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Abstract. Previously a 28-tile multiplier system which computes the
product of two numbers was proposed by Brun. However the tileset-size
is not optimal. In this paper we prove that multiplication can be car-
ried out using less tile types while maintaining the same time efficiency:
we propose two new tile assembly systems, both can deterministically
compute A * B for given A and B in constant time. Our first system
requires 24 computational tile types while our second system requires 16
tile types, which achieve smaller constants than Brun’s 28-tile multiplier
system.
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1 Introduction

1.1 Background and Related Work

Since Adleman’s pioneering research which shows DNA could be used to solve
Hamiltonian path problem [I], many researchers have explored the ability of bio-
logical molecules to perform computation [2/3/4]. The theory of tile self-assembly
model which was developed by Winfree and Rothemund [5J6/7] provides a useful
framework to study the self-assembly of DNA. This model has received much
attention over the past few years. Researchers have demonstrated DNA imple-
mentations of several tile systems: Barish et al. [§] have demonstrated DNA im-
plementations of copying and counting; Rothemund et al. [9] have demonstrated
DNA implementation of xor tile system. Several systems solving satisfiability
problem are also proposed [LO/TTI12].

The efficiency of a tile asssembly system involves two factors: the tileset-size
and the assembly time. In [I3], Brun proposed a multiplier system that computes
the product of two numbers, which requires 28 distinct computational tile types
besides the tiles constructing the seed configuration. The computation can be
carried out in time linear in the input size. However, the tileset-size of Brun’s
system is not optimal, i.e. multiplier system can be implemented using less tile

types.
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In this paper we present two new multiplier systems which achieve smaller
constants for the multiplication problem than the previous 28-tile multiplier
system proposed by Brun, while maintaining the same time efficiency. In our
first system, we show that multiplication can be carried out using 24 tile types
instead of 28 tiles types, then we propose a second multiplier system and show
that the tileset-size can be further reduced to 16.

The remaining of this paper is organized as follow: in section 1.2 we briefly
introduce the concept of tile assembly model to assist the reader. In section 1.3
we introduce the corresponding algorithms. Several subsystems are discussed in
section 2. In section 3 we present two new multiplier systems and compare our
system with existing system[13] in terms of tileset-size and assembly time. Our
contributions are summarized in section 4.

1.2 Tile-Assembly Model

To assist the reader, in this section we briefly introduce the concept of tile
assembly model. We refer to X as a finite alphabet of symbols called binding
domains. We assume null € Y. Each tile has a binding domain on its north, east,
south and west side. We represent the set of directions as D = {N, E, S, W}.

A tile over a set of binding domains is a 4-tuple. For a tile ¢, for (dn, dg, ds,
Sw)€ X4, we will refer to bd(t) as the binding domain of tile ¢ on d ’s side.

A strength function g : ¥ x ' — N denotes the strength of the binding
domains. g is commutative and Vé € X, g(d, null) = 0. Let T be a set of tiles
containing empty. A tile system S is a triple < T, g, € >. € € N is the temperature.
A tile can attach to a configuration only in empty positions if and only if the
total strength of the appropriate binding domains on the tiles in neighboring
positions meets or exceeds the temperature e.

Given a set of tiles I, a seed configuration S : Z? — I'and S =< T, g,€ >,
configurations could be produced by S on S’. If no more attachment is possible,
then we have the final configuration.

The reader may refer to [BJ67] for more discussion of the concept of tile
assembly model.

Let || be a special binding domain which connects the tiles constructing seed
configuration. To simplify the discussion, for all of the systems involved in this
paper, we define the strength funcion g as follow:

V6 € X, g(6,null) = 0;9(I[,[|) = 2;¥6 € X,6 # [[, 9(6,0) = 1. (1)

1.3 Preliminary Algorithms

Intuitively, a multiplier system could be implemented by combining subsystems
which compute f(x) =2z and f(x,y) = 2z + y respectively.
Given n4-bit binary integer A and np-bit binary integer B. We denote by

na—1 ng—1
A; and B; the iy, digit of A and B. A = > 2'A;, B = BZ 2'B;. We use
i=0 i=0

Algorithm 1 to compute A x B.
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Input: na-bit binary integer A , np-bit binary integer B (np > 2)
Output: S=AxB
7+ np — 2.
S+ A
while i > 0 do
if (B; =0) then
S+ 28
end
else
S+ 254+ A
end
t—1—1
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Algorithm 1. Given binary integers A and B, compute A x B

2 Subsystems of Multiplier System

Our multiplier system is a combination of several subsystems. In this section we
will define these subsystems respectively.

