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A TOPOLOGICAL INTRODUCTION TO KNOT
CoNTACT HOMOLOGY

LENHARD NG

1. INTRODUCTION

This article is intended to serve as a general introduction to the subject of
knot contact homology. There are two related sides to the theory: a geomet-
ric side devoted to the contact geometry of conormal bundles and explicit
calculation of holomorphic curves, and an algebraic, combinatorial side em-
phasizing ties to knot theory and topology. We will focus on the latter side
and only treat the former side lightly. The present notes grew out of lectures
given at the Contact and Symplectic Topology Summer School in Budapest
in July 2012.

The strategy of studying the smooth topology of a smooth manifold via
the symplectic topology of its cotangent bundle is an idea that was advo-
cated by V.I. Arnold and has been extensively studied in symplectic geom-
etry in recent years. It is well-known that if M is smooth then T*M car-
ries a natural symplectic structure, with symplectic form w = —dAcan, where
Acan € 21(T* M) is the Liouville form; the idea then is to analyze T*M as a
symplectic manifold to recover topological data about M.

In recent years this strategy has been executed quite successfully by ex-
amining Gromov-type moduli spaces of holomorphic curves on T*M. For
instance, one can show that the symplectic structure on T*M recovers ho-
motopic information about M, as shown in various guises by Viterbo [41],
Salamon—-Weber [40], and Abbondandolo—Schwarz [1], who each prove some
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version of the following result (where technical restrictions have been omitted
for simplicity):

Theorem 1.1 ([1, 40, 41]). The Hamiltonian Floer homology of T*M is
isomorphic to the singular homology of the free loop space of M.

Subsequent work has related certain additional Floer-theoretic construc-
tions on T* M to the Chas—Sullivan loop product and string topology; see for
example [2, 9].

In a slightly different direction, M. Abouzaid has used holomorphic curves
to show that the symplectic structure on T*M can contain more than topo-
logical information about M:

Theorem 1.2 ([3]). If X' is an exotic (4k + 1)-sphere that does not bound a
parallelizable manifold, then T*X is not symplectomorphic to T*S*+1,

At the time of this writing, it is still possible that the smooth type of
a closed smooth manifold M (up to diffeomorphism) is determined by the
symplectic type of T*M (up to symplectomorphism), which would be a very
strong endorsement of Arnold’s idea. (See however [26] for counterexamples
when M is not closed.) For a nice discussion of this and related problems,
see [39].

In this survey article, we discuss a relative version of Arnold’s strategy.
The setting is as follows. Let K C M be an embedded submanifold (or an
immersed submanifold with transverse self-intersections). Then one can con-
struct the conormal bundle of K:

Lig={(¢,p)|q€ K, {(p,v)=0forallve TyK} CT"M.

It is a standard exercise to check that Lg is a Lagrangian submanifold
of T*M.

One can work in one dimension lower by considering the cosphere (unit
cotangent) bundle ST*M of unit covectors in T*M with respect to some
metric; then ST*M is a contact manifold with contact form o = Acan, and
it can be shown that the contact structure on ST*M is independent of the
metric. The unit conormal bundle of K,

A = L N ST*M C ST* M,

is then a Legendrian submanifold of ST*M, with a|,, =0. See Figure 1.
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Fig. 1. A schematic depiction of cotangent and conormal bundles. Only the disk bundle
portion DT*M of T*M is shown, with boundary ST*M. Note that both Lx and the
zero section M are Lagrangian in T M, and their intersection is K

By construction, if K changes by smooth isotopy in M, then Ax changes
by Legendrian isotopy (isotopy within the class of Legendrian submanifolds)
in ST*M. One can then ask what the Legendrian isotopy type of Ag re-
members about the smooth isotopy type of K; see Question 1.3 below.

For the remainder of the section and article, we restrict our focus by
assuming that M =R3 and K C R? is a knot or link. In this case, ST*M
is contactomorphic to the 1-jet space J!(S?) =T*52% x R equipped with the
contact form dz — Acan, where z is the coordinate on R and Agan is the
Liouville form on S?, via the diffeomorphism ST*R3 — J'(S?) sending (g, p)
to ((p,q — {q,p)p), {q,p)) where (-,-) is the standard metric on R3.

In the 5-manifold ST*R3, the unit conormal bundle A is topologically
a 2-torus (or a disjoint union of tori if K has multiple components). This
can for instance be seen in the dual picture in TR?, where the unit normal
bundle can be viewed as the boundary of a tubular neighborhood of K. The
topological type of Ax = T2 C S? x R? contains no information: if K, Ko
are arbitrary knots, then Ag, and Ak, are smoothly isotopic. (Choose a
one-parameter family of possibly singular knots K; joining K; to Ks, and
perturb Ag, slightly when K is singular to eliminate double points.)

However, there is no reason for Ax, and Ag, to be Legendrian isotopic.
This suggests the following question.

Question 1.3. How much of the topology of K C R? is encoded in the Leg-
endrian structure of Ax C ST*R3? If Ak, and Ak, are Legendrian isotopic,
are K1 and K5 necessarily smoothly isotopic knots?

At the present, the answer to the second part of this question is unknown
but could possibly be “yes”. The answer is known to be “yes” if either knot
is the unknot; see below.

In order to tackle Question 1.3, it is useful to have invariants of Leg-
endrian submanifolds under Legendrian isotopy. One particularly powerful
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invariant is Legendrian contact homology, which is a Floer-theoretic count of
holomorphic curves associated to a Legendrian submanifold and is discussed
in more detail in Section 2.

Definition 1.4. Let K C R? be a knot or link. The knot contact homology
of K, written HC,(K), is the Legendrian contact homology of A.

Knot contact homology is the homology of a differential graded algebra
associated to a knot, the knot DGA (A,d). By the general invariance result
for Legendrian contact homology, the knot DGA and knot contact homology
are topological invariants of knots and links.

This article is a discussion of knot contact homology and its properties.
Despite the fact that the original definition of knot contact homology in-
volves holomorphic curves, there is a purely combinatorial formulation of
knot contact homology. The article [15], which does most of the heavy lifting
for the results presented here, derives this combinatorial formula and can be
viewed as the first reasonably involved computation of Legendrian contact
homology in high dimensions.

Viewed from a purely knot theoretic perspective, knot contact homology
is a reasonably strong knot invariant. For instance, it detects the unknot (see
Corollaries 4.10 and 5.10): if K is a knot such that HC,(K) = HC,(O) where
O is the unknot, then K = O. This implies in particular that the answer to
Question 1.3 is yes if one of the knots is unknotted. It is currently an open
question whether knot contact homology is a complete knot invariant.

Connections between knot contact homology and other knot invariants
are gradually beginning to appear. It is known that HC,(K) determines the
Alexander polynomial (Theorem 3.18). A portion of the homology also has a
natural topological interpretation, via an object called the cord algebra that
is closely related to string topology. In addition, one can use HC\(K) to
define a three-variable knot invariant, the augmentation polynomial, which is
closely related to the A-polynomial and conjecturally determines a special-
ization of the HOMFLY-PT polynomial. Very recently, a connection between
knot contact homology and string theory has been discovered, and this sug-
gests that the augmentation polynomial may in fact determine many known
knot invariants, including the HOMFLY-PT polynomial and certain knot
homologies, and may also be determined by a recursion relation for colored
HOMFLY-PT polynomials.

Knot contact homology also produces a strong invariant of transverse
knots, which are knots that are transverse to the standard contact structure
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Fig. 2. The knot invariants and interconnections described in this article

on R3. For a transverse knot, the knot contact homology of the underlying
topological knot contains an additional filtered structure, transverse homol-
ogy, which is invariant under transverse isotopy. This has been shown to be
an effective transverse invariant (Theorem 6.9), one of two that are currently
known (the other comes from Heegaard Floer theory).

In the rest of the article, we expand on the properties of knot contact ho-
mology mentioned above; see Figure 2 for a schematic chart. In Section 2, we
review the general definition of Legendrian contact homology. We apply this
to knots and conormal bundles in Section 3 to give a combinatorial definition
of knot contact homology and present a few of its properties. In Section 4,
we discuss the cord algebra, which gives a topological interpretation of knot
contact homology in degree 0. Section 5 defines the augmentation polynomial
and relates it to other knot invariants; this includes a speculative discussion
of the relation to string theory. In Section 6, we present transverse homol-
ogy and consider its effectiveness as an invariant of transverse knots. Some
technical details (a definition of the “fully noncommutative” version of knot
contact homology, and a comparison of the conventions used in this article
to conventions in the literature) are included in the Appendix.

As this is a survey article, many details will be omitted in favor of what
we hope is an accessible exposition of the subject. (For more introductory ma-
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terial on knot contact homology, the reader is referred to two papers [12, 32];
note however that these do not contain recent developments.) There are ex-
ercises scattered through the text as a concrete, hands-on complement to the
main discussion. There is not much new mathematical content in this article
beyond what has already appeared in the literature, particularly [15, 16] on
the geometric side and [30, 31, 33, 34] on the combinatorial/topological side.
One exception is a representation-theoretic interpretation of some factors of
the augmentation polynomial that do not appear in the A-polynomial; see
Theorem 5.11. We have also introduced a number of conventions for com-
binatorial knot contact homology in this article that are new and, in the
author’s opinion, more natural than previous conventions.

2. LEGENDRIAN CONTACT HOMOLOGY

In this section, we give a cursory introduction to Legendrian contact homol-
ogy and augmentations, essentially the minimum necessary to motivate the
construction of knot contact homology in Section 3. The reader interested in
further details is referred to the various references given in this section.

Legendrian contact homology (LCH), introduced by Eliashberg and Hofer
in [17], is an invariant of Legendrian submanifolds in suitable contact mani-
folds. This invariant is defined by counting certain holomorphic curves in the
symplectization of the contact manifold, and is a part of the (much larger)
Symplectic Field Theory package of Eliashberg, Givental, and Hofer [18].
LCH is the homology of a differential graded algebra (DGA) that we now
describe, and in some sense the DGA (up to an appropriate equivalence re-
lation), rather than the homology, is the “true” invariant of the Legendrian
submanifold.

