Chapter 14
Hypergraphs on Parameter Sets

So far in this chapter, we have studied graphs which are defined on sets. Now
we start studying (hyper)graphs which are defined on more complex structures. In
particular, in this section we study hypergraphs on parameter sets.

In Sect. 14.1 we prove an induced version of Hales-Jewett’s theorem and, as
corollaries, we obtain results for sets of integers carrying an arithmetic structure like,
e.g., arithmetic progressions or (m, p, c¢)-sets. In Sect. 14.2 we give an alternative
proof of the Ramsey theorem for finite ordered graphs (Theorem 12.13). Though it
doesn’t exactly fit the theme of the section, it will serve us as a motivating example
for a technique which we will then use in Sect. 14.3 to prove an induced version
of the Graham-Rothschild’s theorem on parameter sets. The induced Graham-
Rothschild’s theorem gives, in a sense, a complete analogue of the Ramsey theorem
for finite ordered graphs.

Before we state these results, we first fix some notation. Given an alphabet A and
integers k and n we build an (ordered) hypergraph H¥ (1) as follows. The vertices
are all words of length n over 4, i.e. V(H*(n)) = A". The set of edges is given by
all i -parameter words in [A](;’), forall 0 <i < k. More precisely, every f € [A](’;)
corresponds to a hyperedge e s given by

ey =1{f-glgeA

and

EHm)y= | es.
0<i<k

retA()

Note that we do allow i = 0 in the above definition, i.e., all vertices of H* (n) are
also considered as edges. In this section we will mostly be concerned with finding
an appropriate subgraph F of H* (1) that has some nice Ramsey properties. It is
important to note that here we do consider weak subgraphs. That is, a subgraph 7 C
H*(n) can have the property that some vertices of V(F) do not belong to E (F).
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154 14 Hypergraphs on Parameter Sets

Similarly as in the graph case, for a hypergraph F C #* (1) and a subset A C 4",
we denote by F[.A] the subgraph of F induced by A, i.e., the vertex set V(F[A]) is
given by V(F) N A and for alle; € E(F) we have

er € F[A] ifandonlyif ey C A

We will mostly be interested in subgraphs induced by an m-subspace of A", i.e., by
some f € [A] (;’1) To shorten notation we use F[ f] to denote the subgraph induced
by such an m-space:

FUT=F{Sf-glgeA™}]

14.1 An Induced Hales-Jewett Theorem

For this section let A be a finite set containing at least two elements. As Hales-
Jewett’s theorem itself, induced versions of Hales-Jewett’s theorem consider color-
ings of A", i.e., of vertices. Without loss of generality, we restrict to colorings of
vertices which exist as hyperedges.

More precisely, for hypergraphs & € H¥(m) and F € H*(n), let the Ramsey
arrow F — (€)? abbreviate the following statement:

For every coloring A : A" — r there exists f € [A](;) such that F|[ f] is isomor-
phicto Eand A(f - y) = A(f - x) forall x,y € A" withey,e, € E(E).

Note that we require monochromaticity only for those vertices that form an edge
in €. Clearly, if all vertices form edges then we get monochromaticity in the usual
sense. It is an easy observation that 7| /] is isomorphic to £ if and only if for every
g € [A4] (’?), i <k, wehavees, € E(F)iff e, € E(£). Note that this condition
needs to hold for all edges, also those which form vertices.

With this notation at hand, we can state the induced version of Hales-Jewett’s
theorem:

Theorem 14.1 (Induced Hales-Jewett theorem). Let r,m and k be positive inte-
gers and let & C H*(m) be given. Then there exists a positive integer n and a
subgraph F € H*(n) such that F — (E)°.

Recall that with respect to ordinary graphs the corresponding vertex partition
theorem can be established using a simple product construction (cf. Sect. 12.1).
Essentially the same idea applies here.

Convention. Recall that in Sect. 4.1 we introduced x to concatenate two parameter
words. In order to get a subspace whose dimension is the sum of the two subspaces
we there shifted the parameters in the second word. In this section we only
need the formal concatenation of two parameter words. With abuse of notation
we thus let x denote in this section the formal concatenation, i.e., for g =
(€0 ---.&m—1) € [AI(}) and h = (ho, ..., hz—) € [A](7) with i < k we let
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gxh = (g0,....8m—1,h0,...,hi_1) € [A](’";:m). In this section we will mostly
be concerned with a product space given by the concatenations of a set of parameter
words. More precisely, for B € UiSk[A]('i") let(B)y ={fox...Xfu—1]| fi € B}
which, then, is a subset of | J; o, [A](mlM)

Proof of Theorem 14.1. Consider the set B = {x € A™ | e, € E(£)}. According
to Hales-Jewett’s theorem (Theorem 4.2) let the positive integer N be such that
N> HJ(|B|,1,r).Letn = N -m.

We define F € H*(n) as follows. The vertex set of F is V(F) = A", i.e., it is
identical to that of H*(n). For g € [A]('l") such that e, € E(£), add ez to E(F)
forall g € (B U {g})n suchthat g, = g for some j < N. Note that in this case
g = (go,...,gn—1) is an element of [A](:’) It remains to verify that F — (&)?.