To simplify the definition of the seed configuration, for n4-bit integer A, we
denote by A;(0 < i < nag — 1) the iy, digit of A. We also define A;(ng < i <

n—1,n > na) as follow: we pad the n4-bit binary integer A with n-n4 0-bits
n—1

and denote these 0-bits by A;(na <i <n—1). Thus A = > 2°A;. The same
i=0

definition holds for any other input variables in this paper.

2.1 Shifter Tile System

In this section we propose an 8-computational-tile system for computing f(A, B)
= (24, B).

ab
1 e e s H e |

s0 s0 s0 51 s0 s1 50 s0 s1 80 s,1 5,1 5,1 s1

LabJ |_o,0_| |_0,1_| |_1,o_| |_1,1_| I—0,0_| |_o,1_| |_1,o_| |_1,1_|
(a) (b)

Fig. 1. Shifter tile system

Let ¥s ={(0,0), (0,1), (1,0), (1,1), (s,0), (s,1)}, and T be a set of tiles over
Ys defined as follow:

T, = {{(d’,b), (s, 0'), (a,}), (s,a))|a, b, a" € {0, 1}}. (2)
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Fig[la) shows the concept behind the system which includes variable a, b, a'.
All of the tiles has two input sides (south and east) and two output sides (north
and west), for input a’ on the east side, we output the same value on the north
side; for input a on the south side, we output the same value on the west side.
We have a,b,a’ € {0,1}, thus there are 8 tiles in the system (FiglIi(b)).

Let I' = {aoBo = ((0,0), ||, null,|]), aofr = {((0,1), ||, null, ||), 180 =
((1,0), ||, null, ||), c1p1 = {((1,1), ||, null, |, @Bround = ((0,0), ||, null, null),
Yo = (||, null, null, ||)} v1 = (null, null, ||, (s,0))}. Let A;,B; € {0,1}, n >
max(na,np) + 1. Let the seed configuration S : Z2 — I' be such that

S(1,1) = 71;58(1,0) = 70;
Vi=0,1,...,n—2:5(—1,0) = as,BB,; S(—m + 1,0) = aBround; (3)
For all other (x,y) € Z2, S(x,y) = empty.

Theorem 1. Let eg = 2. Given a seed configuration S encoding A and B and
the strength function g as defined in @) and [d), the system Ss =< Ts,g,€e5 >
computes the function f(A, B) = (24, B).

2.2 Adder Tile System
In this section we propose a 8-tile system computing f(A, B) = (A + B, B).

"] 0,0 1,1 1,0 0,1 1,0 0,1 0,0 1,1

, [ U ) e Y I e B

c c 0 00 00 0 1 00 11 11 11 1

L ap_ Loood Llord Lqod gt L ood Lo d g0 L4
(a) (b)

Fig. 2. Adder tile system (a)The tile has two input sides(south and east) and two
output sides (north and west). The south side contains the value of the current bit of
A and B; the east side is the carry bit. (b) There are 8 tiles in the system.

Fig. 2la) shows the concept of this system which include variable a, b, ¢. For
given i, on the input sides, the variable a and b represent A; and B;; the variable ¢
represents the corresponding carry bit. We have V' = A+ B. On the output sides,
v represents V; and ¢’ represents the next carry bit. Let a, b, ¢, ¢/, v € {0,1}. There
are three variables a, b, c on the input sides, thus there are 8 tiles in the system.
According to addition rule, we define two functions f,(a,b,¢) and fo(a,b,c)
which computes v and ¢’ respectively:

if(a+b+c=0),fy(a,bc) =0, fo(a,b,c) =0;
if(a+b+c=1), fy(a,b,c) =1, fu(a,b,c) =0; )
if(a+b+c=2), fu(a,b,c) =0, fo(a,b,c) =1;
if(a+b+c=3), fo(a,b,c) =1, fu(a,byc) =1
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Let Xy = {(0,0),(0,1),(1,0),(1,1),0,1}. We have v = f,(a,b,c),d =
fer(a,b,c). Let T be a set of tiles over Xy defined as follow:

Ty = {{(v,b), ¢, (a,),¢)} ()

FigPl(b) shows all of the eight tiles.
Let the seed configuration S be defined as it is in (B]) except that v; =
(null, null, ||, 0).

