:
a(uf,,zj\l/;ﬁ) = a(ul, pRip)  forall ul € Vypr. (5.18)
Remark 5.4 Since in general pff & Vyprholds, we obtain in general )_,]\1, # pRF. Rather,
A\ is the a-orthogonal projection of pff € ¥ onto A, € Viypr. O

Further, we have

;.%N()C_N,/{N)Z?\/ = _(é_l'a('aZ_N;.L_l')va('7Z]§/;/*_L))(V~"V)/ —l—a()_,f,,zj\s,;ﬁ) (519)
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for any direction zl‘?, € Pyau. Using the Riesz representation Ef[“ eV’ of 7}'\1,“ ey,
combining (5.16b) and (5.19) we get

LG )2 = a(Af — p 23: i) =0 forall 25 € Vyau
which gives the second adjoint equation
a()_,,\zf,z,‘\s/;;,_t) =a(pW 29 1) forall 2 € Vyau. (5.20)

Remark 5.5 Analogous to Remark 5.4 we infer that ;Lf, is the a-orthogonal decom-
position of p{* onto Pyau. O

Next we consider (5.16¢). Using the Riesz representations pff, p5; odu ¢ V" of ,
P e (7", respectively, it follows that

Z (xN,A u _EVﬁq T 6(;’?} (JN,’))(VA/)/
q=1

+ZW T (7 ) (O, E) — (i M) ) (5.21)
q=

0 _ _
Y (et pIF — A) + (23 — i ) ) VO (i)
qg=1

for any direction u® € R”. We define the Jacobi matrix

vol(n)'

DO (j1) = E e RO

Vol(u)'
with Vo9(u) = (8, (1), 0, (1)) " € R and o], = 95%. Further, we set £ =
E(xev, Av) = (&1,...,&p) T € RY with

E, = d iy, pR — M) + a? (A% — p,2x) for 1< g< Q.
Then, we derive from (5.16¢) and (5.21)
(Do) &) (u®—) >0 forall u® e 2. (5.22)

Summarizing we have proved the following result.

Theorem 5.2 Suppose that the bilinear form a(-,-; ) satisfies (5.2). Further, f,{ €
V' holds and the functions 99 are continuously differentiable for 1 < q < Q. Let
xv = (yn, 1) € Xﬁd, vy = (uy,zy) € Yy, be a local solution to (P). Then, there
exists a unique associated Lagrange multiplier pair Ay = (A%, A%) € Yy satisfying
together with xy the first-order necessary optimality conditions (5.18), (5.20) and
(5.22).
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The gradient V.J of the reduced cost functional .J at a point 4 € 2 is given by the
formula [7, 16]
VJ(u) =Do(u)" & R, (5.23)

where the components of the vector & € RY are
&y = ' (un, R — M) +a’ (A5 —pi*,2n)  for1<gq<Q,

(un,zy) = () holds and Ay = (A}, AZ) € Yy solves the dual system

a(ufy, A1) = a(ufy, pf 1) for all u$, € Vyr,
a(a’]%/vzléhu) = a(P](\i/u,Zg;Ii) for all Z]?/ S VNdu.

Here, pff, pdv 1" are the Riesz representants of the residuals /(-3 1), r{(-; pt) €
(V-""Y, respectively.

Remark 5.6 Suppose that the bilinear form is given by a(-,-;u) = 9!'(u)a'(-,-)
(i.e., 0= 1)and ®!(u) # 0 holds for all u € 2. Then, solutions to different param-
eter values are linearly dependent; see Remark 5.1-2) and Remark 5.3-2). Then, it
follows from ' () # 0, (5.18) and (5.20) that

al (u,‘\s/,ﬂ_vj\l,) =a'(u,pl) for all u, € Vyr,
ad'(A%,25) = d' (p,2%) for all z§ € Pyau.

In particular, ' (i1, pff — A}) = a' (A2 — p&, Z) = 0 holds true, which gives & =0.
Therefore, VJ(u) = 0 is satisfied. This coincides with the observation in Remark 5.3-
2 that the mappings

i a(ZR (W), 1) = gy and e [la(, A () ) + Ll grory

are constant. O

5.4 Second-Order Derivatives

To solve (P) in our numerical experiments we apply a globalized sequential quadratic
programming (SQP) method which is makes use of second-order derivatives of the
Lagrange functional; see [13], for example. For that reason we address second-order
optimality conditions in this section. We restrict ourselves to simple bounds, i.e., we
assume that the bounded and convex parameter set & is given by

D = [Ma1 lp,1] X .. X [Hap,ttpp) CR”

P-times

with lower and upper bounds ptg; < s, 1 <i < P.Letxy = (yy, 1) € Xﬁ}d, N =

(un,zy) € Yy, be a solution to the first-order necessary optimatity conditions for (P);
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see Theorem 5.2. Moreover, the pair IN = (I]%,, 11\2,) € Yy denotes for the associated
unique Lagrange multiplier. We suppose that the functions ¢ are twice continu-
ously differentiable. For u,ad, € Vyor we deduce

g”N”N(x_Naz_'N)(u?faﬁ](?/) ( (u](?la ,,L_l.) (u](?lv';.l'_l'))(Vv‘/)" (524)

Analogously, we find for z§, 2% € Pyau

"E/pZNZN (x_Nv IN)(Z]?/afjs\/) = (a( 75?\[7 [,_L), a(' 721?/; [I))(V;), . (525)
Further, it follows that
Lo G0 M) (U3, 28) = Loy (o, ) (25,45, (5.26)

for u$, € Vypr and 2§ € Pyau. Using 7%7 = f — a(uy,-; 1) € V' and the Riesz repre-
sentant pff € V' of r}f we observe that

S <fN,XN><u2,u5> = L (5, M) (1,12°)
- 2 Vo (41) o ( (. PR — ) — (@ . ). a2 0) vy )
for u3 € Vywr and p € R”. Let (0" € V"', 1 < g < Q, denote the Riesz represen-
tants of a?(uy,-) € (V-")', i.e.
(90", =dl(uy,@ ") foralle’ ev".
Then, we derive that

guN/l (x_Na )_'N) (u](?h “6)

5.27
_ZVﬁq T 6 aq uNa/SI‘\)lr ;LN _a(uNanrq> )) ( )

for u, € Vypr and u® € R”. As above we apply r3" = £+ a(-,zy; 1) € (V") and
the Riesz representant p{* € V" of 73 we observe that

fumv,%m(uﬁ 28) = Loyu o, ) (5, 19)

= z Vﬁq T 6(aq(lN p]g/uvzl(?/) (aq('7Z_N)7a('722;!'_‘))(%4’)/)

for z§, € Pyau and pu® € R, Let " e V"1 < g < Q, denote the Riesz represen-
tants of a?(-,zy) € (V). i.e.

< dll t]’ (P 4'/> _ aQ(¢‘/7EN) fOI‘ all (P,,,r’""/ e V,,,/‘"’
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Then, we conclude that

Lon(Xn, ) (5, u®)

Q _ 5.28
= 3 V) (R ) —a(a ) O
=1
for z§, € Pya and u® € R”. Finally, we find for u, ji% ¢ R”
Ly Gy ) (1, f1%)
0

~0, T — T —du = 2 — )

=17 (X (@) - 5. 50) ) V20 ) )
(q;( )> (5.29)

—ZW ) V()10 (IG5 + 1)

with 1% = (%),

The convergence of the SQP method relies on second-order sufficient optimality
conditions for (P). For an arbitrary 7 > 0 let us define the set of strongly active
constraints for the parameter u by

={ie{l,...,P}||(VJ |>1:}
={ie{l,...,P}||(VD §|>r}

where (V.J(it)); denotes the i-th component of the vector V.j(i) € R”. Second-order
sufficient optimality conditions for (P) are as follows [16]: Let xv = (v, [) € X9,
vy = (uy,zy) € Yy, be a solution to the first-order necessary optimatity conditions
for (P); see Theorem 5.2. Moreover, the pair Ay = (A, A%) € Yy are the associated
Lagrange multiplier. If there exists a k¥ > 0 such that

R 2 2 2
L (0, ) 58) = e (1B + 12305 + 16z )  (5:30)

for all x§ = (1§, 1) € Xy, ¥§ = (u$,2%), satisfying y, € keré (xy) and

=0 ifie (W), B
(u®)i $ >0 if g = pig, and i (),
<0 if =y, and i o ().
then xy is a strictly local solution to (P).
Suppose that x§ = (v, u%) € kere' (xy) with y$ = (u$,23) € Yy. Then we have

a(ul, v 2 V()" ub o (uy, ) for all y € Vypr, (5.31a)

a(¢,z3; 1) = 2 Vol(n) ulal(9,zy)  forallgp € Pya.  (5.31b)
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Utilizing (5.2a), (5.3) and (5.31a) we find

0
2 _ _ _
oo ||y < a(uy,ufs i) < yllally X, VO (1) llwr |1y 120 |l
q=1

which implies
[l < Cr [Pl forallx§ = O, 1) € kere (xy). (5.32a)

with C) = y||uN||VZ ", [IVO9()||gr. Analogously, we derive from (5.2a), (5.3)
and (5.31a)

12311, < Co||ul|lgr  forallx§ = (v, u’) € kere (). (5.32b)

with C; = y||zN||V2 ~, |VO9(u)||gr. From (5.2b), (5.32) and (5.32b) we infer that
2 2 2 2

—||a(uf,,-;u)||(V,y)/ —[la(- 72?/;#)“(%’*’)' > -7 (||uf\$/||V+ ||Zf\$f||V>

7 (C+3) ulze-

We set C3 = 72(6? +C_’§) Then, we derive from (5.24)—(5.29) and (5.33) that

(5.33)

c-%chN(x_Na)_VN)(u?[a u](?/) =

> CS”‘LL ||RP+2ZV0(] Tuﬁ(aq quImr A’N)_a(qug]\P}rqnu))

q=1
+22v0q Tua(aq(l —p 28) — a(og, 2R:i))
q=1
0 B o _
0 (3 (@) 250) ) ¥ 0(0) )
q=1

Q _
=3 Vo) TP (UGG + a7
g=1
for all x$, € kere' (xy). Since

—cinﬁnip—zrwq e8P (UG + @) <o
qf

holds and the matrix

0
(3 (e, PR — (B 20)) ) V29 ()

need not be positive definite, the second-order sufficient optimality condition (5.30)
is not obvious in our case.
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Remark 5.7 If 1 is strongly active in all P components, it follows that o7 (1) =
{1,...,P}. Thus, u® = 0 is satisfied. From (5.32) and (5.32b) we conclude that y$
0 holds. This imply the second-order necessary optimality conditions at xy.

ol

5.5 Numerical Experiments

In this section we present some numerial results for the described theory. We use
two versions of the well-known Thermal-Block-Model (see e.g. [15]) as a model
example. Model 1 consists of two blocks while Model 2 consists of 12 blocks , see
Fig. 5.1. The parameter domain is chosen as & = [0.2,2]", where P again denotes the
number of parameters, i.e., P =2 for Model 1 and P = 12 for Model 2, see Fig. 5.1.
We choose [J(11)| < eqop = le — 5 as stopping criteria for the Greedy-algorithm.
Since P = 2 for Model 1, we can easily visualize the reduced cost functional J(11)
in that case, see Fig. 5.2.

As we can deduce from the shape of the cost functional, the appropriate choice for
an initial value for the optimization scheme! is crucial in order to avoid determining a
local minimum only. Let us clarify this in Fig. 5.2 (b): Choosing an initial parameter
wiY. in the left half of the plane will lead to a local minimum whereas an initial value
located in the right half of the plane will yield the global optimum (0.2,2). In order
to avoid the output of a local minimum, we have used four different strategies:

1. euclidian_mu: i, is chosen by maximizing the Euclidian distance to the bary-
center of the previously determined parameter values p;, 1 <i< N —1.

Hi2

Ha

H Ha

RN A REEENEN
I e

Fig. 5.1. Left: Model 1 (2 dimensions), right: Model 2 (12 dimensions)
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E
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! We used MATLAB’s function fmincon for this. We set options.TolCon=1e-6; options.
TolFun=1e-6; and options.Algorithm="sqp’,i.e., we used a MATLAB internal SQP algorithm.
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Fig. 5.2. Reduced cost functional J(x) for Model 1. Note that the range for the y-axis for
N=3is107°

2. coarse_grid_mu: Anequidistant coarse parameter-mesh consisting of M = 3" =
9 points for Model 1 and M = 2" = 4096 for Model 2 is used. We choose that
parameter as initial value (;, whose cost functional is minimal on that grid.

3. random_mu with “safety zone”: ul is chosen randomly in 2, but ensuring a
minimal distance (measured in the Euclidian norm) to all ;, 1 <7< N — 1. This
“safety zone” is chosen adaptively, i.e., the radius of the circular zone is decreased
with increasing N. If we would not do that, we would get an N™®*, where no
additional feasible points could be found.

4. multiple_random_mu: This is similar to coarse_grid_mu, except that we use
a fixed number of N4nq uniform randomly chosen parameters u instead of a fixed
coarse grid.

Especially in higher dimensions best results were obtained using multiple_
random_mu and due to the curse of dimension coarse_grid_mu is not applicable
properly in higher dimensions. We used an SQP algorithm as optimization scheme
and compare the results to a classical training set strategy, using equidistant train-
ing sets consisting of 32 = 9 respectively 10> = 100 parameter values for Model 1
and 32 = 531.441 parameter values for Model 2. Fig. 5.3 (left) shows the decay
of the mean error estimator during the Greedy-process (i.e., with increasing V) for
a randomly chosen test set of 10.000 parameters. We choose py = (1, 1) as initial
snapshot-parameter. As expected (see [14]) the Greedy stops after two steps with
1 = (Umins Bmax) and t2 = (Umax, Umin)- In this example there is no difference be-
tween using an optimization algorithm and using a training set strategy since the
optimal parameter values (; and p» are contained in the training set. Hence, our
optimization procedure is consistent with the known theory.

In Fig. 5.3 (right) the decay of the mean error estimator again for 10.000 randomly
chosen parameters is shown for Model 2 with increasing basis size N. We observe
the expected exponential decay and our optimization strategies perform as well as
the classical training set strategy. This is remarkable since the number of reduced
simulations needed in the offline phase is significantly smaller than for the classical
training set Greedy approach (see Table 5.1).
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Fig. 5.3. Mean error estimators A3, () for different bases on a test set consisting of 10.000
randomly chosen parameters y& for Model 1 (left) and Model 2 (right). Note that on the left
the scale is linear, while the right plot has a semilog scale

Table 5.1. Number of reduced simulations during the offline phase for Model 1 (left) and
Model 2 (right)

Model 1 # RB simulations  Model 2 # RB simulations
SQP, Niand = 3 34 SQP, Nyang = 10 26.127
SQP, Niang = 10 98 SQP, Nyang = 500 55.536
SQP, |CoarseGrid| = 9 101 SQP, Nrand = 1000 91.983

— SQP, |CoarseGrid| = 4096 302.259
‘-—H'train‘ =9 18

| Eyrain| = 100 200 | Eqain| = 531.441 37732311

In Table 5.1 we show the overall number of evaluations of J(u) - i.e., the number
of reduced simulations — during the Greedy process in the offline phase for Model 1
and Model 2. Especially for Model 2 the Greedy algorithm combined with the opti-
mization scheme needs much less function calls than the Greedy algorithm combined
with a training set strategy. This can be an advantage in order to overcome the curse
of dimension which prohibits to choose the training set arbitrarily large especially
in high dimensions.

With our approach we were also able to generate bases for a 4 x 4-ThermalBlock
consisting of 93 to 94 basis functions. The results are shown in Table 5.2. The coarse
grid consisting of only 2 parameters per dimension already consists of 2'® = 65.536
points which leads to a total number of reduced simulations of about 6.100.000.
The classical Greedy, using a training set consisting of 3 parameters per dimension,
would need 3'6 = 43.046.721 reduced simulations just for one new basis function.
For a basis length of 90 this would result in approximately 3.87 - 19 reduced simu-
lations during the offline phase, which nowadays clearly is out of scope.
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Table 5.2. Number of reduced simulations during the offline phase for a 4 x4-Thermal Block

4x4-Thermal Block # RB simulations
SQP, Nrang = 10 43.265
SQP, Nrang = 500 89.221
SQP, Nang = 1000 133.318

SQP, [CoarseGrid| = 65.536  6.121.911
|Etrain| = 3'© = 43.046.721 _
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6

A Robust Algorithm for Parametric Model
Order Reduction Based on Implicit Moment
Matching

Peter Benner and Lihong Feng

Abstract Parametric model order reduction (PMOR) has received a tremendous
amount of attention in recent years. Among the first approaches considered, mainly
in system and control theory as well as computational electromagnetics and na-
noelectronics, are methods based on multi-moment matching. Despite numerous
other successful methods, including the reduced-basis method (RBM), other meth-
ods based on (rational, matrix, manifold) interpolation, or Kriging techniques, multi-
moment matching methods remain a reliable, robust, and flexible method for model
reduction of linear parametric systems. Here we propose a numerically stable algo-
rithm for PMOR based on multi-moment matching. Given any number of parame-
ters and any number of moments of the parametric system, the algorithm generates
a projection matrix for model reduction by implicit moment matching. The imple-
mentation of the method based on a repeated modified Gram-Schmidt-like process
renders the method numerically stable. The proposed method is simple yet efficient.
Numerical experiments show that the proposed algorithm is very accurate.

6.1 Introduction
The modeling of many engineering and scientific applications leads to dynamical

systems depending on parameters varying in different design stages or computer
experiments. For example, in a thermal model [16], the film coefficient £ changes
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with the temperature, this results in a parametric mathematical model

dx(t
c% L Gx(t) +kDx(t) = B, (1) =L x(1). (6.1)
In integrated circuits, due to process variations, the width of the interconnects is in
fact a random variable, such that a non-parametric model
dx(t

c% = Gx(t) + Bu(t), y(t)=LTx(t), (6.2)
is not sufficient to describe the random variation. Therefore, in [22,32], a linearized
parametric system

(Co+MC1 +1C2) B — (Go+ 21 Gy + A2 Ga)x(1) + Bu(t),
y(t) = LTx(r),

is constructed. Here and below, the system matrices are C,C;,G,G; € R™" i =
0,1,2. B € R™™ is the input matrix, L € R"*™0 is the output matrix. u(¢) € R is
the vector of input signals. x(¢) € R” is the unknown vector. y(¢) € R™0 is the vector
of output responses. Many more examples for parametric systems can be found in the
engineering literature, see, e.g., the benchmark examples in the recently published
MOR wiki'.

The above mentioned parametric systems are usually of very large dimensions as
they often result from finite element discretizations of instationary partial differential
equations (PDEs) defined on complex geometries. Solving the parametric systems by
conventional simulation methods is often very time-consuming. On the one hand the
parameters have to be provided as fixed values and these values cannot be changed
during the simulation. On the other hand, if the dimension of the system is large,
simulating such a system already once will be costly, and the cost of a design study
requiring many runs with different parameter values (“many-query context”) may
be overwhelming.

Model order reduction (MOR) is an increasingly popular approach to overcome
the obstacles posed by the computational demands in a many-query context. By
MOR, a small dimensional approximate system can be derived, so that it can re-
liably replace the original system during the simulation. This can often save much
simulation time and computer memory, see [2, 5, 6,30] for some introductory texts
on the topic and the presentation of the state-of-the-art.

The main goal of parametric model order reduction (PMOR) is to preserve pa-
rameters in the system as symbolic quantities in the reduced-order model. Thus,
a change in parameters does not require to compute a new reduced-order model,
but simply the evaluation of the reduced-order model for the new parameter val-
ues. If the error in the whole feasible parameter domain can be proven to satisfy
an acceptable error tolerance, design and optimization of systems and devices can
be significantly accelerated. First attempts at deriving MOR for linear parametric
systems were based on extending the popular moment-matching methods (aka Padé

(6.3)

! See http://modelreduction.org.
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approximation, Krylov subspace-based MOR methods) to parametric systems by
multivariate power series expansions around appropriate interpolation points. Early
references include [7, 8,10, 16, 19,21,22,27, 32, 34]. Later, other variants of (ratio-
nal) interpolation techniques were derived, combining, e.g., balanced truncation and
(sparse grid) interpolation [3], employing #%-optimal interpolation techniques [4],
or using matrix and manifold interpolation techniques (e.g., [1,9,26]). Another large
class of PMOR techniques is based on the Reduced Basis Method (RBM), originat-
ing in the fast approximation of parametric partial differential equations. The meth-
ods are also applicable in the context discussed here [20], but a dedicated comparison
to the approaches mentioned here is deferred to future work. Therefore, we will not
discuss this approach here any further and refer the reader to the survey [29] and
other chapters in this volume.

In the following, we will discuss a robust implementation of the multi-moment
matching methods first discussed in [7,8,19,34]. They have some advantages making
them still the most popular approach used in practical applications:

* They are easy to implement and require almost no assumptions on system prop-
erties.

» Their cost is limited to a few (according to the number of employed expansion
points) factorizations of sparse matrices and forward/backward solves using the
computed factors. They do not require generation of trajectories and are therefore
called “simulation-free” (in contrast to RBM and proper orthogonal decomposi-
tion (POD) methods). As a consequence, the “offline-phase” for computing the
reduced-order model is cheap compared to RBM and POD, and it is often pos-
sible to achieve the goal encountered in practical industrial engineering design
that the time for constructing the reduced-order model plus a simulation should
be smaller than a single simulation of the full-order model.

+ As they are simulation-free, no training inputs u(¢) need to be chosen so that the
approximation quality is usually good for all feasible input signals, not only close
to training inputs as in RB and POD methods.

Certainly, there are also some disadvantages: one has to first linearize parameter-
dependencies (though polynomial forms are also possible, see, e.g., [10]), and the
order of the reduced system may not be optimal. Nevertheless, improvements on
these aspects are in progress, so that it is to be expected that multi-moment matching
methods will remain competitive with other approaches in the future.

The MOR methods discussed here are based on projecting the unknown vector
x onto a small dimensional subspace. We use system (6.2) to briefly introduce the
concept. If a projection matrix V' € R"*? has been determined, using x ~ Vz we
obtain the perturbed system

CVdiT(tt) = GVz(1) +Bu(t) +e(t), $(t) =L'V=(r),

with e(¢) the introduced residual. By Galerkin projection V' Te(t) = 0, we get the
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reduced-order model:

VTCVdiT(Z) = VTGVz(0)+ V' Bu(e),  3(t) = L"V=(1),

where z(f) € RY is the unknown vector of the reduced model. The space dimension
q is often called the order of the reduced model. Therefore, the key step for MOR is
how to get the projection matrix /', which determines the dimension and the accuracy
of the reduced order model.

This paper is based on the ideas in [8], where the projection matrix V' is obtained
by computing an orthonormal basis of the subspace spanned by the moment vec-
tors. No detailed algorithm of computing the orthonormal basis is proposed in [8]. A
simple way of generating V is to first obtain the moment vectors by explicit matrix
multiplications, and then all the columns of the computed moment vectors are or-
thonormalized to get the basis. However, this explicit moment matching procedure
may lead to numerical instability, because higher order moment vectors usually be-
come linearly dependent quickly as already observed in the non-parametric case,
see [18]. We will demonstrate this effect in Sect. 6.2 for a practical example.

Our intention therefore is to develop an algorithm which computes the moment
vectors implicitly rather than explicitly. In this way, good numerical stability can be
preserved and an accurate orthonormal basis of the subspace spanned by the moment
vectors can be obtained. The proposed algorithm can deal with both single-input and
multiple-input systems without any limitation on the parameters in the system. It
should be noted that this work dates back to first variants in 2007 [12, 13], and other
comparable variants of implicit moment matching methods have been proposed [10,
21]. Here, we want to give a full account on the method discussed initially for only
one parameter in [13].

In the following, we first review the method from [8] in Sect. 6.2 and explain
the numerical instability resulting from explicit computation of the moments. In
Sect. 6.3, we propose a numerical stable algorithm applicable to both single-input
and multiple-input systems. The efficiency of the proposed algorithms is shown
in Sect. 6.5 by simulating two examples from micro-electrical-mechanical systems
(MEMS) and electrochemistry. Conclusions are given in the end.

6.2 Explicit Multi-Moment Matching PMOR

In this section, we give a short review of the method in [8] in order to explain the nu-
merical instability of explicitly computing the moment vectors. A parametric system
in time domain can be written as below,

C(s1,82, ,sp,l)%(t) = G(s1,82," - ,8p—1)x(t) + Bu(t),

W) = Lx(0), 64)

where the system matrices C(s1,52,--- ,5p—1), G(s1,82,--+,5,—1) are (maybe, non-
linear, non-affine) functions of the parameters 51,52, ,5,_1. A parametric system
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can also be stated in the frequency domain,

E(s1,...,8p)x = Bu(sp),

SN (6.5)

where the matrix £ € R™*” is parametrized. If the system in (6.5) is the Laplace
transform of the system in (6.4), the new parameter s, is in fact the frequency pa-
rameter s, which corresponds to time ¢. The state x is the Laplace transform of the
unknown vector x in (6.4).

6.2.1 Review

The method in [8] is based on the representation of a parametric system in the fre-
quency domain as in (6.5). In case of a nonlinear and/or non-affine dependence of
the matrix £ on the parameters, the system in (6.5) is first transformed to an affine
form

(Eo+$1E1+5FE+... +§pEp)x = Bu(sp),
T (6.6)
y=Lx
Here the newly defined parameters §;,i = 1,.. ., p, might be some functions (rational,
polynomial) of the original parameters s; in (6.5). To obtain the projection matrix V'
for the reduced model, the state x in (6.6) is expanded into a Taylor series at an
expansion point § = (7,...,50)" as below,

x=[—(01Mi +...+0,M,)] 'E~Bu(s))

oo

S [o1Mi + ...+ 0,M,)"E~ Bu(s,)

m=0
oo M—(k3+...+kp) m—kp m 6.7
— m
= Yy [sz,...,kp(Ml"“vMP)BM”(Sp) X
m=0 k=0 kp_1=0kp=0
mf(k2+»-,+kp) ko kp
Gl 62 c-0p

where 0; = §; — §0, E = Ey + 5V, —l—...—l—f?,Ep, M, =—E'E,i=1,2,...p, and
By = E~'B. The 5 iy (M,...,M),) can be generated recursively as

iy (M1 Mp)
0, ifk; ¢{0,1,...,m},i=2,....p,
0, ifko+...+k, ¢ {0,1,...,m},
_? 1 ifm=0,

—1 —1
MlerZ,.‘.,kp(Mh - ,Mp) +M2FI:Z—1,.‘.,kp(M1’ - ,Mp) + ...
...+Mka';’:.17kp71(M1,...,Mp), else.
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For example, if there are two parameters $i,5> in (6.6), Fk’;’ oy (Mi,....M),) = Fk’;’
are:

R =1,
Fy = MiFj =My, F! = MyFy) = My (6.8)
F = M\F} = (M))?, F} = M{F! + MoF) = My My + MoMy | F} = MyF = (Ms)?,

For the general case, the projection matrix V' is constructed as

range {V'}
mg m—(kp+...+k3) m—kp m

= colspan{ |J U .. U u Fk’;mkp(Ml,...,Mp)BM}
m=0 k=0 kp_1=0kp=0

= colspan{Bus, M1 Bys, MaBiy, . .. ,MpByy, (M1)23M7 (M Mz + Mo M) By, .. .
(Mi My, + MpMy)Bus, (Ma)? Bur, (MaMs + M3 Ma) By, . ..} ©9)
We call the coefficients in the series expansion of the state x in (6.7) the moment vec-
tors of the parametric system. The corresponding moments of the transfer function
are the moment vectors multiplied by LT from the left. For example:

« LTB), is the Oth order moment; the columns in B,, are the Oth order moment
vectors.

* Similarly, L™ By, i=1,2,..., D, are the first order moments, and the columns
in M;Byy, i=1,2,..., p, are the first order moment vectors, which are the coeffi-
cients of §;, i=1,...,p.

¢ The columns in MIZBM, i=1,2,...,p, (MM, +M;M)Bys, i=2,...,p, (MaM;+
MiMy)By, i =3,...,p, ..., (M,_1M, + M,M,_1)By, are the second order mo-
ment vectors, which are the coefficients ofs?, i=1,2,...,p, 8§18, i=2,...,p,
858, i=3,...,p, ..., §p_18p.

Since by moments we not only denote the Taylor coefficients corresponding to
the Laplace variable s = s, but also those associated with the other parameters s;,i =
1,...,p—1,we consider them as multi-moments of the transfer function. To sum up,
the set of coefficients corresponding to terms with powers summing up to 7 is the set
of the i-th order moment vectors. From the above construction of V/, the subspace
in (6.9) includes the 0-th order moment vectors till the m,-th order moment vectors.
The reduced model is computed as

(Eo+§1E1+$2E:+ ... +8,L,)z = Bu,

b iT (6.10)

where £, =V EV,i=0,1,2,...,p,B=VTB, L =VTL. Here we assume real expan-
sion points, i.e., §; € R forall i = 1,..., p. Otherwise, complex conjugate transposi-
tion might be needed to apply V' from the left. This results in a reduced model with
complex system matrices, which is undesired in some applications. Alternatives to
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obtain a real reduced order model even for complex expansion points exist [14], but
we leave out these technical details for clarity of presentation.
In time domain, the reduced system (6.4) is

V’/c(sl,sz,...,sp,l)lf% = V; G(s1,52,--,5p1)Vz+ V" Bu(t), ©.11)
() =L"Vz.

Ideally, if the matrix J* forms an orthonormal basis of the subspace in (6.9), the

multi-moments of the reduced model in (6.10) match the multi-moments of the orig-

inal system in (6.6) up to m,-th order [8]. However, if V' cannot be computed with

sufficient numerical accuracy, the multi-moment matching property might be lost.

6.2.2 Analysis

Note that the subspace in (6.9) is not a Krylov subspace, therefore an orthonor-
mal basis of the subspace spanned by the moment vectors cannot be computed by
the standard Arnoldi algorithm. In [8], no algorithm for computation of the matrix
V" is presented. If the moment vectors are computed explicitly by simple matrix-
matrix/vector multiplication, the high order moments will become linearly depen-
dent, so that it is difficult or even impossible to obtain an orthonormal basis for the
subspace considered.

We employ the thermal model (6.1) with parameter k < [1,10°] (see Fig. 6.1) to
illustrate this phenomenon. We observe the output of the system for & = 10°. The
moments vectors are first computed through explicit matrix multiplications (hence,
explicit multi-moment matching)?, then an orthogonalization process is applied to
the moment vectors to get the final projection matrix V. Here we use the modified
Gram-Schmidt process (with tolerance 10~ ") to get a J with orthonormal columns.

Fig. 6.1. Physical model of a microthruster unit for which a thermal MEMS model (6.1) is
derived. Note that the film coefficient & is applied at the top

2 Here we use a nonzero expansion point for the Laplace variable s, so = 0.001, a zero expansion
point for &, kg = 0, to ensure that the matrix £ is nonsingular. For all the simulation results in
Sect. 6.5.1, the same expansion points are taken for all the tested MOR methods: the non-parametric
moment-matching MOR, the explicit multi-moment matching and the proposed Algorithm 6.1.
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Fig. 6.2. Errors of the reduced models for the output responses of the thermal model (6.1),
using explicit multi-moment matching (like in [28])

At first, we compute the moment vectors in (6.9) till the 2nd order to get the first
reduced model. There are no vectors deleted during the orthogonalization process.
The dashed line in Fig. 6.2 is the corresponding output error of the reduced model.
If the moment vectors are computed up to order 3, the obtained second reduced
model has smaller error. There is no deflation of the moment vectors either. If a
more accurate model is to be derived, more moment vectors should be included. A
third reduced model is obtained by computing the 0-th till the 5-th order moment
vectors. This time, there are deflations during the modified Gram-Schmidt process.
As a result, there is no increase in the number of the columns in the matrix V. The
error of the reduced model is not further reduced, as can be seen from the dotted line
in the figure. If the 6-th or higher order moment vectors are computed, the number
of the columns in the matrix J still remains unchanged, and the accuracy of the
corresponding reduced model cannot be improved.

The work in [11] first points out the numerical instability of explicitly computing
the moments of the linear non-parametric system (6.2) in the method AWE [28]. It
explains the numerical problem of AWE from the eigenvector and eigenvalue point
of view. The moment vectors of the non-parametric system (6.2) are

G 'B,G'CG'B(G'CY*G'B,... (G'CYG'B,....

These vectors are used to construct the projection matrix V' and are computed explic-
itly in the method AWE. The computation of the kth moment vector (G~ 'C)*~'G~'B
in fact corresponds to the power iteration uy = A*'h, with 4 = G~'Cand b= G~ 'B
(we assume that B is a vector for simplicity). This process converges rapidly to an
eigenvector of 4 associated to the eigenvalue of largest magnitude (assuming a sim-
ple eigenvalue). In the end, the computed vector u; contains only information of this
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“dominant” eigenvector, and the later computed vectors are all numerically linearly
dependent to this eigenvector. This explanation also applies to the numerical insta-
bility of the explicit computation of the moment vectors in (6.9). Some part of the
moment vectors in (6.9) are also of the power iteration form. For example,

MBMaMzBMaMSBMa' "7M;]BM7 i=12,.. P

If directly computed, they quickly converge to the respective dominant eigenvector
of each matrix M;, i=1,2,...,p.

In the next section, a numerically stable algorithm for implicitly computing the
moment vectors is presented. The algorithm is applicable for both single-input,
single-output systems and multiple-input, multiple-output systems. An orthonormal
basis of the subspace spanned by the moment vectors can be obtained implicitly so
that a more accurate reduced model can be derived.

6.3 A Robust Algorithm for Multi-Moment Matching PMOR

Taking a closer look at the power series expansion of x in (6.7), we get the following
equivalent, but different formulation,

x=[I— (1M +...+0,M,)] "E-'Bu

=

=Y oM +...+0,M,)"Byu
oM pMpl" Byt (6.12)

= Byu+ [G]M] +...+ GpMp]BMu+ [O'1M1 +...+ O'pMp]zBMu—l— .
+oM +...+ O'pMp]fBMu-l- .

By defining

X0 = By,

x1 = [O1 M1 + ...+ 0,Mp|Byy,

X2 =[0I My + ...+ 0pMp* B, ...,
x;=[o\M+...+0,M,}Bys,...,

we have x = (xo +x1 +x2+---+x; 4+ )u and obtain the recursive relations

x0 = B,

x1 = [o1M +...+ 0,Mpx0,
x2=[61M1+...+O'pMp]x1,...,
X; = [G]M] —|—...+GpMp]x,;1,....
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If we define a vector sequence based on the coefficient matrices of x;, j =0,1,...

as below,
RO = BM7
Ry = [M\Ro, MRy, ..., M,Ry],
Ry = [M\R1, MRy, ..., M,Ry],

: (6.13)
R, = [Mlef],Mszfla' .- 7MPR.I'*1]’

and let R be the subspace spanned by the vectorsin R;, j =0,1,--- ,m:
R = colspan{Ro,...,R;,...,Rn},

we have x =X € R. We see that the terms in R, j =0, 1,...,m are the coefficients of
the parameters in the series expansion (6.12). They are also the j-th order moment
vectors.

The next step is to construct an orthonormal basis V" of the subspace R by taking
use of the recursive relations between the R; in (6.13), such that the multi-moments
of the original system are matched by those of the reduced model. A numerically
stable algorithm for computing V" is given in Algorithm 6.1. All the vectors included
in R are orthogonalized to each other by the modified Gram-Schmidt (MGS) pro-
cess once when constructed and then again after all R; have been computed. In this
sense, the algorithm can be understood as a repeated MGS process. There is no lim-
itation on the number of parameters, and the essential cost of applying £~ 'E '/ only
grows linearly in the number of parameters, while the cost for orthogonalization step
essentially grows quadratically with p.

Some remarks on Algorithm 6.1 are in order.

Remark 6.1 a) The application of £~ in Steps 2 and 18 is usually performed by
computing once a (sparse) matrix factorization (Cholesky or LU, depending on
the system structure) before the algorithm starts. Then each application of £~!
means a forward/backward solve step. Hence, the whole algorithm requires only
1 matrix factorization, rendering it fairly cheap compared to other PMOR meth-
ods.

b) The application of E; in Step 18 is a (usually sparse) matrix-vector multiplica-
tion and precedes the forward/backward solve step, which is then applied to the
resulting vector £;v; using the precomputed factors of E.

¢) For systems with multiple inputs, the input matrix B has more than one column.
All the columns in Ry = £~ !B are orthogonalized in Step 5 before the columns
in R;,i > 0 are computed. The variable sum counts the number of columns in V.

d) m denotes the highest order of moments to be computed and is prescribed by the
user.
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Algorithm 6.1 Compute V' = [v,v2,...,v,] for a parametric system (6.6), where B
is generally considered as a matrix

il S

b Y

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

. Initialize a1 =0, ap =0, sum = 0.
: Compute Ry = £~ !B.
: if (multiple input) then
Orthogonalize the columns in Ry using MGS: [vq,vs,...,v4, ] = orth{Ry } with respect
to a user given tolerance € > 0 specifying the deflation criterion for numerically lin-
early dependent vectors.
sum = qq % ¢ is the number of columns remaining after deflation w.r.t. €.)
else
Compute the first column in V: vi = Ry/||Rol|2
sum =1
end if
% Compute the orthonormal columns in Ry, Ry, ..., Ry, iteratively as below

fori=1,2,...,mdo
ay = sum;
forr=1,2,...,pdo
if a1 = ay then
stop
else
for j=a1+1,...a; do
w:E*IE,vj;
col =sum—+1;
for k=1,2,...,col —1do
h:v,{w
w=w—hv
end for
if |w|2 > € then

Veol = Tl
sum = col,
end if
end for
end if
end for
a) = a;
end for
Orthogonalize the columns in J by MGS w.r.t. €.

e)

)

The index ¢ is used to refer to computations related to the ¢-th parameter s; cor-
responding to the coefficient £ 'E,.

ay — ay is the number of columns added to V' corresponding to R; ;.

a> — a; = 0 means that all the vectors corresponding to R;_; are deflated because
they are linearly dependent (w.r.t. €) to previous columns in V. In this case, there
is no vector left which corresponds to R;_;. As for a breakdown in a Krylov sub-
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space method, we cannot continue to compute the columns in V corresponding
to R;, hence the algorithm stops.

h) In Step 17, j refers to the j-th column in J” and corresponds to a vector in R;_.

i) Steps 20—27 implement the MGS process. col is the subscript of the current col-
umn v, in V; it is orthogonalized to all the previous columns in /' by MGS.

j) In Step 24, ||w||2 < € is the criterion used to deflate vectors in R; that are lin-
early dependent (w.r.t. €) to the previous vectors in V. It does not mean that all
the vectors in R; are linearly dependent on the previous vectors in V. If linear
dependence is determined by this criterion, we delete the vector w and continue
the algorithm till a; = a».

k) In Step 32, we orthonormalize all the columns in ¥ again using MGS to reduce
VTV — 1|5 (where [ is the identity matrix of appropriate size) and to possibly
further deflate columns. In this way, we perform a repeated MGS procedure. The
final matrix V" has g columns, which is equal to or less than the total number of
vectors in R;, i=0,1,--- ,m.

1) When p = 1, the algorithm reduces to a block-Arnoldi-type process, with Ry =
By being the starting block (the vectors in Ry are the starting vectors), which
can be used in moment-matching MOR for multiple input, non-parametric sys-
tems (see [17,25] for other variants of block Arnoldi processes used in moment-
matching MOR).

It should be noted that analogously to moment-matching methods for non-parametric
systems, a Petrov-Galerkin or oblique projection method can be constructed ap-
plying Algorithm 6.1 to B replaced by L and £,E, by £7 E! (and not by com-
plex conjugate transposition which would not yield the desired moment matching
property). One would then obtain another orthogonal matrix # whose columns
form an orthogonal basis of a complementary subspace. The reduced-order model
is then computed by oblique projection £, = W'E,V, t=0,...,p, etc., assuming
the expansion point is chosen real. Technical issues as in standard oblique moment-
matching methods will occur here even more pronounced, e.g., the number of com-
puted columns for V' and W may differ, the reduced-order model might loose sta-
bility, etc. We therefore restrict ourselves here to the presentation of the 1-sided
(Galerkin/orthogonal) projection method to not obscure the presentation by too much
technical details.