Let A : A" — r be a coloring. As (B)y € A", by abuse of language this can
be viewed as a coloring A : BN — r. By choice of N there exists a one-parameter
word f € [B](IY ) such that the set { f - x | x € B} is monochromatic with respect

to A. Consider an m-parameter word f € [A](”;) defined as f = fo* X ... X fl\’,*_l
where

o fi if f; € B,
' Aos oo s Amer), if fi = Ag.

It is clear from the construction of f that A(f -x) = A(f - y) forevery x,y € A"
suchthate,, e, € E(E). Moreover, forevery g € [A]('lf’) we have f-g € (BU{g})n,
thuser., € E(F)iff e, € E(E) and so F[f] is isomorphic to £. O

14.1.1 Applications

Apparently (Spencer 1975b) first considered induced partition theorems for other
structures than graphs defined on sets, by proving an induced version of van der
Waerden’s theorem on arithmetic progressions. We have seen in Sect.4.2.1 that
van der Waerden’s theorem on arithmetic progressions can be easily deduced from
Hales-Jewett’s theorem. Basically following the lines of this proof we show how an
induced version of van der Waerden’s theorem can be deduced from Theorem 14.1.

Theorem 14.2 (Induced van der Waerden). Let r and m be positive integers and
let € = (m, E) be a hypergraph on the vertex set m. Then there exists a positive
integer n and a hypergraph F = (n, F) on the vertex set n, such that for every
r-coloring A : n — r there exists an arithmetic progression A = {a+ j -b | 0 <
j < m} C n such that

(1) The subgraph of F spanned by A is isomorphic to £, and
2) Alla+j-b|j<mandj € E}isa constant coloring.



156 14 Hypergraphs on Parameter Sets

Remark 14.3. Observe that Theorem 14.2 generalizes the particular case of vertex
colorings from the Ramsey theorem for ordered graphs in a somewhat unexpected
direction. Considering hypergraphs whose vertex sets are integers (i.e., carry
an arithmetic structure) the additional requirement is that the vertex set of the
monochromatic hypergraph forms an arithmetic progression.

Proof of Theorem 14.2. Let the positive integer r and the hypergraph & = (m, E)
be given. Let A = m and consider the hypergraph & < H°(1) such thati € E(&)
ifand only if i € E(E), fori < m. Now we apply Theorem 14.1 and find a positive
integer ng and a hypergraph Fo € H’(n¢) such that Fy — (&)°. Letn = m" and
recall that P(n) denotes the power set of n. We define the required hypergraph F
with vertex set n = {0, ...,n — 1} and edges E(F) € P(n) as follows.

Let ¢ : A" — n be such that ¢(ao,....an-1) = Y, @ - m'. Note that
¢ is a bijection. For every (ao, ...,an,—1) € A" let (ao,...,an,) € E(F) iff
(@o.....an—1) € E(Fo). Furthermore, for every f € [A]("’) and J € P(m),
[J| > 2, let

{o(f-j)ljeJ}e E(F) ifandonlyif J € E(E),

where f - j refers to composition of parameter words. Observe that F is well-
defined since any two distinct one-parameter sets intersect in at most one point and
the mapping ¢ is a bijection. It remains to verify that the hypergraph F has the
desired properties.

Let A : n — r be an r-coloring. This defines a coloring A* : A" — r by
A*(ag, ..., apg—1) = A(me a; -m"). By choice of the parameter-graph JF, there
exists f € [A] ("10) such that & is isomorphic to Fo[ f] and

AWSf-jlj<mandj€E@&)}=ANe(f-j)|j<mandj e EE)}

is a constant coloring. By construction, then, the arithmetic progression
A={o(f-j)|j < m} has the desired properties. O

Note that in the above proof the induced version of Hales-Jewett is only applied
to the subhypergraph of £ that contains exactly all singleton edges. For the case
that all vertices of £ do form an edge one easily checks that the use of the induced
Hales-Jewett theorem can be replaced by applying just the classical Hales-Jewett
theorem.

Recall that a subset M C Z is an (m, p, c)-set if there exist integers xo, . .., Xp,
such that M = M .(xo, ..., xn) = {cxi + Z';L,-H Eixj|-p<& <p & el
for j = 1,...,m}. As seen in Chap.2, (m, p, c)-sets are a basic tool in studying

partition regular systems of equations. Thereby, arithmetic progressions can be
viewed as special (m, p, c)-sets, in fact as (1, p, 1)-sets. Extending the method of
proof used for the induced van der Waerden theorem, Deuber et al. (1982) proved
an induced partition theorem for (m, p, c)-sets.
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Theorem 14.4. Let m, p, c and r be positive integers and let (M, E) be a hyper-
graph on the set M = M, .(Xo, . .., Xn). Then there exist positive integers n,q, d
and there exists a hypergraph (N, F) on the set N = M, 4(xo,...,X,) such that
for every r-coloring A : N — r there exists an (m, p,c)-subset M’ C N such
that the subgraph of (N, F) spanned by M’ is isomorphic to (M, E) and such that
Al{x € M’ | x € F} is a constant coloring. O

The proof basically combines ideas from the proof of the (non induced) partition
theorem for (m, p, c)-set (cf. Sect. 4.2.3) and the induced Hales-Jewett resp. van der
Waerden theorem. We omit this proof.