Theorem 2. Let ey =2, g defined in [Al), X defined as above, and Ty be a set
of tiles over Xy as defined in (3). Given a seed configuration S encoding A and

B which is defined above, the system S, =< T4,g,e4 > computes the function
f(A,B) = (A+B,B)

2.3 Shifter-Adder Tile System

In this section we propose a 16-computational-tile system computing f(A4, B) =
(2A+ B, B). Fig. Bla) shows the concept behind the tile system. For given 7, on
the input sides, the variable a and b represent A; and By; o represents A;_1;
the variable ¢ represents the corresponding carry bit. Let V' = 24 + B, thus
for each bit we compute A;_1 + B;. On the output sides, v represents V; and ¢
represents the next carry bit. Let a, b, ¢,a’, ', v € {0,1}, we denote the function
which computes v and ¢’ by f,(a’,b,¢) and fo(a',b,c) respectively. According
to the addition rule, the functions f, and f. are defined as follow:

i@+ b+ e = 0), fola',b,) = 0, fulal,bc) = 0;
if(a +b+c=1), fo(a’,b,c) =1, fer(a’,b,c) = 0;
if( ), fuld’,b,c) (a',b,c) =1
if( ), fo(d',b,c) (a',b,c) =1

)

a+b+c=2),f,

)

Let Ys4+ = {(0,0),(0,1),(1,0),(1,1)}. We have v = f,(a/,b,¢) and ¢ =
fo(a', b, c). Let Tsy be a set of tiles over Xgy defined as follow:

Ty = {<('Uv b)’ (Cv a/)a (a" b)v (Clv a‘)>} (7)

The input sides involve 4 variables, i.e. a, b, a’,c, thus there are 16 tiles in this
system(Fig. B(b)). Let the seed configuration S be defined as it is in (Bl except
that v1 = (null, null, ||, (0,0)).

Theorem 3. Letesy = 2, g defined in [l), Given a seed configuration S encod-
ing A and B as above, the system Ssy =< Tgy,g,€esy > computes the function
f(A,B)=(2A+ B, B)

Fig. @(a) shows a sample seed configuration which encodes A = 01010115, B =
01000115. Fig. @(b) shows a sample execution of Sgy on the seed configuration.
We could read the result from the top row of the final configuration, i.e. 24+ B =
11110015.
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Fig. 3. Shifter-Adder tile system (a) The tile has two input sides(south and east) and
two output sides (north and west). The south side contains the value of the current bit
of A and B; the east side contains the value of the former bit of A and the carry bit.
(b) There are 16 tiles in the system.

I_ |—10—|—11—|—10—|—10—|—00—|—01—|—11—|—‘
0,0 0,0 0,1 1,0 1.1 0,1 0,0
’—00711—00710—|—00—|-11—|—11—|— - ’>00—|-11—|—00—|-10-|—00—|-11—|—11—|- =
Il Il Il I Il
| | | | | | | | | | | | | |

(a) (b)

Fig. 4. (a) seed configuration: A = 01010112, B = 01000113.(b) The top row reads the
solution: 2A + B = 11110015.

3 Multiplier Tile System

3.1 Multiplier Tile System: Version 1

We use subsystems Sg and Sg+ to build the multiplier system. All of the tiles
have two input sides(south and east) and two output sides (north and west).

The method of establishing the seed-configuration is described as follow: We
use the two sides of the L-configuration to encode inputs. One of the input
number, i.e. A, is encoded on the bottom row. On the same row there are also npg
extra tiles representing 0 in the most significant bit places because the product
of the n 4-bit number A and the np-bit number B may be as large as na + np
bits.

Let n =na +np. Let Xy = {(0,0), (0, 1) (1 0) (1,1),(s,0),(s,1)}.