In this section, we will work exclusively in a contact manifold of the form
V =JYM)=T*M x R with the standard contact form a = dz — Aean. LCH
can be defined for much more general contact manifolds, but the proof of
invariance in general has not been fully carried out, and even the definition
is more complicated than the one given below when the contact manifold
has closed Reeb orbits. Note that for V = J*(M), the Reeb vector field R,
is 0/0z and thus J*(M) has no closed Reeb orbits.

Let A CV be a Legendrian submanifold. We assume for simplicity that A
has trivial Maslov class (e.g., for Legendrian knots in R® = J!(R), this means
that A has rotation number 0), and that A has finitely many Reeb chords,
integral curves for the Reeb field R, with endpoints on A. We label the Reeb



A Topological Introduction to Knot Contact Homology 491

chords formally as ay,...,a,. Finally, let R denote (here and throughout the
article) the coefficient ring R = Z[H2(V, A)], the group ring of the relative
homology group Ha(V, A).

Definition 2.1. The LCH differential graded algebra associated to A is
(A, ), defined as follows:

1. Algebra: A= R(ay,...,ay) is the free noncommutative unital algebra
over R generated by aq,...,a,. As an R-module, A is generated by all
words a;, - a;, for k>0 (where k=0 gives the empty word 1).

2. Grading: Define |a;| = CZ(a;) — 1, where C'Z denotes Conley—Zehnder
index (see [14] for the definition in this context) and |r| =0 for r € R.
Extend the grading to all of A in the usual way: |zy| = |z| + |y|.

3. Differential: Define d(r) =0 for r € R and

9(a;) = > > (sen(4)eay, ---a,

dim M(as;a;, ,...,a5, ) /R=0 AcM/R

where M(a;;aj,,...,a;,) is the moduli space defined below, sgn(A) is
an orientation sign associated to A, and [A] is the homology class' of
Ain HQ(V, /1)

Extend the differential to all of A via the signed Leibniz rule: 9(zy) =
(92)y + (=1)"z(dy).

The key to Definition 2.1 is the moduli space M(a;;a;j,,...,a;, ). To define
this, let J be a (suitably generic) almost complex structure on the symplec-
tization (R x V,d(efa)) of V' (where « is the contact form on V and ¢ is the
R coordinate) that is compatible with the symplectization in the following
sense: J is R-invariant, J(9/0t) = R,, and J maps £ = ker « to itself. With
respect to this almost complex structure, R X a; is a holomorphic strip for
any Reeb chord a; of A.

Let D? = D?\ {p™,py,... ,p;, } be a closed disk with &+ 1 punctures on
its boundary, labeled p*,py,..., p;, in counterclockwise order around 0D?.
For (not necessarily distinct) Reeb chords a; and a;,,...,a;, for some k>0,
let M(ai;aj,,...,a;,) be the moduli space of J-holomorphic maps

A: (DR, 0DF) = (Rx V,R x A)

'To define this homology class, we assume that “capping half-disks” have been chosen in
V for each Reeb chord a;, with boundary given by a; along with a path in A joining the
endpoints of a;. Some additional care must be taken if A has multiple components.
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up to domain reparametrization, such that:

e near pt, A is asymptotic to a neighborhood of the Reeb strip R x a;
near t = +o0;

e near p, for 1 </ <k, Ais asymptotic to a neighborhood of R x a;, near
t = —o0.

See Figure 3.

When everything is suitably generic, M(a;;a;,,...,a;,) is a manifold of
dimension |a;| — ), |aj|. The moduli space also has an R action given by
translation in the R direction, and the differential d(a;) counts moduli spaces
M(ai;aj,,...,a; ) that are rigid after quotienting by this R action.

Remark 2.2. If Ho(V,A) = Hy(V) @ H1(A), as is true in the case that we
will consider, one can “improve” the DGA (A,0) to a DGA that we might
call the fully noncommutative DGA (./T, 0), defined as follows. For simplicity,
assume that A is connected; there is a similar but slightly more involved
construction otherwise. The algebra A is the tensor algebra over the group
ring Z[H2(V')], generated by the Reeb chords ay,...,a, along with elements
of 71 (A), with no relations except for the ones inherited from 71 (A). Thus A
is generated as a Z[H2(V')]-module by words of the form

Yo, Y1Qi, V2 " Vie—1G4, Vi

where a;,,...,a;, are Reeb chords of A, 7o,...,7 € m1(4), and k > 0. Note
that A is a quotient of A: just abelianize m;(A) to H;i(A), and allow Reeb
chords a; to commute with homology classes v € H;(A).

To define the differential, let A be a disk in M(a;;a4,,...,a;,). The pro-
jection map 7 : Ha(V, A) — Ho(V) gives a class 7([4]) € Hy(V'). The bound-
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ary of the image of A consists of an ordered collection of k + 1 paths in A
joining endpoints of Reeb chords. By fixing paths in A joining each Reeb
chord endpoint to a fixed point on A, one can close these k + 1 paths into
k+ 1 loops in A. Let v9(4),...,7(A) denote the homotopy classes of these
loops in m1(A), where the loops are ordered in the order that they appear
in the image of D2, traversed counterclockwise. Finally, define d(v) = 0 for
v € m(A) and

d(a;) = Z Z (Sgn(A))e’r([A])

dim M(asa;,,...,a5, ) /R=0 AcM/R
X Y0(A)a; 11 (4) - ajw(A),
and extend the differential to A by the Leibniz rule.

Note that the quotient that sends A to A also sends the differential on A
to the differential on A. The fully noncommutative DGA (.Z, 0) satisfies the
same properties as (A, d) (Theorem 2.3 below), with a suitable alteration of
the definition of stable tame isomorphism. For the majority of this article, we
will stick to the usual LCH DGA (A, ), which is enough for most purposes,
because it simplifies notation; see however the discussion after Theorem 4.8,
as well as the Appendix.

We now state some fundamental properties of the LCH DGA (A,0d).
These began with the work of Eliashberg—Hofer [17]; Chekanov [7] wrote
down the precise statement and gave a combinatorial proof for the case V =

R3 (see also [19]). The formulation given here is due to, and proven by,
Ekholm-Etnyre-Sullivan [14].

Theorem 2.3 ([7, 14, 17]). Given suitable genericity assumptions:

1. O decreases degree by 1;
2. 0% =0;

3. up to stable tame isomorphism, (A,d) is independent of all choices
(of contact form for the contact structure on V, and of J), and is an
invariant of A up to Legendrian isotopy;

4. up to isomorphism, H,(A,0) =: HC.(V, A) is also an invariant of A up
to Legendrian isotopy.

Here “stable tame isomorphism” is an equivalence relation between DGAs
defined in Definition 2.4 below, which is a special case of quasi-isomorphism;
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thus item 3 in Theorem 2.3 directly implies item 4. The homology HC,(V, A)
is called the Legendrian contact homology of A.

Definition 2.4 ([7], see also [19]).

1. Let A= R{aq,...,a,). An elementary automorphism of A is an algebra
map ¢ : A — A of the form: for some i, ¢(a;) =a; for all j #1i, and
¢(a;) = a; + v for some v € R{ay,...,ai—1,Qi+1,-..,0n).

2. A tame automorphism of A is a composition of elementary automor-
phisms.

3. DGAs (A = R{a1,...,ay),0) and (A" = R{(d},...,al,),d') are tamely
isomorphic if there is an algebra isomorphism ¥ = ¢9 o ¢1 such that
¢1: A— A is a tame automorphism and ¢, : A — A’ is given by
p2(a;) = al for all i, and 1) intertwines the differentials: 1o 9 =9 0 1).

4. A stabilization of (A= R(ay,...,ay),0) is (S(A),d), where S(A) =

R{ai,...,an,e1,e2) with grading inherited from A along with |e;| =
le2| + 1, and 0 is induced on S(A) by 0 on A along with d(e;) = eq,
8(62) =0.

5. DGAs (A,0) and (A’,d") are stable tame isomorphic if they are tamely
isomorphic after stabilizing each of them some (possibly different) num-
ber of times.

Exercise 2.5.

1. Prove that H(S(A),0) = H(A,0) and thus stable tame isomorphism
implies quasi-isomorphism.

2. Prove that if (A, 0) is a DGA with a generator a satisfying |a| =1 and
0(a) =1, then H(A,0) =0. Conclude that quasi-isomorphism does not
necessarily imply stable tame isomorphism.

3. If all generators of A are in degree > 0, and S is a unital ring, show that
there is a one-to-one correspondence between augmentations of (A, 9)
to S (see Definition 2.6 below) and ring homomorphisms Hy (A, 9) — S.
Find an example to show that this is not true in general without the
degree condition.

4. Find the stable tame isomorphism in Example 3.13 below.

We conclude this section by introducing the notion of an augmentation,
which is an important algebraic tool for studying DGAs.
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Definition 2.6. Let (A,0) be a DGA over R, and let S be a unital ring.
An augmentation of (A,0) to S is a graded ring homomorphism

e:A— S

sending 0 to 0; that is, e0c 9 =0, €(1) =1, and €(a) =0 unless |a| = 0.

Note that augmentations use the multiplicative structure on the DGA

(A,9). An augmentation allows one to construct a linearized version of the
homology of (A, ).

Exercise 2.7. Let (A,0) be the LCH DGA for a Legendrian A, and let €
an augmentation of (A,9) to S.

1. Write A= R{ay,...,a,). The augmentation € induces an augmentation
€s:S{ay,...,a,) — S that acts as the identity on S and as € on the a;’s.
Prove that (kereg)/(kereg)? is a finitely generated, graded S-module.

2. Prove that 0 descends to a map here: then
HCI™(Ae) == H,((kere)/(kere)?,0)

is a graded S-module, the linearized Legendrian contact homology of A
with respect to the augmentation e.

