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Preface

In 2010-2011 we organized several meetings of our ANR project MACK. These
consisted of series of lectures centered around the Kihler—Ricci flow, which took
place, respectively, in

IMT (Toulouse, France), February 2010: mini course by H.-D. Cao:
An introduction to the Kdihler—Ricci flow on Fano manifolds;

LATP (Marseille, France), March 2010: mini course by J. Song:
The Kdihler—Ricci flow on complex surfaces;

CIRM (Luminy, France), February 2011: mini course B. Weinkove:
An introduction to the Kdhler—Ricci flow;

CIRM (Luminy, France), February 2011: mini course J. Song:
Kdihler—Ricci flow and the Minimal Model Program;

IMT (Toulouse, France), June 2011: mini course by D.-H. Phong:
The normalized Kdhler—Ricci flow on Fano manifolds;

IMT (Toulouse, France), June 2011: mini course by S. Boucksom and V. Gued;:
Regularizing properties of the Kdihler—Ricci flow;

FSSM (Marrakech, Morocco), October 2011: mini course by C. Imbert:
Introduction to fully nonlinear parabolic equations;

FSSM (Marrakech, Morocco), October 2011: mini course by V. Gued;:
Convergence of the Kihler—Ricci flow on Kdhler—Einstein Fano manifolds.

There were other lectures on more algebraic aspects (e.g., an introduction to the

Minimal Model Program and finite generation of the canonical ring by S. Druel
at the CIRM), or on elliptic problems (e.g., Moser—Trudinger inequalities by
B. Berndtsson in Marrakech). Some of the speakers have produced a set of lecture
notes, working hard to make them accessible to non-experts. This volume presents
them in a unified way.



vi Preface

It is a pleasure to thank all the participants of these meetings for their enthusiasm
and for creating a very pleasant atmosphere of work. Special thanks of course to the
following lecturers:

¢ Sébastien Boucksom (CNRS and IMJ, Paris, France);

* Huai Dong Cao (Lehigh University, Bethlehem, USA);

* Vincent Guedj (IUF and IMT, Toulouse, France)

e Cyril Imbert (CNRS and Université Paris-Est Créteil, France);
* Duong Hong Phong (Columbia University, USA);

* Jian Song (Rutgers University, Piscataway, USA);

* Ben Weinkove (University of California, San Diego, USA).

We acknowledge financial support from the French ANR project MACK. We also
would like to thank the CIRM and their staff for providing wonderful conditions
of work during the thematic month “Complex and Riemannian geometry,” as well
as the LATP and the IMT for providing “professeur invité” positions (resp. for
H.-D. Cao, J. Song, and D.-H. Phong).

Our last meeting in Marrakech was also extremely useful, we thank the orga-
nizers (Said Asserda and Ahmed Zeriahi), the other speakers (B. Berndtsson,
S. Boucksom, A. Broustet, J.-P. Demailly, S. Diverio, N.C. Nguyen, S. Lamy) as
well as all the participants for their help in creating a successful event.

Paris, France S. Boucksom
Grenoble, France P. Eyssidieux
Toulouse, France V. Gued;j

1 July 2012
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Chapter 1
Introduction

Sébastien Boucksom, Philippe Eyssidieux, and Vincent Guedj

Abstract This book is the first comprehensive reference on the Kéhler—Ricci
flow. It provides an introduction to fully non-linear parabolic equations, to the
Kéhler—Ricci flow in general and to Perelman’s estimates in the Fano case, and
also presents the connections with the Minimal Model program.

1.1 Motivation

1.1.1 Some Historical Remarks

According to Weil [Weil57], the notion of a Kihler manifold, introduced by Kéhler
in 1933 [K&h33], became important through the work of Hodge [Hod41] that
put on a firm footing the theorems of Lefschetz on the topology of complex
projective manifolds [Lef24]. As Hodge remarks, the introduction of a metric
on a complex projective manifold is a somewhat artificial operation. However
artificial, this operation turned out to be very fruitful. Kodaira developed Hodge’s
ideas into his famous theorem giving a differential geometric characterization of
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Institut de Mathématiques de Jussieu, CNRS-Université Pierre et Marie Curie, 4 place Jussieu,
75251, Paris, France
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Institut Fourier and Institut Universitaire de France, Université Joseph Fourier, 100 rue des Maths,
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2 S. Boucksom et al.

complex projective manifolds; this, together with Hsrmander’s L?-estimates for the
é-equation, now form the basis of a unified approach to complex algebraic geometry
and complex analysis (see for instance the book [Dem09]).

Hodge’s remark raised the question of constructing canonical metrics on complex
projective manifolds (or more generally on compact manifolds of Kihler type).
Obvious candidates for such canonical metrics are Kihler—Einstein metrics that
were actually introduced in [K&h33]. A more sophisticated guess for canonical
Kihler metrics (in a given Kihler class) is Calabi’s theory of extremal metrics. Their
investigation is a very active field nowadays, which lies outside the scope of these
lecture notes except for the Kéihler—Einstein case.

1.1.2 Kihler-Einstein Metrics

A Kihler—Einstein metric on a complex manifold X is a Kéhler metric g whose
Ricci tensor is proportional to the metric tensor. The Kihler assumption is
unnecessary for this definition to make sense, and Einstein metrics are indeed
classical objects in Riemannian geometry (see [Bes87]). They were introduced in
Lorentzian geometry by Einstein, the proportionality constant being known as the
cosmological constant in that context.

If (X, a))' is a compact Kéhler—Einstein manifold of complex dimension n, the
cosmological constant is essentially

ng)(cl(x){w}”—l//x{w}",

a topological invariant of the pair (X,{w}) where {®w} € H"“'(X,R) is the
cohomology class of w.

If § is negative, the manifold is canonically polarized (i.e. its canonical bundle
Kx is ample), and {®} € R.oc;(X). Canonically polarized manifolds form a rather
special class of varieties of general type: in dimension one, a compact Riemann
surface is canonically polarized if and only if its genus g satisfies g > 2 and carries a
unique Kdhler—FEinstein metric of curvature —1, its hyperbolic metric. By a theorem
of Aubin and Yau, every canonically polarized complex projective manifold carries
a unique Kihler-Einstein metric (up to scaling).

This celebrated work uses the reduction of the Kihler—Einstein equation to
a complex Monge—Ampere equation (a scalar fully nonlinear elliptic equation).
In fact, Kihler’s original article already pointed out that solutions to a complex
Monge—-Ampere equation could furnish solutions to Einstein equations (which are
not scalar) and ends with the formulation of the general problem of studying this
equation. He also introduced the locally symmetric metric of the complex ball as a
Kihler-Finstein metric.

'We follow the convention to specify a Kihler metric g on a complex manifold by the associated
closed (1,1)-form w.
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A Kihler-Einstein metric satisfies § = 0 if and only if ¢;(X) = 0. One then
has to specify the Kdhler class of the Kdhler-Einstein metric and it is a celebrated
theorem of Yau that, given X a compact Kahler manifold such that ¢;(X) = 0,
every Kahler class contains a unique Ricci flat metric [ Yau78].

If § is positive, the underlying manifold X is Fano and {w} € R.oci(X).
In dimension one, a Fano manifold is a projective line and its Kéhler—FEinstein
metrics are the Fubini-Study metrics. The Fano case is well known to be harder,
and an algebro-geometric characterization of Kéhler—Einstein Fano manifolds is still
unknown and an intense subject of study. The case of surfaces was settled by Tian
[Tian90] but the three-dimensional case is still open at the time of this writing.”

1.1.3 The Ricci Flow Approach

In Riemannian geometry, Hamilton [Ham82] introduced the Ricci flow

z—f = —2Ric(g),

and the development of his ideas gave rise to Perelman’s proof of the Poincaré
conjecture in three-dimensional topology. Bando observed that the Kéhler condition
is preserved under Hamilton’s Ricci flow, hereby defining the main topic of these
lecture notes: the Kéahler—Ricci flow. To achieve this, Bando wrote out a scalar
parabolic equation satisfied by the Kéhler potential of the Kéhler—Ricci flow. This is
a parabolic version of the complex Monge—Ampere equation solved in [ Yau78§].

The convergence of the Kihler—Ricci flow to the canonical Kéhler—Einstein
metric on a compact Kéhler manifold X with ¢;(X) < 0 or ¢;(X) = 0 was
established by Cao [Cao85], and through the work of many authors the Kihler—Ricci
flow became a major tool in Kéhler geometry.

1.1.4 A New Hope?

It turns out that most results on the Kdhler—Ricci flow on general type man-
ifolds have been proved assuming that the Minimal Model Program (MMP)
works. Although the canonical singular Kihler—Finstein metric [EGZ09] can be
constructed unconditionnally [BEGZ10], its regularity properties can only be
established using the existence of a minimal model proved in [BCHM10].

>The equivalence between K-polystability and the existence of a Kihler—Einstein metric has
recently been announced by Chen—Donaldson—Sun and Tian, independently.
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In a similar fashion, Song and Tian [ST12] rely on the existence of flips to
establish long time existence of the Kidhler—Ricci flow with surgeries on projective
varieties with non-negative Kodaira dimension, and the behaviour of the Iitaka
fibration as predicted by the abundance conjecture to establish convergence to a
canonical current.

An approach to the MMP via Kihler—Einstein geometry had been advocated by
Tsuji in the pre-BCHM era, and Song—Tian’s convergence theorem suggests a way
to construct the Iitaka fibration as the kernel foliation of the limit of the K&hler—Ricci
flow. As far as the MMP for Kéhler non-algebraic manifolds is concerned, the
Kihler—Ricci flow is actually one of the few tools that could be used. There is
obviously a long way before these dreams come true.

1.2 Contents

The ambition of these notes is to produce a reference for the foundations of the
Kihler—Ricci flow and a guide to some recent developments. The lack of such a
reference appeared clearly during the workshops that were organized by the editors
of the present volume.

1.2.1 Organisation

The volume is divided into five chapters, as follows.

1.2.2 Chapter 2

The Kihler—Ricci flow being equivalent to a scalar fully nonlinear parabolic partial
differential equation, it is important to have an overview of the general theory of
such equations.

Chapter 2 contains a contribution of C. Imbert and L. Silvestre fulfilling this
need, concentrating on three fundamental problems: Schauder estimates (regularity
theory in Holder classes), viscosity solutions (existence and uniqueness of weak
solutions), and Harnack inequalities.

1.2.3 Chapter 3

This chapter contains a contribution of Song and Weinkove that surveys the
fundamental estimates in the Kéhler—Ricci flow and its long time existence theory.
This lays the basis of the fascinating analytification of the Minimal Model Program
that was conjectured by Tian as a Kidhler analogue of Perelman’s approach to
Thurston’s Geometrization Conjecture and established in part in [ST09]. Song and
Weinkove go on discussing their recent contributions in this direction [SW10].
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1.2.4 Chapter 4

In order to connect the Kdhler—Ricci flow to the Minimal Model program, it is
necessary to be able to work on varieties with mild singularities (terminal and
Q-factorial, at least), since minimal models of algebraic varieties with non-negative
Kodaira dimension have these kind of singularities in dimension greater than 2.
Chapter 4 contains a contribution of Boucksom and Guedj presenting in detail the
construction of the Kihler—Ricci flow on such mildly singular varieties, following
Song and Tian’s work [ST09]. After passing to a resolution of singularities, the
result boils down to an existence and uniqueness result for certain degenerate
parabolic complex Monge—Ampere equations. An illustration of the regularizing
properties of such equations is proposed along the way, following [SzTo11].

1.2.5 Chapter 5

This chapter contains a contribution of Cao that surveys the Kéhler—Ricci flow
on Fano manifolds (long time existence, Li—Yau—Hamilton inequalities, etc.),
culminating with an exposition of Perelman’s estimates.

The latter are of central use in the study of the long time behavior of the (correctly
normalized) Kdhler—Ricci flow of Fano manifolds.

1.2.6 Chapter 6

This final chapter, written by Guedj, explains the proof of Perelman’s convergence
theorem: on a Kéhler—Einstein Fano manifold without non trivial holomorphic
vector fields, the normalized Kéhler—Ricci flow converges in C* topology to the
unique Kéhler—Einstein metric.

As far as weak convergence is concerned, an alternative approach due to
[BBEGZI11] is presented, which can also be used on singular Fano varieties.
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Chapter 2
An Introduction to Fully Nonlinear Parabolic
Equations

Cyril Imbert and Luis Silvestre

Abstract These notes contain a short exposition of selected results about parabolic
equations: Schauder estimates for linear parabolic equations with Holder coeffi-
cients, some existence, uniqueness and regularity results for viscosity solutions
of fully nonlinear parabolic equations (including degenerate ones), the Harnack
inequality for fully nonlinear uniformly parabolic equations.

2.1 Introduction

The literature about parabolic equations is immense and it is very difficult to have
a complete picture of available results. Very nice books such as [LSU67, Kryl87,
Dong91,Lieb96] are attempt to gather and order the most significant advances in this
wide field. If now one restricts himself to fully nonlinear parabolic equations, the
task is still almost impossible. Indeed, many results proved for parabolic equations
were first proved for elliptic equations and these results are numerous. We recall
that many problems come from geometry; the reader is referred to the survey paper
[Kryl97] where Krylov gives historical and bibliographical landmarks.

In these notes, we will focus on three specific topics concerning parabolic
equations: Schauder estimates for linear parabolic equations (following Safonov
[Saf84] and the textbook by Krylov [Kryl96]), viscosity solutions for fully nonlinear
parabolic equations (see e.g. [CIL92]) and the Harnack inequality for fully nonlinear
uniformly parabolic equations.

C. Imbert (<)

CNRS, UMRS8050, Université Paris-Est Créteil Val-de-Marne, Centre de mathématiques,
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2.1.1 Main Objects and Notation

Geometric Objects

We first consider a connected open bounded set  C RY. We refer to such a set as a
domain. A domain is C2 if, locally, the boundary of the domain can be represented
as the graph of a function with two derivatives that are a-Ho6lder continuous.

Parabolic equations are considered in cylindrical domain of the form (0, 7') x €.
The parabolic boundary of (0, T') x Q2 is denoted by 9, (0, T') x 2; we recall that it
is defined as follows

0,(0,T) x Q = {0} x QU (0,T) x 0Q.
The open ball of R? centered at x of radius p is denoted by B o(x). If x =0, we

simply write B,,. The following elementary cylindrical domains play a central role
in the theory: for all p > 0 and x € R?, we define

Qp(t,x)=(t - 0%, 1) X B,(x).
When we write Q,, we mean Q,(0, 0). It is also convenient to write
Qp(tsx) = (t,x) + 0,

and

Q, = p0.

A Linear Operator

The general parabolic equation considered in Sect. 2.2 involves the following linear
operator

u

32
8x,~ an

9
Lu= Za,j(z,x) + Zb,-(t,x)a—; +e(t, X
L] 1

The set of d x d real symmetric matrices is denoted by S;. The identity matrix
is denoted by 1. For A, B € S;, A > B means that all the eigenvalues of A — B are
non-negative.

Unknown functions u : (0, 7) x  — R depend on two (set of) variables: t € R
and x € RY. It is convenient to use a capital letter X to refer to (¢, x) € RY*1,



2 An Introduction to Fully Nonlinear Parabolic Equations 9

The time derivative of u is either denoted by % or d;u or u;. Du denotes the

gradient of the function u with respect to the space variable x. D?u denotes the
Hessian matrix of the function u with respect to x.
The linear operator introduced above can be written as follows

Lu = trace(AD?u) + b - Du + cu

where A = (a;);;.

Holder Spaces and Semi-norms

We say that u € C%*(Q) for Q C (0,T) x Q if u is 5-Holder continuous
with respect to time ¢ and «-Holder continuous with respect to space x. The
corresponding semi-norm is denoted by [u]«,o. See Sect. 2.1.4 for details.

2.1.2 Fully Nonlinear Parabolic Equations

We first emphasize the fact that we will not consider systems of parabolic equations;
in other words, we will focus on scalar parabolic equations. This means that the
unknown function # will always be real valued. We also restrict ourselves to second
order parabolic equations.

We consider parabolic equations posed in a domain @ C R?; hence, unknown
functions u are defined in (0,7) x Q with T € [0,00]. In order to construct
solutions and prove uniqueness for instance, initial and boundary conditions should
be imposed. However, we will very often not specify them.

Fully nonlinear parabolic equations appear in optimal control theory and geom-
etry. Here are several significant examples.

e The Bellman equation

0%u du
du+supqy— ) aji(x + ) bf(x)— ¢ +Au=0.
o sup ZJ 5 Z g T
* The mean curvature equation
D*uDu - Du

ou= Au= Dul?
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* The parabolic Monge—Ampere equations proposed by Krylov in [Kryl76]

9
_a_? det(D%u) = H+!
ou d+1
—det(D%u) + [5 + H} =0 .1
—det (Dzu — %1) = H*
ot

where H = H(¢, x, Du) is a nonlinear first order term.
* For the study of the Kédhler—Ricci flow, one would like to study:

% — In(det(D%)). 22)

2.1.3 Aim of These Notes

Our goal is to construct solutions and study their regularity. One would like
to construct classical solutions, that is to say solutions such that the derivatives
appearing in the equation exist in the classical sense and satisfy the equation. But
this is not always possible and it is sometimes (very often?) necessary to construct
weak solutions. They are different notions of weak solutions; we will focus in these
notes on so-called viscosity solutions. The advantage is that it is easy to construct
such solutions. One can next try to prove that these solutions are regular.

Before 1988 (date of publication of [Jens88]), it was popular (necessary) to
construct solutions of fully nonlinear elliptic (or parabolic) equations by using the
continuity method. To apply it, it is necessary to get appropriate a priori estimates
(on third derivatives for instance, or on the modulus of continuity of the second
ones).

The situation changed dramatically when Jensen [Jens88] managed to apply the
viscosity solution techniques of Crandall-Lions [CL81] to second order elliptic
and parabolic equations. In particular, he understood how to adapt the so-called
doubling variable techniques to prove uniqueness. Ishii also contributed to this
major breakthrough. The reader is referred to the survey paper [CIL92] for further
details.

Before presenting the viscosity solution techniques and some selected regularity
results for these weak solutions, we will present shortly the classical Schauder
approach to linear parabolic equations.
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2.1.4 Spaces of Holder Functions

Because we study parabolic equations, Holder continuity of solutions refers to
uniform continuity with respect to

p(X,Y) = /|t —s|+ |x —y]

where X = (¢,x) and Y = (s, y). In other words, solutions are always twice more
regular with respect to the space variable than with respect to the time variable.

Remark 2.1.1 (Important). The reader should keep in mind that, following Krylov
[Kryl96], we choose to write u € C 0. for functions that are o-Holder continuous
in x and §-Holder continuous in 7. This choice is made first to emphasize the link
between regularities with respect to time and space variables, second to simplify
notation.

Let Q C (0,T)x Qand @ € (0, 1].

s u € C%(Q) means that there exists C > 0 s.t. forall (¢, x), (s, y) € Q, we have
Ju(t. x) = u(s, )| = C(It = 5|7 + |x = y[*).

In other words, u is %-Hﬁlder continuous in ¢ and «-Holder continuous in x.

e u € C"¥(Q) means that u is D‘T+1-H(51df:1r continuous in ¢ and Du is a-Holder
continuous in x.

s u € C>%(Q) means that g—’t‘ is 5-Holder continuous in 7 and D?u is a-Holder
continuous in x.

We also consider the following norms and semi-norms.

oo = sup |u(X) —u(Y)]
“e xreoxzy PX,Y)

lulo.0 = sup [u(X)|
Xeo

ou
e = | 5|+ 1D%ho
a,0
ou )
|u|24a,0 = lulo,0 + 5 + [Dulo,o + |D"ulo.0 + [u]24a.0-
0,0

We will use repeatedly the following elementary proposition.

Proposition 2.1.2.

[uv]e.0 < lulo.o[V]e.0 + |Vl0.0[Ula.0
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and fork = 0,2,

[+ V]ita.0 < [Uli+a.0 + [V]kta.0-

The following proposition implies in particular that in order to control the norm
|tt|244,0, it is enough to control |u|o,o and [u]r4q4,0-

Proposition 2.1.3 (Interpolation inequalities). For all ¢ > 0, there exists C(g) >
0 s.t. forallu € C>°,

LMoo < elulorao + C(@)|uloo.
[Dule.o < elu]z+a.0 + C(&)|ufo,0. (2.3)
[ulo,o = élu]z+a,0 + C(e)|ulo.o-

The following proposition is a precise parabolic statement of the following
elliptic fact: in order to control the Holder modulus of continuity of the gradient of
u, it is enough to make sure that, around each point, the function u can be perturbed
linearly so that the oscillation of u in a ball of radius r > 0 is of order '™,

Proposition 2.1.4 (An equivalent semi-norm). There exists C > 1 such that for
allu € C*%(Q),

C_l [u]/2+oz,Q = [u]2+a,Q = C[“]/2+a,Q
where

(W00 = sup sup pe

inf |lu— P
€Q p>0 Pe7>2| |0»Qp(X)ﬂQ

where
1
’Pzz{ott+p-x+EXx-x—}—c:a,ceR,pERd,XESd}.

The reader is referred to [Kryl96] for proofs of the two previous propositions.

2.2 Schauder Estimates for Linear Parabolic Equations

In this first section, we state a fundamental existence and uniqueness result for linear
parabolic equations with Holder continuous coefficients.

The proof of this theorem is rather long and presenting it completely is out of the
scope of the present lectures notes. Instead, we would like to focus on two particular
aspects: uniqueness and interior estimates.
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The uniqueness of the solution is proved by using a maximum principle
(Sect.2.2.3), the existence can be obtained through the continuity method. This
method relies on the proof of the “good” a priori estimate (2.4) on any C > solution.
This estimate is global in the sense that it deals with what happens at the interior
of (0,7) x @ and at its boundary. In Sect.2.2.5, we focus on what happens in
the interior of the domain. Precisely, we present a complete proof of the interior
Schauder estimate in the general case. It relies on Schauder estimates for parabolic
equations with constant coefficients. The derivation of these estimates are presented
in Sect. 2.2.4 by studying first the heat equation. We present here an argument due
to Safonov circa 1984.

2.2.1 Linear Parabolic Equations

The standing example of linear parabolic equations with constant coefficients is the
heat equation

2 Au=
o Au=J

where f is a source term. The general form of a linear parabolic equation with
variable coefficients is the following

Za,,( ) o —Zb(X)——c(X)u—O
where
c<0
and A(X) = (a;(X));; is a symmetric matrix satisfying one of the following
assumptions

¢ (Degenerate ellipticity) for all X, A(X) > 0;
* (Strict ellipticity) there exists A > 0 s.t. forall X, 1 A(X) > A[;
¢ (Uniform ellipticity) there exists A > A > 0 s.t. forall X, ATA(X) < Al.

We recall that I denotes the identity matrix and if A, B € S;, A > B means that all
the eigenvalues of A — B are non-negative.
It is convenient to consider the linear differential operator L defined as follows

Lu= ZaU(X) +Zb (X)— + c(X)u.
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2.2.2 A Fundamental Existence and Uniqueness Result

In this subsection, we state a fundamental existence and uniqueness result for linear
parabolic equation with Holder continuous coefficients. Such a result together with
its proof can be found in various forms in several classical monographs such as
[LSU67, Kryl96]. We choose here to present the version given in [Kryl96].

In the following statement, R‘fl denotes [0, +00) X R4,

Theorem 2.2.1. If Q is a C2% domain and the coefficients A,b,c € C¢
((0.7) x Q) and f € C*R4T), g € C*F((0,T) x Q), h € C**(RY), and
g and h are compatible (see Remark 2.2.3 below), then there exists a unique
solutionu € C>*(Q) of

B Au=f in(0,T)xQ

u=g on (0, +00) x 0
u=nh on {0} x Q.
In addition,
[Ul24a0.1)x0 < C(|f|a,R‘f‘ + |glota0.1)x@ + |Alryard) (2.4

where C = C(d, A, K, a, pp, diam(2)) and K = |Als,0.r)xe + |bls,0rxe +
le]s.0.1)xq and po is related to the C** regularity of the boundary of Q.

Remark 2.2.2. The inequality (2.4) is called the (global) Schauder a priori estimate.

Remark 2.2.3. The fact that data g and /& are compatible has to do with conditions
ensuring that a solution which is regular up to the boundary can be constructed.
Since we will not address these problems, we refer the interested reader to [LSU67,
Kryl96] for a precise definition.

2.2.3 Maximum and Comparison Principles

Maximum principles are powerful tools to study elliptic and parabolic equations.
There are numerous statements which are not equivalent. We choose the follow-
ing one.

Theorem 2.2.4 (Maximum principle). Consider a bounded continuous function
u:(0,T)x Q — R such that g—’t‘ exists at each point of (0, T) x Q and Du, D’u
exist and are continuous in (0, T) x Q.
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If

%—LufOin(O,T)xQ

u<00nd,(0,7)xQ

thenu < 0in (0,T) x Q.

Remark 2.2.5. The set 9,(0,T) x  is the parabolic boundary of the cylindrical
domain (0, T') x 2. Its definition is recalled in the section devoted to notation.

Proof. Fix y > 0 and consider the function v(¢, x) = u(t,x) — 7. Assume that
v is not non-positive. Then its maximum M on (0, T') x € is positive. It is reached,
and it cannot be attained for t = O or x € 92 sincev <u <00n d,(0,7) x Q. It
can neither be attained for t = T since v — —oo as t — T —. We conclude that the
maximum is attained for some ¢ € (0, T) and x € Q. In particular,

B_U
ot
0 = Duv(t,x) = Du(t, x)

_ Ou y
(t.x) = (6. %) — 5

0= T -1

0> D?v(t,x) = Du(t, x).
Remark that since A is (uniformly) elliptic, the linear operator satisfies
Lu(t, x) = trace(AD?*u) + b - Du + cu = trace(AD?u) + cu < trace(AD*u) < 0

since u(t,x) > v(t,x) > 0,c <0, A > 0and D?u(t, x) < 0. We now use the fact
that u satisfies % — Lu <0in (0,T) x L to get the desired contradiction:

Ju
(TVT)Z = 5-(t.3) < Lu(.x) <0.

Since y is arbitrary, the proof is complete. O

We now state two corollaries. The first one will be the starting point of the second
section (Sect. 2.3). In the framework of linear equation, it is a direct consequence of
the previous result.

Corollary 2.2.6 (Comparison principle I). Consider two bounded continuous
functions u and v which are differentiable with respect to time and such that first
and second derivatives with respect to space are continuous. If
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%—Luﬁfin(O,T)xQ (2.5)

ad
a—lt)—LvZfin(O,T)xQ

andu <vind,Q, thenu <vin (0,T) x Q.

Remark 2.2.7. Remark that this corollary implies that as soon as u satisfies (2.5),
it lies below any solution of % — Lu = f. This is the reason why it is referred to
as a subsolution of the equation % — Lu = f. In the same way, v lies above any

solution and is referred to as a supersolution.

Remark 2.2.8. In view of the previous remark, we can reformulate the result of
the previous corollary as follows: if a subsolution lies below a supersolution at the
parabolic boundary then it lies below in the whole cylindrical domain.

The next result contains a first estimate for solutions of linear parabolic equa-
tions.

Corollary 2.2.9 (A first estimate). Consider a bounded continuous solution u of
g—’t‘ — Lu = fin (0,T) x Q. Assume moreover that it is differentiable with respect
to time and continuously twice differentiable with respect to space. Then

lulo.o.ryx < T flo.r)xe + 1€lo.s,0.1)xa-
Sketch of proof. Consider vE = u & (|glo.0,0.1)xe + | f l0.0.r)x«) and check that

v is a supersolution and v~ is a subsolution. Then the previous corollary yields the
desired result. O

2.2.4 Schauder Estimate for the Heat Equation

2.24.1 Statement and Corollary

The “interior” Schauder estimate for the heat equation takes the following form.

Theorem 2.2.10. Let o € (0, 1) and consider a C*® function u : R+ — R with
compact support and define f = g—’t‘ — Au. Then there exists a constant C > 0 only
depending on dimension and o such that

[u]z_i_a’Rd-ﬁ-l S C[f]ade+l .

It is then easy to derive a similar “interior”” Schauder estimate for linear uniformly
parabolic equation with constant coefficients and no lower order term.
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Corollary 2.2.11. Let « € (0,1) and assume that A = Ay in R and b = 0,
¢ = 0. Then there exists a constant C > 0 only depending on dimension and a such
that for any C*° function u with compact support

[Ulptoritt < C[flyrati

where [ = g—’t‘ — Lu.

Sketch of proof. The proof consists in performing an appropriate change of coor-
dinates. Precisely, we choose P € S, such that 4y = P2 and consider v(z, x)
= u(t, Px). Then check that Av = trace(49D?u) = Lu and use Theorem 2.2.10.

O

2.2.4.2 Two Useful Facts

Before proving Theorem 2.2.10, we recall two facts about the heat equation. We
recall first that a solution u € C* of

— —Au=f
r Au=/

with compact support included in (0, +-00) x R¥, can be represented as

u(t,x) = /o /]Rd G(s,y) f(t —s,x — y)dsdy

where

_?
G(t,x) = —(4th)d/2e
We write in short hand
u=Gxf,

keeping in mind that G should be extended by O for # < 0 in order to make this
rigorous. This formula can be justified using Fourier analysis for instance.

Factl. Forany0 <p <R,
|G * 1g,zl0.0,z0) < CR?

where 19,z (Z) = 1if Z € Qr(Zy) and 0 if not.
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Fact 2. There exists a constant C > 0 such that any solution of% = Ahin Qr(0)
satisfies

" s 10,0 0)
D h(O)‘ < C o

where a = (@1, ...,a), |a| =), a; and D*h = gy—%l e %h.
This second fact can be proved by using Bernstein’s techniques. See [Kryl96,
Chap. 8, p. 116].

2.2.4.3 Proof of the Schauder Estimate

The following proof is due to Safonov circa 1984. It is presented in [Kryl96]. Krylov
says in [Kryl97] that “[he] believes this proof should be part of a general knowledge
for mathematicians even remotely concerned with the theory of PDEs”.

Recall that the C % regularity can be established “pointwise”. Indeed, in view of
Proposition 2.1.4, it is enough to be able to find a polynomial P which is linear in
time and quadratic in space such that the oscillation of the difference between « and
P decreases as p>*“ in a box of size p. The natural candidate for P is the “second
order” Taylor polynomial of the function itself. The idea of Safonov is to perturb
this natural candidate in order to reduce to the case where f = 0.

Proof of Theorem 2.2.10. Without loss of generality, we can assume that the com-
pact support of u is included in (0, +00) x R?.

Take Xo € R*! p > 0and K > 1 to be specified later. Let Q denote
O (k+1)p(Xo) and take ¢ € C°°(RY*!) with compact support and such that { = 1
in Q.

We consider the “second order” Taylor polynomial associated with a function w
at a point X = (¢, x)

Txw(s,y) = w(X)+w (X)(s—1)+ Dw(X)-(y —s) + %DZW(X)(y—X)'(y—X)-

‘We now consider

g = (CTX()u)t - A(CTXOM)-

In view of properties of ¢,

g = f(Xo)in Q.
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Keeping this piece of information in mind, we can write for X € Q,

u_TXou:”_CTXou:G*(f_g)
=h+r

with
h=Gx((f—-81g) and r=Gx*((f— f(X0)lp)
where Q¢ = R?*!\ Q. Remark in particular that
hi —Ah=0in Q.
Now we estimate
lu — Txyu — Txyhlo.0,x0) < |h — Txohlo.0,x0) + 17l0.0,(x0)

and we study the two terms of the right hand side.
We use Fact 1 to get first

|r|0qu(X()) = [f]oc,Q(K + l)apoch * 1Q|0,QP(X0)
< C(K + 170> [ fla0-

We now write for X € Q,(Xo),

19

(2.6)

2.7

h(X) = h(Xo)+hi(0,x)(t —10) + Dh(Xo) - (x — xo) + %Dzh@)(x—xO)-(x—xO)

for some 6 € (f,¢) and ® = (1, yo) € Q,(Xo). Hence, we have

h(X) — Tx,h(X) = (h:i (6. x) — hi(X0))(1 — 10)

+ 3 (D?(©) = Dh(Xo)(x — %) - (x — x0)

from which we deduce

[h(X) = Tx,H(X)| < p*[h (6, x) = hi(Xo)| + p*| D*h(©) — D*h(Xo)|.

