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Abstract—Automated segmentation of different tissues on 
medical images is a crucial concept for medical image analysis. 
In this study, unsupervised image segmentation problem is 
generalized as a Mumford-Shah energy minimization problem, 
and several solution proposals for the problem are investi-
gated. Ambrosio-Tortorelli approximation method is imple-
mented, and the performance of the algorithm on magnetic 
resonance (MR) images of brain is evaluated. First image used 
in the experiments is chosen among the ones which contain an 
edema formation due to a brain tumor, and the second one 
belongs to a healthy subject on which gray matter/white mat-
ter segmentation is aimed. Acquired results are presented in 
visual, tabular and numerical forms. Results and performance 
are discussed and quantitatively evaluated. 

Keywords—Medical image processing, unsupervised image 
segmentation, brain tumor segmentation, gray matter/white 
matter segmentation. 

I. INTRODUCTION  

Medical image analysis is a critical task in clinical radi-
ology, since results gained by the analysis lead physicians 
for diagnosis, treatment planning, and verification of admi-
nistered treatment. 

Medical images require sequential application of several 
image post-processing techniques -such as restoration, regu-
larization, segmentation and registration- in order to be used 
for quantification and analysis of intended features. These 
features may correspond to the properties of specific parts 
of the segmented image -like normal tissues, edemas, tu-
mors, or lesions- as well as they may correspond to any 
statistical property over the entire image domain or over 
parts of it.  

There are many image segmentation algorithms in litera-
ture which can be directly used (or adopted into a form that 
can be used) in medical image domains. However, effective 
use of many of these methods requires remarkable amount 
of manual interaction. This situation creates several nega-
tions such as difficulty in use and diversity on acquired 
results. Use of classification based segmentation algorithms 
requires prior knowledge about class labels, in our case 
distinct regions of the image. On the other hand, purely 
clustering based methods suffer from high dependency to 
the image properties such as noise and/or texture characte-
ristics. Therefore, use of segmentation algorithms falling 

directly into one of these classes generally involves input 
dependency, which leads to high standard deviation in re-
sults gathered with different parameter sets or images. 

In scope of this study, Mumford-Shah based definition of 
segmentation problem [1] is introduced, a previously estab-
lished solution to the emphasized problem, approximation 
of Ambrosio and Tortorelli [2] is implemented and applied 
on selected brain MR images for unsupervised segmentation 
of abnormal and different tissues, and the experimental 
results are analyzed. 

Proposed method has previously been used for PET re-
construction, blood cell segmentation [4], denoising and 
segmentation of brain MR images for white matter-gray 
matter separation [5], and vascular segmentation and skele-
tonization [6]. 

II. BACKGROUND 

A. Mumford-Shah Functional 

Mumford and Shah described the segmentation problem 
as minimization of the energy functional: ܧ ൌ ߚ  ׭ ሺݑ െ ሻଶோݖ ൅ ߙ ׭ ଶோି஻|ݑ׏| ൅ ׭ ݈ሺܤሻோ     (1) 

Equation (1) defines an energy functional which is 
formed by summation of three terms. Here, ݖ and ݑ are the 
functions which are representing the original image and the 
piecewise smooth (segmented) image, respectively. ܴ de-
notes the complete image domain. Hence, ׭ ሺݑ െ ሻଶோݖ  
multiplied by a weighting factor of ߚ  (a positive real  
constant), constitutes a measure for dissimilarity of the 
segmented image to the original one. Therefore, the first 
term on the right hand side of (1) is usually called as “data 
fidelity term”. ܤ stands for set of points which compose the boundaries 
of the segmented image. As a consequence, ܴ െ  ,domain ܤ
over which |ݑ׏|ଶ is integrated, is the set of non-boundary 
points in the segmented image. |ݑ׏|ଶ is an inverse measure 
for smoothness inside the partitions separated with image 
boundaries. Ideally (for a purely cartoonized image), second 
term on the right hand side of (1) is equal to zero. Multip-
lied by a positive real weighting factor ߙ, the term is ordina-
rily named as “regularization term”. 
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Third building block of Mumford-Shah energy functional 
gives the total length of the boundaries over the segmented 
image. Boundaries are the regions which create highest 
gradient over the piecewise smooth image domain. Observ-
ing from linear diffusion perspective, value of the third term 
approaches to zero with time (in more realistic terms, with 
iterations), and finally vanishes. This banishes the image 
from its original state. Therefore, minimizing the third term 
contradicts with minimization of the data fidelity term. 
Hence, minimization of the Mumford-Shah energy func-
tional as a whole, transfers the image into an equilibrium 
state between restoration and regularization processes. 

B. Proposed Solutions 

Several procedures are proposed for minimization of 
Mumford-Shah energy functional in references [7,8] and 
[9]. Referred studies involve utilization of simulated anneal-
ing, graph cut algorithms, level set (spline) methods, convex 
relaxation approaches, and finite-difference discretization 
for image segmentation based on minimization of Mum-
ford-Shah functional. 