14.2 Colorings of Subgraphs: An Alternative Proof

We now reprove Theorem 12.13, the Ramsey theorem for ordered graphs. Instead
of using a powerful tool like the Graham-Rothschild theorem for parameter sets
(as we did in Sect. 12.3), we now give an elementary proof that uses only Ramsey’s
theorem and a clever construction. This proof is due to Promel and Voigt (1989).
Recall that the Ramsey theorem for ordered graphs states that for any two ordered
two finite graphs (H, <) and (F, <) and any positive integer r there exists a finite
ordered graph (G, <) such that

(G.<) 5 (F. <)),

Throughout the remainder of this section we assume that all graphs are supplied
with an underlying vertex ordering, and that all embeddings and subgraphs respect
this ordering, but for ease of notation we will not state these orderings explicitly.
In this section the term ‘subgraph’ also always refers to an induced subgraph. In
particular, we only color H -subgraphs that are induced H -copies.

Let us first give a high-level overview of our proof strategy. Instead of look-
ing directly for an F-subgraph in G which is monochromatic with respect to
H -subgraphs, we define another graph Fy. We want that, roughly speaking, F has
the following property: if there exists an Fyp-subgraph such that the coloring of its
H -subgraphs satisfy a certain condition which is, this is the crucial point, much
weaker than being monochromatic, then we are guaranteed to find a monochromatic
F-subgraph in Fj. Additionally, Fy will have a strong structural property, namely
it is partite, which, as we will see, conveniently allows us to find a desired
Fy-subgraph iteratively.

14.2.1 Partite Graphs

As usual in graph theory, we say that a graph is m-partite if its vertex set can be
split into m mutually disjoint and nonempty sets, each inducing an independent set.
We impose another strong structural property, namely that it is left-rectified.
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Definition 14.5. A left-rectified m-partite graph is a pair ((V})v<m, E), where
V =, ., Vi is the set of vertices (we assume that the sets V; are nonempty and
mutually disjoint) and

(1) Each V; induces an independent set, i.e., no edge has both endpoints in the same
set V;,

(2) IfaeVisandb € V; fori’ <i,thena < b,

(3) If{a,b} € E forsomea < b and a € V;, then {a’,b} € E foreverya’ € V.

Henceforth, we will also call the sets V; the parts of the partition V = |, _,, Vi.
Naturally, we want that embeddings of partite graphs preserve the ordering of
vertices as well as respect partitions.

Definition 14.6. Let G = ((V,)y<m, E) and F = ((V,), ;) be partite graphs. We
call a subgraph F of G a partite F-subgraph of G if it satisfies the following three
conditions: (i) G[V(F)] is isomorphic to F, i.e., F is an induced F-subgraph of
G, (ii) every part of F' is a subset of some part of G and (iii) no two parts of F are
subsets of the same part of G. By (g)par . we denote the set of all partite F'-subgraphs
of G.

We say that an m-partite graph is crossing if |V,| = 1 for every v < m. Note that
every graph on m vertices can be viewed as a crossing m-partite graph. Note also
that a crossing m-partite graph can easily made left-rectified by ordering the parts
in such a way that (2) is satisfied.

Lemma 14.7 (Partite lemma). Let F and H be left-rectified m-partite graphs with
H being crossing, and let r be a positive integer. Then there exists a left-rectified

m-partite graph G such that G Ii;r (F)H, meaning that for every coloring A :

(g)p(m — 1 there existsa F € (g)part such that A (;)part is a constant coloring.
Proof. We proceed by induction on m. For m = 1 the statement reduces to the

pigeonhole principle. We prove it for m + 1.

Let F = ((V,)v<m+1, Er)and H = (m+1, Eg) be (m+1)-partite left-rectified
graphs where H is crossing, and let 7 be a positive integer. As H is crossing we may
assume that it has m 4+ 1 as the set of vertices with parts {i } fori <m + 1.

Since F is left-rectified, any two vertices x,x’ € V,, which belong to an
H -subgraph have the same “profile”, i.e., foranya € | J,_,, V: we have {a,x} € Ep
ifand only {a, x'} € Er.Let Vg C V), be the set of all vertices in V;, which belong
to an H -subgraph, and set z = |Vy|. Furthermore, let H' and F’ be subgraphs of
H, resp. F, spanned by the first m parts.