2.8)
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We now use Fact 2 in order to get

2 ph

32
—h
at

ot? te

0,0,(Xo)

|h — Tx,hlo.0,xp) < o (PZ

Ova(XO))
+Cp’|D*hlo.0,(x0)

< C('(Kp)™ + p*(Kp)™> + p*(Kp))Ihlog

<C(K™* 42K ¥|hloo

< CK|hlog
by choosing K > 1. We next estimate |4y o as follows

|nlo.o < |lu—Txou—rloo < |u—Tx,ulo.o + |rlo.0
< C(K + D™ 0> ([ulz4a.0 + |[flu0)

where we used (2.8) for u instead of & and we used (2.7). Then, we have

(K + 1)2+a
K3

Combining (2.6), (2.7) and (2.9), we finally get

|h — Txyhlo.0,x) = C P> ([Ula4a0 + [flu0)-

p_(2+a)|lxt — TX()u - TX()h|0,Qp(X0) S C(K + 1)2+a[f]a’Q

(K+ 1)2+a
T

2.9

([ul240.0 + [fa.0)-

In view of Proposition 2.1.4, it is enough to choose K > 1 large enough so that

(K + 1)>*
T

=

N =

to conclude the proof of the theorem.

2.2.5 Schauder Estimate in the Case of Variable Coefficients

Theorem 2.2.12. Consider a function u € C>*((0,T) x R?) for some a € (0, 1).

Then there exists C = C(d, «) such that

[“]2+a,(0,T)><]R“’ <C ([f]a,(o,r)de + |”|0,(0,T)><Rd)

where [ = g—’t‘ — Lu.



2 An Introduction to Fully Nonlinear Parabolic Equations 21

Remark 2.2.13 (Notation). In the remaining of this subsection, it is convenient to
write semi-norms as [+ 44 instead of [ 14 (0. 7)xre» £ = 0, 2. In the same way, |- |o
Stands for | . |0,(0,T)X]Rd'

Remark 2.2.14. Recall that by Corollary 2.2.9, one has
lulo < T'luy — Lulo + |u(0, ) [opa-

Before giving a rigorous proof, we would like first to explain the main idea.

Main idea of the proof of Theorem 2.2.12. Assume first that there are no lower
order terms (¢ = 0 and b = 0).

In a neighbourhood of X, € R?*!, the coefficients of the linear operator L are
frozen: the linear operator with constant coefficients is denoted by L. If X is close
to Xy, then L is not very far from L and this can be measured precisely thanks to
the Holder continuity of coefficients.

Use first Corollary 2.2.11:

[Uote < Clus — Lou]y < Cluy — Lu]y + C[Lu — Lou]y.
Now control [Lu — Loyu], thanks to [u],+, and conclude.
Next, lower order terms are treated by using interpolation inequalities. O

Let us now make this precise and rigorous.

Proof of Theorem 2.2.12. We first assume that » = 0 and ¢ = 0. Let f denote
du
= — Lu.
A
Let ¢ € (0,7/2) and y < ¢/2 be a positive real number to be fixed later and

consider X; and X, such that
[Ue]g (e 7—e)xre = 20(X1, X2) ™| (X1) — ur (X2)|

where we recall that p(X1, X3) = /|t — 62| + [x1 — x2| if X; = (¢, x;),i = 1,2.
If p(X1, X2) > y, then we use interpolation inequalities (2.3) in order to get

[Ue]o (e, 7—e)xrd < 27 |uelo

1
< Z[u]2+a + C(y)|ulo.

If p(X1, X2) < y, we consider ¢ € C°(R¢*!) with compact support such that
(X)) = 1if p(X,0) < 1and {(X) = 0if p(X,0) > 2. We next define £(¢, x)
= C(y72(t — 1),y ' (x — x1)). In particular, £(X) = 1if p(X,X;) < y and
§(X) =0if p(X, X1) = 2y.
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Now we use Corollary 2.2.11 in order to get

(U)o, (e 7—e)xre = 20(X1, X2) ™| (X1) — ur (X2)|
=< 2[(ué)]2+a
< 2C[(u§); — L(X1)(ub)]a
< 2C[(u€), — L(ué)]a + 2C[(L(X1) — L) (uf)]a- (2.10)

We estimate successively the two terms of the right hand side of the last line. First,
we write

() — L(ué) = &§f +u(§ — LE) —24Du- D§

since L(u§) = uL& +&Lu+2ADu- DE. Using interpolation inequalities (2.3), this
implies

[@&): — L(ué)]e < C(Y)([f]a + [ule + [Dula)
<y [ulrta + CY)([fla + lulo). (2.11)

We next write
(L(X,) — L)(u§) = trace[(A(X1) — A(X))D*(uf)]

and for X such that p(X;, X) < 2y, we thus get thanks to interpolation inequali-
ties (2.3)

[(L(X1) — L)(ué)]e < Cy*[D*(ué)]y + C|D*(u)lo
< Cy*[ulata + C(y)|ulo. (2.12)

Combining (2.10)—(2.12), we finally get in the case where p(X1, X3) <y,

il e 7—e)xre = Cy*[ula+a + C()([f ] + lulo)-

We conclude that we have in both cases

[ti]o e 7—epxra = (Cy* + 1/Dulata + C()([f o + |ulo)-

We can argue in a similar way to get

(DUl (o7 —eyaret < (Cy* + 1/ Dulota + COI([fla + lulo).
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Adding these two inequalities yield

[Uoga e 7—e)xre < (CY* +1/2)[ulo+a + C)([f o + lulo)-

Now choose y such that Cy* < 1/4 and get

3
[U]2 4 e.7—e)xmre = Z[M]2+a + C([f]a + lulo).

Taking the supremum over ¢ € (0, 7/2) allows us to conclude in the case where
b=0andc =0.
If now b # 0 and ¢ # 0, we apply the previous result and get

[ulo4+o < C([f + b -Du+ culy + |ulo).

Use now interpolation inequalities once again to conclude. O

2.3 Viscosity Solutions: A Short Overview

Viscosity solutions were first introduced by Crandall and Lions [CL81]. This notion
of weak solution enabled to characterize the value function of an optimal control
problem as the unique solution of the corresponding first order Hamilton—Jacobi
equation. An example of such an equation is the following one

du 1 )
5 ToPul’ + V() =0 (2.13)

for some continuous function V. The viscosity solution theory is also by now a
fundamental tool for the study of nonlinear elliptic and parabolic equations.

2.3.1 Definition and Stability of Viscosity Solutions

2.3.1.1 Degenerate Ellipticity

We recall that linear parabolic equations in non-divergence form have the following
general form

Ju
= Lu=
ot u=/f
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with
Lu = trace(AD*u) + b - Du + cu

with A > 0 (in the sense of symmetric matrices).
We now consider very general nonlinear parabolic equation of the form

9
B—Lt’ + F(t,x,Du, D*u) = 0 (2.14)

where we assume that the nonlinearity F : (0, T) x 2 xRY xS; — R is continuous
and satisfies the following condition

ASB:F(vavpsA)ZF(vavpsB) (215)

In other words, the nonlinearity F is non-increasing with respect to the matrix
variable. We say that F is degenerate elliptic.

Remark 2.3.1. In the case of parabolic Monge—Ampere equations such as (2.1) or
(2.2), the nonlinearity is well-defined and degenerate elliptic only on a subset of
Sa; precisely, it is only defined either on the subset S;i" of semi-definite symmetric
matrices or on the subset Sj[+ of definite symmetric matrices. Hence, solutions
should be convex or strictly convex.

2.3.1.2 Semi-continuity

Consider an open set O C R?*!. We recall that u is lower semi-continuous at (¢, x)
if, for all sequences (s, y,) — (¢, x),

u(t,x) < liminfu(s,, y,).
n—o0

In the same way, one can define upper semi-continuous functions. Very often, the
previous inequality is written

u(t,x) < (lim inf)u(s, y).

s,y)—=>(t,.x

If u is bounded from below in a neighbourhood of Q, one can define the lower semi-
continuous envelope of u in Q as the largest lower semi-continuous function lying
below u. It is denoted by u,. Similarly, the upper semi-continuous envelope u* of a
locally bounded from above function u« can be defined.



2 An Introduction to Fully Nonlinear Parabolic Equations 25

2.3.1.3 Definition(s)

In this paragraph, we give the definition of a viscosity solution of the fully nonlinear
parabolic equation (2.14). We give a first definition in terms of test functions. We
then introduce the notion of subdifferentials and superdifferentials with which an
equivalent definition can be given (see Remark 2.3.8 below).

In order to motivate the definition of a viscosity solution, we first derive necessary
conditions for smooth solutions of (2.14).

Consider an open set @ C R?*! and a function u : @ — R which is C' with
respect to ¢ and C? with respect to x. Consider also a function ¢ with the same
regularity and assume that # < ¢ in a neighbourhood of (¢, x) € Q and u = ¢ at
(z,x). Then

¢ _ Ou
E(I’X) - g(t,x)

D¢(t,x) = Du(t, x)
D2¢(t, x) > D?u(t, x).

Using the degenerate ellipticity of the nonlinearity F', we conclude that

%—(f(t,x) + F(t,x,D¢(t,x), D>¢(t, X))

< %(r,x) + F(t,x,Du(t, x), Du(t, x)) = 0.

A similar argument can be used to prove that if # > ¢ in a neighbourhood of (z, x)
with u(t, x) = ¢ (¢, x) then the reserve inequality holds true. These facts motivate
the following definitions.

Definition 2.3.2 (Test functions). A fest function on the set Q is a function ¢ :
Q — R whichis C! with respect to ¢ and C? with respect to x.

Given a function u : Q — R, we say that the test function ¢ fouches u from
above (resp. below) at (t, x) if u < ¢ (resp. u > ¢) in a neighbourhood of (¢, x) and
u(t,x) = ¢(t, x).

Remark 2.3.3. 1f u — ¢ reaches a local maximum (resp. minimum) at (¢, xo), then
¢ + [u(to, xo) — ¢(to, x0)] touches u from above (resp. below).

Definition 2.3.4 (Viscosity solutions). Consider a function u : Q — R for some
open set Q.

e uis asubsolution of (2.14) if u is upper semi-continuous and if, for all (¢, x) € Q
and all test functions ¢ touching u from above at (¢, x),

%—(f(t,x) + F(t,x,D¢(t,x), D*¢(t,x)) < 0.
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e uis a supersolution of (2.14) if u is lower semi-continuous and if, for all (¢, x) €
Q and all test functions ¢ touching u from below at (¢, x),

%—(f(t,x) + F(t,x,D¢(t,x), D*¢(t,x)) > 0.

* uis asolution of (2.14) if it is both a sub- and a supersolution.
Remark 2.3.5. Remark that a viscosity solution of (2.14) is a continuous function.

When proving uniqueness of viscosity solutions, it is convenient to work with
the following objects.

Definition 2.3.6 (Second order sub-/super-differentials). The following set
PEw)(t,x) = {(a, p. X) e RxR? xSy :
(Ol, P, X) = (at(p(Zv X), D¢([v X), D2¢(Zv X))

s.t. ¢ touches u from above (resp. below) at (¢, x)}

is the super-(resp. sub-)differential of the function u at the point (z, x).

Remark 2.3.7. Here is an equivalent definition: (o, p, X) € PTu(z, x) if and only if

1
u(s, y) z ut, x)+a(s—1)+p-(y=x)+ S X(x=y)-(x=y)+o (Is =11+ |y — xI?)

for (s, y) in a neighbourhood of (¢, x). A similar characterization holds for P~.

Remark 2.3.8. The definition of a viscosity solution can be given using sub- and
super-differentials of u. Indeed, as far as subsolutions are concerned, in view of
Definitions 2.3.4 and 2.3.6, u is a viscosity subsolution of (2.14) in the open set Q
if and only if for all (z, x) € Q and all («, p, X) € Ptu(t, x),

a+ F(t,x,p,X)=<0.

When proving uniqueness, the following limiting versions of the previous objects
are used.

Definition 2.3.9 (Limiting super-/sub-differentials).

P (1 x) = (@, p, X) € Rx RY x Sy : I(tn, xn) — (£, %) s.t.
(%ns pns Xn) = (&, p, X), ulty, Xn) — u(t, x),
(ans Dns Xn) S ,P:tu(tns -xn)}
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Remark 2.3.10. Since F is assumed to be continuous, the reader can remark that
u is a viscosity subsolution of (2.14) in Q if and only if for all (¢, x) € Q and all

(¢, p,X) € 5+u(t,x),
a+ F(t,x,p,X) <0.

An analogous remark can be made for supersolutions.

2.3.1.4 First Properties

In this section, we state without proofs some important properties of sub- and
supersolutions. Proofs in the elliptic case can be found in [CIL92] for instance.
These proofs can be readily adapted to the parabolic framework.

Proposition 2.3.11 (Stability properties).

e Let (uy)y be a family of subsolutions of (2.14) in Q such that the upper semi-
continuous envelope u of sup, uy is finite in Q. Then u is also a subsolution of
(2.14)in Q.

o If (un), is a sequence of subsolutions of (2.14), then the upper relaxed-limit u of
the sequence defined as follows

u(t,x) = limsup  u,(s, y) (2.16)

(s,y)—(t,x),n—>00

is everywhere finite in Q, then it is a subsolution of (2.14) in Q.

Remark 2.3.12. An analogous proposition can be stated for supersolutions.

2.3.2 The Perron Process

In this subsection, we would like to give an idea of the general process that allows
one to construct solutions for fully nonlinear parabolic equations.

2.3.2.1 General Idea

The Perron process is well known in harmonic analysis and potential analysis. It has
been adapted to the case of fully nonlinear elliptic equations in non-divergence form
by Ishii [Ish87].

The general idea is the following one: assume that one can construct a subsolu-
tion ™ and a supersolution #™ to a nonlinear parabolic equation of the form (2.14)
such that u= < ut. Using Proposition 2.3.11, we can construct a maximal
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subsolution # lying between u~ and u™. Then a general argument allows one to
prove that the lower semi-continuous envelope of the maximal subsolution u is in
fact a supersolution.

Remark 2.3.13. Before making the previous argument a little bit more precise, we
would like to point out that the function u constructed by this general method is not
a solution in the sense of Definition 2.3.4. It is a so-called discontinuous (viscosity)
solution of (2.14). We decided to stick to continuous viscosity solution in these
lecture notes and to state the result of the Perron process as in Lemma 2.3.15 below.

See also Sect. 2.3.2.3.
Example 2.3.14. ITn many important cases, u* are chosen in the following form:

uo(x) £ Ct where u is the smooth initial datum and C is a large constant, precisely:

C > sup |F(0, x, Dug(x), D*up(x))|.

x€R4

If non-smooth/unbounded initial data are to be considered, discontinuous stability
arguments can be used next.

2.3.2.2 Maximal Subsolution and Bump Construction
We now give more details about the general process to construct a “solution”.
We consider a cylindrical domain Q = (0, T) x € for some domain  C R¢.

Lemma 2.3.15. Assume that u* is a super-(resp. sub-) solution of (2.14) in Q.
Then there exists a function u : QO — R such that u= < u < um and u* is a
subsolution of (2.14) and u. is a supersolution of (2.14).

Proof. Consider
S={v:0 —>Rst.u” <v<u" and v* subsolution of (2.14)}.

By Proposition 2.3.11, we know that the upper semi-continuous envelope u* of the
function

u=supv
VES

is a subsolution of (2.14).

We next prove that the lower semi-continuous envelope u« of u is a supersolution
of (2.14) in Q. Arguing by contradiction, one can assume that there exists
(o, p, X) € P u«(t, x) such that

a+ F(t,x, p.X) =1 —6 < 0. (2.17)
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Remark that at (¢, x), we have necessarily
+
us(t,x) < u"(t,Xx).

Indeed, if this is not the case, then (c, p, X) € P~u™ (¢, x) and (2.17) cannot be
true since u™ is a supersolution of (2.14). Up to modifying the constant #, we can
also assume that

us(t,x) —ut(t,x) < —6 <0. (2.18)

Without loss of generality, we can also assume that (¢, x) = (0, 0) and u« (¢, x) = 0.
Let us consider the following “paraboloid”

1 1
P(s,y) = TS+p-y+EXy-y+8—V(§|y|2+ISI)
with § and y to be chosen later. Compute next
aP )
55 8- 9) £ F(s.y.DP(s. y). D*P(s. y))
s
= f—merF(s,y,erXy—Vy,X—VI)

(fs =0, |ST\ should be replaced with any real number o € [—1, 1]). Hence, for r
and y small enough, we have

P 0
— + F(s,y,DQ,D*Q) < —— <0
as 2

for all (s, y) € V,. Moreover, since (7, p, X) € P~ u«(t, x), we have

1
us(s,y) = Ts+P'y+§XY'J’+0(|J’|2+|S|)

%

1
Py =87 (SR +151) + ol + .

Choose now § = % and consider (s, y) € V. \ V2t

r r r
w(s.3) 2 P(5.y) = 5o+ B 0(r) = PGs.y) + - + 0(r).

Consequently, for 7 small enough,
vr .
u(s, y) = P(s.y) = = > 0in Vi \ Vo,
P(s.y) <u'(s,y)inV,

where we used (2.18) to get the second inequality.
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‘We next consider

Uis.y) — | maxtu(s. ). Ps. )} i (5.9) € Vs,
u(s, y) if not.

On one hand, we remark that the function U* is still a subsolution of (2.14) and

U>u>u_andU < ut. Consequently, U € S and in particular, U < u. On

the other hand, supy+ g {U — u} > §; indeed, consider (#,, x,,) — (0, 0) such that

u(ty, xn) = ux(0,0) = 0 and write

lim U(t,, x,) — u(t,, x,) > lim P(t,,x,) —u(ty,x,) =6 > 0.
n—>oo n—>oo

This contradicts the fact that U < u. The proof of the lemma is now complete. O

2.3.2.3 Continuous Solutions from Comparison Principle

As mentioned above, the maximal subsolution u* is not necessarily continuous;
hence, its lower semi-continuous envelope u, does not coincide necessarily with it.
In particular, we cannot say that « is a solution in the sense of Definition 2.3.4 (cf.
Remark 2.3.13 above).

We would get a (continuous viscosity) solution if u* = u,. On one hand, u™* is
upper semi-continuous by construction and on the other hand u, < u™* by definition
of the semi-continuous envelopes. Hence, u is a solution of (2.14) if and only if
u* < uy in Q. Since u™* is a subsolution of (2.14) in Q and us is a supersolution of
(2.14) in Q, it is thus enough that (2.14) satisfies a comparison principle and that
the barriers u™ satisfy some appropriate inequality on the parabolic boundary. More
precisely, we would like on one hand that

Comparison principle. Ifu is a subsolution of (2.14)in Q and v is a supersolution
of (2.14) in Q and u < v on the parabolic boundary d,Q, then u < v in Q.

and on the other hand, we would like that u* < u, on d, Q. This boundary condition
would be true if

@H* <@ )xond,Q.

We emphasize that the lower and upper semi-continuous envelopes appearing in the
previous inequality are performed with respect to time and space.

Example 2.3.16. 1If for instance Q = (0, T) x R4, then barriers should satisfy
@)*(0,x) < (")« (0, x) for x € RY.

This condition is fullfilled for such a Q if u* = uy + Cr (see Example 2.3.14).
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In the next subsection, we will present general techniques for proving comparison
principles. The reader should be aware of the fact that, in many practical cases,
general theorems from the viscosity solution theory do not apply to the equation
under study. In those cases, one has to adapt the arguments presented below in order
to take into account the specific difficulties implied by the specific equation. The
reader is referred to [CIL92] for a large review of available tools.

2.3.3 Introduction to Comparison Principles

In this subsection, we present classical techniques to prove comparison principles
in some typical cases.

2.3.3.1 First Order Equations

In this paragraph, we first study first order Hamilton—Jacobi equations of the
following form

a

a—”; + H(x,Du) = 0. (2.19)
As we will see, a comparison principle holds true if H satisfies the following

structure condition: for all x, y, p € R4,

|H(x,p)—H(y,p)| < Clx —y|. (2.20)

In order to avoid technicalities and illustrate main difficulties, we assume that x —
H(x, p)is Z“-periodic; hence, solutions should also be Z¢ -periodic for Z¢ -periodic
initial data.

Theorem 2.3.17 (Comparison principle II). Consider a continuous 7.¢ -periodic
function ug. If u is a 74 -periodic subsolution of (2.19)in (0, T) x R¢ and v is a 74 -
periodic supersolution of (2.19) in (0, T) x R such that u(0, x) < uo(x) < v(0, x)
forall x € R, thenu < v in (0,7) x R4,

Proof. The beginning of the proof is the same as in the proof of Theorem 2.2.4: we
assume that

M = sup {u(l,x) —v(t,x) — L} > 0.
t€(0,T),x€R T —t

Here, we cannot use the equation directly, since it is not clear wether u — v satisfies
a nonlinear parabolic equation or not (recall that the equation is nonlinear). Hence,
we should try to duplicate the (time and space) variables.



32 C. Imbert and L. Silvestre

Doubling Variable Technique

Consider

r—s)? —y?
M, = sup M(Z,x)—v(s,y)—( ) =yt .
1,5€(0,T),x,yeRY 2¢ 2¢ T —t

Remark that M, > M > 0. This supremum is reached since u is upper semi-
continuous and v is lower semi-continuous and both functions are Z?-periodic. Let
(te, Se, X¢, ye) denote a maximizer. Then we have

(t: — S£)2 + |xe — y£|2
¢ ¢

= M(Zm xs) - U(SSs ys) = |M+|0 + |U_|0

where we recall that [wl|o = sup(, v)e(o,7)xre [W(Z, x)|. In particular, up to extracting
subsequences, f, — ¢, s, — t and x, — X, y. — y and f, — s, = O(/¢) and

Xe = Ve — O(\/g)

Assume first that 1 = 0. Then

0 < M <limsup M, < limsupu(t,, x;) — liminfv(se, y.)
£—>0 & &

< u(0,x) —v(0,x) <0.

This is not possible. Hence ¢ > 0.
Since ¢ > 0, for ¢ small enough, , > 0 and s, > 0. Now remark that the

function ¢,

t—5:)%  |x—yl?

( ¢) + | Vel + n

t’ 9
(. x) > v(se, ye) + 2e 2e T _¢

is a test function such that u — ¢, reaches a maximum at (z,, x.). Hence (recall
Remark 2.3.3),

fe—s
(T—nt)2+ 88 © 4+ H(x,.pe) <0

with p, = =% Similarly, the function ¢,

(s—tg)Z_Iy—x5|2_ Ui
2¢e 2¢e T—t

(s,y) = u(te, xe) —

is a test function such that v — ¢, reaches a minimum at (s,, y.); hence

te — 8¢

+ H(ye, pe) <0
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with the same p.! Substracting the two viscosity inequalities yields

n
m < H(ye, pe) — H(x, pe).

In view of (2.20), we conclude that

n
T2 S Clxe — ye| = O(\/g)
Letting ¢ — 0 yields the desired contradiction. O
Remark 2.3.18. Condition (2.20) is satisfied by (2.13) if the potential V' is Lipschitz
continuous. On the contrary, if H(x,p) = c(x)|p|, then the Hamilton—Jacobi

equation is the so-called eikonal equation and it does not satisfy (2.20) even if ¢
is globally Lipschitz. Such an Hamiltonian satisfies

|H(x,p)—H(y.)| = C(A + |pDlx — yl. (2.21)

For such equations, the penalization should be studied in greater details in order to
prove that

|xe — y6|2
2e

—0ase — 0.

With this piece of information in hand, the reader can check that the same
contradiction can be obtained for Lipschitz ¢’s. See for instance [Barl94] for details.

Since we will use once again this additional fact about penalization, we state it
now in a lemma.

Lemma 2.3.19. Consider ii(t, x) = u(t, x) — n(T —t)~'. Assume that

2 2
- X — r—s
M, = sup u(t,x)—v(s,y)— | V| - | |
ryerd 2¢e 2¢e
1,5€(0,T)

is reached at (xg, Ve, te, S¢). Assume moreover that (Xg, Ve, te,Se) — (x,,t,8) as
e —> 0. Then

|xe — y£|2
&

—0ase— 0.

Remark 2.3.20. The reader can check that the previous lemma still holds true if
v(s, ) is replaced with v(z, y) and if the term e~!|z — 5| is removed.

Proof. Remark first that ¢ — M, is non-decreasing and M, > M := suppa (it — v).
Hence, as ¢ — 0, M, converges to some limit / > M. Moreover,
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2 2
~ Xe — Ve ts — S
M2s 2 “(tg, xs) - U(SSa ys) - | ) I - I |
4e 4e

|2

|xe — y£|2 + |te — 8¢

> M,
z Mo+ 4e 4e

Hence,

|2

|xs - y£|2 + |t£ — Se

SMZE_ME_)I_IZO. O
4e 4e

2.3.3.2 Second Order Equations with No x Dependance
In this subsection we consider the following equation

% + H(x,Du) — Au =0 (2.22)

still assuming that x + H(x, p) is Z¢-periodic and satisfies (2.20). The classical
parabolic theory implies that there exists smooth solutions for such an equation.
However, we illustrate viscosity solution techniques on this (too) simple example.

Theorem 2.3.21 (Comparison principle III). Consider a continuous 74 -periodic
function uy. If u is a 79 -periodic subsolution of (2.22) in (0, T) xR? and v is a 7. -
periodic supersolution of (2.19) in (0, T) x R? such that u(0, x) < up(x) < v(0, x)
forall x e R?, thenu < v in (0,T) x RY.

Remark 2.3.22. A less trivial example would be

du

o + H(x,Du) — trace(AoD*u) = 0

for some degenerate matrix Ag € Sy, Ag > 0. We prefer to keep it simple and study
(2.22).

First attempt of proof. We follow the proof of Theorem 2.3.17. If one uses the two
test functions ¢, and ¢, to get viscosity inequalities, this yields

1 n 1,
(T - [5)2

— 5 + H(xg, pe) < trace(s_ll),
£

fe — Se ~
* 4+ H(y., pe) = —trace(s™' 1),
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Substracting these two inequalities, we get

1 2d
T2 < 0(We) + e

and it is not possible to get a contradiction by letting & — 0. O

In the previous proof, we lost a very important piece of information about second
order derivatives; indeed, assume that ¥ and v are smooth. As far as first order
equations are concerned, using the first order optimality condition

Du(te, x;) — p. =0 and — Dv(ss, ye) + pe =0

is enough. But for second order equations, one has to use second order optimality

condition
Du(t,, x;) 0 - el —e7I
0 —Du(se,y.)) ~ \—=e'1 &1 )"

It turns out that for semi-continuous functions, the previous inequality still holds
true up to an arbitrarily small error in the right hand side.

Uniqueness of viscosity solutions for second order equations where first obtained
by Lions [Lions83] by using probabilistic methods. The analytical breakthrough
was achieved by Jensen [Jens88]. Ishii’s contribution was also essential [Ish89]. In
particular, he introduced the matrix inequalities contained in the following lemma.
See [CIL92] for a detailed historical survey.

We give a first version of Jensen—Ishii’s lemma for the specific test function
2e)~'|x — y|*.

Lemma 2.3.23 (Jensen—Ishii’s lemma I). Let U and V be two open sets of RY
and I an open interval of R. Consider also a bounded subsolution u of (2.14) in

I x U and a bounded supersolution v of (2.14) in I x V. Assume that u(t, x) —
v(t,y) — % reaches a local maximum at (ty, xo, yo) € I x U x V. Letting p
denote e~ (xg — yo), there exists T € Rand X,Y € Sy such that

(x. p. X) € P ulto, x0), (. p. Y) € P v(t0, o)

2(10 X 0 3(1 -1
_Z < <z
6= 5) =20 ) 223
Remark 2.3.24. As a matter of fact, it is not necessary to assume that « and v are
sub- and supersolution of an equation of the form (2.14). We chose to present first

the result in this way to avoid technicalities. Later on, we will need the standard
version of this lemma, so we will state it. See Lemma 2.3.30 below.
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Remark 2.3.25. Such a result holds true for more general test functions ¢ (¢, x, y)
than (2¢)~!|x — y|?. However, this special test function is a very important one and
many interesting results can be proven with it. We will give a more general version
of this important result, see Lemma 2.3.30.

Remark 2.3.26. The attentive reader can check that the matrix inequality (2.23)
implies in particular X <Y.

Remark 2.3.27. This lemma can be used as a black box and one does so very often.
But we mentioned above that some times, one has to work more to get a uniqueness
result for some specific equation. In this case, it could be necessary to consider
more general test functions, or even to open the black box and go through the proof
to adapt it in a proper way.

With such a lemma in hand, we can now prove Theorem 2.3.21.

Proof of Theorem 2.3.21. We argue as in the proof of Theorem 2.3.17 but we do
not duplicate the time variable since it is embedded in Lemma 2.3.23. Instead, we
consider

2
x —
M, = sup Ju(t,x)—v(t,y)— @ T ,
x.yE]Rd 28 T _t
1€(0.T)

let (¢, x¢, y¢) denote a maximiser and apply Lemma 2.3.23 with u(z, x) = u(¢, x) —

7 and v and we get 7, X, Y such that

_+ JR—
(r+ ﬁ,p& X) € P ulte, x.), (v, pe, Y) € P vlte,ye), X <Y

(see Remark 2.3.26 above). Hence, we write the two viscosity inequalities

_r 4+t + H(x,, p) < trace X

(T —1)?
T+ H(ye, pe) > traceY > trace X

and we substract them in order to get the desired contradiction

% < 0(Ve).

The proof is now complete. O



2 An Introduction to Fully Nonlinear Parabolic Equations 37

2.3.3.3 Second Order Equations with x Dependance

In this paragraph, we prove a comparison principle for the following degenerate
elliptic equation

ou

5 + H(x, Du) — trace(o(x)o” (x)D%u) = 0 (2.24)

under the following assumptions

o x> H(x, p)is Z9-periodic and satisfies (2.21);

+ 0 :R? — My, (R) is Lipschitz continuous and Z?-periodic, m < d.

Here, M, (R) denotes the set of real d x m-matrices. We make precise that oT
denotes the transpose matrix of the d x m-matrix o.

The following theorem is, to some respects, the nonlinear counterpart of the first
comparison principle we proved in Sect. 2.2 (see Corollary 2.2.6). Apart from the
nonlinearity of the equation, another significant difference with Corollary 2.2.6 is
that (2.24) is degenerate elliptic and not uniformly elliptic.

Theorem 2.3.28 (Comparison principle IV). Consider a continuous 7.¢ -periodic
function ug. If u is a 74 -periodic subsolution of (2.22)in (0, T) x R¢ and v is a 74 -
periodic supersolution of (2.19) in (0, T) x R such that u(0, x) < uo(x) < v(0, x)
forall x € R, thenu < v in (0,7) x R4,

Proof. We argue as in the proof of Theorem 2.3.21. The main difference lies after
writing viscosity inequalities thanks to Jensen—Ishii’s lemma. Indeed, one gets

% < —H(x¢, pe) + H(ye, pe) + trace(a(xg)ch(xg)X) — trace(o(yg)aT(yE)Y)

EC(1+M) [Xe — Vel
&
+ trace(o (x:)o” (x:) X) — trace(a (y.)o ! (y,)Y).

The first term can be handled thanks to Lemma 2.3.19. But one cannot just use
X <Y obtained from the matrix inequality (2.23) to handle the second one. Instead,
consider an orthonormal basis (e;); of R” and write

trace(o (x,)o 7 (x;)X) — trace(o(ye)o” (y.)Y)
= trace(o” (x¢) X0 (xe)) — trace(o” (ye) Yo (e))

= Z (Xo(xe)ei -o(x.)e; —Ya(yo)ei -o(ye)ei)

i=1

3w 5
< = R 2
=% E lo(xe)ei —o(ye)eil™

i=1
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we applied (2.23) to vectors of the form (o (x.)e;,0(y:)e;) € R? x R? to get the
last line. We can now use the fact that o is Lipschitz continuous and get

trace(o (x,)o” (x:)X) — (o( T |xe = yel?
¢ : ye)o! (ye)Y) < C——.