Each of these algorithms work well in practice although 
they have various important drawbacks, such as converging 
to local minimums, not allowing open boundary formation, 
and excessiveness of the number of iterations to reach a 
convergence criterion. 

C. Ambrosio-Tortorelli Approximation 

In [2], Ambrosio and Tortorelli proposed an approxima-
tion for the Mumford-Shah energy functional (Equation 
(1)), which allows formation of open boundaries, in this 
sense, is more appropriate with the nature of the original 
energy, respectively. They proposed to replace the boun-
dary-set term by means of defining a 2D function ݒ and 
designed the phase field energy functional given below: ܮ௩,ఘ ൌ ׭ ሼݒ׏|ߩ|ଶ ൅ ሺ1 െ ሻଶݒ ⁄ߩ4 ሽ݀࢞ோ .         (2) 

In (2), ߩ denotes a small positive real number and ࢞ is 
the coordinate vector over 2D image domain. 

Although function ݒ cannot be expressed mathematically 
in an explicit manner, it can be defined and perceived as 
given by (3): limఘ՜଴ ଵଶ ଶ|ݒ׏|ߩሼ׭ ൅ ଶݒ ⁄ߩ ሽ ൌ  ሻ.        (3)ܤሺ݄ݐ݈݃݊݁

If the edge term ׭ ሻோܤሺ݄ݐ݈݃݊݁  in original Mumford-
Shah energy functional is replaced with the phase field 
energy term ܮ௩,ఘ given in (2), and the resulting equation is 
reorganized such that all terms of integration fall onto the 
same domain, we end up with the Ambrosio-Tortorelli ap-
proximation of Mumford-Shah energy functional, ܧ஺் 
given in (4): 

஺்ܧ    ൌ ׭ ൤ߚሺݑ െ ሻଶݖ ൅ ଶሺ1|ݑ׏|ߙ െ ሻଶݒ ൅ሺ1 2⁄ ሻሼݒ׏|ߩ|ଶ ൅ ሺݒଶ ⁄ሻߩ ሽ ൨  (4)    .࢞݀

Equation (4) has discrete numerical solutions for ݑ and ݒ  both of which can be factorized in partial differential 
equation (PDE) form. The reader is referred to [13, 14] for 
PDE forms and to [10] for detailed derivations of implicit 
expressions for ݑ and  ݒ. 

III. EXPERIMENTAL RESULTS & DISCUSSION 

Image segmentation experiments are done with two brain 
MRI images. The first image is a 1.5 Tesla T2-weighted 
FLAIR MRI image1 (size=288x288 pixels, TR=9000 ms, 
TE=100 ms, pixel spacing=0.79861/0.79861 mm, flip an-
gle=90°, and acquisition parameters=256/191) which be-
longs to a subject with edema related to brain tumor. A 
former study with brain MR images which involve MS 
(multiple sclerosis) lesion formation is previously per-
formed and the results are published in [14]. The second 
image -which is chosen randomly from the MRI image 
database of LONI 2 - (T1-weighted MRI) belongs to a 
healthy male subject, and automated separation of gray 
matter and white matter of the brain is aimed. 

A. Edema Related to Brain Tumor 

Edema formation related to brain tumor is often asso-
ciated with neurologic dysfunction and lowered quality of 
life. Therefore, it is crucial for the physician to be able to 
follow-up its progression. Cross-sectional area of the region 
with edema on a 2D image is one of the most discriminative 
features for the evaluation of progress. However, manual 
techniques necessitate more labor, as well as they’re more 
prone to errors originating from subjective assessment. 

Although the image in Figure 1 (a) contains an easily ob-
servable edema, it is not that straightforward to determine 
the exact position of boundary pixels, because of the 
smoothness of boundaries and complex shape of the region. 

 Aim of the experiments is to test the convergence of the 
algorithm in image domain with meaningful results. Algo-
rithm is applied on selected region of interest (ROI) shown 
in Fig 1 (b) with the input parameters presented on first 
three rows of Table 1. Resulting image is given in Figure 1 
(c), which is a piecewise-smooth version of the original 
image. Boundaries of brain and tumor can easily be ex-
amined from the boundary-set given in Figure 1 (e) and they 
are marked by green curve on Figure 1 (d). Figure 1 (f) 
shows the region inside the boundary surrounding the brain, 
but outside the tumor region. 

                                                           
1 PHILIPS Medical Systems.PHILIPS DICOM Image Server.[Online]. 
2 Laboratory of Neuro Imaging at UCLA.(2009) Segmentation Validation 

Engine.[Online].  
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Lower part of Table 1 shows statistical outputs of the 
procedure. Since Neumann Boundary Condition [11] is 
considered in the algorithm design stage, whole process 
appears to be mean preserving. Stopping condition is de-
fined as Sum of Squared Differences (SSD) being smaller 
than e-5. Decrease in standard deviation and entropy values 
are reasonable since the aim of the process is lowering the 
complexity by eliminating noise and texture components 
over the image. Total Mumford-Shah energy is also reduced 
significantly. 