By the induction hypothesis, there exists an m-partite graph G’ such that
¢ (F’)ff;, where z* = r - (z— 1) + 1. Now we extend G’ by a set X, to an

(m + 1)-partite graph G as follows. First we add vertices yy, . . ., y;x—1 to X,;, such
that they respect the property of being left-rectified and they all form an H -subgraph
with the vertices from G’. Secondly, for each vertex X € V,, \ Vg add a vertex to
X, and connect it to the parts in G’ in exactly the same way as X is connected to
the parts V;, i < m in F. Note that this guarantees that every z-element subset of
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Fig. 14.1 The
* y-amalgamation F- Fy

_______

Yo, ..., yx—1 can be extended to a copy of F in G. We claim that the so constructed
graph G has the desired properties.
Let A : (H)p(m — r be an r-coloring. This induces an re coloring A* :

(5) e = 77 by A%(H') = (AH' Uy} | i < ). Let G € (),
be monochromatic with respect to A*. This induces an r-coloring of the vertices
{»0,...,y+—1} and by choice of z* and the pigeonhole principle there exist z of
them in the same color. Extending G’ with such z vertices and the corresponding £

vertices yields a partite F'-subgraph monochromatic with respect to A. O

14.2.2 Amalgamation of Partite Graphs

Having the partite lemma available, we explain our second tool, the ;-
amalgamation.

Let F = ((X))v<m, EF) be a left-rectified m-partite graph and let / C m be a
nonempty subset. By F; we denote the subgraph of F' spanned by the parts X;, j €
J. Additionally, let G = ((Yy).es, Eg) be a left-rectified |J|-partite graph that
contains many partite Fy-subgraphs. The idea of the *;-amalgamation is to extend
every partite F;-subgraph of G to an F-graph in a vertex disjoint way, cf. Fig. 14.1.
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Finally, we add edges (as few as possible) to ensure that the newly constructed graph
is again left-rectified.
Formally, we define the amalgamation Fi, (G) of F with G along F as follows:

Definition 14.8. The subgraph of the amalgamation which is spanned by the parts
j € J is precisely G, i.e., (Fy,(G)); = G. Moreover, every F; € (g) extends to
an m-partite graph isomorphic to F' such that every two such graphs are mutually
disjoint up to the intersection in (Fx, (G)),. The graph Fy,(G) is m-partite and
left-rectified.

A moment of thought reveals that such a graph can indeed be constructed. For our
need the following property, which can easily be seen to follow from the definitions,
is of importance.

Property 14.9. Let F be an m-partite left-rectified graph and J C m. Let H and
G be |J|-partite left-rectified graphs, where in addition H is crossing, and assume

rt ~
¢= (Fy)H. Then for every r-coloring A : (F*J(G))pm — r there exists an F €

H
(F*J (G)

£y . .
b )p(m such that A] ( ! )pm is a constant coloring.

With these tools at hand, we can now reprove the Ramsey theorem for ordered
graphs.

Proof of Theorem 12.13. Let F and H be given graphs. As observed earlier, we
can treat them as m-partite, resp. k-partite graphs, where m and k are the number of
vertices of F', resp. H. According to Ramsey’s theorem let n be such thatn — (m)’r‘ .

Instead of looking directly for a monochromatic F-subgraph, we define a left-
rectified n-partite graph Fy such that for every J € [n]™ there exists a (partite)
F-subgraph in the partite subgraph (Fy), of Fy spanned by the parts j € J. Such
an Fy can be obtained straightforwardly by placing the required F-subgraphs vertex
disjointly and, eventually, adding edges to make it left-rectified. We aim at finding
an Fj-subgraph F, which satisfies the following coloring property,

(x) Forall J € [n]*: all H-subgraphs in (Fp), are colored monochromatically, i.e.

forall H, H' € ((@’)pm we have A(H) = A(H').

Note that the existence of such an Fy-subgraph implies, by choice of n, that
there exists an F'-subgraph F such that A (;)pm is a constant coloring. As F is

crossing it follows that ( g)par . coincides with ( Z), thus we have found the desired
monochromatic F-subgraph.
Next we construct an n-partite left-rectified graph G such that for every coloring

A (g)p(m — r there exists an Fy-subgraph which satisfies property (*).

Let (J;)i<4 be an enumeration of [n]¢. By Lemma 14.7 (partite lemma) there
exists a left-rectified n-partite graph F;" such that

part
Fy = ((Fo)s,)!

r oo
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where (Fp),, denotes the subgraph of Fy spanned by parts j € Jy. Let F; =
(Fo)«,, (Fy'), and observe that by Property 14.9, Fy contains an Fy-subgraph Fo
which satisfies property () when restricted to J, instead of all J € [n]*.

We continue the construction in the same way. Assume that we have constructed
a graph F; such that for any coloring of (Z)part there exists an Fp-subgraph Fo
which satisfies property (x) when restricted to sets Jo, ..., Ji—i. Then let F;* be

such that F}* = ((F);)¥ and set Fj4; = (Fi)x,, (F"). Now we have that for any
coloring of partite H-subgraphs of Fj, there exists an Fj-subgraph F; such that
Al ((F}}Ji )pm is a constant coloring. However, such F; now contains an F, subgraph

Fy which satisfies property (%) when restricted to restricted to Jy, . .., J;.
Repeating the same argument inductively, we have that for any coloring A :
(Z’ )part — r there exists an Fy-subgraph which satisfies property (). By the earlier
observation, this implies the existence of a monochromatic F -subgraph, thus setting
G = F, proves the theorem. o

Remark 14.10. The approach presented in this section can be extended to also
obtain a restricted version of the Ramsey theorem for ordered graphs, cf. Promel and
Voigt (1989). In Chap. 16 we consider restricted Ramsey theorems from a different
view point.