We thus finally get

n |xe — yel?

77 = Clxe—yel + c—=——=.

We can now get the contradiction n < 0 by using Lemma 2.3.19 and letting ¢ — 0.
The proof is now complete. O

2.3.4 Holder Continuity Through the Ishii—Lions Method

In this subsection, we want to present a technique introduced by Ishii and Lions
in [IL90] in order to prove Holder continuity of solutions of very general fully
nonlinear elliptic and parabolic equations. On one hand, it is much simpler than
the proof we will present in the next section; on the other hand, it cannot be used to
prove further regularity such as Holder continuity of the gradient.

The fundamental assumptions is that the equation is uniformly elliptic (see below
for a definition). For pedagogical purposes, we do not want to prove a theorem for
the most general case. Instead, we will look at (2.24) for S;-valued o’s and special
H’s

ou

5 + ¢(x)|Du| — trace(o (x)o (x)D?u) = 0 (2.25)

Assumptions (A)
* ¢ is bounded and Lipschitz continuous in Q;
e 0:(Q — S, is bounded and Lipschitz continuous in x and constant in ¢;
e There exists A > 0 such that for all X = (¢,x) € Q,
A(x) ;= 0(x)o(x) > Al

Under these assumptions, the equation is uniformly elliptic, i.e. there exist two
positive numbers 0 < A < A, called ellipticity constants, such that

VX =(t,x)eQ, M <A(x) <AL (2.26)
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Theorem 2.3.29. Under Assumptions (A) on H and o, any viscosity solution u of
(2.25) in an open set Q C R4*! is Holder continuous in time and space.

When proving Theorem 2.3.29, we will need to use Jensen—Ishii’s lemma for a
test function which is more general than (2¢)~!|x — y|2. Such a result can be found
in [CIL92].

Lemma 2.3.30 (Jensen-Ishii’s Lemma II). Let U and V be two open sets of R?
and I an open interval of R. Consider also a bounded subsolution u of (2.14) in
I x U and a bounded supersolution v of (2.14) in I x V. Assume that u(t, x)
—v(t,y) — ¢ (x — y) reaches a local maximum at (ty, xo, yo) € I X U x V. Letting
p denote Dp(xg — yo), for all B > 0 such that BZ < 1, there exists T € R and
X,Y €Sy such that

(t.p. X) € P ulto. x0). (v. p.Y) € P v(to. yo)
2(10 X 0 7B _78
- = 227
01)=(05)=(%7) em
where Z = D*¢(xo — yo) and ZP = (I — BZ)™' Z.

We can now turn to the proof of Theorem 2.3.29.

Proof of Theorem 2.3.29. We first prove that u is Holder continuous with respect to
x. Without loss of generality, we can assume that Q is bounded. We would like to
prove that for all Xy = (¢, xo) € Q and (¢, x), (t,y) € O,

u(t,x) —u(t,y) < Li|x — y|* + La|x — xo|* + La(t — to)*
for Ly = L1(Xp) and L, = L,(Xp) large enough. We thus consider

M= sup A{ult,x)—u(t,y)—¢(x—y) - x)}
(t.x).(.y)€Q

with ¢(z) = Li1|z|* and T'(t,x) = La|x — xo|®> + La(t — t9)* and we argue by
contradiction: we assume that for all « € (0,1), L; > 0, L, > 0, we have M > 0.

Since Q is bounded, M is reached at a point denoted by (7, X, y). The fact that
M > 0 implies first that x # y. It also implies

1
I)_C _)7| < (%)u =A< d(X(),aQ),

X — Xo| < /22 = R, < 4X000)

(2.28)
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if L and L, are chosen so that

2|ulo,0 - 8ulo,0

12 T o A 2Z T v ano
(d(Xo,9Q)) (d(Xo,00))?

In particular we have x,y € 2. We next apply Jensen—Ishii’s Lemma 2.3.30 to
u(t,x) = u(t,x)—I(t,x) and v(s, y). Then there exists t € Rand X,Y € S; such
that

(v 4+ 2Lo(F — 10), p + 2Lo(F — x0), X +2Lo1) € P u(@, %), (5. p.Y) e P u(f,7)

where p = D¢(x — y) and Z = D*¢(x — y) and (2.27) holds true. In particular,
X < Y. We can now write the two viscosity inequalities

2Ly(f —1t9) + T+ H(x, p + 2L2(x — x0)) < trace(A(x)(X + 2L,1))
T+ H(y, p) > trace(A(y)Y)

and combine them with (2.28) and (2.26) to get

—CLy =2Lo(f —19) < c())|P] — ¢(X)|p + 2L2(X — x0)]
4+ CL, + trace(A(x) X ) — trace(A(y)Y). (2.29)
We next estimate successively the difference of first order terms and the difference

of second order terms. As far as first order terms are concerned, we use that ¢ is
bounded and Lipschitz continuous and (2.28) to get

cNNpl = e(®)[p + 2L2(x = x0)| < C|X = J||p| + CL:|X = xo
< Clx—J||p| + CLa. (2.30)

As far as second order terms are concerned, we use (2.26) to get

trace(A(¥)X) — trace(A(y)Y) < trace(A(X)(X —Y)) + trace((A(x) — A(¥))Y)
< Atrace(X —Y)

+ ) (@(®Yo(¥)e; e — o ()Y (F)ei - e)
< Atrace(X —Y) + C||Y|||x — ¥|.

We should next estimate | p|, trace(X — Y') and || Y ||. In order to do so, we compute
D¢ and D?¢. It is convenient to introduce the following notation
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o . a
a=x-—y, a=— & =|al.

lal’
p=D¢(a) = Lia|a|* %a (2.31)

Z = D*¢(a) = Lia(|a|**1 + (¢ —2)|a|* *a ® a)
=y I -2 -a)d®a). (2.32)

with y = (L o) ~'e27®. The reader can remark that if one chooses 8 = y/2, then

Zﬂ:(l—,BZ)_IZ:;(l—zz_a&®&). (2.33)

w
|
S

Since Y is such that —é] < —Y < Z#, we conclude that

2
1Yl = —.
Y

We next remark that (2.27) and (2.33) imply that all the eigenvalues of X — ¥ are
non-positive and that one of them is less than

A A 81—
4264 =—>-—2,
y3—«
Hence
81—«

trace(X —Y) < —— .
y3—«

Finally, second order terms are estimated as follows

trace(A(%)X) — trace(A()Y) < —C + €& < —25 (2.34)
y oy y

(choosing L large enough so that ¢ < 1/2). Combining now (2.29), (2.30) and
(2.34) and recalling the definition of y and ¢, we finally get

Since L, is fixed, it is now enough to choose L; large enough to get the desired
contradiction. The proof is now complete. O
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2.4 Harnack Inequality

In this section, we consider the following special case of (2.14)

% + F(x,D%u) = f (2.35)
for some uniformly elliptic nonlinearity F' (see below for a definition) and some
continuous function f. The goal of this section is to present and prove the Harnack
inequality (Theorem 2.4.35). This result states that the supremum of a non-negative
solution of (2.35) can be controlled from above by its infimum times a universal
constant plus the L¢+!-norm of the right hand side f. The estimates that will be
obtained do not depend on the regularity of F with respect to x.

We will see that it is easy to derive the Holder continuity of solutions from the
Harnack inequality, together with an estimate of the Holder semi-norm.

The Harnack inequality is a consequence of both the L°-estimate (Theo-
rem 2.4.15) and of the local maximum principle (Proposition 2.4.34). Since this
local maximum principle is a consequence of the L°-estimate, the heart of the proof
of the Harnack inequality thus lies in proving that a (small power of) non-negative
supersolution is integrable, see Theorem 2.4.15 below.

The proof of the L? estimate relies on various measure estimates of the solution.
These estimates are obtained through the use of a maximum principle due to Krylov
in the parabolic case.

The proof of the L estimate also involves many different sets, cylinders and
cubes. The authors are aware of the fact that it is difficult to follow the corresponding
notation. Some pictures are provided and the authors hope they are helpful with this
respect.

Pucci’s Operators

Given ellipticity constants 0 < A < A, we consider

PT(M)= sup {—trace(AM)},
A <A<AI

P~ (M) = llflgiAI{—trace(AM)}.

Some model fully nonlinear parabolic equations are

% + PT(D%u) = f, (2.36)
W p=(D%u) = f (2.37)

ot
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Remark that those nonlinear operators only depend on ellipticity constants A, A and
dimension d. They are said universal. Similarly, constants are said universal if they
only dependon A, A and d.

Uniform Ellipticity

Throughout the remaining of this section, we make the following assumptions on
F:forall X,Y € S; and x € Q,

P (X-Y)<F(x,X)—F(x,Y)< Pt (X -Y).

This condition is known as the uniform ellipticity of F. Remark that this condition
implies in particular that F is degenerate elliptic in the sense of Sect.2.3.1.1 (see
Condition 2.15).

2.4.1 A Maximum Principle

In order to state and prove the maximum principle, it is necessary to define first the
parabolic equivalent of the convex envelope of a function, which we will refer to as
the monotone envelope.

2.4.1.1 Monotone Envelope of a Function

Definition 2.4.1 (Monotone envelope). If Q is a convex set of R? and (a,b) is
an open interval, then the monotone envelope of a lower semi-continuous function
u: (a,b) x Q — Ris the largest function v : (a,b) x 2 — R lying below u# which
is non-increasing with respect to ¢ and convex with respect to x. It is denoted by
T'(u).

Combining the usual definition of the convex envelope of a function with
the non-increasing envelope of a function of one real variable, we obtain a first
representation formula for I" (u).

Lemma 2.4.2 (Representation formula I).
Fw,x)=sup{é-x+h:&-x+h <u(s,x)foralls € (a,t],x € Q}.

The set where I"(u) coincides with u is called the contact set; it is denoted by C,.
The following lemma comes from convex analysis, see e.g. [HUL].
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Lemma 2.4.3. Consider a point (¢, x) in the contact set C, of u. Then & -x + h =
T'(u)(¢, x) if and only if € lies in the convex subdifferential du(t, x) of u(t,-) at x
and —h equals the convex conjugate u*(t, x) of u(t,-) at x.

Recall that a convex function is locally Lipschitz continuous and in particular a.e.
differentiable, for a.e. contact points, (¢, h) = (Du(t, x), u(t, x) —x-Du(t, x)). This
is the reason why we next consider for (¢, x) € (a, b) x Q the following function

G(u)(t,x) = (Du(t, x), u(t, x) — x - Du(t, x)).
The proof of the following elementary lemma is left to the reader.

Lemma 2.4.4. Ifu is C"! with respect to x and Lipschitz continuous with respect
to t, then the function G : (a,b) x Q — R¢* 1 is Lipschitz continuous in (t, x) and
fora.e. (t,x) € (a,b) x ,

det D; .G (u) = u; det D*u.

We now give a second representation formula for I'(#) which will help us next
to describe viscosity subdifferentials of the monotone envelope (see Lemma 2.4.6
below).

Lemma 2.4.5 (Representation formula II).

d+1 d+1

L), x) = inf{ D diulsioxi) sy Aixi = x.s € la.1],

i=1 i=1
d—+1
 di=12el0.1]. (2.38)

i=1
In particular, if

d+1

T (u)(to, X0) = ) Aiuty, x7),

i=1
then
e foralli =1,....,d + 1, T(w)(;, x;) = u(t;, x;);

e T'(u) is constant with respect to t and linear with respect to x in the convex set
co{(t,x?), (¢!, x)),i =1,...d + 1}.

Proof. Let T'(u) denote the function defined by the right hand side of (2.38). First,
we observe that I' () lies below u and is non-increasing with respect to ¢ and convex
with respect to x. Consider now another function v lying below u which is non-
increasing with respect to ¢ and convex with respect to x. We then have

u(t,x) > T@w)(t,x) > T()(, x) > v(t, x).
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The proof is now complete. O

We next introduce the notion of harmonic sum of matrices. For A;, A, € Sy such
that A + A, > 0, we consider

(A10A4)¢- ¢ = El-ii-rilzf=§{A1§l <814 A2l - o).

The reader can check that if A} and A, are not singular, 4,04, = (Al_1 + Az_l)_l.
We can now state and prove

Lemma 2.4.6. Let (o, p, X) € P~ T (u)(ty, x0) and
d+1
D()(tg. x0) = Y Aiu(t. x7). (2.39)

i=1

Then for all ¢ > 0 such that I + ¢X > 0, there exist (a;, X;) € (—00,0] x Sy,
i=1,....,d + 1, such that

(@i, p, Xi) € P u(t?,x°)
S Vo =a (2.40)
X, < AI_IXID"'DA;_IHXCJ_H

where X, = XOe™'1 = (I +eX)7'X.

Proof. We first define for two arbitrary functions v, w : R - R,

v E] w(x) = inf v(x —y) + w(y).
y€ERA

For a given function v : [0, +00) X RY — R, we also consider the non-increasing
envelope M [v] of v:

M), x) = sér[loft] v(s, x).

We now can write

P, x) :1<i§]d+l M)t )

where

X
i\t :Arz s .
u; (t, x) u(t Ai)
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Consider also 0 € [0, 7] such that

0
mewwzm@wbzm(&%)

Lemma 2.4.6 is a consequence of the two following ones.

Lemma 2.4.7. Consider (a, p, X) € P~ V(ty, xo) where

Vie,x)= 0O  vitx)

1<i<d+1

d+1

V(to, xo) = Z vi (f0, x7).

i=1

Then for all € > 0 such that I + X > 0, there exist (B;,Y;) € R xSy such that we
have

(Bi.p. Y1) € P vi(to, x})

d+1
Y Bi=a
i=1
d+1
X, <04y,

Proof. We consider a test function ¢ touching V' from below at (#, xo) such that

(Ol, D X) = (at(ps D¢’ D2¢)(t07 X())-
We write for (¢, x;) in a neighborhood of (7o, x?),
d+1 d+1 d+1 d+1
ol(t, in) — ¢ (to, ZX?) < Z vi(t,x;) — Z vi (fo. X{).

i=1 i=1 i=1 i=1

Following [ALL97, Imb06], we conclude through Jensen—Ishii’s lemma for d + 1
functions and general test functions (see Lemma 2.5.6 in appendix) that forall ¢ > 0
such that I + deX > 0, there exist (B;,Y;) € RxSy,i =1,...,d + 1 such that

(Bi.p.Yi) € P vi(to,x?)
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and

¢ 0...0 Yypu

where, for any matrix 4, 4, = (I + eA)~'A. A small computation (presented e.g.
in [Imb06, p. 796]) yields that the previous matrix inequality is equivalent to the
following one

d+1
Xgel £ <Y Yili i

i=1

where { = Zl‘-l:ll ;. Taking the infimum over decompositions of {, we get the

desired matrix inequality. O
Lemma 2.4.8. Consider s, € [0, so| such that
M [v](s0, yo) = v(s1, yo).

Then for all (B,q,Y) € P~ M[v](so, o),

(IBsqu) E,P_‘U(SlsyO) and ,3 EO

Proof. We consider the test function ¢ associated with (8, ¢, Y) and we write for &
and § small enough

A

(0 + h, yo + 8) — (50, yo) < M[v](so + h, yo + 8) — M[v](s0, yo)
< v(sy + h, yo +8) —v(s1, o).

This implies (8,¢,Y) € P~v(s1, yo). Moreover, choosing § = 0, we get

@ (so+ h, y0) < ¢(s0, ¥0)

and 8 < 0 follows. O

The proof is now complete. O
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2.4.1.2 Statement

The following result is the first key result in the theory of regularity of fully non-
linear parabolic equations. It is the parabolic counterpart of the famous Alexandroff
estimate, also called Alexandroff-Bakelman—Pucci (ABP) estimate, see [CafCab]
for more details about this elliptic estimate. The following one was first proved
for linear equations by Krylov [Kryl76] and then extended by Tso [Tso85]. The
following result appears in [Wang92a].

Theorem 2.4.9 (Maximum principle). Consider a supersolution of (2.36) in
0, = 0,(0,0) such that u > 0 on 9,(Q,). Then

1

4 T+
supu” < Cpa+i ( / (f*)‘”‘) (2.41)
0, u=T"(u)

where C is universal and I"(u) is the monotone envelope of min(0, u) extended by 0
to sz.

Remark 2.4.10. This is a maximum principle since, if f < 0, then u cannot take
negative values.

Proof. We prove the result for p = 1 and the general one is obtained by considering
v(t, x) = u(p’t, px). Moreover, replacing u with min(0, u) and extending it by 0 in
0>\ O1, we can assume thaty = 0on d,Q;andu =0in 0, \ O;.

We are going to prove the three following lemmas. Recall that G(u) is defined
page 44.

Lemma 2.4.11. The function T'(u) is C'! with respect to x and Lipschitz con-
tinuous with respect to t in Q1. In particular, GT'(u) := G(I'(u)) is Lipschitz
continuous with respect to (t, x).

The second part of the statement of the previous lemma is a consequence
of Lemma 2.4.4 above. We will prove the previous lemma together with the
following one.

Lemma 2.4.12. The partial derivatives (3T (u), D*T'(u)) satisfy for a.e. (t,x) €
Ql N Cu;

=0, T (u) + AA(C (W) < fT(x)

where C, = {u = I'(u)}.
The key lemma is the following one.

Lemma 2.4.13. If M denotes Supg, U, then
{(.h) e R 1 |E| < M/2 < —h <M} C GT(u)(Q1NC)

where C, = {u = T'(1)}.
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Before proving these lemmas, let us derive the conclusion of the theorem.
Using successively Lemma 2.4.13, the area formula for Lipschitz maps (thanks to
Lemma 2.4.11) and Lemma 2.4.4, we get

CM™*! = |{(€,h) e R - |§] < M/2 < —h < M}
=G W (01 NGyl

5/ | detGT (u)|
01NCy

< / —3, T (u) det(D>T (u)).
[gren
Now using the geometric—arithmetic mean inequality and Lemma 2.4.12, we get

CMItt <™ / —0, T () det(A DT (1))
01NCy

<
= 2d(d + 1+

< C/ (f+)d+l
01NCy

where C’s are universal. ]

/ (=0, T () + AAT )+
01NC,

We now turn to the proofs of Lemmas 2.4.11-2.4.13.

Proof of Lemmas 2.4.11 and 2.4.12. In order to prove that I' (&) is Lipschitz contin-
uous with respect to ¢ and C!! with respect to x, it is enough to prove that there
exists C > 0 such that

- —ax<C
V(t,x) € Qs Y(a,p,X) e P T(ut,x), X <cI (2.42)

Indeed, since I'(u) is non-increasing with respect to ¢ and convex with respect to
X, (2.42) yields that I'(u) is Lipschitz continuous with respect to ¢ and C*! with
respect to x. See Lemma 2.5.8 in appendix for more details.
In order to prove (2.42), we first consider («, p, X) € P~ I'(u)(z, x) such that
X > 0. Recall (cf. Lemma 2.4.6 above) that « < 0. We then distinguish two cases.
Assume first that T'(u)(¢, x) = u(¢, x). In this case, (o, p, X) € P u(t, x) and
since u is a supersolution of (2.36), we have

o —Atrace(X) =a + PT(X) > f(x) > -C
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where C = | f|o;0,- Hence, we get (2.42) since X > 0 implies that X < trace(X)/.
We also remark that the same conclusion holds true if («, p, X) € P T'(u)(t, x)
such that X > 0.

Assume now that I'(u)(¢, x) < u(t, x). In this case, there exist A; € [0,1], i
=1,....,d +1,and x; € Q,,i = 1,...,d + 1, such that (2.39) holds true with
(to, x0) and (20, x?) replaced with (¢, x) and (#;,x;). If (t;,x;) € Q2 \ Q; for two
different i ’s, then Lemma 2.4.5 implies that M = 0 which is false. Similarly, #; >
—1 for all i. Hence, there is at most one index i such that (¢;, x;) € O, \ O and in
this case (#;,x;) € 0,0 and ¢; > —1. In particular, |x;| = 2. We thus distinguish
two subcases.

Assume first that (fg41, Xq+1) € 0,02 with t;41 > —1 and (4, x;) € Q; for
i =1,...,d.In particular |[xz4;| = 2 and since x € O, we have 144 < % This
implies that there exists A; such that A; > (3d)~!. We thus can assume without loss
of generality that A > (3d )~!. Then from Lemma 2.4.6, we know that for all ¢ > 0
such that / 4+ ¢X > 0, there exist («;, X;) € RxSy,i = 1,...,d + 1 such that
(2.40) holds true. In particular,

1
X, < - X, <3dX;.
Al

Since (a1, p, X1) € P u(ty, x1) and T(u)(t1,x1) = u(t;, x;), we know from the
discussion above that X| < CI. Hence for all ¢ small enough,

X, <3dClI.

Letting ¢ — 0 allows us to conclude that X < 3dC/ in the first subcase. As far as
« is concerned, we remark that g1 = O and —«; < C foralli =1,...,d 4+ 1 so
that

d+1

—a =) Ai(-a)=C.

i=1

Assume now that all the points (¢;, x;),i = 1,...,d + 1, arein Q. In this case, we
have for all i that —o; < C and X; < CI which implies

d+1

—a = Zki(—ai) <C,

i=1

X, <Oiacr=cr.

We thus proved (2.42) in all cases where X > 0. Consider now a general
subdifferential (¢, p, X) € P~ (u)(¢, x). We know from Lemma 2.5.9 in appendix
that there exists a sequence (&, p,, X,;) such that
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(ctn, pu, Xn) € P T (w)(ty, x,)
(s Xn, 0u, pn) = (. X, 2, p)
X < X, + 0,(1), X, > 0.

From the previous discussion, we know that
a=oay+o,(l) =(C+1)
X =Xy+o,(1) =(C+ DI

for all n. The proof is now complete. O

Proof of Lemma 2.4.13. The supersolution u < 0 is lower semi-continuous and the
minimum —M < 0in Q5 is thus reached at some (fy, xo) € Q) (since u = 0 outside
0Q1). Now pick (&, i) such that

[E| <M/2<—-h <M.

We consider P(y) = & -y + h. We remark that P(y) < 0 for y € Qy, hence
P(y) < u(0, y)in Q. Moreover, since |xo| < 1,

P(xo) —u(to,x0) =&-x0+h+M>h—|§|+ M =0
hence sup ¢, (P(y) — u(to, y)) = 0. We thus choose

t; =sup{t > 0:Vs € [0,t],sup(P(y) — u(s, y)) < 0}.
0>

We have 0 < #; < fp and

0= SSP(P(y) —u(ty,y)) = P(y1) —ult1, y1)-

In particular, §¢ = Du(t;,y;) and h = u(t;,x;) — £ - x1, that is to say, (&, h)
= G(u)(t1, y1) with (11, y1) € Cy. O

2.4.2 The Lé-Estimate

This subsection is devoted to the important “L® estimate” given in Theorem 2.4.15.
This estimate is sometimes referred to as the weak Harnack inequality.

Theorem 2.4.15 claims that the L®-“norm” in a neighbourhood K, of (0, 0) of a
non-negative (super-)solution u of the model equation (2.36) can be controlled by
its infimum over a neighbourhood K of (1,0) plus the L+ !-norm of f.
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K K

Fig. 2.1 The two neighbourhoods K, and K,

Remark 2.4.14. Since ¢ can be smaller than 1, the integral of u® is in fact not the
(e-power of) a norm.

We introduce the two neighbourhoods mentioned above (see Fig.2.1).

K, = (0, R*/2) x (=R, R)?,
K> = (1—R?* 1) x (=R, R)".

Theorem 2.4.15 (L?¢ estimate). There exist universal positive constants R, C and
&, such that for all non-negative supersolution u of

%+P+(D2u)2f in (0,1) x B1(0),

the following holds true

1

(/N MS) < C(nfu + || f | La+1(0.1)xB | 0))- (2.43)
K K> R

The proof of this theorem is difficult and lengthy; this is the reason why we
explain the main steps of the proof now.
First, one should observe that it is possible to assume without loss of generality
thatinfgz u < Land || /|l La+10.1)xB, (o)) =< €o (for some universal constant &g to be
R

determined) and to prove

/~ u®(t, x)dx < C
K
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where ¢ > 0 and C > 0 are universal. We recall that a constant is said to be universal
if it only depends on ellipticity constants A and A and dimension d. Getting such
an estimate is equivalent to prove that

fu>tyNK|<Ct™®

(see page 69 for more details). To get such a decay estimate, it is enough to prove
that

[{u> N*}N K| < CN~*¢

for some universal constant N > 1. This inequality is proved by induction thanks
to a covering lemma (see Lemma 2.4.27 below). This amounts to cut the set {u >
Nk N K, in small pieces (the dyadic cubes) and make sure that the pieces where u
is very large (1 > ¢, ¢ > 1) have small measures.

This will be a consequence of a series of measure estimates obtained from
a basic one. The proof of the basic measure estimate is a consequence of the
maximum principle proved above and the construction of an appropriate barrier we
will present soon. But we should first introduce the parabolic cubes we will use in
the decomposition. We also present the choice of parameters we will make.

2.4.2.1 Parabolic Cubes and Choice of Parameters

We consider the following subsets of Q(1,0).

Ky = (0,R?) x (R, R)*,
K> = (R?,10R?) x (=3R,3R)‘,
K3 = (R%,1) x (3R, 3R)".

The constant R will be chosen as follows

1 1
R=min| ——,3-2V2, ——— 2.44
i (3@ V10(m + 1)) (249

where m will be chosen in a universal way in the proof of the L* estimate.

2.4.2.2 A Useful Barrier

The following lemma will be used to derive the basic measure estimate. This
estimate is the cornerstone of the proof of the L¢ estimate.
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K

Ql(lvo)

T € By

Fig. 2.2 The sets K|, K; and K3

Lemma 2.4.16. For all R € (0, min((3+/d)~", (10)~"/2)), there exists a nonnega-
tive Lipschitz function ¢ : Q1(1,0) — R, C? with respect to x where it is positive,
such that

Gl
DD =g

for some continuous bounded function g : Q(1,0) — R and such that
suppg C K,
¢ >2inK;
¢=0ind,0:(1,0).

Remark 2.4.17. Recall the definitions of K;, K> and K3 (see Fig.2.2).
K; = (0, R*) x (=R, R)?,
K> = (R?,10R?) x (=3R,3R)‘,
K3 = (R, 1) x (3R, 3R)".

The proof of the lemma above consists in constructing the function ¢ more
or less explicitly. It is an elementary computation. However, it is an important
feature of non divergence type equations that this type of computations can be
made. Consider in contrast the situation of parabolic equations with measurable
coefficients in divergence form. For that type of equations, a result like the one of
Lemma 2.4.16 would be significantly harder to obtain.
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Proof. We will construct a function ¢ which solves the equation
o+ PH(D%p) <0 (2.45)

in the whole cylinder Q(1, 0), such that ¢ is positive and unbounded near (0, 0) but
¢ =0in d,0(1,0) away from (0, 0), and moreover ¢ > 0 in K,. Note that if the
equation were linear, ¢ could be its heat kernel in the cylinder. Once we have this
function ¢, we obtain ¢ simply by taking

t.x) =228 for 12y €\,
ming, ¢

K>

and making ¢ equal any other smooth function in K; which is zero on {t = 0}.

We now construct this function ¢. We will provide two different formulas for
@(t, x). The first one will hold for ¢ € (0, T) for some T € (0, 1). Then the second
formula provides a continuation of the definition of ¢ on [T, 1].

For some constant p > 0 and a function & : R? — R, we will construct the
function ¢ in (0, 7') with the special form

ot,x)=t"7® (%) .

Let us start from understanding what conditions ® must satisfy in order for ¢ to
be a subsolution to (2.45).

0> ¢, + PH(D%*) = t‘l‘l’(— p® (%)

1 x x X
—-—-Vo|—=|+PHD® (—))
7 () e (S
Therefore, we need to find a function ® : R — R and some exponent p such that
1
— pd(x) — 3% Vo(x) + PT(D?*®)(x) < 0. (2.46)
For some large exponent g, we choose ® like this

something smooth and bounded between 1 and 2 if |x| < 3/4d,
D(x) = 4 (6v/d)1 (29 — 1) (|x|—q _ (6\/3)“1) if3vd < |x| < 6+/d,
0 if|x| > 64d.

For 3+/d < x| < 6+/d, we compute explicitly the second and third terms
in (2.46),
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—éx VO(x) = (65d)!(2 — 1)_1%|x|_q
PH(D?®)(x) = (6v/d)1(27 — 1)"'q(A(d — 1) = A(g + 1))|x| 7772

By choosing ¢ large enough so that A(¢g + 1) > A(d — 1) 4 18d, we get that
1 +
—Ex -VO(x) + PTO(x) <0.

In order for (2.46) to hold in B, /7, we just have to choose the exponent p large
enough, since at those points ® > 1. Furthermore, since & > 0 everywhere and
® = 0 outside B¢ /7, then the inequality (2.46) holds in the full space R? in the
VISCOSIty sense.

Since @ is supported in By /7, then ¢ = 0 on (0,7) x 3By, for T = (36d)~".
Thus, ¢ = 0 on the lateral boundary (0, 7") x dB;. Moreover,

lim ¢(t,x) =0,
t——1

uniformly in B; \ B, for any ¢ > 0.

We have provided a value of ¢ up to time T € (0, 1). In order to continue
@ in [T, 1] we can do the following. Observe that by the construction of ®, we
have P (D%p(T,x)) < 0 forx € By \ Byj; and ¢(x,T) > T~? for x € By.
Therefore, let

PT(D2o(T,
C — Sup M < +oo’
X€EB (p(Tsx)

then we define ¢(z, x) = e~ CU~Dg(T, x) for all t > T, which is clearly a positive
subsolution of (2.45) in (T, 1] x By with ¢ = 0 on [T, 1] x dB.

The constructed function ¢ vanishes only on the set {(t,x) : ¢t < T and |x| >
6+/dr}. Since the set K3 = (R?,1) x (=3R, 3R)? has no intersection with this set,
then

inf 0.
11r<13q0>

This is all that was needed to conclude the proof. O

2.4.2.3 The Basic Measure Estimate

As in the elliptic case, the basic measure estimate is obtained by combining
the maximum principle of Theorem 2.4.9 and the barrier function constructed
in Lemma 2.4.16. For the following proposition, we use the notation from
Remark 2.4.17.
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K3

Kl Q1(170)

r € B

Fig. 2.3 Basic measure estimate in Q(1,0)

Proposition 2.4.18 (Basic measure estimate). There exist universal constants
g0 € (0,1), M > 1and u € (0, 1) such that for any non-negative supersolution of

?Tb; + PH(D’u) > fin Q1(1,0),

the following holds true: if
il’lfK3 u<l
£ 1l La+1 0, 1,0)) = €0

then

{u < M} K| > plK.

Remark 2.4.19. Since K, C K3 (see Fig.2.3), the result also holds true if infg, u
is replaced with infg, u. This will be used in order to state and prove the stacked
measure estimate.

Remark 2.4.20. If u is a non-negative supersolution of

0
3—;‘ + PH(D*) > fin (0,T) x By,
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.........................................................................

Ko

Kq Ql(lvo)

T € By

Fig. 2.4 A supersolution in a smaller cylinder

for some T € (R?, 1) (see Fig.2.4), we still get

infge yx(—3ram) 4 = 1 = {u =< M}nN K| > pulKil.
I f 1l La+10.r)x By = €0

The reason is that such a solution could be extended to Q (1, 0) (for example giving
any boundary condition on (7, 1) x dB; and making f quickly become zero for
t > T), and then Proposition 2.4.18 can be applied to this extended function. This
remark will be useful when getting the “stacked” measure estimate in the case where
the stack of cubes reaches the final time.