Remark 2.8. Here is a less concise, but possibly more illuminating, de-
scription of linearized contact homology. We can define a differential Jg
on Ag:= S{ay,...,a,) by composing 0 by the map R — S induced by e
(this map fixes all a;’s). Define an S-algebra automorphism ¢, : Ag — Ag by
dc(a;) = a; + €(a;) for all i and ¢¢(s) = s for all s € S. Then the map

85,6 = ¢eoaso¢5_1

is a differential on Ag. Furthermore, if we define Ag to be the subalgebra
of Ag generated by aq,...,ay, so that Ag= S5 A;C as S-modules, then Jg .
restricts to a map from A; to itself, and so it induces a differential from
AL J(AL)? to itself. The homology of the complex (A& /(A§)?,0s,) is the
linearized contact homology of A with respect to e.

Remark 2.9. Let A C V have LCH DGA (A, 0), and write R = Z[Hz(V, A)]
as usual. Any augmentation € of (A4, 9) to aring S induces amap €|p: R — S,
since R C A. This motivates the following definition: define the augmentation
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variety of A to S to be
Aug(A,S)={p: R— S|p=¢|g for some augmentation e from (A4,9) to S}
C Hom(R, 5).

It follows from Theorem 2.3 that Aug(4,S) is an invariant of A under Leg-
endrian isotopy.

In the simplest case, when V =R3 and A is a Legendrian knot, one can
consider the augmentation variety

Aug(4,S) c Hom(Z[Z],5) = S*

where S* is the multiplicative group of units in S. It can then be shown
(by upcoming work of Caitlin Leverson) that Aug(A4,S) is either {—1} if A
has a (graded) ruling, or () otherwise; the augmentation variety contains fairly
minimal information about A. However, in the main case of interest in this
article, where V = J'(S?) and A = A, the augmentation variety contains a
great deal of information about Ag. See Section 5.

Remark 2.10. A geometric motivation for augmentations comes from exact
Lagrangian fillings. Here is a somewhat imprecise description. Suppose that
the contact manifold V' is a convex end of an open exact symplectic manifold
(W,w); for instance, W could be the symplectization of V', or an exact sym-
plectic filling of V. Let L C W be an oriented exact Lagrangian submanifold
whose boundary is the Legendrian A C V. Then L induces an augmentation
e of the LCH DGA of A, to the ring S = Z[H2(W, L)|, which restricts on the
coefficient ring to the usual map Z[Hy(V, A)] — Z[H2(W, L)]. This augmen-
tation is defined as follows: €(a;) is the sum of all rigid holomorphic disks in
W with boundary on L and positive boundary puncture limiting to the Reeb
chord a; of A, where each holomorphic disk contributes its homology class
in Hy(W,L). The fact that € is an augmentation is established by an argu-
ment similar to the proof that > =0 in Theorem 2.3 above, which involves
two-story holomorphic buildings.

3. KnoT CoNTACT HOMOLOGY

In this section, we present a combinatorial calculation of knot contact homol-
ogy, which is Legendrian contact homology in the particular case where the
contact manifold is ST*R3 = J1(S?) and the Legendrian submanifold is the
unit conormal bundle Ax to some link K C R3. The version of knot contact
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homology we give here is a theory over the coefficient ring Z[A\*!, p*, U*1],
and has appeared in the literature in several places and guises,” up to vari-
ous changes of variables (see the Appendix). Our presentation corresponds to
what is called the “infinity” version of transverse homology in [16, 34], and is
the most general (as of now) version of knot contact homology for topological
knots and links. Setting U = 1, one obtains an invariant called “framed knot
contact homology” in [33] and simply “knot contact homology” in [15]. If
we set U =A=1 and p= —1, we obtain the original version of knot contact
homology from [30, 31].

For simplicity, we assume that K C R? is an oriented knot; see Remark 3.2
below for the case of a multi-component link. The unit conormal bundle
Ag C JH(S?) is a Legendrian T2. As discussed in the previous section, the
LCH DGA of Ak is a topological link invariant. The coefficient ring for this
DGA is

R=1Z[Hy(J"(5%), Ag)] 2 Z[ N, it U*,

where A, p correspond to the longitude and meridian generators of Hj(Ag)
and U corresponds to the generator of Hy(J(S?)) = Hy(S?). Note that the
choice of A, p relies on a choice of (orientation and) framing for K; we choose
the Seifert framing for definiteness.

Definition 3.1. K C R3 knot. The knot DGA of K is the LCH dif-
ferential graded algebra of Ay C J'(S?), an algebra over the ring R =
Z[NFL, 1 U], The homology of this DGA is the knot contact homology
of K, HC,(K)= HC.(ST*R3, Ak).

Remark 3.2. If K is an oriented r-component link, one can similarly define
the “knot DGA”, now an algebra over

Z[Ho(JH(S?), Ak)] 2 Z [N, N it U

Here, as in the knot case, we choose the O-framing on each link component
to fix the above isomorphism. The combinatorial description for the DGA in
the link case is a bit more involved than for the knot case; see the Appendix
for details.

We now return to the case where K is a knot. It follows directly from
Theorem 2.3 that knot contact homology HC(K) is an invariant up to R-

2The profusion of terms and specializations is an unfortunate byproduct of the way that
the subject evolved over a decade.
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algebra isomorphism, as is the knot DGA up to stable tame isomorphism.
What we describe next is a combinatorial form for the knot DGA, given
a braid presentation of K; this follows the papers [16, 34|, which build on
previous work [15, 30, 31, 33]. The fact that the combinatorial DGA agrees
with the holomorphic-curve DGA described in Section 2 is a rather intricate
calculation and the subject of [15].

Let B, be the braid group on n strands. Define A,, to be the free non-
commutative unital algebra over Z generated by n(n — 1) generators a;; with
1<4,57<n and ¢ # j. We consider the following representation of B, as
a group of automorphisms of A,,, which was first introduced (in a slightly
different form) in [29].

Definition 3.3. The braid homomorphism ¢ : B, — Aut A, is the map de-
fined on generators oy, (1<k<n-—1) of B, by:

(

aij = agj, i,j #kk+1
k41,5 > Qs i#kk+1
@ Jo1 > Qi i#kk+1

Goy + Ak kg1 > — Akt k
Af41,k F7 —Qf k+1
Qi > Qg1 — Ok+1,kOkis T F K k+1

Qi > Qi 1 — Qik Ok ft1, @7k k—+ 1.

This extends to a map on B, (see the following exercise).
Exercise 3.4.

1. Check that ¢, is invertible.

2. Check that ¢ respects the braid relations: ¢4, ¢, ., 0o, = G0y Poy Popin
and ¢O’¢¢O’j = ¢Gj¢0’i fOI‘ |7’ _j’ 2 2

3. For the braid B = (01---0,-1)™ € By, for m > 1, calculate ¢p. (The
answer is quite simple.)

Remark 3.5. As a special case of Exercise 3.4(3), when B is a full twist
(01 0n-1)", ¢p is the identity map; thus ¢ : B,, — Aut.A,, is not a faith-
ful representation. However, one can create a faithful representation of B,
from ¢, as follows. Embed B, into B,11 by adding an extra (noninteracting)
strand to any braid in B,,; then the composition

By, — Bt g Aut 4,11
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is a faithful representation of B, as a group of algebra automorphisms of
Api1. See [31].

Before we proceed with the combinatorial definition of the knot DGA, we
present a possibly illustrative reinterpretation of ¢ that begins by viewing
B,, as the mapping class group of D?\ {p1,...,p,}; this will be useful in
Section 4. To this end, let pq,...,p, be a collection of n points in D?, which
we arrange in order in a horizontal line.

Definition 3.6. An arc is a continuous path v :[0,1] — D? such that
v r{p1,---,pn}) = {0,1}; that is, the path begins at some p;, ends at some
p;j (possibly the same point), and otherwise does not pass through any of
the p’s. We consider arcs up to endpoint-fixing homotopy through arcs:
two arcs are identified if, except at their endpoints, they are homotopic in
D2\ {p1,...,pn}. Let A denote the tensor algebra over Z generated by arcs,
modulo the (two-sided ideal generated by the) relations:

L (7o)~ (—~e —)—(—=>e ) ( e>)=0,

where each of these dots indicates the same point p;;

2. any contractible arc with both endpoints at some p; is equal to 0.

Remark 3.7. There is a notion of a framed arc that generalizes Defini-
tion 3.6, and a corresponding version of A in which 0 is replaced by 1 — p.
Framed arcs are used to relate knot contact homology to the cord algebra
(see Section 4), but we omit their definition here in the interest of simplicity.
See [33] for more details.

One can now relate the homomorphism ¢ with the algebra A generated
by arcs.

Theorem 3.8 ([31]).

1. Fori#j, let ~;; denote the arc depicted below (left diagram for i < j,
right for i > j):

e o o Y o e & o o o
Di bj Dj pi

Then the map sending a;; to v;; for i <j and —v;; fori> j induces an

algebra isomorphism @ : A, S A
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2. For any B € By, and any t,j, we have
b(¢p(aij)) = B - P(ay)),

where B acts on A by the mapping class group action: if a is an arc,
then B -a is the arc obtained by applying to a the diffeomorphism of
D2\ {p1,....pn} given by B.

As an illustration of Theorem 3.8(2), the braid B = oy sends the arc vg;
fori>k+1to

Pk /Ph+1 pi Dk Pr+1 Di Dk Dik+1 Di Dk Pr+1 Di

e A N A Y|

where the equality is in A and uses the skein relation in Definition 3.6; the
right hand side is the image under @ of ay41,; — Ak+1,k0ki = oy, (Aki)-

We now proceed with the definition of the knot DGA. We will need
two n x n matrices @4, HE that arise from the representation ¢ (or, more
precisely, its extension as described in Remark 3.5).