14.3 An Induced Graham-Rothschild Theorem

In this section we prove an induced version of the Graham-Rothschild theorem.
This generalizes the Graham-Rothschild partition theorem for parameter sets in the
same way as the Ramsey’s theorem for ordered graphs defined on sets generalizes
Ramsey’s theorem.

The induced Graham-Rothschild theorem has been proved originally in Promel
(1985). Somewhat simpler proofs, then, have been given in Frankl et al. (1987) and
Promel and Voigt (1988).

Definition 14.11. For hypergraphs 7 C H*(m) and G € H¥(n), by (Jgf) we denote
the set of all m-parameter words f € [A] (;’1) such that G[ f] is isomorphic to F.
Theorem 14.12 (Induced Graham-Rothschild theorem). Let A be an alphabet
of size |A| > 2, k and r be positive integers, and let F C H¥(m) and € < H*(t)
be given hypergraphs. Then there exists a positive integer n and a hypergraph G <
HE (n) such that G — (F)E, i.e., for every A : (g) — r there exists an f € (g)
such that A (g([gf ]) is a constant coloring.

The assumption |A| > 2 is just for convenience. For |4| = 1 the proof requires
some additional twists, cf. Promel and Voigt (1988).
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Recall that with respect to hypergraph & = H°(0), i.e., the case of vertex
colorings, the theorem reduces to the induced Hales-Jewett theorem which has been
proved in Sect. 14.1.

As the proof of Theorem 14.12 is quite involved, let us first give a very high-
level overview of our proof strategy. In fact, the general approach is very similar
to the one that we just saw for the graph case in the previous section. In order to
transfer these ideas to the hypergraph case we first need to generalize the notations
of ‘partiteness’ and ‘amalgamation’ from the graph setting to hypergraphs define on
parameters sets. In a second step we will use these notions to define an appropriate
hypergraph F (that takes over the r6le of Fj in the graph case). The structural
properties of Fy will then allows us, again similar as in the graph case, to construct
the desired hypergraph G iteratively.

14.3.1 Partite Hypergraphs

As a first step in the proof of the induce Graham-Rothschild theorem, we define
an appropriate notion of ‘partiteness’. While we will eventually have the property
that the ‘parts’ are stable (contain no edges), we here use a different approach of
defining the ‘parts’. Consider H* (m + n). Its vertices are words of length m + n
over the alphabet A. The idea is to use the first m letters to describe the ‘part” and
the remaining n letters to describe the vertices within a part. Note that in this way
an m-partite graph will actually consist of |A|™ parts. We also want that edges in an
m-partite graph are ‘crossing’, meaning that they contain at most one vertex from
each part. We now give a formal definition.

Let f € [A](m;r") be a parameter word. We write dim f = ; indicating that
f is a j-parameter word. By f]m we denote the restriction of f to the first m
entries (coordinates). Recall that, formally, f is a mapping f : m +n — AU
{A0,...,Aj_1}. Sothe restriction f'|m againis a parameter word, this time of length
m. Observe that dim fm < j.

Definition 14.13. A hypergraph & € H*(m + n) is m-partite if e, ¢ £ whenever
dimg|m < dimg. A partite embedding of an m-partite hypergraph & < H*(m +n)
into £ € HK(m + i) is givenby an f € [A](m+”) such that [ f] is isomorphic to

m-+n
€ and dim flm = m. By (g)pm we denote the set of partite £-subgraphs of e,
the set of all partite embeddings of £ into E.

With respect to sets A having at least two elements, an m-partite hypergraph
£ C H¥(m 4 n) can be visualized as follows. The set of vertices [A] (’”3’") is
split into sets x x [A](5).x € [A](), which we call the parts of . Then the
edges have to be crossing, i.e., intersect each partition at most once. In other words,
ignoring the hyperedges containing only a single vertex, each partition then forms
an independent set. Being crossing is reflected by the requirement that e, € £ only
if dim g]lm = dim g. In particular every hypergraph & C H*(m) can be viewed as
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a (crossing) m-partite hypergraph. Finally, the requirement on partite embeddings
ensures that each part of £ is inscribed into some (unique) part of £.

Lemma 14.14 (Partite lemma). Let 7 C H*(m + n) and £ < H*(m) be m-
partite hypergraphs and let r be a positive integer. Then there exists a positive
integer i and an m-partite hypergraph G € H¥(m + i) satisfying G = (F)E,

. e , . . g
meaning that for every A : ( g)pm — r there exists a partite embedding f € ( F)pm

such that A (gg .])pm is a constant coloring.