Proof. Consider the function w = u — ¢ where ¢ is the barrier function from
Lemma 2.4.16. Then w satisfies (in the viscosity sense)

%V + PH(D*w) > g—? + PH(D%u) - aa—‘f - PH(D’¢) > f—g.

Remark also that

* w>u>00nd,Q:(1,0);
. inf1<3w§ian3u—2§—lsothatsupK3 w- >1;
e {Tw)=w} C{w =<0} C{u<dgp}

We recall that I'(w) denotes the monotone envelope of min(w, 0) extended by 0 to
0>(1,0). We now apply the maximum principle (Theorem 2.4.9) and we get

1

d+1

1 <supw™ <supw ™ < Coax|| f || La+1(0,1,0)) T Crmax (/ |g|d+1) .
K; 01 {u<¢}
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Remember now that supp g C K and get
I < Cinaxgo + Crnax[{u < M} N K|

with M > max(sup K 9 1). Choose now &g so that Cpaxe0 < 1/2 and get the result
with u = m The proof is now complete. O

Corollary 2.4.21 (Basic measure estimate scaled). For the same constants gy, M
and (@ of Proposition 2.4.18 and any xo € R¢, ty € R and h > 0, consider any
nonnegative supersolution of

g_': + PT(D*u) > f in (ty, x0) + pQi1(1,0).
If
h
I a1 (o.xo) 4001 01)) = SO M pdl @+
then

h
[{u > h}N{(to, x0) + pK1}| > (1 —p)|(to, x0) + pK1| = u > i in (to, x0) + pK3.

Here, we recall that by pK we mean {(p’t, px) : (t,x) € K}.

Remark 2.4.22. As in Remark 2.4.20, (ty, x9) + p(0, 1) x B%(O) can be replaced
with (¢, xo) + p(0, T) x B% (0) forany T € (0, 1).

Proof. We consider the scaled function
v(t,x) = Mh™ u(ty + p°t, xo + px).
This function solves the equation

f’;—f + PH(D*) > fin 0,(1,0)

where f(1,x) = Mh~'p>f(to + pt, xo + px). Note that

; _ —1 d/(d+1
||f||Ld+1(Q1(l,0)) =Mh Y / )”f||L‘1+1((t0,x0)+pQ1(1,0)) = &o.

We conclude the proof applying Proposition 2.4.18 to v. O
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2.4.2.4 Stacks of Cubes
Given p € (0,1), we consider forall k e N, k > 1,

K = (e R?, a1 R?) x (=3FR, 3 R)?

— : k_
where o = Zf;é 9 =21
The first stack of cubes that we can consider is the following one

k
Ukleé )

This stack is obviously not contained in @ (1, 0) since time goes to infinity. It can
spill out of Q(1, 0) either on the lateral boundary or at the final time ¢t = 1. We are
going to see that at the final time, the “x-section” is contained in (=3, 3)¢.

We consider a scaled version of K included in K; and we stack the correspond-

ing K;k) ’s. The scaled versions of K, K> and Kék) are

pK1 = (0,p*R?) x B,r(0),
pK> = (PR, 100> R?) x B,(0).
pKY) = (p* R, o 11p?R?) x (=3°pR. 3 pR)".
We now consider
Ly = (to. x0) + pK1 C K
and

k k
LY = (10, x0) + pK3".

Lemma 2.4.23 (Stacks of cubes). Choose R < min(3 — 2+/2, \/g) =3-22
Forall Ly = (ty, x0) + pK1 C K, we have

K> C (ukzlL;’”) N(0,1) x (=3,3)4 = (ukzlL;’”) N <z <1l
In particular, if moreover R < (3+/d)™",
(ukzngk’) C (0.1) x B1(0).
Moreover, the first k* = k such that L(ZkH) N{t = 1} = 0 satisfies

p2R2 < L
(072%
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Fig. 2.5 Stacks of cubes

Proof. We first remark that the stack of cubes lies between two “square” paraboloids
(see Fig. 2.5)

(t0. x0) + S— C Ugs1 LY C (10, x0) + Sy
where
St = Uiz {p2(9)} x (=5.9)
and p4(s+) = p>R? and p+(2) = a+z> + b+ p?>R? are such that

p+(3*pR) = i p’ R
p—(G*pR) = ay 410’ R%.

This is equivalent to

9 1
a+:§ and a_=§ and b+:b_:—§ and s = ng.

Remark now that

Nl=

_ _1
[(t0, x0) + S+ N Q1(1,0) C [0, 1] x (=R —a}* R +a;*)".
_1
We thus choose R such that (R + a_ *) < 3. This condition is satisfied if

R <3-22.
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Remark next that
(o, X0) + S— D Nyer.py [(R?. x) + S_].
Hence
[(t0. X0) + S-]1 N 01(1,0) D K,
as soon as
ar(2R)* <1—-2R>

It is enough to have
S 52 2
ER = (4ay +2)R" < 1.

Finally, the integer k™ satisfies

to + o= R*p* <1 < tg + o=y R?p%. O

2.4.2.5 The Stacked Measure Estimate

In this paragraph, we apply repeatedly the basic measure estimate obtained above
and get an estimate in the finite stacks of cubes we constructed in the previous
paragraph.

Proposition 2.4.24 (Stacked measure estimate). For the same universal con-
stants g9 € (0,1), M > 1 and u € (0, 1) from Proposition 2.4.18, the following
holds true: consider a non-negative supersolution u of

W PP = [ in (0.1) % B (0)

and a cube Ly = (to, xo) + pKy C K. Assume that for some k > 1 and h > 0

h
||f||Ld+1((0,1)xB71€(0)) = SOW‘

Then

h
> NL >0 -l =  inf  u>——
L nfo<r<1} M
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K®

Kz(’:s)

KP

I(U)

-
FAy|

Fig. 2.6 Stacks of neighbourhoods K;k)

Remark 2.4.25. Remember that L;k) = (to, x0) + ,oKék) and see Fig. 2.6. Thanks to
Lemma 2.4.23, we know that LY N {0 < ¢ < 1} € (0, 1) x B4 (0).

Proof. We prove the result by induction on k. Corollary 2.4.21 corresponds to the
case k = 1 if we can verify that

h
IS W L+t (oxo)+001(1.0)) = €0 Mpd/@+D

It is a consequence of the fact that Q(1,0) C (0, 1) x B%(O).
For k > 1, the inductive hypothesis reads

inf u > Tl
LV nfo<e<1} M

If L(zk_l) is not contained in (0, 1) x B 1 (0), there is nothing to prove at rank k since

L;k) N{0 <t < 1} = @. We thus assume that L;k_l) C (0,1) x B (0).
In particular

[{u >

et LED = |LE ). (2.47)
Note that L ™" = (11,0)4-p1 Ky and LY = (11, 0)+p1 K, with 1) = tg+a;—; R2p?
and p; = 3! p. In particular (2.47) implies

F 4, 0) + o Kb > (1= w71, 0) + p1 Ky

h
= g
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So we apply Corollary 2.4.21 again to obtain

. . h
inf u= inf u> —.
L(zk)ﬂ{0<t<l} {(11,0)4+p1 K2}N{0<r <1} M

We can do so since p; > p and Lemma 2.4.23 implies that L(Zk) C (0,1)x(=3,3)%.
In particular, the corresponding domain in which the supersolution is considered is
contained in (0,1) x B 1 (0). We used here Remark 2.4.20 when (¢;,0) + p; K3 is

not contained in {0 < ¢ < 1}. Thus, we finish the proof by induction. O

Before turning to the proof of Theorem 2.4.15, we observe that the previous
stacked measure estimate implies in particular the following result.

Corollary 2.4.26 (Straight stacked measure estimate). Assume that R <

m. Under the assumptions of Proposition 2.4.24 with k = m, for any

cube L, C K,

h o —m
> mn Ll > (1= wLi] = u> o in ;" c 0.(1,0).

Proof. Apply Proposition 2.4.24 with k = m and remark that L_l(m) C Lgm).

The fact that L_l(m) C Q1(1,0) (see Fig.2.7) comes from the fact that 10(m + 1)
R < 1. |

2.4.2.6 A Stacked Covering Lemma

When proving the fundamental L*-estimate (sometimes called the weak Harnack
inequality) for fully nonlinear elliptic equations, the Calderén—-Zygmund decom-
position lemma plays an important role (see [CafCab] for instance). It has to be
adapted to the parabolic framework.

We need first some definitions. A cube Q is a set of the form (zy, xo) + (0, s2) x
(=s.5)¢. A dyadic cube K of Q is obtained by repeating a finite number of times
the following iterative process: Q is divided into 2?2 cubes by considering all the
translations of (0, s%/4) x (0, s)¢ by vectors of the form (I(s?>/4), sk) with k € Z¢
and / € Z included in Q. When a cube K] is split in different cubes including K>,
K is called a predecessor of K.

Given m € N, and a dyadic cube K of Q, the set K™ is obtained by “stacking”
m copies of its predecessor K. More rigorously, if the predecessor K has the form
(a,b) x L, then we define K™ = (b, b + m(b — a)) x L. Figure 2.8 corresponds
to the case m = 3.

Lemma 2.4.27 (Stacked covering lemma). Let m € N. Consider two subsets A
and B of a cube Q. Assume that |A| < §| Q| for some § € (0,1). Assume also the
following: for any dyadic cube K C Q,
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L—1(3)

Fig. 2.7 L, and the predecessors T, and L_IG)

|K N A| > 8|4 = K™ C B.

Then |A| < §"+1|B|.

Remark 2.4.28. This lemma is implicitly used in [Wang92a] (see e.g. Lemma 3.23
of this paper) but details of the proof are not given.

The proof uses a Lebesgue’s differentiation theorem with assumptions that are
not completely classical, even if we believe that such a generalization is well-known.
For the sake of completeness, we state and prove it in appendix (see Theorem 2.5.1
and Corollary 2.5.2).

Proof of Lemma 2.4.27. By iterating the process described to define dyadic cubes,
we know that there exists a countable collection of dyadic cubes K; such that

|KiNAl = 8|K;| and |K;NA| <K

where K; is a predecessor of K;. We claim that thanks to Lebesgue’s differentiation
theorem (Corollary 2.5.2), there exists a set N of null measure such that

A C (U2,K;)UN.
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K®)

Fig. 2.8 A dyadic cube K and stacked predecessors K

Indeed, consider (¢, x) € A\ U2, K;. On one hand, since (¢, x) € Q, it belongs to
a sequence of closed dyadic cubes of the form L; = (¢;,x;) + [0, r}] X [=rj, rj]d
with r; — 0 as j — +o0 such that

|AﬂLj| §8|LJ|

that is to say
f 14 < 5 < 1.
Lj

On the other hand, for (t,x) € A\ U2, K;,

0<1—8§1—][ 14 2][ |1A—1A(t,x)|.
Lj Lj

We claim that the right hand side of the previous equality goes to 0 as j — oo as
soonas (t,x) ¢ N where N is a set of null measure. Indeed, Corollary 2.5.2 implies
that for (¢, x) outside of such a set N,
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][ |1A —IA(Z,X)I Sf |1A —lA(t,x)| -0
L ;

Lj

where ij = (t,x) + [0, 4r12»] x [=2r;,2r;]%. We conclude that 4 \ U; K; C N.
We can relabel predecessors K; so that they are pairewise disjoint. We thus have
A C U2 K; UN with K" C B thanks to the assumption; in particular,

ACUX K;UN CUX K, UK"UN

with U K" C B. Classically, we write

=17

Al <)Y IANK| <8 |Ki| <8]U2, Kil. (2.48)

i>1 i>1

In order to conclude the proof of the lemma, it is thus enough to prove that for a
countable collection (K;); of disjoint cubes, we have

| U2, K UK < ’iﬂu;ﬁl K. (2.49)
m

Indeed, combining (2.48) and (2.49) yields the desired estimate (keeping in mind
that U; K™ C B).

Estimate (2.49) is not obvious since, even if the K;’s are pairwise disjoint, the
stacked cubes K ! can overlap. In order to justify (2.49), we first write

U2, Ki UK = U5 J; x L
where L ; are disjoint cubes of R¢ and J ; are open sets of R of the form
J = U2 (ak. ar + (m + 1)hy).
Remark that
U K" = U, J; x L
where J; has the general form
J = U (g + hie,ax + (m + Dhy).

Hence, the proof is complete once Lemma 2.4.29 below is proved. O
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Lemma 2.4.29. Let (ak)]](\':l and (hk);{vzl be two (possibly infinite) sequences of
real numbers for N € N U {oo} with hy > 0fork =1,...,N. Then

m
m+1

|Upz (@, ax + (m + Dhg)| < \UR_, (ak + hic.ak + (m + Dh)| .

Proof. We first assume that N is finite. We write U{C\;l(ak + h,ar + (m + 1)hy)
as U1L=1 I; where I; are disjoint open intervals. We can write them as

il = sup (bk + (m + D)) — inf (br + k)
k=1,..., N; k=1,..., N;

Then

m
|UI]<V=1(ak + hi,ar + (m + 1)hk)| >m Xl:lkl = poar Xl:(m + Dy, .

It is now enough to remark that (m 4 1)/, coincide with the length of one of the
intervals {(ax,ar + (m + 1)hy)}, and they are distinct since so are the ;’s. The
proof is now complete in the case where N is finite.

If now N = oo, we get from the previous case that for any N € N,

m

m+1
m

m+1

A

(UN_ (ks ai + (m + Dhy)| < U, (ax + he.ax + (m + D)

=

|UR (ak + hi,ar + (m + 1)hy)|.

It is now enough to let N — oo to conclude. O

2.4.2.7 Proof of the L¢-Estimate

The proof of the L® estimate consists in obtaining a decay in the measure of the
sets {u > M*} N K, (see Fig.2.9). As in the elliptic case, the strategy is to apply
the covering Lemma 2.4.27 iteratively making use of Corollary 2.4.26. The main
difficulty of the proof (which is not present in the elliptic case) comes from the fact
that if K is a cube contained in K, then nothing prevents K " spilling out of K.
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Ky K4

Fig. 2.9 The two neighbourhoods K, and K,

Proof of Theorem 2.4.15. First, we can assume that

iIIZIfM <1 and | flla+1¢01)xB, (0) = €0
2 R

(where gy comes from Proposition 2.4.24) by considering

u
infg u+ ey! L/ Nz nx y o + 5

Vi, x) =

We thus want to prove that there exits a universal constant C > 0 such that

/~ u(t,x) drdx < C. (2.50)
K,

In order to get (2.43), it is enough to find universal constants m, ko € Nand B > 1
such that for all k£ > kg,

{u> M1 (0,R?*/24 CiB™*) x (=R, R)?| < C(1 — pu/2)* (2.51)

where C is universal and M and p comes from Proposition 2.4.24. Indeed, first for
t € [Mkm M E+Dm) we have

{u>1yN(0,R*/2+ C;B™ ) x (=R, R)¥|<C(1—-u/2)f <Cr™
with ¢ = — U=/ -  We deduce that for all # > 0, we have

mln M

Hu>1}n K| <Cr.
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Now we use the formula

o0
/~ u®(t,x) dtdx = 5/ T u>tyN K ldt
0

K

1 o)
§€|I€1|/ tg_ldt—i—s/ T Hu>ty N K |de
0 1

and we get (2.50) from (2.51).
We prove (2.51) by induction on k. For k = k¢, we simply choose

C > (1—pu/2)7%|0,R?/2+ C;B~") x (=R, R)‘|.

Now we assume that k > ko, that the result holds true for k and we prove it for
k + 1. In order to do so, we want to apply the covering Lemma 2.4.27 with

A={u>M*D"n©0,R*/2+CB* ) x (=R, R)?
B={u>M""n(0,R*2+ CiB™") x (=R, R)¢
0 =K, =(0,R*) x (=R, R)?

for some universal constants B and C; to be chosen later. We can choose kg
(universal) so that 5 C K. For instance

2C,B7% < R*.
The induction assumption reads

1Bl < C(1 — p/2)k.

Lemma 2.4.30. We have |A| < (1 — )| Q|.

Proof. Since, inf U= 1, we have in particular infg, u < 1. The basic measure
estimate (Proposition 2.4.18) then implies that

|A] = {u> M0 K} < (1 - pw|Ki| = (1 -0 o
Lemma 2.4.31. Consider any dyadic cube K = (t,x) + pK, of Q. If

|KN{u > METD™N 0, R?/2+CB* )< (=R, R)"Y| > (1-p)|K|, (2.52)
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then
K™ C {u> M*""yn(0,R*/2+ C;B~™) x (=R, R)?

where K™ is defined at the beginning of Sect. 2.4.2.6.

Proof. We remark that the straight stacked measure estimate, Corollary 2.4.26,
applied with 1 = M *FDm > pm implies

K™ C {u> M.
We thus have to prove that
K™ C [0,R*/2+ C,B™¥] x (=R, R)“. (2.53)
Because of (2.52), we have
KN (0,R*/2+ CiB™* ) x (=R, R) # 0.
Hence
c [0, R?/2 4+ C,B7*! 4 height(K) + height(K")] x (=R, R)?

where height(L) = sup{¢ : Ix, (¢, x) € L} —inf{z : Ax, (¢, x) € L}. Moreover,

height(K) = R*p?
height(K) = 4 height(K)
height(K™) = m height(K).

Hence, (2.53) holds true if
R*/2 4+ C;B™* ! 4 4(m 4+ D)R?p* < R*/2+ C,B™*

i.e.

GEB-1,

R22
P = dmtn °

(2.54)
In order to estimate R?p> we are going to use the stacked measure estimate given
by Proposition 2.4.24 together with the fact that K is a cube for which (2.52) holds.

On one hand, Proposition 2.4.24 and (2.52) imply that as long as / < (k + 1)m,
we have

u>MEFTin 0o <1 <1y
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in particular,

inf u>1.

s LD g0<e<1y

On the other hand, using notation from Lemma 2.4.23,

inf u<infu <1
. 0
U H L o< <1} K>

Hence (k + 1)m < k* + 1. Moreover, Lemma 2.4.23 implies

R2P2 <(- fo)((xk*)_1 =< ok m

36(m+1)
on—] -

Hence, we choose B = 9" and C; =
We can now apply the covering lemma and conclude that

m+1
m

|A] <6

|B].

We choose m large enough (universal) such that

m+1

(1—p) <1—p/2.

Recalling that we chose p such that ﬁ = | 4+ 2Cpux R9T2 (where Cpyy is the
universal constant appearing in the maximum principle), the previous condition is
equivalent to

m > 4Ca RO

Since R < 1, it is enough to choose m > 4C .
Thanks to the induction assumption, we thus finally get

[{u> MED™y 1 0, R*/2+ CB™* 1) x (=R, R)?| < C(1 — pu/2)* .

The proof is now complete. O

2.4.3 Harnack Inequality

The main result of this subsection is the following theorem.
Theorem 2.4.32 (Harnack inequality). For any non-negative function u such that

Lt pH(DW) > —f

%4 P=(Du) < f

(2.55)
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in Q1, we have

supu < C(inf u + || f || pa+1(0,))
& G

where Ky = (—R* + 3R* —R? + 1 R*) x BL}(O).
242

Remark 2.4.33. The case where u solves (2.55) in Q, instead of Q; follows by
scaling. Indeed, consider v(z, x) = u(p’t, px) and change constants accordingly.

We will derive Theorem 2.4.32 combining Theorem 2.4.15 with the following
proposition (which in turn also follows from Theorem 2.4.15).

Proposition 2.4.34 (Local maximum principle). Consider a function u such that

% + P~ (D%*u) < f in Q). (2.56)

Then for all p > 0, we have

1

v
supu < C ((/ (u+)”) + ”f“L“"H(Ql))‘
012 01

Proof. First we can assume that u > 0 by remarking that u™ satisfies (2.56) with f
replaced with | f].
Let W be defined by

W(t,x) = hmax((1 — |x|)™2, (1 +1)77)
where y will be chosen later. We choose # minimal such that
U >uyin Q.

In other words

h = min u(t, x)
~ eweor max((1 — |[x)~2, (1 4+1)77)’

We want to estimate / from above. Indeed, we have

supu < Ch
%4

for some constant C depending on y and Q 1
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In order to do estimate /2, we consider a point (¢, xo) realizing the minimum in
the definition of 4. We consider

8% = min((1 — |xo])%, (1 + o).
In particular
u(ty, x9) = h8~%

and Qs(tg, x0) C Q).
We consider next the function v(z, x) = C — u(¢t, x) where

C= sup V¥
0p5(t0.x0)

for some parameter 8 € (0, 1) to be chosen later. Remark first that
W6 < C < h((1—B)8)~ 7.
Remark next that v is a supersolution of

i—’;+P+(D2v)+|f| >0 inQ,

and v > 0 in (f — (RBS)* 19) x Bps(xo) C Qps(to, Xo). From the L¢ estimate
(Theorem 2.4.15 properly scaled and translated), we conclude that

/va < C(ﬁa)d“( inf v+ (ﬁS)fHIIfIILw(Ql))

(to—PB8.x0)+BIK>
where L = (to — 86, x0) + ,381%1. Moreover,
inf v < (o, xo)
(to—p8.x0)+BS K>
= C — u(l, xo)

< h((l - B — 1)5—2%

Hence, we have

/ ) < C(m)d“[h((l—ﬂ)—”—1)8—2y+(/38)f’+1||f||d+1}6. @.57)
L
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We now consider the set
1 1.,
A=1{(t,x)eL:u(t x)< Eu(to,xo) = EhS v

We have

& _2y &€
/ v® > |A| (hé’_z” - lhé)’_zy) = |A| (h(S ) )
A 2 2

We thus get from (2.57) the following estimate
¢ de
A= i (a=pr =1} + @ e |

Finally, we estimate f o1 u® from below as follows

/ u > / W > (L] — | A2 (h8 7).
. L\A

Hence, choosing y = % and combining the two previous inequalities, we get

ﬂ2+dC1]’l£ — |L|2—£(h5—2y)£ < / ut

1
+ :32+d Czhs ((1 _ IB)—Z}/ _ 1)
_de_ &
+ ,32+d+"+‘ Gl f 51

We used § < 1. Choose now 8 small enough so that

Cz((1 -B) - 1)8 < ()2

and conclude in the case p = ¢. The general case follows by interpolation. O

Theorem 2.4.32 is a direct consequence of the following one.

Theorem 2.4.35. For any non-negative function u satisfying (2.55) in (—1,0) x
B 1 (0), we have

supu < C@infu + || £l La+1((—1.0x8, (0)))
& Or R

where K3 = (=1 + %RZ,—I + R?/2) x BL\[(O) (see Fig.2.10).
242
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Qr

Fig. 2.10 The set 1?3

Proof of Theorem 2.4.35. On the one hand, from Theorem 2.4.15 (the L? estimate)
applied to u(¢ + 1, x) we know that

1/e
/ u(x)*dx < C(infu+ || flla+1(0,))- (2.58)
(—1.—14+R2/2)xBy, /5 Or

On the other hand, we apply Proposition 2.4.34 to the scaled function v(¢,x) =
u((t +1— R%/2)/(R%/2),v/2x/R) > 0 and p = ¢ to obtain

1
supr = ([ 0) + 1 ussnioy )
Q% 01

Scaling back to the original variables, we get

1

SupM E C (/ ME + ||f||Ld+l(Ql) . (259)
123 (—l,—l-‘rRz/Z)XBR/ﬁ

Combining (2.58) with (2.59) we get

supu < C (infu + ||f||Ld+1(Q1)) :
s Or

which finishes the proof. O



2 An Introduction to Fully Nonlinear Parabolic Equations 77
2.4.4 Holder Continuity

An important consequence of Harnack inequality (Theorem 2.4.32) is the Holder
continuity of functions satisfying (2.55).

Theorem 2.4.36. If u satisfies (2.55) in Q, then u is a-Holder continuous in Q,
and

— _d_
[leg,r2 = Cp~ (lulo.g, + pTH [ flli1(g,)) -

Proof. We only deal with p = 1. We prove that if u satisfies (2.55) in O then u is
a-Holder continuous at the origin, i.e.

lu(t, x) = u(0,0)] < C (lulo.o, + Il flla+1(0,)) (IX] + VD). (2.60)

To get such an estimate, it is enough to prove that the oscillation of the function u in
0, decays as p“; more precisely, we consider

M, = supu,
Qp

m, = infu,
r=0,

oscg, u =M, —m,.
Then (2.60) holds true as soon as

osco, u = C (Julo.o, + ”f”L‘H‘l(Ql)) . (2.61)

Indeed, consider (¢, x) € Q, \ Q,/» and estimate |u(f, x) — u(0, 0)| from above by
oscg, u and p/2 from above by x| + NI

In order to prove (2.61), we consider the two functions u — m, > 0 and
M, —u > 0in Q,. They both satisfy (2.55) in Q. From the Harnack inequality, we
thus get

. _d
sup(u —m,) < C(inf (u—mp) + pTF | flla+1)
oks Or2,
. _d
sup(Mp —u) < C(anf (Mp —u) + p77 || flla+1)
I &2

pKs

where pI€'4 C Q, follows from K, C (—=1,0) x B;. We next add these two
inequalities which yields
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_d
oscg, u = C(oscg, u—osco,, u+ pTT flla+1)

with C > 1 and where y denotes R?. Rearranging terms, we get

_d_
OSCQVPM = OSCqu+pd+l ”f”d-‘rl

where C is universal. Then an elementary iteration lemma allows us to achieve the
proof of the theorem; see Lemma 2.5.13 in appendix with i(p) = oscg, u and
§=(C—-1)/CandB =d/(d+1). O

Appendix: Technical Lemmas

A.1 Lebesgue’s Differentiation Theorem

The purpose of this appendix is to prove a version of Lebesgue’s differentiation
theorem with parabolic cylinders. Recall that the usual version of the result says
thatif f € L'(2, dt ® dx) where  is a Borel set of R?*!, then for a.e. (¢, x) € Q,

j—>o0

lim £ [f— f(,x)|=0
Gj

as long as the sequence of sets G satisfies the regularity condition:

Gj CBj
|G;l = c|Bj|

where B; is a sequence of balls B, (7, x) with r; — 0.

A sequence of parabolic cylinders Q,,(¢,x) cannot satisfy the regularity
condition because of the different scaling between space and time. Indeed
Oy (t,x)| = r;.H'Z which is an order of magnitude smaller than r;H'l.

Fortunately, the classical proof of Lebesgue’s differentiation theorem can be

repeated and works for parabolic cylinders as well, as it is shown below.

Theorem 2.5.1 (Lebesgue’s differentiation theorem). Consider an integrable
function f € LY(Q,dt ® dx) where Q is an open set of Rt Then for a.e.
(t,x) € Q,

lim |f = f@x)=0
=0+ (r—r2.1)x B, (x)

where fo g = |17| fo g for any Borel set O C RY*! and integrable function g.
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In the proof, we will in fact use the following corollary.

Corollary 2.5.2 (Generalized Lebesgue’s differentiation theorem). Let G; be a
family of sets which is regular in the following sense: there exists a constant ¢ > 0
and r; — 0 such that

2

Gj C(t—rj,1) X By (x),
d+2
|G]| zcrj+ .

Then, except for a set of measure zero which is independent of the choice of {G},
we have

lim |f = f@.x)|=0.
j—>+o0 Gj

Remark 2.5.3. It is interesting to point out that if the parabolic cylinders were
replaced by other families of sets not satisfying the regularity condition, the result
of Lemma 2.5.5 may fail. For example if we take

Mf(.x)=  sup ][ /]
(a,b)XBy(y)>(t.x)/ (a.b)X B, (y)NQ

then Lemma 2.5.5 would fail for M f .

Proof of Corollary 2.5.2. We obtain Corollary 2.5.2 as an immediate consequence
of Theorem 2.5.1 by noting that since G; C (¢ — rj?, 1) X By, (x).

| B, |
|G]| (t—r2.t)x B, (x)

1=l < = fe0l

Thus, the result holds at all points where this right hand side goes to zero, which is

a set of full measure by Theorem 2.5.1 and that "lzcl—]?ﬂ >c>0. O
J

In order to prove Theorem 2.5.1, we first need a version of Vitali’s covering lemma.

Lemma 2.5.4 (Vitali’s covering lemma). Consider a bounded collection of cubes
(Qo)a of the form Qy = (ty — 12, 1y) X By, (xy) and a set A such that A C Uy Q.
Then there is a finite number of cubes Q1, ..., Qy such that A C UﬁyZISQj where

50, = (ta = 25r2,12) X By, (xa)-

Consider next the maximal function Mf associated with a function f €
LY(Q,dt ® dx)

Mf(t.x) = sup ][ If]
03(.x)J ong

where the supremum is taken over cubes Q of the form (s, y) + (—r2,0) x B,.
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Lemma 2.5.5 (The maximal inequality). Consider f € LY(Q,dt ® dx), f
positive, and A > 0, we have

C
{Mf > A3 = [ f e

for some constant C depending only on dimension d.

Proof. For all x € {Mf > A}, there exists Q > x such that
A
inf f > —|Q].
inf f = £10|

Hence, the set {Mf > A} can be covered by cubes Q. From Vitali’s covering lemma,
there exists a finite cover of {Mf > A} with some 50°s:

{Mf > 2} cUl_ 50

with O that are disjoint and such that

A
[ rzjieinal
2;ng

Hence
RN D >
/Q U;0;NQ zjj 0;NQ
A A 1 A
Z§|Uj QjﬂmZEXW|U1‘5Q1‘HQ|ZE|{MJC>/\}|
with C = 2 x 57+2, i

We can now prove Lebesgue’s differentiation theorem (Theorem 2.5.1).

Proof of Theorem 2.5.1. We can assume without loss of generality that the set €2
is bounded. We first remark that the result is true if f is continuous. If f is not
continuous, we consider a sequence ( f,), of continuous functions such that

C
1f = fullr < 5

Moreover, up to a subsequence, we can also assume that for a.e. (¢, x) € €,

fut,x) — f(t,x) asn — oo.
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Thanks to the maximal inequality (Lemma 2.5.5), we have in particular

UM~ ) > Ml = 2o

By Borel-Cantelli’s Lemma, we conclude that for all A > 0, there exists n, € N
such that for alln > n,,

M(f—f,) <A ae.inQ.

We conclude that for a.e. (¢, x) € Q and all k € N, there exists a strictly increasing
sequence 7y such that for all » > 0 such that Q, (¢, x) C Q,

f = Ful < MO~ fu) < 7.
O,(t.x)

Moreover, since f, is continuous and 2 is bounded, there exists ry > 0 such that
for r € (0, ry), we have

FI

f o = furt.2)] <
0r(t,x)

Moreover, for a.e. (f, x) € ,
| fo, (2, x) — f(t,.x)] >0 ask — oo.

These three facts imply that for a.e. (t,x) € €, for all ¢ > 0, there exists 7. > 0
such that r € (0, r,),

][ f = ft.0) <e.
0, (t.x)

This achieves the proof of the lemma. O

A.2 Jensen-Ishii’s Lemma for N Functions

When proving Theorem 2.4.9 (more precisely, Lemma 2.4.6), we used the following
generalization of Lemmas 2.3.23 and 2.3.30 whose proof can be found in [CIL92].

Lemma 2.5.6 (Jensen—Ishii’s Lemma IIl). Let U;,i = 1,..., N be open sets of
R? and I an open interval of R. Consider also lower semi-continuous functions
u; : I xU; = Rsuchthat forallv = u;, i =1,..., N, (t,x) € I xUj, there exists
r > 0 such that for all M > 0 there exists C > 0,
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(s.y) € Q(t.x)
(B.q.Y)ePu(s,y) p = —B=C.
(s, M|+ lgl + Y| =M

Letx = (x1,...,xy) and xo = (x,...,x%). Assume that vazl ui(t, x;) —¢(t, x)
reaches a local minimum at (ty,x0) € I x I1;U;. If o denotes 0,¢(ty, xo) and
pi denotes Dy, ¢(xo) and A denotes D*¢(to, xo), then for any B > 0 such that
I + BA > O, there exist (a;, X;) € Rx Sy, i = 1,..., N, such that for all
i=1,...,N,

(Oli, Dis X,) € f_u(to,x?)

