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Abstract In this chapter, long-range dependence concept, Hurst phenomenon 
and ARFIMA models are introduced and the earlier work on these subjects are 
reviewed. Several methodologies are introduced for the estimation of long-range 
dependence index (Hurst number or fractional difference parameter).

Keywords  Long-range dependence  •  Long memory  •  ARFIMA models  •  Hurst 
phenomenon

2.1  Long-Range Dependence

Long-range  dependence  or  long  memory  has  drawn  the  attention  of  scientists 
since 1960s when the so called Hurst phenomenon (Hurst 1951) was discussed 
and  explained  by  Mandelbrot  and Van  Ness  (1965),  and  Mandelbrot  and Wallis 
(1968, 1969). Hurst (1951) investigated the water levels of Nile River for optimum 
dam sizing. The Hurst number, named after Harold Edwin Hurst, is an index of 
long  memory.  Hurst  number  H  = 0 represents processes that have independent 
increments while 0.5 < H < 1 indicates long-range dependence.

The  Hurst  phenomenon  has  been  utilized  in  literature  extensively  to  asses 
variability of  climatic  and hydrologic quantities  including wind power  resources 
(Haslett  and  Raftery  1989), global mean temperatures (Bloomfield 1992), 
river flows (Eltahir 1996; Montanari et al. 1997;  Vogel  et  al.  1998), poros-
ity  and  hydraulic  conductivity  in  subsurface  hydrology  (Molz  and  Boman 
1993),  indexes  of  North Atlantic  Oscillation  (Stephenson  et  al.  2000), tree-ring 
widths  (Koutsoyiannis  2002),  temperature  anomalies  in  Northern  Hemisphere 
(Koutsoyiannis  2003). In addition, long-range dependence is reported for sea 
levels  by  a  power  spectrum  analysis  (Hsui  et  al.  1993)  and  by  wavelet  analysis 
(Barbosa et al. 2006). According  to  Koutsoyiannis  (2003), climate changes are 
closely  related  to  the Hurst  phenomenon, which  is  stochastically  equivalent  to  a 
simple scaling behavior of climate variability through time.
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A process has long memory if its autocovariances are not absolutely summable 
(Palma 2007). The slowly decaying autocorrelations and unbounded spectral density 
near zero frequency are characteristics of the long memory signals (Beran 1994). A 
stationary process Xt has long memory (Beran and Terin 1996) if, as |k| → ∞.

where r (k) = cov (Xt , Xt+k) and L1 (k)  is  a  slowly  varying  function  as |k| → ∞.  
In other words, L1 (ta)

/

L1 (t) → 1 as t → ∞  for  any  a > 0. This implies that 
the  correlations  are  not  summable  and  the  spectral  density  near  zero  frequency  is 
unbounded. Fractional Gaussian noise (Mandelbrot and Van Ness 1968 ; Mandelbrot 
and Wallis 1969 ; Mandelbrot 1971, Koutsoyiannis 2002) and ARFIMA (Granger and 
Joyeux 1980; Hosking 1981; and Geweke and Porter-Hudak 1983) models are among 
the best known long memory models.

Several methodologies are available for the estimation of long-range depend-
ence index (taken as Hurst number or fractional difference parameter which will 
be discussed in ARFIMA models section) such as the Rescaled Range Method 
(Hurst 1951;  Mandelbrot  and  Taqqu  1979; Lo 1991),  Aggregated  Variance 
Method,  Differencing  the  Variance  Method,  Absolute  Moments  Method, 
Detrended Fluctuation Analysis  (Peng et al. 1994), Regression Method based on 
the periodogram (Geweke and Porter-Hudak 1983) and Whittle Estimator (Whittle 
1951; Fox and Taqqu 1986; Dahlhaus 1989). Taqqu et al. (1995) analyzed the per-
formance of nine different estimators. Estimation methods for long-memory mod-
els are reviewed in detail in Beran (1994), Palma (2007), and Box et al. (2008).

Minimum water levels of Nile river, as reported in Beran (1994), are depicted 
in Fig. 3.1 Hurst (1951) estimated the Hurst Number as 0.93 for Nile river’s histor-
ical water levels. Sample ACF, periodogram, and the logarithm of the periodogram 
of  minimum  water  levels  of  Nile  River  are  depicted  in  Fig.  3.2 The calculated 
Hurst number and the Fig. 3.2 clearly show the long memory behavior of the his-
torical Nile river levels.

The ARFIMA  models  are  generalization  of  the  linear  stationary ARMA  and 
linear nonstationary ARIMA models. The autoregressive (AR) model of first order 
emerged as the dominant model for background climate variability for over three 
decades; however, some aspects of the climate variability are best described by the 
long memory models (Vyushin and Kushner 2009).

2.2  ARFIMA Models

According to Beran (1994),  stochastic  processes  may  be  utilized  to  model  the 
behavior  of  observed  time  series  solely  by  the  statistical  approach  without  a 
physical  interpretation  of  the  process  parameters.  Long-range  memory  mod-
els,  ARFIMA  processes  in  particular,  have  been  used  extensively  in  different 
fields  such  as  astronomy,  economics,  geosciences,  hydrology  and  mathematics  

(2.1)r(k) ∼ L1(k)|k|2H−2
, H ∈ (0.5,1)
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(Beran 1994).  Early  applications  of  the  ARFIMA  model  were  performed  by 
Granger  and  Joyeux  (1980), Hosking (1981) and Geweke and Porter-Hudak 
(1983). The process (Xt) is said to be an ARFIMA(p,d,q) process if it is a solution 
to the following difference equation:

where φ(z) = 1 −
p∑

j=1

φjz
j and θ(z) = 1 +

q∑

k=1

θkzk are the autoregressive and 

moving-average operators, and d is the fractional difference parameter.εtis the white 
noise process with E (εt) = 0 and variance σ 2

ε . B is the backward shift operator 
such that BXt = Xt-1. For any real number d > −1, the difference operator (1 − B)d 
can be defined by means of a binomial expansion (Brockwell and Davis 1987).

where Γ (·)is the gamma function,

Γ(z) = ∞ for z = 0, and Γ(z) = z
−1

Γ (1 + z) for z < 0. The process  is stationary 
and invertible when φ(z) and θ(z) have all their roots outside the unit circle, have 
no common roots, and −0.5 < d < 0.5 (Crato and Ray 1996). The process has long 
memory when 0 < d < 0.5 and is nonstationary for d ≥ 0.5 (Beran 1994). When 
d = 0, the model is referred to as autoregressive moving average (ARMA) model 
of order (p,q), and is capable of modeling linear stationary processes. On the other 
hand, when d is a positive integer, the model is referred to as autoregressive inte-
grated moving average (ARIMA) process, and is capable of modeling linear non-
stationary processes (Box and Jenkins 1976).

Box and Jenkins (1976) provide the details on the forecasting, confidence band 
estimation and forecast updating for ARIMA models. In this study, as described in 
detail  in  the next chapter,  the governing equations, provided  in Box and Jenkins 
(1976), are utilized and extended for ARFIMA models that use the non-integer  
differencing parameter d.
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