Let ' = { ag = ((0,0),[,nudl|l), a1 = (1, 1), |, neld, |l), Cvouna =
((0,0), ], null, null), Bo = <Hanu”a II, (s, )> = <Hanu” 11,(0,0)), Booundo =
(null, null, ||, (,0)), Bround1 = (null, null, H,( 0)), vo = (||, null,null,||)}. Let
the seed configuration S : Z2 — I' be such that

5(1,0) =70

Vi=0,1,...,n—2:5(—i,0) = aa,; S(—n + 1,0) = dpound

Vi,]. S 7 S np — 2,5(1,7’LB — 17— 1) = ﬁBi;S(l,’H,B — 1) = BboundBo
For all other (z,y) € Z2, S(x,y) = empty.

®)
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The seed configuration is of length n4 + ng + 1 and height np.

Theorem 4. Let ex = 2, g defined in [0l), and Tx = Ts U Ts4. Given a seed
configuration encoding A and B which is defined in (8), the system Sy =<
Ty, gx,€x > outputs (Ax B, A).

Proof. We have T = Ts U Tgy. Let bdp,w(Ts) = {bdr(t),bdw(t)|t € Ts},
bdeg w(Tst) ={bdg(t),bdw (t)| t € Tsy+} . These two sets are disjoint, thus Sg
and Sgy work together without interfering.

For each tile t(t € Tx), bds(t) has two bits. Let bdgl(t) be the first bit
and bdgr(t) be the second bit. Let bdg(F(i)) = (bdglF(') bdsrF(i)). Let

bdsl(F(i)) = Z 27 % bdgl(F(—j,1)), bdsr(F(i)) = Z 27 % bdgr(F(—j,1))). The
definition also holds for bdnl(t), bdnr(t), bdy (F (i )) ble(F( )) and bdyr(F'(4)).

n 1
Let by = 5 B #2755 Thus B = by, Bup—1 = b1 = 1, 2% Bpy_1 +
i=np—k
B, —2 = ba. We are going to prove that given the seed configuration S encoding
A and B which is defined in(@®), for 1 <i < np—1, bdn(F(i)) = (A *biy1, A):

i) For i = 1, we have bdg(F (1)) = bdn(F(0)) = (4, A).

If BnB_Q = 07 i.e. B?LB—i—l = O,bg = 102, then de(F(l, 1)) = (8,0),

If BnB,Q = 1, ie. BnB,Z‘,1 = ]., bg = 112, then bdw(F(l, 1)) = (0,0) .

Thus according to Theorem 2 and Theorem 4, if B,,_2 = 0 , we have
bdn(F(1)) = (24,A) = (A by, A) ; if By,—2 = 1, we have bdy(F (1)) =
(2A+ A, A) = (Axbg, A).

Thus bdn(F (i) = (A * bi+1, A) holds for i = 1.

ii) Assume bdy (F(i)) = (A*bj41,A) holds for i = k—1,1.e. bdy(F(k—1)) =

For i = ]{7, if b(k+1)0 = BnB,k,1 = 0, then bdw(F(l,Z)) = (S,O); If b(k+1)0 =
By ,—k-1 =1, then bdw (F(1,7)) = (0,0) .

Thus according to Theorem 2 and Theorem 4, if b(k+1)o = Bng—k-1 =0,
we have bdy (F(k)) = (2bdnl(F(k —1)),A) = 2+ Axbi, A) = (A * bry1,A) ;
if b(k+1) = BnB k—1 = 1 we have bdN(F(k?)) = (deNl(F(k? - 1)) + A A)
(2*(A*bk)+A A) (A*bk+1,A)

iii) Therefore bdn (F' (7)) = (A * bit1, A) holds for 1 <i < k. Let k = np — 1,
we have bdy (F(ng — 1)) = (Axby,, A) = (A% B, A).

Thus we proved that given the seed configuration encoding A and B, the
system outputs (A x B, A). O

Fig. Bl(a) shows a sample seed configuration which encodes A = 10013, B =
10115: A is encoded on the bottom row with 4 extra 0 tiles in the most significant
bit place. We encode B from B, ,_2 to By. Bs is the most significant bit, and
in the seed configuration we discard this bit. Bs = 0, S(1,1) = Bo; By = 1,
S(1,2) = B1; Bo =1, S(1,3) = Bround1- Fig. Bb) shows a sample execution of
the multiplier system on the seed configuration and the product could be read
from the top row of the final configuration, i.e. 10015 * 10115 = 11000115.
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Fig. 5. Given a sample input of A = 10012, B = 1011, with A on bottom row and B
on the right most column. (b) 10012 * 10112 = 11000115.