N
E o = o

i=1

and
I0...0 X, 0...0
l 0. . > 0 > Ap
p 0 L 0
0 07 0...0 Xy

where Ag = (I + BA)™'A.

Remark 2.5.7. The condition on the functions u; is satisfied as soon as the u;’s
are supersolutions of a parabolic equation. This condition ensures that some
compactness holds true when using the doubling variable technique in the time
variable. See [CIL92, Theorem 8.2, p. 50] for more details.

A.3 Technical Lemmas for Monotone Envelopes

When proving the maximum principle (Theorem 2.4.9), we used the two following
technical lemmas.

Lemma 2.5.8. Consider a convex set Q@ of R? and a lower semi-continuous
function v : [a,b] x @ — R which is non-increasing with respect to t € (a,b)
and convex with respect to x € 2. Assume that v is bounded from above and that
forall (o, p, X) € P7v(t, x), we have

—a<C and X <CI.
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Then v is Lipschitz continuous with respect t € (a,b) and C"! with respect to
x € Q.

Proof of Lemma 2.5.8. We assume without loss of generality that €2 is bounded. In
this case, v is bounded from above and from below, hence is bounded. Next, we
also get that v is Lipschitz continuous with respect to x in [a, b] x F for all closed
convex set F' C 2 such that d(F, d2) > 0.

Step 1.

We first prove that v is Lipschitz continuous with respect to ¢: for all (¢, xo) €
(a,b) x Q,

L
M = sup {v(t,x)—v(s,y)—th—s|——|x—y|2—L8
s,t€(a,b),x,yEQ 4e

— Lo|x — xo|* = Lo(t — 10)2} <0

for L large enough only depending on C and the Lipschitz constant of v with respect
to x around (29, xo) and for L, large enough. We argue by contradiction by assuming
that M > 0. Consider (5,7, X, y) where the maximum M is reached. Remark first
that

_ _ - L _ . _
L0|y—x0|2+L0(s—to)2+L|t—s|+5|x—y|2+L£§v(t,x)—v(s,y)

=< 2|y upixs-

In particular, we can choose L and L large enough so that (3, ), (, X) € (a,b)xQ.
Remark next that 7 # §. Indeed, if f = 5, then

_ - L
0<M <v(,%)—v(,7) — 4—|)?—)7|2—L£
€
and choosing L larger than the Lipschitz constant of v with respect to x yields
a contradiction. Hence the function v is touched from below at (5, y) by the test
function
L _
(5,9) > Co— —|X =y’ = LI s
4e
where Cy is a constant depending on (7, X). In particular,
(Lsign(f —5), L(4e) "' (X — ), L(4e)"'1) € P70, j).

We thus should have L < C. Choosing L > C yields also the desired contradiction.
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Step 2.

In order to prove that for all ¢ € (a, b), u(t,-) is C! with respect to x, it is enough
to prove that for all (p, X) € Dz*_u(t, x) (see below), X < CI.1Indeed, this implies
that u(t,-) + %I - |? is concave [ALL97]. Since u(t, -) is convex, this implies that it
is C"! [CanSin04].

(p, X) € D> u(t, x) means that there exists ¥ € C2(R?) such that p = Dy (x)
and X = D?y/(x) and

Y(y) =¥ (x) <ult,y) —ult,x)

for y € B,(x). We can further assume that the minimum of u(¢, -) — ¥ is strict. We
then consider the minimum of u(s, x)— (x)+&~! (s—¢)?in (t—r, t +r)x B, (x). For
¢ small enough, this minimum is reached in an interior point (., x.) and (z,, x;) —
(t,x) ase — 0. Then

(S_l(ss —1), Dl/f(xs)7 DZW(XE)) € P u(te, xa)‘

Hence, D%y (x,) < CI. Letting ¢ — 0 yields X < CI. This achieves Step 2.
The proof of the lemma is now complete. O

Lemma 2.5.9. Consider a convex set Q2 of R? and v : (a,b) x Q — R which is
non-increasing with respect to t € (a,b) and convex with respect to x € Q. Then
forall («, p, X) € P™v(t, x), that there exists (&, p,, X,) such that

(ctn, pu> Xn) € P o(ty, xn)
(tn, Xn, 0y, pn) — (¢, x,, p)
X <X, +o0,(1),X,>0.

The proof of this lemma relies on Alexandroff theorem in its classical form.
A statement and a proof of this classical theorem can be found for instance in
[EG92]. We will only use the following consequence of this theorem.

Theorem 2.5.10. Consider a convex set Q of R? and a functionv : (a,b)xQ — R
which is convex with respect to (¢, x) € (a,b) x Q. Then for almost (t, x) € (a, b) X
Q, there exists (a, p, X) € P~ N PYu(t, x), that is to say such that,

v(s,y) = v, x)+a(s—1)+p-(y—x)+ %X(y—X)(y—X)JrO(IS—tI+|y—XI2)-
(2.62)

Jensen’s lemma is also needed (stated here in a “parabolic” version for the sake
of clarity).

Lemma 2.5.11 (Jensen). Consider a convex set 2 of R? and a function v : (a,b)x
Q — R such that there exists (t, C) € R? such that u(t, x) + t1* + C|x|? is convex
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with respect to (t,x) € (a,b) x Q. If u reaches a strict local maximum at (to, Xo),
then forr > 0 and § > 0 small enough, the set

K ={(t,x) € (to—r,to +r) x B (xo) : Iz, p) € (—6,6) x Bs,

(s,y) = u(s,y) — ts — p - y reaches a local maximum at (¢, x)}

has a positive measure.

See [CIL92] for a proof. We can now turn to the proof of Lemma 2.5.8. The proof
of Lemma 2.5.9 below mimics the proof of [ALL97, Lemma 3] in which there is no
time dependence.

Proof of Lemma 2.5.9. Consider a test function ¢ such that u — ¢ reaches a local
maximum at (¢, x) and

(Ol, ps X) = (afd)v Dd)v D2¢)(ts-x)-

Without loss of generality, we can assume that this maximum is strict; indeed,
replace ¢ with ¢ (s, y) — |y — x|> — (s — t)? for instance. Then consider the function

. 1 1
ve(f,x) = inf . v(s,y)+g|y—x|2+g(s—t)2 .

yERI 5>

One can check that v, is still convex with respect to x and non-increasing with
respect to ¢ and that

1 1
(t,x) > ve(t, x) + —|x|* + -2
€ €

is concave with respect to (¢, x). Moreover, v, < v and
lim v, (¢, x) = v(¢, x).
e—>0

This implies that there exists (¢, x;) — 0 as & — 0 such that v, — ¢ reaches a local
maximum at (z,, x.). Remarking that v, — ¢ satisfies the assumptions of Jensen’s
lemma, Lemma 2.5.11 above, we combine it with Theorem 2.5.10 and we conclude
that we can find slopes (t,, p,) — (0, 0) and points (z,, x,) — (¢;, X¢) asn — 0o
where v, — ¢ satisfies (2.62) and v, — ¢ — 7,8 — p, ) reaches a local maximum at
(t1, x,). In other words,

(Tw + 0P (t, Xn), Pn + D (tn, Xn), D*0e(tn, X1)) € P~ 0e(ty, Xn)
with

Dzvg(t,,,x,,) >0
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and
D2p(ty. x,) < D*vu(ty, xp).

In order to conclude, we use the classical following result from viscosity solution
theory (see [CIL92] for a proof):

Lemma 2.5.12. Consider (s,, y,) such that
Vet Xn) = Vsn, yn) + &7 Iy — xl® + 67 (1 = 50)°.
Then
[yn = Xn|* + (ta — 52)* < elvTo.@p)xa
and
P ug(ty, xn) C P u(Sy, yn)-

We used in the previous lemma that v is bounded from above since €2 is bounded.
Putting all the previous pieces of information together yields the desired result. O

A.4 An Elementary Iteration Lemma

The following lemma is classical, see for instance [GT01, Lemma 8.23].

Lemma 2.5.13. Consider a non-decreasing function h : (0, 1) — R such that for
all p € (0,1),

h(yp) < 8h(p) + Cop”
for some §,y, B € (0,1). Then for all p € (0, 1),
h(p) < Cop®
forall a = $ min({2%, B) € (0, 1).

Iny

Proof. Consider k € N, k > 1, and get by induction that for all py, p; € (0, 1) with
P1 = Po,

k—1
h(y*p1) < 8 h(pr) + Copf Y v,
=0
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Then write

B
B o) = 8h(po) + Cor P
-Y
B

5 o
< Y h(eo) + Cop g

20

< 0 () + Co 2

where 8 = 128 Now pick p € [y¥*!p;, ¥*p1) and choose p; = /pop and get from
Iny p g

the previous inequality the desired result for p € (0, pg). Choose next py = % and
conclude for p € (0, 1). O
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Chapter 3
An Introduction to the Kahler-Ricci Flow

Jian Song and Ben Weinkove

Abstract These notes give an introduction to the Kédhler—Ricci flow. We give an
exposition of a number of well-known results including: maximal existence time
for the flow, convergence on manifolds with negative and zero first Chern class,
and behavior of the flow in the case when the canonical bundle is big and nef.
We also discuss the collapsing of the Kédhler—Ricci flow on the product of a torus
and a Riemann surface of genus greater than one. Finally, we discuss the connection
between the flow and the minimal model program with scaling, the behavior of the
flow on general Kéhler surfaces and some other recent results and conjectures.

Introduction

The Ricci flow, first introduced by Hamilton [Ham82] three decades ago, is the
equation

9 2R 1

3,8 = 2Ry, SRY
evolving a Riemannian metric by its Ricci curvature. It now occupies a central
position as one of the key tools of geometry. It was used in [Ham82, Ham8&6]
to classify three-manifolds with positive Ricci curvature and four-manifolds with
positive curvature operator. Hamilton later introduced the notion of Ricci flow
with surgery [Ham95a] and laid out an ambitious program to prove the Poincaré
and Geometrization conjectures. In a spectacular demonstration of the power of
the Ricci flow, Perelman [Per02, Per03q, PerO3b] developed new techniques which
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enabled him to complete Hamilton’s program and settle these celebrated conjectures
(see also [CZ06, KL0O8, MT07, MTO0S8]). More recently, the Ricci flow was used
to prove the Brendle—Schoen Differentiable Sphere Theorem [BSO8] and other
geometric classification results [BWO08, NiW10].

In addition to these successes has been the development of the Kéhler—Ricci
flow. If the Ricci flow starts from a Kéhler metric on a complex manifold, the
evolving metrics will remain Kihler, and the resulting PDE is called the Kihler—
Ricci flow. Cao [Cao85] used this flow, together with parabolic versions of the
estimates of Yau [Yau78b] and Aubin [Aub78], to reprove the existence of Kihler—
Einstein metrics on manifolds with negative and zero first Chern class. Since then,
the study of the Kéhler—Ricci flow has developed into a vast field in its own
right. There have been several different avenues of research involving this flow,
including: existence of Kihler—Einstein metrics on manifolds with positive first
Chern class and notions of algebraic stability [Bando87, Cal§82, ChW09, Don02,
MSz09, PSS07,PSSW09, PSSW11,PS05,PS06, PS10,Rub09, SeT08, Sz10, Tian97,
TZ07, Tos10a, Yau93, ZhuO7] (Perelman, unpublished work on the K#hler—Ricci
flow); the classification of Kihler manifolds with positive curvature in both the
compact and non-compact cases [Bando84,Ca092,CZ09,ChauT06,CST09,CheT06,
Gu09, Mok88, Ni04, PSSWO08b]; and extensions of the flow to non-Kihler settings
[Gilll1, StT10]. (These lists of references are far from exhaustive.) In these notes
we will not even manage to touch on these areas.

Our main goal is to give an introduction to the Kihler—Ricci flow. In the last
two sections of the notes, we will also discuss some results related to the analytic
minimal model program of the first-named author and Tian [STO7, ST12, ST09,
Tian02, Tian08]. The field has been developing at a fast pace in the last several
years, and we mention briefly now some of the ideas.

Ultimately, the goal is to see whether the Kéhler—Ricci flow will give a geometric
classification of algebraic varieties. In the case of real three-manifolds, the work
of Perelman and Hamilton shows that the Ricci flow with surgery, starting at any
Riemannian metric, can be used to break up the manifold into pieces, each of which
has a particular geometric structure. We can ask the same question for the Kahler—
Ricci flow on a projective algebraic variety: starting with any Kéhler metric, will
the Kdhler—Ricci flow “with surgery” break up the variety into simpler pieces, each
equipped with some canonical geometric structure?

A process of “simplifying” algebraic varieties through surgeries already exists
and is known as the Minimal Model Program. In the case of complex dimension
two, the idea is relatively simple. Start with a variety and find “(—1)-curves”—
these are special holomorphic spheres embedded in the variety—and remove them
using an algebraic procedure known as “blowing down”. It can be shown that
after a finite number of these algebraic surgeries, the final variety either has a
“ruled” structure, or has nef canonical bundle, a condition that can be interpreted
as being “nonpositively curved” in some appropriate sense. This last type of
variety is known as a “minimal model”. In higher dimensions, a similar, though
more complicated, process also exists. It turns out that there are many different
ways to arrive at the minimal model by algebraic procedures such as blow-downs.
However, in [BCHM10] Birkar—Cascini-Hacon—McKernan introduced the notion
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of the Minimal Model Program with scaling (or MMP with scaling), which, ignoring
some technical assumptions, takes a variety with a “polarization” and describes a
particular sequence of algebraic operations which take it to a minimal model or a
ruled surface (or its higher dimensional analogue). This process seems to be closely
related to the Kihler—Ricci flow, with the polarization corresponding to a choice of
initial Kéhler metric.

Starting in 2007, Song—Tian [ST07,ST12,ST09] and Tian [Tian08] proposed the
analytic MMP using the Kihler—Ricci flow with a series of conjectures, and showed
[STO9] that, in a weak sense, the flow can be continued through singularities related
to the MMP with scaling. In the case of complex dimension two, it was shown by
the authors [SW10] that the algebraic procedure of “blowing down” a holomorphic
sphere corresponds to a geometric “canonical surgical contraction” for the Kéhler—
Ricci flow.

Moreover, the minimal model is endowed with an analytic structure. Eyssidieux—
Guedj—Zeriahi [EGZ11] generalized an estimate of Kolodziej [Kol98] (see also the
work of Zhang [Zha06]) to construct singular Kdhler—Einstein metrics on minimal
models of general type. In the case of smooth minimal models, convergence of the
Kihler—Ricci flow to this metric was already known by the work of Tsuji in the
1980s [Tsu88], results which were clarified and extended by Tian—Zhang [Tzha06].
On litaka fibrations, the Kihler—Ricci flow was shown by Song—Tian to converge to
a “generalized Kihler—FEinstein metric” [ST07,ST12].

These are very recent developments in a field which we expect is only just begin-
ning. In these lecture notes we have decided to focus on describing the main tools
and techniques which are now well-established, rather than give expositions of the
most recent advances. In particular, we do not in any serious way address “surgery”
for the Kéhler—Ricci flow and we only give a sketchy outline of the Minimal Model
Program and its relation to the Kédhler—Ricci flow. On the other hand, we have taken
the opportunity to include two new results in these notes: a detailed description
of collapsing along the Kéhler—Ricci flow in the case of a product elliptic surface
(Sect. 3.6) and a description of the Kédhler—Ricci flow on Kihler surfaces (Sect. 3.8),
extending our previous work on algebraic surfaces [SW10].

We have aimed these notes at the non-expert and have tried to make them as
self-contained and complete as possible. We do not expect the reader to be either
a geometric analyst or an algebraic geometer. We assume only a basic knowledge
of complex manifolds. We hope that these notes will provide enough background
material for the non-expert reader to go on to begin research in this area.

We give now a brief outline of the contents of these notes. In Sect. 3.1, we give
some preliminaries and background material on Kéhler manifolds and curvature,
describe some analytic tools such as the maximum principle, and provide some
definitions and results from algebraic geometry. Readers may wish to skip this
section at first and refer back to it if necessary. In Sect.3.2, we describe a
number of well-known basic analytic results for the Kédhler—Ricci flow. Many of
these results have their origin in the work of Calabi, Yau, Cheng, Aubin and
others [Aub78, Cal58, Cao85, ChengYau75, Yau78b, Yau78]. We include a more
recent argument, due to Phong—geéum—Sturm [PSSO7], for the “Calabi third-order”
estimate in the setting of the Kihler—Ricci flow.
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In Sect. 3.3 we prove one of the basic results for the Kéhler—Ricci flow: the flow
admits a smooth solution as long as the class of the metric remains Kihler. The
result in this generality is due to Tian—Zhang [Tzha06], extending earlier results of
Cao and Tsuji [Cao85, Tsu88, Tsu96]. In Sect. 3.4, we give an exposition of Cao’s
work [Cao85]—the first paper on the Kihler—Ricci flow. Namely, we describe the
behavior of the flow on manifolds with negative or zero first Chern class. We include
in this section the crucial C° estimate of Yau [Yau78b]. We give a different proof of
convergence in this case, following Phong—Sturm [PS06]. In Sect. 3.5, we consider
the Kéhler—Ricci flow on manifolds with nef and big canonical bundle. This was first
studied by Tsuji [Tsu88] and demonstrates how one can study the singular behavior
of the Kihler—Ricci flow.

In Sect. 3.6, we address the case of collapsing along the Kihler—Ricci flow with
the example of a product of an elliptic curve and a curve of higher genus. In Sect. 3.7,
we describe some basic results in the case where a singularity for the flow occurs at a
finite time, including the recent result of Zhang [Zha09] on the behavior of the scalar
curvature. We also describe without proof some of the results of [SSW11,SW10].

In Sect. 3.8, we discuss the Kihler—Ricci flow and the Minimal Model Program.
We give a brief sketch of some of the ideas of the MMP and how the Kéhler—Ricci
flow relates to it. We also describe some results from [SW10] and extend them to
the case of Kihler surfaces.

The authors would like to mention that these notes arose from lectures given at
the conference Analytic aspects of complex algebraic geometry, held at the Centre
International de Rencontres Mathématiques in Luminy, in February 2011. The
authors would like to thank S. Boucksom, P. Eyssidieux, and V. Guedj for organizing
this wonderful conference. Additional thanks go to V. Guedj for his encouragement
to write these notes.

We would also like to express our gratitude to the following people for providing
helpful suggestions and corrections: Huai-Dong Cao, John Lott, Morgan Sherman,
Gang Tian, Valentino Tosatti and Zhenlei Zhang. Finally the authors thank their
former Ph.D. advisor D.H. Phong for his valuable advice, encouragement and
support over the last several years. In addition, his teaching and ideas have had a
strong influence on the style and point of view of these notes.

3.1 Preliminaries

In this section we describe some definitions and results which will be used
throughout the text.

3.1.1 Kahler Manifolds

Let M be a compact complex manifold of complex dimension n. We will often
work in a holomorphic coordinate chart U with coordinates (z', ..., z") and write a
tensor in terms of its components in such a coordinate system. We refer the reader
to [GH78, KodMor71] for an introduction to complex manifolds etc.
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A Hermitian metric on M is a smooth tensor ¢ = g;7 such that (g;7) is a positive
definite Hermitian matrix at each point of M. Associated to g is a (1, 1)-form w
given by

w= Eg.—.dzf Adz, (3.2)
27 7Y
where here and henceforth we are summing over repeated indices from 1 to n.
If do = 0 then we say that g is a Kdhler metric and that @ is the Kdihler
form associated to g. Henceforth, whenever, for example, g(¢), &, go,... are
Kaihler metrics we will use the obvious notation w(t), @, wy, . . . for the associated
Kihler forms, and vice versa. Abusing terminology slightly, we will often refer to
a Kihler form w as a Kdhler metric.
The Kihler condition dw = 0 is equivalent to:

akgi7 = aigk?’ fOr all i, j, k, (33)

where we are writing 9; = 9/07. The condition (3.3) is independent of choice of
holomorphic coordinate system.

For examples of Kihler manifolds, consider complex projective space P" =
(C"*t1\ {0})/ ~ where (z0,...,20) ~ (Z,...,2,) if there exists A € C* with
zi = Az} for all i. We denote by [Zy,...,Z,] € P" the equivalence class of
(Zo. ..., Z,) € C"t1\ {0}. Define the Fubini-Study metric wgs by

/—1 —
wps = 7aalog(|zo|2 + 4 |ZP). (3.4)

Note that although | Zo|? + - - - + | Z,|? is not a well-defined function on P", wgs is a
well-defined (1, 1)-form. We leave it as an exercise for the reader to check that wgs is
Kéhler. Moreover, since the restriction of a Kihler metric to a complex submanifold
is Kéhler, we can produce a large class of Kihler manifolds by considering complex
submanifolds of P". These are known as smooth projective varieties.

Let X = X'9; and Y = Y9 be T'? and T%! vector fields respectively, and let
a = a;d7 and b = b-d7 be (1,0) and (0, 1) forms respectively. By definition this

means that if (Z',...,7") is another holomorphic coordinate system then on their
overlap,
~ 0z = -0z/ a7 - a7
X]:X'—" YJZYZ—., d:a,-T, b*-szT. 3.5
0z az oz~ oz G-

Associated to a Kihler metric g are covariant derivatives Vi and Vi which act
on the tensors X, Y, a, b in the following way:

ViX' =0 X'+ TR X7, VeX' = 9pX', VYT = Y7
VeY’ =gy T+ Ty, (3.6)

Via; = 8ka,- - Fl.jkaj, V;ai = aga,', Vklﬁ = 8kb;, Vzlﬁ = agb;—l“_i’}(bj,
(3.7)
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where Fj’k are the Christoffel symbols given by

Fk = g "9 &t (3.8)

for (gZi) the inverse of the matrix (g,7). Observe that F;lk F’ from (3.3). The

Christoffel symbols are not the components of a tensor, but VkX ,VEX ,...do
define tensors, as the reader can verify. Also, if g and ¢ are Kéhler metrics with
Christoffel symbols I}, and I}, then the difference I'j — I} is a tensor.

We extend covariant derivatives to act naturally on any type of tensor. For

example, if W is a tensor with components Wki / then define

VW = 0, W7 410 W -1 Wi VW = azW7 +T Wit (3.9)

Note also that the Christoffel symbols are chosen so that Vi g7 = 0.
The metric g defines a pointwise norm | - |, on any tensor. For example, with
X,Y,a,b as above, we define

( 0)
This is extended to any type of tensor. For example, if W is a tensor with
components Wki / then define |W|§ = ng g,-;gqu]fquj ?,
Finally, note that a Kéhler metric g defines a Riemannian metric gg. In local
coordinates, write 77 = x’ + +/=1y’, so that 9, = $(d,i — +/—19,/) and o7 =
%(axi + +/—10,:). Then

g]R(axiv ax/) = 2Re(g17) = gR(ay , yl) gR(ax’s y/) - 2Im(g1]) (311)

We will typically write g instead of gR.

3.1.2 Normal Coordinates

The following proposition is very useful in computations.

Proposition 3.1.1. Let g be a Kihler metric on M and let S = S;5 be a tensor

which is Hermitian (that is Tj = S87;.) Then at each point p on M there exists a
holomorphic coordinate system centered at p such that,

87(p) =85 Si7(p) =Aibiy. hg7(p) =0, Vi jk=1...n
(3.12)

forsome Ay, ..., A, € R, where §; is the Kronecker delta.
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Proof. Tt is an exercise in linear algebra to check that we can find a coordinate
system (z!,...,Zz") centered at p (so that p > 0) satisfying the first two conditions:
g is the identity at p and S is diagonal at p. Indeed this amounts to the fact that a
Hermitian matrix can be diagonalized by a unitary transformation.

For the last condition we make a change of coordinates. Define coordinates
(z',...,Z") in a neighborhood of p by

. . 1 . .
d=7 - STUOFF, fori=1...n. (3.13)
Writing g,;, 5’17 for the components of g, S with respect to (', ...,7") we see that

€;7(0) = g;7(0) and S’,-;(O) = §;7(0) since 9z /977 (0) = &;. It remains to check
that the first derivatives of g,; vanish at 0. Compute at 0,

B0 (e
o7k 817 = ok \ oz 9z b

R L 02 9 3" D

T 307 07 5 T 9 o 9k ggm Sab

=T/ + T = 0, (3.14)
as required. O

We call a holomorphic coordinate system centered at p satisfying g;7(p) = §;
and drg;7(p) = 0 a normal coordinate system for g centered at p. It implies in
particular that the Christoffel symbols of g vanish at p. Proposition 3.1.1 states that
we can find a normal coordinate system for g at any point p, and that moreover we
can simultaneously diagonalize any other Hermitian tensor (such as another Kihler
metric) at that point.

3.1.3 Curvature

Define the curvature tensor of the Kihler metric g to be the tensor

R"™

o= =3, (3.15)

The reader can verify that this does indeed define a tensor on M. We often lower
the second index using the metric g and define

Risz = g’”jRime’ (316)
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an object which we also refer to as the curvature tensor. In addition, we can
lower or raise any index of curvature using the metric g. For example, Ri7qp =
g% 8" Rz

Using the formula for the Christoffel symbols and (3.3), calculate

Ry = —0:978,7 + 877 (8 8xg) (978 ,1)- (3.17)
The curvature tensor has a number of symmetries:
Proposition 3.1.2. We have
(’) Rika = Rﬁz%-
(”) Rika = kaiZ = RiZkT
(iii) VmRi57 = ViR, 77
Proof. (i) and (ii) follow immediately from the formula (3.17) together with the

Kihler condition (3.3). For (iii) we compute at a point p in normal coordinates for g,

VmRika = —8m8,- 87-ng = —8,- 8m87gkz = V,‘ Rmfki’ (318)

as required. O

Parts (ii) and (iii) of Proposition 3.1.2 are often referred to as the first and second
Bianchi identities, respectively. Define the Ricci curvature of g to be the tensor

=RF* (3.19)

o tkp _ _  tkp __
Ri7:=¢"Rs1 =8 Rig7 = ki7

ij
and the scalar curvature R = gJ' R;7 to be the trace of the Ricci curvature. For
Kihler manifolds, the Ricci curvature takes on a simple form:

Proposition 3.1.3. We have

Proof. First, recall the well-known formula for the derivative of the determinant of
a Hermitian matrix. Let A = (A,-;) be an invertible Hermitian matrix with inverse

(A7i ). If the entries of A depend on a variable s then an application of Cramer’s rule
shows that

d = (d
adetA = A’ (%Aij) det A. (3.21)
Using this, calculate
Ri7 = —0;T}; = —07(7 0 gxg) = —079; logdet g. (3.22)

which gives the desired formula. O
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Associated to the tensor R;; is a (1, 1) form Ric(w) given by

Ric(w) = ER-fdz" AdZ. (3.23)
27 Y
Proposition 3.1.3 implies that Ric(w) is closed.
We end this subsection by showing that the curvature tensor arises when
commuting covariant derivatives Vi and V7. Indeed, the curvature tensor is often
defined by this property.

Proposition 3.1.4. Let X = X'9;, Y = Y'd; be T'C and T*' vector fields
respectively, and leta = a;d7 andb = b=dz' be (1,0) and (0, 1) forms respectively.
Then

[Vi. Vg X" = R" X' (3.24)
[Vi, VY™ = —Rﬁmﬁ (3.25)
[Vk, Vila; = —Rimkzam (3.26)
[Vi, Vilbs = Rﬁmbm, (3.27)

where we are writing [V, V¢] = ViV — V4 Vi

Proof. We prove the first and leave the other three as exercises. Compute at a point
p in a normal coordinate system for g,

[Vi, VX" = 93 X" — dp(d X" + T X') = =@/ X" = R X',
(3.28)

as required. O

Note that the commutation formulae of Proposition 3.1.4 can naturally be
extended to tensors of any type. Finally we remark that, when acting on any tensor,
we have [V;, V;] = 0 = [V}, V5], as the reader can verify.

3.1.4 The Maximum Principle

There are various notions of “maximum principle”. In the setting of the Ricci flow,
Hamilton introduced his maximum principle for tensors [CLN06, Ham82, Ham95a]
which has been exploited in quite sophisticated ways to investigate the positivity of
curvature tensors along the flow (see for example [Bando84, BW08, BS08, Ham86,
Mok88,NiW10]). For our purposes however, we need only a simple version of the
maximum principle.
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We begin with an elementary lemma. As above, (M, w) will be a compact Kéhler
manifold.

Proposition 3.1.5. Let f be a smooth real-valued function on M which achieves
its maximum (minimum) at a point xo in M. Then at X,

df =0 and +/—193f <0 (= 0). (3.29)

Here, if « = \/—_lal-;»dzi A dz/ is a real (1, 1)-form, we write @ < 0 (> 0) to
mean that the Hermitian matrix (a,7) is nonpositive (nonnegative). Proposition 3.1.5
is a simple consequence of the fact from calculus that a smooth function has non-
positive Hessian (and hence nonpositive complex Hessian) and zero first derivative
at its maximum.

Next we introduce the Laplace operator A on functions. Define

Af =gl 0:07f (3.30)

for a function f.
In these lecture notes, we will often make use of the trace notation “tr”. If « =

_«/2;1 ai7dzi AdzJ is areal (1, 1)-form then we write

- no" ' Aa
roa =g''a;; = —_— (3.31)
1)
In this notation, we can write A f = trw—vz;1 30 f.

It follows immediately from this definition that Proposition 3.1.5 still holds if we
replace /—199 f < 0 (> 0) in (3.29) by Af <0 (> 0).

For the parabolic maximum principle (which we still call the maximum principle)
we introduce a time parameter . The following proposition will be used many times
in these lecture notes.

Proposition 3.1.6. FixT > 0. Let f = f(x,t) be a smooth function on M x|[0, T].
If [ achieves its maximum (minimum) at (xo,ty) € M x [0, T'] then either ty = 0 or
at ()C(), Zo),

J _
8_]; >0(<0) and df =0 and ~—100f <0 (>0). (3.32)
Proof. Exercise for the reader. O

We remark that, in practice, one is usually given a function f defined on a
half-open time interval [0, T') say, rather than a compact interval. To apply this
proposition it may be necessary to fix an arbitrary 7o € (0,7) and work on
[0, To]. Since we use this procedure many times in the notes, we will often omit
to mention the fact that we are restricting to such a compact interval. Note also that
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Propositions 3.1.5 and 3.1.6 still hold with M replaced by an open set U € M as
long as the maximum (or minimum) of f is achieved in the interior of the set U.

We end this section with a useful application of the maximum principle in the
case where f satisfies a heat-type differential inequality.

Proposition 3.1.7. Fix T with 0 < T < oco. Suppose that f = f(x,t) is a smooth
function on M x [0, T) satisfying the differential inequality

ad
(5 - A) f <o. (3.33)

Then sup, nemxjo.ry S (x.1) < sup ey f(x,0).

Proof. Fix Ty € (0,T). For ¢ > 0, define f, = f — et. Suppose that f. on M x
[0, Ty] achieves its maximum at (xo, ). If zy > O then by Proposition 3.1.6,

0< (a%‘ — A) fg (X(), o) < —e, (3.34)

a contradiction. Hence the maximum of f; is achieved at fy = 0 and

sup f(x,1) < sup fe(x,t)+€Ty < sup f(x,0)+eTy.  (3.35)
(x.1)EM x[0.Ty] (x.t)EM X[0.Tp] xeM

Let ¢ — 0. Since Tj is arbitrary, this proves the result. O

We remark that a similar result of course holds for the infimum of f if we replace
(£ —A) f =0by (£ — A) £ = 0. Finally, note that Proposition 3.1.7 holds, with
the same proof, if the Laplace operator A in (3.33) is defined with respect to a metric

g = g(t) that depends on ¢.

3.1.5 Other Analytic Results and Definitions

In this subsection, we list a number of other results and definitions from analysis,
besides the maximum principle, which we will need later. For a good reference, see
[Aub82]. Let (M, w) be a compact Kihler manifold of complex dimension #. In
these lecture notes, we will be concerned only with smooth functions and tensors so
for the rest of this section assume that all functions and tensors on M are smooth.
The following is known as the Poincaré inequality.