Definition 3.9 ([30]). Let B € B, — By+1, and label the additional strand
in B,;1 by *. Define &%, &% € Mat,, ., (A,) by:

n
L
¢B(aix) = Z(diB)ijaj*
j=1
n
_ R
d)B(a*i) - Z QA j (¢B>ﬂ
i=1
for 1 <i<n.
Exercise 3.10.
1. For B =0} € Bs, use arcs and Theorem 3.8 to check that
oB(aiz) = —2a21a13 + a21a12021013 + a23 — A21G12023.

2. Now view B =03} as living in By. Verify:

L — —2a21 +az1a12a21 1 —aga12
1 —aiza21 a2
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B _ —2a12 + aiz2az1a12 1 —ajsag;
1 —aza12 as

3. For general B, d% and @g can be thought of as “square roots” of ¢pg,
in the following sense. Let A and ¢p(A) be the n x n matrices defined
in Definition 3.11 below; roughly speaking, A is the matrix of the a;;’s
and ¢p(A) is the matrix of the ¢p(a;j)’s. Then we have

(1) ¢p(A) =P - A - BF;
see [33, 34] for the proof. Verify (1) for B = o3.
Definition 3.11 ([15, 34]%). Let K be a knot given by the closure of a braid
B € B,. The (combinatorial) knot DGA for K is the differential graded
algebra (A, 0) over R =Z[\*1, u*1 U*!] given as follows.
1. Generators: A= R(aij,bij,cij, dij, €i5, fij) with generators
e a;j, where 1 <4i,j <n and i # j, of degree 0 (n(n — 1) of these)
e b;j, where 1 <i,j <n and i # j, of degree 1 (n(n — 1) of these)
e ¢;; and d;j, where 1 <1i,j <n, of degree 1 (n? of each)
e ¢;j and fij, where 1 <i,j <n, of degree 2 (n? of each).

2. Differential: assemble the generators into n X n matrices A, A, B, B, C,
D, E,F, defined as follows. For 1 <i,j <n, the ij entry of the matrices
C,D,E,F is ¢;j,d;j, €5, fij, respectively. The other matrices A,A, B, B
are given by:

Q5 1<] bij 1<

Ajj =1 —pa; i>] Bij =19 —pby i>j
l—p i=j 0 i=j

Uaij 1<] Ubij 1<

(A)ij =4 —Haij 1>7] (B)ij =q —ubi; i>7
U—p i=j 0 i= .

Also define a matrix A as the diagonal matrix

A =diag( AU~ 0t D2 00T,

3See the Appendix for differences in convention between our definition and the ones from
[34] and [15].
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where w is the writhe of B (the sum of the exponents in the braid
word).
The differential is given in matrix form by:

d(A)=0
dB)=A-A-¢p(A)- A"
I(C)=A—-A-dL A
dD)=A—-A. -dE. 271
IE)=B-C—-A-&5.D
IF)=B-D-C-®&.A71

Here O(A) is the matrix whose ij entry is 9(A;;), $p(A) is the matrix
whose ij entry is ¢p(A;j), and similarly for 9(B), etc. (For U =1 as
in the setting of [33], we can omit the hats.)

The homology of (A, 0) is the (combinatorial) knot contact homology

HO,(K).

Remark 3.12. Combinatorial knot DGAs and related invariants are readily
calculable by computer. There are a number of Mathematica packages to this
end available at http://www.math.duke.edu/~ng/math/programs.html.

Example 3.13. For the unknot, the knot DGA is the algebra over Z[ *!,
pt, UT generated by four generators, ¢, d in degree 1 and e, f in degree 2,
with differential:

Oc=U—X—pu+ A
dd=1—pu—-XU+1x"1p
de=—c—\d

of =—d—X"le.

Up to stable tame isomorphism, this is the same as the DGA generated by ¢
and e with differential dc=U — X\ — 1+ Ap, e =0. See Exercise 2.5(4).

The main result of [15] is that the combinatorial knot DGA of K, de-
scribed above, agrees with the LCH DGA of Ak, after one changes Agx by
Legendrian isotopy in J'(S?) in a particular way and makes other choices
that do not affect LCH. The proof of this result is far outside the scope of
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this article, but we will try to indicate the strategy; see also [12] for a nice
summary with a bit more detail.

Theorem 3.14 ([15, 16]). The combinatorial knot DGA of K in the sense
of Definition 3.11 is the LCH DGA of Ak in the sense of Definition 3.1.

Idea of proof. Braid K around an unknot U. Then Ag is contained in a
neighborhood of Ay 22 T2, and so we can view

Ag C JHT?) c J'(S?)

by the Legendrian neighborhood theorem. Reeb chords for Ag split into
two categories: “small” chords lying in J'(7?), corresponding to the ai;’s
and b;;’s, and “big” chords that lie outside of J L(T?), corresponding to the
¢ij,dij, eij, fij generators (which themselves correspond to four Reeb chords
for Ay). Holomorphic disks similarly split into small disks lying in J!(T?),
and big disks that lie outside of J!(T?). The small disks produce the sub-
algebra of the knot DGA generated by the a;;’s and b;;’s. The big disks
produce the rest of the differential, and can be computed in the limit degen-
eration when K approaches U. These disk counts use gradient flow trees in
the manner of [11]. W

It follows from Theorem 3.14 that the combinatorial knot DGA, up to
stable tame isomorphism, is a knot invariant, as is its homology HC,(K). Al-
ternatively, one can prove this directly without counting holomorphic curves,

just by using algebraic properties of the representation ¢ and the matrices
oL HL.

Theorem 3.15 ([33] for U =1, [34] in general). For the combinatorial knot
DGA:

1. 9> =0 (see Ezercise 3.16);

2. (A,0) is a knot invariant: up to stable tame isomorphism, it is invariant
under Markov moves.

Exercise 3.16.

1. Use (1) from Exercise 3.10 to prove that 92 =0 for the combinatorial
knot DGA.



504 L. Ng

2. Show that the two-sided ideal in A generated by the entries of any two of
the three matrices A — A-¢pp(A)- A", A—A- S5 A, A—A - dE.A!
contains the entries of the third. (Note that these three matrices are
the matrices of differentials 9(B), 0(C), d(D) in the knot DGA.) This

fact will appear later; see Remark 4.2.

It is natural to ask how effective the knot DGA is as a knot invariant.
In order to answer this, one needs to find practical ways of distinguishing
between stable tame isomorphism classes of DGAs. One way, outlined in
the following exercise, is by linearizing, as in Exercise 2.7; another, which
we will employ and discuss extensively later, is by considering the space of
augmentations, as in Remark 2.9.

Exercise 3.17.

1. Show that the knot DGA has an augmentation to Z[A*!] that sends
1, U to 1, and another augmentation to Z[u*!] that sends A\, U to 1. (In
general there are many more augmentations, but these are “canonical”
in some sense.) Hint: this is easiest to do using the cord algebra (see
Section 4) rather than the knot DGA directly.

2. Consider the right-handed trefoil K, expressed as the closure of o5 €
Bs. If we further compose the second augmentation from the previous
part with the map Z[u™!] — Z that sends p to —1, then we obtain an
augmentation of the knot DGA of K to Z. This is explicitly given as the
map €: A—Z with e(\) =1, e(u) =—1, e(U) =1, €(a12) = €(az1) = —2.

For this augmentation, show that the linearized contact homology
(see Exercise 2.7) HCY" (A, €) is given as follows:

Zg * =0
HOln o Z&®(Zs)? +=1
* * =2

0 otherwise.

3. By contrast, check that for the unknot (whose DGA is given at the
end of Example 3.13), there is a unique augmentation to Z with e(\) =
1, e(u) = =1, e(U) =1, with respect to which HC’gn ~0, HOIn =7,
HCM® = 7. Tt can be shown (see [7]) that the collection of all linearized
homologies over all possible augmentations is an invariant of the stable
tame isomorphism class of a DGA. Thus the knot DGAs for the unknot
and right-handed trefoil are not stable tame isomorphic.
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We close this section by discussing some properties of the knot DGA,
which are proved using the combinatorial formulation from Definition 3.11.

Theorem 3.18 ([33]).

1. Knot contact homology encodes the Alexander polynomial: there is a
canonical augmentation of the knot DGA (A,0) to Z[u*'] (see Ex-
ercise 3.17), with respect to which the linearized contact homology

HCM(K), as a module over Z[uT'], is such that HOP(K) determines
the Alexander module of K (see [33] for the precise statement).

2. Knot contact homology detects mirrors and mutants: counting augmen-
tations to Zs shows that the knot DGAs for the right-handed and left-
handed trefoils and the Kinoshita—Terasaka and Conway mutants are
all distinct.

Remark 3.19. Since the knot DGA (A, ) is supported in nonnegative de-
gree, augmentations to Zs (or arbitrary rings) are the same as ring homo-
morphisms from HCy(K) to Zs; see Exercise 2.5. Thus the number of such
augmentations is a knot invariant. Counting augmentations to finite fields is
easy to do by computer.

Remark 3.20. It is not known if there are nonisotopic knots K7, Ko whose
knot contact homologies are the same. Thus at present it is conceivable that
any of the following are complete knot invariants, in decreasing order of
strength of the invariant (except possibly for the last two items, which do
not determine each other in any obvious way):

e the Legendrian isotopy class of Ax C ST*R?;

the knot DGA (A,9) up to stable tame isomorphism;
degree 0 knot contact homology HCy(K) over R = Z[\*1, u*t UF!;

the cord algebra (see Section 4);

the augmentation polynomial Augy (A, u,U) (see Section 5).

Even if these are not complete invariants, they are rather strong. For in-
stance, physics arguments suggest that the augmentation polynomial may
be at least as strong as the HOMFLY-PT polynomial and possibly some
knot homologies; see Section 5.
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4. CORD ALGEBRA

In the previous section, we introduced the (combinatorial) knot DGA. The
fact that the knot DGA is a topological invariant can be shown in two ways:
computation of holomorphic disks and an appeal to the general theory of
Legendrian contact homology as in Section 2 [15], or combinatorial verifica-
tion of invariance under the Markov moves [34]. The first approach is natural
but difficult, while the second is technically easier but somewhat opaque from
a topological viewpoint, a bit like the usual proofs that the Jones polynomial
is a knot invariant.