Two images given in Figure 2 are produced by using 
same set of input parameters, but just altering the selected 
region at the last step. This time, region representing the 
edema is selected and extracted. Computations of horizontal 
and vertical maximum distances along the abnormal region, 
cross-sectional area, and volume on slice are handled auto-
matically using DICOM metadata parameters. Results are 
given on Table 2 in both pixel units and real metrics. 

B. Gray Matter/White Matter Segmentation 

For the purpose of performance evaluation, an original 
brain MRI image (Figure 3 (a)) and its ground truth seg-
mented version (Figure 3 (c)) are acquired from Segmenta-
tion Validation Engine of Laboratory of Neuroimaging at 
UCLA. The challenge here is to extract the white matter 
region from the image in selected ROI. 

Algorithm is applied for the ROI shown by blue rectan-
gle on Figure 3 (b). Resulting boundary set is labeled on the 
same figure. Figure 3 (d) shows the white matter of the right 
hemisphere of the brain in binary form. 

In [12], several metrics for validation of segmentation is 
introduced. 6 of them, namely, Jaccard Similarity, Dice 
Coefficient, Sensitivity, Specificity, False Negative Rate 
(FNR), and False Positive Rate (FPR) are selected among 
those metrics. Values for aforementioned metrics are calcu-
lated using the number of true positives, false positives, true 
negatives, and false negatives by pixel by pixel comparison 
of ground truth image and the resulting image 

Acquired results of performance evaluation step are pre-
sented on Table 3. As observed, total ratio of false decisions 
to all decisions is under 0.08. It is also seen that value of 
dice coefficient is above 0.9, and values of sensitivity and 
specificity are higher than acceptable level. 

IV. CONCLUSIONS 

One of the most crucial steps in the analysis of  
brain MRI images for tissue abnormalities is the image 

Table 1 Information regarding segmentation of image with edema 

INPUTS 
Regularization Factor 100 
Data Fidelity Factor 10 
Edge Complexity Term 0.05 

OUTPUTS 

Iteration Count 20000 
SSD (Rate of change) 1.237e-003 9.695e-006 
Mean Value (ROI) 0.195 0.195 
Standard Deviation (ROI) 0.164 0.156 
Entropy (ROI) 6.090 4.189 
Total MS Energy 2.263e005 6.231e004 

 

Table 2 Information regarding distance and area computation 

METADATA 
Pixel X-Size 0.79861 mm 
Pixel Y-Size 0.79861 mm 
Slice Thickness 5 mm 

COMPUTATIONS 

Max Distance (X-Axis) 
40 px 
31.9444 mm 

Max Distance (Y-Axis) 
57 px 
45.5208 mm 

Cross-Sectional Area 
1154 px 
735.9978 mm2 

Volume On Slice 3679.9888 mm3 

 

(a) 

 

(b) (c) 

 

(d) 

 

(e) (f) 

Fig. 1 (a) Original brain MR image with edema (b) Selected ROI (c) Seg-
mented image (d) ROI, rectangular area surrounding brain tissue and region 

boundaries are labeled (e) Visual representation of v function (f) Binary 
representation of the selected area. 

 

(a) 

 

(b) 

Fig. 2 (a) ROI and boundaries are labeled for edema region (b) Binary 
representation of the edema region. 
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segmentation step. Efficient use of an unsupervised  
algorithm increases accuracy and robustness. It also enables 
non-specialized physicians to acquire standardized results 
independent from input variance. A variant of Mumford-
Shah based segmentation is applied on sample brain MR 
images in order to question and observe these facts. 

It is observed that Ambrosio-Tortorelli approximation to 
Mumford-Shah based segmentation is appropriate for seg-
mentation of soft tissues, since it results with an accuracy of 
higher than 92% and sensitivity and specificity of higher 
than 95%. It is also important for the algorithm to allow 
open boundary formation, preserve the average gray-level, 
and provide robustness by constituting a balance between 
regularization and restoration on the basis of degree of 
complexity in the image domain. 

Search for relations between data fidelity and regulariza-
tion constants and optimality criteria in selection of those 
are considered as our following studies in the field. 
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Table 3 Performance evaluation measures for gray matter/white matter 
separation 

Jaccard 0.851810 Specificity 0.969430 
Dice 0.919970 FNR 0.045817 
Sensitivity 0.954182 FPR 0.030574 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3 (a) Original brain MR image of healthy subject (b) Boundary set and 
the ROI is marked (c) Ground truth segmented image (d) Binary result of 

white matter segmentation. 
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