Theorem 3.1.8. There exists a constant Cp such that for any real-valued function
fon M with [,, fo" =0, we have
[ ror=co [ porir, (336)
M M

Jor|of 2 = g719; fo;f.
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We remark that the constant Cp is (up to scaling by some universal factor) equal
to A~! where A is the first nonzero eigenvalue of the operator —A associated to g.
Next, we have the Sobolev inequality.

Theorem 3.1.9. Assume n > 1. There exists a uniform constant Cs such that for
any real-valued function f on M, we have

(/M|f|2ﬁwn)l/ﬂ < Cs (/M|af|2w"+/M|f|2wn)’ (3.37)

forB=n/(n—1)> 1.

We give now some definitions for later use. Given a function f, define the C 0
normon M to be || f'||coary = supy, | f|. We give a similar definition for any subset
U C M. Given a (real) tensor W and a Riemannian metric g, we define |W|§, by
contracting with g, in the obvious way (cf. Sect. 3.1.1). Define ||W || co(p,¢) to be the
C°%(M) norm of |W |,. If no confusion arises, we will often drop the M and g in
denoting norms.

Given a function f on M, we define for p > 1 the L” (M, ) norm with respect
to a Kihler metric w by

1/p
I llLrmw) = (/M Iflpw”) . (3.38)

Note that [| f [|Lrm.0) = | f lcoary as p — oo.

We use Vg to denote the (real) covariant derivative of g. Given a function f,
write Vi f for the tensor with components (in real coordinates) (Vr);, - -+ (Vr), f
and similarly for V acting on tensors.

For a function f and a subset U C M, define

k
1 ek e = Y IVE fllcow.g- (3.39)

m=0

and similarly for tensors.

We say that a tensor T has uniform C (M, g) boundsif foreachk = 0,1,2,...
there exists a uniform constant Cy such that ||7'|| ¢« (57 ) < Ci. Given an open subset
U € M we say that T has uniform C2(U, g) bounds if for any compact subset
K C U there exist constants Cy g such that |T|ckg o) < Ckx. We say that a
family of tensors T; converges in C;22(U, g) to a tensor T if for every compact

K CU,andeachk =0,1,2,..., the tensors 7; converge to T in Ck(K, g).
Given f8 € (0, 1), define the Holder norm C# (M, g) of a function f by

If et gy = ILf lcoqy + sup |/ (P) = /(9]

U= (3.40)
PFq d(p7 q)ﬁ
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for d the distance function of g. The C#(M, g) norm for tensors T is defined
similarly, except that we must use parallel transport with respect to g construct
the difference 7'(p) — T(q). For a positive integer k, define || f|lck+parg) =
I ke + ||an§f||c/5(ng), and similarly for tensors.

Finally, we define what is meant by Gromov—Hausdor{f convergence. This is a
notion of convergence for metric spaces. Given two subsets A and B of a metric
space (X, d), we define the Hausdorff distance between A and B to be

du(A, B) =inf{e > 0| A C B, and B C A,} (3.41)

where A, = Ugea{x € X | d(a,x) < &}. We then define the Gromov-Hausdorff
distance between two compact metric spaces X and Y to be

den(X.Y) = i}?gdH(f(X), g(Y)), (3.42)

where the infimum is taken over all isometric embeddings f : X — Z,g:Y — Z
into a metric space Z (for all possible Z). We then say that a family X; of compact
metric spaces converges in the Gromov—Hausdorff sense to a compact metric space
X oo if the X; converge to X, with respect to dgy.

3.1.6 Dolbeault Cohomology, Line Bundles and Divisors

In this section we introduce cohomology classes, line bundles, divisors, Hermitian
metrics etc. Good references for this and the next subsection are [§H78,KodMor7 1].
Let M be a compact complex manifold. We say that a form « is 0-closed if do = 0

and 9-exact if « = 91 for some form 7. Define the Dolbeault cohomology group
Hy''(M,R) by

{d—closedreal(1, 1) — forms}

{0—exactreal(1, 1) — forms} '

Hg'l(M, R) = (3.43)

A Kihler metric @ on M defines a nonzero element [@] of Hg’l(M ,R). If a

cohomology class o € Hg’l (M, R) can be written @ = [w] for some Kéhler metric
o then we say that « is a Kdhler class and write o > 0.
A basic result of Kéhler geometry is the dd-Lemma.

Theorem 3.1.10. Let (M, ) be a compact Kéhler manifold. Suppose that 0 =
o] € Hgl’l (M, R) for a real smooth d-closed (1, 1)-form «.. Then there exists a real-

valued smooth function ¢ with o = *é—f‘a&p, which is uniquely determined up to
the addition of a constant.
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In other words, a real (1, 1)-form « is 9d-exact if and only if it is d0-exact. It is
an immediate consequence of the d0-Lemma that if @ and @’ are Kéhler metrics in

the same Kihler class then o’ = @ + “é—?@)g(p for some smooth function ¢, which
is uniquely determined up to a constant, and sometimes referred to as a (Kdhler)
potential.

A line bundle L over M is given by an open cover {U,} of M together with
collection of transition functions {t,g} which are holomorphic maps fy,g : Uy N
Ug — C* satisfying

taplpe = 1, tuplpy = lay- (3.44)
We identify two such collections of transition functions {4} and {t;ﬂ} if we can

S
need to identify ({Us}, {tap}), ({U,}, {t;g}) whenever {U, } is a refinement of {Us }

and the 75 are restrictions of the 3. We will not dwell on technical details about
refinements etc. and instead refer the reader to [GH78] or [KodMor71].) Given line
bundles L, L’ with transition functions {,s}, {,, g} write L L’ for the new line bundle
with transition functions {Z,?,, ﬁ}' Similarly, for any m € Z, we define line bundles

find holomorphic functions f;, : U, — C* with ¢/ 5= f—;taﬂ. (In addition, we also

L™ by {to’j’ﬂ}. We call L~! the inverse of L. Sometimes we use the additive notation
for line bundles, writing L + L’ for LL’ and mL for L™.

A holomorphic section s of L is a collection {s,} of holomorphic maps s, :
U, — C satisfying the transformation rule s, = t4858 on Uy, N Ug. A Hermitian
metric h on L is a collection {h,} of smooth positive functions 4, : U, — R
satisfying the transformation rule h, = |ty |*hg on U, N Ug. Given a holomorphic
section s and a Hermitian metric &, we can define the pointwise norm squared of
s with respect to & by |s|ﬁ = hySeSe On Uy. The reader can check that |s|ﬁ is a
well-defined function on M.

We define the curvature R; of a Hermitian metric 2 on L to be the closed
(1,1) form on M given by R, = —%Eﬁlogha on U,. Again, we let the
reader check that this is well-defined. Define the first Chern class c¢i(L) of L
to be the cohomology class [R;] € Hgl’1 (M, R). Since any two Hermitian metrics
h,h' on L are related by i’ = he™% for some smooth function ¢, we see that

Ry = R, + %8&0 and hence c¢;(L) is well-defined independent of choice of
Hermitian metric. Note that if 4 is a Hermitian metric on L then 4™ is a Hermitian
metric on L™ and ¢ (L") = mcy(L).

Every complex manifold M is equipped with a line bundle Kj;, known as the
canonical bundle, whose transition functions are given by f, = det (8153 / azé) on

U, NUg, where U,, are coordinate charts for M with coordinates zllx, oz Ifgisa
Kaihler metric (or more generally, a Hermitian metric) on M then h, = det((g"‘?‘j)_l

on U, defines a Hermitian metric on Kj,. The inverse KA_,I1 of K is sometimes
called the anti-canonical bundle. Its first Chern class cl(KA_,Il) is called the first
Chern class of M and is often denoted by ¢ (M ). It follows from Proposition 3.1.3
and the above definitions that ¢; (M) = [Ric(w)] for any Kéhler metric w on M.
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We now discuss divisors on M . First, we say that a subset V' of M is an analytic
hypersurface if V is locally given as the zero set { f = 0} of a locally defined
holomorphic function f. In general, V' may not be a submanifold. Denote by /"¢
the set of points p € V for which V is a submanifold of M near p. We say that V is
irreducible if V™8 is connected. A divisor D on M is a formal finite sum ) _; a; V;
where a; € Z and each V; is an irreducible analytic hypersurface of M. We say that
D is effective if the a; are all nonnegative. The support of D is the union of the V;
for each i with a; # 0.

Given a divisor D we define an associated line bundle as follows. Suppose that
D is given by local defining functions f, (vanishing on D to order 1) over an
open cover U,. Define transition functions f,s = fo/fg on U, N Ug. These are
holomorphic and nonvanishing in U, N Ug, and satisfy (3.44). Write [D] for the
associated line bundle, which is well-defined independent of choice of local defining
functions. Note that the map D + [D] is not injective. Indeed if D # 0 is defined
by a meromorphic function f on M then [D] is trivial.

As an example: associated to a hyperplane {Z; = 0} in P" is the line bundle
H, called the hyperplane bundle. Taking the open cover U, = {Z, # 0}, the
hyperplane is given by Z;/Z, = 0in U,. Thus we can define H by the transition
functions t,g = Zg/Z,. Define a Hermitian metric hps on H by

(hgs) 1ZoP U, (3.45)
a = on o .

BTz 2P

Notice that R, = wgs. The canonical bundle of P" is given by Kp» = —(n + 1) H

and ¢ (P") = (n + 1)[wss] > 0. The line bundle H is sometimes written O(1).

3.1.7 Notions of Positivity of Line Bundles

Let L be a line bundle over a compact Kéhler manifold (M, w). We say that L is
positive if ¢;(L) > 0. This is equivalent to saying that there exists a Hermitian
metric & on L for which R;, is a Kihler form.

The Kodaira Embedding Theorem relates the positivity of L with embeddings of
M into projective space via sections of L. More precisely, write H°(M, L) for the
vector space of holomorphic sections of L. This is finite dimensional if not empty.
We say that L is very ample if for any ordered basis s = (s, ...,sy) of H(M, L),
the map ¢, : M — PV given by

ts(x) = [s0(x), ..., sn(x)], (3.46)
is well-defined and an embedding. Note that so(x), ..., sy(x) are not well-defined
as elements of C, but [so(x),...,sy(x)] is a well-defined element of PV as long

as not all the s; (x) vanish. We say that L is ample if there exists a positive integer
myg such that L™ is very ample for all m > m. The Kodaira Embedding Theorem
states:
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Theorem 3.1.11. L is ample if and only if L is positive.

The hard part of this theorem is the “if” direction. For the other direction, assume
that L™ is very ample, with (sp,...,sy) a basis of HO(M,L™). Since M is a
submanifold of P", we see that (fwrs is a Kahler form on M and if & is any
Hermitian metric on L™ then by definition of ls,

V=1 - V=1 .- V=1 .-
—00logh + 7aa1og(|so|i + -4 Isn}) = Ry + — 00/,

Ly WFs = 5
(3.47)
for a globally defined function f. This implies that %L:a)ps € c¢1(L) and hence
Cl(L) > 0. N
We say that a line bundle L is globally generated if for each x € M there exists
a holomorphic section s of L such that s(x) # 0. If L is globally generated then
given an ordered basis s = (o, ..., Sy) of holomorphic sections of L, we have a
well-defined holomorphic map ¢, : M — PV given by (3.46) (although it is not
necessarily an embedding). We say that a line bundle L is semi-ample if there exists
a positive integer m such that L™ is globally generated. Observe that if L is semi-
ample then, by considering again the pull-back of wgs to M by an appropriate map
L5, there exists a Hermitian metric /2 on L such that R, is a nonnegative (1,1)-form.
That is, ¢; (L) contains a nonnegative representative.
We next discuss the pairing of line bundles with curves in M. By a curve in M
we mean an analytic subvariety of dimension 1. If C is smooth, then we define

L-C =/ Ry, (3.48)
c

where / is any Hermitian metric on L. By Stokes’ Theorem, L - C is independent
of choice of A. If C is not smooth then we integrate over C™%, the smooth part of
C (Stokes’ Theorem still holds—see for example [GH78], p. 33). We can also pair
a divisor D with a curve by setting D - C = [D] - C, and we may pair a general
element o € H'!(M,R) with a curve C by settinga - C = Jenfornea.

We say that a line bundle L is nef if L - C > 0 for all curves C in M (“nef” is
an abbreviation of either “numerically eventually free” or “numerically effective”,
depending on whom you ask). It follows immediately from the definitions that:

L ample = Lsemi—ample = L nef. (3.49)

We may also pair a line bundle with itself n times, where n is the complex
dimension of M. Define

(L) = /M (Ry)'". (3.50)

Moreover, given any o € H"!' (M, R) we define o' = fM n" forn € a.
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Assume now that M is a smooth projective variety. We say that a line bundle L
on M is big if there exist constants mg and ¢ > 0 such that dim H°(M, L") > ¢ m”"
for all m > my. It follows from the Riemann—Roch Theorem (see [Ha77, Laz04],
for example) that a nef line bundle is big if and only if ¢;(L)" > 0. It follows that
an ample line bundle is both nef and big. If M has K, big then we say that M is of
general type. If M has Kj; nef then we say that M is a smooth minimal model.

We define the Kodaira dimension of M to be the infimum of x € [—00, 00) such
that there exists a constant C with dim H%(M, K ) < Cm* forall positive m. In the
special case that all H°(M, K7}) are empty, we have k = —oco. The largest possible
value of « is n. We write kod(M) for the Kodaira dimension x of M. Thus if M is
of general type then kod(M) = n. If M is Fano, which means that ¢;(M) > 0 then
kod(M) = —oo.

If K is semi-ample then for m sufficiently large, the map ¢, : M — PV given
by sections of Kj; has image a subvariety ¥, which is uniquely determined up to
isomorphism. Y is called the canonical model of M and dim Y = kod(M) [Laz04].

We now quote some results from algebraic geometry:

Theorem 3.1.12. Let M be a projective algebraic manifold.

(i) Let o be a Kiihler class and let L be a nef line bundle. Then a + s ci(L) is
Kdihler for all s > 0.
(ii) (Kawamata’s Base Point Free Theorem) If L is nef and al. — Ky is nef and
big for some a > 0 then L is semi-ample.
(iii) (Kodaira’s Lemma) Let L be a nef and big line bundle on M. Then there exists
an effective divisor E and § > 0 such that ¢i(L) — eci([E]) > O for all
e € (0,6].

Proof. For part (i), see for example Proposition 6.2 in [Dem96] or Corollary 1.4.10
in [Laz04]. For part (ii), see [KMMS87, Shok85]. For part (iii), see for example p. 43
of [Dem96]. ]

It will be useful to gather here some results from complex surfaces which we
will make use of later. First we have the Adjunction Formula for surfaces. See for
example [GH78] or [BHPV].

Theorem 3.1.13. Let M be a Kdhler surface, with C an irreducible smooth curve
in M. Then if g(C) is the genus of C, we have

Ky-C+C-C
1+Mf =g(C). (3.51)

Moreover, if C is an irreducible, possibly singular, curve in M, we have

KM-C+C-C>

1+
> =

0, (3.52)

with equality if and only if C is smooth and isomorphic to P!,
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Note that C - C is well-defined, since M has complex dimension 2 and so C
is both a curve and a divisor. We may write C? instead of C - C. Generalizing
the intersection pairing, we have the cup product form on H''(M,R) given by
a-f= fM o A B. Again, we write o instead of & - . A divisor D in M defines an
element of H"!'(M,R) by D ~ [R;] € H"!'(M,R) for h a Hermitian metric on
the line bundle [D], and this is consistent with our previous definitions.

We have the Hodge Index Theorem for Kéhler surfaces (see for example Theorem
IV.2.14 of [BHPV] or p. 470 of [GH78]).

Theorem 3.1.14. The cup product form on H“'(M,R) is non-degenerate of type
(1, k=1), where k is the dimension of H"'(M,R). In particular, ifo. € H“'(M,R)
satisfies o > 0 then for any B € H'' (M, R),

a-B=0 = pr<0or B=0. (3.53)
Finally, we state the Nakai—-Moishezon criterion for Kihler surfaces, due to
Buchdahl and Lamari [Buch99, Lam99].
Theorem 3.1.15. Let M be a Kdhler surface and  be a Kdhler class on M. If
o € H"'(M,R) is a class satisfying
a>>0, a-$>0, a-C>0

for every irreducible curve C on M, then o is a Kdhler class on M.

A generalization of this to Kidhler manifolds of any dimension was established
by Demailly—Paun [DemPaun04].

3.2 General Estimates for the Kiahler—Ricci Flow

In this section we introduce the Kéhler—Ricci flow equation. We derive a number
of fundamental evolution equations and estimates for the flow which will be used
extensively throughout these notes. In addition, we discuss higher order estimates
for the flow.

3.2.1 The Kiihler—Ricci Flow

Let (M, wp) be a compact Kédhler manifold of complex dimension 7. A solution of
the Kdahler—Ricci flow on M starting at wy is a family of Kihler metrics @ = w(¢)
solving

0
gw = —Ric(w), wli=0 = wy. (3.54)
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Note that this differs from Hamilton’s equation (3.1) by a factor of 2: see
Remark 3.2.11.

For later use it will be convenient to consider a more general equation than (3.54),
namely

0
ga) = —Ric(w) — v, w|i=0 = wy, (3.55)
where v is a fixed real number which we take to be either v = O orv = 1. As we will
discuss later in Sect. 3.4, the case v = 1 corresponds to a rescaling of (3.54). When
v = 1 we call (3.55) the normalized Kdhler—Ricci flow.

We have the following existence and uniqueness result.

Theorem 3.2.1. There exists a unique solution @ = w(t) to (3.55) on some
maximal time interval [0, T') for some T with0 < T < oo.

Since the case v = 1 is arescaling of (3.54), it suffices to consider (3.54). We will
provide a proof of this in Sect. 3.3, and show in addition that 7" can be prescribed in
terms of the cohomology class of [w] and the manifold M. Theorem 3.2.1 also
follows from the well-known results of Hamilton. Indeed we can use the short
time existence result of Hamilton [Ham82] (see also [Det83]) to obtain a maximal
solution to the Ricci flow a% gij = —R;on |0, T) starting at go for some 7' > 0. Since
the Ricci flow preserves the Kihler condition (see e.g. [Ham95a]), g(¢) solves (3.54)
on [0, T'). Note that this argument does not explicitly give us the value of 7.

A remark about notation. When we write tensorial objects such as curvature
tensors Rifki’ covariant derivatives V;, Laplace operators A, we refer to the objects
corresponding to the evolving metric w = w(t), unless otherwise indicated.

3.2.2 Evolution of Scalar Curvature

Let w = w(t) be a solution to the Kédhler—Ricci flow (3.55) on [0, T') for T with
0 < T < oo. We compute the well-known evolution of the scalar curvature.

Theorem 3.2.2. The scalar curvature R of o = w(t) evolves by

d
o R= AR + [Ric(w)]> + VR, (3.56)

where |Ric(w)|> = gzj gjk R;7 R, 7. Hence the scalar curvature has a lower bound
R(t) > —vn — Cpe™"', (3.57)

for Cy = —infy; R(0) — vn.
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Proof. Taking the trace of the evolution equation (3.55) gives

7 0
g‘k&g,{Z =—R—vn. (3.58)

Since R = —gﬁ d; 07 log det g we have

d Ji Tk 0 d Ji
gR = —g''0;07 (g ng) — (ng ) d;d7logdetg (3.59)
= AR+ g"g/*RizR;7 + VR, (3.60)

as required. For (3.57), we use the elementary fact that n|Ric(w)|> > R? to obtain

(E—A)R > lR(R+vn) = l(R+vn)2—v(R+vn). (3.61)
ot n n
Hence

(8% - A) (e"" (R +vn)) > 0. (3.62)

By the maximum principle (see Proposition 3.1.7 and the remark following it), the
quantity e"’ (R + vn) is bounded below by infy; R(0) + vn, its value at time ¢ = 0.
|

We remark that although we used the Kéhler condition to prove Theorem 3.2.2,
in fact it holds in full generality for the Riemannian Ricci flow [Ham82] (see also
[ChowKnopf]).

Theorem 3.2.2 implies a bound on the volume form of the metric.

Corollary 3.2.3. Let o = w(t) be a solution of (3.55) on [0,T) and Cy as in
Theorem 3.2.2.

(i) If v =0 then
o"(1) < " (0). (3.63)
In particular, if T is finite then the volume form " (t) is uniformly bounded

Sfrom above fort € [0, T).
(ii) If v = 1 there exists a uniform constant C such that

@" (1) < 0= (0). (3.64)

In particular, the volume form w"(t) is uniformly bounded from above for
t€[0,T).
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Proof. We have

d o"(t) = 0 _

—1 — L =gl __ 4f:—R— <C Vt, 365

o L) 5 8t = toe (3-65)
Integrating in time, we obtain (3.63) and (3.64). O

3.2.3 Evolution of the Trace of the Metric

We now prove an estimate for the trace of the metric along the Kéihler—Ricci flow.
This is originally due to Cao [Cao85] and is the parabolic version of an estimate for
the complex Monge—Ampere equation due to Yau and Aubin [Aub78, Yau78]. We
give the estimate in the form of an evolution inequality. We begin by computing the
evolution of tr zw, the trace of w with respect to a fixed metric @, using the notation
of Sect.3.1.4.

Proposition 3.2.4. Let & be a fixed Kihler metric on M, and let o = w(t) be a
solution to the Kdihler—Ricci flow (3.55). Then

9 —— e
(5 - A) roow=-—virgo—g R /g7 —8"g"g"Vig,;Vigig, (3.66)

where szj ', V denote the curvature and covariant derivative with respect to §.

Proof. Compute using normal coordinates for ¢ and the formula (3.17),
Aty = g% 0387 g.7)

= g% (07877 + g% 8 dndpey

=g"R g7 -8R+ 8/ g g% 0ig 105805, (3.67)
and
d -
gtra;a) = —(g’;]lRij— Virsow, (3.68)
and combining these gives (3.66). O

We use Proposition 3.2.4 to prove the following estimate, which will be used
frequently in the sequel:

Proposition 3.2.5. Let @ be a fixed Kdihler metric on M, and let ® = w(t) be
a solution to (3.55). Then there exists a constant C depending only on the lower
bound of the bisectional curvature for g such that
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0 N
(E_A) logtrgw < Ctry, @ — v. (3.69)

Proof. First observe that for a positive function f,

A U I3
Alogf:Tf—|]{2|g.

It follows immediately from Proposition 3.2.4 that

ad
(E - A) logtr s

(3.70)

1 p i |0 gl sTi ap kG o O
= oo (—Vtrasw—g R &7+ W—g g8'"7g"Vig,iVigig | -
(3.71)
We claim that
|3tr,;,a)|§, Fi Fp Tk A
. S8e Vig,iVi&kg = 0. (3.72)

To prove this we choose normal coordinates for ¢ for which g is diagonal. Compute
using the Cauchy—Schwarz inequality

|8tra;w|§ = Zg7’3i Zgﬁ 07 (ngk)
i j k

=33 & (01,7 (9rgip)
jkoi

1/2 1/2
Z(Zg”wig,-,ﬁ) (ngf|aigkk|2)

=
jke N\ i
172\ 2

= Z(Zgii|aigjj|2)

J i

172\ 2

- Z@(Zg“g“lafg,ﬁ)

J i
=

D gy gl 08
l i,j

< (rom) Y ¢ ¢ dig70re ;. (3.73)
i,jk
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where in the second-to-last line we used the Kéhler condition to give 0;g 7=
d;&;7- The inequality (3.73) gives exactly (3.72)

We can now complete the proof of the proposition. Define a constant ¢ by

C=- inAfl{Iéi;ﬁ(x) [{0.1,..., 0. }is orthonormal w.r.t. gatx, i,j = 1,...,n},
X€E
(3.74)

which is finite since we are taking the infimum of a continuous function over a
compact set.

Then computing at a point using normal coordinates for ¢ for which the metric
g is diagonal we have

g R g7 =) ¢ Rz = —C Y ) g7 = —Clrp0)(ir,é).
k.i k i
(3.75)

Combining (3.71), (3.72) and (3.75) yields (3.69). O

3.2.4 The Parabolic Schwarz Lemma

In this section we prove the parabolic Schwarz lemma of [STO7]. This is a parabolic
version of Yau’s Schwarz lemma [Yau78b]. We state it here in the form of an
evolution inequality.

Theorem 3.2.6. Let f : M — N be a holomorphic map between compact complex
manifolds M and N of complex dimension n and k respectively. Let wy and wy be
Kdéihler metrics on M and N respectively and let o = w(t) be a solution of (3.55)
on M x [0, T), namely

d

gw = —Ric(w) —vw, =0 = wp, (3.76)
fort € [0,T), with either v = 0 orv = 1. Then for all points of M x [0, T') with
tr,(f*wy) positive we have

(% - A) logtr,(f*wy) < Cytro(f*on) + v, 3.77)

where Cy is an upper bound for the bisectional curvature of wy.

Observe that a simple maximum principle argument immediately gives the
following consequence which the reader will recognize as similar to the conclusion
of Yau’s Schwarz lemma.
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Corollary 3.2.7. If the bisectional curvature of wy has a negative upper bound
Cy < 0on N then there exists a constant C > 0 depending only on Cy, wy, oy
and v such that tr ,( f*wn) < C on M x [0, T) and hence

1
w > Ef*wN, on M x [0, 7). (3.78)

In practice, we will find the inequality (3.77) more useful than this corollary,
since the assumption of negative bisectional curvature is rather strong. For the proof
of Theorem 3.2.6, we will follow quite closely the notation and calculations given
in [STO7].

Proof of Theorem 3.2.6. Fix x in M with f(x) = y € N, and choose normal

at y. The map f is given locally as (f',..., f*) for holomorphic functions f* =
[, ... 2. Write f,# for % f*. To simplify notation we write the components
of gy as haﬁ instead of (gN)aE- The components of the tensor f*gy are then
fi“fjﬁhag and hence tr,( f*oy) = gf"fi“f]ﬁhag. Writing u = tr,(f*wn) > 0,
we compute at x,

Au = g% d,0; (87i fiaf_jﬁhaﬁ)

— R71 fiafjﬂhaﬁ + glkgfi (3kﬁa)(3zf,ﬁ)hag _ glkgfi Saﬁygfiafjﬁfkyfég’

(3.79)

for §,5,5 the curvature tensor of gy on N. Next,
3 _ otk 3 _ a_ﬂh*—Rﬁ a_ﬂh, 3.80
T T8 8\ 58k JE S heg = R F2 f hyg + vu. (3.80)

Combining (3.79) and (3.80) with (3.70), we obtain

ad 1 5 - B
(5 - A) logu = - g7 Sp5 1 1] 1 12
|2

1 (|0u T
4= (Tg _ glkgjl(akfia)(a[fjﬂ)haﬁ) =+ v. (381)

u

If Cy is an upper bound for the bisectional curvature of gy we see that

g%gl 1S5 510 LR SP < O, (3.82)

and hence (3.77) will follow from the inequality
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El7E—
— =g O [ @S g < 0. (3.83)

The inequality (3.83) is analogous to (3.72) and the proofis almost identical. Indeed,
at the point x,

uly = >SS oS S

i,jk.op
1/2 1/2

SRV (Damz) (Daszﬁ)

ij.a.B k ¢

172\ 2

= Z|ﬁ”|<2|akf,-“|2)

io k
<[P D 10k | = ug™ e @ )@ f gz, (384

J.B ik,

which gives (3.83). ]

3.2.5 The Third Order Estimate

In this section we prove the so-called “third order” estimate for the Kidhler—Ricci
flow assuming that the metric is uniformly bounded. By third order estimate we
mean an estimate on the first derivative of the Kahler metric, which is of order 3
in terms of the potential function. Since the work of Yau [Yau78] on the elliptic
Monge—-Ampere equation, such estimates have often been referred to as Calabi
estimates in reference to a well-known calculation of Calabi [Cal58]. There are
now many generalizations of the Calabi estimate [Cher87,ShW 11, Tos10b, TWYO08,
ZhaZhall]. A parabolic Calabi estimate was applied to the Kihler—Ricci flow in
[Cao85]. Phong—geéum—Sturm [PSSO7] later gave a succinct and explicit formula,
which we will describe here.

Let w = w(t) be a solution of the normalized Kéhler—Ricci flow (3.55) on [0, T')
for0 < T < oo and let @ be a fixed Kihler metric on M. We wish to estimate the
quantity S = |@g|2 where V is the covariant derivative with respect to ¢ and the
norm | - | is taken with respect to the evolving metric g. Namely

S =g/g%g"VigiV; 5. (3.85)
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Define a tensor W}, by
ko 1k _ Pk _ kS,
Wy =Ty - Ty =g"Vig;g. (3.86)
We may rewrite S as
— (WP = gliglPg gk yl
S =V =g"g" gV, ¥, (3.87)
We have the following key equality of Phong—Se$um—Sturm [PSS07].
Proposition 3.2.8. With the notation above, S evolves by
9 A) S = Vo - vop + v|\If|2—2Re( Jigirg VPR qj_)
ot 8 8 8kt ibp ’
(3.88)

where VP = gb"V and R k = gmkR

ibpm-
Proof. Compute

AS = g7 g gz ((AWE)WE, + Wh (RUS)) + (VO + VWP, (3.89)

where we are writing A = gz“ V4 Vy, for the “rough™ Laplacian and A= gz“ V5V,
for its conjugate. While A and A agree when acting on functions, they differ in
general when acting on tensors. In particular, using the commutation formulae (see
Sect. 3.1.3),

AW = AV + R)W; + R WS, — RSV (3.90)
Combining (3.89) and (3.90),
AS = 2Re (gﬂgwgu(m )W )+ VU2 + |V
+ R”gquk[‘l'lpllqu + gf’RngH\pfpxpfq g/’g‘prH\Ilfp\I/fq (3.91)

We now compute the time derivative of S given by (3.87). We claim that

I ok k bh k
g\lfip =AY, -V Riﬁp‘ (3.92)
Given this, together with
0 Fi _ pii Ji 9 —
Eg =R/ +vg © 5 —&i=—Ri7—vg (3.93)

we obtain
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0 Ji g P i
3 S = 2Re (8767 gy (AW, — VPRGA) W)+ R g g W, v,
T R g W BT — T g1 R W BT 4 o WP, (3.94)

Then (3.88) follows from (3.91) and (3.94).
To establish (3.92), compute

a%np,kp = a% Y =-ViR}. (3.95)
On the other hand,
VEWh = 05T, — L) = zzp — Rl_E’;, (3.96)
and hence
AWf, = gV, VWl = VPR F — ViR S (3.97)

where for the last equality we have used the second Bianchi identity [part (iii) of
Proposition 3.1.2]. Then (3.92) follows from (3.95) and (3.97). O

Using this evolution equation together with Proposition 3.2.4, we obtain a third
order estimate assuming a metric bound.

Theorem 3.2.9. Let ® = w(t) solve (3.55) and assume that there exists a constant
Co > 0 such that

1
—wy < w < Cywy. (3.98)
Co

Then there exists a constant C depending only on Cy and wy such that
= [Vagl* < C. (3.99)

In addition, there exists a constant C' depending only on Cy and wy such that

9 |
(g—A)S§—§|Rm| +c, (3.100)

where |Rm|? denotes the norm squared of the curvature tensor R57

Proof. We apply (3.88). First note that

vgzél@]f =g" VR *—ghrye Rk - g Wl R oK+ gE’\IJfrI%’,Ep”. (3.101)
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Then with ¢ = g¢, we have, using (3.98),

‘2Re (¢ g?ngzvgﬁiE;jw_fq)) <C(S+VS)<2C(S + 1), (3.102)
for some uniform constant C;. Hence for a uniform C,,

0 _
(5 — A) S < —|VU)? = |VY|> + CS + Cs. (3.103)

On the other hand, from Proposition 3.2.4 and the assumption (3.98) again,

a 1
— —A|trgow <C;——38, 3.104
(al ) L) 3 :3 ( )

for a uniform C; > 0. Define Q = S + C5(1 + Cy)tr ;@ and compute

(a% _ A) 0<-S+0Cs (3.105)

for a uniform constant C,. It follows that S is bounded from above at a point at
which Q achieves a maximum, and (3.99) follows.
For (3.100), observe from (3.96) that

N 1
2 _ k k2 2
|VU|” = |Ri5p - Riﬁp > §|Rm| —Cs. (3.106)
Then (3.100) follows from (3.103), (3.106) and (3.99). O

3.2.6 Curvature and Higher Derivative Bounds

In this section we assume that we have a solution = w(t) of (3.55) on [0, T') with
0 < T < oo which satisfies the estimates

1
—wy < w < Cowo, (3.107)
Co

for some uniform constant Cy. We show that the curvature and all derivatives of the
curvature of @ are uniformly bounded, and that we have uniform C°° estimates of g
with respect to the fixed metric wy. We first compute the evolution of the curvature
tensor.
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Lemma 3.2.10. Along the flow (3.55), the curvature tensor evolves by

0

1 ba b a ab
oy Rijr = 5 ArR7iq = VR 70 + Riop R\ + Rigag R%," — Ry R

1 _ _
= (R“Rygis + R Rigg + RRip + R%Rijig)  (3.108)

where we write Ag = A + A and A = g7’V , V.