6.4 Multi-Moment Matching Property

In this section, we show that the reduced model obtained with the proposed Algo-
rithm 6.1 has indeed the moment matching property derived in [8].

From the analysis in Sect. 6.3, the R; defined in (6.13) are composed of the coef-
ficients in the series expansion of the state x in frequency domain. The power series
expansion of the transfer function of the original model (6.6) is, except for the left
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multiplication by L7, the same due to the fact that for any feasible square-integrable
function u(. ),

H(s1,-..,8p)u(sp) = L x(sp).

(Note that x depends implicitly on s1,...,s,-1 which we omit for the ease of nota-
tion.) Hence, the i-th order multi-moments of the parametric transfer function H are
justthe terms LTR;, i =0, 1,2, ..., where we recall that R; includes the set of the i-th
order moment vectors of x. For the reduced model in (6.10), there are corresponding
power series expansions of the state z and the corresponding transfer function 7. We
denote the coefficients in the series expansion of z as

RO = BM»
Ri = [MiRo, MaRy, ..., MpRo],
Ry = [MiR,MyRy,...,MyRy],

Ry = [MiR; 1, MaR; 1., MpR; 1]

where £ = Ey +§(1)E1 +. ..—|—s*1))Ep, By=E 'BandM;=—EE;, i=1,... ,p-The
transfer function of the reduced model can be expressed by z as

Iy

H(s1,...,sp)u(sp) = Lz(s,).

Therefore, by the same variational argument as for the full-order system, the multi-
moments of 4 are L"R;, i=0,1,2,.... Here, £;, i=0,1,...,p, and B, L are defined
in (6.10). Next we will prove that the multi-moments of // match the multi-moments
of the original transfer function . We summarize our analysis, using Lemma 6.1
and Lemma 6.2, in Theorem 6.1.

Suppose we construct the projection matrix J by

range(V) = colspan{Ro,R|,R2, -+ ,Rn} =: .

The following Lemma 6.1 is used to prove Lemma 6.2 (Lemma 6.1 recalls a known
fact and appears in several papers, see e.g. [8]).

Lemma 6.1 [fthe column span of V forms an orthonormal basis of o, then for any
vector & € @,
E=VVTE. (6.14)

Lemma 6.2 [f the orthonormal projection matrix V satisfies range(V) = ,, then
Ri=V'R,i=0,1,...,m.

Proof Recall that E = VT EV . Thus, for i = 0,

EVIRy=VTEVVTR,.



172 P. Benner and L. Feng

Since colspan{Ry} C g, we have VVTRy = Rg by Lemma 6.1. Therefore, from the
definition of Ry,

EVIRy=V'ERy=V'EE"'B=V"B=8.
Hence, considering only the first and the last expression, we get,
VTRO —E7'B= ]’éo.

Thus, Lemma 6.2 is true for ;i = 0. Next, we assume that Lemma 6.2 is true for
i< j,sothat R; = VIR 7. We will prove that it is then also true for i = j + 1. Since
colspan{R, .1} C @, by Lemma 6.1 and the definition of R, .|, we get

EVTR 1 =VTEVV R
= VTEN'R]_)_] = VTEN'[_EN'ilE]Rj,—EilEszv...’_E’*lEpRj] (615)
= V'[~EiR;,~EsR;,...,—EpR)].

Because colspan{R;} C &, we know that R, = VVTR ; by Lemma 6.1. Hence, the
last term of the above equation equals

VI-EWVR,,—EVVR;,--- ,—E,VV'R)]. (6.16)

Therefore, by the definition of E.i=1,..., p, and the assumption f? = VTR 7,(6.16)
is equal to
[—E1R;,—EaR;,--- ,—EpR;]. 6.17)

Combining (6.15), (6.16) and (6.17), we obtain

EVIR 1 = [~EsRy—EaRy,- - —ER). 6.18)
Then from the definition of R/H we get
VIR 1 = [—E ' E\Ry—E By —E EyR = R 0

Theorem 6.1 [f V satisfies range(V') = colspan{Ro, R1, Rz, , Ry }, then the multi-
moments of the transfer function of the reduced model in (6.10) match those of the
full system in (6.6) up to order m, i.e. L'R; = LR;, i=0,1,...,m.

Proof From Lemma 6.2, and by the definition of , we have LTR, = L"VVTR,, i =
0,1,...,m. By Lemma 6.1, VV''R; = R;, therefore

LR, =L"R;, i=0,1,...,m. O

6.5 Simulation Results

In this section, some simulation results are presented to show the efficiency of the
proposed algorithm. We employ two examples, one being the thermal MEMS model
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considered before in Fig. 6.1 and the other one is from electrochemistry. Illustrated
in Fig. 6.8 is the computational domain of the second model, where some chemical
reactions take place.

6.5.1 Results for the thermal model

The thermal model is a generic example of a device with a single heat source, where
the generated heat dissipates through the device to the surroundings. A heater is
shown by the block made of PolySi. The exchange between surroundings and the
device is modeled by convection boundary conditions with the film coefficient £ at
the top. The corresponding mathematical parametric model is given in (6.1), where k&
is the parameter. It is a single-input multiple-output system. For simplicity, we only
observe a single output of the system, which is the temperature in the middle of the
heater. As has been shown, the values of k change significantly, & € [1,10°]. The size
of the system is n = 4725.

To implement Algorithm 6.1, we first need to transform the system into the fre-
quency domain by the Laplace transformation assuming x|,—o = 0 for all k. The
corresponding system in the frequency domain is

(sC+G+kD)X(s) =BU(s),
y=L"X(s),

where s is considered as the second parameter of the system. Since B is a vector, the
projection matrix V is constructed for the single input case in Algorithm 6.1.

Implicit vs. explicit moment vector computation

In Sect. 6.2.2, we have analyzed the accuracy of the PMOR method from [8] if the
moment vectors are explicitly computed. Here, we show the efficiency of the pro-
posed Algorithm 6.1, and compare it with the explicit moment-matching described
in Sect. 6.2.2.

In Fig. 6.3, the errors of three reduced models computed by Algorithm 6.1 are
plotted. The dashed line is the error of the output produced by the reduced model
by matching the multi-moments upto order 2. The dash-dotted line is the error by
matching multi-moments up to order 3. The dotted line is the one obtained by match-
ing the multi-moments up to order 5. Different from the errors in Fig. 6.2, the errors
of'the reduced models keep decreasing with the increasing number of matched multi-
moments, whereas the errors of the reduced models in Fig. 6.2 do not change after
matching up to 3rd order moments. In Fig. 6.4, the accuracy of the reduced models
computed by explicit and implicit moment-matching is compared. The solid line and
the dashed line represent the accuracy of the reduced model computed by explicit
moment-matching. By matching multi-moments up to the same order, the implicit
moment-matching method implemented in Algorithm 6.1 is more accurate than the
explicit moment-matching.
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PMOR vs. Non-Parametric MOR

In order to show the importance and the advantage of PMOR, we compare the pro-
posed PMOR Algorithm 6.1 with the standard non-parametric moment-matching
MOR method (see e.g. [25]). For non-parametric MOR, all the parameters except for
the Laplace variable s must be fixed, such that the system becomes non-parametric.
Hence, a standard non-parametric moment-matching method can be applied. Here
the parameter £ is fixed to &£ = 1, and the moments are the simple moments associ-
ated with the Laplace variable 5. The reduced models constructed by both methods
are in the same form as in (6.11).
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Fig. 6.5. Output responses of the original system (6.1) in the time-domain at different values
of the parameter &

In Fig. 6.5, we plot the output responses corresponding to different values of &
by simulating the original parametric system (6.1) for several times. We see that the
time-dependent output response varies much with £.

In Algorithm 6.1, the Oth order till the 8th order multi-moments are matched.
That is, range (V") = colspan{Ro, R, . .., Rg}. The resulting reduced model is of order
g = 44. For comparison, we could use the same order of moments associated with
s for the non-parametric MOR. However, the resulting reduced model is only of
dimension g = 9. Instead, the two methods are compared with respect to the same
order of the reduced model. To this end, the Oth order till the 43rd order moments
are matched by the non-parametric MOR method, and the reduced model is of the
same dimension g = 44.

In Fig. 6.6, the relative errors of each reduced model changing with different
values of k are plotted. Along the x-axis, the logarithm of the parameter £ is taken.
Along the vy axis, the relative error defined as |[y(0, T, k) — (0, T k)| |2 /|| (0, T k) ||2
is plotted. Here y(0, T, k) = (y(t1;k),...,¥(ty; k)" is a vector of the output responses
at different time steps in the interesting time interval, ;; € [0, 7),i=1,..., Ty, for the
current value of the parameter &, obtained by full simulation of the original system.
The vector $(0, T; k) is obtained analogously from the output responses computed
with the reduced model.

The solid line in the figure represents the errors produced by the reduced model
with ¢ = 44, obtained by non-parametric moment-matching MOR. [t has good ac-
curacy at the values of k close to £ = 1, the fixed value. However, when the value
of k grows, the error generally keeps increasing. As expected, the reduced model
cannot catch the behavior of the output responses corresponding to values of & far
away from the fixed value. The accuracy of the reduced model computed with the
proposed PMOR method is much higher, though there is still a very slow trend of
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Fig. 6.6. Relative errors of the output responses of the thermal model in the time domain for
different values of &, computed from the reduced models derived by non-parametric MOR
and Algorithm 6.1, respectively. The orders of the three reduced models are ¢ = 44,44, 161,

respectively

error increase with increasing value of %, see the dotted line. This is because a sin-
gle expansion point for &, ky = 0, is used during the series expansion of the state
vector x (see (6.7) and (6.12)). Multiple point expansion can be used in combination
with Algorithm 6.1 to further decrease the error of the reduced model for very large
values of &, see [14].

To achieve the same level of accuracy as for the reduced model resulting from
PMOR, a reduced model with dimension ¢ = 161 must be constructed with the non-
parametric moment-matching MOR, where the Oth till the 160th order moments are
matched. The error of the reduced model is plotted using dashes. This shows that the
PMOR method provides a more compact reduced model over the entire parameter
domain.

Robustness of the Proposed Algorithm

In Fig. 6.7, relative errors of three different reduced models constructed by Algo-
rithm 6.1 are plotted. Each line represents the relative error between the output
response of the reduced system and that of the original system according to dif-
ferent values of the parameter 4. The definition of the relative error is the same
as defined for Fig. 6.6. The line with the smallest error represents the error of
the reduced system of order g = 44, for which the reduced system is obtained by
range(}) = colspan{Ro,R1,...,Rg}. The line in the middle is the error of the re-
duced system with ¢ = 28; it is derived from range(V) = colspan{Ry,R;,...,Rs}.
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Fig. 6.7. Relative errors of the output responses of the thermal model in the time-domain
computed from the reduced models with different order ¢, using Algorithm 6.1, for different
values of &

The line on the top corresponds to the reduced system computed from range(V) =
colspan{Ry,Ry,...,R4}. One can see that the error becomes smaller with in-
creasing number of moment vectors used. All in all, the errors at all the values
of the parameter k£ are very small, and satisfy the accuracy requirement in real
applications. Compared with the explicit multi-moment matching, and the non-
parametric MOR, the proposed Algorithm 6.1 produces a much more accurate re-
duced model.

6.5.2 Results for the electrochemistry model

The detailed description and derivation of the model for the application depicted
in Fig. 6.8 is available from the MORwiki®. The mathematical model after spatial
discretization is

E%+Gc+s1ch+S2D2c:FT, c(0) =co £0 6.19)
v=1c¢,.

The dimension of the system is n = 16912. Here, E,G,D,D, € R™" are sys-

tem matrices. /,F € R” are constant vectors. ¢(¢) € R” is the unknown vector.

The two parameters s; = ePu) s = ¢ Bul) are functions of the voltage, where

B =21.243036728240824 is a constant. The voltage u(¢, ) which is a function of

3 http://morwiki.mpi-magdeburg mpg. de/morwiki/index. php/Scanning_Electrochemical Microscopy.
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Axis of symmetry

Fig. 6.8. Example from electrochemistry. The computational domain (indicated as simulation
domain in the figure) under the 2D-axisymmetrical approximation includes the electrolyte
under the electrode (the square at the middle top). Some chemical reactions take place in the
computational domain. The interesting output is the total current over the electrode surface

time and ¢, follows a symmetric, triangular waveform:

u(t, o) = up+oat, 0<t<ty,
u(t, o) = up—aut, ty <t <2ty

Here, the variable o takes four possible values oo = 0.5,0.05,0.005,0.0005. The time
point 7, actually varies with a: by 7, =4 x 10/, when ¢ = 0.5 x 1077, fori =0,1,2,3.

The output y(z) is the total current over the electrode surface, changing with the
voltage u(t, o). The waveforms of the two parameters s1 and s as functions of time
and the voltage u(¢, &) are given in Fig. 6.9 and Fig. 6.10, respectively. Although
both 51 and s are functions of the voltage u, hence are not independent, they are
considered as two independent parameters in Algorithm 6.1. They can further be
simply treated as two parameters independent of any argument, e.g. the time vari-
able ¢, during the implementation of Algorithm 6.1, since the projection matrix V' is
generated independently of the parameters.

To deal with the system with nonzero initial condition, we employ the transfor-
mation method in [15]. That is, we first transform the system into a system with zero
initial condition by & = ¢ — ¢p. The resulting transformed system is

E% + GE+51D18452D:,¢ = F — Geg — s1D1¢co — s2D7 ¢,

y=1"¢+c), &0)=c(0)—co=0. (6-20)
By Laplace transform, the above system in frequency domain becomes
(SE+G+51D1 +52D2)x = Fu(s), ©21)

vy = 1T (x+cou(s)),

where x is the Laplace transform of the time-domain unknown vector &, u(s) = 1/s
is the Laplace transform of the constant 1, and F = F — Gcg — s1D1co — s2Dacp. As
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explained above, 51 (u(r)) and s (u(¢)) are treated as two constant parameters during
the execution of Algorithm 6.1. As they are preserved in the reduced model, they can
then again be varied with time according to their original definition when simulating
the reduced model.

Note that the right-hand side of the system also depends on the two parameters
51,52, which, however, is not a problem. Since the function u(s) and the parameters
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51,82 are both scalars, the right-hand side of the system (6.21) can be written as

u(s)

(F — Geg —s1D1co — s2Daco)u(s) = [F — Geg, Dico, Daco) | —s1u(s) | = BU,
—sou(s)

where B = [F — Gcy, Dy co, Dacol, U = [u(s), —su(s), —s2u(s)] . Therefore, the sys-
tem in (6.21) can be considered as a multiple input system, so that the multiple input
case in Algorithm 6.1 can be applied to construct the projection matrix ¥4, The time
domain reduced model in the form of (6.11) is obtained by applying Galerkin pro-
jection, using ¥, to the transformed system in (6.20) [15].

Figures 6.11-6.15 show the simulation results of the original model (6.19) and
the reduced model obtained by Algorithm 6.1. The figures display the currents as
functions of the voltages u(¢, o), which is the usual way to represent the so-called
cyclic voltammograms of the electro-chemical reaction. The solid line is the result
obtained by full simulation of the original large model, the dashed line is the result
computed using the small reduced model. The results of the reduced model are ac-
curate for a wide range of the dynamic behavior when the value of o changes by
three orders of magnitude (0.005-0.5).

The dashed lines in the Figs. 6.11-6.13 show the simulation results of three dif-
ferent reduced models with o = 0.5. As we have already seen, the projection matrix
V" depends on the moment vectors of the system. If more moment vectors are used,
the reduced model should become more accurate, at least in theory. The simulation

Full simulation,
6l n=16912

Reduced model,
q=26

current (nA)

voltage u(t, a ), o =0.5

Fig. 6.11. The current y as a function of the voltage u(¢, ¢), for oo = 0.5, for both the full sim-
ulation and the PMOR method Algorithm 6.1 using the multiple input variant. The moments
are matched up to 4th order, yielding a reduced model of dimension g = 26

# For this example, the zero expansion points s = 0, s = 0 and 59 = 0 are used for all the three
parameters s,s;, s> in (6.21).
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Fig. 6.12. The current y as a function of the voltage u(¢, o), for o = 0.5, for both the full sim-
ulation and the PMOR method Algorithm 6.1 using the multiple input variant. The moments
are matched up to 6th order, yielding a reduced space of dimension g = 50

8
Full simulation,
6 n=16912
_ __ Reduced model,
_ 4 q=86
gt
£ 2
3
0
-2
—4 .
-1 -0.5 0 0.5 1

voltage u(t, ), 0. =0.5

Fig. 6.13. The current y as a function of the voltage u(¢, o), for ox = 0.5, for both the full sim-
ulation and the PMOR method Algorithm 6.1 using the multiple input variant. The moments
are matched up to 9th order, yielding a reduced space of dimension ¢ = 86

results in Fig. 6.3 show this fact for the previous thermal MEMS problem. For the
current problem, the simulation results in Figs. 6.11-6.13 further justify it. In con-
trast, if 7 is computed by explicit matrix multiplications, the accuracy of the reduced
model cannot be improved by using more moment vectors. In Fig. 6.11, the moment
vectors from Ry to R4 are employed to compute V. In Fig. 6.12, Ry till R¢ are used
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for the reduced model. The moment vectors from Ry to Ry are used in Fig. 6.13 to get
V. The result in Fig. 6.13 is most accurate. The waveform of the current computed
from the reduced model shows little difference from the solid line. In this case the
order of the reduced model is ¢ = 86. The relative error between the two currents is
€la=0s = |[y—P/]2/lI¥l|2 = 6.3 x 10~*, where y is the vector of the current at dense
samples of the interesting time interval by full simulation, and ¥ is the vector of the
current at the same samples obtained by simulating the reduced model. The reduced
model is good enough to replace the original model with space dimension n= 16912
in practical applications of the model.

Figures 6.14—6.15 show additional outcomes for other values of .. Here we used
the most accurate reduced model with range(V') = colspan{Ry, Ry, ..., Ro } and study
the effect when varying o. The order of each reduced model is the same: ¢ = 86.

The relative errors ¢ are listed in Table 6.1 for a selection of different values of
a. All these simulation results show that accurate reduced models can be obtained
with the proposed algorithm.

Table 6.1. € vs. o

o =05 o =0.05 o = 0.005 o = 0.0005

€ 6.3x 1074 1.8x 1073 1.64x 1076 1.38x 1070

Full simulation,
4 T n=16912

Reduced model,
"~ q=86

current (nA)

voltage u(t, a ), «=0.05

Fig. 6.14. The current y as a function of the voltage u(¢, o), for ot = 0.05, for both the full sim-
ulation and the PMOR method Algorithm 6.1 using the multiple input variant. The moments
are matched up to 9th order, yielding a reduced space of dimension ¢ = 86
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Fig. 6.15. The current y as a function of the voltage u(¢, o), for o = 0.005, for both the
full simulation and the PMOR method Algorithm 6.1 using the multiple input variant. The
moments are matched up to 9th order, yielding a reduced space of dimension g = 86

6.6 Conclusions

A numerical stable algorithm for PMOR is explored in this paper. The algorithm is
used to construct a projection matrix ¥ whose columns form an orthonormal basis
of the subspace spanned by the moment vectors of the parametric system. Instead of
explicit matrix-vector multiplications, a new moment vector is orthogonalized to all
the previous ones during a (repeated) Modified Gram-Schmidt process. Numerical
simulation results for both single input and multiple input parametric systems show
that the proposed algorithm is very accurate and robust. Applications of the algo-
rithm to parametric systems with more than three parameters can be found in [14].

The reduced parametric model can be used in optimization [35], in statistics [24],
and in coupled simulations [23]. When used in statistics, it is important that quantities
like mean and variance are well approximated. In applying PMOR for uncertainty
quantification, one thus seeks to have a “statistics-preserving PMOR”.

In some cases, the parameters may not be explicitly available. For instance, in
modeling of electromagnetic problems, varying geometry may result in different
meshes. For an approach to deal with this see [31].

Future research will focus on how to adaptively choose proper nonzero expansion
points to attain a more compact model for systems with many (more than three)
parameters. An error estimation for the state x of the parametric system is proposed
in [33] for an automatic sampling selection. For many applications, the outputy or the
transfer function of the system is of interest, and an output-oriented error estimation
for the proposed PMOR method is preferred, such that a more reliable reduced model
can be obtained, automatically.
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On the Use of Reduced Basis Methods to
Accelerate and Stabilize the Parareal Method

Feng Chen, Jan S. Hesthaven and Xueyu Zhu

Abstract We propose a modified parallel-in-time — parareal — multi-level time inte-
gration method that, in contrast to previously proposed methods, employs a coarse
solver based on a reduced model, built from the information obtained from the fine
solver at each iteration. This approach is demonstrated to offer two substantial ad-
vantages: it accelerates convergence of the original parareal method for similar prob-
lems and the reduced basis stabilizes the parareal method for purely advective prob-
lems where instabilities are known to arise. When combined with empirical interpo-
lation methods (EIM), we develop this approach to solve both linear and nonlinear
problems and highlight the minimal changes required to utilize this algorithm to ac-
celerate existing implementations. We illustrate the advantages through algorithmic
design, through analysis of stability, convergence, and computational complexity,
and through several numerical examples.

7.1 Introduction

With the number of computational cores on large scale computing platforms increas-
ing, the demands on scalability of computational methods likewise increase, due
partly to an increasing imbalance between the cost of memory access, communica-
tion and arithmetic capabilities. Among other things, traditional domain decompo-
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sition methods tend to stagnate in scaling as the number of cores increases and the
computational cost is overwhelmed by other tasks. This suggests a need to consider
the development of computational techniques that better balance these constraints
and allow for the acceleration of large scale computational challenges.

A recent development in this direction is the parareal method, introduced in [16],
that provide a strategy for ’parallel-in-time’ computations and offers the potential
for an increased level of parallelism. Relying on combining a computational inex-
pensive but inaccurate solver with an accurate and expensive but parallel solver, the
parareal method utilizes an iterative, predictor-corrector procedure that allows the
expensive solver to run across many processors in parallel. Under suitable condi-
tions, the parareal iteration converges after a small number of iterations to the serial
solution [3]. During the last decade, the parareal method has been applied success-
fully to a number of applications (cf. [17,19]), demonstrating its potential, accuracy,
and robustness.

As a central and serial component, the properties of the coarse solver can im-
pact the efficiency and stability of the parareal algorithm, e.g., if an explicit scheme
is used in both the coarse and the fine stage of the algorithm, the efficiency of the
parareal algorithm is limited by the upper bound of the time step size [19]. One can
naturally also consider a different temporal integration approach such as an implicit
approach, although the cost of this can be considerable and often requires the devel-
opment of a new solver. An attractive alternative is to use a simplified physics model
as the coarse solver [2,17, 18], thereby ignoring small scale phenomenon but poten-
tially impacting the accuracy. The success of such an approach is typically problem
specific.

While the choice of the coarse solver clearly impacts accuracy and overall effi-
ciency, the stability of the parareal method is considerably more subtle. For parabolic
and diffusion dominated problems, stability is well understood and observed in many
applications [12]. However, for hyperbolic and convection dominated problems, the
question of stability is considerably more complex and generally remains open [3, 8,
22]. In [8], the authors propose to regularly project the solution onto an energy man-
ifold approximated by the fine solution. The performance of this projection method
was demonstrated for the linear wave equation and the nonlinear Burgers’ equation.
As an alternative, the Krylov subspace parareal method builds a new coarse solver
by reusing all information from the corresponding fine solver at previous iterations.
The stability of this approach was demonstrated for linear problems in structural dy-
namics [10] and a linear 2-D acoustic-advection system [21]. However, the Krylov
subspace parareal method appears to be limited to linear problems.

The approach of combining the reduced basis method [20] with the parareal meth-
od for parabolic equations was initiated in [13] in which it is demonstrated that a
coarse solver based on an existing reduced model offers better accuracy and reduces
the number of iterations in the examples considered. However, that work offers no
discussion on the construction of the reduced model, nor was there any attempt to
analyze the stability and convergence of the method.

Inspired by [13,21], we propose a modified parareal method, referred to as the
reduced basis parareal method in which the Krylov subspace is replaced by a sub-
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space spanned by a set of reduced bases, constructed on-the-fly from the fine solver.
This method inherits most advantages of the Krylov subspace parareal method and is
observed to retain stability and convergence for linear wave problems. We demon-
strate that this approach accelerates the convergence in situations where the original
parareal already converges. However, it also overcomes several known challenges:
(i) it deals with nonlinear problems by incorporating methodologies from the re-
duced basis methods; and (ii) the traditional coarse propagator is needed only once
at the very beginning of the algorithm to generate an initial reduced basis. This al-
lows for the time step restrictions to be relaxed as compared to the coarse solver
of the original parareal method. The main difference between our method and [13]
lies in the reduced approximation space and the construction of reduced bases. The
reduced model, playing the role of the coarse solver, is updated for each iteration
while the reduced model in [13] is built only once during an initial offline process.
Among other advantages, this allows the proposed method to adapt the dimension
of the reduced approximation space based on the regularity of the solution, while
in [13] the reduced model remains fixed and must be developed using some other
approach.

What remains of this paper is organized as follows. We first review the origi-
nal parareal method in Sect. 7.2.1 and the Krylov subspace parareal method in Sect.
7.2.2. This sets the stage for Sect. 7.2.3 where we introduce the reduced basis parareal
method and discuss different strategies to develop reduced models for problems with
nonlinear terms. Section 7.3 offers some analysis of the stability, convergence, and
complexity of the reduced basis parareal method and Sect. 7.4 demonstrates the fea-
sibility and performance of the reduced basis parareal method through various linear
and nonlinear numerical examples. We conclude the paper in Sect. 7.5.

7.2 Parareal Algorithms

To set the stage for the general discussion, let us first discuss the original and the
Krylov subspace parareal methods in Sect. 7.2.1 and Sect. 7.2.2, respectively. We
shall highlight issues related to stability and computational complexity to motivate
the reduced basis parareal method, introduced in Sect. 7.2.3.

7.2.1 The original parareal method
Consider the following initial value problem:

u, = L(u) := Au(?) +N(u(r)), t€ (0,7,
(7.1)
u(0) = uy,
where u € R is the unknown solution, L is an operator, possibly arising from the
spatial discretization of a PDE, with A being the linear part of L, and N the nonlinear
part.
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In the following, we denote Fy, as the accurate but expensive fine time integrator,
using a constant time step size, 8¢. Furthermore, G4, is the inaccurate but fast coarse
time integrator using a larger time step size, A¢. Generally, it is assumed that As >
ot.

The original parareal method is designed to solve (7.1) in a parallel-in-time fash-
ion to accelerate the computation. First, [0,7] is decomposed into N, coarse time
intervals or elements:

T
O=t<--<ti<--- <ty =T, t,=IAT, AT:F' (7.2)
C
Assume that
AT =Ns6t, NyeN, (7.3)

which implies that 7 = N.N,6t. Denote Fg,(u,t,1,t;) as the accurate numerical so-
lution integrated from ¢ to ¢, by using Fj, with the initial condition u and the con-
stant time step size 8¢. Similarly for G4, (u,t11,4). Denote also u, = Fj,(ug, T,0)
as the numerical solution generated using only the fine integrator. With the above
notation, the original parareal method is shown below in Algorithm 7.1

Now assume that the k-th iterated approximation u¥ is known. The parareal ap-
proach proceeds to the £ + 1-th iteration as

Uﬁi% = GAf(u;];-H 7tn+17tn) +F8r(u,]f,7tn+17tn) - GAf(u;]fntl’H»htn)v 0 < k < No -1
74)
It is easy to see that F,(uk,4,,1,2,) can be done in parallel across all temporal el-
ements. If we take the limit of k — oo and assume that the limit of {u%} exists, we
obtain [16]:
uﬁi% — Uyl = Fér(unathrl 7tl’l)' (7.5)
In order to achieve a reasonable efficiency, the number of iterations, Ny, should be
much smaller than ..
To demonstrate the performance of the original parareal method, let us consider
a few numerical examples, beginning with the viscous Burgers’ equation:

w2

> )x = Vilgy, (x,2) € (0,27) x (0,77,

u(x,0) = sin(x),

U + ( (76)

where T =2 and v = 107!, A 2x-periodic boundary condition is used. The spatial
discretization is a P; discontinuous Galerkin method (DG) with 100 elements [15]
and the time integrator is a first-order forward Euler method. We use the following
parameters in the parareal integration

N, =100, Ny=5, Ar=103, 8t=10". (7.7)

Figure 7.1 illustrates the L.-error of the parareal solution at 7' = 2 against the number
of iterations. Notice that for this nonlinear problem the algorithm converges after
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Algorithm 7.1 The original parareal method

Initialization:
0

u, = up;
for i — 0toN.—1do
u?Jrl =Gy (u?ytiJrl o)

end
Iterations:
k=0;
for k — 0 to Nj; do
Parallel predictor step:
fori<— OtoN.—1do

| uffar] = F5f(u5(7ti+17tl)
end
Sequential correction step:
fori— OtoN.—1do

| ukh = G (W ) — urk A+ Ga(ub t,)
end

N-TEN-CREEN - N I 2 I

e < e
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end
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Fig. 7.1. The Le.-error at T = 2 against the number of iterations of the 1-D Burgers’ equation

using the original parareal method

only four iterations, illustrating the potential for an expected acceleration in a parallel
environment.
As a second example, we consider the Kuramoto-Sivashinsky equation [25]:

du P
E = (?)x — Uxx — Uxxxxs (x,t) € (_8’8) x (O’TL (78)

u(x,0) = exp(—x?)

with final time 7' = 40 and periodic boundary conditions.
As a spatial discretization we use a Fourier collocation method with 128 points
[14] and an IMEX scheme [1] as a time integrator, treating the linear terms implicitly
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Fig. 7.2. The time evolution of the solution (left) and the L..-error at 7 = 40 against the
number of iterations (right) of the 1-D Kuramoto-Sivashinsky equation using the original
parareal method

and the nonlinear term explicitly. The parameters in the parareal method are taken
as
Ne=100, Ny=5, Ar=10"2, &r=10"* (7.9)

Figure 7.2 (left) shows the time evolution of the chaotic solution to the Kuramoto-
Sivashinsky equation with a Gaussian initial condition. In Fig. 7.2 (right), we show
the L.-error at 7 = 40 against the number of iterations. In this case, we take the
solution computed by the fine solver as the exact solution. It is clear that the parareal
solution converges, albeit at a slower rate. It should also be noted that Az/6¢ = 100,
indicating the potential for a substantial acceleration.

As a last and less encouraging example, we consider the 1-D advection equation

u + au, =0, .(x,t) € (0,2m) x (0,7], (7.10)
u(x,0) = exp(sin(x — at)),

with a final time 7 = 10, a = 2x and a 2x-periodic boundary condition. We use

a DG method of order 32 and 2 elements in space [15], a singly diagonal implicit

fourth-order Runge-Kutta scheme in time (a five-stage fourth-order scheme, cf. S54b

in [23]), and the parareal parameters:

Ne=100, Ny;=27, Ar=5x10"2 &r=10"* (7.11)

Figure 7.3 shows the L..-error at 7 = 10 against the number of iterations. The in-
stability of the original parareal method is apparent, as has also been observed by
others [3, 8,22].



7 Reduced Basis Parareal Method 193

2

10

10"k

max error
3,

0 5 10 15 20 25 30
iterations

Fig. 7.3. The Le.-error at T = 10 against the number of iterations of the 1-D linear advection
equation using the original parareal method

7.2.2 The Krylov Subspace Parareal Method

We notice in Algorithm 7.1 that only {us® H}fgo_ " is used in the advancement of
the solution to £+ 1. To fix the stability issue, [10] proposed to improve the coarse
solver by reusing information computed at all previous iterations and applied this
idea to linear hyperbolic problems in structural dynamics. Recently, a similar idea
was successfully applied to linear hyperbolic systems [21].

The basic idea of the Krylov subspace parareal method is to project uf“ onto a
subspace spanned by all numerical solutions integrated by the fine solver at previous
iterations. Denote the subspace as

S :=span{ug/, 1 <i< N, 1 <j<k}. (7.12)

The corresponding orthogonal basis set {s,...,s,} is constructed through a QR fac-
torization.

Denote P¥ as the L,-orthogonal projection onto S¥. The previous coarse solver
G, is now replaced by Ky, as:

KAt(u7tl+17ti) = GAI((]I_]Pk)uvtl+17tl) +F5I(Pku7ti+17tl)' (713)

For a linear problem, Fy,(P*u, 1,1 can be computed efficiently as

Nek Nk
F5f(]pku7tl+1ati) = Fﬁt(z Cl'sjati+1 7tl) = 2 CI'F&(S‘I'JH»I 7tl)7 (714)
J=1 J=1

where Fj,(s;,ti+1,t) are computed and stored once the s;’s are available. Since this
approach essentially produces an approximation to the fine solver, the new coarse
solver is expected to be more accurate than the old coarse solver. It was shown in
[11] that as the dimension of S increases, P¥ — I and K, — Fy,;, thus achieving
convergence. The algorithm outline is presented in Algorithm 7.2.
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Algorithm 7.2 The Krylov subspace parareal method

1 Initialization:

2 u8 =ug;

3 fori—O0toN.—1do

4 u?Jr] = GA[(“?JH—IJI')

5 end

6 Iterations:

7 k=0;

8 for k< 0 to Nj; do

9 Parallel predictor step:
10 fori<— 0toN.—1do
11 llff.:_l :Fsr(u;{,t,+1,t,‘)
12 end
13 Constructing reduced basis:
14 Update S¥=1 to S* based on u{-‘_l , uff.‘
15 Marching the basis:
16 fori<— 1to N, do
17 | Sy, = Fs(s:,0,A1):
18 end
19 Sequential correction step:
20 fori— OtoN.—1do
21 | ui =K () — b Kok g, 0)
22 end
23 end

To demonstrate the performance of the Krylov subspace parareal method, we use
it to solve the linear advection equation, (7.10). In Fig. 7.4 (left) we show the Le.-
error at 7 = 10 against the number of iterations. It is clear that the Krylov subspace
parareal method stabilizes the parareal solver for this problem.

2000 -

max error
g

number of basis

3
8
s

500 -

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
iterations iterations

Fig. 7.4. The Le.-error at 7 = 10 against the number of iterations (left), and the number of
bases (right) for solving the 1-D linear advection equation using the Krylov subspace parareal
method
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Two observations are worth making. First, the Krylov subspace parareal method
needs to store all the values of S* and F(S¥). As k increases, this induces a memory
requirement scaling O(kN.N) and this may be become a bottleneck as illustrated in
Fig. 7.4 (right). Furthermore, the efficiency of the coarse solver depends critically
on the assumption of linearity of the operator and it is not clear how to extend this
framework to nonlinear problems. These constraints appear to limit the practicality
of the method.

7.2.3 The reduced basis parareal method

Let us first recall a few properties of reduced basis methods that will subsequently
serve as key elements of the proposed reduced basis parareal method.

7.2.3.1 Reduced Basis Methods

We are generally interested in solving the nonlinear ODE (7.1). As a system, the di-
mensionality of the problem can be very large, e.g., if the problem originates from a
method-of-lines discretization of a nonlinear PDE, so to achieve a high accuracy, re-
quiring a high number of degrees of freedom, N, and it is tempting to seek to identify
an approximate model to enhance the computational efficiency without significantly
impacting the accuracy.

A general representation of a reduced model in matrix-form is

u(t) = V,i(r), (7.15)

where the r columns of the matrix V, represent a linear space - the reduced basis -
and ii(¢) € R” are the coefficients of the reduced model. Projecting the ODE system
(7.1) onto V,, we recover the reduced system:

vi Vrd'jTgt) = VIAV,ii(t) + VIN(V,ii(r)). (7.16)
Assuming that V,. is orthonormal, this simplifies as
dii(t
% = VI AV,ii(f) + VIN(V,id(1)). 7.17)

One is now left with specifying how to choose a good subspace, V,, to adequately
represent the dynamic behavior of the solution and develop a strategy for how to re-
cover the coefficients for the reduced model in an efficient manner. There are several
ways to address this question, most often based on the construction of V, through
snapshots of the solution.

Proper orthogonal decomposition. The proper orthogonal decomposition (POD)
[5, 6] is perhaps the most widely used approach to generate a reduced basis from a
collection of snapshots. In this case, we assume we have a collection of N snapshots

U=[ug,...,uy,], (7.18)
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where each u; is a vector of length N; this N can be large as it reflects the number of
degrees of freedom in system. The POD basis, denoted by {¢;}; € RY, is chosen as
the orthonormal vectors that solve the minimization problem:

Ny r
min 3 ju, — 3 (u/ 60,
BT =1 (7.19)

lLi=j
i Tgo—8.,—d 21=J
subject to ¢ ¢; =6 = {0, otherwise.
The solution to this minimization problem is found through the singular value de-
composition (SVD) of U:
U=VIW/, (7.20)

where V € RV*" and W € RY*" are the left and right singular vectors, respectively,
and V is the sought after basis. The entries of the diagonal matrix X provides a
measure of the relative energy of each of the orthogonal vectors in the basis.

Once the basis is available, we can increase the computational efficiency for solv-
ing (7.17) by precomputing V! AV, of size r x r. However, the computational com-
plexity of the nonlinear term remains dependent on N and, hence, potentially costly.

Discrete Empirical Interpolation. To address this, [7] proposed an approach, orig-
inating in previous work on empirical interpolation methods [4] but limited to the
case of an existing discrete basis set. In this approach N(V,ii(¢)) is represented by
N(z) € R which is subsequently approximated as

N(Viii(r)) = N(t) = Vpe(?). (7.21)

Here V), = [v1,...,V,] is an orthogonal POD basis set based on snapshots of N().
To recover ¢(¢), we seek a solution to an overdetermined system. However, rather
than employing an expensive least square method, we extract m equations from the
original set of snapshots. Denote

P=lep,....ep,] € RV, (7.22)

where e, = [0,...,0,1,0,...,0]” € R" (1 only appears on the p;-th position of the
vector). If P7 V), is nonsingular, ¢(¢) can be uniquely determined by

PIN(t) =P V,e(1),
resulting in a final approximation of N(¢) as
N(7) =V, (PTV,) " 'PTN(r).
The interpolation index p; is selected iteratively by minimizing the largest magnitude

of the residual r = u; — V), xe. The procedure, sometimes referred to as discrete
empirical interpolation, is outlined in Algorithm 7.3.
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Algorithm 7.3 Empirical interpolation with a given discrete basis set

input : {vi.}" ; C RY lincarly independent POD bases of the nonlinear term
output: the interpolation operator Py, = [p1, ..., pm].

1 begin

2 e =max|uj|,p; = argmax|uy|;
3| P ()i Vpa o n
4 for k<2 to M do
5 Solve P?v, = PTV, ke(t) to obtain ¢(f);
6 Compute the residual; r = v — V ke;
7 & =max |r|, px = argmax|r|;
8 Vok <—Vpﬁk_1U{Vk};
9 Py =P U{p}:
10 end
11 end

With the above approximation, we can now express the reduced system as

%I) =VIAV,ii(1) + VIV, (PTV,) " IN(PTV,ii(r)). (7.23)

Full Empirical Interpolation. Pursuing the above approach further, one is left won-
dering if we can use a basis other than the computational expensive POD basis, and
whether we can choose the interpolation position based on other guidelines. Ad-
dressing these questions leads us to propose a full empirical interpolation method.
It is well-known that the original empirical interpolation method is commonly
used to separate the dependence of parameters and spatial variables [4], and that
the method chooses ‘optimal’ interpolation points in a certain sense. We propose
to consider time as a parameter, and use the empirical interpolation to construct the
reduced bases Vg x of u and the reduced bases Vg i of the nonlinear term, i.e.,

u(t) ~ Vgke(t), N(t) = Vppke(t). (7.24)

The resulting reduced model can be written as

dii(t)
dt

The essential difference between the models based on discrete empirical interpola-
tion and the full empirical interpolation approach is found in the way in which one
constructs the reduced basis set. In the former case, the importance of the basis el-
ements is guided by the SVD and the relative size of the singular values, resulting
in a potentially substantial cost. The latter case is based on the interpolation error
and the basis in constructed in a full greedy fashion. A detailed comparative study
of the performance between the two approaches is ongoing and will be presented in
a forthcoming paper.