Proof. The proof of Lemma 14.14 just uses Hales-Jewett’s theorem and is some-
what similar to the proof of the induced Hales-Jewett theorem (Theorem 14.1).
Recall that (?)plm C{f e [A](m:;”) | f1m = (Xo,...,Am—1)}. In particular

we have that f|m = f m for any two f, f € (? ) We cut off the first m entries of
each such f and let

T={ge (AU ... )" | Qor o Ant) x g € (F) )

be the set of tails. Let the positive integer s be such that s > HJ(|7|,1,r), and
consider the set

T ={gox...xgs—1]18 €T orgi = Am,...,Ap4n—1) forall i <s and

gi = (Ao ..., Apgn—1) for at least one j < s}.

Observe that 7* corresponds to the set of one-parameter words [7'] (;), where, for

convenience, the parameter is replaced by (A, ..., Au+n—1). Also observe that
(ov - Amet) X T C [A](E),

We now define a hypergraph G € H¥(m 4+ n -s). Forah € T* let \h =
(A0 - - -+ Am—1) X h. Then for every h € T* and for every g € [A]("}") set

€Thg € Gifand onlyife, € F.

The following claim shows, and this is where the property of being partite comes
into play, that G is well-defined.

Claim. Let g, g’ € [A] (’"?'") andlet h,h' € T*. Assume that g # ¢’ and Ah - g =
A’ -g'. Thene, € Fiff ey € F.

Proof of Claim. First observe that Ak - g = Ah’ - g’ implies that g]m = g'm, so g
and g’ differ only in their tail sequence. If dim g]m < i, then by the definition we
have e, ¢ G and e, ¢ G, thus we are done.

Otherwise, let h = ho x ... x hy_yand b’ = hy x ... x h,_,.Since h € T*
there exists an j < s suchthat/; = (Ay, ..., Amys—1). Then h’j € 7, as otherwise
we would have (Ao, ..., Am—1) X ;) - & # (Ao, ..., Am—1) X h’j) - g’ and so

Ah-g # AR - g’ Thus (Ao, ..., Am_1) X ;) -(g'lm) = g. Moreover,as h; € T
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we know that (A¢, ..., A,—1) X h’j € (?)pm, hence e,n,, € € iff e, € F. Using the
same argument we deduce e,7,, € £ iff e, € F, which together with the observation
glm = g’'Im proves the claim.

It remains to verify that indeed G iy (F)I. Let A : (g)pm

coloring. This induces an r-coloring of [7] (3) and thus, by choice of s, there exists
a monochromatic line which can be identified with some & € 7*. Now by the
construction of G we have that G[Ah] is isomorphic to F, yielding the desired
monochromatic F-subgraph. O

— r be an r-

14.3.2 Amalgamation of Partite Graphs

In this section we describe the concept of amalgamation. Again, we first fix some
notation.

Let F € ‘H*(m + n) be an m-partite hypergraph. Then for i € [A]("), by Fj
we denote the 7-partite hypergraph isomorphic to F[h x (A, ..., A;4+,—1)], or, more
precisely,

Fi = Flih-x | x € ()} x [4](5)]-

Intuitively, F, is a subgraph spanned by a subset of the partition of F specified by
the parameter word /.

Additionally, let G € H¥(¢ + 71) be a t-partite hypergraph. The idea of an *h-
amalgamation is exactly as in the similar notion of a * y-amalgamation in the graph

case: we want an m-partite graph F;,(G) that extends every J,-subgraph in ( }(.jh) .
par
to an F-graph in a ‘vertex-disjoint way’. For a formal definition let gy, ..., g.—1 be

an enumeration of the partite F,-subgraphs in G.

Definition 14.15. A hypergraph Fy;(G) € H*(m + n’) is an xh-amalgamation
of F with G along # if the following holds: Fy,(G) is m-partite and there exist

ffo fr e (0 *}(g))pm such that the intersection of Fu,[£;*] and Fun[f] is

isomorphic to the intersection of G[g;] and G[g;]. In particular, we require that
(F«n(G9))y is isomorphic to G.

The next lemma shows that such a hypergraph F;(G) indeed exists.

Lemma 14.16. Let G € H*(t + ii) and F € H*(m + n) be given t-partite, resp.
m-partite hypergraphs and let h € [A](’:’) Then there exists an *h-amalgamation
Fiun(G) € H(m + it + (z + 1) - m) of F with G along h, where z denotes the

cardinality of (ﬁh)pm.

As in the graph case the importance of this amalgamation technique stems from
its strong coloring properties. The following proposition (that follows immediately
from the definition of the amalgamation) captures this feature. This proposition is all
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we need in the subsequent section for the proof of the induced Graham-Rothschild
theorem.

Proposition 14.17 (Coloring property of x/-amalgamation). Let £ C H*(t) be
a t-partite hypergraph and assume that G iy (Fn)¢. Then for every coloring A :

T part . Fuh ~
( *"l:(g))part — 1 there exists an f € ( *,f(g))pm such that for F = Fun(G)[ f] we
have that A (];”)par . is a constant coloring. O

The remainder of this section is devoted to the (somewhat technical) proof of
Lemma 14.16. The first lemma shows that for every i € [A] (':') and every positive

(z+ml)m)

integer z there exist z distinct m-parameter sets in [A]( which mutually

intersect in their /#-subspace.