In this section, we present a direct topological interpretation for a signif-
icant part (though not the entirety) of knot contact homology, namely the
degree 0 homology HCy(K) with U =1, in terms of a construction called
the “cord algebra”. Our aim is to give some topological intuition for what
knot contact homology measures as a knot invariant. It is currently an open
problem to extend this interpretation to all of knot contact homology.

We begin with the observation that HC,(K) is supported in degree * > 0,
and that for « =0 it can be written fairly explicitly:

Theorem 4.1. Let R=Z "y U*Y. Then
HCy(K) = (A, @ R)/(entries of A— A-¢p(A)- A", A—A- D5 A,
A—A- P A7

Proof. Since the knot DGA (A, ) is supported in degree > 0, all degree
0 elements of A, i.e., elements of A, ® R, are cycles. The ideal of A, ® R
consisting of boundaries is precisely the ideal generated by the entries of the
three matrices. W

Remark 4.2. In fact, one can drop any single one of the matrices A — A -
op(A)- AL A—A-BL- A A— A -HE.- A~ in the statement of Theorem 4.1.
See Exercise 3.16(2).

Remark 4.3. It does not appear to be an easy task to find an analogue of
Theorem 4.1 for HC,(K) with * > 1, in part because not all elements of A
of the appropriate degree are cycles.

Although the expression for HCy(K) from Theorem 4.1 is computable
in examples, it has a particularly nice interpretation if we set U =1, as we
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will do for the rest of this section. With U =1, the coefficient ring for the
knot DGA becomes Ry = Z[AT!, u*!], and we can express HCo(K)|y=1 as
an algebra over Ry generated by “cords”.

Definition 4.4 ([31, 33]).

1. Let (K,*) C S3 be an oriented knot with a basepoint. A cord of (K, *) is
a continuous path v:[0,1] — S3 with v~ }(K) = {0,1} and v 1({*}) =
0.

2. Define Ak to be the tensor algebra over Ry freely generated by homo-

topy classes of cords (note: the endpoints of the cord can move along
the knot, as long as they avoid the basepoint ).

3. The cord algebra of K is the algebra Ax modulo the relations:

The “skein relations” in Definition 4.4 are understood to be depictions
of relations in R3, and not just relations as planar diagrams. For instance,
relation (c) is equivalent to:

S
— — . —0.
Sy
It is then evident that the cord algebra is a topological knot invariant.

Exercise 4.5. One can heuristically think of cords as corresponding to Reeb
chords of Ax. More precisely:

1. Let K C R? be a smooth knot. A binormal chord of K is an oriented
(nontrivial) line segment with endpoints on K that is orthogonal to K

at both endpoints. Show that binormal chords are exactly the same as
Reeb chords of Ag.

2. For generic K, all binormal chords are cords in the sense of Defini-
tion 4.4. Show that any element of the cord algebra of K can be ex-
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pressed in terms of just binormal chords, i.e., in terms of Reeb chords
of AK.

3. Prove that the cord algebra of a m-bridge knot has a presentation with
(at most) m(m — 1) generators. (It is currently unknown whether this
also holds for HCj if we do not set U =1.)

4. Prove that the cord algebra of the torus knot T'(m, n) has a presentation
with at most min(m,n) — 1 generators, as indeed does HCy(T'(m,n))
without setting U = 1. (For this last statement, see Exercise 3.4(3).)

Exercise 4.6. Here we calculate the cord algebra in two simple examples.

1. Prove that the cord algebra of the unknot is Ry/((A —1)(n —1)).

2. Next consider the right-handed trefoil K, shown below with five cords
labeled:

7

V3

In the cord algebra of K, denote ;1 by x. Show that v =5 = z,
Y4 = Az, and v3 =1 — . Conclude the relation

M2 — x4 p—p?=0.
3. Use the skein relations in another way to derive another relation in the
cord algebra of K:
e+ Az 4+ p—1=0.
4. Prove that the cord algebra of K is generated by .

5. It can be shown that the above two relations generate all relations: the
cord algebra of the right-handed trefoil is

Ro[x]/(/\:):Q—x—i—,u—uz, /\:pQ—i—)\/m—i—u—l).
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Suppose that there is a ring homomorphism from the cord algebra of
K to C, mapping X to A\g and p to pg. Show that

(Ao — 1) (po — 1) (Mopg + 1) =0.

The left hand side is the two-variable augmentation polynomial for the
right-handed trefoil (see Section 5 and Example 5.8).

We now present the relation between the cord algebra and knot contact
homology.

Theorem 4.7 ([31, 33]). The cord algebra of K is isomorphic as an Ry-
algebra to HCy(K)|y=1.

Idea of proof. Let K be the closure of a braid B € B,,, and embed B in
S3 with braid axis L. A page of the resulting open book decomposition of S3
is D? with 0D? = L, and D? intersects B in n points p,...,p,. Any arc in
D? c S in the sense of Definition 3.6 is a cord of K. Under this identification,
skein relations (c) and (a) from Definition 4.4 become relations 1 and 2 from
Definition 3.6 (at least when p = 1; for general u, one needs to use a variant
of Definition 3.6 involving framed cords, cf. Remark 3.7).

Any cord of K is homotopic to a cord lying in the D? slice of S3. It
then follows from Theorem 3.8 that there is a surjective Rp-algebra map
from A, ® Ry to the cord algebra. Thus the cord algebra is the quotient of
A, ® Ry by relations that arise from considering homotopies between arcs in
D? given by one-parameter families of cords that do not lie in the D? slice. If
this family avoids intersecting L, we obtain the relations given by the entries
of 3(B)=A — A-¢p(A)- A~!. Considering families that pass through L
once gives the entries of 9(C)=A —A-J%- A and I(D)=A — A -HE. A~
as relations in the cord algebra. W

For various purposes, it is useful to reformulate the cord algebra of a
knot K in terms of homotopy-group information. In particular, this gives a
proof that knot contact homology detects the unknot (Corollary 4.10); in
Section 5, we will also use this to relate the augmentation polynomial to the
A-polynomial. Here we give a brief description of this perspective and refer
the reader to [33] for more details.

We can view cords of K as elements of the knot group m (S \ K) by
pushing the endpoints slightly off of K and joining them via a curve parallel
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to K. One can then present the cord algebra entirely in terms of the knot
group 7 and the peripheral subgroup # = 71 (9(nbd(K))) = Z2. Write I,m
for the longitude, meridian generators of 7.

Theorem 4.8 ([33]). The cord algebra of K is isomorphic to the tensor
algebra over Ry freely generated by elements of 71(S3\ K) (denoted with
brackets), quotiented by the relations:

1. [e] =1— p, where e is the identity element;
2. yl] =[] = Al and [ym] = [my] = py] for v € m(S°\ K);
3. 2] = [maa] = ] =0 for any 71,72 € m(S°\ K).

If (A,0) is the knot DGA of K, then Theorem 4.8 (along with The-
orem 4.7) gives an expression for HCy(K)|y=1 = Ho(A|y=1,0) as an Ry-
algebra. One can readily “improve” this result to give an analogous expres-
sion for the degree 0 homology of the fully noncommutative knot DGA (.Zl, 0)
of K (see Remark 2.2 and the Appendix), which we write as

]/—‘;T\C/'()(K)‘Uzl = H[)(X‘U:laa);

note that this is a Z-algebra rather than a Ry-algebra, but contains Ry as a
subalgebra. Details are contained in joint work in progress with K. Cieliebak,
T. Ekholm, and J. Latschev, which is also the reference for Theorem 4.9 and
Corollary 4.10 below.

Theorem 4.9. Write 7 = m1(S® \ K) and # = m(0(nbd(K))) = (m,1).

There is an injective ring homomorphism
HCo(K)|y=1 — Z[m (S*\ K)]

under which I/{\ég(K)\U:l maps isomorphically to the subring of Z[r] gener-
ated by ™ and elements of the form v — m~y for v € w. This map sends X\ to
[ and p to m.

Idea of proof. The homomorphism is induced by the map sending A to [,
wto m, and [y] toy —m~y foryen. A

Corollary 4.10. Knot contact homology, in its fully noncommutative form,
detects the unknot.
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Idea of proof. Use the Loop Theorem and consider the action of multi-
plication by A on the cord algebra. W

For a proof that ordinary (not fully noncommutative) knot contact ho-
mology detects the unknot, see the next section.

5. AUGMENTATION POLYNOMIAL

In this section, we describe how knot contact homology can be used to pro-
duce a three-variable knot invariant, the augmentation polynomial. We then
discuss the relation of a two-variable version of the augmentation polyno-
mial to the A-polynomial, and of the full augmentation polynomial to the
HOMFLY-PT polynomial and to mirror symmetry and physics.

The starting point is the space of augmentations from the knot DGA
(A,0) to C, as in Remark 2.9.

Definition 5.1 ([33, 34]). Let (A,0) be the knot DGA of a knot K, with
the usual coefficient ring Z[AT!, u™!, U*!]. The augmentation variety of K
is

Vi = {(e(N),e(1),e(U)) | e an augmentation from (A,9) to C} C ((C*)S.

When the maximal-dimension part of the Zariski closure of Vi is a codi-
mension 1 subvariety of (C*)3, this variety is the vanishing set of a reduced
polynomial* Augy (A, u, U), the augmentation polynomial® of K.

Remark 5.2. The augmentation polynomial is well-defined only up to
units in (C[)\il,,uil,U jE1]. However, because the differential on the knot
DGA involves only integer coefficients, we can choose Augy (A, u,U) to
have integer coefficients with overall ged equal to 1. We can further stip-
ulate that Augg (\,u,U) contains no negative powers of A\, u,U, and that
it is divisible by none of A, i, U. The result is an augmentation polynomial
Augp (A, 1, U) € Z[A\, p, U], well-defined up to an overall £ sign.