= Vix AVEki(t) + Vi’ Vpex(P! Vppk) 'N(P' VEiii(r).  (7.25)
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7.2.3.2 The Reduced Basis Parareal Method

Let us now introduce the new reduced basis parareal method. Our first observation is
that the first term in (7.13) can be dropped under the assumption that the projection
error vanishes asymptotically. Hence, for linear problems, we can replace K, by
[%A] as

Nek
KAt (u7t1+17ti) = F5l‘ (]Pku7ti+17ti) = 2 CJF&‘(Sjth»l 7tl)' (726)
Jj=1

This is essentially an approximation to the fine time integrator with an admissible
truncation error. Keeping in mind that Fy, is an expensive operation, we seek to
reduce the dimension of S* to achieve a better efficiency. If the solution to the ODE
is sufficiently regular, it is reasonable to seek an r-dimensional subspace, S¥ (the
reduced basis space), of the original space S¥. Now redefine P¥ to be the orthogonal
projection from u onto SX. Then (7.26) becomes

P
KAI (uatH-latl) = F5l‘ (P]:u7tl+17tl) = 2 CjF5l‘(Sj7tI+1 7ti)7 (727)
Jj=1

which is essentially an approximation to the fine time integrator using the reduced
model.

Consequently, our reduced basis parareal method for linear problems is as fol-
lows:

uﬁii =Fy (]P)],(llﬁ+1 7tn+17tn) +Fy (“ﬁvfnﬂ atn) _Fﬁf(]}blr{uﬁvtwrl atn)a 0<k<N.—1L

(7.28)
Depending on the construction of the reduced model, we refer to it as the POD para-
real method or the EIM parareal method.

Algorithm 7.4 describes the basic steps of the reduced basis parareal method for
linear problems. It follows a procedure similar to Algorithm 7.2, but requires less
memory for storing the bases. Notice that for linear problems, the coarse solver is
needed only for initializing the algorithm. After this first step, the fine solver pro-
duces all the information needed for the reduced model, and the algorithm no longer
depends on the coarse solver.

For nonlinear problems, the relationship

r

Fs(Phu,tig1,1) = 3, CFs (),1i41,1) (7.29)
Jj=1

does not generally hold, even if PXu — u. Therefore, the Krylov subspace parareal
method is not applicable. Fortunately, the knowledge of the development of reduced
models using empirical interpolation offers insight into dealing with nonlinear prob-
lems, as mentioned in Sect. 7.2.3.1. We construct the coarse time integrator as fol-
lows:

[%Af(uatH»latl) :Fgr(ﬂblr{uatﬂrlati)a (730)
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Algorithm 7.4 The reduced parareal method for a linear problem

1 Initialization:

2 llg = ug;

3 fori<—OtoN.—1do

4 u?Jr] = GAt(u?yti+17tl)

5 end

6 Iterations:

7 k=0;

8 for k — 0 to N; do

9 Parallel predictor step:

10 fori<— OtoN.—1do

1 | ufchr] :F5f(u5(7ti+17tl)

12 end

13 Constructing reduced basis by POD or EIM:
14 UF={ugk ,i=0,.,Nej=0,....k}

15 | S=POD(U¥) or $ = EIM(U*) where S = {s;,i = 1,...,r}
16 Marching the basis:

17 for i < 1 tordo

18 | Sy, = Fs(s:,0,A):

19 end
20 Sequential correction step:

21 fori— OtoN.—1do

2 Phuf =37, Cjs; —C;

23 Ra (W ty,0) = Zﬁil CjSy;

24 “{-(ill = ]eAt(“{(le it 1,ti) — “ff':q +]A<At(“{'€7t/+1 i)
25 end

26 end

where Fy, is the reduced model constructed by POD or EIM as we described in
the previous section. Consequently, our reduced basis parareal method for nonlinear
problems becomes

uﬁi} = Fgr (]P)]r(uf];-i_l 7tﬂ+1 7tn) +F5r(u;];7tn+1 7tn) _th(]}nlrcu];;vtwrl’tn)v
0<k<N.—1. (7.31)
As long as there exists a suitable reduced model for the problem, we can evaluate R,

efficiently while maintaining an accuracy commensurate with the fine solver. The
reduced basis parareal method for nonlinear problems is outlined in Algorithm 7.5.
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Algorithm 7.5 The reduced parareal method for a nonlinear problem

Initialization:
0

u, = up;
for i — 0toN.—1do
u?Jrl =Gy (u?ytiJrl o)
end
Iterations:
k=0;
for k — 0 to Nj; do
Parallel predictor step:
for i<— O0toN.—1do
| uf5€+1 :F&(Uf(,l,'_'_],l‘,)
end
Constructing reduced basis:
UF={ugk ,i=0,.,Nej=0,....k}
S = POD-DEIM(U*) or § = EIM(U*) where S = {s;,i = 1,...,r}
Sequential correction step:
fori<— OtoN.—1do
K0k i1, 0) = Ff, (PR 1 1)
]%Al (u{(+l 7tl+17tl) = Fart (Plﬁu{(Jrl 7tl+17tl)

k+1 % k+1 ©
uji_l :KAl(u,+ 7tl+17tl)_uf;(+l +KA[(“{'€7tl+l7ti)

N-TEN-CREEN - N I 2 I

S S N i < T T
S O ® NN B wWRN =S

end

~
—_

end
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7.3 Analysis of the Reduced Basis Parareal Method

In the following we provide some analysis of the reduced basis parareal method
to understand its stability, convergence and overall computational complexity.
Throughout, we assume that there exists a reduced model for the continuous prob-
lem.

7.3.1 Stability analysis
We first consider the linear case. Define the projection error:
g = |l@-PH|, 0.1, (7.32)
where 7 is the dimension of the reduced space. We assume a projection error
g <e, Vjk (7.33)

and define:

Cpy = V) k. (7.34)

£
AT’
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It is reasonable to assume that the fine propagator is L, stable, i.e., there exists a
nonnegative constant Cy- independent of the discretization parameters, such that,

[Fs (Vstists i)l |10,y < (L +CrAT)||V]|1,0,), YV € L2(0,T). (7.35)

Theorem 7.1 (Stability for the linear case) Under the assumption of (7.33) and
(7.35), the reduced basis parareal method is stable for (7.1) with N =0, i.e., for

each i and k,
0,7y < Crer AT, (7.36)

where Cy, is a constant depending only on Cp ,, Cr, and .

Proof Using the triangle inequality, linearity of the operator, and assumption (7.35),
we obtain

k+1 ko k k
||“,~i1 ||L2(0,T) < ||F5r(]Prui+lati+latl)”Lz(O,T) + [ F5 (uf s tiy1,:)

— Fy (Phuf 1i41,1,)] |1,(0,7) (7.37)
< (1+CrAT)|[uf |, 0.1
+ (14 CrAT)|[(T— PO |15 0.7)- (7.38)

Then, by the discrete Gronwall’s lemma [9] and (7.33), we recover

1 0y < (14+CRAT)H!

i
< ([ |00 +AT Y, (1+CrAT) Cp ) (7.39)
Jj=0
= (1+CpATY M, 0.0)
1
+5-( +CrAT) T = 1)Cp, (7.40)
i
) 1 )
< DA g || 0.1y + C—(eCF(’“)AT —1)Cp. (7.41)
F

This completes the proof.

Note that if there exists an small integer M (indicating a compact reduced approxi-
mation space) such that,
lin]bCpJ =0, (7.42)
r—

then we recover the same stability property as that of the fine solver:

eCF(I+1)

k+1 AT
g |, 0.y < [laol|z,(0.7)-

For the nonlinear case, we further assume that there exists a nonnegative constant
C,, independent of the discretization parameters, such that,

1o/ (v,tis1,1) = F§, (Bt 1) 1,0y < (14 GAT)gf, W e La(0,T), (743)
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where qf‘ is the L,-difference between the fine propagator and the reduced model
using the same initial condition v at #;. As before, we assume

qi<e, Vjk (7.44)

Theorem 7.2 (Stability for the nonlinear case) Under assumptions (7.35), (7.43)
and (7.44), the reduced basis parareal method is stable for (7.1) in the sense that
for each i and k

I 1 0.7y < Cue DAL, (7.45)

where C, = max{C,C,} and Cy is a constant depending only on Cp,, Cr, C,
and uy.

Proof Using the triangle inequality and assumptions (7.35) and (7.43), we have

b 0.7y < NG (PRt )y 0. + | Fse (ul i1 1)
— F5, (BRuf b1, 4) 0,1 (7.46)
< (1+CrAT)|[W |00y + (1+CLAT) g} (7.47)

Next, by the discrete Gronwall’s lemma and (7.44), we derive

i y0.r) < (1+CrpAT)™

i+1
< (N 100 + AT iou FCATYIC,)  (149)
J=
= (1+CpAT) Mug (1,07
- C%((1 +CAT) T = 1)Cpr (7.49)
< DA ug||, 0.7y + é(ecﬂ’“)” —1)Cp. (7.50)

This completes the proof.

7.3.2 Convergence analysis

To show convergence for the linear case, we first assume that there exists a nonneg-
ative constant Cy, such that,

[Fo (X tiv1,t:) = For (Y, tiv 1, t)|[ 1,01y < (1 +CRAT) X =yl 1,07, Vi > 0.
(7.51)

We define

wh = [|(T=PH)u; |l 09, (7.52)

J

and assume that
wh<e, Vjk (7.53)
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Theorem 7.3 (Convergence for the linear case) Under assumption (7.33), (7.42),
(7.51), (7.53) and N = 0 in (7.1), the reduced basis parareal solution converges to
u; 1 for each i.

Proof Using the reduced basis parareal formula and the linearity of the operator, we
obtain

k+1 k k41 k
Wy — Wi :Fﬁf(]P)rui ati+17tl) +F5f(u1 ati+17tl)

—F5 (IP’],(UZ{,I,H i) — Fs (Wt 1) (7.54)
= F5,(Phuf* Y 401,0) — Fs, (PRuy, 1001, 11) (7.55)
+ Fy(uftis1,10) — Fy (P i1, 1) (7.56)
+ Fs (Pl tis,1;) — Fs, (Wi tig1, 7). (7.57)

By the triangular inequality and assumption (7.51), we recover

b =it ], 0.0) < (1+CRAT) [l —wil |, 0.1 (7.58)
+ (14 CpAT)[|(T— PO 0.7) (7.59)
+ (14+CrAT)||(T—PE)w|1,0,7)- (7.60)

Finally by the discrete Gronwall’s lemma, (7.33) and (7.53), we obtain
||“f~€+1 —Wi1|lz,0,7) < (1 +CrAT) T ([[uf ! — g l12(0.7) (7.61)

+ATZ(1 +CrAT)Cp

Jj=0
i
+AT Y (1+CpAT)/Cpy) (7.62)
J=0
1
<2AT Y (14+CrAT)/Cp, (7.63)
Jj=0
2 i+1
C—((l +CrAT) ' = 1)Cpr (7.64)
2
< (AT ey, (7.65)
Cr

which approaches zero as r increases. This completes the proof.

For the nonlinear case, we must also assume that there exists a nonnegative con-
stant C,, such that,

||F61(“{'€7ti+1»t1) (]Prul olit1s l‘;)||L2 0r1) < (1+C AT)% )

(7.66)
||F5t(ulatl+lati) - Sr(]prulati+l7tl)||L2(O,T) < (1 +CV‘AT)p17
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where qf‘ and pf.‘ represent the L,-difference between the fine operator and the re-
duced solver using the same initial condition uf-‘ and u;. As before, we assume that

ri<e, Vjk (7.67)

Theorem 7.4 (Convergence of the nonlinear case) Under assumptions (7.42),
(7.43), (7.44), (7.66) and (7.67), the reduced basis parareal solution of (7.1) con-
verges to ;11 for each i.

Proof Using the reduced basis parareal formula, we obtain
i =i = B PR 6) + By (uf g 0)
— B (PR} ti1, 1) = Foy (wi ti21,11) (7.68)
= Fé‘r(]}D}:u?+1 7ti+1 7tl) - gf(]}bl:uiati+1 7tl)
+ Fy (Uf ti11,10) —Fg, (Phuf ti41,1:)
+ L (PR, ti1,4) — F, (Wi i) (7.69)
By the triangular inequality and assumptions (7.66) and (7.43), we have
N —wiill,0.0) < (L4HCRAT) [y — w1, 07)

+(1+CAT)gE +(1+C.AT)pf. (7.70)

Then, by the discrete Gronwall’s lemma, (7.44) and (7.67) we recover

2 .
I = w00 < o +CAT) T —1)Cp, (7.7
r
2
< g(eC’("H)AT —1)Cpr, (7.72)
r

which approaches zero as r increases under assumption (7.42).

For the above analysis it is worth emphasizing two points:

* The accuracy of the new parareal algorithm is O(¢), since C), - depends on € as a
measure of the quality of the reduced model. We shall confirm this point by the
numerical tests in Sect. 7.4.

* Theorem 7.3 and 7.4 indicate that if there exists a good reduced approximation
space for the problem, the new parareal algorithm converges in one iteration.

7.3.3 Complexity Analysis

Let us finally discuss the computational complexity of the reduced basis parareal
method. Recall that the dimension of the reduced space is r and that of the fine solu-
tion is NV. This is assumed to be the same for the coarse and fine solvers although this
may not be a requirement in general. The compression ratio is R = r/N. Following
the notation of [21]: tpr(k), Trp(k) (representing Tsyp(k), Temi(k), and Tpris(k)
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in different scenarios) reflect computing times required by the corresponding opera-
tions at the -th iteration. 7. and 7 is the time required by the coarse and fine solvers,
respectively. N, = N.Ny is the total number of time steps in one iteration with N, be-
ing the number of the coarse time intervals and N, the number of fine time steps on
each coarse time interval. N, is the number of processors.

In [21], the speedup is estimated as

Nty
S 7.73
( p) Nt + Ny (N, Tc+]\G/N Tf)‘l'MtTQR(lt) ( )
1
- Ne 7 NigTor(Ni) | Ny (7.74)
(1N (G ) + =0 + 5

In the reduced basis parareal method, 7. = R? Ty, since the complexity of the com-
putation of the right hand side of system is O(r2). In addition, Ty becomes gy or
T 1~ With this in mind, the speedup can be estimated as

1

N;
(14 Ny (R R2) + Mfputdia) o L

S(N,) = (7.75)

Next, we examine the first two terms in the denominators of (7.74) and (7.75).

* In the first term, 7./7, takes the role of R2. Hence, we can achieve a compa-
rable performance, if R ~ 4/1./1y, i.e, if the underlying PDE solution can be
represented by a reduced basis set of size O(\/7./77N). Suppose that /7. /Ts =
v/ 1/20 ~ 0.23. This requires that R < 1/4, which is a reasonable compression
ratio for many problems. In addition, it is possible to use a reduced basis approx-
imation to achieve a better performance for cases where CFL conditions lead to
restrictions for the coarse solver.

* For the second term, Tgyp ~ Tor ~ O(N. N2N2) while g ~ O(r3/2N,th +
rNNyN.). Therefore, Tsyp/Trm ~ O2N;N, /er). As N, increases, Ty be-
comes smaller. In addition, EIM has very good parallel efficiency and requires
less memory during the computation.

Also note that N;; would typically be different for the reduced basis parareal method
and the original parareal method. If a reduced space exists, the modified algorithm
usually converges within a few iterations, hence accelerating the overall conver-
gence significantly.

7.4 Numerical Results
In the following, we demonstrate the feasibility and efficiency of the reduced ba-

sis parareal method for both linear and nonlinear problems. We generally use the
solution obtained from the fine time integrator as the exact solution.
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Fig. 7.5. POD parareal method, and the EIM parareal method for the 1-D advection equation.

On the left we show the L..-error at 7 = 10 against the number of iterations while the right

shows the number of bases used for satisfying the tolerance of £(10~!3) in the POD and EIM

parareal methods across the iterations

7.4.1 The Linear Advection Equation

We begin by considering the performance of the reduced basis parareal method and
illustrate that it is stable for the 1-D linear advection equation (7.10). The spatial and
temporal discretizations are the same as used in Sect. 7.2 and parameters in (7.11)
are used.

In Fig. 7.5 (left), we show the L..-error at 7 = 10 against the number of iterations
for the original parareal method, the POD parareal method, and the EIM parareal
method. The accuracy of the fine time integrator at 7 = 10 is 4 x 103, The original
parareal method is clearly unstable, while the other two remain stable. The very
rapid convergence of the reduced basis parareal method reflects that the accuracy of
reduced model is very high for this simple test case. As we will see for more complex
nonlinear problems, this behavior does not carry over to general problems unless a
high-accuracy reduced model is available.

In Fig. 7.5 (right), we show the number of bases used to satisfy the tolerance € in
the POD parareal method and the EIM parareal method. Here € in the POD context
is defined as the relative energy in the truncated mode and in the EIM context it is the
interpolation error. In both cases, the tolerance in the basis selection using POD or
EIM is set to 1013, We note that the EIM parareal method achieves higher accuracy
but requires more memory to store the bases. This suggests that one can explore a
tradeoff between accuracy and efficiency for a particular application.

Remark 7.1 It should be noted that if only snapshots from the previous iteration is
used in the EIM basis construction, the scheme becomes unstable. However, when
including all snapshots collected up to the previous iteration level, stability is re-
stored.

Figure 7.6 (upper left) shows the convergence behavior of the EIM parareal al-
gorithm with different tolerances (¢ = 10 %,k = 2,4,6,8, 10, 12). The convergence
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Fig. 7.6. The performance of the EIM parareal method for the 1-D advection equation against
the tolerance used in the design of the reduced basis. On the upper left we show the Le.-error
at 7' = 10 against the number of iterations as the tolerance € decreases and on the upper right
the number of bases used for satisfying the tolerance as € decreases, where € = 107% k =
2,4,6,8,10,12; On the lower left and right, we show the corresponding convergence results
and the number bases with the reorthogonalization procedure of the evolved basis

stagnates at a certain level and instability may set in after further iterations. There
are two reasons for this: 1) as € becomes small, the reduced bases may become linear
dependent, leading to a bad condition number of the related matrices that may im-
pact stability; 2) the newly evolved reduced bases S 1, for the fine solution may not be
within S anymore. To resolve this problem, we first perform the reorthogonalization
of the reduced bases to obtain a new space S and then project the newly evolved so-
lution K4, (uf.‘Jrl Jtiv1,2) back to S.In Fig. 7.6 (lower left) we show the convergence
results following this approach. Most importantly, stability is restored. Furthermore,
the dependence of the final accuracy on € is clear. These results are consistent with
Theorem 7.3, stating that the parareal solution converges to the serial solution inte-
grated by the fine solver as long as the subspace S saturates in terms of accuracy.
In practice, one can choose € such that the accuracy of the parareal solution and the
serial fine solution are comparable.
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7.4.2 The second order wave equation

To further evaluate the stability of the new parareal algorithm, we consider the sec-
ond-order wave equation from [8]:

Uy = czuxxa (xat) € (0,27‘5) X (O,T],
u(x70) :f(x)v Uf(x,O) :g(x)7

where 7' = 10 and ¢ = 5 and a 27-periodic boundary condition is used. The initial
conditions are set as

(7.76)

N
fx)y =Y ae™, g(x)=0 7.77)
J——
and .
S W 71 7é 07
0 /=0

and set p = 4. In the following we use a Fourier spectral discretization with 33 modes
in space [14] and the velocity Verlet algorithm in time [24]. The following parame-
ters are used in the parareal algorithm:

N,=100, Ny =10, Ar=10"3, & =10"" (7.78)

The tolerance for POD is set to 10!, respectively.

In Fig. 7.7 (left), we show the L..-error at 7 = 10 against the number of iterations
for the original parareal method and the POD parareal method. The original parareal
method is clearly unstable, while the POD parareal remains stable and converges in
one iteration. This confirms our analysis: if the reduced model is accurate enough,
the reduced basis parareal should converge in one iteration. In Fig. 7.5 (right), we

" —e— parareal-pod|

—e—6//-7 -08 321

—e—6//-T -609

number of basis
N
3

——,
% & ' ( ) " 1 2 3 4 5 6 7 8 9 10
-0, 4012 iterations

! " # $

Fig. 7.7. Results obtained using the original parareal method, the POD parareal method for
the 1-D second order wave equation. On the left we show the L..-error at 7 = 10 against
the number of iterations while the right shows the number of bases used for satisfying the
tolerance of £(10~!'1) in the POD parareal method across the iterations
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show the number of bases needed to satisfy the tolerance € in the POD parareal
method.

7.4.3 Nonlinear Equations

Letus also apply the reduced basis parareal method to examples with nonlinear PDEs.
We recall that the Krylov based approach is not applicable in this case.

7.4.3.1 Viscous Burgers’ Equation

We first consider the viscous Burgers’ equation (7.6), with the same spatial and tem-
poral discretization and the same parameters as in (7.7). To build the reduced basis,
we set the tolerance for POD and EIM to be 10~15 and 1010, respectively.

In Fig. 7.8 (left), we show the L.-error at 7 = 2 against the number of iterations
for the original parareal method, the POD parareal method, and the EIM parareal
method. Note that in this case, the RB parareal performs worse than the original
parareal does. It is a result of the reduced model not adequately capturing the in-
formation of the fine solver. Recall that in the nonlinear case, we have to deal with
two approximations: one for the state variables and one for the nonlinear term. For
the POD parareal algorithm, we choose the number of reduced bases based on the
tolerance for the state variable u; alternatively, we can choose the dimension of the
reduced approximation space based on the tolerance for the nonlinear term. The
latter approach shows better convergence behavior in Fig. 7.8 (left, parareal-pod-
modified). It is apparent that the quality of the reduced model directly impacts the
convergence.

We emphasize that although the reduced basis parareal method converges slower
than the original parareal, it is less expensive, as discussed in Sect. 7.2.3.1.

60 B —e— parareal-pod
—&— parareal-eim

=—p— parareal-pod-modified
N 1
10 \\_/_—\\ sl |

v

max error
3
number of basis

—e— parareal-org o o o o o
—e— parareal-pod 1
—&— parareal-eim

—p— parareal-pod-modified

20

Fig. 7.8. We compare the performance of the original parareal method, the POD parareal
method, the modified POD parareal and the EIM parareal method for the 1-D Burgers’ equa-
tion. On the left we show the L..-error at 7 = 2 against the number of iterations, while the
right illustrates the number of bases
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Fig. 7.9. We compare the performance of the original parareal method, the POD parareal
method, and the EIM parareal method for the 1-D Kuramoto-Sivashinsky equation. On the
left we show the Le.-error at 7' = 40 against the number of iterations, while the right shows
the number of bases used against the number of iterations

7.4.3.2 Kuramoto-Sivashinsky Equation

Next we consider the Kuramoto-Sivashinsky equation (7.8). The same spatial and
temporal discretization and the same parameters as in (7.9) are used. To build the
reduced basis, we set the tolerance for POD and EIM to be 10~ '3 and 10~3, respec-
tively.

In Fig. 7.9 we show the L.-error at 7 = 40 against the number of iterations for the
original parareal method, the POD parareal method, the modified POD parareal, and
the EIM parareal method. It is clear that the reduced basis parareal method converges
faster than the original parareal method. This is likely caused by the solution of the
problem being smooth enough to ensure that there exists a compact reduced model.
Moreover, to keep the corresponding tolerance, the number of degrees of freedom in
the reduced basis parareal methods is roughly one-third that of the original parareal
method.

7.4.3.3 Allan-Cahn Equation: Nonlinear Source

As a third nonlinear example we consider the 1-D Allan-Cahn equation:

a_? = Vi tu—1, (x,0) € (0,27) x (0, ],

u(x,0) = 0.25sin(x),

(7.79)

where T =2 and v =2,1,107!,1072. A periodic boundary condition is assumed.
We use a P| DG method with 100 elements in space [15] and a forward Euler scheme
in time. The following parameters are used in the parareal algorithm

N,=200, Ny=5, Ar=1x10"*% &=5x10°. (7.80)
We set the tolerance for POD and EIM to be 10~!2 and 108, respectively.
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Fig. 7.10. The POD parareal method for the 1-D Allan-Cahn equation. On the left we show
the L..-error at 7 = 2 against the number of iterations for different values of v and on the right

we show the number of bases

In Fig. 7.10 (left), we show the L..-error at 7 = 2 against the number of iterations
for the POD parareal method for different values of v’s. It is clear that for larger
values of v, the solution converges faster and less elements in the reduced basis is
needed. This is expected since a larger v indicates a smoother and more localized
solution which is presumed to allow for an efficient representation in a lower dimen-
sional space. Similar results are obtained by an EIM based parareal approach and are
not reproduced here.

7.4.3.4 KdV Equation: Nonlinear Flux

As a last example we consider the KdV equation (taken from [26]):

Ju w?
EZ—(7)x—Vuxxx, (x,t)e(—l,l)X(O,T],

u(x,0) = 1.540.5sin(2xx),

(7.81)

where 7 =2 and v = 103 and we assume a periodic boundary condition. The equa-
tion conserves energy, much like the linear wave equation, but the nonlinearity in-
duces a more complex behavior with the generation of propagating waves. In the
parareal algorithm we use

N.=100, N, =10, At=10"*% &=10"7. (7.82)

We use a first order local discontinuous Galerkin method (LDG) with 100 el-
ements in space [15,26] and an IMEX scheme in time [1], with the linear terms
treated implicitly and the nonlinear term explicitly. We set the tolerance for POD
and EIM to be 107! and 10~%, respectively.

In Fig. 7.11 (left) we show the Le.-error at 7 = 2 against the number of iterations
for the original parareal method, the POD parareal method, and the EIM parareal
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Fig. 7.11. We compare the performance of the original parareal method, the POD parareal
method, and the EIM parareal method for the 1-D KdV equation. On the left we show the
Le-error at 7' = 2 against the number of iterations, while the right shows the number of bases

used against the number of iterations

method. While the POD parareal method does not work well in this case, the EIM
parareal method shows remarkable performance, i.e., it converges much faster than
the original parareal method. Note that even if the tolerance for the POD is smaller
than that of the EIM, it does not guarantee that the reduced model error based on the
POD approach is smaller. There are two reasons: 1) the meaning of the tolerance in
the context of the POD and the EIM are different. 2) in the convergence proof of
(7.71), the constants C;,,C,,  depend on the details of the reduced approximation and
the dimension of reduced approximation space, which impact the final approxima-
tion error.

7.5 Conclusions

In this paper, we propose an approach to produce and use a reduced basis method
to replace the coarse solver in the parareal algorithm. We demonstrate that, as com-
pared with the original parareal method, this new reduced basis parareal method has
improved stability characteristics and efficiency, provided that the solution can be
represented well by a reduced model. The analysis of the method is confirmed by the
computational results, e.g., the accuracy of the parareal method is determined by the
accuracy of the fine solver and the reduced model, used to replace the coarse solver.
Unlike the Krylov subspace parareal method, this approach can be extended to in-
clude both linear problems and nonlinear problems, while requiring less storage and
computing resources. The robustness and versatility of the method has been demon-
strated through a number of different problems, setting the stage for the evaluation
on more complex problems.
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On the Stability of Reduced-Order Linearized
Computational Fluid Dynamics Models Based
on POD and Galerkin Projection:

Descriptor vs Non-Descriptor Forms

David Amsallem and Charbel Farhat

Abstract The Galerkin projection method based on modes generated by the Proper
Orthogonal Decomposition (POD) technique is very popular for the dimensional re-
duction of linearized Computational Fluid Dynamics (CFD) models, among many
other typically high-dimensional models in computational engineering. This, despite
the fact that it cannot guarantee neither the optimality nor the stability of the Reduced-
Order Models (ROMs) it constructs. Short of proposing any variant of this model
order reduction method that guarantees the stability of its outcome, this paper con-
tributes a best practice to its application to the construction of linearized CFD ROMs.
It begins by establishing that whereas the solution snapshots computed using the
descriptor and non-descriptor forms of the discretized Euler or Navier-Stokes equa-
tions are identical, the ROMs obtained by reducing these two alternative forms of the
governing equations of interest are different. Focusing next on compressible fluid-
structure interaction problems associated with computational aeroelasticity, this pa-
per shows numerically that the POD-based fluid ROMs originating from the non-
descriptor form of the governing linearized CFD equations tend to be unstable, but
their counterparts originating from the descriptor form of these equations are typi-
cally stable and reliable for aeroelastic applications. Therefore, this paper argues that
whereas many computations are performed in CFD codes using the non-descriptor
form of discretized Euler and/or Navier-Stokes equations, POD-based model reduc-
tion in these codes should be performed using the descriptor form of these equations.
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8.1 Introduction

Linearized Computational Fluid Dynamics (CFD) models are ubiquitous in many ap-
plications pertaining to fluid dynamics. These include flow control, sensitivity anal-
ysis, shape optimization, flow stability analysis, and dynamic fluid-structure per-
turbation problems such as flutter, among others. In general, these computational
models are less CPU intensive than their nonlinear counterparts. Nevertheless, be-
cause of the large dimensionality of these CFD models and the time-criticality of
the aforementioned applications, there is a growing interest in developing Model
Order Reduction (MOR) methods for constructing Reduced-Order Models (ROMs)
that can capture the main characteristics of their high-dimensional counterparts at a
fraction of the CPU cost they entail. A large class of such MOR methods is based
on projection methods. These map a large number of degrees of freedom to a small
number of generalized coordinates using a right Reduced-Order Basis (ROB). They
also constrain the residual resulting from this approximation to be orthogonal to a
left ROB.

The Proper Orthogonal Decomposition (POD) [27] — also known as the Singu-
lar Value Decomposition (SVD) — is a non-intrusive technique for generating a right
ROB. Galerkin projections —that is, projections using identical left and right ROBs —
with POD “modes” constitute a popular mean for constructing CFD-based linear
ROMs [1,2,5,11,14,23,29]. This, despite the fact this approach for model reduction
does not guarantee neither the optimality nor the stability of the ROMs it produces.
To address the issue of ROMs constructed without a guaranteed stability, stabiliza-
tion methods [4, 6] have been developed. In the specific context of CFD applica-
tions, more intrusive POD-based techniques have also been successfully developed
for MOR. As it can be expected, each of these alternative approaches for restoring
or guaranteeing stability has advantages and shortcomings.

Alternatively, this paper sheds some light on the behavior of the basic POD-based
Galerkin projection method for CFD applications. It also proposes a best practice for
reducing the occurrence of unstable POD-based linear ROMs that has proved to be
effective for a large number of CFD problems. It conjectures that a large number
of these occurrences is promoted by the application of the reduction process to the
non-descriptor form [24] of the governing CFD equations. This form of an Ordi-
nary Differential Equation (ODE) (or a set of them), which is also known as the
“autonomous form of an ODE system,” is characterized by the identity matrix as
the coefficient of the term with the highest derivative. It is popular in many compu-
tational engineering applications including multibody dynamics [15,17], molecular
dynamics [26], and CFD [2,7,16,20,23]. This paper also shows numerically that, on
the other hand, when MOR is applied to the descriptor form [24] of the governing
equations, stable CFD ROMs are typically obtained.

To this effect, the remainder of this paper is organized as follows. Section 8.2 sets
the stage for linearized Arbitrary Lagrangian Eulerian (ALE) CFD problems with
moving boundaries and their semi-discretization by a finite volume method. The em-
phasis on moving boundaries is due to their predominant role in generating unsteady
flows — even in the absence of turbulence — and their importance in dynamic fluid-
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structure applications. This section also introduces the descriptor and non-descriptor
forms of a Linear Time-Invariant (LTI) system. Section 8.3 overviews the POD-
based Galerkin projection model in the context of linearized CFD problems. More
specifically, it shows that whereas the snapshot solutions computed using either the
descriptor or non-descriptor form of a CFD-based LTI system are identical, the lin-
ear ROMs obtained by reducing both forms of this system using a Galerkin projec-
tion method are different. Section 8.4 focuses on realistic dynamic fluid-structure
interaction problems to illustrate the formulated conjecture. It also highlights the ro-
bustness of Galerkin projections with POD modes when applied to the descriptor
form of the governing fluid equations. Finally, Sect. 8.5 summarizes and this paper
and concludes it.

8.2 Linearized CFD-Based Analysis

8.2.1 Governing Equations in Descriptor Form

The semi-discretization of the ALE form of the Navier-Stokes equations with mov-
ing boundaries by a finite volume method leads to the following system of ODEs

e~

(V(x)w) +F(w,x,x) =0, 8.1

where:

 adot denotes the derivative with respect to time #;

« Ve RN/ is a diagonal matrix storing the cell volumes and Ny denotes the
dimension of the semi-discrete fluid system;

+ w(t) € RV denotes the time-dependent conservative fluid state vector;

« F e RM denotes the vector of numerical fluxes;

+ x denotes the vector position of the CFD mesh nodes.

The linearization of (8.1) about an equilibrium state (wo, X0, Xo) designated by
the subscript 0 leads to the following set of ODEs [21]
Voow+Hoow +Rpéx +Godx =0, (8.2)

where:

+ 0 designates a small perturbation of the quantity it is applied to;
» The subscript 0 designates the evaluation of a quantity at the equilibrium state

(Wo,X0,%0);
JF . . .
« Hy= w € RYN7 denotes the Jacobian of the vector of numerical fluxes with
w
0
respect to w, at the equilibrium state (wo, Xo,Xo);
« R=E(+ 9F | RNyxNy , where, using Einstein’s notation, Eo,, = ai",’ wo, de-
Jx ij Jx; 0o

notes the Jacobian of the vector of numerical fluxes with respect to x, at the equi-
librium state (wo, xo,Xo);
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- G= g—f o € RV7*N7 denotes the Jacobian of the vector of numerical fluxes with
respect to x, at the equilibrium state (wo, X0, Xo).

To keep the notation as simple as possible, the symbold 6 and the subscript 0 are
dropped throughout the remainder of this paper. Hence, Eq. (8.2) is re-written as

VW + Hw + Rx + Gx = 0. (8.3)

Equation (8.3) above is said to be in “descriptor” form because V # Ly,, where Iy,
denotes the identity matrix of dimension N. Equation (8.3) is also referred to here
as a LTI system because all matrices V, H, R, and G are time-independent.

The reader is reminded that the leading matrix V is diagonal and that its entries
store the volumes of the cells of the CFD mesh. For external flow problems around
rigid or flexible bodies, the cells are usually very small near the wall boundaries, and
very large near the far-field artificial boundaries. Hence for such CFD problems, V is
diagonal but ill-conditioned.

8.2.2 Governing Equations in Non-Descriptor Form

The nonlinear equations (8.1) can also be written as
r(w,x,x) =0, (8.9)

where
r(w,x,X) = V(X)W + V(x)w + F(W, X, X). (8.5)

Hence, given an iterate fluid state vector (w,x¥,x¥), r(w,x¥,x*) designates the

residual associated with it — that is, the residual associated with a k-th iteration ap-
plied to the solution of Eq. (8.4).
Consider next the scaled residual

F(w,x,X) =V 1 (x)r(w,x,%). (8.6)

From a purely numerical analysis viewpoint, it could be argued that scaling r by
V~!is a bad idea because it involves the multiplication of the governing nonlinear
equations of equilibrium (8.1) by the inverse of a matrix. However, in both steady
and unsteady CFD codes, it is common practice to work with the scaled residual
introduced above for the following reasons:

+ scaling the entries of r by the corresponding inverses of the cell volumes mag-
nifies the residual in the small cells. In this case, given a stopping criterion and
a convergence tolerance, the solution of Eq. (8.4) delivered by a finite number
of iterations is most accurate in the flow regions where the cells are the smallest.
This is highly desirable because the smallest cells are typically located in the flow
regions where accuracy is most sought-after in the first place;

+ after time-discretization, scaling the entries of r by the corresponding inverses
of the cell volumes accelerates the convergence of an iterative process based on
local time-stepping and applied to the steady-state solution of Eq. (8.3) [18];
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 since V is diagonal, inverting this matrix is trivial.

The scaling (8.6) is associated with the following nonlinear semi-discrete fluid
equations of equilibrium

Iy, W4V 'V(x)w+V 'F(w,x,x) =0. (8.7)
The linearization of these equations about the equilibrium state (wo, Xo,Xo) leads to
Iy, W+ V 'Hw+V 'Rk +V 'Gx =0. (8.8)

Equation (8.8) above is said to be in “non-descriptor” form, because the matrix coef-
ficient of its leading term (or term with the highest derivative) is the identity matrix
Iy,. This LTI system is mathematically equivalent to its counterpart (8.3) which is
written in descriptor form.

It is conjectured here that because the non-descriptor form (8.7) of the nonlin-
ear semi-discrete fluid equations of equilibrium prevails in many CFD codes, POD-
based model reduction is performed in some if not many of these codes using ei-
ther inadvertently or purposely the non-descriptor form (8.8) of the governing lin-
earized semi-discrete fluid equations of equilibrium. For example, this is the case
for the POD-based model reductions performed in [20], [23], [2], [16], and [7].
For this reason, one objective of this paper is to analyze the differences, if any, be-
tween the linear ROMs constructed by reducing the descriptor form of the governing
equations (8.3), and their counterparts constructed by reducing the non-descriptor
form (8.8) of these equations.

8.3 Model Order Reduction via Galerkin Projection Based on
POD Modes

Whether applied to the descriptor or non-descriptor form of a LTI fluid system, a
projection-based MOR method generates another LTI fluid system of much smaller
dimension ks << Ny. In general, such a MOR method operates using two ROBs:

« aright (or trial) ROB @ & RY/**/ which has full-column rank and is introduced
to approximate the state vector w(¢) as follows:

w(t) = dw,(1). 8.9

In this case, the approximate state vector is uniquely defined by the vector of
generalized coordinates w, € R*/. Substituting this approximation into the LTI
fluid system of interest yields a non-zero residual r(¢) € R"/;

« a left (or test) ROB ¥ € RN/*4 which also has full-column rank, and is intro-
duced to limit the magnitude of the residual r(¢) by constraining it to satisfy the
orthogonality condition ¥ r(¢) = 0, where the superscript 7' designates the trans-
pose.
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When ¥ # @, a projection-based MOR method is also known as a Petrov-Galerkin
approximation method. When ¥ = @, it is known as a Galerkin approximation
method.

In the remainder of this paper, the focus is set on the Galerkin projection method
(¥ = @), and the POD technique for constructing the ROB @.

8.3.1 Snapshot Collection

The POD technique based on numerical snapshots [27] computes a trial ROB @
by compressing the information contained in solution snapshots of the system of
interest. For LTI systems, these snapshots can be computed either in the time domain,
or in the frequency domain. To simplify notation, only the case of a single forcing
input function x(¢) is presented below. However, it is noted that the extension to
multiple inputs is straightforward (for example, see [23]).

In the time domain, solution snapshots are obtained by computing the dynamic
response of the LTI system of interest to a given impulse forcing input and collecting

samples of the time-dependent response {w(z;) fi“l, where »,, denotes the number
of snapshots, in a matrix W as follows
W=W(r,-ty,) = [w(t) ... wity,)] - (8.10)

In the frequency domain, complex-valued snapshots [19,22,23,28,30] are ob-
tained by formulating and solving the dynamic response problem in the frequency
domain, and collecting samples of the frequency-dependent response in a similar
matrix W. For example, when working with the LTI system (8.3) written in descrip-
tor form, the following frequency domain problems are formulated and solved

(joV+H)w(w) = —(joR+ G)x, i=1,2, -, Ny, 8.11)

where @; denotes a sampled circular frequency of interest, j denotes the pure imagi-
nary complex number satisfying j> = —1, and x denotes the amplitude of a harmonic
mesh motion driven by a harmonic displacement of the body around which the flow
is computed. Then, the computed complex-valued samples w(@;) are collected in a
snapshot matrix W as follows

W=W(w, - oy,) =
[Re(w(wr))...Re(w(wy,))Im(w(w;))...Im (w(wy,))]. (8.12)

Similarly, when working with the LTI fluid system (8.8) written in non-descriptor
form, the frequency domain problems are formulated as follows

(joly, +V 'H)w(o) = —(joV '"R+V'G)x,  i=1,2, -+, N,, (8.13)

and the computed complex-valued samples w( ;) are collected in a similar snapshot
matrix W as above.