Proof. Using the formula %Fﬁc =-V; Rkp and the Bianchi identity, compute

0 0 9 _
gRiij:— (at g]?]) 07 Flk gpj 8 (El"f;{) :_RajRiakZ_VRika‘FV?VkRiT'
(3.109)

Using the Bianchi identity again and the commutation formulae, we obtain
— gha R
AR57 = & Va ViR 73

= ¢"ViVuRi=5 + ¢ [Va, VAR 45

ijk
v b a b b ap _ b a
= ViVikR;7 R R + R Rkbz] R 2 Rkbu] R Rkbm

(3.110)

abij

And
ARy = 8" V5ViR

ijal

= ¢V vy R+ g"[V5. ViIR

ijal

= V;ViR;7 + [Vi. V{IR;7 +g”“[Vb,Vk]Rua€

v P ap_ b opo
= ViViRi7 = Riz' Ry + R Ry

ab ab b ab
+ R Rb]az — Rk 7Ri5a2 + R, Rifb? — R RJab‘ (3.111)

Combining (3.109), (3.110) and (3.111) gives (3.108) ]

In fact we do not need the precise formula (3.108) in what follows, but merely
the fact that it has the general form

a 1
ng = EARRm—va—i—Rm*Rm—}—RC*Rm. 3.112)

To clarify notation: if A and B are tensors, we write A* B for any linear combination
of products of the tensors A and B formed by contractions on A4;,..;, and Bj,..j,
using the metric g. We are writing Rc for the Ricci tensor.
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Remark 3.2.11. A word about notation. The operator Ag is the usual “rough”
Laplace operator associated to the Riemannian metric gg defined in (3.11). Hamil-
ton defined his Ricci flow as % gij = —2R; precisely to remove the factor of 1
appearing in evolution equations such as (3.112). In real coordinates, the Kihler—
Ricci flow we consider in these notes is % gij = —Ry.

Lemma 3.2.12. There exists a universal constant C such that

d _
(g — A) |[Rm|?> < —|VRm|? — |[VRm|?> + C|Rm|*® — v|Rm|?, (3.113)

and, for all points of M x [0, T') where |Rm| is not zero,
ad C v

— —A)[Rm| < —|Rm|* — = |Rm|. 3.114

(3 - o) Rl = S IR = S G114

Proof. The inequality (3.113) follows from (3.112). Next, note that

ad 1 0 1 -
——A)Rm| = ——— ( — — A ) [Rm|? /'V; [Rm[*V+|Rm|?,
(37 =) Rt = e (57 = &) IRmf s R R

(3.115)

and
g/'V;[Rm|*V5[Rm|* < 2[Rm[*(|VRm* + [VRm/?). (3.116)
Then (3.114) follows from (3.113) and (3.116). O

‘We combine this result with the third order estimate from Sect. 3.2.5 to obtain:

Theorem 3.2.13. Let w = w(t) solve (3.55) and assume that there exists a constant
Co > 0 such that

1
—wy < w < Cywy. (3.117)
Co

Then there exists a constant C depending only on Cy and wy such that
[Rm|?> < C. (3.118)

In addition, there exists a constant C' depending only on Cy and wy such that

d _
(5 — A) |[Rm|> < —|VRm|*> — |[VRm|? + C’, (3.119)

Proof. From Theorem 3.2.9, the quantity S = |V, g|? is uniformly bounded from
above. We compute the evolution of 9 = |Rm|+ AS for a constant A. From (3.100)
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and (3.114), if A is chosen to be sufficiently large, we obtain

(a% — A) 0 < —|Rm|* + C’, (3.120)

for a uniform constant C’. Then the upper bound of |[Rm|? follows from the
maximum principle. Finally, (3.119) follows from (3.113). O

Moreover, once we have bounded curvature, it is a result of Hamilton [Ham82]
that bounds on all derivatives of curvature follow. For convenience we change to a
real coordinate system. Writing Vg for the covariant derivative with respect to g as
a Riemannian metric, we have:

Theorem 3.2.14. Let w = w(t) solve (3.55) on [0,T) with 0 < T < oo and
assume that there exists a constant C > 0 such that

|[Rm|? < C. (3.121)
Then there exist uniform constants C,, form = 1,2, ... such that
|VERm|* < C,,. (3.122)

Proof. We give a sketch of the proof and leave the details as an exercise to the
reader. We use a maximum principle argument due to Shi [Shi89] (see [CLNO6] for
a good exposition). In fact we do not need the full force of Shi’s results, which are
local, since we are assuming a global curvature bound.

From Lemma 3.2.10 and an induction argument (see Theorem 13.2 of [Ham82])

b1\
(5 - AR) VI'Rm = pﬂZ;m VZRm * VIRm. (3.123)

It follows that

ad 1
(5 _ EAR) |VERm[? = —| V2 Rm|? + Z VERm * VERm * VZRm.

prq=m
(3.124)
Moreover, since |Rm|? is bounded we have from Lemma 3.2.12 that
9 1 2 2 ’
Py EAR |IRm|~ < —|VgRm|” 4 C”, (3.125)
for some uniform constant C’. For the case m = 1, if we set Q = |VgRm|> +

A|Rm|? for A > 0 sufficiently large then from (3.123),
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a1
(5 — EAR) 0 < —|VgRm|* + C", (3.126)

and it follows from the maximum principle that |VgRm|? is uniformly bounded
from above. In addition,

0 1
(5 — EAR) |VgRm|? < —|VZRm|* + C", (3.127)
and an induction completes the proof. O

Next, we show that once we have a uniform bound on a metric evolving by the
Kihler—Ricci flow, together with bounds on derivatives of curvature, then we have
C *° bounds for the metric. Moreover, this result is local:

Theorem 3.2.15. Let w = w(t) solve (3.55)on U x [0, T) with0 < T < oo, where
U is an open subset of M. Assume that there exist constants C,, form = 0,1,2...
such that

1
AR Cowy, S <Cy and |VERm|* < C,. (3.128)

0
Then for any compact subset K C U and form = 1,2,..., there exist constants

C, depending only on wy, K, U and C,, such that
lo®)llem k.0 < Cpy- (3.129)

Proof. This is a well-known result. See [ChowKnopf], for example, or the discus-
sion in [PSSW11]. We give just a sketch of the proof following quite closely the
arguments in [ShW11, SW10]. It suffices to prove the result on the ball B say, in a
fixed holomorphic coordinate chart. We will obtain the C *° estimates for w(¢) on a
slightly smaller ball. Fix a time ¢ € (0, T']. Consider the equations

Aegi; ==Y Rii+ Y gP0giz0;g,; = Q. (3.130)
k k.p.q

where Ag = Zk Ok 3];. For each fixed i, j, we can regard (3.130) as Poisson’s
equation Agg; 7 = 0, 5.

Fix p > 2n. From our assumptions, each ||Q;7||.r(g) is uniformly bounded.
Applying the standard elliptic estimates (see Theorem 9.11 of [GT01] for example)
to (3.130) we see that the Sobolev norm ||g; 7 || L is uniformly bounded on a slightly
smaller ball. From now on, the estimates that we state will always be modulo
shrinking the ball slightly. Morrey’s embedding theorem (Theorem 7.17 of [GTO1])
gives that ||g; 7[|c1+s is uniformly bounded for some 0 < B < 1.

The key observation we now need is as follows: the mth derivative of Q, 7 can be
written in the form A * B where each A or B represents either a covariant derivative
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of Rm or a quantity involving derivatives of g up to order at most m + 1. Hence if
g is uniformly bounded in C™*+'*# then each Q, ; is uniformly bounded in C™*+#.
Applying this observation with m = 0 we see that each [|Q; ;||¢cs is uniformly
bounded. The standard Schauder estimates (see Theorem 4.8 of [GTO1]) give that
g; 7llc>+# is uniformly bounded.
We can now apply a bootstrapping argument. Applying the observation with
m = 1 we see that @, - is uniformly bounded in C 148 and so on. This completes

the proof. O

Combining Theorems 3.2.13-3.2.15, we obtain:

Corollary 3.2.16. Let = w(t) solve (3.55) on M x [0,T) with 0 < T < oo.
Assume that there exists a constant Cy such that

1
—wy < w < Cywy. (3.131)
Co
Then form = 1,2, ..., there exist uniform constants C,, such that
lo®)llcm(ge) < Com- (3.132)

In fact, there is a local version of Corollary 3.2.16. Although we will not actual
make use of it in these lecture notes, we state here the result:

Theorem 3.2.17. Let w = w(t) solve (3.55)on U x [0, T) with0 < T < oo, where
U is an open subset of M. Assume that there exists a constant Cy for such that

1
—wy < w < Cywy. (3.133)
Co

Then for any compact subset K C U and form = 1,2,..., there exist constants
C, depending only on wy, K and U such that

lo@®)llcn(k.g0) < Co- (3.134)
Proof. This can either be proved using the Schauder estimates of Evans—Krylov

[Eva82, Kryl82] (see also [CLNO6, Gilll1]) or using local maximum principle
arguments [ShW11]. We omit the proof. O

3.3 Maximal Existence Time for the Kihler—Ricci Flow

In this section we identify the maximal existence time for a smooth solution of
the Kéhler—Ricci flow. To do this, we rewrite the Kéhler—Ricci flow as a parabolic
complex Monge—Ampere equation.



122 J. Song and B. Weinkove
3.3.1 The Parabolic Monge—Ampére Equation

Let w = w(¢) be a solution of the Kédhler—Ricci flow

0
ga) = —Ric(w), W|i=0 = wp. (3.135)

As long as the solution exists, the cohomology class [w(¢)] evolves by

d
d—t[w(l)] = —c1(M), [@(0)] = [wo]. (3.136)

and solving this ordinary differential equation gives [w(t)] = [wo] — tci1(M).
Immediately we see that a necessary condition for the Kihler—Ricci flow to exist
for ¢ € [0,¢') is that [wg] — tc1(M) > 0 for ¢ € [0,¢"). This necessary condition is
in fact sufficient. If we define

T = sup{t > 0| [wo] —tc1 (M) > 0}, (3.137)

then we have:

Theorem 3.3.1. There exists a unique maximal solution g(t) of the Kdhler—Ricci
flow (3.135) fort € [0, T).

This theorem was proved by Cao [Cao85] in the special case when ¢} (M) is zero
or definite. In this generality, the result is due to Tian—Zhang [Tzha06]. Weaker
versions appeared earlier in the work of Tsuji (see [Tsu88] and Theorem 8 of
[Tsu96]).

We now begin the proof of Theorem 3.3.1. Fix T’ < T. We will show that there
exists a solution to (3.135) on [0, T”). First we observe that (3.135) can be rewritten
as a parabolic complex Monge—Ampere equation.

To do this, we need to choose reference metrics @, in the cohomology classes
[wo] — tc1(M). Since [wy] — T'c1 (M) is a Kihler class, there exists a Kihler form
nin [wo] — T'c1(M). We choose our family of reference metrics @, to be the linear
path of metrics between wy and 7. Namely, define

1
X = F(’I—wo) € —c1(M), (3.138)
and
N 1
o =wy+ty= F((T/ —Dwo + 1) € [wo] —tc1(M). (3.139)

Fix a volume form 2 on M with
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VA d
——30logQ =y = —ay € —c1 (M), (3.140)
27 ot

which exists by the discussion in Sect.3.1.6. Notice that here we are abusing

notation somewhat by writing %85 log €2. To clarify, we mean that if the volume

form €2 is written in local coordinates 7' as
Q=ai,...."YV=1)"dz' NdZ' A--- Ad AT,

for a locally defined smooth positive function a then we define Vz—faﬁ logQ =
%(‘igloga. Although the function a depends on the choice of holomorphic

coordinates, the (1, 1)-form %85 log a does not, as the reader can easily verify.
We now consider the parabolic complex Monge—Ampére equation, for ¢ = ¢(t)
a real-valued function on M,

~ /=laq \n
9 @& + %5—00 v—1.=
— =1ogw’ @ + ——03dp > 0, @|i=0 = 0.

(3.141)

This equation is equivalent to the Kihler—Ricci flow (3.135). Indeed, given a smooth
solution ¢ of (3.141) on [0, T"), we can obtain a solution @ = w(z) of (3.135) on
[0, T”) as follows. Define w(t) = @; + “é—?agq) and observe that w(0) = &y =
wo and

9 9 Vo1 5( 9 ) = —Ric(w), (3.142)

To="o ¥ 52
T TR o’

as required. Conversely, suppose that @ = w(¢) solves (3.135) on [0, T"). Then
since @, € [w(t)], we can apply the d0-Lemma to find a family of potential functions

@(t) such that w(t) = @&, + @8&50) and [, u 9(wg = 0. By standard elliptic
regularity theory the family @(¢) is smooth on M x [0, T"). Then

V-1 = VA V=1 =
——ddlogw" = 3a) = ——00logQ2 + ——dd 3(,Z) , (3.143)
2 ot 2 2 ot

and since the only pluriharmonic functions on M are the constants, we see that

Gl "

—¢ =log— 1),

5P =log5 +c)
for some smooth function ¢ : [0, T’) — R. Now set ¢(¢) = @(t) —fot c(s)ds—@(0),
noting that since w(0) = wy the function ¢(0) is constant. It follows that ¢ = ¢(¢)
solves the parabolic complex Monge—Ampere equation (3.141).
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To prove Theorem 3.3.1 then, it suffices to study (3.141). Since the linearization
of the right hand side of (3.141) is the Laplace operator A, which is elliptic, it
follows that (3.141) is a strictly parabolic (nonlinear) partial differential equation
for ¢. The standard parabolic theory [Lieb96] gives a unique maximal solution
of (3.141) for some time interval [0, Tx) With 0 < T < co. We may assume
without loss of generality that Ty < T'. We will then obtain a contradiction by
showing that a solution of (3.141) exists beyond Tiax. This will be done in the next
two subsections.

3.3.2 Estimates for the Potential and the Volume Form

We assume now that we have a solution ¢ = ¢(¢) to the parabolic complex Monge—
Ampere equation (3.141) on [0, Tpax), for 0 < Tyax < T’ < T. Our goal is to
establish uniform estimates for ¢ on [0, T,y ). In this subsection we will prove a C°
estimate for ¢ and a lower bound for the volume form.

Note that @, is a family of smooth Kéhler forms on the closed interval [0, Tpax].
Hence by compactness we have uniform bounds on @, from above and below (away
from zero).

Lemma 3.3.2. There exists a uniform C such that for all t € [0, Tiax),

le@llcory =< C. (3.144)

Proof. For the upper bound of ¢, we will apply the maximum principle to 6 :=
¢ — At for A > 0 a uniform constant to be determined later. From (3.141) we have

d (@ + %51996)"
—Q=log———2¢r 7 _ 4 .14
5 0 =log ) (3.145)

Fix t’ € (0, Tinax)- Since M x [0, ¢'] is compact, 0 attains a maximum at some point
(x0,%0) € M x [0,¢']. We claim that if A is sufficiently large we have to = 0.
Otherwise #y > 0. Then by Proposition 3.1.6, at (xo, fo),

9 (&, + 5000)" !
0<—6O=log—— 2=~ ~ _A<log—2—A<-1 14
=3 0g Q <log < -1, (3.146)

a contradiction, where we have chosen 4 > 1 + sup (o 7,...] log(w?/<2). Hence
we have proved the claim that 7o = 0, giving sup o, ¢ < sup,, 0],=0 = 0 and
thus

o(x,t) < At < AT, for (x,1) € M x [0,']. (3.147)
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Since ¢’ € (0, Tmax) Was arbitrary, this gives a uniform upper bound for ¢ on
[Os Tmax)-

We apply a similar argument to ¥ = ¢ -+ Bt for B a positive constant with
B > 1 —infyrx[0, 7., 10g(®} / 2) and obtain

©(x,1) > —BTax, for (x,t) € M x[0,¢'], (3.148)

giving the lower bound. O

Next we prove a lower bound for the volume form along the flow, or equivalently
a lower bound for ¢ = d¢/dt. This argument is due to Tian—Zhang [Tzha06].

Lemma 3.3.3. There exists a uniform C > 0 such that on M X [0, Tpax),
1
EQ <w"(t) <CQ, (3.149)

or equivalently, ||@| co is uniformly bounded.

Proof. The upper bound of »" follows from part (i) of Corollary 3.2.3. Note that
since this is equivalent to an upper bound of ¢, we have given an alternative proof
of the upper bound part of Lemma 3.3.2.

For the lower bound of ", differentiate (3.141):

]
?Z) =AQ +1tryy, (3.150)

where we recall that y = 0d@,/0t is defined by (3.138). Define a quantity Q =
(T' —t)¢ + ¢ + nt and compute using (3.150),

0
(E - A) O=T -ty +n—Ap =tr,(& + (T —t)y) = tr,a7 >0,
(3.151)

where we have used the fact that
Ap =tr,(w—@;) =n —tr,d;. (3.152)

Then by the maximum principle (Proposition 3.1.7), QO is uniformly bounded from
below on M X [0, Tphax) by its infimum at the initial time. Thus

n

(T'=1)¢ +¢ +nt = T'inf log % on M x [0, Tnas), (3.153)

and since ¢ is uniformly bounded from Lemma 3.3.2 and T/ — ¢ > T’ — Tyax > O,
this gives the desired lower bound of ¢. O
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3.3.3 A Uniform Bound for the Evolving Metric

Again we assume that we have a solution ¢ = ¢(t) to (3.141) on [0, Tiax), for
0 < Tax < T' < T. From Lemma 3.3.2, we have a uniform bound for [|¢||co(y,
and we will use this together with Proposition 3.2.5 to obtain an upper bound for
the quantity tr 4, on [0, Trmay). This argument is similar to those in [Aub78, Yau78§]
(see also [Cao85] and Lemmas 3.4.3 and 3.4.8 below). We will then complete the
proof of Theorem 3.3.1.

Lemma 3.3.4. There exists a uniform C such that on M x [0, Tyax),
try, o <C. (3.154)
Proof. We consider the quantity
Q0 =logtr,,w — Ag, (3.155)

for A > 0 a uniform constant to be determined later. For a fixed ¢’ € (0, Tiax),
assume that Q on M x [0, ¢'] attains a maximum at a point (xo, fp). Without loss of
generality, we may suppose that #y > 0. Then at (xo, #), applying Proposition 3.2.5
with @ = o,

B]
0< (5 — A) 0 < Cotrywo — Ap + AAg
wn
= tr,(Cowo — Ady;,) — Alog =+ An, (3.156)

for Cy depending only on the lower bound of the bisectional curvature of gy. Choose
A sufficiently large so that A®,, — (Co + 1)wy is Kdhler on M. Then

tr o (Cowg — Ady,) < —tr ywo, (3.157)
and so at (xo, ty),
wn
tr,wo + Alog o < An, (3.158)
and hence
wl‘l
try,wo + Alog — < C, (3.159)
o)

0

for some uniform constant C. At (xo, fy), choose coordinates so that

(80);7=38; and g7 = A8y fori,j=1,....n, (3.160)
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for positive Ay, ..., A,. Then (3.159) is precisely

n

1
> (T + Alog/\,-) <C. (3.161)

i=1

Since the function x +— % + Alogx for x > 0 is uniformly bounded from below,

we have (for a different C ),
1 .
(A——i—Alog/\i) <C, fori=1,...,n. (3.162)

Then AlogA; < C, giving a uniform upper bound for A; and hence (tr ,,,®)(xo, Zo).
Since ¢ is uniformly bounded on M x [0, Tyax) We see that Q(xo, ) is uniformly
bounded from above. Hence Q is bounded from above on M x [0,¢] for any
t" < Tmax. Using again that ¢ is uniformly bounded we obtain the required
estimate (3.154). O

Note that we did not make use of the bound on ¢ in the above argument. By
doing so we could have simplified the proof slightly. However, it turns out that the
argument of Lemma 3.3.4 will be useful later (see Lemma 3.5.5 and Sect. 3.7 below)
where we do not have a uniform lower bound of ¢.

As a consequence of Lemma 3.3.4, we have:

Corollary 3.3.5. There exists a uniform C > 0 such that on M X [0, Tiax),
1
Ea)o <w < Cuwy. (3.163)

Proof. The upper bound follows from Lemma 3.3.4. For the lower bound,

n

w®Wo = m(tfwow)n_l% <C, (3.164)

tr
using Lemma 3.3.3. To verify the first inequality of (3.164), choose coordinates as
in (3.160) and observe that

1 1 I A+t At
RIS , 3.165
TR Wy P R PO (3.165)

for positive A;. O
We can now finish the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. Combining Corollary 3.3.5 with Corollary 3.2.16, we
obtain uniform C*° estimates for g(¢) on [0, Tyy.x). Hence as t — Tiax, the metrics
g(t) converge in C* to a smooth Kéhler metric g(7max) and thus we obtain a
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smooth solution to the Kdhler—Ricci flow on [0, Trax]. But we have already seen
from Theorem 3.2.1 (or by the discussion at the end of Sect.3.3.1) that we can
always find a smooth solution of the Kihler—Ricci flow on some, possibly short,
time interval with any initial Kéhler metric. Applying this to g(7i.x), We obtain a
solution of the Kihler—Ricci flow g(¢) on [0, T +¢) for e > 0. But this contradicts
the definition of Tj,.x, and completes the proof of Theorem 3.3.1. O

3.4 Convergence of the Flow

In this section we show that the Kéhler—Ricci flow converges, after appropriate
normalization, to a Kidhler-Einstein metric in the cases ¢; (M) < 0 and ¢; (M) = 0.
This was originally proved by Cao [Cao85] and makes use of parabolic versions
of estimates due to Yau and Aubin [Aub78, Yau78] and also Yau’s well-known C°
estimate for the complex Monge—Ampere equation [ Yau78].

3.4.1 The Normalized Kihler—Ricci Flow When ¢;(M) < 0

We first consider the case of a manifold M with ¢; (M) < 0. We restrict to the case
when [wy] = —c1(M). By Theorem 3.3.1 we have a solution to the Kihler—Ricci
flow (3.135) for t € [0, 00). The Kihler class [w(¢)] is given by (1 + #)[wo] which
diverges as t — oo. To avoid this we consider instead the normalized Kchler—Ricci

flow
d .
ga) = —Ric(w) — w, ®|r=0 = wp. (3.166)

This is just a rescaling of (3.135) and we have a solution w(t) to (3.166) for all
time. Indeed if w(s) solves %(T)(s) = —Ric(@(s)) for s € [0,00) then w(t) =
@(s)/(s + 1) with t = log(s + 1) solves (3.166). Conversely, given a solution
to (3.166) we can rescale to obtain a solution to (3.135).

Since we have chosen [wy] = —c; (M), we immediately see that [w(?)] = [wo]
for all ¢. The following result is due to Cao [Cao85].

Theorem 3.4.1. The solution w = w(t) to (3.166) converges in C*° to the unique
Kdihler—Einstein metric wgg € —c1(M).

We recall that a Kéihler—Einstein metric is a Kéhler metric wgg with Ric(wkg) =
pogg for some constant y € R. If wgg € —c1 (M) then we necessarily have u =
—1. The existence of a Kédhler—Einstein metric on M with ¢;(M) < 0 is due to Yau
[Yau78] and Aubin [Aub78] independently.

The uniqueness of wxg € —ci(M) is due to Calabi [Cal57] and follows
from the maximum principle. Indeed, suppose wyp, wkg € —ci(M) are both



3 An Introduction to the Kédhler—Ricci Flow 129

Kahler-Einstein. Writing wgg = wke + faaqo, we have Ric(wgp) = —wyg =

Ric(wkg) — ‘é—: dd¢ and hence

(ke + L=L00p)"
0og

WKE

1 =9 +C, (3.167)

for some constant C. By considering the maximum and minimum values of ¢ + C
on M we see that ¢ + C = 0 and hence wkg = wyg.

To prove Theorem 3.4.1, we reduce (3.166) to a parabolic complex Monge—
Ampere equation as in the previous section. Let €2 be a volume form on M satisfying

J—1 _
——301og Q2 = wy € —c1(M), / Q:/ ;- (3.168)
27 M M

Then we consider the normalized parabolic complex Monge—Ampére equation,

(@0 + ¥=L3dp)"

0 =lo
¢ = log Q

/1 _
qD, (O] + _aa(p > 07 ¢|t=0 - O
ot 2

(3.169)

Given a solution ¢ = ¢(¢) of (3.169), the metrics ® = wy + “é—?agq) solve (3.166).
Conversely, as in Sect.3.3.1, given a solution ® = w(¢) of (3.166) we can obtain
via the d9-Lemma a solution ¢ = ¢(z) of (3.169).

We wish to obtain estimates for ¢ solving (3.169). First:

Lemma 3.4.2. We have
(i) There exists a uniform constant C such that for t in [0, 00),

l@(®)llcorry < Ce™. (3.170)

(ii) There exists a continuous real-valued function ¢, on M such that for t in
[0, 00),

lo(t) — goollcoy < Ce™ (3.171)

(iii) |lo(t)llcoar) is uniformly bounded for t € [0, 00).
(iv) There exists a uniform constant C' such that on M x [0, 00), the volume form
of w = w(t) satisfies

—aw) <" <C'wf. (3.172)
Proof. Compute

d
—¢ = A¢ , 3.173
8t(p ¢—¢ ( )
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and hence

9 .. t

5(6 @) = Ale ). (3.174)

Then (i) follows from the maximum principle (Proposition 3.1.7). For (ii), let
s,t > 0and x bein M. Then
N
/ ¢(x,u)du
t

< / Ce "du = C(e™" — ™), (3.175)

t

|§0(X,S) _(p(xvt)| =

< / 6o )| d
t

which shows that ¢(¢) converges uniformly to some continuous function ¢, on M.
Taking the limit in (3.175) as s — oo gives (ii). (iii) follows immediately from (ii).
(iv) follows from (3.169) together with (i) and (iii). O

We use the C° bound on ¢ to obtain an upper bound on the evolving metric.

Lemma 3.4.3. There exists a uniform constant C such that on M x [0, 00), o =
w(t) satisfies

1
Ewo <w < Cuwy. (3.176)

Proof. By part (iv) of Lemma 3.4.2 and the argument of Corollary 3.3.5, it suffices
to obtain a uniform upper bound for tr ,,w.
Applying Proposition 3.2.5,

ad
(E — A) logtr 00 < Cotr w9 — 1, (3.177)
for Cy depending only on go. We apply the maximum principle to the quantity Q =
logtr ,,@ — Ag as in the proof of Lemma 3.3.4, where A is to be chosen later. We
have

ad
(E — A) 0 < Cotrywp — 1 — Ap + An — Atr ,wp. (3.178)

Assume that Q achieves a maximum at a point (xo,#) with o > 0. Choosing
A = Cp + 1 and using the fact that ¢ is uniformly bounded, we see that tr,wo
is uniformly bounded at (x, f). Arguing as in (3.164), we have,

n

1 n— W
(tr o) (X0, f0) < ———— (tr ywp)" ™" (xo,to)m(xo,to) <C, (3.179)
0

(n—1)!
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using part (iv) of Lemma 3.4.2. Since ¢ is uniformly bounded, this shows that Q is
bounded from above at (x, f). Hence tr ., is uniformly bounded from above. O

We can now complete the proof of Theorem 3.4.1. By Corollary 3.2.16 we have
uniform C * estimates on w(¢). Since () is bounded in C? it follows that we have
uniform C *° estimates on ¢(¢). Recall that ¢(¢) converges uniformly to a continuous
function ¢, on M ast — oo. By the Arzela—Ascoli Theorem and the uniqueness of
limits, it follows immediately that there exist times #z — oo such that the sequence
of functions ¢(#;) converges in C* to ¢, Which is smooth. In fact we have this
convergence without passing to a subsequence. Indeed, suppose not. Then there
exists an integer k, an ¢ > 0 and a sequence of times #; — oo such that

lo(t) = poollcrmy = & foralli. (3.180)

But since ¢(#;) is a sequence of functions with uniform C**+! bounds we apply the
Arzela—Ascoli Theorem to obtain a subsequence ¢(7;;) which converges in C * to
@l say, with

pe0 — ¢ocllckany = & (3.181)

so that ¢, # @oo. But ¢(t;;) converges uniformly to ¢, a contradiction. Hence
@(t) converges to oo in C*° as t — 00.

It remains to show that the limit metric woe = wy + “é—?f)gfpoo is Kéhler—
Einstein. Since from Lemma 3.4.2, ¢(f) — 0 as t — o0, we can take a limit as
t — oo of (3.169) to obtain

n
wOO

1
ogQ

— @Yoo =0, (3.182)

and applying JZ—?aE to both sides of this equation gives that Ric(weo) = —weo as

required. This completes the proof of Theorem 3.4.1.

3.4.2 The Case of cy(M) = 0: Yau’s Zeroth Order Estimate

In this section we discuss the case of the Kédhler—Ricci flow on a Kéhler manifold
(M, go) with vanishing first Chern class. Unlike the case of ¢; (M) < 0 dealt with
above, there will be no restriction on the Kéhler class [wy].

By Theorem 3.3.1, there is a solution w(¢) of the Kdhler—Ricci flow (3.135) for
t € [0, 00) and we have [w(t)] = [wo]. The following result is due to Cao [Cao85]
and makes use of Yau’s celebrated zeroth order estimate, which we will describe in
this subsection.
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Theorem 3.4.4. The solution w(t) to (3.135) converges in C* to the unique
Kdihler—Einstein metric wgg € [wo].

Since ¢; (M) = 0, the Kéhler—Einstein metric wgg must be Kihler—Ricci flat
(if Ric(wgg) = pwke then ¢; (M) = [puwge] = 0 implies u = 0). Note that, as
Theorem 3.4.4 implies, there is a unique Kéhler—Einstein metric in every Kéhler
classon M.

The uniqueness part of the argument is due to Calabi [Cal57]. Suppose iy =

WKE + —'2;1 35(;) is another Kédhler—FEinstein metric in the same cohomology class.