Conjecture 5.3. The condition about the Zariski closure in Definition 5.1
holds for all knots K; the augmentation polynomial is always defined.

T.e., no repeated factors.
®Caution: the polynomial described here differs from the augmentation polynomial from
[34] by a change of variables p— —1/u. See the Appendix.
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A fair number of augmentation polynomials for knots have been
computed and are available at http://www.math.duke.edu/.ng/math/
programs.html; see also Exercise 5.5 below. We note in passing some sym-
metries of the augmentation polynomial:

Theorem 5.4. Let K be a knot and m(K) its mirror. Then
Augp (A, 1, U) iAugK()\*lU,/flU, U)
and
Aug,, () (A 1, U) = Augg ()\U_l, w U_l),
where = denotes equality up to units in Z !, pTt UFL].

The first equation in Theorem 5.4 follows from [34, Propositions 4.2, 4.3],
while the second can be proved using the results from [34, §4].

Exercise 5.5. Here are a couple of computations of augmentation polyno-
mials.

1. Show that the augmentation polynomial for the unknot is
Augo(A, 1, U)=U = A= p+ Ap.

2. The cord algebra HCy|y=1 for the right-handed trefoil was computed
in Exercise 4.6. It can be checked directly from the definition of the
knot DGA that the full degree 0 knot contact homology is

HCy(RH trefoil) = Rlaio]/ (Uaiy — pUars + A’ (1 — p),
Udty + Ap*arz + M (u — U)).
Use resultants to deduce the augmentation polynomial:
AUgRY trefoit (A 1, U) = (U = pU?) + (U + pU? = 2p°U + 24U
+ 12U = prUYA+ (= + pt) N2

From Theorem 5.4, we can then also deduce the polynomial for the
left-handed trefoil:

AugLH trefoil()‘huv U) = (N3U2 - /1'4U) + (U2 - MUQ - QNQU + 2M2U2
— pPU + ) A+ (U2 + pU?) N2
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We next turn to the two-variable augmentation polynomial.

Definition 5.6 ([33]). If the U =1 slice of the augmentation variety,
Vg N{U =1} C (C*)?, is such that the maximal-dimensional part of its
Zariski closure is a (co)dimension 1 subvariety of (C*)2, then this subvariety
is the vanishing set of a reduced polynomial Augy (A, ), the two-variable
augmentation polynomial of K. As in Remark 5.2, Augy (A, 1) can be chosen
to lie in Z[A, p].

Conjecture 5.7. The two-variable augmentation polynomial Aug (X, p) is
always defined, and the two augmentation polynomials are related in the ob-
VIOUS WAY:

AugK<)‘7 ,U,) = AugK(Av H, U= 1)

The two-variable augmentation polynomial has a number of interesting
factors. For instance, it follows from Exercise 3.17 that

(A=1)(p—1)] Augg (A, p)
for all knots K.

Example 5.8. For the unknot and trefoils, the two-variable augmentation
polynomials are

Augo (A ) =(A—1)(p—1)
AUgRY trefoil (A 1) = (A — 1) (1 — 1) (A® + 1)
AugLH trefoil()‘7 /'L) = ()‘ - 1)(:“ - 1) ()‘ + /'63) .

The polynomial for the right-handed trefoil follows from Exercise 4.6, while
the polynomial for the left-handed trefoil follows from the behavior of the
polynomial (and knot contact homology generally) under mirroring, cf. The-
orem 5.4.

The observant reader may notice that the two-variable augmentation
polynomials for the unknot and trefoils are essentially the same as another
knot polynomial, the A-polynomial. Recall that the A-polynomial is defined
as follows. Given an SLsC representation of the knot group

p:m(S*\ K) — SLsC,
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0 A
The (maximal-dimensional part of the Zariski closure of the) collection of

simultaneously diagonalize p(1), p(m) to get p(I) = (2 ,*,), p(m) = (g;l ).

(A, ) over all SLsC representations is the zero set of the A-polynomial of
Ka AK()‘7 M) :

Theorem 5.9 ([33]). (u? —1)Axg (A, u) divides Augy (X, u?).

We outline the proof of Theorem 5.9 in Exercise 5.12 below.

Corollary 5.10. The cord algebra detects the unknot.

Proof. By a result of Dunfield and Garoufalidis [10], based on gauge-
theoretic work of Kronheimer and Mrowka [27], the A-polynomial detects
the unknot. It follows that when K is knotted, either Augy (A, 1) is not de-
fined (if the augmentation variety is 2-dimensional), or Augy (A, #?) has a
factor besides (A —1)(p — 1). In either case, the augmentation variety for K
is distinct from the variety for the unknot, which is {A=1} U {u =1} (see
Example 5.8). W

Note that the statement of unknot detection in Corollary 5.10 differs
from, and is slightly stronger than, the statement from Corollary 4.10, be-
cause of the issue of commutativity. However, the proof of Corollary 4.10
uses only the Loop Theorem, rather than the deep Kronheimer—Mrowka re-
sult that leads to Corollary 5.10.

To expand on Theorem 5.9, it is sometimes, but not always, the case that

Augge (A p?) = (1° = 1) A (N, ).

In general, the left hand side can contain factors that do not appear in the
right hand side. For example,

ApaayA ) =M =1) (A +1)(Au'? - 1)
Augr (A i) = (A= 1)(n—1) (A’ +1) (A’ = 1) (Ap® = 1),

and the last factor in AugT(3,4) has no corresponding factor in Ap(z4).

An explanation for (at least some of the) extra factors in the augmenta-
tion polynomial is given by the following result, which shows that represen-
tations of the knot group besides SUs representations can contribute to the
augmentation polynomial.
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Theorem 5.11. Suppose that p: 7 (S®\ K) — GL,,C is a representation
of the knot group of K for some m > 2, such that p sends the meridian and
longitude to the diagonal matrices

p(m) = diag(po,1,1,...,1)
p(l) = diag(Ao, *, *,...,%)

where the asterisks indicate arbitrary complex numbers. Then there is an
augmentation of the knot DGA of K sending (A, u,U) to (Ao, po,1).

This result, which has not previously appeared in the literature, is proven
in the following exercise, and also implies Theorem 5.9.

Exercise 5.12. Here we give a proof of Theorems 5.9 and 5.11.

1. Suppose p: 1 (S?\ K) — GL,,C is a representation as in Theorem 5.11.
Define a C-valued map € by

e €(p) = po;
o ()= )\p;

o ¢([v])=(1—po)(p(7))11, where My; is the (1,1) entry of a matrix
M, for all v € 71 (S3\ K).

Show that € extends to an augmentation of the cord algebra of K, where
we use the description of the cord algebra from Theorem 4.8. Deduce
Theorem 5.11.

2. If p is an SU, representation of 71(S%\ K) with p(m) = (“lﬁl) and

0
p(l) = (g‘ 221, then show that

k(K 7)

p(y) =n p(7)

for v € (S \ K) defines a GLo(C) representation satisfying the con-
dition of Theorem 5.11 with pg = p? and Ao = \. (Here 1k(K, ) is the
linking number of K with v, i.e., the image of v in Hy(S%\ K) = Z.)
Deduce Theorem 5.9.

3. For K =T(3,4) and \g = 15 ° with arbitrary uo € C*, find a GL3(C)
representation of 71(S%\ K) 2 (z,y|2z® = y*) satisfying the condition
of Theorem 5.11. (Note that in this presentation, m = xy~! and | =
3m~12)) This shows that A\u® — 1 is a factor of Augp(za) (A p); as

discussed above, this factor does not appear in the A-polynomial of

T(3,4).
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We now turn to some recent developments linking the augmentation poly-
nomial to physics. Our discussion is very sketchy and imprecise; see [4, 5] for
more details. Recently the (three-variable) augmentation polynomial has ap-
peared in various string theory papers [4, 20], in the context of studying
topological strings for SUy Chern-Simons theory on S3. A very sketchy de-
scription of the idea, whose origins in the physics literature include [23, 36],
is as follows.

Start with a knot K C S2, with conormal bundle Ly C T*S3. (Note
that this differs slightly from our usual setting of K C R3, though not in a
substantial way, either topologically or contact-geometrically.) Collapse the
zero section of T*S® to a point, resulting in a conifold singularity; we can
then resolve the singularity to a CP! to obtain the “resolved conifold” given
as the total space of the bundle

O(-1)® O(-1) — CP.

(In physics language, this conifold transition is motivated by placing N
branes on the zero section of T*S3 and taking the N — oo limit.) One
would like to follow Lpg through this conifold transition to obtain a spe-
cial Lagrangian Lx C O(—1) ® O(—1). In [4], Aganagic and Vafa propose a
generalized SYZ conjecture by which Ly produces a mirror Calabi-Yau of
O(—1) ® O(—1) given by a variety of the form

uv:AK(ex,ep,Q)

where (u,v,z,p) C C*, @ is a parameter measuring the complexified Kihler
class of CP', and A is a three-variable polynomial that Aganagic and Vafa
[4] refers to as the “@Q-deformed A-polynomial”.b

Surprisingly, we can make the following conjecture, for which there is

strong circumstantial evidence [5]:

Conjecture 5.13 ([4, 5]). The three-variable augmentation polynomial and
the Q-deformed A-polynomial agree for all K:

Ag (e, Q) = Augge (A =", p = &, U = Q).

Although Conjecture 5.13 has yet to be rigorously proven, it would have
significant implications for the augmentation polynomial. By physical ar-

5In a related vein, Fuji, Gukov, and Sulkowski [20] have proposed a four-variable “super-
A-polynomial” that specializes to the Q-deformed A-polynomial.
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guments (see in particular [24] and [4]), Ak satisfies a number of inter-
esting properties. In particular, Ax encodes a large amount of information
about the knot K, possibly including the HOMFLY-PT polynomial as well as
Khovanov-Rozansky HOMFLY-PT homology [25] and other knot homologies
(or some portion thereof). The knot homologies appear in studying Nekrasov
deformation of topological strings and refined Chern—Simons theory [24].