At this point, it is noted that whether collected in the time or frequency do-
main, and except for round-off effects, the snapshots are independent of the form
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in which the underlying LTI system is written. This is because both descriptor and
non-descriptor forms of a LTI system are mathematically equivalent. However, as it
will be shown below, the trial ROBs @ constructed using these snapshots differ.

8.3.2 Reduction of the Descriptor Form of the Governing Equations

Suppose that the LTI fluid system written in descriptor form (8.3) is chosen as the
computational fluid model of interest. Note that the diagonal matrix V is also a sym-
metric positive definite matrix and therefore defines a norm. Hence in this case, after
all solution snapshots are computed in either the time or frequency domain, the POD
technique proceeds with performing the eigenvalue decomposition

W/ VW = 094907 (8.14)

where W/ VW € RM>*M s ysually a small-size matrix, and the superscript d des-
ignates the descriptor form of the underlying governing equations. Next, this de-
composition is truncated to account only for the first £, eigenvalues of A4 and their
corresponding eigenvectors, and the trial ROB @7 is constructed as follows

1
! =wuip? ?| (8.15)

where U and A are the truncated counterparts of U¢ and A4, respectively.

Alternatively, @7 can be constructed by first computing the SVD of the matrix
V2W, retaining the first k; left singular vectors Y, and finally performing the fol-
lowing matrix-matrix multiplication

o? = VY. (8.16)

Finally, performing a Galerkin projection of the governing equations (8.3) using
Y = @ = @9 leads to the reduced-order LTI fluid system

Wy (cdeH¢>d> Wt (tdeR) K+ (CDdTG) x=0, (8.17)

which is also referred to here as the linear fluid ROM based on the descriptor form
of the governing equations.

8.3.3 Reduction of the Non-Descriptor Form of the Governing
Equations

If on the other hand the non-descriptor form (8.8) of the LTI system of interest is
chosen as the computational model of interest, the POD process proceeds with per-
forming the following eigen decomposition instead

W/W = (7 And gnd” (8.18)

where the superscript nd designates the non-descriptor form of the underlying equa-
tions, and @™ is constructed as in (8.15). Then, performing a Galerkin projection
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of the governing equations (8.8) using this trial ROB leads to
Wi+ (CD"dTV’lth”d) Wyt (cb”dTV*lR) K+ ((D”dTV’1G> x=0. (8.19)

This reduced LTI fluid system is also referred to here as the linear fluid ROM based
on the non-descriptor form of the governing equations.

8.3.4 Comparison of Alternative Reduced-Order Models

From (8.14) and (8.18), if follows that for V £ Iy, U? £ U™, and therefore @9 =

@ Hence, the linear fluid ROM (8.17) based on the descriptor form of the gov-
erning equations is in general different from its counterpart (8.19) based on the non-
descriptor form of the governing equations.

Remark. The reader can check that if the descriptor form of the LTI fluid system
of interest is reduced by a Galerkin projection method, but its non descriptor form
is reduced instead by a Petrov-Galerkin method, the choices

o=@ Y =@ and Y=V (8.20)

lead to two linear fluid ROMs that are identical. However, the focus of this work is
set exclusively on the popular Galerkin projection method, and on the POD modes.

8.4 Applications to Dynamic Fluid-Structure Interaction
Problems

Now that it has been established that the reductions of the descriptor and non-
descriptor forms of a LTI system by a Galerkin projection method lead to two dif-
ferent ROMs, it remains to assess whether in the case where the ROBs are generated
using the POD technique, the two alternative ROMs exhibit or not different accuracy
and numerical stability properties for interesting applications. This is the objective
of this section which, for this purpose, focuses on a special class of fluid-structure
interaction problems known as aeroelasticity. Such problems are usually character-
ized by a linear, elastic structural subsystem, and a high-speed compressible fluid
subsystem. The present focus on aeroelastic applications is motivated by the fact
that linearized CFD is rapidly becoming a very competitive approach for modeling
the fluid component of a perturbed aeroelastic system, primarily because it provides
arelatively low-cost mean for capturing the effects of shocks in the transonic regime.

To this effect, each of the two fluid ROMs developed in Sectsions 8.3.2 and 8.3.3
is coupled here with a classical modal ROM of the structural subsystem past which
the flow is computed, in order to obtain in each case a linear fluid-structure ROM.
Then, two inviscid aeroelastic applications are considered: the flutter analysis in tran-
sonic air speeds of a wing-store-fuel configuration and of a F/A-18 fighter jet config-
uration, respectively. For each application, the numerical stability of the fluid ROM
constructed using the descriptor or non-descriptor form of the governing fluid equa-
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tions is assessed, and its effect on the behavior of the corresponding coupled fluid-
structure ROM is highlighted.

8.4.1 Linearized Coupled Fluid-Structure Reduced-Order Models

CFD-based linearized computational fluid models are rapidly becoming the preferred
computational models for representing the behavior of a compressible fluid subsys-
tem in a coupled fluid-structure system. For example, they are very popular nowa-
days in aeronautics for the flutter analysis of modern aircraft in the transonic and
other nonlinear regimes [10,21,25], and for loads analysis. In this and many other
related contexts, the structural subsystem of interest is typically represented by a
linearized finite element model that can be described by the following set of linear
ODEs

Mii + Du+ Ku = /p.Pw, 8.21)

where u € R denotes the vector of structural displacements of dimension Ny, M €
RNs*Ns P e RM*Ns and K € RV*Y are the finite element structural mass, damping,
and stiffness matrices, respectively, p.. is the free-stream pressure, and P € RVs*Ns
denotes the Jacobian of the aerodynamic forces acting on the wet surface of the
structure with respect to the fluid state vector w. The reader is reminded that in this
work, all vector quantities appearing in a linearized context are perturbations and that
the symbold & is dropped to keep the notation as simple as possible (see Sect. 8.2.1).
Modal decomposition is perhaps the most popular MOR method for a LTI struc-
tural subsystem such as that described in Eq. (8.21). In this case, the ROB X € RYs*4s
is constructed using the first &, natural mode shapes of the structural subsystem, and
Eq. (8.21) is reduced by a Galerkin projection onto the subspace of dimension &
spanned by the columns of X. In other words, u(¢) is approximated as follows

u(?) = Xu, (1), (8.22)

where u, € R¥ is the vector of generalized (modal) coordinates, and Eq. (8.21) is
transformed into the following linear structural ROM

ii, + D1, + Q2u, = \/puPrw,, (8.23)
where
D, =X'DX, P, =X'Po, (8.24)

@ = @ if the descriptor form of the LTI fluid subsystem is reduced, or @ = @™
if the non-descriptor form of the LTI fluid subsystem is reduced, and ©, € R%*% is
the diagonal matrix of natural circular frequencies of the structure.

Assimilating the ALE fluid mesh with a quasi-static pseudo-structure [9, 12] and
enforcing the compatibility of the displacements of the structural subsystem and the
ALE fluid mesh across the wet surface of the structure results in a linear relationship
between x and u that can be written as [21]

x = K*u, (8.25)
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where K* is a time-independent operator described in [13,21]. Hence, substituting
the above relationship into the LTI fluid subsystem written in descriptor form (8.3)
yields

Vw+Hw+RK i+ GKu=0, (8.26)

and substituting it into the LTI fluid subsystem written in non-descriptor form (8.8)
yields

W+ V 'Hw+ V 'RK*a+ V'GK*u = 0. (8.27)
Let
H=/2H and G=, /226, (8.28)
[ peo

where p.. denotes the free-stream density, and H and G do not depend neither on
the free-stream pressure p.. nor on p.. [22,23], but only on the free-stream Mach
number M.

Substituting the above expressions of H and G into Eq. (8.26) and Eq. (8.27) leads
in the descriptor case to

Vit /?ﬁwJFRK*nJr , /?GK*u =0, (829)

and in the non-descriptor case to

w+1/£ VI Hw+ V- 1RK*u+,/I’; V- 1GK*u = 0. (8.30)

Next, reducing the LTI fluid subsystems (8.29) and (8.30) by the Galerkin projection
method based on @“ and @”?, respectively, leads to the following general expression
of the linear fluid ROM

w,+,/1; H,w,+R,u,+,/£ Gyu, =0 (8.31)

H,— " Ho?!, R, =d!RK*X, G,=d" GK*X (8.32)

where

in the descriptor case, and
H, = o™ V'H®™, R, =@ VIRK*X, G,=@" V' IGK*X (833)

in the non-descriptor case.
Finally, re-writing Eq. (8.23) in first-order form and combining it with Eq. (8.31)
leads to the following coupled fluid-structure linear ROM of dimension &y -+ 2k;

W - f;_:Hr -R, — f;_:Gr W
l.lr = \/mr _Dr _Qrz llr . (8.34)
u, 0 Iks 0 u,

This ROM can be used for several fluid-structure applications ranging from real-time
control to real-time flutter analysis. In the latter case, the onset of flutter at a given



8 On the Stability of Reduced-Order CFD Models 225

free-stream Mach number M., can be established by fixing the free-stream density
P and increasing the free-stream pressure p., until this coupled fluid-structure ROM
becomes unstable. At this point, the free-stream pressure p.. reaches a critical value
denoted here by p¢’'. This fast approach to flutter analysis requires however that the
ROM (8.34) be stable outside the flutter point. In [4], it was shown that this in turn
requires that the reduced fluid matrix H, be stable. Hence, the application of the lin-
ear ROM (8.34) to the flutter analysis of a coupled fluid-structure system highlights
the importance of requiring the chosen MOR method to preserve the stability of the
LTI system or subsystem to which it is applied (for example, see [4]).

8.4.2 Flutter Analysis of a Wing-Store-Fuel Configuration

Consider first the wing-store-fuel aeroelastic configuration described in [8] and
graphically depicted in Fig. 8.1. For a fixed altitude characterized by specific val-
ues of the free-stream pressure p.. and density p.., a flight condition for this con-
figuration is defined here by an additional pair of data values corresponding to the
free-stream Mach number M., and fuel fill level in the store (or tank). The hydroelas-
tic effects due to the presence of fuel inside the tank modify the structural properties
of the system and affect its acroelastic characteristics. The High-Dimensional com-
putational fluid and structural Models (HDMs) developed in [8] for this aeroelastic
configuration have the dimensions N, = 689,485 and N, = 6,834, respectively.

For every flight condition of interest, 44 real-valued fluid snapshots are gener-
ated by exciting the wall boundary of the structural system by each of its first £, = 4
structural mode shapes at each of six equispaced reduced frequencies in the interval
[0,0.0125]. Then, these snapshots are compressed by the POD technique to construct
a suite of fluid ROBs of dimension &y € {1,---,40}. A corresponding suite of fluid
ROMs of the same dimension £ is also constructed by performing Galerkin projec-
tions of both descriptor and non-descriptor forms of the LTI fluid subsystem onto
these ROBs.

In all cases, the structural ROM is constructed as in (8.23) with £, = 4 and re-
written in first-order form.

(a) (b)

Fig. 8.1. High-dimensional aeroelastic model of a wing-store configuration. (a) CFD surface
grid; (b) Finite element structural model
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Fig. 8.2. Wing-store-fuel configuration (M., = 0.95 and empty tank): stability of the fluid
ROM as a function of its dimension, and accuracy of the critical free-stream pressure predicted
using the corresponding aeroelastic ROM

The first considered flight condition is defined by M., = 0.95 and an empty tank. In
this case, Figure 8.2(a) reports on the stability of the constructed fluid ROMs —that is,
the stability of the matrices H,. Figure 8.2(b) reports on the accuracy they deliver for
the prediction of the critical pressure. All fluid ROMs originating from the descriptor
form of the LTI fluid subsystem are found to be stable. On the other hand, the fluid
ROMs of dimension k¢ € {29,36,37,38} originating from the non-descriptor form
of the LTI fluid subsystem are found to be unstable. Consequently, each unstable
fluid ROM leads to an erroneous prediction of the critical pressure using the coupled
fluid-structure ROM (8.34) (see Fig. 8.2(b)). In contrast, all fluid-structure ROMs of
dimension ks > 15 originating from the descriptor form of the LTI fluid subsystem
deliver accurate predictions of the critical pressure. Similar results were also reported
in [3] where a preliminary study of this problem was first performed.

The second and third considered flight conditions are defined by M., = 1.1 and
31% fuel fill level in the tank, and M., = 0.75 and 69% fuel fill level, respectively.
Figures 8.3 and 8.4 report on the stability of the constructed fluid ROMs and accu-
racy of the corresponding aeroelastic ROMs for these two cases, respectively. These
figures confirm the trends observed for the first flight condition and lead to similar
conclusions.

8.4.3 Flutter Analysis of an F/A-18 Aircraft Configuration

Next, an aeroelastic HDM of a full F/A-18 configuration with tip missiles is con-
sidered (see Fig. 8.5). Here, the dimension of the fluid HDM is Ny = 1,054,500,
and that of the structural HDM is Ny = 9,046. The latter is reduced by Galerkin
projection on a modal basis with &, = 10 flexible structural mode shapes.

The free-stream condition is set to M. = 0.99. Then, 210 fluid snapshots are
computed in the frequency domain by exciting the wall boundary of the aircraft
configuration using all 10 structural modal displacements individually, each at 21
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Fig. 8.3. Wing-store-fuel configuration (M.. = 1.1 and 31% fuel fill level): stability of the
fluid ROM as a function of its dimension, and accuracy of the critical free-stream pressure
predicted using the corresponding aeroelastic ROM
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Fig. 8.4. Wing-store-fuel configuration (M.. = 0.75 and 69% fuel fill level): stability of the
fluid ROM as a function of its dimension, and accuracy of the critical free-stream pressure
predicted using the corresponding acroelastic ROM

equispaced reduced frequencies in the interval [0,0.04]: 10 of the computed solution
snapshots — more specifically, those associated with the zero reduced frequency —
are real-valued, and all other 200 solution snapshots are complex-valued. In other
words, the corresponding real-valued matrix W (8.12) has in this case 410 columns.
These are compressed by the POD technique to construct a suite of ROBs and two
associated suites of fluid ROMs of dimension &, € {1,---,400}. The first suite of
fluid ROMs is obtained by Galerkin projection of the descriptor form of the LTI fluid
subsystem on the computed suite of ROBs. The second one is computed by Galerkin
projection of the non-descriptor form of the LTI fluid subsystem on the same suite of
ROBs. Then, several instances of the coupled fluid-structure ROM (8.34) are con-
structed by coupling the modal structural ROM of dimension &k, = 10 with each of
the computed fluid ROMs.
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i~
&

Fig. 8.5. F18/A configuration at M., = 0.99: steady-state surface pressure

First, the stability of the constructed fluid ROMs, and more specifically that of the
constructed matrices H,, is assessed. The obtained results are reported in Fig. 8.6.
Once again, all fluid ROMs originating from the descriptor form of the LTI fluid
subsystem are found to be stable, but more than half of those originating from its
non-descriptor form are found to be unstable.

Stable — -
ROM (deseriptor)

¢« ROM (non-descriptor)

Unstable 50 100 150 200 250 300 350 400
k;

Fig. 8.6. F18/A acroelastic configuration at M., = 0.99: stability of the fluid ROM as a function
of its dimension

Next, the accuracy of each constructed aeroelastic ROM is assessed by examining
the critical pressure it predicts. The obtained results are reported in Fig. 8.7. From
this figure and Fig. 8.6, the reader can observe that every unstable fluid ROM leads to
an erroneous prediction of the critical pressure by the corresponding coupled fluid-
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Fig. 8.7. F18/A aeroelastic configuration at M., = 0.99: accuracy of the critical free-stream
pressure predicted using the aeroelastic ROM

structure ROM. Furthermore, none of the aeroelastic ROMs originating from the
non-descriptor form of the fluid LTI subsystem delivers an accurate prediction of
the critical pressure. On the other hand, all aeroelastic ROMs originating from this
descriptor form and of dimension £y > 100 deliver critical pressure predictions that
match their HDM counterparts.

8.5 Conclusions

In theory, the Galerkin projection method equipped with Proper Orthogonal Decom-
position (POD) modes does not guarantee the stability of the Reduced-Order Models
(ROMs) it is often used for constructing. In practice, it is reported in some forums to
generate ROMs that are more frequently unstable than stable. Yet, the POD-based
Galerkin projection method is among the most popular methods for the dimensional
reduction of Linear Time-Invariant (LTI) systems arising from linearized Computa-
tional Fluid Dynamics (CFD).

In general, a LTI system can be written in either descriptor or non-descriptor form.
The non-descriptor form is characterized by the identity matrix as the coefficient of
the highest derivative term in the governing set of Ordinary Differential Equations
(ODESs). On the other hand, the leading matrix coefficient of the descriptor form of
the same LTI system is usually different from the identity. Therefore, transforming
a descriptor form of a given LTI system into its non-descriptor form typically in-
volves pre-multiplying all matrix coefficients of the descriptor form by the inverse of
its leading matrix coefficient. Because of the usual numerical issues associated with
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computing the inverse of a matrix and/or the solution of potentially ill-conditioned
systems of equation, such a transformation could be dismissed a priori as a “trou-
ble maker”. Nevertheless, such a transformation is routinely performed — and for
good reasons — in many computational engineering applications. These range from
multibody dynamics [15, 17], to molecular dynamics [26], to CFD [2,7,16,20,23].
For example, the nonlinear semi-discrete equations of dynamic equilibrium govern-
ing a flow problem are often transformed from their descriptor form to their non-
descriptor form, in order to improve accuracy and accelerate convergence. Indeed,
the leading matrix coefficient of the governing set of nonlinear ODEs governing a
CFD problem is usually a diagonal matrix storing the volumes of the mesh cells
when semi-discretization is performed using a finite volume method, or the volumes
of the mesh elements when semi-discretization is performed using a finite element
method. Hence, in this case, transforming the descriptor form of the governing set
of nonlinear ODEs into its non-descriptor counterpart is a trivial task. It amounts
to scaling each entry of the residual vector associated with these equations by the
inverse of the corresponding volume of the mesh cell or element. Given that for
external flow problems the cells or elements of the mesh are usually very small in
the vicinity of the wall boundaries and very large near the far-field artificial bound-
aries, the non-descriptor form of the governing nonlinear CFD equations magnifies
the residuals associated with the small mesh cells or elements. Therefore, the ap-
plication of a finite number of steps of an iterative procedure to the solution of the
non-descriptor form of the governing nonlinear CFD equations delivers a higher ac-
curacy in the flow regions where the mesh cells or elements are the smallest — that
is, in the flow regions that matter most — than the application of these same steps
to the descriptor form of these equations. Furthermore, when local time-stepping is
applied to the solution of a steady-state CFD problem, scaling the residual vector
by the inverse of the volumes of the cells or elements of the mesh is often observed
to accelerate convergence. For these reasons, many CFD codes effectively operate
on the non-descriptor form of the Euler or Navier-Stokes equations. Therefore, it
can be conjectured that at least for software legacy reasons, many linearized CFD
codes or modules also operate on the non-descriptor forms of the linearized Euler
and Navier-Stokes equations. Hence, when model order reduction is or will be im-
plemented in such codes, it is likely to be applied, whether inadvertently or purposely
for the reasons outlined above, to the non-descriptor form of the governing ODEs.
This conjecture is supported by references such as [2,7,16,20,23] and others.

In this paper however, it was shown that whereas the snapshot solutions computed
using either the descriptor or non-descriptor form of a CFD-based LTI system are
identical, the ROMs obtained by reducing both forms of this system using a Galerkin
projection method are different. More importantly, using as background the field of
linearized computational aeroelasticity, it was also shown numerically that in gen-
eral, the fluid ROMs constructed by applying the POD-based Galerkin projection
method to the non-descriptor form of a CFD-based LTI subsystem of interest are
more often unstable then stable. It was also shown that the stability of these ROMs is
very sensitive to their dimension. This is consistent with the observations frequently
reported in various forums about the inconsistent behavior of POD as far as stability
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is concerned. On the other hand, it was also shown numerically that for the same
aeroelastic problems, the fluid ROMs constructed by applying the same POD-based
Galerkin projection method to the descriptor form of the CFD-based LTI subsystem
of interest are typically stable. Therefore, the findings reported in this paper sug-
gest that when the objective is to construct a CFD-based linear fluid ROM using
the POD-based Galerkin projection method, reducing the non-descriptor form of the
linearized Euler or Navier-Stokes equations tends to promote the instability of the
outcome ROM, whereas reducing the descriptor form of these equations tends to pre-
vent it. Hence, a best practice in implementing the POD-based Galerkin projection
method in a given CFD code for the purpose of constructing linear fluid ROMs is to
apply this method to the descriptor form of the linearized Euler and Navier-Stokes
equations, even when the nonlinear computational modules of this code operate on
the non-descriptor form of these equations.
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Model Order Reduction in Fluid Dynamics:
Challenges and Perspectives

Toni Lassila, Andrea Manzoni, Alfio Quarteroni and Gianluigi Rozza

Abstract This chapter reviews techniques of model reduction of fluid dynamics sys-
tems. Fluid systems are known to be difficult to reduce efficiently due to several
reasons. First of all, they exhibit strong nonlinearities — which are mainly related
either to nonlinear convection terms and/or some geometric variability — that often
cannot be treated by simple linearization. Additional difficulties arise when attempt-
ing model reduction of unsteady flows, especially when long-term transient behavior
needs to be accurately predicted using reduced order models and more complex fea-
tures, such as turbulence or multiphysics phenomena, have to be taken into consider-
ation. We first discuss some general principles that apply to many parametric model
order reduction problems, then we apply them on steady and unsteady viscous flows
modelled by the incompressible Navier-Stokes equations. We address questions of
inf-sup stability, certification through error estimation, computational issues and — in
the unsteady case — long-time stability of the reduced model. Moreover, we provide
an extensive list of literature references.
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9.1 Introduction

Numerical methods for Computational Fluid Dynamics (CFD) are by now essential
in engineering applications dealing with flow simulation and control, such as the
ones arising in aerodynamics, hydrodynamics and, more recently, in physiological
flows. In despite of a constant increase in available computational power, numerical
simulations of turbulent flows, multiscale and multiphysics phenomena, flows sep-
aration and/or bifurcation phenomena are still very demanding, possibly requiring
millions or tens of millions of degrees of freedom and several days of CPU time
on powerful parallel hardware architectures. This effort is even more substantial
whenever we are interested in the repeated solution of the fluid equations for differ-
ent values of model parameters, such as in flow control or optimal design problems
(many-query contexts), or in real time flow visualization and output evaluation.

These problems represent a remarkable challenge to classical numerical approxi-
mations techniques, such as Finite Elements (FE), Finite Volumes or spectral meth-
ods. In fact, these methods require huge computational efforts (and also data/memory
management) if we are interested to provide accurate response, thus making both
real-time and many-query simulations unaffordable. For this reason, we need to rely
on suitable Reduced-Order Models (ROMs) — that can reduce both the amount of
CPU time and storage capacity — in order to enhance the computational efficiency
in these contexts.

This chapter reviews the current state-of-the art for the model reduction of pa-
rametrized fluid dynamics equations. In particular, we focus on the incompressible
Navier-Stokes equations, because of their ubiquitous presence in fluid flow appli-
cations and the fact that they involve the most important features and challenges
relevant to nonlinear model reduction. These equations are usually written in prim-
itive variables as follows: find the velocity field u: Q x [0,7) — R¢ and pressure
field p: Q x (0,7) — R such that

du 1 .
E—F(u-V)u—kVp—&Au_O, inQx(0,7)

Vou=0, inQx(0,7) ©-1
u(x,0) = up(x),

where Q C RY denotes the fluid domain, Re = |[umax|L/Vv is the nondimensional
Reynolds number, L is a characteristic length, v is the fluid kinematic viscosity and
|u|max = maxycq |ul. In addition, suitable boundary conditions need to be prescribed
in order to solve problem (9.1), see e.g. [51,80, 118].

The Navier-Stokes equations are the most accurate continuum-based approxi-
mation for viscous flows where both convective and diffusive effects contribute,
and they are known to accurately reproduce many interesting physical phenomena
observed in fluids, such as the onset of turbulence. Concerning the functional set-
ting required to frame the analysis of problem (9.1), let us denote (H] (2))Y C V C
(H'(2)) and Q C L*>(Q). The solution of (9.1) is such that (u, p) € L?(0,T;V) x
CO(O, T;Q); see e.g. [102,118] for the definition of Sobolev spaces and more details
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about this functional setting. Moreover, let us introduce a further functional space
W CV xQ, denote (-,-)x the scalar product over a generic space X and || - ||x its
induced norm. When the subscript is omitted, (-,-) denotes in the following the L>-
scalar product and || - || the induced norm, respectively.

In many applications, the fluid problem can depend in addition on a number of
parameters. In this case we deal with a parametric model reduction problem. We
denote u € & C R” a vector of P parameters of interest for a given fluid dynamics
problem, as in the case of the Reynolds number appearing in (9.1). Other typical
examples deal with different physical parametrizations (e.g. by considering Grashof
number, Prandtl number, inflow velocity peaks, etc. as parameters) or geometrical
parametrization, i.e. when the fluid domain 2 = Q(u) depends on a set of parame-
ters allowing to describe/modify its shape. For the sake of simplicity, in this chapter
we will focus on physical parameters, whereas several details about flexible but ef-
ficient geometrical parametrizations can be found e.g. in [87].

Model reduction of the Navier-Stokes equations is a challenging task because
their solutions tend to exhibit complex phenomena at multiple temporal and spatial
scales, which means they are difficult to reduce to low-dimensional models without
losing at least some of the scales. In the case of unsteady flows, application of the
standard “method of lines” to the time-discretization of the unsteady Navier-Stokes
equations leads in three dimensions to the lack of sharp long-time stability estimates.
It is well known [68] that application of the discrete Gronwall lemma leads to exces-
sive growth of error bounds in time, because standard linear stability analysis of the
unsteady Navier-Stokes equations results in stability constants that can be of the or-
der Cy ~ exp(Re T'). While turbulence has sometimes been offered as an explanation
to this difficulty, the underlying situation is more delicate. The same type of prob-
lem is exhibited by the one-dimensional Burgers’ equation, which does not possess
turbulent solutions. This also makes hard to provide meaningful error bounds for the
solutions of ROMs for the unsteady Navier-Stokes equations.

During the last three decades, several efforts in theoretical foundations, numeri-
cal investigations and methodological improvements have made possible to develop
general ideas in reduced order modelling and to tackle several problems arising in
fluid dynamics. Among a number of early contributions, we want to highlight the
most important — in our opinion — that date back to the late 1980s (see e.g. [39,98,
114]). These were mainly based on ad hoc selection of the basis functions, with-
out the benefit of a formal algorithm. Indeed, model reduction has come into play
as a truly invaluable tool in CFD applications only once systematic strategies for
constructing quasi-optimal bases were made available.

For the sake of exposition, we limit ourselves to describe two main algorithms for
choosing the basis on which to build ROMs, namely the Proper Orthogonal Decom-
position (POD) and the (greedy) Reduced basis (RB) methods. They share several
features but have been historically introduced and developed to address different
types of problems — POD is typically applied to build bases for time-dependent prob-
lems, while the greedy RB method is usually applied to build bases for parameter-
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dependent problems. Moreover, we provide detailed remarks and references about
extensions of these techniques and alternative strategies. We do not address in this
review the case of combined time and parameter-dependent problems; the interested
reader can refer to some recent works concerning error estimates for ROMs in the
case of acoustic Helmholtz and incompressible Navier-Stokes equations [63], the
Boussinesq equations [70], and the viscous Burgers’ equation using the method of
lines [93] or in the space-time formulation [131].

9.1.1 Proper Orthogonal Decomposition

POD is the leading model reduction tool for the unsteady Navier-Stokes equations.
It was first introduced in [83] in the context of fluid dynamics as a method for dis-
cerning and analyzing coherent structures in experimental turbulent flows, and more
recently in direct numerical simulations of turbulent flows in [53, 126], where also
the concept of space-time windowing of POD has been introduced, to identify tur-
bulent effects in transitional flow that are highly localized both in space and time.

POD techniques reduce the dimensionality of a system by transforming the orig-
inal unknowns onto a new set of N, variables (called POD modes, or principal com-
ponents) such that the first few modes retain most of the energy present in all of the
original unknowns. This allows to obtain a reduced, modal representation through a
spectral decomposition which requires basic matrix computations (a singular value
decomposition) also for nonlinear equations. For a deeper review on POD we recall
here also the contribution of Bergman et al. and Grinberg et al. in this volume.

For the reader’s convenience, we recall briefly the POD based on the method of
snapshots, as presented in [114]. An approximation u,(x,¢) to the solution u(x,¢) of
(9.1) is sought as the sum of a base flow u and a linear combination of some spatial
modes ¥(x) through a set of temporal coefficients, as follows:

U(X,l) %ur(xvt) = lT(X)—I—%ai(l)‘Pi(X), (92)
i=1

for a suitable N, > 1, where u(x) := fOT u(x, ) dt is the time-averaged base flow.
This ansatz is reasonable assuming that the flow field can be approximated by a
stochastic process that is stationary in time and ergodic [60]. In Sect. 9.4.3 we will
discuss some extensions in situations where such assumptions do not hold.

The spatial modes are assumed to satisfy the orthogonality relation (‘¥,'%¥;) =0
ifi # j, for (-, -) denoting a convenient scalar product, whereas the coefficients a;(¢)

satisfy the following system of ODEs

da (1) 7 N N

— = = F4 Y Ayai()+ Y, Y Cpa;(t)a(t), 120
dt =1 J=1k=1 93)
a;(0) = (¥,uo),

fori=1,...,N,, where the functional forms of the reduced system coefficient tensors
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Frim o (V9 Vi) — (4, (i-V)i)

A= —(¥,(u-V)¥) — (¥, (¥ - V)u) — V'{QV'{Q (94)

Cije = —(¥, (¥; - V)¥)

are obtained by Galerkin projection of the original system (9.1) on the spatial modes
Y,...,"y, in (9.2). The resulting ROM is referred to as a Galerkin ROM.

We point out that the pressure terms do not appear in these equations, and our
space is defined as X = V. In fact, by construction the POD modes {¥}"", are
discretely divergence-free. However, for some flows we could be interested either
in evaluating the pressure field through the ROM, or to explicitly enforce the diver-
gence-free constraint in the ROM; we will go back to this point in Sect. 9.3.1.

From the structure of (9.2) we note immediately that trajectories of the reduced
solution u, live in an N,-dimensional submanifold of the full space. Thus the ac-
curacy of the ROM is implicitly dependent on the assumption that the trajectories
of the full-order system (9.1) can reasonably be approximated on a much lower-
dimensional submanifold. As we will see in the following sections, these two in-
gredients, namely (i) the expression of the approximate solution in a reduced-order
model as a linear combination of properly selected snapshots and (7i) a projection
onto the subspace spanned by the snapshot solutions in order to find the weights in
the linear combination, are peculiar also to the (greedy) reduced basis methods.

We now focus on computation of the spatial modes {¥}",. We start from a
set of snapshot solutions U,(x) := u(x, ") of the trajectory u(x,?) at some selected
times ¢, for n = 1,...,N,. These solutions can be either obtained through accurate
numerical simulations of the discretized Navier-Stokes equations (9.1), or by exper-
imental measurements of the physical system. In the former case, a POD approach is
premised upon a “truth approximation” space X, C X of (typically very large) dimen-
sion, for which the snapshot solutions U,(x) := u,(x,#") of the (truth approximation
of the) trajectory u(x,¢) at some selected times ¢, for n = 1,..., Ny. Nonetheless,
we omit the subscript # wherever possible. The snapshots are typically equispaced
in time along the entire period 7 and obtained after discarding the initial transient of
the flow until a stable regime is reached and the flow can be modelled as a stochastic
process that is stationary in time'.

The POD space XAF;PD :=span{¥:i=1,...,N,} of dimension 1 <N, <N, fora
suitable N, is defined as the subspace which minimizes the least-squares discrepancy
between the snapshots {U;(x )}l | and their best approximation in the X-norm:

XI\F}rOD : arg inf — Z ||U, HXN (Ui (")

X, CXyg, dim (X, ) =Ny

H (L3(Q))4 ©-5)

! In practice, N, POD modes are required to resolve the first N, /2 temporal harmonics, and these
can be computed from Ny = 2N, snapshots [96].
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where Iy, denotes the (L*(£2)) projection onto the subspace Xy, ; for incompress-
ible fluid problems this means that the POD basis is the best approximation basis in
the sense of capturing the kinetic energy contained in the snapshots.
From a practical point of view, we form the correlation matrix C € R**Ns  whose
components are
Cpm := % Y [Un(x) —U(X)] - [Unm(x) = U(x)] dx, (9.6)
where U(x) := %25:1 U,(x) is the ensemble average that approximates the base
flow u. Then, we compute the eigenpairs (A, ¥, ), k= 1,..., N (with positive eigen-
values ordered by decreasing size) of C. The central result of POD states that the
optimal subspace XyOP of dimension N, satisfying (9.5) is such that

N _
Y ="%/I¥lw, =Y viaUs(x)-U(x), 1<k<N;, 9.7
n=1

being yi, = (Y,), the n-th component of the i-th eigenvector. In this way, the basis
functions {‘I’,}f\é , are L?-orthonormal.

The POD can equally be applied to the reduction of parametric fluid flow prob-
lems (see e.g. the parametric studies in [33] for rotating transitional flow, in [54] for
modeling the airflow in a large public building, and in [67] for the analysis of turbu-
lent plane channel flow). In fact, if the system (9.1) depends in addition on a vector
U € 2 C R” of P parameters of interest, we can follow the same procedure, except
that the snapshots are now sampled also in the parameter space. It should be noted,
however, that even if the POD procedure is the same in both the time interval and
the parameter space, the practical results will differ considerably, due to the causal
nature of time as opposed to other types of physical parameters.

So far we have not mentioned the treatment of boundary conditions that need to be
imposed on (9.1). In the case of homogeneous boundary conditions, the snapshots as
well as their linear combinations will naturally satisfy the same boundary conditions
so that nothing special needs to be done. If we have non-homogeneous Dirichlet
boundary conditions, the linear combinations of snapshots will not in general satisfy
them, and neither will the ROM solution. To remedy this problem we can either sub-
tract the non-homogeneous boundary values from the snapshots before constructing
the POD basis, or add an additional constraint equation to the ROM that enforces the
boundary condition. These two methods can also be applied to parameter-dependent
problems with multiple parameters in the boundary data. For a comparison of the
two approaches we refer to [54], where both methods were found to produce similar
results.

2 For numerical stability reasons the POD eigenvalues are usually not computed from the correlation
matrix itself, but rather as the squares of the singular values of the snapshot matrix obtained by
collecting all the snapshots as column vectors.
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More difficulties arise when the non-homogeneous boundary conditions depend
on time. This is a very typical case when POD-based ROMs are used for boundary
control applications on unsteady flows. In [112] the time-dependent velocity bound-
ary condition was handled by augmenting the Galerkin system (9.3) with a penalty
term, so that (9.3) can be written as

da,(t) Ny Ny Ny in Ny
7 F+ EAI,/aj(t) + z z Cijra;(t)a(t) +7 (U™ (1) — 2 Mija;(t)
J=1 J=1k=1 J=1 )
ai(0) = (¥, uo),
A 9.8)
where the boundary tensors are U™ and M are defined as
UMty = W(x)-uin(x)ds, My:=  W(x)-¥(x)ds 9.9

Iin Iin

with the assumption that the time-averaged base flow is zero on the inflow section I3y,
i.e. u|p, =0. The penalty term 7 > 0 was chosen such that the correct asymptotically
stable solution was obtained. This can be understood as a weak imposition of the
Dirichlet condition that approaches strong imposition as T — oo.

9.1.2 Reduced Basis Construction by Greedy Algorithms

A popular strategy for constructing ROMs in the case of parameter-dependent prob-
lems is that of using greedy algorithms, based on the idea of selecting at each step the
locally optimal element. This option can be seen as an alternative to POD strategy of
previous section, yet preferable in the context of parametrized problems for reasons
that will be sketched later on.

Before describing the greedy algorithm, let us formulate a steady version of prob-
lem (9.1), depending on a set of parameters g € & C R, in a convenient way
also for the following. Here we introduce the weak form, which was not the case in
Sec. 9.1.1 to go from (9.2) to (9.3). The weak form of parametrized steady Navier-
Stokes equations reads as follows: find (u, p) = (u(pt), p(t)) € V x O such that

{ a(u,w; ) +b(p,w; 1) +c(u,u,w; ) = F(w; ), vwel ©.10)
b(q,us 1) = G(g: ). Vg € O, '
where the parametrized bilinear and trilinear forms are defined as follows:
) av . IOwW oy N
G(V,W,I.l) - a a—xlvlj(a“)a_xjdga b(‘]awbﬂ) - qul,/("“)a—xidg’
9.11)
owp,
cviwz; ) = vy M) S o dQ. 9.12)
Q x]

In what follows, we consider the more general case including the pressure field,
so that X =V x Q. Here  may denote both physical and geometrical parameters,
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whose action on the problem is encoded by parametrized tensors v(-; ), (-; ). We
point out that tensors components might depend a priori on both parameter compo-
nents and spatial coordinates; see e.g. [87, 100, 109] for their complete derivation.
Furthermore, F(-; i) and G(-; i) are linear forms accounting for non-homogeneous
boundary data and source terms. Until stated otherwise, summation over repeated
indices is understood.

The goal of the Reduced Basis (RB) method is to compute a low-dimensional
approximation (u,(ft), p-()) of the solution to problem (9.10) by seeking a linear
combination of well-chosen solutions® (¥, &) = (u(u'), p(u')) of problem (9.10),
corresponding to specific choices of the parameter values:

Ny Ny
u () = () H(x), pricp) =Y pi(n)&(x), 9.13)
i=1 i=1

where the coefficients u; (), p;(it) are computed by solving the following nonlinear
algebraic system:

N, N, N,
ZlAu(u)u,/ (n)+ 21 Bu(w)pr()+ Y Cie(p)u; () ue(1) = Fi(p),
J= J= J=1

. 9.14)
>, B u;(1) = Gi(n),
J=1

with i=1,...,N,. Reduced spaces for pressure and velocity fields (denoted respec-

tively Qf\sz and Vj\],iB) have the same dimension in the case of physical parametriza-
tions, whereas geometrical parametrizations require modifying the velocity space
in order to manage the divergence-free constraint; see Sect. 9.3.1. As in the case of
problem (9.1), the functional forms appearing in (9.14) are obtained by Galerkin pro-
jection of the original problem (9.10) onto the RB space X{{” = V¥ x OfF, spanned
by the solutions (¥, &), so that, for 1 <i,j k <N,,

AIj(I"’) = a('flla'fljal"’)a Bk/(”‘) = b(gka'fljal"')a Cl/k(”') = c(%’%’%a”)

resulting again in a Galerkin ROM. In the parametrized setting the goal is to approx-
imate uniformly well all the elements of the parametric manifold of solutions

M(p) ={U(p) := (u(p),p(p)) €X, pe 2}

using finite dimensional subspaces X/\]}f generated from elements of M(p).

From a practical point of view, this approach is premised upon a classical Finite
Element (FE) method “truth approximation” space X;, C X of (typically very large)
dimension. The RB method thus consists in a low-order approximation of the “truth”

3 Gram-Schmidt orthonormalization is required in order to ensure the algebraic stability of the
reduced basis approximation. Furthermore, in case of parameter-dependent geometries, the velocity
space has to be enriched, as detailed in Sect. 9.3.
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manifold M), = {U,(u) := (up(1), pr(|)) € Xy : p € 2}. Nonetheless, we omit the
subscript 2 wherever possible.

Next we address the construction of these subspaces. The so-called greedy algo-
rithm, first proposed in [125], provides a quasi-optimal procedure for sampling the
parameter space & — and so the manifold M(u).