3.2 Multiplier Tile System: Version 2

In this section we combine the shifter system Sg and the adder system Sy to
create another simplifier multiplier system which computes f(A, B) = (Ax B, A)
and uses only 16 tiles.

We discuss how to establish the seed configuration for this system:

Let I = { Qo = <(0’0)7 H’nullv H>’ Qp = <(17 1)’ H7nu”’ H>7 Qbound = <(0’0)7 H’
null, null), Bo = (||, null,|], (s,0)), B1 = (||, null,]|],0), Broundo = (null,null,||,
(5,0)), Booundar = (null,null,||,0), vo = (||, null, null,||)}. Let n =ns +np. Let
the seed configuration S : Z? — I be such that

5(1,0) =70

Vi=0,1,...,n—2,5(—1,0) = aa,; S(—n + 1,0) = @bound
j Lk npg—2;

while(k > 1){

if (B =0){S(1,5) = Bo;j « j+1;}

else{S(1,7) = Bo; S(1,j + 1) = Pr;j < j+2;}

k<« k—1;}

Zf(BO - 0), S(la]) = BboundO

else{S(l,j) = Broundo; S(l,j + 1) = 6bound1§}

For all other (x,y) € Z2, S(z,y) = empty.

Theorem 5. Let exo = 2, g defined in [{l), and Txe = Ts UTy. Given a

seed configuration encoding A and B as defined in ([@), the system Sya =<
T2, gx2,€x2 > outputs (A* B, A).

Proof. According to the establishment of the seed configuration, in this system
we carry out the shift-addition in two steps: we shift the first input number by
one bit, and then we add the second input number. Comparing with the first
multiplier system presented in section [B.I] although the shift-addition is carried
out in two steps, which takes two rows in the configuration, the algorithms of
these two systems are just identical. Thus the correctness of this system follows
directly from Theorem [l O
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3.3 Discussion

Lemma 6. (Multiplier Assembly Time Lemma). For all A > 1,B > 2, the
assembly time of the final configuration F' produced by Sx or Sxo on S that
encodes A and B and pads A with ng 0-tiles is O(na +np).

Proof. For both of the two systems, the length of the final configuration is n4 +
np, the height is ©(np). According to Lemma 2.3 in[I3], the assembly time of
the final configuration F' produced by S« or Sxs2 on S that encodes A and B
and pads A with np 0-tiles is @(na + np). O

We use [ and h to represent the length and the height of the final configuration.

For the first system, we use 24 distinct tile types. The final configuration is of
height ng. We reduce the tileset-size of the system to 16 in our second system.
However the height of the final configuration is increased. The value of h depends
on the number of 1-bits in B. Suppose there are x 1-bits in B, i.e. we have ng —x
0-bits in B. Each 1-bit(except the MSB 1-bit) takes two rows in the configuration
while each 0-bit takes one row, thus h=1+ (np —z)+2(x —1) =np+z — 1.
We have 1 <z < npg,thusng < h <2np — 1.

Along with Brun’s scheme[I3], we make comparison of these three systems
in Table [l We could see that the tileset-size of our second system is the least;
however the height of the final configuration might be increased, depending on
the number of 1-bits in B. The height of the final configuration of our first system
is the least; the tileset-size is also less than Bruns. All of these three systems
share the same assembly time, i.e. @(na + np).

While consider performing multiplication, one chould make a choice between
these systems according to the actual demand. Intuitively, our first system could
be choosed if one hopes to construct the seed configuration in a simpler way, while
the second system is beneficial for those who want to perform multiplication with
tile types as less as possible.

Table 1. Comparing the efficiency of multiplier systems

Scheme version 1 version 2 Brun
Tileset-size 24 16 28
Assembly time ©(na +ng) O(na +np) O(na +ng)
l na+ng+1lna+ng+1 na+npg+1
h ng ng<h<2ng—1np+1

4 Conclusion

In this paper we present two multiplication systems which compute A x B for
given A and B in constant time. Our first system is constructed using subsystems
Ss and Sgy, which requiring 24 computational tile types; Further improvement
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is achieved in our second system: using subsystems Sg, S; and a different seed
configuration, we show that multiplier system could be implemented using only
16 tile types. As a result, we achieved reduced tileset-size compared with that
of Brun’s 28-tile multiplier system.
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