Lemma 14.18. Let h € [A]('?) and let 7 be a positive integer. Then there exist
parameter words f; € [A] ((ltj)'m) for i < z with the following properties.
) firx=fi-x foralli<j <z andallxeh-[A](é),
() fi-x# fi-x' foralli<j <z andallx € [A](5)\ h-[A](;)
and all x" € [A](}).

To understand the proof of the lemma properly some familiarity with the formal
calculus of parameter words may be helpful. As we slightly extend the composition
of parameter words also to non-parameter words let us recall the basic definition.

Letg = (go,...,81—1) € (AU {Ao, ..., A1 D)" and let h = (ho, ..., hyuy—1) €
(AU{Ag,...,A,—1})". Note that neither g nor & are required to be parameter words
in the sense of Sect. 3.1. Still we define the composition g-h € (AU{Ag, ..., A—1})"
straightforwardly, viz., g - h = (fy, ..., fu—1) where

£=)80 ?fgiGA,
]’lj, lfgi:Aj.

Proof of Lemma 14.18. Let h = (ho.... . hu—1) € [A](7). For every j < t we
define j as the minimal index at which A; appears: j/ = min{i <m | h; = A;}.
Consider y = (yo,...,¥m—1) € (AU {A;s | j <t})" which is defined by

o I’li, ifh,'GA,
IV ith =2,

We now show that y - x = x if and only if x € / - [4](;). Since by construction we
have y - h = h, it easily follows that x € h - [A](;) implies y - x = x. On the other
hand, y and % have the same pattern: if h; = h; = Ax then y; = y; = Ap. Thus,
y-x = ximplies (y - x); = h; = x; if h; € Aand (y - x); = xpr = x; it h; = A
Hence, x € h - [A](;).
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Now we define f; € [A]((l-‘r’;).m) by

fi=Qoy. o s A1) XY X oo X P X(Ags ey A1) X P X .. X Y.
S—— N e’
i times z—1—i times

Aseach f; starts with (Ao, ..., A,,—1) assertion (2) is obviously satisfied for x # x’.
The remaining cases follow from the fact that y -x = x ifandonly if x € A - [A](g)

Also the next lemma sounds somewhat technical. Its significance will be clear in
the construction of the amalgamation.

The problem is the following: consider the embedding g; € (Z”), SO gi €

[A](;if) We want to find a g/ € [A](zif) such that g7 - (h X (Ak,. ... Akgn—1))

behaves like g;. Recall that /2 x (Ag,..., Akyn_1) € (th)

Lemma 14.19. Let g € [A](i:tg) be such that dim gt = t, thus g can be written
as g = (Aos..., A—1) X guir- Let h € [A](’:’) Then there exists g* € [A](zif)
which can be written as g* = (Ao, ..., Am—1) X gp such that for all f € [A](t';'")
it follows that

g5 ((hx Aeve Apgn=)) - f) = (h - f10) X (Guait - f)-

Proof. As before, let j/ = min{i < m | h; = A;}, forall j < t. Let g =

(o, ..., a5-1). Then setting g* = (Ao, ..., Am—1) X (@7, ..., _,), where
o, if o € A
of = Y Amyj, if i =Aigj,

A.j/, if()éizkj fOI'j <t
proves the lemma. O

Now we are in the position to prove Lemma 14.16.

Proof of Lemma 14.16. Let h € [A] ('t") and (g;);<; be an enumeration of (fgh)[,m-

Let the parameter words f; € [A]((Zti)'m) fori < z be as in Lemma 14.18. Also

let g € [A](’;i'z) be as in Lemma 14.19 with respect to / and g;. Now we define
Fun(G) as follows:

e(gfxfj).g € f*h(g) iff ey € F
foralli <kandg € [A](mf") and all j < z. The following claim shows that this
is a proper definition.

Claim. Leti <k and g, g" € [A]("]") andlet j < j’ < zbe such that (g* x f;)-
g = (g}, x fj) g Theneg, € Fifandonlyif ey € F.
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Proof of the Claim. As g7lm = g;‘,]m = (Ao, ..., Am—1) we see that glm =
g’ lm. Without loss of generality we can assume that g and g’ are crossing, i.e.,
glm € [A]('?) From Lemma 14.18 we conclude that glm € h - [A] (f) In other
words, there exist f, f/ € [A] (Hi"’) suchthatg = (h x (As, ..., Amgn—1)) - f, resp.,
g =0xQy,..., Amtn=1)) - f'. From Lemma 14.19 it follows that

gi 8= f1)x(gjuan- f), resp., gr-g = (h- f1t) X (gjrsait 1),

where g; = (Ao, ... A—1) X gjau and g7 = (Ao, ..., Ai—1) X & ail-

It follows from g7 - g = g7 thatg; - f = g; - f = g;- f', hence eg,.; € Giff
eg,-f € G. On the other hand, as i x (A, ..., Ar4n—1) € (jf,) and g;, g,/ € (7;”),
we see that

eg € F & enxr,..., Aa—))-f € F

Serefp e €G e, r € Sep el

© Chx (o) €F & ey € F,

as desired. ]

14.3.3 Proof of the Induced Graham-Rothschild Theorem

With these tools at hand, namely induced Graham-Rothschild theorem for partite
graphs (Lemma 14.14) and the notion of an x/-amalgamation, we can now prove
the induced Graham-Rothschild theorem. Actually, the proof is very similar to
the one for the ordered Ramsey theorem from the previous section. First we
define an appropriate hypergraph Fy that will allow us to always find the desired
monochromatic F-subgraph. In order to construct 7, we use now the Graham-
Rothschild theorem (Theorem 5.1) instead of the classical Ramsey theorem. In the
second part of the proof we then proceed almost word by word as before: we just
use the new partite Lemma 14.14 and the new amalgamation technique instead of
the ones from the graph case.