Thus, we seek a set of snapshot functions {U(g!),U(p?),...,U(™)} such that
each U(p) € M(u) is well approximated by the elements of the subspace Xy, =
span{U(pu"),1 < n < N,}, according to the following algorithm:

S) ={u'}: compute U(p'); X8 = span{U(n')};
for n=2:N,
compute U(p") = argmaxyycyyp) [|W — Iy, ,\W/|x:
set Sy =5,-1 U {u"};
got nid .\;’:""’Jl U span{U(p") }:
if maxyers(p) [W— W]y < g
setN,=n—1:
end:
end.

where Iy, is the orthogonal projection w.r.t. the scalar product induced by || - || x onto
XTB_ Thus, at each step n = 1,...,N,, U(") is the worst case element, which max-
imizes the error in approximating the subspace M(g) using the elements of XX5,
However, this procedure (sometimes called strong greedy algorithm) is computa-
tionally infeasible: finding the maximum of the error of best approximation ||[W —
[Ty, W||y in X*? would require a suitable maximization algorithm, which would also
involve a large number of solutions of the full-order system (9.10). In a more feasi-
ble variant of this algorithm — sometimes called weak greedy algorithm — we replace
the max over W € M(u) with a max over a very fine sample =4, C & of cardinal-
ity |Ztrain| = Wirain, and the true error |W — Iy, W||x with a suitable error estimate

An(u), satisfying
cadn(p) < [|W—TTPW|x <Cpdn(p), YW e M(p) (9.16)

for some constants C4 > ¢4 > 0. In this way, U(Q") = argmaxyepyy) An(K) can
be computed more effectively, under the assumption that the surrogate error A, (1)
is cheap to evaluate. In Sect. 9.3.2 we recall some a posteriori error estimates for
reduced basis approximations for steady Navier-Stokes equations, and refer to [101]
for their practical numerical implementation.

We point out that greedy-RB sampling methods are similar in objective to, but
substantially different in approach from, the POD methods, which are more expen-
sive from a computational standpoint. In fact, in the former we only need to com-
pute the N, retained snapshots (or winning candidates), which are typically very few.
Only the error estimate has to be evaluated over the whole train set =;,4;,, which is
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very large — this is the reason why we require that the surrogate error must be cheap
to evaluate. Instead, in the latter we must compute all the N candidate snapshots as
well as compute the SVD of a large matrix.

We conclude this section by mentioning also some additional techniques quite
close to POD for generating efficiently reduced spaces, the Centroidal Voronoi
Tessellation (CVT) [25,26,46] and the Proper Generalized Decomposition (PGD)
method [92], which has been recently applied to the solution of Navier-Stokes
equations [47, 117]. Recent contributions are also contained in this book, see the
chapter by Farhat and Amsallem dealing both with POD and Galerkin projection,
and by Urban et al. A comparison on reduced representation approximations is
provided instead by Bebendorf et al. in this volume.

The rest of the chapter is structured as follows: In Sect. 9.2 we lay out some
general guidelines that should be considered before attempting to build a ROM for
any specific fluid problem. In Sect. 9.3 we address some issues related to approxi-
mation stability and error estimation which occur in the reduced basis approxima-
tion of steady-state solutions of parametrized Navier-Stokes equations. Moreover,
in Sect. 9.4 we discuss specific issues related to the POD/Galerkin -based ROMs,
such as the need for stabilizing the ROM, and how to ensure that the proper long-
term behavior is recovered by the ROM. Some final remarks and a quick glance on
current developments in the field are given in Sect. 9.5.

9.2 Some Principles of Model Reduction of Fluid Systems

In this section we try to condense some fundamental principles to take into account
when building ROMs that are known to most practitioners in the reduced-order mod-
elling community but not always clearly communicated or established in literature.
They are based both on our personal experience as well as on the general impres-
sion conveyed by state-of-the art literature on this subject. We have included mo-
tivating examples and several references to literature. Moreover, together with the
description of these fundamental principles, we also sketch the basic ingredients of
reduced-order models for the computational reduction of PDEs.

9.2.1 “Never try to reduce the irreducible”

Once a full-order computational model for the fluid dynamics problem has been con-
structed, e.g. by means of finite elements or finite volumes discretizations, we may
begin the process of constructing a suitable reduced-order model (ROM). The first
step is to verify the assumption that the trajectories of the system live on a low-
dimensional submanifold of the full space. From a practical point of view such a
check is straightforward: it is sufficient to compute several trajectories of the full-
order dynamical system, to collect snapshots into one matrix, and to perform a POD
by using the singular value decomposition of this matrix. If the decay of the sin-
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gular values is sufficiently rapid, then a limited number of modes will potentially
suffice to represent the solution trajectories and an attempt at building a ROM can
be performed.

It is easy to construct examples where slow decay or even no decay of the singular
values of empirical snapshots is obtained. Consider for instance the one-dimensional
linear transport equation
diu(x.t) +cdeu(x,t) = 0, (x,t) e R % (0,T) .
_ _ (9.17)
ux,0)=wulx), xelk
with solution u(x.r) up(x — ct). Take Ng snapshots of this solution at times ¢
0,At,2At,....(Ny—2)At, T. Assume that uy € L=(IR) and localized so that the measure
of its support A (spt(up)) < |e|Ar/2. Thus. it follows that
iy (E)up(E)dE up(& —cjAt) ug(E —ckAt) dE ug| 1 (9.18)
so that the correlation matrix of the snapshots (9.6) is diagonal with all eigenvalues
equal. The singular values of the snapshot matrix do not decay at all. so that snapshot-
based POD is not successful at representing traveling waves.

Using the empirical singular values to measure the feasibility of model reduction
can also be theoretically justified. As already mentioned, the subset where solutions
of the dynamical system live has typically the structure of a compact manifold M ()
belonging to some larger function space X. To quantify how well such a manifold
can be approximated by Galerkin projection onto a low-dimensional subspace, one
can rely on the concept of Kolmogorov n-width, defined as

dy(M;X):= inf sup inf [ju—uly 9.19)

XnCX yepueky,

where the first infimum is taken over all linear subspaces X,, C X of dimension 7.
The decay of d,, — 0 as # — oo can then be used as a measure of how many (POD or
greedy-RB) modes need to be considered for the ROM (9.2) — the faster the decay,
the smaller need to be the dimension of the linear subspace.

In the case that one is able to obtain exponential convergence in the n-width, that
is to say d,(M;X) < Cexp(—anP) for some constants C, ¢, B > 0, exponential con-
vergence is also inherited (albeit at a reduced rate) by reduced-order approximations,
and the same equivalence holds also for algebraic convergence rates, as was recently
proved in [18]. Results regarding the connection between n-width decay rates and
greedy algorithm converges rates can be found in [18,22] for parametric problems,
in [55] for time-dependent problems, and results regarding the n-width decay rates
for parameter-dependent elliptic PDEs in [77, 86]. We stress that such results rely
on a suitable sampling algorithm (such as the greedy algorithm, that selects proper
time instances ¢” or parameter points ") where to compute the snapshots U, (-,#")
(respectively U, (-, ")) according to a reliable estimate of the error between the
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ROM and the full-order model. This is in order to actually find a (quasi-)optimal
approximation space. We will revisit this point in Sect. 9.2.2.

Exponentially fast convergence of numerical approximations is often linked to
spectral approximations of smooth (analytic) functions. In the case of elliptic coer-
cive PDEs with random coefficients it was shown (see e.g. [10], Lemma 3.2) that
if an elliptic and uniformly coercive parametric bilinear form a: X x X x & — R
(consider for instance the scalar equivalent of the one defined in (9.11)) is such that

a(w,w;lt) > Vpin||w||3  forallwe X,pe 2 CR 9.20)
and its dependence on g is analytic, then also the solutions u(u) of
a(u(p),w; i) = f(w) forallweXx 9.21)

for any f € X’ are analytic functions of g, provided that the parameter range & =
[ mins Bmax) 18 bounded. The analyticity is then sufficient to prove exponential con-
vergence of certain approximations to the solutions by expanding the solution as a
power series. For example, when an approximation uy, ,, is obtained by using the FE
method in space (with mesh size /) and the spectral collocation method in parameter
(with polynomial order p), an exponential convergence result was obtained in [10]
(Theorem 4.1): forany g € &

1 . 1 2\
- 2 < —_— —
[[u(p) uhp(”’)”L%(})@X S weL£?£)®X<|gz| @XQVW(u(#) w)| )

2_1: 1+ %
2]\ V 412 '
9.22)

where the (sub)exponential convergence rate in p depends on the distance 7 > 0
between & and the nearest singularity in the complex (parameter) plane. Unfortu-
nately, theoretical results that give estimates on the regularity of Navier-Stokes solu-
tion with respect to parameters acting on boundary terms, external forces, or initial
data require stringent assumptions of small data and small Reynolds number that
are not usually fulfilled by realistic flows. Nevertheless, exponential convergence of
ROM approximation is often recovered also in nonlinear fluid problems.

+Cexp (—plog

9.2.2 “If it is not in the snapshots, it is not in the ROM”

We now turn to the question of how to choose the dimension N, of the reduced space,
so that we can take advantage of a substantial computational reduction but dealing
with a reliable reduced-order model. In the case of the greedy-RB algorithm, reliable
error estimates A, () satisfying (9.16) can be used to assess the quality of the ROM,
so that the sampling procedure stops when the error between the full-order model and
the ROM is (estimated) lower than a give threshold, say 10~ with m > 2, uniformly
over the parameter space.

In the POD case, we can rely on the Relative Information Content (RIC) of the
POD basis, which is defined as the ratio between the sum of the retained POD modes
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vs. the sum of the whole set of eigenvalues of the correlation matrix:

Ny
RIC := 2;\]:1 )Li.
YA

(9.23)

The RIC is usually chosen up to 100(1 — )% by retaining a limited number of the
most energetic POD modes, being, say o € [10~",10~"] for a suitable m > 1. Flow
features that are not sufficiently energetic will be omitted in the POD and thus cannot
be captured by the ROM. A possible way to check which features to retain is to use
a spatially weighted Z?-norm in the computation of the POD that gives more weight
to features located at particular sites of interest.

Individual snapshots in the ensemble can be weighted accordingly to their im-
portance, as proposed in [33]. In a series of papers (see e.g. [31,36,37]) Navon et al
proposed a dual-weighted POD method, where the weights assigned to each snap-
shot were derived from an adjoint related to the optimality system of a variational
data assimilation problem in meteorology. It is also known that for compressible
flows the choice of inner product and weighting of the different flow variables (ve-
locity, pressure, speed of sound) in the snapshot matrix can have a large effect on
the stability and accuracy of the ROM [14,35]. Similarly, the H' inner product was
recommended for the computation of POD modes for compressible Navier-Stokes
equations in [66] for the purpose of enhancing stability.

On the other hand, in the case of parametrized problems, the approximation prop-
erties of the basis depend on the parameter points g where the snapshots are com-
puted. It is known that, in general, a POD basis computed at a single parameter
point is not a good approximation for solutions computed at different parameter
points. This is another reason, in addition to computational efficiency pointed out
in Sect. 9.1.2, why a greedy algorithm should be chosen in order to manage with a
careful sampling of a parameter space. In summary, two typical improvements to
the POD sampling process are adopted:

1. Adaptivity. In this case an initial POD basis is constructed and the resulting ROM
used for simulations, but is later updated based on some problem-dependent cri-
teria. This is a typical approach in ROM-based optimization and optimal control
applications, such as those presented in [17, 103], where the snapshots and the
POD are updated after every optimization step to improve the accuracy of the
ROM near the optimal point. The price to be paid is that the cost of the opti-
mization loop will increase due to the need of additional full-order simulations to
update the ROM. The idea of a trust-region POD method was presented in [49].
In this case, the POD version of the optimality system is solved at each iteration
within a trust-region radius A®) to obtain a quasi-optimal ¢**1) set of controls.
Then the full-order Navier-Stokes equations are solved with the quasi-optimal
controls to obtain u(c(k+1). The discrepancy between the ROM prediction and
the full-order solution is then measured, and if its too large the step is rejected and
the trust region radius decreased, A1) < A®)_ Otherwise, the step is accepted
and the trust region possibly increased, A (k1) > A®) The ROM is updated after
each iteration step to incorporate the newly computed snapshots.
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2. Optimality (or near-optimality). A priori error estimates for POD approximations

were introduced in [72] and can be used to gauge the total number of POD modes
to retain to achieve a given representation accuracy at one single parameter point.
In this case, snapshots are typically chosen iteratively by measuring the error of
the current ROM at different trial points of the parameter space, then computing
snapshots at the parameter point where the maximum error (estimate) is obtained
and adding them to the ROM, like in the greedy-RB algorithm, first proposed
in [52], and now standard in the parametric model reduction community. For
sampling in time POD-greedy strategies have been proposed for linear evolution
equations in [56], the viscous nonlinear Burgers’ equation in [93], and the Navier-
Stokes equations in [127].
In [73] the authors derived sensitivity equations to measure the effect of adding
new snapshots in the POD basis and use them to find optimal locations for new
snapshots that minimize the error between the POD-solution and the trajectory
of the full-order system. This can avoid the expensive computation of full-order
trial solutions typically needed in a POD-greedy approach. Furthermore, in [24]
the POD procedure was extended to incorporate goal-oriented quantities related
to specific outputs of interest over the entire range of parameters.

9.2.3 “Exploit the known structure of the solutions”

Both POD and greedy-RB strategies use a set of full-order solutions to build a global
basis for the approximation of the solution of a PDE problem for any given time
t € (0,T) or parameter value g € Z. It is important to understand that the basis
functions of a ROM do not really tell us much about the dynamical structure of a
time-dependent problem. In the case of parameter-dependent problems, a parameter
value p different from the snapshots p', ..., " may result in a flow regime that
is qualitatively very different (for instance when the flow is parametrized with re-
spect to the Reynolds number) than those exhibited at the snapshot parameters. Also
parametrized geometrical features can greatly affect the qualitative behavior of the
solutions. Thus, in order to make the ROM capable to represent the physics of the
full model correctly, we need to let the equations play a role also at the evaluation
level, for any new problem instance to solve. This is the reason why, in equations
(9.3) or (9.14), we follow a projection approach, rather than an interpolation-based
strategy. This makes more reliable also the evaluation of outputs derived from the
solution, such as energy, stresses, vorticity, etc.

We still have to explain how to pursue a strong computational reduction when
solving the problem obtained by plugging the reduced solution into the equations.
Thus, we need to equip ROMs of previous sections with an efficient implementation
aiming at decoupling the generation and projection stages. Let us focus, for the sake
of clarity, on the case of parametrized problems. In particular, two ingredients need
to come into play, in order to obtain the so-called Offline/Online splitting:

1. Affine parameter dependence. In order to speed up the evaluation of a reduced
approximation when the differential operators depend on some parameters, the
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key point is to isolate the contribute of parametrized quantities in the differential
operators, so that expensive parameter-independent structures can be computed
Offfine and stored once, whereas inexpensive parameter-dependent quantities can
be efficiently evaluated Online for each new value of the parameters.

To make the Online evaluation step efficient, we need to take the parametrized
quantities out of the integrals appearing in (9.11)-(9.12). The usual assumption
required in the reduced-basis methods is the so-called affine parameter depen-
dence, i.e. we require that parametrized forms (9.11)-(9.12) can be expressed as
linear combinations of parameter-independent operators:

a(v,w; L) = Z o (w)al(v,w), 2 O] (u)b(g,w); (9.24)

clv,w,z; ) = ZOq )l (v, w,z) (9.25)

for some integers O¢, O, O¢, where ¢ is a condensed index of , j quantities. This
is straightforward when dealing with common physical parametrizations (e.g. by
considering Reynolds number, Grashof number, Prandtl number, inflow velocity
peaks, etc. as parameters [42,44]) or simple affine geometrical parametrization —
in all these cases, parametrized tensors entering in (9.11)-(9.12) depend only on
parameter u. Instead, when parametrized tensors depend also on x, affinity as-
sumptions (9.24)-(9.25) can only be recovered by suitable approximations, such
as the ones based on the so-called Empirical Interpolation Method (EIM); see
e.g. [15,85].

2. Reduced matrix structures. Once the parameters have been taken out of the op-
erators by requiring the affine parameter dependence (9.24)-(9.25), the reduced
operators (9.15) can be expressed (e.g. for the diffusion term) as

Qa
Ay () = a(¥, ¥ 1) = Zeq %7%)2283(“)A?/
g=1

In order to make the Online evaluation independent of the dimension of the full-
order space, structures A7 and C? corresponding to parameter-independent oper-
ators must be constructed properly and stored during the Offline stage.

We remark that the basis functions are given by full-order approximations of
(9.10) for selected values of the parameters, under the form

Nu NP
- Zl Yol (x),  E(x) = Zl " (x)

where {¢%(x) 1" |, {¢h(x)}) | are two bases of the full-order (velocity, resp.
pressure) approximation spaces, of dimension NY, N?, respectively. Thus, the
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assembling of reduced-order algebraic structures (9.15) can be efficiently per-
formed by combining the matrices collecting the basis functions, given by

Zu=[# .. B € RV, 2= (8. [Gg] €RVV

and the full-order algebraic structures. It is straightforward to check that, e.g.,

(YY) = ZZWW%@>, ie.  Al(p) =174 A(p) Zy,

m=1n=1

where A}, (1) = a?(92,¢Y) is the full-order stiffness matrix corresponding to
the bilinear form a?(-,-). The same procedure can be applied to pressure and
nonlinear terms as well; see e.g. [87, 100] for a detailed explanation.

Both these ingredients, together with the snapshot selection procedures and (wher-
ever available) rigorous error estimates allow to successfully apply Galerkin ROMs
to incompressible flows. However, some caveats should be mentioned.

For instance, the evaluation of the trilinear convective term — given by
Cijka;(t)a(t) in (9.3) or Cjjp(M)u;(K)ur (1) in (9.14) — even in the reduced-order
formulation requires evaluating tensorial terms of relatively large sizes. This is even
more involved when the size O° of the affine expansion (9.25) is large. For more
general nonpolynomial nonlinearities of the form

Ny Ny
<f (ﬁ(x) + ; a,(t)‘I’,(x)) ux)+ Y ()W (x)> (9.26)

deflating the nonlinear terms to their full-order representations may be necessary in
order to evaluate the nonlinear terms, negating many advantages of using a ROM in
the first place. In order to reduce the online cost of evaluating the nonlinear term(s),
several “hyper-reduction” techniques have been proposed, such as DEIM [30] (Dis-
crete Empirical Interpolation Method), DBPIM [12] (Discrete Best Points Interpo-
lation Method), MPE (Missing Point Estimation) [8] and GNAT [5] (Gauss-Newton
with Approximated Tensor quantities). In general, most of these methods attempt to
approximate the nonlinearity using linear combinations of the POD basis functions

( +2% W ) fou(x) +zf (9.27)

and differ mainly on the strategy of choosing the approximation coefficients Z(t)
When the nonlinearity is treated using a Newton algorithm, a similar approximation
can be applied to the Jacobian J, see e.g. [5,30]. A contribution on discrete EIM
(DEIM) is the chapter by Antil et al. in this book.

9.2.4 “Divide and conquer whenever possible”

The rationale behind the efficacy of the ROMs we have discussed so far is the regu-
larity of the parameter dependence in the case of parametrized problems like (9.10)
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— respectively, time continuity in the case of time-dependent problems like (9.1). In
other words, solutions to these problems lie on a low-dimensional manifold, as al-
ready pointed out in Sect. 9.1.2. The more regular the manifold (and the parametric
dependence), the more conveniently the solution can be approximated by a suitable
combination of snapshots.

However, even laminar flow can experience strong qualitative changes (bifurca-
tions) when critical parameters such as the Reynolds number is varied. For example,
the flow behind a cylinder experiences first a transition from steady flow to a time-
periodic flow, then a loss of periodicity in the vortex shedding, and finally transition
to a chaotic turbulent regime as the Reynolds number is gradually increased. In order
to make sure that a ROM approximates correctly the fluid flow in some range of the
parameter(s), we require that the parameter space (or the time interval) are chosen
such that the manifold is locally a branch of nonsingular solutions.

Although quite restrictive, this is a standard assumption also in the case of full-
order approximations, based e.g. on the FE method (see e.g. [21,27]). Nevertheless,
bases constructed using the greedy algorithm provide reliable approximations also
in the case of bifurcation points included in the parameter space; for instance, ROMs
have been used to track particular solution branches past the bifurcation point, see
e.g. [97,119]. In case of parametrized flows, in order to minimize the required num-
ber of basis functions, a good ROM should be tailored so that different flow regimes
can be captured in a reliable way. Since POD-based ROMs provide poor approxima-
tions away from the parameter values for which the snapshot solutions were com-
puted, it rarely makes sense to try and develop one global approximation basis for
the entire parameter space. Many works have been focused in these last years on
possible strategies to rectify this aspect.

One possibility is to combine ROMs computed for different physical flow re-
gimes. In [3,4] the ROMs computed at different parameter points were interpolated
to obtain a new ROM that was valid also in the intermediate zone between the origi-
nal parameter points. In [58,59] the parametric sensitivities of the POD modes were
computed and added to the snapshot set, which improved the validity of the reduced
solutions away from the parametric snapshots. However, in a more involved geo-
metrical parametrization case the ROM failed completely, as it did not converge to
the exact solution even when the number of POD modes was increased.

A “compact POD” approach based on goal-oriented Petrov-Galerkin projection
was proposed in [28], in order to minimize the approximation error subject to a
chosen output criteria, also including sensitivity information (with proper weighting
coming from the Taylor-expansion) and including “mollification” of basis functions
far away from the snapshot parameter. A further option, described in [5], exploits a
k-means clustering procedure to construct local ROMs by grouping together nearby
snapshots. In this way, once the snapshots have been computed, the reduced space
is partitioned in subregions and a local reduced basis is assigned to each subregion.
This can be seen as an adaptive version of a former strategy based on the so-called
Centroidal Voronoi Tessellation, introduced in [46] and extended in [25,26].
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Finally, we mention that local ROMs can be properly combined also in view of
a further computational reduction for instance in the solution of parametrized prob-
lems featuring a repetitive geometrical structure —such as networks, or multi-domain
configurations. The Reduced Basis Element (RBE) method combines domain de-
composition with parametric ROMs, by exploiting nonconforming approaches —such
as mortar methods or discontinuous Galerkin methods — between the subdomains
and the greedy RB method within each subdomain. Recent application of the RBE
method to fluid flows can be found e.g. in [43, 65, 81]. A more advanced variant
exploits static condensation at the interdomain level [62] by connecting (at some
interfaces, or ports, during the online stage) a library of reference, interchangeable
components.

9.3 Model Reduction of Steady Viscous Flows

In this section we summarize those features which are peculiar to ROMs for param-
etrized steady viscous flows, such as inf-sup stability, correct treatment of pressure,
suitable a posteriori error estimates. We also point out the analogies with the case
of linear viscous flows modelled by Stokes equations. In particular, we exploit a
greedy algorithm for the construction of the reduced space: at each step the basis of
snapshots is augmented by the solution corresponding to the largest error estimate.
The downside is that the method is completely reliant on the existence of computable
a posteriori error bounds, which are not really available for the unsteady Navier-
Stokes equations, as we mentioned. This is the main reason why, so far, this method
has largely been limited to steady Navier-Stokes equations.

9.3.1 A Question of Stability: inf-sup Constants and Supremizers

A feature of the standard POD-Galerkin ROM (9.3) is that the pressure term —Vp
has been completely eliminated. In fact, assuming that the POD modes ¥ satisfy the
strong incompressibility constraint by construction, V- ¥ = 0 pointwise, integration
by parts of the pressure-gradient term evaluated on the POD modes gives

(Vp, W)= Vp-¥dx=— p(V-¥)dx+ _ p(¥-n)ds, (9:28)
Q Q 2Q

which demonstrates that the pressure only enters the ROM on the boundary and for
enclosed flows (‘i - n = 0 on L) it vanishes completely from the equations. For
instance, this is the case of a standard driven cavity problem. It should be noted,
however, that the situation also depends on the choice of the adopted spatial dis-
cretization. For standard FE discretizations the incompressibility of solutions applies
only elementwise, i.e.

V- ¥dx=0 forall mesh elements K € .7, (9.29)
Ke7,
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so that unless piecewise constant functions in each mesh element K are used for
the pressure, the term — [, p(V - '¥) dx does not vanish identically. Nevertheless,
this term is neglected for many flows as small and unnecessary to enforce the in-
compressibility of the ROM solutions. It is known that neglecting the pressure term
for convectively unstable shear layers, especially ones with two-dimensional mix-
ing layers, can result in large errors as was demonstrated in [96]. Pressure-extended
ROMs include also the pressure in the equations, either by deriving the necessary
terms in the expansion (9.3) to account for the pressure [96], or by performing a
separate POD to construct another basis { @, }]I\.’;l for the pressure field [16,79]. The
benefit of the latter approach is that the pressure field is immediately recovered with-
out any post-processing steps necessary.

We focus our analysis on pressure-extended ROMs, using a greedy algorithm to
also build a basis for the pressure. In this way, for each selected parameter value, we
compute both the (truth FE approximation of the) velocity and the pressure fields.
Reduced velocity and pressure spaces result as follows:

Vy, :=span(¥; : j=1,...,N:), O, :=span(®; : j=1,...,N,),

(we omit the superscript RB for the sake of brevity) where ¥; € V), and @; € O
forany j =1,...,N,, being V}, and Qj, the truth velocity and pressure approxima-
tion spaces. Mathematically, a necessary and sufficient condition ensuring the ROM
stability is the reduced (Brezzi) inf-sup condition

B(u) = inf sup b(q,v; )

g, v:~) (9.30)
a€On, very, llallolvilv

which is obviously related to, but not implied by, the full-order (Brezzi) inf-sup con-
dition b )
s q,V: 1
PHB) = 5, 328 Talolvly 3D
for velocity and pressure spaces Vj, D Vy, and Oy D Qy,. We recall that b(q,v; 1)
denotes the pressure/divergence bilinear form, defined in (9.11). We also point out
that now the stability factors such as f.(ut), B,(i) are functions of the parameter
vector W, rather than comstants, as in usual discretization techniques. We remind
that (9.31) is ensured e.g. by choosing as V), x Oy, the space of Taylor-Hood P; — P}
elements (see [19,20]); however, this choice is not restrictive, the whole construction
keeps holding for other spaces combinations as well (e.g. [99]).
Instead, in order to fulfill the reduced inf-sup condition (9.30), we define for
each pressure basis function @; the corresponding inner supremizer velocity func-

tion [106, 109] o
TH®; := argsup b, vil)

, 9.32
P vy ©-32)

which can be obtained by solving the discrete elliptic problem

(TE®D;,v)y = b(®;,v;p), forallv e V. (9.33)
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By applying (9.32) and enriching the RB velocity space V), to include the inner
supremizers, we define a new extended velocity space as

Va, =W, @span(TH®; 1 j=1,...,N,),

such that
901 vev, lgllolIVlly ~ a€0r vew, llgllolIvIly
b(q, THq; 1) b(g,vip) 9.34)

~¢<0r llallolITHglly = ac0r very lldllolvlly

Thus, the inf-sup stability of the full-order space now implies the stability of the
supremizer-enchanced reduced space, provided that this latter is enriched with the
solutions of the supremizer equation (9.33).

We remark that, by enriching Vy, with the supremizers {TH ®, }];];1, the new RB
velocity space Vy has dimension 2N;, the double of the dimension N, of the RB
pressure space.

The treatment of the (Brezzi) inf-sup stability through the supremizer operator is
common to Stokes and Navier-Stokes equations, and more in general to any problem
written under a saddle-point form. Further details about the efficient construction of
the supremizer solutions and the Gram-Schmidt orthonormalization of the RB basis
functions can be found for instance in [87,106,109], whereas a general context drawn
for saddle-point problems has been developed in [50].

9.3.2 Certification of ROMs for the Steady Navier-Stokes
Equations

We now introduce the main aspects related with a posteriori error estimation in
the RB context for parametrized steady Navier-Stokes equations. This approach is
in analogy with the so-called (Babuska) inf-sup stability theory [11], which can be
seen as a generalization to the Petrov-Galerkin case of the Lax-Milgram result for
the Galerkin-type formulation. Its application to the Stokes problem is just a possible
use, as shown in [106], where a general framework to compute error bounds for
noncoercive problems solved by the RB method has been introduced. Within this
framework, a joint residual-based estimation for velocity and pressure fields in the
Stokes case can be easily obtained under the form

UM () = Up () < % —Ag(w),  Vieo, (939

S.h
where:

© Un(p) = (up(p), pa(1)) € Xp =V x Op and U, (1) = (us(), pr(R)) € Xy, =
V¥, X Ou, denote the truth and the RB approximations of velocity and pressure;
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* |r(p)llx = supyey, (Vi 1) /[[V | x is the dual norm of the global residual

r(Vilt) == ra(v; ) +7p(q: ),

"
T ) = P ) — alun (), v i) — b(p (1) v 1),

rp(q: i) == Gq: ) — b(qu (1) p);
* the bilinear form Ag(-,; 1) : X x X — R denotes the global Stokes operator

(9.36)

As(U, Vi) == a(u,v; ) +b(p,v; ) + b(q,u; ); (9.37)
. pLB

S (p) is a computable lower bound for the Babuska inf-sup stability factor
Bs»(i), involving the global Stokes operator:

: As(U,V; )
LB . _ S\Ys > BLB
3 Bsa(m) >0 Bsa(n) L 9P U VI P

(n), vpuez. (9.38)

In this way, the stability of the reduced basis approximation is based on Brezzi’s
saddle point theory (and the introduction of a supremizer operator on the pressure
terms), whereas a rigorous a posteriori error estimation procedure for velocity and
pressure fields is based on Babuska’s inf-sup constant.

Alternatively, we could rely on the Brezzi’s theory also for the sake of error es-
timation, by deriving two distinct error bounds for velocity and pressure, as shown
in [S0]. However, despite their similar effectivity, these latter require the approxi-
mation of two stability factors (for stiffness and pressure/divergence terms) and of a
continuity constant (for the stiffness term), which entail larger computational costs
in a parametrized context.

In the Navier-Stokes case we can instead obtain a rigorous a posteriori error es-
timation by relying on the so-called Brezzi-Rappaz-Raviart (BRR) theory [21,27],
which is useful for the analysis of a wider class of nonlinear equations. We require
some slight modifications with respect to the linear preliminaries, even if also for the
Navier-Stokes problem the a posteriori error estimation takes advantage of the dual
norm of residuals and of an effective lower bound of a suitable (parametric) stability
factor, given in this case by the Babuska inf-sup constant referred not to the global
Navier-Stokes operator

A(U,V; ) = 45(U, Vi) +C(U, U, V; ), 9:39)
but to its Fréchet derivative (with respect to the first variable), defined as

when evaluated at W € X. In both cases, we denote by C(U, U, V; ) = c(u,u,v; it).
In this framework, a joint residual-based estimation for velocity and pressure fields
in the Navier-Stokes case takes the following form: for any N, > N*(u),

ﬂLgﬁh(li) ]
||Uh<u>—Ur<u>||stf;@—;m(1— =, (1)) = Ay (B), YREZ (9.41)
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provided that 7y, (i) < 1. In particular:
* 1Ty, (M) is a non-dimensional measure of the residual, defined as

_ Ao |r(m)lx .
( ]\Lfg,h(”))z
moreover, we denote N*(t) the smallest N, such that 7y, () < 1, for all N, >

N*(p). Since ||r(@)||x» — and thus 7y, (@) — undergoes a fast decrease when N,
increases, usually N*(u) < 10, so that (9.41) holds for reasonable dimensions N,;

™, (1)

* v(pp; ) is the (discrete) continuity constant of the trilinear form c(-,-,-; ), de-
pending on the Sobolev embedding constant p;, defined as

e o M
e, e

+ the dual norm ||r(it)||x» of the global residual, which is given in this case by
r(Vip) i=ru(Vi ) +1p(q; 1),
( S) (Vi) +rp(q: ) ©42)
ra(vi ) i=ry(v; ) — c(up (i), u-(1), vi pr);

. /\L/gh(li) is a computable lower bound for the Babuska inf-sup stability factor
Bnsa(), involving the Fréchet derivative of the global Navier-Stokes operator:

. dA(U ) (V, W
3B > 0: Pussl) = . sup CHARERIEN > iy,
h

(1.
(9.43)

We remark that the framework described above is essential the nonlinear exten-
sion of the much simpler linear a posteriori error estimation (9.35), to which the
nonlinear error estimation (9.41) reduces in the limit that ||(¢t)]|x» — 0.

A posteriori error estimation for the Navier-Stokes problem poses, from a com-
putational standpoint, more severe challenges than for Stokes problem. We do not
provide any detail about the evaluation of these quantities; the interested reader can
refer, for instance, to [76, 87,94, 124].

9.3.3 Relevant Computational Issues

Finally we point out the most relevant computational difficulties encountered in de-
veloping/applying the methodology presented in this section. We focus, in particular,
on the evaluation of the a posteriori error bounds, a crucial aspect when attempting
to build a reduced space with the greedy RB method.

With respect to linear problems, where the computational speedup between a re-
duced basis method and a truth approximation is usually about 10?, reduction may be
even larger (sometimes up to one order of magnitude) in nonlinear problems. In this
case, nonlinear solvers might require several iterations to converge to the solution.
Each iteration entails a large linear system to solve in the case of the truth approx-
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imation. Instead, a reduced-order model requires at each iteration of the nonlinear
solver the solution of a small linear system, which can be assembled by exploiting
the precomputed structures (9.14).

Nevertheless, we need to rely on a suitable Offline/Online splitting to speed up
our computation. Such a strategy is also required to evaluate in a very small amount
oftime the error estimates (9.35) or (9.41), so that all the parametric-dependent quan-
tities appearing in these formulas can exploit the affine parametric dependence.

Moreover, error estimates should to be uniformly effective across entire param-
eter range, to avoid the greedy algorithm skew towards particular locations in pa-
rameter space. In this case, the basis resulting from the selected snapshots could
be inadequate to uniformly approximate the whole manifold of solutions, or result
larger than required. Essentially, we pursue the following strategy:

1. Stability factors. 1f the (Navier)-Stokes operator is parameter-dependent, so is

the lower bound of the stability factor (9.38) or (9.43). In this case, computing its
lower bound according to a suitable Offline/Online splitting is not easy. We face
it by using the so-called Successive Constraint Method (SCM)* which converts
the eigenproblem corresponding to the computation of (9.38) or (9.43) on the
successive solution of suitable linear optimization problems.
This algorithm has been applied for the first time to saddle point Stokes problems
in [106], while a first extension to the nonlinear Navier-Stokes case has been
considered in [87]. In case of physical parametrizations (for instance, involving
the Reynolds number) and large parametric variations, stability factors might un-
dergo large variations and the SCM algorithm is able to capture this behavior. In-
stead, according to our own experience, in case of geometrical parametrizations
arising from local shape changes or simple scaling (or affine) transformations,
piecewise constant approximations of the stability factors can provide good re-
sult at a very lower cost. In more involved cases, alternative heuristic strategies
to derive lower bounds of stability factors might take advantage of suitable inter-
polation techniques (see e.g. [87]).

2. Residuals. A suitable Offline/Online splitting can be used to evaluate the dual
norms of residuals (9.36)—(9.42). Indeed, these quantities can be expressed as
the sum of products of p-dependent known functions and p-independent inner
products, formed of more complicated but precomputable quantities, involving
the Riesz representations of r,(f) and r, ().

As already remarked in Sect. 9.2.3, in the case of nonlinear convective terms
tensorial terms of relatively large sizes are generated; they depend on both the
dimension N, of the reduced spaces and the parametric complexity Q¢ of the
trilinear convective term. Unfortunately, evaluating and storing these structures

4 This algorithm has been first introduced in [64] for both coercive and noncoercive problems, an-
alyzed in [107] in the coercive case and afterwards improved in [32]. A general version using the
so-called “natural norm™ [110] has been analyzed in [61], where it has been applied to noncoer-
cive problems such as Helmholtz equations — the simpler coercive case can be seen as a particular
instance where the stability factor is just the coercivity constant.
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might become computationally infeasible, so that an Offline/Online splitting for
evaluating the dual norms of residuals is not always practicable.

A Galerkin projection is well suited for symmetric and coercive PDEs, as in this
case it provides the optimal approximation in the corresponding energy norm. In the
case of convection-dominated flows, symmetry is broken and no a priori optimal-
ity can be ascertained. Indeed, a large gap between the magnitude of the observed
nonlinear residuals and the true error between full and reduced solution may exist.

A remedy consists in using Petrov-Galerkin methods, with different spaces of
test and trial functions. They are usually presented in the guise of stabilization meth-
ods, such as in the case of the Streamline-Upwind Petrov-Galerkin (SUPG) method.
However, one is then left with the question of how to choose the test space. Re-
cent works on optimal or near-optimal choice of Petrov-Galerkin test spaces were
presented in [40,41] and [38]. These options are “optimal” in the sense that they
give the best possible ratio of continuity constant to stability constant in the energy
norm estimates. In the finite element or discontinuous Galerkin context, optimal test
spaces are usually avoided, as this would lead to using test functions with global
support. However, in the ROM setting one does not care too much if the reduced
order system is full, as it is typically small enough to be solved with direct solvers
(the reduced dimension N, is typically in the range 10 — 102).

In fact, the optimal test spaces are precisely equivalent to the method of suprem-
izers used in [106, 109] to stabilize ROMs for the Stokes equations. Unfortunately,
in the parametrized setting one has to face the fact that the optimal test spaces (and
also the supremizers) usually depend explicitly on the parameters and thus suitable
strategies to recover the Offline/Online splitting must be devised.

9.4 Model Reduction of Unsteady Viscous Flows

In this section we provide an overview of some reduction techniques available for
unsteady viscous flows. We do not restrict ourselves to parametrized problems and
RB methods; rather, we provide a quick survey of more general ROM techniques
based on the study of the stability of the underlying dynamical system — arising
for instance from model order reduction for ODEs — addressed in the following
chapters of the book. We start by recalling that current approaches for constructing
reduced basis approximations of time-dependent parametrized PDEs exploit a com-
bined POD-greedy procedure — POD in time to capture the causality associated with
the evolution equation, greedy procedure for sampling the parameter space and treat
more efficiently extensive ranges of parameter variation [93].

Certified RB methods have been applied to parametrized (moderate Reynolds)
unsteady viscous flows in [70], where a nonisothermal viscous flow is modelled
by Boussinesq equations describing natural convection. Parameters are the Grashof
number and the gravity direction. In [48] an improved /-p adaptive certified method
is introduced to address the same natural convection problem, which has also been
applied to a multiscale Stokes Fokker-Planck system modelling liquid crystals in
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[71]. More recent contributions in the field adopt a space-time Petrov-Galerkin vari-
ational approach to improve the control of the exponentially growing energy es-
timates in the linear case [123] dealing with convection-conduction problems, for
Burgers’ equations [131], Boussinesq equations for moderate Grashof number flows
exhibiting steady periodic responses [129] and even addressing interesting hydrody-
namic stability problems for moderate Reynolds number flows in an eddy-promoted
channel [130]. The chapter by Chen et al. in this monograph is focused on reduced
approximations for the Parareal method.

9.4.1 Model reduction of linearized time-invariant systems

The POD modes discussed in Sect. 9.2.2 only represent the statistical information
content of the set of snapshots without taking into account the underlying dynamical
system. Many examples of fluid dynamics where a POD-Galerkin ROM described
exactly the limit cycle of the system exist, however they completely miss the long-
time dynamical behavior of its trajectories.

An example of a dynamical system whose POD-modes are able to exactly
represent the stable limit cycle, but for which a Galerkin ROM gives incorrect
dynamics was described in [95]. The quadratically nonlinear ODE system

w (1) = wuy(t) —up(t) —uy (s (1)

(1) = pus(t) +uy (1) — w2 (t)us(t)

3(t) = —us(t) + 1 () + 13 (¢)

stable limit cycle ugs(r) = (y/fcos(t), /i sin(¢), ). All trajectories tend to-
wards the limit cycle. Since

!

u(t)dr — (0,0,u),

L—1l i [—oo

the POD basis of dimension 2 is given by
== (07070 ) = (107 0) S =015 0)
and is able to exactly represent the stable limit cycle:
ups(f) = u+/ieos(t)¥) +/wsin(z)¥s.