Thus, assuming Conjecture 5.13, one can make purely mathematical pre-
dictions about the augmentation polynomial. One such prediction begins
with the observation (whose proof we omit here) that for any knot K,

AugK()‘:()?M:UvU):O

for all U. It appears that the first-order behavior of the augmentation variety
near the curve {(0,U,U)} C (C*)? determines a certain specialization of the
HOMFLY-PT polynomial:

Conjecture 5.14. Let K be any knot in S3. Let f(U) be the polynomial
such that near (A, u,U) = (0,U,U), the zeroes of the augmentation polynomial
Augj satisfy

p=U+ f(U)X+O0(\?)
(f(U) can be explicitly written in terms of the A\' and \° coefficients of
Augy). Then

f(U) ~1/2
71 Pe(UT ),
where Pg(a,q) is the HOMFLY-PT polynomial of K (sometimes written as

Px(a,z=q—q7")).

Conjecture 5.14 has been checked for all knots where the augmentation
polynomial is currently known, including many where the Q-deformed A-
polynomial has not been computed.

Exercise 5.15. Verify Conjecture 5.14 for the unknot and the right-handed
and left-handed trefoils, using the augmentation polynomials computed in
Exercise 5.5. Note that the HOMFLY-PT polynomials for the unknot and
the RH trefoil are 1 and —a=* + a=2¢2 + a~2¢?, respectively.

In a different direction, the physics discussion of Ag in [4] also predicts
that the augmentation polynomial is determined by the recurrence relation
for the colored HOMFLY-PT polynomials:
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Conjecture 5.16. Let {Pg.,(a,q)} denote the colored HOMFLY-PT poly-
nomials of K, colored by the n-th symmetric power of the fundamental rep-
resentation. Define operations L, M by L(Pk.n(a,q)) = Pgm+1(a,q) and
M (Pg.n(a,q)) = ¢"Pk.n(a,q). These polynomials satisfy a minimal recur-
rence relation of the form

~

AK(a>Q7M7L)PK;n(a7Q) = 07

where EK 18 a polynomial in noncommuting variables L, M and commut-
ing parameters a,q; see [22]. Then sending ¢ — 1 and applying an appropri-
ate change of variables sends A\K(a,q, M, L) to the augmentation polynomial
Augp (A p,U).

The precise change of variables depends on the conventions used for
Pk .n(a,q). In the conventions of [20] (where their z,y are our M, L), a more
exact statement is that Augg (A, p,U) and

~ -1
AK<a:U,q:1,M:,u_1,L:M—)\>
w—U

agree up to trivial factors.

Conjecture 5.16 is a direct analogue of the AJ conjecture [21] (quantum
volume conjecture, in the physics literature) relating colored Jones polynomi-
als to the A-polynomial, with colored HOMFLY-PT replacing colored Jones,
and the augmentation polynomial replacing the A-polynomial. See also [20)]
for an extended discussion of this topic.

6. TRANSVERSE HOMOLOGY

In this section, we discuss a concrete application of knot contact homology
to contact topology, and in particular to transverse knots. Here one obtains
additional filtrations on the knot DGA that produce effective invariants of
transverse knots. So far our construction of knot contact homology begins
with a smooth knot in R?; we now explore what happens if the knot is
assumed to be transverse to a contact structure on R3 (note that this is
independent of the canonical contact structure on ST*R3!).

Definition 6.1. Let & = ker(a = dz + 12df) be the standard contact struc-
ture on R3. An oriented knot 7' C R? is transverse if a > 0 along T.
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One usually studies transverse knots up to transverse isotopy: isotopy
through transverse knots. There is a standard transverse unknot in R? given
by the unit circle in the xy plane. By work of Bennequin [6], any braid pro-
duces a transverse knot by gluing the closure of the braid into a neighborhood
of the standard unknot. Conversely, all transverse knots are obtained in this
way, up to transverse isotopy: the map from braids to transverse knots is
surjective. The following theorem precisely characterizes failure of injectiv-

ity.

Theorem 6.2 (Transverse Markov Theorem [37, 42]). Two braids produce
transverse knots that are transversely isotopic if and only if they are related

by:

e conjugation in the braid groups

e positive Markov stabilization and destabilization: (B € By,) +— (Boy, €
Bn—i—l)‘

Transverse knots have two “classical” invariants of transverse knots:

e underlying topological knot type

e self-linking number (for a braid, sl =w —n).

It is of considerable interest to find other, “effective” transverse invariants,
which can distinguish between transverse knots with the same classical invari-
ants. One such invariant is the transverse invariant in knot Floer homology
[28, 38]. This (more precisely, one version of it) associates, to a transverse
knot T of topological type K, an element a(T) € ﬁﬁ((m(K)) The HFK
invariant has been shown to be effective at distinguishing transverse knots;

see e.g. [35].

The purpose of this section is to discuss how one can refine knot contact
homology to produce another effective transverse invariant. Geometrically,
the idea is as follows (see [16] for details). Given a transverse knot T C
(R3,€), one constructs the conormal bundle A C ST*R? as usual. Now the
cooriented contact plane field ¢ on R? also has a conormal lift 5 C ST*R3:
concretely, this is the section of ST*R? given by a/|a| where « is the contact
form. Since T is transverse to &, Ap N &= 0.

One can choose an almost complex structure on the symplectization R x
ST*R3 (and change the metric on R? that determines ST*R?) so that R x &
is holomorphic. Given a holomorphic disk with boundary on R x Ap as in
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the LCH of Ap, one can then count intersections with R x E, and all of these
intersections are positive. Thus we can filter the LCH differential of Ap:

d(a;) = Z Z (sgn)U#(An(Rxg))e[aA}ajl ea,.
dim M(a;a;, ,...,a5, ) /R=0 AcM/R

Here [04] is the homology class of A in Hi(Ar) and #(AN (R x§)) is
always nonnegative. This gives a filtered version for the knot DGA for T,
which is now a DGA over Ro[U] (recall that Ry = Z[M\*1, u*1]).

Definition 6.3. The transverse DGA (A~,07) associated to a transverse
knot 7' C R? is the resulting DGA over Ry[U].

The minus signs in the notation (A~,07) are by analogy with Heegaard
Floer homology.

When the transverse knot 7' is the closure of a braid B, there is a straight-
forward combinatorial description for the transverse DGA:

Definition 6.4. Let B be a braid. The combinatorial transverse DGA
for B is the DGA over Ry[U] with the same generators and differen-
tial as in Definition 3.11, but with A = diag(Au",1,...,1) rather than
diag(Ap?U—(w=n+1)/2 1 1),

With this new definition of A, the differential in Definition 3.11 contains
only nonnegative powers of U, and we indeed obtain a DGA over Ry[U]
(versus Ro[U*!] in Definition 3.11).

Theorem 6.5 ([16]). The transverse DGA and the combinatorial transverse
DGA agree.

We now have the following invariance result.

Theorem 6.6 ([16, 34]). Given a braid B, the DGA (A~,07) over Ry[U],
up to stable tame isomorphism, is an invariant of the transverse knot corre-
sponding to B.

Theorem 6.6 follows from the general theory of Legendrian contact ho-
mology (and a few details that we omit here). Alternatively, one can prove
directly that the combinatorial transverse DGA is a transverse invariant by
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checking invariance under braid conjugation and positive braid stabilization,
and invoking the Transverse Markov Theorem; this approach is carried out
in [34]. In any case, the homology of (A~,07) is also a transverse invariant
and is called transverse homology.

Remark 6.7. In fact, a transverse knot gives two filtrations on the knot
DGA, given by U and another parameter V; what we have presented is the
specialization V' = 1. One can extend this to a DGA over Ry[U, V] that, like
(A7,07), has a combinatorial description. The generators of the DGA are
the usual ones from Definition 3.11, while the differential is given by:

Here A =diag(Au®,1,...,1); A, A,B,B, C,D,E, F are as in Definition 3.11;
and A, B are defined by:

Qij 1< bij i<j
(A)ij=4—uVay; i>j  B)y=L —uVby; i>j
L—pV i=j 0 i=j.

Geometrically, the powers of V' count intersections with the “negative” lift
of & to ST*R3, given by —a/|a|. The full DGA over Ro[U, V] has some nice
formal properties, such as its behavior under transverse stabilization, but for
known applications it suffices to set V' =1 and thus ignore V.

We now return to the transverse DGA (A~,07) over Ry[U]. In a manner
familiar from Heegaard Floer theory, one can obtain several other flavors of
transverse homology from (A~,07). Two particularly interesting ones are:

e The “hat version”: (ﬁ, 5), a DGA over Ry = Z[\*!, u*Y, by setting
U = 0. This is a transverse invariant.

e The “infinity version”: (A,d), the usual knot DGA over R = Ry[U™*!],
by tensoring (A~,07) with Ro[U*!] and replacing A by \U~(w=n+1D/2,
This is an invariant of the underlying topological knot, as usual.
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=1

By = 0109 0102 030205 Bgf(flo'z (71(72 (o5 (Tg(fd

Fig. 4. Two braids Bi, B> whose closure is the knot m(7g). To see that they produce the
same knot, note that their closures are related by a negative flype (the shaded regions)

Remark 6.8. Independent of the fact that the infinity version is the usual
knot DGA, we can see geometrically that the infinity version is a topological
knot invariant, as follows. If we disregard positivity of intersection, then
powers of U in the differential 0 merely encode homological data about the
holomorphic disk A; a bit of thought shows that #(A N (R x €)) is equal to
the class of A in Hy(S?) = Z. Thus this indeed reduces to the usual LCH
DGA of Ag.

We now have the following result.

~

Theorem 6.9 ([16, 34]). The hat version of the transverse DGA, (A,d), is
an effective invariant of transverse knots.