Proof of Theorem 14.12. Let & € H*(t) and F < H*(m). Choose a positive
integer n such thatn > GR(|A|, k,m, r), where GR(-) is as defined by the Graham-
Rothschild partition theorem for parameter sets (Theorem 5.1).

We first construct a suitable hypergraph F satisfying certain coloring properties.
Let (fi)i <. be an enumeration of [A] (”:1) Furthermore, let @ and b be any two distinct
elements of A and let for i < z the z-tuple y; € [4] ((7)) be defined by

vi=(@,...,a, b,a,...,a).
——

N———
i times (z—1—i) times
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Consider the m-parameter word f;* = fi x y; € [A](”jn'z) Each f;* describes an
m-subspace of [A] ("?)'Z). Moreover, f* - [A](7) N /7 1A] (7)) =0fori < j <z,
i.e., all these subspaces are mutually disjoint. Hence we can define a hypergraph
Fo € H¥(n + z) such that each J;* is an embedding of F, viz., let

efj*,g €Fy iff e, €F,

forall j < z,i < k and g € [A4] (’;’) Observe that each f* induces a crossing
subgraph of F, isomorphic to F, with one vertex in each partition, and Fy itself is
n-partite. Of course, if we can find a monochromatic Fy-subgraph, then it clearly
implies the existence of a monochromatic F-subgraph. However, the trick lies in
the following much weaker coloring requirement:

(x) For any h.h' e [A]()
A(Folh']).

such that Aln = h'ln, we have A(Fo[h]) =

part

In other words, instead of requiring that F( is monochromatic, we require that any
two partite £-subgraphs of F spanned by the same parts have the same color.

To see that this suffices, consider a coloring A : (g) — r and assume that an
Fo-subgraph Foof G satisfying property (%) is given. Then this induces a coloring
A" [A](7) — r given by

Ay = A(Fo[h])  if there exists h € (Z") such that hln = I’
otherwise.

Note that property (x) implies that A’ is well-defined. Then by the Graham-
Rothschild theorem and choice of n, there exists f € [A]( ) such that A"1{f - x |

n
x € [A](7')} is a constant coloring. As we enumerated [A]("') we know that f = f;
for some i < z. But then A] (F"[gﬁ'*])

the construction Fo| /;*]1is isomorphic to F. As each vertex of Fol J;*] belongs to a

is also a monochromatic coloring, and by
part

distinct partition, we have that (ﬁ"[gf;'*]) coincides with (ﬁ"[f }*]) and thus we have
part £
found a monochromatic F-subgraph.
Next, we construct an n-partite hypergraph G € H* (n + n’) such that for every
coloring A : (g) — r there exists an Fy-subgraph with property ().

part
Let (h;)i<; be an enumeration of [A](’:). According to the partite lemma
(Lemma 14.14), let ' be a t-partite hypergraph satisfying

4 part
Fy = (Foln)s

where £ is viewed as a ¢-partite graph. Now let Fi = (Fo)n, (FJ)-
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Observe that 7 has the following property. For any coloring A : (]_g)part —>r

there exists f € (;{‘))pm which satisfies that for any h,h’ € (flg[f ])pm such that

hln = W'n = hy, we have A(F|[f-h]) = A(Fi[f -I']). Therefore, we have an Fy-
subgraph which satisfies property (x) when restricted to the £-subgraphs spanned
by the partition given by /.

Let us assume that we have constructed a hypergraph F; € H*(n + n;) with

the similar property as for F;: for any coloring A : (?)p(m — r there exists f €

(}-") which satisfies that for any i, h’ € (}-" [f]) such that hln = h'ln = h;
Fo/ part & Jpart J
for some j < i, we have A(F;[f - h]) = A(F;[f - h']). Then, again by the partite
lemma (Lemma 14.14), let * be a ¢-partite hypergraph satisfying

FE (Fon)f
and let i1 = (Fi)n, (F). A moment of thought now reveals that F;; always
contains an J;-subgraph which is monochromatic with respect to £-copies spanned
by partitions given by 4;. But now this F; copy further contains an Fy-subgraph
for which property (%) holds for all £-copies spanned by partitions given by
ho, ..., hj— and, by previous observation, also A;.

Inductively repeating the same argument, we get that F, always contains an Fo-
subgraph which satisfies property (). By the previous observations, this implies the
existence of a monochromatic F-subgraph, which finishes the proof. O
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