However, Galerkin projection on the POD basis of dimension 2 using the Eu-
clidean inner product leads to

u.(t) :=u+a () + ax ().
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The coefficients of the ROM are given by the dynamical system

a (1) =—a(t)
w)=a(t) ’
which is only marginally stable and whose trajectories remain on a circle of

radius r = ((r? (o) + a%[m}} 1/2 for all time without converging asymptotically
towards the correct limit cycle.

In order to capture the correct temporal dynamics, the characteristics of the dy-
namical system (fixed points, periodic solutions, and their (in)stability) should be
preserved by the ROM — such ROMs are built based on analyzing the stability of the
underlying dynamical system. In this section we discuss some, namely, linearized
time-invariant flows, which exhibit asymptotically stable periodic steady-states.

For linear time-invariant systems (LTIs), system-theoretical reduction methods
such as balanced truncation [7,91] are more effective, in the sense that they provide
a ROM that has nearly the best possible approximation error. A linearized input-
output system in state-space form is

a;—?(t) = AU(1)+BS(r)  fort € (to,t)
Y(¢) =CU(z) for 1 € (to,t7) (9.44)
U(no) = Uo

with inputs (controls) S and outputs (observations) Y. If the system (9.44) is stable,
the controllability and observability Gramians are the matrices defined respectively
»® i " e
W.= BB Tdr, W,= =~ TCCeMdr (9.45)
1 )
which can be computed from the Lyapunov equations:

AW, +W.A*+ BB* =0, A Wo+Wod+C*C =0;

see e.g. [105] for further details. The controllability Gramian /¥, measures to what
degree each state of the system (9.44) is excited by an input; in particular, . is pos-
itive definite if and only if all states are reachable with some input S(¢). Instead, the
observability Gramian W, measures to what degree each state excites future outputs;
in particular, W, is positive definite if and only if any initial state U(#) = Uy can be
uniquely determined from Y () on (7).

A balancing transformation T is sought to transform the state variables of the LTI
into equivalent “balanced state variables”, U = TU, in a way that the transformed
Gramians become equal and diagonal:

T-'W,T* = T*W,T = X = diag(61,..., 6). (9.46)
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In the balanced coordinates, the states that are least influenced by the input also have
the least influence on the output, and such a balancing transformation exists as long
as the system is both controllable and observable (i.e., both 7, and W, are positive
definite). The {6;} are called the Hankel singular values; when sorted in descending
order, we can split the balanced LTI system into two parts:

d [0, Apy A7) [0 B,
10,1 O = sy A | 0, O F |3,|S  Tortelory
dt [Uz}() [A21 i) |0y O |8 ort € (to,t)
_ e e U
Y(t) =[G &) [ﬁz} (¢) for 1 € (fo,17)

ﬁ(to) = TUo,

(9.47)

where dim(U1) = r and dim(U,) = N — . A balanced truncation ROM is then ob-
tained by retaining only the balanced state variables related to the first » Hankel
singular values:

d - foa
ZU@O =400 +8S  fort € (o,ty)

V(1) =Ci0(n) for € (o,17) (9.48)
Ui (t0) =T g

In other words, balanced truncation involves first changing the coordinates according
to (9.46), and then truncating the least controllable/observable states, which have
little effect on the input-output behavior.

When the exact transfer function G(s) = C(s/ — 4) ' B of the LTI system is com-
pared with the one obtained after balanced truncation, G(s) = (sl — A )~1B1, we
have the following results [7]:

« any ROM with r states and transfer function G,(s) has operator norm error at
least |G — G| > 6,41, Where 6,41 is the (r + 1)st Hankel singular value;

« the balanced truncation ROM with r states and transfer function G,.(s) has oper-
ator norm error bounded by |G — G, ||l <23V, | 6;;

+ ifthe full-order system (9.44) is stable, so is the balanced truncation ROM (9.48).

The Hankel singular values {6;} characterize also the Kolmogorov n-width dis-
cussed in Sect. 9.2.1 of the range space of the Hankel operator, see [45]. As already
discussed in Sect. 9.2.1, the main requirement for constructing efficient ROMs is
that the associated singular values decay reasonably fast. Previously, we used the
decay of the empirical POD singular values to measure this, whereas in the balanced
truncation method one looks at the Hankel singular values. In fact, there exists an
interesting connection between the Hankel singular values and the empirical POD
singular values — it was pointed out in [105] that the POD modes are equivalent to
the modes obtained by balanced truncation provided that the snapshots U; are taken
as the impulse responses of the system and the inner product equal to the one induced
by the observability Gramian.
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Balanced truncation methods based on explicitly computing the Gramians in
(9.45) by solving Lyapunov equations are generally too expensive to apply to large
linear systems with millions of state variables. A possible remedy is the balanced
truncation POD method [74, 128], in which the exact Gramians (9.45) are approxi-
mated using a method of snapshots:

. 1 E 1 v ~ —
We=—=3 = (&(7)—&) (&(t)—&) dr,
KZwe o
e ) ) (9.49)
we=—3% —  Oc(&(t)— &) (&) — &) O; dr.
K=we o

Here the empirical trajectories &(¢) and empirical outputs ;(¢) are computed by
solving the system (9.44) using generalized impulse controls S;(¢) = w;Ore (),
where wy, > 0 are positive weights, Oy € R”*" are orthogonal matrices, e; € R’ are

Euclidean unit vectors, and d(¢) is the one-dimensional Dirac delta distribution:

djétk(f) = A&k (1) + BS(1) for ¢ € (to, /)
Ck(t) = Cgk(t) fort € (to,tf) (9-50)
(o) = Uo

for each £k = 1,...,K. In the case of LTI systems, the empirical Gramians (9.49)
coincide with the exact Gramians (9.45) provided that K > P empirical impulse re-
sponses are computed. It was proposed in [75] to use the same balanced truncation
POD method for dealing also with nonlinear flows. In this case the empirical Grami-
ans (9.49) — which are (approximate) finite Gramians — are obtained by solving the
nonlinear system and taking snapshots of the trajectory. By using these finite Grami-
ans to perform the balancing we obtain the following, empirical balancing transfor-
mation T, = [T, Te ]:

T, 'WeT,* = T:WET = X = diag(61, .. ., 6)- 9.51)

The balanced POD modes were applied in [105] to a linearized flow in a plane
channel and a comparison was made between POD, balanced truncation, and bal-
anced POD methods. The conclusion was that the balanced POD modes produced
nearly identical results with the balanced truncation modes, and both methods sig-
nificantly outperformed the standard POD modes. Another comparison on a problem
of designing closed-loop controllers for flow over a cavity was done in [13], where
again the balanced POD modes achieved a stable closed-loop controller with fewer
ROM degrees-of-freedom. A difficulty related to balanced truncation is that the lin-
earized system must be stable. An extension to unstable linear systems was proposed
in [132] by decoupling the dynamics on the stable and unstable subspaces, and then
truncating the relatively uncontrollable and unobservable modal representations on
each subspace (see e.g. [132] for further details). This strategy was used to propose
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reduced-order controllers around linearly unstable steady states for flow around a
cylinder in [122] and for flow past a flat plate in [1].

9.4.2 Stabilization of ROMs for Unsteady Navier-Stokes Equations

As mentioned before, usually a standard Galerkin projection-based ROM does not
produce satisfactory results when applied to nonlinear unsteady Navier-Stokes equa-
tions. There do exist exceptions — for nonautonomous problems with strong external
sources, such as periodically driven inflow, long-time drifting from asymptotically
stable states was not observed in [84, 113]. The drifting of ROM trajectories in the
general case is however a well-known problem and many attempts have been made
to remedy it.

First works on stabilization experimented in adding artificial viscosity [9] to the
reduced equations. The idea was further developed by extending the spectral van-
ishing viscosity method of Tadmor [115] to the Navier-Stokes equations in [111]. In
long-time simulation of convection dominated flows some type of closure model that
takes into account the energy transfer between the ROM modes is needed. In [29] a
driven cavity problem at Re = 20,000 was successfully stabilized by adding a linear
damping term in the Galerkin ROM. The computation of correct limit cycles was
done in [2] by applying a shooting method. For a review of various stabilization
methods for Galerkin ROMS we refer to [16].

9.4.3 Dynamic Mean-Field Representations and Shift-Modes

In many fluid dynamics systems, the Reynolds decomposition (9.2) together with
Galerkin projection leads to unstable ROMs because the interaction between the
time-averaged mean flow u and the oscillating part of the flow field represented
by the POD modes is neglected. In [95] this problem was analyzed and identified
moving from the consideration that a Galerkin model without dynamic mean-field
correction is unable to represent correctly the unstable fixed point of the dynamical
system, which leads to structurally unstable ROMs (small perturbations in the model
can cause divergent trajectories). This was found to occur even in problems where
theoretically the POD-Galerkin ROM was able to capture the stable attractor exactly.
As aresult the periodic limit cycle was correctly captured, but transient dynamics of
the ROM were off by orders of magnitude.

The simplest method proposed in [95] to correct the mean-field approximation
error of POD is the inclusion of a shift-mode ¥, , which is added to the POD basis in
order to represent the correct unstable fixed point of the full-order system, resulting
in the extended POD ansatz

u(x,t) = u(x,f) ;== u(x) 4+ ao(t)¥a (x) + %ai(t)'f’,-(x). 9.52)
i=1

For instance, in the case of the unsteady cylinder wake flow, the unstable fixed point
corresponds to the solution uy of the steady Navier-Stokes flow. The shift-mode is
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obtained by applying a Gram-Schmidt process to the correction term uy 1= u — uy:

Ny (V78
Vii=up— Y (ua, W)W, W A

= A (9.53)
%3 e

i=1

and applying the Galerkin ROM to the expanded POD basis of dimension N, + 1.
This allows the ROM to represent exactly the unstable fixed point of the system. A
comprehensive discussion of the various other types of mean-field corrections and
their effects on the ROM predictions can be found in [116].

9.4.4 Model Reduction of Periodic Steady-State Solutions

In Sect. 9.4.3 we have discussed the difficulties of building ROMs that are capable
of accurately representing the transient dynamics of unsteady flows. In many ap-
plications of fluid dynamics, for example in turbomachinery or in large “straight”
arteries in the human circulatory system, the behavior of the flow is such that all tra-
jectories approach a single stable periodic solution. One option is then to disregard
the simulation of the transient, and concentrate only on approximating the periodic
steady-state solution.

For linearized flows the frequency-domain POD technique was introduced in [69].
It replaces the time-domain representation of the Galerkin-projected equations with
a Fourier-domain representation for each individual harmonic. For fully nonlinear
flows the individual harmonics are coupled by the nonlinear terms and no term-by-
term analysis of the harmonics can be performed. To solve this problem, the Har-
monic Balance (HB) method used for the study of harmonic ODEs was adapted for
the efficient solution of time-periodic flows in [57,89,90]. After suitable spatial dis-
cretization of (9.1) the system

[l:)h:| _ [_(llh~V)llh __va'hu‘: vAw, +f(t)] __ E;Em — —S(U), (9.54)

is obtained, where the spatial operator S(U) depends nonlinearly on the solution
U:= (up,pp) € RN N , N} and N/ being the number of degrees of freedom of the
discrete velocity and pressure fields, respectively.

The method starts from the assumption that this system admits a periodic steady-
state solution U.(¢) with known period 7, so that U..(f) = Us(¢ + T) for all 7. If in
addition the spatial operator is time periodic with the same period 7', they can both
be represented using Fourier series expansions as

U (1) = i Uy exp (2’;7“), S(U..) = i Si(U.) exp (2’;7“ > (9.55)

k=—oco k=—oco

where each ﬁk and §k(Um) is a (discrete representation of a) complex-valued vector
field over €2; by expressing Sp = /S\k(Uw) we mean that each coefficient in the expan-
sion of S = S(U..) depends on (potentially all of) the spatial coefficients {ﬁk}k of
U..(¢). Since the periodic steady-state solution satisfies equation (9.54), its complex
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. . = P .
Fourier coefficients Uy € CNi My must satisfy

ZLT”‘ﬁk +8¢(Us) =0, forallkeZ. (9.56)

The harmonic balance (HB) method starts by truncating the Fourier series to
2N + 1 terms and matching only those terms in (9.56), i.e.

2LT”‘ka +S¢(Us) =0, forallk=—N,...,N. 9.57)

For real-valued fields IALk = ﬁk, so that only N + 1 equations need to be solved.

If the flow is linear, all the harmonics decouple and we only need to solve N + 1
uncoupled steady equations. For nonlinear flows, each S;(U..) depends on all the
Uy for k = —N,...,N and thus the system (9.57) is a fully coupled nonlinear sys-
tem of (N + 1) x (N} + N?') complex-valued equations. Due to the nonlinearity of
the spatial operator its Fourier series coefficients cannot be computed directly. This
problem is solved either using the alternating frequency/time domain method, as
was done in [57,90], or by the asymptotic numerical method, as was done in [34].

Once the Fourier coefficients are known, the periodic steady state solution can be
reconstructed with arbitrary temporary precision.

An advantage of HB compared to POD is that no full-order transient simula-
tions need to be performed until the periodic steady-state is reached, nor is the ROM
dependent on the initial condition of these simulations. For a comparison between
POD and HB we refer to [82]. We remark that the HB method is very efficient
in reducing the temporal complexity, as typically only N < 10 terms are needed to
accurately represent the solution. However, it has no effect on the spatial complex-
ity of the problem. Like many space-time formulations it requires the solution of a
system that is several times larger than the one solved when using the more stan-
dard method of lines. So far the HB method has been applied mainly to industrial
problems, such as the design and simulation of turbomachinery [57] and problems
in aeroelasticity [120].

9.5 Conclusions

In this chapter we have presented an overview of model reduction methods for in-
compressible fluid dynamics, both in the steady and unsteady flow cases. The main
focus was on Galerkin-projection based ROMs, and the main strategies for con-
structing the low-order projection basis have been discussed. Theoretical properties
of ROMs for fluid problems are related to, e.g.: the possibility to reduce the dynam-
ics of a fluid system to a low-dimensional submanifold, measured for instance by the
very fast exponential convergence of empirical POD singular values or of the Kol-
mogorov n-width; the lack of long-time stability of Galerkin ROMs and the need
for stabilization; the error estimation of the ROM in the case of steady flow prob-
lems; the gain of computational efficiency thanks to the online/offline paradigm that
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allows fast real-time ROM simulations as well as to the use of hyperreduction for
treating the nonlinear terms in an efficient way.

Ad hoc reduced order modelling techniques have recently been proposed for op-
timal flow control problems [104,108,121], optimal shape design of devices related
with fluid flows [6,23, 58, 88], and the treatment of fluid-structure interaction prob-
lems [76,78].

Far from having covered the subject exhaustively, we hope nonetheless that this
chapter could offer the reader a contribution for understanding which type of ROM
may be the best for his or her particular fluid dynamics application, having made
extensive reference to available results in the literature.
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Window Proper Orthogonal Decomposition:
Application to Continuum and Atomistic Data

Leopold Grinberg, Mingge Deng, Alexander Yakhot and George Em
Karniadakis

10.1 Introduction

Proper Orthogonal Decomposition (POD) is a powerful tool for analyzing multi-
dimensional data, especially of vector fields in large-scale simulations. In this article
we review the Window Proper Orthogonal Decomposition (WPOD) proposed in [7]
for analysis of continuum data and in [5] for analysis of atomistic fields.

WPOD seeks for correlation of data obtained over certain time intervals (win-
dows). In that sense it can be compared to the window Fourier analysis or the wavelet
decomposition. However, WPOD imposes no requirement for the data to exhibit pe-
riodicity and does not require use of predefined spatial modes.

Here we are not seeking for data and dimensionality reduction only, but rather
we attempt to partition the data with respect to different physical events reflected by
changes in the POD eigenspectra. For example, in application of WPOD to atomistic
fields, the ensemble solution can be effectively separated from the thermal fluctua-
tions. Our basic measure for partitioning the POD expansion is the rate of conver-
gence of POD eigenvalues, while in most implementations of POD in low-dimen-
sional modeling the basic metric is the total energy associated with the low POD
modes.
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Several visualization packages such as VMD [21] exist for visualizing data from
particle based simulations, however, these packages do not incorporate quantitative
analyzis of the particle motion. In visualizations of multiscale atomistic data, often
represented by millions or even billions of discrete particles, the large-scale features
can be depicted by projecting the atomistic field on a continuum involving also a
substantial data compression. The correlated motion of the media is then visualized
using the continuum fields, while the motion of a small collection of particles (e.g.,
modeling polymers, red blood cells) can be described by tracking their trajectories
and superimposing it onto the continuum data images.

In this chapter we provide the formulation of WPOD and present its utility in sev-
eral disciplines. We start with a brief motivation and a mathematical formulation of
POD and WPOD for continuum and atomistic data. Then, we present an application
of WPOD for quantitative analysis of intermittent laminar-turbulent flow. We con-
tinue with application of WPOD for analysis of atomistic data, specifically, comput-
ing the ensemble solution and the PDF of thermal fluctuations. We discuss coupled
atomistic-continuum multiscale simulations where WPOD is applied to co-process
interface data. We demonstrate the utility of WPOD for multiscale visualization and
conclude with a summary.

10.2 Motivation

There are several reasons for developing windowed spectral analysis tools as a post-
and co-processing procedure. In the following, we name a few areas where WPOD
can be successfully implemented.

i) Molecular dynamics simulations generate information at the microscopic level,
e.g., positions and velocities of particles. The conversion of this microscopic in-
formation to macroscopic observables requires statistical averaging, i.e., computing
ensemble averages. An ensemble is defined as a collection of all possible systems,
which have different microscopic states but have an identical macroscopic or ther-
modynamic state. Traditional statistical averaging requires an extremely large num-
ber of samplings of microscopic information, which is often a major computational
expense. Even with very high sampling rate, it is typical that the accuracy of the final
results may still be quite low, which makes physical interpretations difficult.

In stationary flow simulations, the average solution u(x) is typically computed
by sampling and averaging the trajectories of the particles over a subdomain £2,, and
over a very large time interval, i.e., u(X,) = ]\%p Y, u(t",x;), where X, corresponds
to the center of €2, and N, is the total number of particles x; € €2, at any given time-
step ¢”. To obtain an accurate approximation to u(x), it is required that both the time
and space intervals be sufficiently large. With respect to time, this can be achieved
by integrating over thousands of time steps.

In non-equilibrium atomistic simulations, however, such as in simulations of un-
steady flows, propagation of cracks in materials, simulations of polymers and red
blood cells, etc., the standard statistical tools employed are even more problematic.
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In non-stationary flow simulations, an ensemble average u(z,x) is required, but it is
not obvious how to define a time interval 7 >> At (where At is the time step) over
which the solution can be averaged. It is possible to perform phase averaging, if the
flow exhibits a limit cycle and integrate the solution over a large number of cycles,
but for general cases phase averaging may not be a suitable technique. In some sim-
ulations, constructing the ensemble based on many realizations is the only choice,
but even then the accuracy can be improved only proportionally to \/N,, where N, is
the number of realizations. For simulation of small problems on a moderate number
of computer processors, increasing N, is a reasonable approach. However, in sim-
ulations requiring over O(10°) computer processors, increasing N, by an order of
magnitude is very inefficient giving the limited accuracy gain.

The dynamics of deformable vesicles and cells subject to stresses and thermal
noise is characterized by a variety of phenomena as shown in recent biologically
motivated experiments [2,9, 10, 16, 20]. The vesicles and cells are typically simu-
lated using particles linked by non-rigid bonds, e.g., polymers can be represented as
a chain of particles, a membrane of blood cell can be represented as a network of
particles with fixed connectivity. As an example of dynamically deformable object
let us consider a vesicle which has three quasi-steady dynamical states in shear flow,
namely, tank treading, tumbling and trembling. These dynamical states can be de-
scribed in a framework of low-dimensional modes (or the dynamical process can be
described by one or two degrees of freedom) [11, 12]. However, in relative strong
flows where the stresses acting on the soft objects might be extremely big, the cell
dynamics is much more complicated due to the nonlinear response to the stress and
stochastic noise. The response to thermal noise becomes a central issue for such dy-
namic system, in a sense that it may mask the deterministic component of time-space
fluctuations. Wrinkling patterns of membranes and semi-flexible polymer appear in
elongational flow and shear flow [2,9,10, 16,20]. To capture the mechanisms behind
the nonlinear dynamics, one has to analyze the wrinkling patterns which are related
to the excitement of high-order deformation modes. Since the wrinkles during the
vesicle dynamics are not stationary and are excited only for a limited time, the often-
used Fourier decomposition and spherical harmonics decomposition [2, 10, 16,20]
are actually not suitable because of the boundaries and unknown nonuniform ten-
sions on the vesicle surface along the polymer chain. Instead, the Euler-Lagrange
equation of the energy functional with respect to its configuration and nonuniform
tension defines a set of orthogonal eigenfunctions (and eigenvalues) with satisfyied
boundary conditions [9]. However, it is impossible, even numerically, to obtain the
eigenfunctions when the tension function is unknown and unsteady. Thus, WPOD
may become an enabling tool for analysis of the time-space nonlinear dynamical
modes and their evolution process by constructing orthogonal eigenfunctions from
dynamical trajactories and decoupling the correlated motion of particles from ther-
mal fluctuations.

i) Coupled atomistic-continuum simulations [22] is another area where robust
techniques for computing the ensemble average are crucial for establishing inter-
face conditions. In Fig. 10.1 we present a coupled atomistic-continuum simulation
of platelet aggregation in an aneurysm [6]. The unsteady flow in the domain of brain
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Multiscale Problem:
From O(10cm) to O(1nm)

Bagilar

Fig. 10.1. Multiscale atomistic-continuum coupled simulation of a brain blood flow. Shown on
the left is the computational domain of major brain arteries with an aneurysm (macrodomain)
where the Navier-Stokes equations are solved; different colors correspond to different do-
main patches. Shown in the inset (right) is the microdomain (3.93mm>) where dissipative
particle dynamics is applied. The WPOD method is applied in this microdomain. Inside the
microdomain: streamlines show instantaneous flow directions; red objects represent a frac-
tion of red blood cells; dots represent a fraction of plasma particles; colors correspond to
the ensemble average velocity. Courtesy of Argonne National Laboratory. Visualization by
J. Insley

arteries was computed using a continuum approach, while the interactions between
blood cells, plasma and arterial walls were simulated using the dissipative parti-
cle dynamics (DPD) method. The flow was simulated on up to 294,912 computer
processors, with over 90% of computing power dedicated to the atomistic solver.
Continuity in the continuum and atomistic fields were achieved by imposing proper
interface conditions [6]. The interface conditions required extracting large-scale flow
features from the atomistic simulations, i.e., filtering out thermal fluctuations from
the atomistic data. The WPOD method was applied to compute the ensemble aver-
age of the stochastic fields. We note that an alternative approach based on concurrent
multiple realizations would require millions of computer processors.

Coupled atomistic-continuum algorithms become more efficient and conservative
if fluxes instead of state variables are exchanged in the coupled scheme [13]. This,
in turn, requires smooth representations of interface fluxes for faster convergence
and for preventing erroneous propagation of numerical artifacts into the domain. As
we will demonstrate in Sect. 10.5, the gradients of the state variables — obtained in
atomistic simulations of unsteady flow and processed in the standard way — are far
from smooth and hence inappropriate for such multiscale simulations. The smoother
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Fig. 10.2. Turbulent flow simulations: POD eigenspectra. Leff - flow around a wall-mounted
hemi-sphere (reproduction from [17]); right - flow around a wall-mounted cube (unpublished)

velocity field reconstructed with the WPOD allows better accuracy in predicting the
field gradients.

iii) WPOD for continuum data was first applied for quantification of transitional
blood flow, i.e., capturing the spatio-temporal transition from laminar to turbulent
flow regimes [7]. Laminar flows exhibit a high degree of spatio-temporal correlation
while turbulent flows show significantly lower. This is reflected in the dimensionality
of the flow field data and correspondingly in the POD eigenvalue spectrum, where
high order (“turbulent”) modes converge slow and often at a constant rate. If the
region of turbulent flow is very small compared to the size of the entire domain,
analysis of POD spectrum or inspection of temporal modes performed on the entire
domain is insufficient. To this end, WPOD can quantify precisely the distribution of
the kinetic energy at different spatio-temporal windows.

Manhart [17] applied POD analysis of high-Reynolds number turbulent flows
to analyze flow around a wall-mounted hemisphere; Yakhot ef. al. (unpublished)
applied POD to analyze turbulent flow around a wall-mounted cube. Both studies
clearly showed the power law decay rate A, ~ k—3/* of the POD high eigenvalues
(see Fig. 10.2). The fact that the same power law was obtained in two different POD
studies is intriguing. To the best of our knowledge, it has not been shown that the
value of the exponent is universal. Fourier analysis applied to turbulent fields shows
that the energy spectrum follows a power law A ~ &~ with 1 < s < 3 depending on
the turbulence nature. For homogeneous isotropic turbulence, the POD eigenmodes
are simply the Fourier modes.

Flow in complex geometries is neither homogeneous nor isotropic but a power
law energy decay provides additional evidence for the quatitative characterization
of turbulence. In [7] a study of flow in a stenosed carotid artery was performed and
high-frequency oscillations were detected downstream of the stenosed region. The
presence of fluctuations is not sufficient evidence for the presence of turbulence,
which is characterized by specific statistical properties, and hence the distribution of
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energy between different scales is a commonly used criterion. The spatio-temporal
WPOD analysis of flow in the stenosed carotid artery presented in [7] reveals that
during the systolic peak of the cardiac cycle the exponent s is in the range of s = 0.8 to
s = 1.1; this result was later confirmed in experiments by Kefayati & Poepping [14].

iv) Multiscale visualizations of atomistic data. The number of particles in MD or
DPD simulations can be extremely large; this taxes not only the computational cost
of simulations but also adversely affects data post-processing including visualiza-
tion. In particle-based simulations, data for every 100M particles require about 5.2
GB of disk space for one snapshot, even by saving only the particle IDs, coordinates
and velocity vector.

Typical particle-based simulations (MD or DPD) include solvent particles, e.g.,
particles representing the blood plasma, and non-solvent particles, e.g., proteins, red
blood cells (RBCs), platelets, glycocalyx, etc. Proteins and blood cells are repre-
sented by a collection of bonded particles with fixed connectivity. Fortunately, the
majority of the particles (at least in simulations considered here) represent the sol-
vent, and visualization of discrete particle data can be substituted by presenting their
average properties projected on a fixed grid. When the projection is combined with
WPOD, the data also represents the collective and correlated in time and in space
solution field. Representing the data for the plasma particles by its continuum ana-
log typically reduces the storage requirements by 80 to 95 percent. The output data
can be written on the disk or passed directly to the visualization software allow-
ing real-time visualization. This real-time data compression and fast data commute
from simulation to visualization also opens up new possibilities for effective com-
putational steering.

10.3 Methodology

10.3.1 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition is a spectral analysis tool often employed for data
compression and low-dimensional modeling. The method is also known as princi-
pal component analysis (PCA), singular value decomposition (SVD) and Karhunen
Loéve decomposition. Our formulation of WPOD is based on the method of snap-
shots, introduced by Sirovich [18] who applied POD in fluid dynamics for identifi-
cation of coherent structures in a turbulent velocity field.

POD decomposes the time-space field u(¢,x) into an expansion of orthogonal
temporal and spatial modes, i.e.,

Npod
u(t )= 3 a(n)oulx). (0.1)
k=1

The basis ¢¢(x) is sought so that the approximation onto the first K functions:
a(x,1) = Y5 | ar(t)9*(x), K < Npoq has the largest mean square projection.
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To compute the space- time- POD modes over a time interval 7 and space x € 2, a
temporal auto-correlation covariance matrix C is constructed from the inner products
between pairs of fields (snapshots) collected at times ¢' and ¢/, i,j =1,...,Npoq:

Ciy= u(t',x)u(t/,x)dQ. (10.2)

The temporal modes a;(¢) are the eigenvectors of C. Using orthogonality, the POD
spatial modes ¢y (x) are calculated from

Or(x) = ap(t)u(t,x)dt. (10.3)
r
The eigenvalues Ay, A > Ay > ... > )va o> Vk=1,...,Npo of the autocorrelation
matrix C represent the energy level associated with the POD mode £.

10.3.2 Window Proper Orthogonal Decomposition (WPOD)

In WPOD we consider splitting the time interval 7" into overlapping or non-over-
lapping sub-intervals (windows) AT, € T,m = 1,2,..., i.e., the POD analysis is per-
formed over a sub-set of snapshots. Such approach is more adequate for analysis
of fields where certain events exist over a relatively short (finite) time. Also, such
window approach may be the only choice for data co-processing, where computer
memory is sufficient for storing only a certain number of the most resent snapshots.
Eigenspectrum analysis of C(AT) constructed over shorter time intervals leads to
better capturing of transitional phenomena, as will be illustrated in Sect. 10.4 where
POD analysis of intermittent laminar-turbulent flow is presented. Implementation
of POD as a co-processing tool naturally leads to performing the analysis over time
windows, where the autocorrelation matrix is computed from the most recent N,,q
snapshots.

The concept of local reduced-order bases (ROB) developed in [1] uses POD ap-
plied on the snapshots of the system taken at various locations of the state space.
As in WPOD, the solution space is partitioned into subdomains, when a local ROB
is constructed and assigned to each subdomain. The difference is that the ROB ap-
proach uses for nonlinear system model order reduction, while the WPOD employs
for analysis of nonlinear system evolving data.

POD requires spatial integration of fields represented at fixed grid (mapping from
moving frame to fixed can be also considered). In atomistic simulations, field data is
associated with Lagrangian particles moving in the computational domain and even
exiting and entering the domain. Accordingly, WPOD in the atomistic simulations is
performed in two steps. At the first step, a spatio-temporal averaging over relatively
short time intervals is applied to project atomistic data on a set of fixed in time grid
points x,,. In our simulations the size of these time intervals is typically in the range
of 50 to 500 time steps (N,s = [50 500]):

1 ny+Ngs
u(T,Xp) = Fp > Yu(t",x;), T="1"+NiAt)2.
n=ny j
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At the second step, the method of snapshots is applied to a subset of (7%, x), simi-

1 2 3 4
1 2 3 4
1 2 3 4
1 1 1 1 L ]
4] 50 100 150 200 250 300

time step index

Fig. 10.3. Tllustration of POD windows in processing molecular dynamics data. Each POD
window is composed of N,y = 4 snapshots. Each snapshot is obtained by spatio-temporal
averaging of data over N;; = 50 timesteps. Three POD windows are shown

larly to WPOD for continuum data. In Fig. 10.3 we provide a schematic illustration
of the WPOD method for atomistic fields. WPOD is performed on data computed
within a time interval Tp,¢ = NpoaNisAt. The correlation matrix C is based on the
Npoa most recent snapshots; it is updated every N, time steps and its eigenvalues
and corresponding eigenmodes are computed.

The WPOD method we present here transforms the velocity field to orthogonal
modes, which can then be employed to approximate the ensemble solution u(¢,x) and
thermal fluctuations z/(¢,x). Unlike the simple spatio-temporal averaging, WPOD
is effective in capturing the correlations in atomistic properties (e.g. velocity filed)
over time intervals, and not just to smear off any temporal fluctuations in the solution.
In addition, WPOD allows for a fast construction of the probability density function
(PDF) of the fluctuating part (higher order modes) u/(¢,x), which can be utilized to
gain better physical insight.

To separate the velocity field into u(z,x) and u/(z,x), e.g., into the ensemble av-
erage solution and thermal fluctuations, several criteria based on adaptive analysis
of the POD eigenvalues and eigenvectors can be employed. We denote the WPOD
method as “adaptive” since the POD eigenproperties and the criteria for selecting the
proper number of POD modes to compute u(z,x) and u/(¢,x) are re-examined every
N, time steps. To this end, the first criterion is based on the rate of convergence
of POD eigenvalues. The second criterion is based on the level of noise present in
temporal modes. The third criterion is based on the analysis of standard deviation of
POD eigenvectors (the temporal modes).

To illustrate the two distinct rates of convergence of POD eigenspactra, we plot in
Fig. 10.4 the POD eigenvalues and selected temporal eigenmodes obtained by a DPD
simulation of pulsatile flow in a pipe; this will be discussed further the Sect. 10.5. The
eigenvalues can be separated into two clearly distinct subsets according to the rate
of convergence. The POD modes corresponding to A; with very small rate of con-
vergence (k > 3 in Fig. 10.4 (left) represent data with very short correlation length
(i.e., thermal fluctuations), while the low POD modes represent fields characterized
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Fig. 10.4. DPD-simulation: 3D pipe flow driven by a time-periodic force. Lefi: Eigenspectra
of velocity in x— (stream-wise velocity component, black dots) and y—direction (red crosses),
and three POD temporal modes. The first two eigenvalues of the WPOD analysis of analytical
solution performed over the same time-window as in computation are /ogg(41) = 2.208 and
logio(Ay) = 0.525. Top right corner: velocity profile (streamwise component) reconstructed
with the first two POD modes at t = 360. Right: velocity trace at the center line (» = 0) and
close to the wall (» = 0.9Ry: here Ry is the pipe radius). (Adapted from [5])

by a long correlation length, i.e., the ensemble average. The WPOD analysis of the
simulation data agrees very well with the WPOD analysis of the analytical solution
performed over the same time-window as in computation. The first two POD eigen-
values obtained from the analytical solution are logio(A1) =2.208 and logio(A2) =
0.525, while for k > 2 we have log19(A;) = 0. The first two POD eigenvalues of the
DPD simulation are [og10(A;) = 2.217 and [og10(A2) = 0.54, while for k£ > 2 we
have log1o(2A) < —0.6. Considering the very small deviation between the eigenval-
ues of the analytical solution and numerical solution with DPD, we can expect that
the error in evaluating u will be of the same order. In fact, the error in simulation
results processed with WPOD and compared to the analytical solution was of order
1072, which is about two orders of magnitude smaller that the mean velocity.

To employ the first criterion to separate the velocity field into u(z,x) and w/(z,x),
we investigate the rate of convergence of the POD eigenvalues A; as a function
of mode number 4. The high modes represent small-scale features with very short
correlation time, i.e., the thermal fluctuations. In contrast to the A, for the low modes,
the convergence of A; associated with the higher modes is very slow. We can then
compute the ensemble average from the low, most energetic modes, characterized
by the fast convergence rate of A, while the fluctuations (u/(z, x)) are computed from
the high slowly decaying modes.

The first criterion is based on fitting the curve /ogo(A) = f(k) with piecewise C”
continuous linear function; the method is illustrated in Fig. 10.5. Two least-square
aperoximations are performed for a range of~ k values to obtain coefficients ¢ (NINC) and

ca (k) of log(y;) —log(X;) =y (k—k),k < kand log(Az) — log(A) = co(k—k),k>

k. Second, the residual of the least-square approximations for each & is computed
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Fig. 10.5. MD simulation with DPD thermostatting of unsteady cylinder flow between two
plates: eigenvalue analysis of velocity in x— direction. (a)-(c) — POD eigenspectra and piece-
wise linear approximation with 1~c~: 2, 6 and 10. (d) —root mean square (rms) of the piecewise
approximation error, red dot at k£ = 6 marks the smallest rms. (¢) — five POD modes (high-
lighted in red) are selected to reconstruct the flow in x- direction. N, = 3, Nyy =250, N, pod = 80.
(Adapted from [5])

and we set k = k — 1, where k corresponds to the minimum residuals over all .
The ensemble average and the thermal fluctuations are then computed as u(t,x) =
SEF ap(7) ¢ (x) and w(7,x) = u(t,x) — (7, x). In flow simulations where the en-
semble average does not depend on time, the number of modes required to compute
u(x) is strictly one. Moreover, k = 0 corresponds to the field consisting of thermal
fluctuations only; an example for such a field is presented in Fig. 10.4, where all
eigenvalues corresponding to the cross-flow velocity (in y—direction) have practi-
cally the same rate of convergence. In general, & increases with the complexity of a
flow as we will see in the following examples.

To employ the second criterion to separate the velocity field into u(s,x) and
w/(t,x) we take into account the smoothness of temporal modes. For example, in
Fig. 10.4 we observe that the first two temporal modes can be accurately approx-
imated with a smooth function, e.g., high-order polynomials. The Ly-norm of the
error in approximating the temporal modes a () and a(¢) with fourth-order poly-
nomial through a least squares method is about three orders of magnitude less than
its maximum value, which means that the presence of noise in the first and second
modes is negligible. This finding is also consistent with the accuracy in computing
the A; and A,. The high-frequency oscillations present in the third POD mode which,
according to the first criterion was attributed to the thermal fluctuations, suggest that
it cannot be accurately approximated with a relatively smooth function and accord-
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ing to the second criterion it should not be used to reconstruct u(z,x). To adaptively
select the POD modes representing u(z,x), one needs to define a threshold relating
the Ly-error in approximating a;(t) with respect to (for example) L..-norm of a; (7).
A good approximation to the energy of noise present in the low-order “smooth” POD
modes can be derived by measuring the energy of oscillations present in high-order
modes representing the thermal fluctuations.

Although the sample problem used to illustrate the behavior of the POD eigen-
spectra in atomistic simulations considers unsteady flow, the task of separating the
eigemodes by the rate of convergence was relatively simple. It can be seen that the
curve y(k) = logio(A;) can be approximated very well by a C° piecewise linear
function, however, in more general cases, e.g., considering complex geometry or
different types of particles, the transition from the very fast to very slow converging
Ay can be smoother. In Fig. 10.5 we plot the eigenspectra obtained by MD simula-
tion of unsteady flow past two cylinders [5]. It is clearly seen that the eigenvalues
in the range of & = 2 to 6 smoothly change the rate of convergence from very fast
to very slow. However, even for this case the method of finding & and consequently
separating the velocity fields into u(¢,x) and u/(z, x) using the first criterion only was
quite robust.

In most of our particle-based simulations of complex fluids the transition from
fast convergence (k O(1)) to steady slow convergence (k»1) is not sharp, and ac-
cordingly, approximating the curve of A (k) with piece-wise polynomial function
defined on two elements may not result in approximation of that curve with close to
zero error. However, such approximation still serves its goal very well, as the only
purpose of it is to detect (even approximately) the range of POD modes associated
with slow (and fixed-rate) converging eigenvalues. The sensitivity of u(¢,x) to er-

rors in & is very low and can be estimated from comparing the value of Appqto Zlf Mg
(see Fig. 10.5¢).

The third criterion for detecting whether a certain POD mode should be used to
reconstruct u(z,x) or u/(¢,x) is based on the analysis of the temporal modes a;(¢),
specifically, their mean value < @ > or standard deviation ST D(ay):

Npod Npod

3 akT’—<ak>2 R

STD(ak):\/ , (N( ) 1 ) <@ >=N1Y a(r).
pod — i

Assuming that the flow simulated with the atomistic solver is not turbulent, the en-
ergy associated with higher POD modes will converge very fast, which means that
only the fluctuating component resulting from the thermal fluctuations contributes
to the slow converging modes. The random force introduced as a DPD thermostat
is a function of independent identically distributed random variable with zero mean,
hence it is expected that the thermal fluctuations due to the added random force
will also have zero mean. Consequently, the temporal POD modes representing the
thermal fluctuations will also have zero mean, which implies that their standard de-
viation will be STD(a;) = 1/(1/Npoa — 1), since a; - ax = 1. The effects of applying
the third criterion in simulations of complex flows will be discussed in Sect. 10.5,
where the WPOD is applied to DPD simulation of complex flow including red blood
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cells and plasma. The three criteria presented above can be also combined to eval-
uate the optimal £. In our simulations we search for £ by combining either the first
and the second or the first and the third criteria.