As one example, consider the transverse knots given by the closures of the
braids By, By given in Figure 4, both of which are of topological type m(7¢)
and have self-linking number —1. For each braid, one can count the number
of augmentations of (.Z, 5) to Zs; this augmentation number is a transverse
invariant. A computer calculation shows that the augmentation number is 0
for B; and 5 for Bs. It follows that the transverse knots corresponding to By
and By are not transversely isotopic.

One can heuristically gauge the relative effectiveness of various transverse
invariants by using the Legendrian knot atlas [8], which provides a conjec-
turally complete list of all Legendrian knots representing topological knots
of arc index < 9. The atlas proposes 13 knots with arc index <9 that have
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at least two transverse representatives with the same self-linking number. Of
these 13:

e 0 (m(72), m(10132), m(10140), m(10145), m(10161), 1271591) have trans-
verse representatives that can be distinguished by both the HFK invari-
ant and by transverse homology;

o 4 (m(7¢), 944, 948, 10136) can be distinguished by transverse homology
but not the HFK invariant;

e 3 (m(945), 10128, 10160) cannot yet be distinguished by either HFK or
transverse homology.

Of these last 3, preliminary joint work with Dylan Thurston suggests that
m(945) and 10198 can be distinguished by naturality in conjunction with the
HFK invariant, but the third cannot.” It is conceivable that some or all of
these last 3 can be distinguished by transverse homology, but they are related
by an operation known as “transverse mirroring” that is relatively difficult
to detect by transverse homology.

It appears that the two known effective transverse invariants, the trans-
verse HFK invariant and transverse homology, are functionally independent,
but it would be very interesting to know if there is some connection between
them.

Acknowledgements. 1 am grateful to the organizers and participants of
the 2012 Contact and Symplectic Topology Summer School in Budapest, and
particularly Chris Cornwell and Tobias Ekholm, for a great deal of helpful
feedback, and to Dan Rutherford for catching a typo in an earlier draft. This
work was partially supported by NSF CAREER, grant DMS-0846346.

APPENDIX: CONVENTIONS AND THE FULLY NONCOMMUTATIVE
DGA

In the literature on knot contact homology, a number of mutually inconsistent
conventions are used. The conventions that we have adopted in this article
are unfortunately different again from the existing ones, but we would like to

"The transverse representatives of m(7s), 944, 948, 10136, and 10160 cannot be distinguished

by the transverse HFK invariant, with or without naturality, because HFK =0 and HFK~
has rank 1 in the relevant bidegree.
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advocate these new conventions as combining the best qualities of previous
ones while avoiding some disadvantages that have become apparent in the
interim.

First we describe how to extend the definition of knot contact homol-
ogy from Section 3 in two directions: first, by allowing for multi-component
links, and second, by extending to the fully noncommutative DGA (see Re-
mark 2.2), in which homology classes do not commute with Reeb chords. The
result is a “stronger” formulation of (combinatorial) knot contact homology
than usually appears in the literature. After this, we will discuss how this
definition compares to previous conventions.

If K is a link given by the closure of a braid B € B,,, we can define
a slightly more complicated version of the braid homomorphism ¢p from
Section 3 as follows. Let A,, denote the tensor algebra over Z freely generated
by aij, 1 <i# j <n, and by ﬂ;tl, 1 <i<n. (Here the fi;’s do not commute
with the a;;’s, or indeed with each other, and the only nontrivial relations
are ﬂi-ﬂi_l :ﬁi_l -ji;=1.) For 1<k <n—1, define ¢, : A, — A, by:

a;j & agj, i,j #kk+1
Aft1,i > Qi) i#kk+1
A k+1 7 Qik, 1#£kk+1

A k+1 7 —Ak+1k
~ ~—1
Ok+1,k = —HEQk k+1Hg 4

Doyt § ki 7> Ay 15 — Okt 1Rk i#kk+1
ik F Akt 1 — QigQk kit 1, 1<k
Qi = Qg oy 1 — az‘kﬂkak,k—&—l[‘];l_p i>k+1
it e i iAkk+1
/jkjEl = /12:—%1—1
iy = Fig

This extends to a group homomorphism ¢ : B, — Aut.A, and thus defines a
map ¢p € Aut A,.

Suppose that K has r components, and number the components of K
1,...,r. For i =1,...,n, define (i) € {1,...,7} to be the number of the
component containing strand ¢ of the braid B whose closure is K. If we now
define A,, to be the tensor algebra over Z freely generated by the a;;’s and
by variables /ﬁl, ..., ;Y then it is easy to check that ¢p descends to an
algebra automorphism of A, by setting fi; = j14(;) for all 1 <i<n. We can
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define ®L, @g € Maty, xn(Ay) as in Definition 3.9, with the important caveat
that the extra strand x is treated as strand 0 rather than strand n + 1; for
multi-component links, this makes a difference because of the form of the
definition of ¢,, above.

Define A to be the tensor algebra over Z[UT!] freely generated by
,ufl,...,,ufl along with the generators a;j;,b;;,c;j,dij,€ij, fi; as in Defini-
tion 3.11. Assemble n x n matrices A,A,B,B,C,D,E,F, where C,D,E, F
are as in Definition 3.11, while

aij i<j bij i1<j
Aij = —ijltag) 1>7 B;; = —bijpa) 1>J
1= floy =] 0 i=j
Uai; i<y Ub;; i<y
(A)ij =9 —Qijla(y) 1> (B)z‘j =9 “bijha) P>7
U~ tia@y 1= 0 i=3.

Also define a matrix A as follows: choose one strand of B belonging to each
component of the closure K, and call the resulting r strands leading; then
define

Ao §OU (@)@ ED/2 = j and strand i leading
(A)ij=1q1 1 =j and strand 7 not leading

0 i 7,

where n(a) is the number of strands belonging to component « and w(«) is
the writhe of component a viewed as an n(«)-strand braid (with the other
components deleted).

With this notation, one can now define the differential 0 on A exactly as
in Definition 3.11. The resulting DGA has the same properties as in Theo-
rem 3.15: 92 = 0 and (A4, 9) is an isotopy invariant of the link K viewed as an
oriented link with numbered components, up to stable tame isomorphisms
that act as the identity on U and on each of Ay,..., Ap, fi1, .-+, i

Note that the definition of the DGA given above is for the topological
knot/link invariant as discussed in Sections 2 and 3. This corresponds to
“infinity transverse homology” from [34] (also mentioned in [16]). There is
an analogous definition of transverse homology as in Section 6 or [16, 34] but
we omit its definition here.
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We now compare our definition to the two previous conventions for the
knot DGA: the convention from [15, 16] and the convention from [33, 34].
Note that all versions of the DGA from these references first quotient so
that homology classes A1,..., Ar, pi1,..., 1 commute with all Reeb chords.
Also, the versions from [16] and [34] involve an additional variable V', but
we set V =1 for this discussion; as explained in [34, §4], this does not lose
any information. Finally, the conventions from [15] and [33] agree with the
conventions from [16] and [34], respectively, after setting U =V =1.

We claim that we can then obtain the knot DGAs in the conventions of
[16] and [34] from the knot DGA presented in this article, up to isomorphism,
as follows:

e for [16], replace Ay — —Ay and pi — — i, for each component «;

e for [34], which only considers the single-component case, keep A as is,
1

and replace p— —p= .
We check the claim for the convention of [16]; the claim for [34] then
follows from [34, §3.4].% Note that negating each A, and j, causes our defini-
tions to line up precisely with the definitions from [16], except for A (denoted
in [16] by -A), which differs by the presence or absence of a power of U, along
with some signs. But the power of U is merely a notational/framing issue
(cf. [34]), while the sign discrepancy disappears because it can be checked
that the products of the diagonal entries of A and —A corresponding to
any particular link component are exactly equal including sign, whence the
DGAs given by the two conventions are isomorphic by the argument of [34,
Proposition 3.1].

Remark A.l. Except for the pu+— p~! issue, all differences between con-

ventions consist just of negating some subset of {\, u}. This is explained by
the fact that the signs in the differential in Legendrian contact homology
depend on a choice of spin structure on the Legendrian submanifold A; see
[13] for full discussion. In our setting, if K is a knot, Ax = T? has four spin
structures, and changing from one spin structure to another sends A +— 4+
and g+ +pu. Thus the different choices of signs arise from different choices
of spin structure on Ag.

8Note that [34], building on work from [33], uses an unusual convention for braids, so that a
positive generator oy, of the braid group is given topologically as a negative crossing in the
usual knot theory sense. This has the effect of mirroring all topological knots and explains
the p~! difference in conventions.
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A summary of the relations between conventions in different articles is
as follows:

A==, p—>—p U1
This article [16] [15]

U—1 A1, 1
[34] [33] [30, 31].

We close by noting that our current choice of conventions allows for
some cleaner results than the conventions from [16] or [34]. In particular,
our signs are more natural than the signs from either [16] or [34] when we
consider the relation to representations of the knot group as in Section 5.
For instance, our two-variable augmentation polynomials are divisible by
(A—=1)(p — 1) as opposed to (A+1)(g+ 1) in [16] or (A —1)(p+ 1) in
[33, 34], and Ag (A, u) divides Augg (A, p?) in our convention rather than
Augj (=N, —p?) or Augy (A, —p?) in the other two.

There is another technical reason for preferring our signs or those from
[16] to the ones from [34], or more precisely to the extrapolation of [34] to
the link case. In either of the first two cases but not the third, we have the
following statement, which we leave as an exercise.

Proposition A.2. Let K be a link given by the closure of braid B, and let
K' C K be a sublink given by the closure of a subbraid B’ C B obtained by
erasing some strands of B. Then the DGA for K' is a quotient of the DGA
for K, given by setting all Reeb chords a;j;,b;;, etc. to 0 unless strands i and
j both belong to B'.

This result is used in [5] and is a special case of a general result relating
the Legendrian contact homology of a multi-component Legendrian to the
LCH of some subset of components.
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