10.4 WPOD for Quantative Analysis of Intermittent
Laminar-Turbulent Flow

We have already discussed in Sect. 10.2 the application of POD to turbulent flow. A
POD cigenspectrum showing the peculiar power law decay rate s = —3 /4 obtained
in two independent studies has been presented. Here we apply WPOD for analysis
of intermittent laminar-turbulent flow in a complex geometry domain. Specifically,
high-resolution three-dimensional simulations were employed to study transient tur-
bulent flow in a carotid arterial bifurcation with a stenosed Internal Carotid artery
(ICA). The detailed description of the problem set-up and simulation can be found
in [7]; here we only briefly describe the procedure and methodology and focus on
the outcome of the WPOD analysis.

The geometrical model of the arteries was reconstructed from MRI images, and
in vivo velocity measurements were incorporated in the simulations to provide time-
varying inlet and outlet boundary conditions (see Fig. 10.6). Due to high degree of
the ICA occlusion and variable flowrate, a transitional and intermittent flow between
laminar and turbulent states is established.

The complex geometry, specifically the curvature of the ICA in the downstream
region with respect to the stenosis, facilitates a Coanda-type jet formation and tur-
bulent transition exhibiting hysteretic behavior with respect to changes in Reynolds

25 !
TWa=[0.0 0.08] Iy

TWb=[0.08 0.11]
TWe=[0.11 0.17] KA ECA
TWd=[0.17 0.25]
TWe=[0.25 0.36]
TWI =[0.36 0.45]
TWg=[0.45 0.65]
TWh=[0.65 0.9]

20

Qi) [ml / sec]

Jot

Recwcubiton

Fig. 10.6. Intermittent laminar-turbulent flow simulations in stenosed carotid artery. Left -
waveform flow rates imposed in the inlet of the common carotid artery (solid), and outlets
of the internal (dash) and external (dash - dot) carotid arteries and Time-Windows selected
for WPOD data analysis. Right - flow patterns: iso-surfaces in a high-speed region (jet, red),
blue iso-surfaces - back-flow regions; and instantaneous path-lines of swirling flow and cross-
stream secondary flows. (Adapted from [7])
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recirculation

wall jet
Coanda wall jet

(a) (b)

Fig. 10.7. (in color) Unsteady flow in carotid artery: transition to turbulence. (a-¢) cross-
flow vorticity contours €2, extracted along y — —1.2 in ICA. (f) region of ICA where flow
becomes unstable, colors represent iso-surfaces of w-velocity (streamwise, along z-direction),
Re =350, Ws = 4.375. (Adapted from [7])

number. The main global flow features of the flow are presented in Fig. 10.6; while
in common and external carotid arteries (CCA and ECA) pathlines are quite orga-
nized, those in ICA exhibit disorder in the poststenotic region featuring a swirling
pattern. The blood flow along the curved wall is accompanied with decrease of the
pressure on the wall, dropping below the surrounding pressure and resulting in the
attachment of the fluid flow to the wall. The wall jet consists of an inner region,
which is similar to a boundary layer, and an outer region wherein the flow resembles
a free shear layer. These layers interact strongly and form a complex flow pattern.
Figure 10.7 demonstrates the jet-like effect created by the stenosis as predicted
in our simulation. In Fig. 10.7 we show the contours of the £2,-vorticity (transverse)
that can be linked to the rolling up along the wall (see coordinate axes in Fig. 10.7f),
for different stages of transition that show the wall jet breakdown. These results
illustrate the onset of turbulence due to shear layer type instabilities of the Coanda
wall jet in the post-stenotic region. Specifically, in Fig. 10.7a, the laminar state of the
incoming flow is confirmed by the straight path traces. The jet outer region (marked
by a blue trace) and the adjacent recirculation back-flow region (marked by a light-
blue trace) form a free shear layer. In Fig. 10.7b, the jet moved downstream along
the wall showing the early stage of interaction with the adjacent recirculation region.
Figure 10.7¢ shows the perturbed shear layer at the leading edge of the jet. The tilted
vorticity trace in Fig. 10.7d provides evidence of the stage of vortices coalescence in
the outer region and the rolling up of the inner shear layer. The tilted wall jet rapidly
breaks down leading to dispersion of the organized flow pattern (Figs. 10.7d,e). It
should be noted that the breakdown gradually propagates upstream, a phenomenon
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that was predicted by Sherwin & Blackburn [19] using DNS in a simplified geo-
metry.

The waveform curves consist of a brief systolic phase (acceleration and decel-
eration) and a longer diastolic phase with some increase in flow rate around t=0.55
(see Fig. 10.6). The early turbulent activity in the post-stenotic region begins at the
mid-acceleration phase of the cardiac cycle. In the early part of deceleration there
is intense turbulent activity; past the mid-deceleration phase, the intensities die out
and the flow begins to re-laminarize.

The spatial variations in the geometry and temporal unsteadiness lead to intermit-
tent behavior of the flow creating a jet, pockets of stable backflow regions and high
shear regions, and /ocalized in time and space transitional and turbulent flows. As
we previously stated, we consider the power-law decay of the energy spectrum as
a clear indication of turbulence. Hence, the goal of WPOD analysis here is to cap-
ture time- space intervals where convergence of high order POD eigenvalues can be
approximated by a power-law.

To perform WPOD analysis we divide the cardiac cycle into eight time-window
intervals denoted by a =+ 4 as illustrated in Fig. 10.6 (left); the time-windows have
been chosen to represent different stages of the transient regime. We will refer to the
time-windows as TWa-+TWh. In Fig. 10.8 we plot the POD eigenspectra computed
over six consecutive time-windows; the eigenvalue spectrum slope provides an in-
dication of a turbulent or laminar regime. The eigenvalue spectra distinguish clearly
the presence of transition from laminar to turbulent regime shown in Fig. 10.8a and
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Fig. 10.8. WPOD: Eigenspectra obtained over different time-windows (see Fig. 10.6). The ar-
rows denote the spectrum evolution in time: transition to turbulence is denoted by an upward-
directed arrow, the downward-directed arrow refers to re-laminarization. (Adapted from [7])
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followed by re-laminarization in Fig. 10.8b. The spectra obtained over the TWc¢
and TWd time-windows, covering the transitional regime, display a slow and steady
decay.

Time-window POD may not be sufficient for detection of spatially intermittent
distribution of kinetic (turbulent) energy. Visualization of solution reconstructed
from higher-order POD modes only does lead to capturing regions with high tur-
bulent energy, however, it is not sufficient to guantify turbulence in each region. To
this end, a space-window POD to detect regions with high kinetic energy can be
employed. We analyze the eigenspectrum in two sub-domains of the ICA shown in
Fig. 10.9: 1) the stenosis throat (sub-domain 4B); 2) the post-stenotic region, from
12 to 22 mm downstream of the stenosis throat (sub domain CD).
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Fig. 10.9. POD ecigenspectra obtained over different time-windows in sub-domains AB and
CD (right): (a.c.e) - time-windows TWa, TWb and TWc (flow acceleration and transition to
turbulence); (b,d,t) - time-windows TWd, TWe and TWT (flow deceleration and laminariza-
tion); (arrows show the time growth, color represents the w-iso-surface reconstructed from
POD modes 20 to 50 at = 0.13. (Adapted from [7])
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Figure 10.9a,b shows fast decay of the POD eigenspectra computed in sub-domain
AB where no turbulence was detected. In Fig. 10.9¢,d we plot the spectra computed
in sub-domain CD. The energy spectra in Fig. 10.9¢ reveal onset of turbulence and
subsequent flow re-laminarization. The spectra obtained over TWe¢ and TWd depict
slow decay, typical for turbulent flow. The POD spectra in Fig. 10.9¢,f show the
same scenario of transition/re-laminarization although the turbulence here is very
weak because it experiences a decay and eventually re-laminarization downstream
of'the stenosis (compare TWc and TWd curves in plots (e,f) with those in plots (c,d)).

Processing 3D data sets to determine if the energy spectra of a flow exhibits a
power law decay may still carry excessive computational cost, particularly when
simulation data is analyzed at the run time. In the next example we show that a
2D space-time WPOD can also be successfully employed for that purpose. To this
end, the velocity field computed in ICA is extracted along 2-dimensional (2D) slices
(space-windows), and then time-window POD analysis is performed. In Fig. 10.10
we show spectra computed over different time-windows using velocity fields ob-
tained from a transverse to the main flow 2D slice at z = 60. Similarly to 3D POD
analysis (see Figs. 10.9¢.d), these POD spectra reveal transient flow regimes shown
by arrows. POD spectra were also computed along longitudinal cross-sections pro-
vides the same information
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Fig. 10.10. 2D POD: eigenspectra obtained over different time intervals (see Fig. 10.6); ve-
locity field is extracted at z = 60; (a) time-windows TWa, TWb and TWc (flow acceleration,
and transition to turbulence); (b) time-windows TWd, TWe and TWTf (flow deceleration, and
laminarization); (c¢) time-windows TWg and TWh (diastole phase): arrows show the time
growth



10 Window Proper Orthogonal Decomposition 291

To quantify the quasi-instantaneous decay of the POD eigenvalues the following
procedure can be implemented. Recall that turbulence is associated with existence
of the high POD modes that exhibit a power law energy decay, namely

e~ k50, (10.4)

Let us extract flow field data from different planes, as shown in Fig. 10.10. For each
time instant ¢ over the cardiac cycle, the POD analysis is performed over a relatively
short time-window ¢ — A¢' /2 < t <t + At' /2, where A¢' is approximately 0.01 sec-
ond at the systolic peak and approximately 0.1 second during the diastolic phase.
Taking advantage of the high time resolution of simulations, each time interval A¢/
here is covered by 80 snapshots. The exponent s(¢) is then computed by approxi-
mating the convergence rate of modes k& = [2 20] with the power-law. In Fig. 10.11
we plot the exponent s(¢) of the POD eigenvalues. The double hump curves clearly
indicate the transient nature of the flow. The low values of the slope (0.8 < s < 1.1)
correspond to the turbulent regime that occurs during the systolic phase. The sec-
ondary turbulence regime at # =~ 0.55 mentioned above is also captured by the low
slope values in Fig. 10.11. The eigenspectra decay rate 0.8 < s < 1.1 obtained in the
simulation setup has been later confirmed in experimental setting by Kefayati and
Poepping [14].

0 ; .
''''' 2D slice A
-1t ---2D slice BH
—2D slice C

1
. ; ‘
0 0.2 0.4 0.6 0.8

Fig. 10.11. 2D POD: decay rate of POD eigenspectra. Data are extracted along: slice z = 50
(2D slice A) and slice z = 60 (2D slice B) depicted in Fig. 10.10 (right); longitudinal slice with
x = const and located between z = 50 and z = 60. s(¢) is computed for the modes k =2+ 10
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10.5 WPOD in Atomistic Simulations

In this section we focus on applications of WPOD in particle-based simulations.
While the method is suitable for processing molecular dynamics and coarse-grained
molecular dynamics data, we limit our discussion on the latter. Specifically, we con-
sider application of WPOD to the data generated in dissipative particle dymanics
simulations (DPD). Our focus is on the accuracy and computational efficiency in
separating the ensemble solution from the thermal fluctuations. To exemplify the
strength of the WPOD, particularly in analysis of non-stationary data, we selected
two classes of problems: 1) simulation of unsteady flow where DPD particles have
the same properties; and 2) simulation with four types of DPD particles representing
healthy and diseased red blood cells, blood plasma and walls. The various particle
types may have distinct cutoff radius, strength of dissipative force or other parame-
ters defining the pairwise interactions as described in the following brief overview
of the DPD method.

DPD is a mesoscopic particle method with each particle representing a molecular
cluster rather than an individual molecule [3, 8, 15]. The DPD system consists of N
point particles interacting through conservative, dissipative and random forces, i.e.,
F; = F§ 4+ F} 4 F and all forces are truncated beyond the cutoff radius r., which
defines the length scale in the DPD system. The motion of DPD particles is governed
by the second Newton’s law:

dl‘,‘ dll,

= w omi—s =1 fi= 3 (F+Fj+F)). (10.5)
JiF]

The forces between particles 7 and j are computed from:

G —a (12 ) b0 B = 10 ) w200 B = 00 ()L,
where u;; = u; —u;, At is the time step, and r, is the cutoff radius beyond which all
forces vanish. The coefficients a;;, ¥, and o define the strength of conservative, dissi-
pative, and random forces, respectively; @” and ®”(r;;) = (1— %)k with the expo-
nent k are weight functions, and & = Jj ;i is anormally distributed random variable.
The random and dissipative forces form a thermostat and must satisfy the fluctuation-
dissipation theorem [3] leading to the two conditions: @” (r;;) = [@®(ri;)] *and 02 =
2vkgT with T being the equilibrium temperature. The velocity fluctuations due to
F® dominate in regions, where the ensemble velocity is expected to be small, for ex-
ample next to the walls, which makes accurate extraction of u(z,x) and its gradients
a very difficult task.

Our first example is a DPD simulation of pipe flow driven by a time-periodic
force, for which an analytical expression (Womersley velocity profile) for the en-
semble average is known:

u(t,r) =—Im

iA_P . Jo(r\/ _iw/v it
wp (1 Jo(D/z\/W/v)> P ] ' (10.6)
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Fig. 10.12. (in color) Computational domain for an unsteady pipe flow problem. WPOD is
performed over points X, — vertices of the cross-sectional plane. The walls are represented
by static particles located between the surfaces marked by green and blue edges. Red spheres
centered at the vertices represent sampling region €2,

where AP is the predefined pressure gradient, o is the wave number, p is the density,
D is the pipe diameter and i = v/—1. The expected mean flow is one-dimensional.

The snapshots are collected on a set of grid points X, distributed along cross-
sectional plane in the middle of the computational domain, as presented in Fig. 10.12.
The main flow characteristics are: Womersley and peak Reynolds numbers: Ws =
Ry/w/v =3.81, Repeus = Unax2R/v = 97.1. Here R = 10 is the pipe radius, o =
270.0125, v = 0.54 is the kinematic viscosity and U, is the maximum velocity at
the centerline. The DPD coefficients employed in this study are: a = 25, y = 4.5,
o =3.0,r. = 1.0, £ = 0.25. The flow is due to the force acting in the direction of
the centerline: Fx = APsin{wt), AP =0.5.

In Fig. 10.13a—f we plot the instantaneous ensemble average velocity profile along
the streamwise (x—)direction and its derivative taken in the radial direction. The re-
sults are compared to those obtained with the standard spatio-temporal averaging
technique (i.e., Np,z = 1), and to the exact analytical solution. In Fig. 10.13g,h we
plot the PDF of the thermal fluctuations computed with the WPOD method for the
streamwise and one of the cross-flow velocity components. In both cases a Gaus-
sian PDF seems to be the best fit, consistent with the fact that the random force
term in the DPD governing equations depends on a random Gaussian variable. The
data in Fig. 10.13 show instantaneous solutions, however, the accuracy over the en-
tire simulation remains about the same. In Fig. 10.14 (left) we show that WPOD
provides significant computational savings: same accuracy can be achieved by aver-
aging results of 24 simulations or by employing the WPOD method within a single
simulation. The POD eigenspectra have been presented in Fig. 10.4 in Sect. 10.3.2.
The accuracy in predicting the low-order eigenvalues, also discussed in Sect. 10.3.2,
is also comparable to the data of Fig. 10.14 (left).

To achieve a certain accuracy, the WPOD approach allows balancing the number
of POD modes and the length of time interval N,;A¢ for obtaining a single snapshot.
Figure 10.14 (right) shows that for N,,,;N,; = const practically identical accuracy in
reconstruction of the deterministic component of an unsteady flow can be achieved.
We have observed that increasing the WPOD time interval 7,4 = NpoalV;y also in-
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Fig. 10.13. (in color) DPD-simulation: 3D non-stationary pipe flow driven by a time-periodic
pressure gradient. Ensemble average velocity (a-c) and its derivatives (d-t); z—axis and colors
represent the velocity (derivative) magnitude. In all three cases the derivatives have been com-
puted numericaly on first-order finite element grid. (g.h) - a histogram of probability density
function (PDF) (y—axis) of thermal fluctuations. Ny = 1, Ny = 50, Noq = 1 and N,,q = 160,
k=2. Velocity and derivative profile correspond to simulation time r = 340 (see Fig. 10.4
(right) for reference). (Adapted from [5])

creases the accuracy; however, we note that parameter N,; cannot be very large if
the process is expected to be non-stationary.

The WPOD time interval in this analysis spans exactly one cycle; the alterna-
tives for the WPOD method for evaluation of timevarying ensemble solution are
either performing phase averaging or averaging data over short time intervals across
numerous realizations. Both alternative methods are computationally demanding.
Moreover, for solutions with non-periodic in time manifolds phase averaging can-
not be performed.

Our second example is blood flow simulation with healthy and malaria-infected
red blood cells (RBC). The RBCs, solvent and walls are modeled by DPD parti-
cles. The properties of DPD particles of the red blood cells and plasma can be found
in [4]. The total number of red blood cells is 42, and the membrane of each red blood
cell is modeled by 500 DPD particles. The hematocrit level is: 30%. The total num-
ber of DPD particles including the solvent, the RBC particles and the wall particles
is 60,067. The main characteristics of the flow simulations are: Reynolds number
Re = DU,eun/v = 0.24; here D = 20 is the pipe diameter, Ueqn = 0.27 is the aver-
age velocity in the streamwise direction and v =22.33 is the kinematic viscosity (all
in DPD units). The computational domain is a pipe with length L = 40 and radius
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Fig. 10.14. (in color) Computational efficiency: DPD-simulation of 3D non-stationary pipe
flow driven by a time-periodic pressure gradient. X-axis - time: Y-axis - Ly-error. Leff: Com-
parable improvement in accuracy accuracy is achieved by either increasing the computational
cost by a factor of 24 or by employing the WPOD method requiring negligible computational
overhead. Right: The time window (NpoqNes = 4000) over which the data is processed is
kept constant. Data is averaged over four concurrent realizations (N, = 4); blue dash curve -
Nig =50, Npoa = 80:; red dot-dash curve - N;y = 100, N pod = 40; black solid curve - N,y = 200,
Npod = 20. (Adapted from [S])

R = 10. The no-slip boundary condition on the wall is imposed by fixed particles.
The points X, are spread almost uniformly in the entire volume of the computa-
tional domain. In all three cases no assumptions of periodicity or axi-symmetry in
sampling the data at the X, points have been imposed, and the radius of spherical
region £2, was r, = 0.75. The flow is driven by a constant force, however, due to
RBCs interactions, weak secondary flows are expected to develop. As a result of
these secondary flows, a non-stationary, non-periodic and asymmetric (with respect
to the pipe central axis) ensemble solution is expected.

Results of this simulation are presented in Fig. 10.15. As expected, considerably
smoother ensemble average flow profiles correspond to simulation with WPOD. The
POD ceigenspectra of the three velocity components point to the dominance of the
streamwise flow, which has about four orders of magnitude higher kinetic energy
than the cross-flow components. The fast convergence of the first six eigenvalues
of the crossflow velocity components suggests developing secondary flows due to
interactions among the blood cells and between the blood cells and the plasma.

WPOD was applied at simulation run-time, and the number of POD modes re-
quired for ensemble solution reconstruction was computed dynamically according
to the criteria discussed in Sect. 10.3.2. To select the number of POD modes (k)
for reconstruction of @(z,x) we first applied the first criterion (simulation 1), e.g., &
was computed by minimizing the error in the piecewise linear approximation of the
eigenspectrum for each velocity component separately. Second (simulation II), we
repeated the simulation and applied the first and the third criteria for selecting the
number of modes composing {i(z,x) in the following manner: The number of POD
modes (k) were selected adaptively for each velocity component using the first cri-
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Fig. 10.15. (in color) DPD simulation of suspension of RBCs in a pipe flow, driven by a
constant force. Upper: instantaneous position and deformation of the RBCs superimposed
on the solvent flow processed with the WPOD method. and streamwise velocity profile (left
inset) reconstructed with WPOD and standard averaging (Vs = 1); PDF of the streamwise
velocity fluctuations, the red curve depicts the fitted normal Gaussian PDF. Lower: eigenvalue
spectra for three velocity components (only the first 30 eigenvalues are shown). N, =1, Nyy =
250, Npoq = 160. (Adapted from [5].Visualization with help of J. Insley Argonne National
Laboratory, USA)

teria. Then, starting from the second mode we compared the standard deviation of
temporal modes to (1/1/(Np,q — 1); once standard deviation of (a;) was within 1%
of the reference value the procedure was terminated and all lower order modes have
been kept. In simulation I the average number of POD modes forming u(z,x) was
about 6 to 7 for the streamwise velocity and 8 to 9 for the cross-flow components,
while in simulation II only the first POD mode was selected for the streamwise com-
ponent and 3 to 5 modes for the cross-flow components. Although, the difference in
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parameter k in simulations I and 11 may appear significant, the energy associated with
the POD modes rejected by the third criterion is very low comparing to the energy
contained in the preserved modes.

10.5.1 Analysis of Deformability in Cells

Here we apply the POD to analyze red blood cells (RBC) deformations. The data
is obtained by DPD simulations. Each RBC is represented by a cluster of 500
DPD particles, as illustrated in Fig. 10.16, for a detailed description on the RBC
modeling we refer to [4]. The particles have fixed connectivity, and their posi-
tion can be described as a function of two variables - time and particle index P/D:
X =X(,PID), Y =Y(¢,PID), Z =Z(t,PID). The correlation matrix required for
POD analysis is constructed from:

1 3 500 » ‘
Ci=——> | > X PID)X(/,PID) |, Xi=X, o=V, \3=71.
’ Nparrlcles =1 \PID=1

To illustrate the POD eigenspectra of deformation of object represented by a collec-
tion of bonded particles, we present here POD analysis of three different types of
a single red blood cell (RBC) dynamics: (i) RBC suspended in a solvent, (ii) RBC
drifting in a weak tube flow resulting in a small cell deformation (bullet shape), and
(iii) RBC rotating in a strong shear flow with large unsteady deformation. In all sim-
ulations the surrounding fluid (blood plasma) is represented by non-bonded DPD
particles. The goal of POD is to separate the correlated motion of the cell membrane
from thermal fluctuations.

The POD eigenspectra for different dynamics are shown in Fig. 10.17. We ob-
serve a typical power-law decay of high-order POD eigenvalues in all simulations.

Fig. 10.16. DPD simulation of red blood cell. The cell membrane is constructed from 500
DPD particles, linked by non-rigid bonds
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Fig. 10.18. POD analysis of red blood cell (RBC): probability density function of RBC con-
formation fluctuations (|dr|). Same is in Fig. 10.17. Left — RBC fluctuates due to DPD ther-
mostating; middle - RBC drifts in weak tube flow; right — RBC in strong shear flow

As expected the number of POD modes characterizing the correlated motion of the
cell is increasing with the complexity of the flow. The probability density function
(PDF) of thermal fluctuations is computed by analysis of positions of RBC’s vertices
reconstructed from high-order POD modes whose eigenvalues converge according

to the power-low.
To remove the thermal fluctuation from the data, we can reconstruct the posi-

tion of RBC membrane particles from the low-order modes, while truncating all the
modes for which convergence of eigenvalues can be approximated with the power-

low: N
X(t, PID) = i a, (e (PID), X=[XY Z].
k=1

To analyze the fluctuating component we subtract the reconstructed with low-order
modes data from the original data:

drs(t,PID) = X(t,PID) — X (1, PID),

where dr denotes deformation due to thermal fuctuations.
As can be seen in Fig. 10.17, there are only one and two modes dominating the

RBC dynamics in case (i) and (ii), respectively. As shown in Fig. 10.18, the con-

formation fluctuations in simulations (i) and (ii) are small and almost close to ther-
mostat input stochastic noise, i.e., Gaussian random noise in our DPD simulation.
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However, in strong shear flow the RBC dynamics is accompanied by the excite-
ment of high-order membrane deformation modes, and more degrees of freedom are
needed to describe such motions. The eigenspectrum decays much slower than in
the first two cases, and it asymptotically converges to power-law decay. The con-
formation fluctuation is much bigger and deviates from Gaussian distribution (with
kurtosis higher than 3.0) due to the interaction between the nonlinearity and thermal
noise.

10.6 WPOD in Multiscale Visualization

Here we consider DPD simulations of RBCs in blood plasma. The particle data is
projected on a fixed grid composing vertices of tetrahedral elements. The projection
is performed by time-space sampling of particle velocities over short time intervals
(50 to 500 time steps each), and WPOD is then applied for extracting the correlated
motion of the flow while removing thermal fluctuations. The data is processed at
the run-time and the number of POD modes for reconstructing the velocity field
is computed adaptively using the criteria described in Sect. 10.3.2. As a result, the
large-scale flow patterns are visualized using the projected and filtered with WPOD
data, while the small scales are visualized using a small subset of particle data.

In Fig. 10.15 multiscale data from a DPD simulation of blood flow are visualized.
The large-scale flow features are presented using continuum data computed by a pro-
jection of atomistic data onto a specified grid X,. The small scale features, such as
RBC location, their interactions and membrane folding are visualized by presenting
the DPD particles forming the blood cells membrane. In Fig. 10.19 we plot a snap-
shot from multiscale visualization of flow around an RBC adhering to the wall. The
RBC also flips and deforms while it sporadically moves in the flow direction. The
configuration of RBC is presented by plotting instantaneous position of 500 DPD
particles representing the cell membrane, while the global flow field is presented by
data projected onto a 3D grid and separated from the thermal fluctuations with the
WPOD. Simultaneous animation of the RBC motion and the flow helps to better un-
derstand the interactions between the RBC motion and deformations and developing
secondary flows.

10.7 Summary and Outlook

High performance computing has already exceeded the petaflop barrier and it now is
soaring into the exascale, hence allowing great advances in biomedical simulations.
Consequently, increasing the size and volume of such simulations leads inevitably
to generation of massive volumes of multiscale data which must be analyzed, stored
and visualized. Hence, it is clear that future research will focus not only on how to
analyze existing vast volumes of data, but also how to move this data analysis into
run-time in simulations as co-processing. This is particularly true for cardiovascular
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Fig. 10.19. Multiscale visualization of a flow around an adhesion cite. The membrane of the
RBC is represented by 500 DPD bonded particles with a fixed connectivity. Blood plasma is
also simulated with DPD particles. The atomistic data is projected on a 3D grid with WPOD
forming a continuum data. The RBC is visualized by tracing the DPD particles while the
global flow features are visualized using the continuum 3D data. Courtesy of Argonne Na-
tional Laboratory. Visualization created by J. Insley

flows which are pulsatile with data over many cardiac cycles required for detailed
analysis. Such shift will, in fact, allow users to reduce the cost of data processing and
also to obtain more accurate conclusions based on substantially larger data samples
than analyzing fields stored only sporadically.

Multiscale biological flow modeling involves both continuum and atomistic based
methods. Computational methods for processing data at the continuum level are quite
mature, although, there is still a need for exploring scalable approaches for run-time
data compression and analysis, and, in particular, for quantitative analysis of and
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transitional and turbulent fields. At the same time, quantitative analysis and visu-
alization tools for data of mesoscale and molecular simulations are non-existent!
Quantifying deviations from equilibrium, computing ensemble solution and perform-
ing fluctuation analysis is one of the most important but expensive part of many
particle-based simulations.

In this chapter we described our first attempts to develop data analysis tool based
on window proper orthogonal decomposition (WPOD) with focus on cardiovascular
flows for large arteries but also at the capillary level. First, WPOD was applied to
analyze intermittent laminar-turbulent flow in a carotid bifurcation to capture the on-
set of turbulence and subsequent re-laminarization within one cardiac cycle. Subse-
quently, WPOD was applied for analysis of molecular and coarse grained molecular
dynamics (DPD) simulation data in smaller arterioles and capillaries, including an
analysis of deformability and fluctuations of a single red blood cell.

We have demonstrated that unlike the often-used energy based criterion in low-
dimensional modeling, in WPOD analysis of multidimensional dynamic field, such
as cardiovascular flows, it is the rate of convergence of the POD eigenvalues that
reflects the underlying physical process.

A wider use of WPOD in diverse multiscale biological phenomena, from protein
and cell dynamics, to flow-structure interactions in large arteries but also in arteri-
oles and capillaries will help to further enhance its effectiveness while at the same
time will provide new quantitative information of the dynamic multiscale processes
analyzed. Specific new advances are required on developing sharper criteria for par-
titioning data based on POD eigenspectra, especially in cases where there is no clear
separation of the eigenvalues. In a broader context, developing similar tools like
WPOD would greatly facilitate effective analysis of multiscale biological phenom-
ena involving heterogeneous but coupled continuum-atomistic simulations. Finally,
such specialized computational methods for interactively exploring spatio-temporal
correlations of multiscale phenomena should found their way into open source visu-
alization software.
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Abstract We review a few applications of reduced-order modeling in aeronautics
and medicine. The common idea is to determine an empirical approximation space
for a model described by partial differential equations. The empirical approximation
space is usually spanned by a small number of global modes. In case of time-periodic
or mainly diffusive phenomena it is shown that this approach can lead to accurate
fast simulations of complex problems. In other cases, models based on definition of
transport modes significantly improve the accuracy of the reduced model.
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11.1 Introduction

Progress in numerical simulation of partial differential equations (PDEs) allows ac-
curate and reliable predictions of some complex phenomena in solid and fluid me-
chanics, solid state physics, geophysics, etc., at the price of significant code devel-
opments, difficult computational set ups and large high-performance computing in-
frastructures. Using reduced-order models (ROMs) one trades accuracy for speed
and scalability, and counteracts the curse of dimension by significantly reducing the
computational complexity. Thus ROMs represent an ideal building block of systems
with real-time requirements, like interactive decision support systems that offer the
possibility to explore various alternatives. In complex cases, the real-time require-
ments would not be met by standard numerical methods.

The construction of ROMs for design, optimization, control and data-driven sys-
tems is a non-trivial task and various alternative ways can be followed often without
any guarantee that the ROM will effectively model the physical phenomenon in the
application. Focusing for example on flows or environmental phenomena, different
states can often be characterized by the presence or absence of qualitative flow fea-
tures, by the structure of feature patterns and by the strength of such features. Proper
orthogonal decomposition (POD) [7,11] is a mean to extract such features from ex-
isting solution snapshots under the form of global modes. However, ROMs based on
such POD modes are numerically unstable in unsteady, advection dominated models.
Stabilization can be obtained by various ad hoc techniques (see [2, 5, 14] for exam-
ple), but a general framework to determine accurate and robust unsteady ROMs is
still lacking. Still, ROMs can be useful to model far-field conditions coupled to a
complete model, or to regularize the solution of an inverse problem. We give in the
following two examples in these directions.

Another central issue for ROMs is the quality of the approximation obtained
thanks to a reduced number of empirical modes. These modes are determined from a
set of snapshots that are relative to a particular configuration: geometry, physical pa-
rameters, boundary conditions. When the configuration varies there is no guarantee
that the reduced basis will adequately approximate the solution. On the other hand,
if the snapshot set from which the basis is obtained includes a large number of differ-
ent configurations, by construction the reduced basis will enjoy better approximation
properties when the configuration varies. Given the computational costs relative to a
systematic exploration of the configuration space, optimal sampling strategies must
be introduced. In the following, we present one strategy based on an estimation of
the approximation error of the reduced base.

Nevertheless, there is a fundamental difficulty in approximating with global (for
example POD) modes the displacement of, say, a flow feature in time or across the
parameter space. Global modes are not optimal for advection. In particular, POD
modes reduce to Fourier modes for translation invariant signals. An alternative idea
is to define advection modes as the solution of an optimal transportation problem. An
application to interpolate the solution of a PDE system across the parameter space
based on the definition of advection modes is presented in the following.
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11.2 Systematic sampling for ROM

We have considered an oscillating NACA0012 airfoil in a compressible flow as in
the CT1 test case from AGARD-R702 report. This case corresponds to a Mach 0.6
flow at infinity past an oscillating NACAO0012 airfoil. In the following the compu-
tations are inviscid; in the actual experiments the Reynolds number is 4.8 x 10°.
The parameter space is two dimensional: the oscillating frequency varies between
/1 =30Hzand 2> =70Hz (CT1 case: 50Hz) whereas the amplitude of the oscillation
varies between a(§=1.6deg and ag=3.6deg (CT1: 2.5deg) with an average pitch of
o,=3.0deg. We have implemented an algorithm to sample the parameter space in
order to enrich the database of the POD basis functions. The objective of this pro-
cedure is to determine a set of POD modes that minimizes the approximation error
across the parameter space S = [0, 2] x [f1, /7]

The main idea is to build a recursive Voronoi diagram and the corresponding
Delaunay triangulation based on the projection error of the POD representation.
This is an extension of what it was proposed in a one-dimensional setting in [10].
Let &2, be the set of points P}, --- , P, in the parameter space corresponding to ac-
tual high-fidelity simulations and .7}, the corresponding Delaunay triangulation. For
given number M of POD modes (the size of the basis) we build a set of POD ba-
sis functions ¢;, i = 1,--- , M using the high-fidelity simulations corresponding to
points Py,---,P,. The number of POD modes M is arbitrary fixed and is kept con-
stant during the sampling process. Then we determine the representation error E (Fy),
k=1,---,n, corresponding to the residual in the L> norm of the projection of high
fidelity solutions at P, on ¢, i = 1,---, M. Let us denote V' (T;) the set of vertexes
of Ty € Z,. We select the triangle Ty € 7, for which the product of its area and
the sum of E(F), P, € V (T;), is maximum. The next point of the triangulation is the
barycenter of Tiax. This new point is used to compute a new Delaunay triangulation.
A Delaunay triangulation has thus to be performed at each sampling iteration.

As an example consider Fig. 11.1. The parameter space S = [, o2] x [f!, /7] is
mapped to the unit square (o = [}, 03] — A =1[0,1] and £ = [f', /2] — F = [0,1])
and is partitioned in 8 triangles relative to 7 simulation points that were obtained by
iterating the method starting from points P;, P>, P5, P4. Both Delaunay triangulation
(red) and Voronoi tessellation (blue) are presented. The new high-fidelity simulation
point Py is added at the barycenter of the triangle relative to points P, Py, Ps. For
this triangle the product of the area times the sum of the representation errors at the
vertexes is the highest.

The procedure implies the computation of n space correlations of high-fidelity so-
lutions for each new simulation point P, . These operations are particularly efficient
in the hybrid domain-decomposition ROM as the spatial extension of the snapshots
and of the POD modes is reduced to a region close to the airfoil. The same procedure
can be extended to higher-dimensional parameter spaces.
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Fig. 11.1. Example of one¢ iteration of the Voronoi tessellation algorithm. The parameter space
subset S is represented. o is on the ordinates and f on the abscissa. (a) typical iteration
(iteration 3); (b) next point is added (P8) and the triangulation updated
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Fig. 11.2. Sampling of the parameter space

11.2.1 Results

We start with a POD basis, called By,,;.;, computed from snapshots taken at 4 points
Py, P>, P; and P, (see Fig. 11.2). 20 time snapshots are uniformly taken over one
period for each point £, 1 </ < 4, Starting from these points in parameter space,
4 additional points, denoted by Ps, Ps, P; and Pg are determined using the method
described above (Voronoi tessellation). A suboptimal POD basis, called Bg,op is
then computed from these 8 points: Py to Ps. We want to compare the suboptimal
basis performance to another basis composed with the same number of sampling
points, but chosen without any specific critria. For instance, we consider an uniform-
like basis, Biuiform, computed using from Py to Py and P to Pi3. The points Py to
Py are relative to already existing simulations that we exploit now for building a
basis. No special criteria were used to specify these points. However, M is the same
for Biyiform and Bsypop- . A summary of the high-fidelity simulation employed for
each POD basis is represented in Table 11.1.

Table 11.1. POD basis summary

POD basis

o

B KB P P K P K P Py P P

Bipitja uniform %
BUnif()rm uniform X
BSub()pt suboptimal X

SECES
SEeRS

X
X X X X X
X X X X X
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Table 11.2. POD Basis L2 projection errors x 10*. Py denotes the average error over the 12
points . Buniform and Bgypops are computed with 160 snapshots and P the standard devia-
tion. By,jisiqar is computed with 80 snapshots

E P P P PR P Pu P2 P P P R Pr P

Brnitigt 3.71 3.75 7.36 4.80 6.20 5.25 5.58 3.80 4.69 4.53 3.75 4.63 4.82 1.12
Buniform 3.85 4.07 6.70 5.29 491 4.20 4.87 4.18 4.38 4.29 3.839 4.45 4.60 0.79
Bsubopr 324 3.23 5.42 541 5.11 4.62 4.99 4.20 3.74 3.37 3.01 3.06 4.08 0.95

The accuracy of the 3 POD basis is evaluated by computing the L2 projection error
of'the whole snapshot set P; to P; onto each POD basis, see Table 11.2. In particular,
we consider the average L? norm of the error on each variable: density, velocity
components and speed of sound. This error norm can be biased by the normalization
of the different physical quantities. However, in our case, the normalizations are
such that all the variables have comparable absolute values and hence the average
error over the different physical quantities is a reasonable measure of accuracy. The
error Py denotes the average error evaluated over the whole set of points P; to Pp».
The basis By, 50, shows the best average errors of about 15% compared to By form-
Even for the extra uniform sampling points Py to Pj» that are not included in the
Bsubope database, the errors obtained with By, are close to those obtained with

B Uniform-

11.3 ROM by Domain Decomposition

Let ,(¢) denote the two-dimensional region enclosed by the airfoil at time 7 and let
Q be such that Q,(¢) C Q C R?. The compressible Euler equations are defined on
the domain Q. (r) := \€2,(¢). Let us also define two rectangles %, and %; such that
Q,(t) C%; C %, C Q. The inner rectangle %; always includes the airfoil during its
oscillation about a point of the chord (see Fig. 11.3).

In Q.(t), we solve the unsteady compressible Euler equations on a fixed cartesian
mesh to second order accuracy in space and time, as explained in [6]. We collect an
appropriate solution database of N flow snapshots.

Let U be one solution snapshot in Q.(t), 1 <k <N, restricted to Z.\%, and
defined in terms of primitive flow variables. We compute a Galerkin base of the
form ¢, = ¥, b (UM —T), with | <i< M, T =1/NYY_ U® and where the
coefficients b;; are found as in [8], [1]. This decomposition is performed individually
for each primitive variable, i.e. the flow velocity, the pressure and the speed of sound.
Consequently each expansion gives an optimal representation of the original dataset
relative to each physical variable.

Let us define U = U + Zﬁ\il a;¢;. The number of global global modes M is very
small compared to the size of the computational grid in Q.().
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Fig. 11.3. Illustration of computational domain and subdomain definitions

The hybrid computational model is obtained by coupling the cartesian grid solver
in %,\€,(¢) and the Galerkin representation defined in %,\%;. To this end, we
follow the steps below:

+ integrate the governing equations in %, \£2,(¢) by the cartesian solver, with given

initial conditions U in X.\,(t) and boundary conditions on 0%,;

* project the restriction to %, \%; of the updated solution U (n+1) on the subspace

spanned by the POD modes ¢, and hence determine U 1);

* recover the boundary conditions to be imposed at the next time step on 0%, as

the trace of UV on 0%,

+ goto (1) until convergence is attained.

This algorithm is fully detailed in [3] for several idealized internal flows. The ratio
between the computational cost to solve this hybrid scheme and the cost to solve the
flow on the full domain is of the order of the ratio between the area of %, \€2,(¢) and
that of Q. (¢).
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11.3.1 Oscillating Airfoil in Transonic Flow

We consider a two-dimensional flow past an oscillating NACA0012 airfoil. The air-
foil oscillates about a point fixed at 25% of its chord according to a sinusoidal law.
The average angle of attack is 2.89, the amplitude of the angular excursion is 2.41
and the frequency of oscillation is of 50Hz. The Mach number at infinity is 0.6.

The computational domain is €2 = 30c¢ x 20¢, where ¢ is the chord, and the profile
is positioned so that the computational domain extends for 10c upwards and down-
wards, 10c upwind and 20¢ downwind. The computational grid is (4.8 x 10°)2. The
simulation has been carried out starting from a uniform initial condition correspond-
ing to the unperturbed flow. Time integration is pursued until the hysteresis cycle is
periodic, i.e., after about two cycles of oscillation.

We present in Fig, 11.4 typical snapshots of the Mach field where the coales-
cence of the characteristics forms a transient shock on the suction side of the airfoil.
The hysteresis cycle is shown in Fig. 11.5 where the computational results are con-
trasted to the experimental ones. The computational results are in good agreement
with experimental data reported in AGARD R-702.

A collection of 65 snapshots of the flow primitive variables is taken over one
period of oscillation once the flow is completely established. The size of the rectan-
gle including the oscillating airfoil %, is 1.15¢ x 0.2¢, that of Z, is 2.5¢ x 1.0¢.The

(¢) 37 d)3r

Fig. 11.4. Typical Mach number snapshots
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(a) ¢f (e) ¢}

(c) ¢ (2) 63

(d) of (h) ¢}

Fig. 11.7. First four POD modes. Left column pressure, right column vertical velocity




11 Reduced Order Models at Work in Aeronautics and Medicine 315
0.8 T T T T T T T [ T
Euler domain [30.x20.] + Far Fieldbc ~ +
50 Hz Euler domain [2.5x1.0] +  POD bc ---
0.7 -
*w*’»;?
S
»* +,|c+
* %
Ed A
A d
06 *,+,+ ) *ﬁ‘ -
/*"+/ ﬂ’*’
-4
/*‘/* )/+ g
0.5 |- g 7 4
— ,*/ +/*
= F +7
c + -
o g H
# >
04 vt e -
+ *
+7 7
# A
3 d
+ +,*
- ¥ s -
0.3 /+,+, j/y
A
/j‘ A of
# AT
02 ra P :
¥ e
P
fo
0. 1 1L 1 1 1L 1 1 1L 1 1 1L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5 55
of°]
(a) 50Hz
0.8 T T T T T T T T T T
70H Euler domain [30.x20.] + Far Field bc ~ +
z Euler domain [2.5x1.0]+  POD bc -------
0.7 |+ B
06 | 4
05 | E
5
04 4
03 | -
0.2 4
01 L 1 1 L L 1 1 L 1 1
0 0.5 1 15 2 25 3 3.5 4 4.5 5 55
af°]
(b) 70Hz

Fig. 11.8. CT1 case. Normal force coefficient vs. angle.

POD modes are build from the S0Hz simulation only

Full computation vs. hybrid ROM.
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ratio between the grid points of the full computational domain and those of the hy-
brid ROM is approximately 260. This ratio corresponds to the CPU time reduction
observed between the full computation and the hybrid ROM.

The eigenvalues of the snapshot correlation matrix are shown in Fig. 11.6. The
first four eigenvalues account for about 99% of the database energy for each of the
quantities considered. In Fig. 11.7 the first four POD modes for pressure and vertical
velocity are shown. The third and fourth mode, whose energetic contribution is of
less than 1% on average, show higher spatial frequencies.

In Fig. 11.8 we present the normal force coefficient of the actual hybrid simula-
tion for the CT1 test case at SOHz and at 70Hz. The 50Hz case corresponds to the
snapshots used to build the POD modes. Therefore, this test case is designed to check
to what extent the hybrid ROM is able to recover the original solution in the optimal
situation. In Fig. 8a we show the comparison between the hysteresis curves obtained
via the hybrid ROM and that relative to the full computation. The match is perfect.
This means that the non-local boundary condition on dZ. (that corresponds to the
trace projection operator) is indeed a very good approximation of the transmission
conditions between d %, and 9. (¢).

However, the most promising result is that for 70Hz shown in Fig. 8b. Here the
hybrid ROM solution, with a boundary operator derived for the 50Hz case, is con-
trasted to the full simulation at 70Hz. The hybrid ROM starts from an arbitrary initial
condition and after a short transient matches almost perfectly the full computation at
70Hz. This case represents a remarkable situation where the ROM leads to a reliable
prediction for a case which was not previously included in the database used to build
the POD modes.

In Fig. 11.9 the time history of the coefficients of the pressure modes are depicted.
The coefficients pertinent to the Full Order Model are obtained by projecting the
snapshots on the POD basis. The coefficients of the hybrid model are those obtained
by the above method. An excellent match can be noticed for the first mode, both
for 50Hz and 70Hz. For the higher modes still the comparision is very good but
slight differences in amplitudes are present. Consequently the presented method is
capable to determine the optimal coefficients also for cases which are not included in
the database. The error in the force coefficent hysterisis may be decreased by using
a more representative database.

11.3.2 Discussion

The hybrid ROM implementation here described has limited impact on existing full
CFD codes: it is easy to implement since it reduces to a non-local boundary condi-
tion. The only addition operation to perform is a projection of the interior domain
iterative solution in the space spanned by the POD modes. The validation results that
we present show that this method is accurate also for flow conditions that were not
included in the database used to build the POD modes. This is due to the fact that
the ROM takes care of flow features that are in principle weakly dependent on the
specific geometry inside %;. Hence, a case not encompassed in the flow database is
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Fig. 11.9. Coefficients of the first four pressure POD modes. Comparison between full order
and hybrid model for 50Hz (left) and 70Hz (right)
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likely to be better approximated by the reduced basis. The whole procedure can be
seen as the computation of an empirical Green function of the far field.

11.4 ROM by Optimal Transport

Here we describe a non-linear interpolation of the snapshots so that the POD modes
may more accurately represent solutions for points in the parameter space that were
not included in the database from which they where derived. For a complete survey
of this field, see [12, 13]. For an efficient method to numerically solve this problem
without obstacles see [9] and references therein.

In order to fix ideas, we consider the case of an oscillating airfoil as in the CT1
test case, for given oscillation amplitude (o, = 2.5deg, o = 4.deg) but for several
oscillation frequencies. For given phase of the oscillation, i.e. for given pitch of the
airfoil our plan is to map the solution for f = 30Hz into that of / = 70Hz. Thanks to
this mapping we can determine a non-linear estimate for the solutions at given pitch
for 30Hz < f < 70Hz.

11.4.1 Transport

In Fig. 11.10 a conceptual description of transport is shown. Given a point & € €,
where ©Qy C RY is a reference configuration, transport at time ¢ is described by a
mapping X(&,¢). The point x = X(&,¢) belongs to the actual physical configuration
Q C RY. Let us consider a point x in the actual physical configuration. The inverse
mapping, denoted by ¥ (x,¢) (called otherwise backward characteristics), identifies
the point in the reference configuration that has been transported by the direct map

Qg Q

Fig. 11.10. Lagrangian description of transport: the reference configuration is €2y, points
& € Qq are transported by the direct mapping in X (&,¢). Given the actual configuration €,
a point x € 2 is sent back to its counterimage in the reference configuration by backward
characteristics, i.e., the inverse mapping ¥ (x, ¢)
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in x at time ¢. The following relations hold:

X :X(€7t)7 é = Y(xvt)v

Y =X [VeX][VaY] =1, (1.0

where [V X] is the jacobian of the transformation X (&,¢) and [V, Y] its inverse, i.e.,
the jacobian of the inverse mapping. Also, we have:

Y +v-V,Y =0, Y(x,0)=x (112)
v(x,t) =X, X(&,0)=&, ’
where v is the velocity field.
Let us consider, as an example, the inviscid Burgers equation:
ov+v-Vov=0. (11.3)

This equation describes a pressure-less Euler flow. Since no force is acting on the
medium, each component of the velocity field is purely advected. In lagrangian co-
ordinates we have:

PX(E =0 = X(&,1)=E+V(E,0). (11.4)

The solution consists of particles moving on straight lines (no acceleration).

In order to determine the mapping, we define a suitable optimal transport problem.
Let us associate a scalar density function p(u) > 0 to the solution u(x,¢) , in such a
way that:

Qp(x,t) dx=1,VtcR" (11.5)

so that the non-negative density is normalized to 1 for all times. The choice of the
density function is for the moment arbitrary. If u is a non-negative scalar and satisfies
this normalization, it may be directly used as a density function.

Let p;, i = 1,2 be the snapshots of the density function. The optimal transportation
problem relative to this density pair is defined as:

X*(p1.p2) :Arginf{ P(E)R(E) - &P d&}, subject to
X Q
p1(&) = pa(F(E)) det(V ).

The optimal mapping X* minimizes the cost of the L? transport (Monge) problem,
among all the changes of coordinates X' (&) locally keeping constant mass between
the densities 1 and 2. The solution to this problem exists and is unique and stipulates
that the lagrangian velocity is the gradient of a (almost everywhere) convex potential
v(E).

In particular the same problem can be rewritten in the Eulerian frame of reference.
The optimal conditions for the minimum are the familiar conservation law for the
density and the previously introduced inviscid Burgers equation. The main difficulty
of the problem is that this system is equipped with initial and final condition for the

(11.6)
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density but no initial condition for velocity. We therefore introduce an approximate
Monge mapping as follows:

(p1—p2) = %V'((P1+P2)Vllf) (11.7)

so that Vy = v(x,0) and the inviscid Burgers equation 11.3 can be used to propagate
in time the solution.

11.4.2 Results

In order to illustrate the method, we have considered the pressure distribution at
maximum pitch of the NACAO0012 at Mach=0.6 corresponding to a set up similar
to the CT1 test case. The densities p; (x) and p(x) correspond to the pressure dis-
tributions. Given two sets of snapshots corresponding to two different frequencies
of oscillation, we define p; (x) and p,(x) as the pressure corresponding to 30Hz and
70Hz, respectively. This can be done for each phase angle of the oscillation. The
numerical scheme employed to determine the Monge approximate mapping (y) is
a simple finite-difference second-order method. This initial mapping velocity (V)
is used then as the initial condition for the transport problem. The initial pressure
distribution p1(x) corresponds to # = 0 and p>(x) to a final time arbitrarily set to
1. The solution at any pseudo time ¢ between 0 and 1 corresponds to a non-linear
interpolation of the solution at a frequency of oscillation of 30 + (70 — 30)¢. See
Fig. 11.11. In this picture the actual solutions at 30Hz, SOHz and 70Hz are shown in
terms of pressure isolines. It should be remarked that the solution at 50Hz is not a
linear interpolation of the solution at 30Hz and 70Hz, see Fig. 11.12. The pressure
distribution at 50Hz, see Fig. 11.13, is found thanks to the non-linear interpolation.
One-dimensional plots corresponding to a segment in a smooth region and in a re-
gion where the shock is present are shown. These results show that the non-linear
interpolation method presented here can be used to determine overall reasonable
estimates of intermediate snapshots of high-fidelity simulations not present in the
database.

11.5 System Identification Using ROM in Tumor Growth
Modeling

In this section ROMs are applied to system identification in tumor growth modeling.
A complete description of the method is presented in [4].

In this work reduced order modeling is applied to the solution of an inverse prob-
lem as tool of solution regularization. In particular a set of semi-empirical eigen-
functions is built for each patient, exploiting the organ geometry retrieved from the
first clinical exam. So the method is “patient specific”. The eigenfunctions are then
used in order to estimate parameters when new data are available from subsequent
exams.
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(a)

(b)

Fig. 11.11. (a) Iso-pressure lines of the solution at 30Hz (white), S0Hz (red), 70Hz (green)
in the region of definition of POD; the white isolines correspond to the initial condition of
the Monge problem. (b) Results of the Monge interpolation: estimated pressure snapshot at
50Hz. Estimated solution in white, actual solution in red. Green: actual solution at 70Hz
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Fig. 11.12. Initial condition for the Monge problem (30Hz) and actual high-fidelity solutions
(50Hz and 70Hz). (a) curves on a segment parallel to the abscissa where the pressure shows a
shock wave; (b) solution on segment where the pressure is regular. The intermediate solution
(50Hz) is not a linear interpolation of the initial condition (30Hz) and final condition (70Hz).
“Monge” denotes here the initial condition of the Monge problem corresponding to the high-
fidelity model at 30Hz
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Fig. 11.13. Results of the Monge interpolation at SO0Hz. The continuity equation and the in-
viscid Burgers equation are integrated starting from the initial conditions (see Fig.11.12). The
pictures show the high-fidelity model results compared to those of the non-linear interpolation
at 50Hz. (a) solution on a segment parallel to the abscissa where the pressure shows a shock
wave; (b) solution on segment where the pressure is regular. These are typical results across
the field
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The macroscopic models for tumor growth are represented by a set of PDEs ac-
counting for the phenomenological aspects of the pathology. For the present case,
the system reduces to a set of non-linear parametric coupled PDEs that describes
the evolution of a three-specie saturated reacting flow in a porous, isotropic, non-
uniform medium.

The tumoral tissue is composed by two different phases, denoted by P and Q. The
density P represents the number of dividing cells per unit volume, Q is that of the
necrotic cells. The healthy tissue is the phase denoted by S. Equations for P, O and
S read:

49 (vp)=@r- 1) (11.8)
20V = (P (11.9)
aS
E—I—V-(VS):O. (11.10)

where the velocity v models the tissue deformation and y (called the hypoxia thresh-
old) is a scalar function of the nutrient concentration. If enough nutrients are avail-
able then y = 1 and the tumor cells proliferate, otherwise they die. The healthy tissue
evolves through an homogeneous conservation equation.

Assuming that P+ QO+ S = 1 in every point of the domain, a condition for the
divergence of the velocity field is derived. This condition, coupled with a Darcy law,
allows to describe the mechanics of the system:

V.v=1yP, (11.11)
v =—k(P,O)VII. (11.12)

The scalar function IT plays the role of a pressure (or potential), and £ is a perme-
ability field, satisfying:

k=ki+(kh—k)(P+Q), (11.13)
where k| represents the constant porosity of the healthy tissue and £, is the porosity

of the tumor tissue.
The equation describing the nutrients has the following form:

—V-(D(P,Q)VC) = —aPC — AC, (11.14)

where « is the oxygen consumption rate for the proliferating cells, A is the oxygen
consumption coefficient of healthy tissue and D(P, Q) is the diffusivity. Boundary
conditions and sources are set up according to the nature of the organs considered
and will be detailed later on. The diffusivity may be written as:

D =Dy — K(P+0). (11.15)

The link between the nutrients concentration and the population dynamics is pro-
vided by:

v 1 +tanh(R(C —Cpyp))

11.1
: , (11.16)
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where R is a coefficient and Cy,,, is called the hypoxia threshold. The resulting hy-
poxia function thus satisfies 0 < y < 1.

For this simple model the state variable set may be defined as X = {P,Q,C,IT}.
The observable is defined to be ¥ = P+ Q, as result from discussions with medical
doctors about what is measured by CT scans in the case of lung metastases. One can
not distinguish on images the cell species composing the tumor, but only the tumor
mass. The control set consists in all the undetermined scalar parameters describing
tissue properties (such as k1,k2,Dpux, K), the tumor activities (nutrient consumptions
a, A, and Cy,,), and the fields describing the initial non-observed conditions needed
to integrate the system (P(x,0)).

11.5.1 Regularized Inverse Problem

The observable evolution is governed by:

Y+V-(Yv)=y(C)P. (11.17)
the divergence of the velocity field obeys:
Jo YP dQ
Vov= P——2  — (1-Y 11.1
v=rOP- AT (1Y), (11.18)

where the expression relative to Neumann boundary condition for the pressure field
was retained. In the case of Dirichlet boundary conditions the second term of the
right hand side of this equation vanishes. The curl of the Darcy law reads:

k(Y)VAv=VEk()Av. (11.19)
and the equation for the oxygen concentration field is written:
V- (D(Y)VC) = aPC+ AC. (11.20)

The definition of the hypoxia function, 7, is unchanged.
The repeated index summation convention is used from now on. The non-observ-
able variables are expressed as combination of POD modes:

P=d'¢f i=1,... Np;
C=d'¢" i=1,....Ne;
P, yP .
yP=a" ¢! i=1,...,Nyp;
v=al¢) i=1,....N,y,

(11.21)

where al(‘) = al(‘) (¢) are scalar functions of time, d)i(‘) = ¢i(‘) (x) are functions of spatial
coordinates.

The dimension of the empirical functional space, i.e., the number of POD modes
used to reconstruct the solution, is chosen such that if additional POD modes are
included, the reconstruction of a given field does not vary up to a certain error value

that, in this work, was fixed at 10~* in L% norm.
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Substituting these expressions in the system Egs. (11.17) and (11.20) we obtain:

PV (rg) = "o, (11.22)
vP) 4 (YP)
(v) (YP) (vP) M _
Vg ¢ Jo1—Y dQ (1=, (12
a KNV A GO = a V() A9, (11.24)
a V- (D(r)Ve!) = aaa 9]0/ +4d 0/, (11.25)

The hypoxia function ¥, Equation (11.16), is multiplied by P, in such a way that the

product yP is:

K (Pi(C) - Chyp))

2

The system Eqs. (11.22—11.25) was finally solved by a least square approach under
certain constraints that are introduced below. At a given time (say /), the snapshot
Y (%) and a subsequent snapshot Y (#) are used to perform the computation of the
time derivative. Let the residual of the I-th equation be R;. We write F =Y, R,2 and

1+ tanh(R(a'
1) = gD R (11.26)

(al(‘)(to),n{]) = argmin (F) (11.27)
where af‘) are the expansion coefficients for the variables P,C,v,yP and 7; are the
parameters to be identified.

The first constraint is linked to the fact that Eq. (11.25) is an homogeneous equa-
tion with respect to the coefficients alc . If Cpyp, < 0 the trivial solution is a solution
for the whole system Eqs. (11.22) and (11.26). In order to prevent the identification
of a system with unphysical solutions we get one scalar constraint from the bound-
ary. In the case of Dirichlet boundary conditions C = Cy on 0 Q¢ where Q- is a blood
vessel domain, one scalar equation is obtained of the form:

Z (%) a,(C)(t) =1, V& (11.28)

! i

where b; and A; are the eigenvalues and the eigenfunctions of the autocorrelation
matrix used to bulld the modes for the variable C, respectively.

The second constraint to be imposed results from the observation that, since in
the inverse problem the equation for the variable P is not solved, the latter does not
automatically satisfy: 0 < P < 1 and therefore this is a constraint (fundamental for
the population dynamics) to be imposed. To this end the residuals are penalized as
follows:

F=F+cmax{a” ¢} —1)+cy(—min{a”¢"}) (11.29)

where ¢y, ¢ are positive constants, set in such a way that penalization does not affect
the stability of the procedure (in the present work (c1,¢2) € [1.0,2.5]e —2).
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In order to decrease the computational cost of the procedure a third constraint
is imposed to define a feasible set of solutions. The solution is sought so that the
admissible values of the POD coefficients are sought in an interval /; that is obtained
from /¢?, the interval to which POD coefficients of the simulated solutions belong, by
a stretching factor 1+ 6 where J is a suitable positive constant. In all the following
simulations the value 6 = 0.1 was adopted.

The hypothesis that two subsequent snapshots are close in time, or, in other words,
that the time between two snapshots is small if it is compared with the characteristic
evolution time of the phenomenon, is very optimistic. In order to relax this hypoth-
esis, instead of using first order finite differences, that is equivalent to perform a
linear interpolation between the snapshots, a different kind of interpolation is used.
However, an higher order finite difference scheme, equivalent to a polynomial inter-
polation, would require a large number of snapshots. As an alternative, still assuming
that only two images are available, an additional hypothesis about the growth rate
could be retained. Here, two cases are considered. In the case of exponential growth
we write:

Y &~ Aexp{{t} + Bexp{—(t} = f(§), (11.30)

where A, B are chosen in such a way that the two available snapshots are interpolated.
One parameter, (, is free and enters the residual minimization process. The first
equation of the system (11.17-11.20) becomes:

A +V- (@) =™ (1131)

In the case of a logistic-type growth we proceed in a similar way. We take

Y ~ AG(w,0) + BG(—w,—0) (11.32)
where o
we
G =, 11.33

As before 4 and B are adjusted such that the snapshots are interpolated. In this case,
however, we are left with two free parameters (w and o) that are found within the
residual minimization process. The inverse problem finally takes the form of a non-
linear algebraic optimization problem, that is solved using a Newton trust region
method.

11.5.2 Realistic Case Application: A Comparison with a Standard
Sensitivity Approach

In Fig. 11.14 four scans covering an evolution over 45 months are presented of some
lung metastases of a primary tumor affecting the thyroid (Courtesy Institut Bergonié).
Even though this patient is affected by several metastases, only the study of the one
marked in Fig. 11.14(a) will be presented. It is a quasi-steady metastasis, which
grows very slowly and thus need only to be monitored. The results obtained by means
of a sensitivity technique are presented, when only the first two scans were used in
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Fig. 11.14. Scans: (a) November 2005; (b) October 2007; (c) July 2008; d) April 2009

order to identify the system. This means that the first two images were used as data
set to solve the inverse problem and find the set of control. Then, the direct simula-
tion were performed covering the entire evolution and the result has been compared
to the data of the subsequent exams.

The control set consists in the parameters and in the initial distribution for the
proliferating cell density. In this particular test the initial density distribution for
proliferating cells is taken:

P(x,0) = Aexp {6 D?}, (11.34)

where @ is the level set for the tumor, 4 the amplitude and & the steepness.
This system is solved at + = 0, taking the second image at # = 0.3. The time
derivative is approximated by a logistic interpolation. In this particular case it is
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Table 11.3. Data set and results for realistic case, fitted with the parameters identified by
ROM: 6 volumes measures are taken from 2D scans, resolution 1.25mm

Month 0 210 245 360 405 450

Area 42¢-3 6.5e-3 8.le-3 9.7e-3 1.03e-3 1.10e-3
Esens (%) 00 1.8 247 202 194 136
Eront (%) 00 19 250 280 867  6.12
Y —Imlsens 0.0 022 024 035 031 024
|Y —Im|gops 0.0 023 026 038 036 032

equivalent to solve the reduced order model for the elliptic equations and to couple
them with the residual approximation for the observable. The system is cheap from
the computational stand point, its solution taking only few minutes on a standard
laptop. The system was initialized with several initial conditions in order to check
the stability and the presence of local minima.

The database used for the present case consists of 768 direct simulations, realized
by sampling the parameters values appearing in the model as well as the parameters
introduced to represent the initial distribution of proliferating cells (namely 4 and 9).
A set of 20 time snapshots was retained from each of the simulations.

In Table 11.3 the errors are compared between the sensitivity approach (when two
images are taken into account) and the reduced order model. The ROM performs
quite well in terms of volume in the first part of the growth. For what concerns
L? norms and in the second part of the growth sensitivity has substantially better
results. The most relevant fact is that the two approaches show similar behavior in
the very beginning (ROM is solved at # = 0). It is interesting that the reduced order
model allows to get a correct solution on a time scale that is sufficiently large, i.e.
on a scale comparable with the interval between two subsequent medical exams.
In Fig. 11.15 the fitting curves are shown, confirming essentially what commented
about the errors. Let us remark that the two methods starts with exactly the same
trend, so that the Reduced Order Model approach results in an approximation of
the Sensitivity one in # = 0. The Error contours for the third image (i.e. the first
prediction) are shown for the two methods in Fig. 11.17. On the left, the result of
the sensitivity is shown, the reduced order model is on the right. The differences
between the two residuals are minimal, showing the ability of the reduced approach
to mimic sensitivity.

11.5.3 A Fast Rate Tumor Growth

In order to see if the method is robust enough to perform the identification in a very
aggressive case, an exponential fast growth is studied. In Fig. 11.18 the evolution
of a metastatic nodule is shown; the evolution takes about six months, the scans are
taken at approximately constant rate. The problem is the following one: given the
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Fig. 11.15. Area as function of time. for the Reduced Order Model (black line) and for the
Sensitivity approach (blue line)
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Fig. 11.16. Results: (a) superposition of simulation and geometry; b) volume curve with re-
spect to days

first two scans, we try to recover the third one, after having performed the parameters
identification.

A database was build varying all the parameters in uniform intervals. The database
consists in 128 simulations. For each one, 20 time frames are taken. The minimiza-
tion takes about 20 minutes on one standard CPU. In Fig. 11.16(a) the superposition
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Fig. 11.17. Zoom on the tumor: difference (signed absolute error) between the third scan and
the solution when the identification is performed by (a) sensitivity; (b) ROM

Fig. 11.18. Fast growing tumor: scan at (a) June 2008: (b) September 2008; (c) December
2008

of the simulation to the realistic geometry is shown, at the time corresponding to the
third scan. The result is satisfactory, the volume not being too far from the measured
one. The error is essentially a shape error. The model tends to regularize the shape,
so that the simulated tumor is closer to a spheroid with respect to the real tumor. In
order to prevent this error to arise two strategies are possible: the first one consists in
moditfying the model such that its dynamics is less regularizing and the second one
consists in changing the control set.

In Fig. 11.16(b) the volume curve is plotted with respect to days. There is a certain
error in volume at the time corresponding to the third scan, but, in terms of time, it
is about 15 days on a time interval of 6 months. For such a growth, featured by a
high rate and a large final volume, not enough mechanics have been accounted for.
As a matter of fact, tumor expansion causes some compression in the tissues and the
constraints imposed by the thorax are not negligible.
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11.6 Conclusions

We have presented a set of methods where ROMs have been used to solve problems
in applications. ROMs where not directly used for simulation, but instead as an aux-
iliary numerical expidient in conjunction with full model simulations or available
data observations. Future investigations will need to improve model accuracy and
robustness with respect to parameter variations, with the objective of accurate and
robust predictive ROMs.

Acknowledgements This research is funded in part by the EU FP7 project FFAST, ACP8-
GA-2009-233665. We thank Dr. Jean Palussiere at the Institut Bergonié, Bordeaux, for se-
lecting the patients and for fruitful modeling discussions.

References

1. Barone, M.F., Kalashnikova, 1., Segalman, D.J., Thornquist, H.K.: Stable Galerkin re-
duced order models for linearized compressible flow. Journal of Computational Physics
228(6), 1932-1946 (2009)

2. Bergmann, M., Bruneau, C.H., lollo, A.: Enablers for robust pod models. Journal of
Computational Physics 228, 516-538 (2009)

3. Buffoni, M.R., Telib, H., Iollo, A.: Domain decomposition by low-order modelling.
Computers & Fluids 38, 1160-1167 (2009)

4. Colin, T., Iollo, A., Lombardi, D., Saut, O.r: System identification in tumor growth mod-
eling using semi-empirical eigenfunctions. Mathematical Models and Methods in Ap-
plied Sciences 22(06), 1250003—1 (2012)

5. Galletti, B., Bruneau, C.H., Zannetti, L., Iollo, A.: Low-order modelling of laminar flow
regimes past a confined square cylinder. J. Fluid Mech. 503, 161-170 (2004)

6. Gorsse, Y., Iollo, A., Telib, H., Weynans, L.: A simple second order cartesian scheme for
compressible Euler flows. Journal of Computational Physics 231(23), 7780-7794 (2012)

7. Holmes, P., Lumley, J.L., Berkooz, G.: Turbulence, coherent structures, dynamical sys-
tems and symmetry. Cambridge University Press, Cambridge (1996)

8. Iollo, A, Lanteri, S., Désidéri, J.A.: Stability properties of POD—Galerkin approxima-
tions for the compressible Navier—Stokes equations. Theoretical and computational fluid
dynamics 13(6), 377-396 (2000)

9. Iollo, A., Lombardi, D.: A lagrangian scheme for the solution of the optimal mass transfer
problem. Journal of Computational Physics 230, 3430-3442 (2011)

10. Lombardi, E., Bergmann, M., Camarri, S., lollo, A.: Low-order models: Optimal sam-
pling and linearized control strategies. Journal Europeen des Systemes Automatises
45(7-10), 575-593 (2011)

11. Sirovich, L.: Turbulence and the dynamics of coherent structures. Parts I, II and III.
Quarterly of Applied Mathematics XLV, 561-590 (1987)

12. Villani, C.: Topics in optimal transportation. American Mathematical Society (2003)

13. Villani, C.: Optimal Transport, old and new. Springer-Verlag, Berlin Heidelberg (2009)

14. Weller, J., Lombardi, E., Iollo, A.: Robust model identification of actuated vortex wakes.
Physica D 238, 416427 (2009)



MS&A - Modeling, Simulation and Applications

Series Editors:

Alfio Quarteroni Anthony T. Patera

Ecole Polytechnique Fédérale Massachusetts Institute of Technology
de Lausanne (Switzerland) Cambridge, MA (USA)

and

MOX - Politecnico di Milano (Italy)

Enrique Zuazua
Basque Center for Applied
Mathematics

Tom Hou

California Institute of Technology

Bilbao (Spain)

Pasadena, CA (USA)

Claude Le Bris
Ecole des Ponts ParisTech
Paris (France)

Editor at Springer:

Francesca Bonadei
francesca.bonadei@springer.com

1

L. Formaggia, A. Quarteroni, A. Veneziani (eds.)
Cardiovascular Mathematics
2009, XIV+522 pp, ISBN 978-88-470-1151-9

A. Quarteroni
Numerical Models for Differential Problems
2009, XVI+602 pp, ISBN 978-88-470-1070-3

M. Emmer, A. Quarteroni (eds.)
MATHKNOW
2009, XI1+264 pp, ISBN 978-88-470-1121-2

A. Alonso Rodriguez, A. Valli
Eddy Current Approximation of Maxwell Equations
2010, XIV+348 pp, ISBN 978-88-470-1934-8

D. Ambrosi, A. Quarteroni, G. Rozza (eds.)
Modeling of Physiological Flows
2012, X+414 pp, ISBN 978-88-470-1934-8

W. Liu
Introduction to Modeling Biological Cellular Control Systems
2012, XI1+268 pp, ISBN 978-88-470-2489-2



7. B.Maury
The Respiratory System in Equations
2013, XVIII+276 pp, ISBN 978-88-470-5213-0

8. A. Quarteroni
Numerical Models for Differential Problems, 2nd Ed.
2014, XX+656pp, ISBN 978-88-470-5521-6

9. A. Quarteroni, G. Rozza (eds.)
Reduced Order Methods for modeling and computational reduction
2014, X+332pp, ISBN 978-3-319-02089-1

For further information, please visit the following link:
http://www.springer.com/series/8377



	Cover
	Title Page
	Copyright Page
	Preface
	Contents
	1 A Novel Approach to Model Order Reductionfor Coupled Multiphysics Problems
	1.1 Introduction
	1.2 Block-Structure Preserving Model Order Reduction
	1.2.1 Moment Matching Methods for the Coupled Formulations
	1.2.2 Two-Sided Structure Preserving Methods

	1.3 Separate Bases Reduction Algorithm
	1.3.1 Interconnected System - System Definition
	1.3.1.1 The Uncoupled Formulation
	1.3.1.2 The Coupled System

	1.3.2 Transfer Functions of the Uncoupled and Coupled Systems
	The Systems and Control Approach

	1.3.3 Standard Block Structure Preserving Reduction
	1.3.4 Separate Bases Reduction Algorithm
	1.3.5 Separate Bases Reduction Algorithm - Properties
	Block-Structure Preservation
	Rank and Orthogonality
	Computational Cost
	Size of the Reduction Space
	The Moment Matching Property

	1.3.6 Two-Sided Separate Bases Reduction Algorithm

	1.4 Low-Rank Approximations Based SBR Algorithm
	1.4.1 Implicitly De.fined Couplings
	1.4.2 Decomposition Theorem
	1.4.3 Decomposition Theorem -Numerical Example
	1.4.4 Low-Rank Approximations Based SBR Algorithm

	1.5 Numerical Examples
	1.5.1 A Simple Example
	1.5.2 Industrial Benchmark Problem
	1.5.3 The Second and First Order System
	1.5.4 Sparsity Patterns and Magnitudes of the Blocks of M, K
	1.5.5 Scaling the Second Order System
	1.5.6 The Structure and the GSVD of K12
	1.5.7 A GSVD-Based Approximation of K12
	1.5.8 The K12(p) GSVD-Approximation Based Transfer Function
	1.5.9 The GSVD Approximation of M-1 11 K12

	1.6 Conclusions
	References

	2 Case Study: Parametrized Reduction UsingReduced-Basis and the Loewner Framework
	Abstract
	2.1 Introduction
	2.2 Parametrized Model Reduction
	2.2.1 Reduced-Basis Approach
	2.2.2 Loewner Matrix Approach
	2.2.3 Discussion

	2.3 Numerical Experiments
	2.3.1 The Reduced-Order Models
	2.3.2 Comparison of the Reduced-Order Models

	2.4 Conclusions
	References

	3 Comparison of Some Reduced Representation Approximations
	3.1 Introduction
	3.2 Proper Orthogonal Decomposition
	3.2.1 Historical Overview
	3.2.2 Algorithm

	3.3 Adaptive Cross Approximation
	3.3.1 Historical Overview
	3.3.2 Construction of Interpolation Nodes
	3.3.3 Incremental Construction
	3.3.4 Application to Matrices
	3.3.5 Relation with Gaussian Elimination
	3.3.6 Generalizations of ACA

	3.4 Empirical Interpolation Method
	3.4.1 Historical Overview
	3.4.2 Motivation
	3.4.3 Algorithm
	3.4.4 Practical Implementation
	3.4.5 Practical Implementation Using the Matrix Representation of the Function
	3.4.6 Generalizations of the EIM
	3.4.6.1 Generalized Empirical Interpolation Method (gEIM)
	3.4.6.2 hp-EIM
	3.4.6.3 Curse of High-Dimensionality


	3.5 Comparison of ACA versus EIM
	3.6 Gappy POD
	3.6.1 The Gappy POD Algorithm
	3.6.2 Generalization of Gappy POD

	References

	4 Application of the Discrete Empirical Interpolation Method to Reduced Order Modeling of Nonlinear and Parametric Systems*
	Abstract
	4.1 Introduction
	4.2 Model Problems
	4.2.1 Semilinear Advection-Diffusion-Reaction PDE
	4.2.2 The Stokes Equations on Parameterized Domains

	4.3 Projection Based Reduced Order Models
	4.3.1 Generating the Reduced Order Model Subspaces
	4.3.2 The DEIM

	4.4 Evaluation of Nonlinear Functions Arising in Finite Element Methods Using DEIM
	4.4.1 The Reduced Order Model
	4.4.2 Numerical Examples
	4.4.2.1 2D Example
	4.4.2.2 3D Example


	4.5 Evaluation of Parameterized Matrices and Vectors in Reduced Order Models Using DEIM
	4.5.1 The Reduced Order Matrix
	4.5.2 Numerical Example
	4.5.2.1 Evaluation of Drag Generated by Parameterized Ailfoil
	4.5.2.2 Channel with Parameterized Top and Bottom Wall


	4.6 Conclusions
	References

	5 Greedy Sampling Using Nonlinear Optimization
	5.1 Introduction
	5.2 Problem Formulation
	5.2.1 The Exact Variational Problem
	5.2.2 The Truth Approximation
	5.2.3 The Reduced-Order Modelling
	5.2.4 The Minimization Problem

	5.3 First-Order Necessary Optimality Conditions
	5.4 Second-Order Derivatives
	5.5 Numerical Experiments
	References

	6 A Robust Algorithm for Parametric ModelOrder Reduction Based on Implicit Moment Matching
	Abstract
	6.1 Introduction
	6.2 Explicit Multi-Moment Matching PMOR
	6.2.1 Review
	6.2.2 Analysis

	6.3 A Robust Algorithm for Multi-Moment Matching PMOR
	6.4 Multi-Moment Matching Property
	6.5 Simulation Results
	6.5.1 Results for the thermal model
	Implicit vs. explicit moment vector computation
	PMOR vs. Non-Parametric MOR
	Robustness of the Proposed Algorithm

	6.5.2 Results for the electrochemistry model

	6.6 Conclusions
	References

	7 On the Use of Reduced Basis Methods to Accelerate and Stabilize the Parareal Method
	Abstract
	7.1 Introduction
	7.2 Parareal Algorithms
	7.2.1 The original parareal method
	7.2.2 The Krylov Subspace Parareal Method
	7.2.3 The reduced basis parareal method
	7.2.3.1 Reduced Basis Methods
	7.2.3.2 The Reduced Basis Parareal Method


	7.3 Analysis of the Reduced Basis Parareal Method
	7.3.1 Stability analysis
	7.3.2 Convergence analysis
	7.3.3 Complexity Analysis

	7.4 Numerical Results
	7.4.1 The Linear Advection Equation
	7.4.2 The second order wave equation
	7.4.3 Nonlinear Equations
	7.4.3.1 Viscous Burgers' Equation
	7.4.3.2 Kuramoto-Sivashinsky Equation
	7.4.3.3 Allan-Cahn Equation: Nonlinear Source
	7.4.3.4 KdV Equation: Nonlinear Flux


	7.5 Conclusions
	Acknowledgements
	References

	8 On the Stability of Reduced-Order Linearized Computational Fluid Dynamics Models Based on POD and Galerkin Projection:

Descriptor vs Non-Descriptor Forms Projection:Descriptor vs Non-Descriptor Forms
	Abstract
	8.1 Introduction
	8.2 Linearized CFD-Based Analysis
	8.2.1 Governing Equations in Descriptor Form
	8.2.2 Governing Equations in Non-Descriptor Form

	8.3 Model Order Reduction via Galerkin Projection Based on POD Modes
	8.3.1 Snapshot Collection
	8.3.2 Reduction of the Descriptor Form of the Governing Equations
	8.3.3 Reduction of the Non-Descriptor Form of the GoverningEquations
	8.3.4 Comparison of Alternative Reduced-Order Models

	8.4 Applications to Dynamic Fluid-Structure Interaction Problems
	8.4.1 Linearized Coupled Fluid-Structure Reduced-Order Models
	8.4.2 Flutter Analysis of a Wing-Store-Fuel Configuration
	8.4.3 Flutter Analysis of an FIA-18 Aircraft Configuration

	8.5 Conclusions
	References

	9 Model Order Reduction in Fluid Dynamics: Challenges and Perspectives
	Abstract
	9.1 Introduction
	9.1.1 Proper Orthogonal Decomposition
	9.1.2 Reduced Basis Construction by Greedy Algorithms

	9.2 Some Principles of Model Reduction of Fluid Systems
	9.2.1 "Never try to reduce the irreducible"
	9.2.2 "If it is not in the snapshots, it is not in the ROM"
	9.2.3 "Exploit the known structure of the solutions"
	9.2.4 "Divide and conquer whenever possible"

	9.3 Model Reduction of Steady Viscous Flows
	9.3.1 A Question of Stability: inf-sup Constants and Supremizers
	9.3.2 Certification of RO Ms for the Steady Navier-Stokes Equations
	9.3.3 Relevant Computational Issues

	9.4 Model Reduction of Unsteady Viscous Flows
	9.4.1 Model reduction of linearized time-invariant systems
	9.4.2 Stabilization of ROMs for Unsteady Navier-Stokes Equations
	9.4.3 Dynamic Mean-Field Representations and Shift-Modes
	9.4.4 Model Reduction of Periodic Steady-State Solutions

	9.5 Conclusions
	References

	10 Window Proper Orthogonal Decomposition: Application to Continuum and Atomistic Data
	10.1 Introduction
	10.2 Motivation
	10.3 Methodology
	10.3.1 Proper Orthogonal Decomposition (POD)
	10.3.2 Window Proper Orthogonal Decomposition (WPOD)

	10.4 WPOD for Quantative Analysis of Intermittent Laminar-Turbulent Flow
	10.5 WPOD in Atomistic Simulations
	10.5.1 Analysis of Deformability in Cells

	10.6 WPOD in Multiscale Visualization
	10.7 Summary and Outlook
	Acknowledgements
	References

	11 Reduced Order Models at Work in Aeronautics and Medicine
	Abstract
	11.1 Introduction
	11.2 Systematic sampling for ROM
	11.2.1 Results

	11.3 ROM by Domain Decomposition
	11.3.1 Oscillating Airfoil in Transonic Flow
	11.3.2 Discussion

	11.4 ROM by Optimal Transport
	11.4.1 Transport
	11.4.2 Results

	11.5 System Identification Using ROM in Tumor Growth Modeling
	11.5.1 Regularized Inverse Problem
	11.5.2 Realistic Case Application: A Comparison with a Standard Sensitivity Approach
	11.5.3 A Fast Rate Tumor Growth

	11.6 Conclusions
	Acknowledgements
	References

	MS&A - Modeling, Simulation and Applications