Then the equation Ric(wgg) = Ric(wkg) gives

n

log ZKE — ¢, (3.183)

n
WKEg

for some constant C. Exponentiating and then integrating gives C = 1 and hence
wgs = oy Then compute, using integration by parts,

J=1- = ,
0=/ P(wig — g, =—/ P——00p A (Y whkp Aops
|, ke T ke P ; KE " OKE

v—l a - i n—1—i
=/M?3<P/\3<P/\(ZwKE/\wII<EI )
i=0

1
> —/ 1992, Ok (3.184)
nJm

which implies that ¢ is constant and hence wkg = wgg.
As usual, we reduce (3.135) to a parabolic complex Monge—Ampere equation.
Since ¢; (M) = 0 there exists a unique volume form 2 satisfying

v—1 —
N 99logQ = 0, / Q :/ . (3.185)
2 M M

Then solving (3.135) is equivalent to solving the parabolic complex Monge—Ampere
equation

/—1 a9 n
Gl + ~—0d Ve
—¢ =log u wy + ——30¢ > 0, @li=0 = 0.
ot Q 2w

(3.186)

We first observe:
Lemma 3.4.5. We have

(i) There exists a uniform constant C such that fort € [0, c0)

lo@llconr < C. (3.187)
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(ii) There exists a uniform constant C’ such that on M x [0, 00) the volume form of
w = w(t) satisfies

1
Proof. Differentiating (3.186) with respect to ¢ we obtain

0
—¢ = Ag, 3.189
at<ﬂ ¢ ( )

and (i) follows immediately from the maximum principle. Part (ii) follows from (i).
O

We will obtain a bound on the oscillation of ¢(¢) using Yau’s zeroth order
estimate for the elliptic complex Monge—Ampere equation. Note that Yau’s estimate
holds for any Kéhler manifold (not just those with ¢;(M) = 0):

Theorem 3.4.6. Let (M, wy) be a compact Kihler manifold and let ¢ be a smooth
function on M satisfying

/~1 _ V=1 -
(wo + Z_aa(p)" =efol, w + 2—88<p >0 (3.190)
T T

for some smooth function F. Then there exists a uniform C depending only on
sup,, F and wy such that

oscy ¢ :=supg —infg < C. (3.191)
M M

Proof. We will follow quite closely the exposition of Siu [Siu87]. We assume
without loss of generality that | y@w; = 0. We also assume n > 1 (the case
n = 1 is easier, and we leave it as an exercise for the reader).

Write w = wy + %85@. Then

¢ [ tolog = [ otag—on
M M
n—1

v —i
/ @2—8890/\2(1)0/\(1) -1
n—1

M —i
:/ 2—3(,0/\8(,0/\2@0/\@ -

i=0

> _/ 10g|2, o (3.192)
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By the Poincaré (Theorem 3.1.8) and Cauchy—Schwarz inequalities we have

1/2
[ kot =c [ ek < [ olaf <t ( | |¢|2w3) L (.193)
M M M M

and hence [|¢||;2(,,) < C. We now repeat this argument with ¢ replaced by ¢[¢|*
for « > 0. Observe that the map of real numbers x — x|x|* is differentiable with
derivative (@ + 1)|x|*. Then

¢ [ toltian = [ glol(ep - o
M M
n—1

/ ¢|¢|“—Vaa<p A oy ne"

i=0

n—1
= (a+ 1)/ lo|*V=19¢ ADp A Y " wp Aw" T
M i=0

(““) [ V710 (plgl?)

3 (ple]“?) A Za) A" (3.194)
It then follows that for some uniform C > 0,
2
[ oGl o = ca ) [ loltor, (3.195)

Now apply the Sobolev inequality (Theorem 3.1.9) to f = ¢|@|*/?. Then for B =
n/(n — 1) we have

/B
(/ |<p|<“+2>ﬂwg) <C ((oc+1)/ lol*Hwp +/ |¢|°‘+2wg). (3.196)
M M M

By Holder’s inequality we have for a uniform constant C,

/ |¢|a+lwn <1+C/ I(plot+2 n' (3197)

Now substituting p = o + 2 we have from (3.196),

112 10y = CPmax (110175 ) - (3.198)
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Raising to the power 1/ p we have for all p > 2,
max (1, 91| ot o) < €7 p? max(1, @]l Lr(on)- (3.199)

Fix an integer k > 0. Replace p in (3.199) by pB¥ and then pB*~! and so on, to
obtain

1

max(l ”@”LPﬁkJrl(a)o)) =< Cpﬁk (pﬂ ) pr max(l, ”(p”Ll’ﬁk(a)o)) =

e e

<Cp p(pIB )Pﬁk(pﬂk l)pﬁ" L.,
1
p? max(1, [|¢||Lr(wy)) (3.200)
= Gy max(1, (¢l Lr(wy)) (3.201)

for
¢, = ctrrarn) () (G ide+d) 0

Since the infinite sums ﬁl—l and ) ﬂ’—, converge for B = n/(n—1) > 1 we see that

for any fixed p, the constants Cj are uniformly bounded from above, independent
of k.
Setting p = 2 and letting k — oo in (3.201) we finally obtain

max(1, [l¢[co) < € max(1, [l¢]l2(,) < C’, (3.203)

and hence (3.191). O

Now the oscillation bound for ¢ = ¢(¢) along the Kihler—Ricci flow (3.186)
follows immediately:

Lemma 3.4.7. There exists a uniform constant C such that fort € [0, 00),
oscyr ¢ < C. (3.204)

Proof. From Lemma 3.4.5 we have uniform bounds for ¢. Rewrite the parabolic
complex Monge—Ampere equation (3.186) as

VA . Q
(wo + 2—88<p(t))” =efDop  with F(1) = log — + ¢(t) (3.205)
b4 W,

and apply Theorem 3.4.6. O
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3.4.3 Higher Order Estimates and Convergence
When cy(M) =0

In this subsection we complete the proof of Theorem 3.4.4. The proof for the higher
order estimates follows along similar lines as in the case for ¢; (M) < 0. As above,
let ¢(¢) solve the parabolic complex Monge—Ampere equation (3.186) on M with

c1(M) = 0 and write w = wp + “é—?f)gfp.

Lemma 3.4.8. There exists a uniform constant C such that on M x [0,00), w =
w(t) satisfies

1

Ewo <w < Cuwy. (3.206)
Proof. By Lemma 3.4.5 and the argument of Corollary 3.3.5, it suffices to obtain
a uniform upper bound for tr,,w. As in the case of Lemma 3.4.3, define 0 =
logtr,,w — Ag for A a constant to be determined later. Compute using Proposi-
tion 3.2.5,

a
(5 — A) 0 < Cotr ywo — AP + An — Atr ,wo, (3.207)

for Cy depending only on go. Choosing A = Cy + 1 we have, since ¢ is uniformly
bounded,

(% - A) 0 < —trowo+C. (3.208)

We claim that for any (x,¢) € M x [0, 00),
(tr o) (x, 1) < CeAWtxN=inNx0n¢), (3.209)

To see this, suppose that Q achieves a maximum on M x [0, ¢] at the point (xo, fo).
We assume without loss of generality that o > 0. Applying the maximum principle
to (3.208) we see that (tr ,wo) (X0, o) < C and, by the argument of Lemma 3.4.3,
(tr », @) (x0,2p) < C’. Then for any x € M,

(log tr ) (x,7) — Ap(x,1) = Q(x,1) < Q(x0,1) < log C' — Ap(xo, to).
(3.210)

Exponentiating gives (3.209).
Define

1
@::(p——/ © 2, where V::/ Qz/ o". (3.211)
V M M M
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From Lemma 3.4.7, [|@]|coary < C. The estimate (3.209) can be rewritten as:

(U o) (x, 1) < CeA@EDTT iy 0lt) @infuso) §=infios) 3 fos ¢ 2)

< CeC'+%(fM @(1)S2—info 1) fM‘PQ)' (3.212)

Using Jensen’s inequality,

1 1 1 " 1
i _/¢Q :_/(pQ:—/log il Q <log —/a)n =0,

(3.213)

and hence infjo,) [}, ¢ @ = [}, ¢(t)€2. The required upper bound of tr ., follows
then from (3.212). ]

It follows from Corollary 3.2.16 that we have uniform C *° estimates on g(¢) and
the normalized potential function ¢(1) = ¢(t) — V! [, 1 ©(2)82. It remains to prove
the C*° convergence part of Theorem 3.4.4. We follow the method of Phong—Sturm
[PS06] (see also [MSz09, PSSW09]) and use a functional known as the Mabuchi
energy [Mab86]. It is noted in [Cao, DT92] that the monotonicity of the Mabuchi
energy along the Kihler—Ricci flow was established in unpublished work of H.-D.
Cao in 1991.

We fix a metric wy as above. The Mabuchi energy is a functional Mab,,, on the
space

PSH(M, a)()) =

/—1 —
(VNS COO(M) | wo + 2—88<p > 0§ 3.214)
b4
with the property that if ¢, is any smooth path in PSH(M, wp) then

d . "
EMabwo(q)t) = —/M @Ry, 0y, (3.215)

where w,, = woy + —VZ;I 3d¢;, and R, is the scalar curvature of w,, . Observe that if

¢oo 18 a critical point of Maby,, then weo = wo+ —VZ;I 85%0 has zero scalar curvature
and hence is Ricci flat (for that last statement: since ¢; (M) = 0, then Ric(ws) =

%85%100 for some function /1 and taking the trace gives A, /oc = 0 which
implies /1o is constant and Ric(weo) = 0).

Typically, the Mabuchi energy is defined in terms of its derivative using the
formula (3.215) but instead we will use the explicit formula as derived in [Tian].
Define

a); n n n
log (F) w, — /M ho(ww —wy), (3.216)

0

Mab,, (¢) = /

M
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where w, = wy + faaq; and hy is the Ricci potential for w, given by

J—1 —
Ric(wo) = ~—diho, /M ehpl = /M wl. (3.217)

Observe that Mab,,, depends only on the metric @, and so can be regarded as a
functional on the space of Kéhler metrics cohomologous to wy. We now need to
check that Mab,,, defined by (3.216) satisfies (3.215). Let ¢; be any smooth path in
PSH(M, wy). Using integration by parts, we compute

n

d - Wy, .
—Maby, (¢) = / Ag o, +/ log A@tw —/ hoA¢: o,
dt M M

=/¢&W%+MRMMM%—/¢A%%,
M M

- / @1 Ry, . (3.218)

The key fact we need is as follows:

Lemma 3.4.9. Let ¢ = ¢(t) solve the Kihler—Ricci flow (3.186). Then

d
—Mmumz—/Ww@w. (3.219)
dt M

In particular, the Mabuchi energy is decreasing along the Kdhler—Ricci flow.
Moreover, there exists a uniform constant C such that

i/ 0|2 " < C/ 10|12 ™. (3.220)
dat Ju M

Proof. Observe that from the Kéhler—Ricci flow equation we have £33<p =

—Ric(w) and taking the trace of this gives A¢ = —R. Then

d
—Mab,, () = —/ @R " =/ PAY 0" = —/ 10| 0", (3.221)
dt M M M

giving (3.219). For (3.220), compute

d Jd - -
— | 1B¢lh0" = | (--g')0i¢d;¢ 0" + 2R 718 (Ag)d7¢ "
dt/MI Pl,0 /M(atg )i " + e(/Mg (Ap) ,@w)

+ / |09 Ag 0" (3.222)
M
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:/ Rffa,-w]—.(pw"—z/ (Ag)° ”—/ |06 R "

M M M

<C / |0¢|2 w", (3.223)
M

using (3.189), an integration by parts and the fact that, since we have C*° estimates
for w, we have uniform bounds of the Ricci and scalar curvatures of w. 0O

It is now straightforward to complete the proof of the convergence of the Kédhler—
Ricci flow. Since we have uniform estimates for w(¢) along the flow, we see from
the formula (3.216) that the Mabuchi energy is uniformly bounded. From (3.219)
there is a sequence of times ¢; € [i,i + 1] for which

([ e

By the differential inequality (3.220),

(e

But since we have C*° estimates for ¢(¢) we can apply the Arzela—Ascoli Theorem
to obtain a sequence of times 7; such that ¢(z;) convergesin C* to ¢, say. Writing

) (t) = (/ |a¢|§,w")(t,-)—>o, asi — oo. (3.224)
M

) (1) >0, ast— oo. (3.225)

Woo = Wy + faa%o > 0, we have from (3.225),

0 |2
(/ ‘alog%"‘ wgo) -0, (3.226)
M Woo
and hence
a)n
1 x® = C, 3.227
0g o ( )

for some constant C. Taking (88 of (3.227) gives Ric(wso) = 0. Hence for a
sequence of times 7; — oo the Kihler—Ricci flow converges to ws, the unique
Kaihler—Einstein metric in the cohomology class [wy].

To see that the convergence of the metrics w(¢) is in C* without passing to
a subsequence, we argue as follows. If not, then by the same argument as in the
proof of Theorem 3.4.1 we can find a sequence of times #; — oo such that
w(ty) converges in C*® to wl, # weo. But by (3.225), wl, is Kéhler-Einstein,
contradicting the uniqueness of Kdhler—Einstein metrics in [wy]. This completes the
proof of Theorem 3.4.4.
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Remark 3.4.10. It was pointed out to the authors by Zhenlei Zhang that one can
equivalently consider the functional || y h@", where h is the Ricci potential of the
evolving metric.

3.5 The Case When K, Is Big and nef

In the previous section we considered the Kihler—Ricci flow on manifolds with
c1(M) < 0, which is equivalent to the condition that the canonical line bundle
K, is ample. In this section we consider the case where the line bundle K, is not
necessarily ample, but nef and big. Such a manifold is known as a smooth minimal
model of general type.

3.5.1 Smooth Minimal Models of General Type

As in the case of ¢; (M) < 0 we consider the normalized Kahler—Ricci flow
0 .
ga) = —Ric(w) — w, =0 = wo, (3.228)

but we impose no restrictions on the Kéhler class of wy. We will prove:

Theorem 3.5.1. Let M be a projective algebraic manifold which is a smooth
minimal model of general type (that is, Ky is nef and big). Then

(i) The solution w = w(t) of the normalized Kdhler—Ricci flow (3.228) starting at
any Kdhler metric wy on M exists for all time.

(ii) There exists a codimension 1 analytic subvariety S of M such that w(t)
converges in Co2(M \ S) to a Kihler metric wgg defined on M \ S which
satisfies the Kdhler—Einstein equation

Ric(a)KE) = —WKE, on M \ S. (3229)

We will see later in Sect. 3.5.3 that wgg is unique under some suitable conditions.
Note that if Ky is not ample, then wkgg cannot extend to be a smooth Kéahler
metric on M, and we call wgg a singular Kdhler—Einstein metric. The first proof of
Theorem 3.5.1 appeared in the work of Tsuji [Tsu88]. Later, Tian—Zhang [Tzha06]
extended this result (see Sect. 3.5.4 below) and clarified some parts of Tsuji’s proof.
Our exposition will for the most part follow [Tzha06].

From part (i) of Theorem 3.1.12 we see that under the assumptions of Theo-
rem 3.5.1, the cohomology class [wy] —tc; (M) is Kéhler for all # > 0 and hence by
Theorem 3.3.1, the (unnormalized) Kéhler—Ricci flow has a smooth solution w(z)
for all time 7. Rescaling as in Sect.3.4.1 we obtain a solution of the normalized
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Kihler—Ricci flow (3.228) for all time. This establishes part (i) of Theorem 3.5.1.
Observe that in fact we only need K, to be nef to obtain a solution to the Kihler—
Ricci flow for all time.

It is straightforward to calculate the Kéhler class of the evolving metric along the
flow. Indeed, [w(?)] evolves according to the ordinary differential equation

d
@O =—aM) =[] [00)] = . (3.230)

and this has a solution
[w(®)] = =1 —e e (M) + e [wo]. (3.231)

This shows that, in particular, [@(t)] — —c; (M) as t — oo.

We now rewrite (3.228) as a parabolic complex Monge—Ampere equation. First,
from the Base Point Free Theorem [part (ii) of Theorem 3.1.12], Kj; is semi-
ample. Hence there exists a smooth closed nonnegative (1, 1)-form @, on M with
[@o0] = —c1(M). Indeed, we may take @oo = %@*wps where ® : M — PV is
a holomorphic map defined by holomorphic sections of K} for m large and wrs is
the Fubini—Study metric (see Sect. 3.1.7).

Define reference metrics in [w(?)] by
& =e"wy+ (1 — e oo, for ¢ € [0, 00). (3.232)
Let 2 be the smooth volume form on M satisfying
J=1 —
——001og Q2 = Do € —1(M), / Q= / ;- (3.233)
2 M M

We then consider the parabolic complex Monge—Ampere equation

B (& + 500p)" VA .
—p=log——Z " —¢p, & +-——00p>0, @l==0,
ot Q 2

(3.234)

which is equivalent to (3.228). Hence a solution to (3.234) exists for all time.

3.5.2 Estimates

In this section we prove the estimates needed for the second part of Theorem 3.5.1.
Assume that ¢ = ¢(t) solves (3.234). We have:

Lemma 3.5.2. There exists a uniform constants C and t' > 0 such that on M,
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(i) p(t) < C fort > 0.
(ii) ¢(t) < Cte™" fort > t'. In particular, ¢(t) < C fort > 0.
(iii) @"(t) < CQ fort > 0.

Proof. Part (i) follows immediately from the maximum principle. Indeed if ¢
achieves a maximum at a point (xo, Zp) with #y > 0 then, directly from (3.234),

~n

9
0< 59 <log %’ — ¢ at (xo.%0), (3.235)

and hence ¢ < log(®]'/2) < C.
Part (ii) is a result of [Tzha06]. Compute

0
(5 — A) © =@ —n+tr,a, (3.236)
a . —t A .
Pyl Ao =—e"try(wy) — o) — @, (3.237)
using the fact that %(f), = —¢ " (wy — o). Hence
0 ‘. .
i A (e (p) = —tr,(wy) — Boo) (3.238)
ad ) -
3 —A)(p+ ¢+ nt) =tr,doo. (3.239)

Subtracting (3.239) from (3.238) gives
ad ; .
rrie A)((e" =1)p—p—nt) = —tr,wy <O, (3.240)

which implies that the maximum of (e’ — 1)¢ — ¢ —nt is decreasing in time, giving
(e =g —¢—nt <0. (3.241)

This establishes (ii). Part (iii) follows from Corollary 3.2.3 [or using (i) and (ii) and
the fact that 0"/ Q = e?1%]. O

We now prove lower bounds for ¢ and ¢ away from a subvariety. To do this we
need to use Tsuji’s trick of applying Kodaira’s Lemma [part (iii) of Theorem 3.1.12].

Since Ky is big and nef, there exists an effective divisor £ on M with K, —
S[E] > 0 for some sufficiently small § > 0. Since @ lies in the cohomology class
c1(Kyy) it follows that for any Hermitian metric / of [E] the cohomology class of
®oo — 8Ry, is Kihler. Then by the 30-Lemma we may pick a Hermitian metric & on
[E] such that
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PDoo — 6R;, > cwy, (3.242)
for some constant ¢ > 0. Moreover, if we pick any ¢ € (0, §] we have
oo — R} > o, (3.243)

for ¢, = ce/8 > 0. Indeed, since @oo is semi-positive,

N £ . £\ A & ce
oo — £Ry = 5 (@00 =R + (1= ) D0 = 5 (00— 6RI) = T, (3.244)

Now fix a holomorphic section o of [E] which vanishes to order 1 along the
divisor E. It follows that

N

oo + & 5 ddlog|a]? > ceaw, on M\ E, (3.245)
4

since 09 log lof? = 30 log h away from E. Note that here (and henceforth) we are
writing E for the support of the divisor E.
We can then prove:

Lemma 3.5.3. With the notation above, for every ¢ € (0, 8] there exists a constant
C, > 0 such thaton (M \ E) x [0, 00),

(i) ¢ = elog|ol; — C..
(ii) ¢ > sloglcflﬁ —C..

I T
(iii) 0" > a|o|i Q.
Proof. Tt suffices to prove the estimate
¢+¢ >celoglo|} —Ce, onM\E, (3.246)

where we write C, for a constant that depends only on & and the fixed data.
Indeed this inequality immediately implies (iii). The estimates (i) and (ii) follow
from (3.246) together with the upper bounds of ¢ and ¢ given by Lemma 3.5.2.

To establish (3.246), we will bound from below the quantity O defined by

n

w
_ M\ E. 3.247
Eomg M (3.247)

0 =¢+q0—810g|0|,% =1lo

Observe that for any fixed time ¢, Q(x,t) — oo as x approaches E. Hence for
each time ¢, Q attains a minimum (in space) in the interior of the set M \ E. Now
from (3.239) we have

(a% - A) &+ 9) = trodoo — 1. (3.248)
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Using this we compute on M \ E,

a =1 —
— —A)Q =tr,doo —n +etr,| ——3ddlog|o]|? (3.249)
ot 2w
A~ _1 oy 2
=try| Do + ¢ ddloglol, | —n (3.250)
21
> Celt ywo — 1, (3251)

where for the last line we used (3.245).
Then if Q achieves a minimum at (x, fp) with xo in M \ E and 7y > O then at
(x0, to) we have

tr w0 < —. (3.252)

By the geometric—arithmetic means inequality, at (xo, Zo),
A 1
(&) < Lirown < 2, (3.253)
w" n .
which gives a uniform lower bound for the volume form w” (xo, #y). Hence

n

0 (xo. 10) = log = (xo.10) > —C. (3.254)
|C7|/,S-2

and since Q is bounded below at time ¢+ = 0 we obtain the desired lower bound
for Q. O

Next we prove estimates for g(¢) away from a divisor. First, we from now on fix

an ¢ in (0, 8] sufficiently small so that wy + 8“4—? 30 log h is Kiihler. We will need
the following lemma.

Lemma 3.5.4. For the ¢ > 0 fixed as above, the metrics @, . defined by

1 - 1 —
00logh = Goo + & 00logh +e " (wy— doo).  (3.255)

C’l\)[,g = CD[ +¢&
2 2

give a smooth family of Kdhler metrics for t € [0,00). Moreover there exists a

constant C > 0 such that for all t,

1
£ < i < Cop. (3.256)
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Proof. From (3.245) we see that deo + s%éﬂglogh is Kahler. Hence we may
choose Ty > 0 sufficiently large so that, for C > 0 large enough,

1 V=1 =
Ewo < Doo + & 5 90logh + e (wy — Do) < Cay, (3.257)

4

for all # > Tj. It remains to check that @, . is Kihler for ¢ € [0, Tp]. But for ¢ €
[0, To],

2

a/\)tqs = (1 — e_t) (C’L\)oo + &
21

1. = V-1 =
90 log h) +e” (a)o +e¢ 90 log h)

—T V_l
>e Y wy+ e >

4

90 log h) >0, (3.258)

by definition of ¢. O

We can now prove bounds for the evolving metric:

Lemma 3.5.5. There exist uniform constants C and o such that on (M \ E) x
[0, 00),

t < C
r w .
w( —_= | |z o

(3.259)

Hence there exist uniform constants C' > 0 and o' such that on (M \ E) X [0, 00),

o3 '
wy < w(t) < ——wp. 3.260
@0 = ()_|a|ﬁ°‘ 0 ( )
Proof. Define a quantity Q on M \ E by
Q = logtryw — A (¢ —eloglol}). (3.261)

for A a sufficiently large constant to be determined later. For any fixed time f,
Q(x,t) - —oo as x approaches E. Then compute using Proposition 3.2.5,

ad
(E - A) 0 < Cotr o — Ag + AA (¢ —elog|o]}) . (3.262)

Now at any pointof M \ E,

2

1 _
A(p—eloglol;) = trw(a) —, —¢ 99 log |0|,§) =n—tr,d, (3.263)
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Applying Lemma 3.5.4, we may choose A sufficiently large so that Aw,, >
(Co + 1)wp and hence

(5-2)

IA

wn
—trywo — A (log g qo) + An

n

—tr o — Alog — + C, (3.264)
@

IA

where we have used the upper bound on ¢ from Lemma 3.5.2.
Working in a compact time interval [0,¢'] say, suppose that Q achieves a
maximum at (xo, fp) with xo in M and ¢ty > 0. Then at (xo, fy) we have

n

tr o + Alog Z— <cC. (3.265)
0

By the same argument as in the proof of Lemma 3.3.4 we see that (tr,,w)
(xo0,70) < C.
Then for any (x,t) € (M \ E) x [0, '] we have
Q(x.1) = (logtr o, w)(x.1) — A (¢ — elog|o]}) (x.1)
< Q(xo.10)
<logC — A(p —elog|ol}) (xo. ) < C’, (3.266)

where for the last line we used part (i) of Lemma 3.5.3. Since ¢’ is arbitrary, we have
on (M \ E) x [0, 00),

logtry,y» < C + A (p —elog|ol}). (3.267)

Since ¢ is bounded from above we obtain (3.259) after exponentiating.
For (3.260), combine (3.259) with part (iii) of Lemma 3.5.3. ]

We now wish to obtain higher order estimates on compact subsets of M \ E:

Lemma 3.5.6. Form = 0,1,2,..., there exist uniform constants C,, and o, such
that on (M \ E) x [0, c0),

C ¢
S < Iol—;‘)“’ |VERm(g)| < o . (3.268)
h h

where we are using the notation of Sects. 3.2.5 and 3.2.6.

Proof. We prove only the bound on S and leave the bounds on curvature and its
derivatives as an exercise to the reader. We will follow quite closely an argument
given in [SW10]. From Proposition 3.2.8 and (3.260),
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d - - o
(— — A) S = [V — VU] + W] — 2Re<g“g’”’gu PR )

ot
(3.269)
< —[VU)?— V¥ + S + Clo|; KV, (3.270)
for a uniform constant K. We have
0S| < VS(VW| + |VW)). (3.271)
Moreover,
1Blol;¥| < Clo* and |Alo]3¥| < Clo¥, (3.272)

where we are increasing K if necessary. Then

0 0 .
(— - A) (]2 5) = o] (— - A) S — 2Re(g? d;101{K97S) — (Alo[$K)S

at at
< —lo[i(VE[ + [VEP) + Clo[;X VSV + V)
+Clo)2¥s 4+ C
< C(1 +|o]}*9). (3.273)

But from Proposition 3.2.4 and (3.260)

J _
(5 - A) oy = —tr 0y — g R(20), 7' 8,7 — 4 €7 gV g, Vg

<Clol,* - lol,,S— gog Pe% Ve, Vigiz,  (3:274)

where V° denotes the covariant derivative with respect to go. We may assume that
K is large enough so that |(A|a| )r @] < C. Then

d 1 -
(3 = 8) Goiftrao) < =G I0BSS + €~ 2ReleT 0 lalf 15 0)

Ck Vogﬂ Vogkq

1 K qp
2IUI g g
1

< —5|o|ﬁ’<s +C, (3.275)

where for the last line we have used:
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—. 1
|2Re(g7"d; o]} 05tr )| = € + =00 *|dtr oyl (3.276)
1 Gi o7 7
=C+loligy 878" Vig, Vigig. (327D

which follows from (3.72), increasing K if necessary.
Now define Q = |a|2KS + A|o|,’1<tr wow for a constant A. Combining (3.273)
and (3.275) we see that for A sufficiently large,

(% — A) Q <—lo*s +C, (3.278)

and then Q is bounded from above by the maximum principle. The bound on S then
follows. O

Asa consequence:

Lemma 3.5.7. ¢ = ¢(t) and v = w(t) are uniformly bounded in C32 (M \ E).

Proof. Applying Theorem 3.2.15 gives the C,5¢(M \ E) bounds for w. Since by
Lemmas 3.5.2 and 3.5.3, ¢ is uniformly bounded (in C°) on compact subsets of
M\ E, the CS2(M \ E) bounds on ¢ follow from those on w. O

3.5.3 Convergence of the Flow and Uniqueness of the Limit

We now complete the proof of Theorem 3.5.1. From part (ii) of Lemma 3.5.2 we
have ¢ < Cte™" fort > t'. Hence fort > t’,

a% (p+Ce 't +1)) 0. (3.279)

On the other hand, from Lemma 3.5.3, the quantity ¢ + Ce™ (¢ + 1) is uniformly
bounded from below on compact subsets of M \ E. Hence ¢(¢) converges pointwise
on M \ E to a function ¢. Since we have C,32(M \ E) estimates for ¢(¢) this
implies, by a similar argument to that given in the proof of Theorem 3.4.1, that ¢
converges to oo in C2°(M \ E). In particular ¢ is smooth on M \ E. Define
Woo = Do + “é—?f)gfpoo. Then weo is a smooth Kéhler metricon M \ E.
Moreover, since ¢(t) converges to ¢ We must have, for each x € M \ E,
¢(x,t;) — 0 for a sequence of times t;, — oo. But since ¢(f) converges in
Co(M \ E) ast — oo we have by uniqueness of limits that ¢(¢) converges to
zeroin C;2(M \ E) as t — oo. Taking the limit of (3.234) as t — oo we obtain

(&)
1 o
ogQ

— %0 =0 (3.280)
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on M \ E and applying 93 to this equation gives Ric(woo) = —woo on M \ E. This
completes the proof of Theorem 3.5.1.

We have now proved the existence of a singular Kdhler—Einstein metric on M.
We now prove a uniqueness result. Let Q, @, 0 and 4 be as above.

Theorem 3.5.8. There exists a unique smooth Kihler metric wxg on M \ E
satisfying

(l) Ric(a)KE) = —WKE On M \ E.
(ii) There exists a constant C and for every ¢ > 0 a constant C, > 0 with

1
E|a|ﬁ89 <op;<CQ, onM\E. (3.281)
&

Note that although it may appear that condition (ii) depends on the choices of €2,
o and h, in fact it is easy to see it does not.

Proof of Theorem 3.5.8. The existence part follows immediately from Theo-
rem 3.5.1, Lemmas 3.5.2 and 3.5.3, so it remains to prove uniqueness. Suppose
wkg and @gg are two solutions and define functions ¥ and ¥ on M \ E by

n ~n

¥ = log % and ¥ = log wéﬁ (3.282)

with  as in (3.233). Then we have

T

_ . T o YA
wkg = —Ric(wkg) = Oeo + 73310, kg = —Ric(wkg) = Do + —ﬂaalﬁ-
(3.283)

Hence it suffices to show that y = /. By symmetry it is enough to show ¢ > V.
For any ¢ > 0 and § > O sufficiently small, define

H =1y — -8y —8elog|ol|?. (3.284)

From the condition (3.281), ¥ is bounded from above and ¥ > ¢’ log |a|ﬁ — Cy for
any & > 0. Taking &’ = ¢6/2 we see that

5
H> —% loglo? — Co — C, (3.285)

and hence H is bounded from below by a constant depending on ¢ and § and tends
to infinity on E. Hence H achieves a minimum at a point xo € M \ E.
On the other hand, we have

n
log XE — y . (3.286)

WKEg
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which using (3.283) we can rewrite as

(o0 + (1= §) 52007 — 8eR, + L00H )’ )
log o =y —y. (3.287)
KE

Since §@so — 8&Ry, is Kihler for & sufficiently small, we obtain

(1=68" (CZ)KE + ‘é—?aﬁ (lHTg))n

¥ — ¥ > log — (3.288)
WKE
Hence at the point x at which H achieves a minimum we have
v — ¥ > nlog(1—§), (3.289)

and so, using the inequality 1,7/ > elog |a|ﬁ - C,,
H(xo) > 8Y (xo)+nlog(1—8)—8elog|o|}(xo) = —8C.+nlog(1-8).  (3.290)

For any ¢ > 0 we may choose § = §(¢) sufficiently small so that §C, < /2 and
nlog(l1—36) > —e/2, giving H(x¢) > —e and hence H > —g¢ on M \ E. It follows
thaton M \ E,

¥ > (1 —38)y + Selog lo|? —e. (3.291)

Letting ¢ — 0 (so that § — 0 too) gives ¥ > ¥ as required. O

3.5.4 Further Estimates Using Pluripotential Theory

In this section we will show how results from pluripotential theory can be used to
improve on the estimates given in the proof of Theorem 3.5.1.

The following a priori estimate, extending Yau’s zeroth order estimate, was
proved by Eyssidieux—Guedj—Zeriahi [EGZ11]. A slightly weaker version of this
result, which would also suffice for our purposes, was proved independently by
Zhang [Zha06].

Theorem 3.5.9. Let M be a compact Kihler manifold and w a closed smooth semi-
positive (1, 1)-form with fM " > 0. Let f be a smooth nonnegative function. Fix

p > 1. Then if ¢ is a smooth function with @ + @a&p > 0 solving the complex
Monge—Ampére equation

(0 + ga&p)" = fo", (3.292)
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then there exists a constant C depending only on M, w and || f || L (m,0) Such that
oscy ¢ < C. (3.293)

The differences between this result and Theorem 3.4.6 are that here  is only
required to be semi-positive and the estimate on ¢ depends only on the L? bound of
the right hand side of the equation. We remark that we have not stated the result in
the sharpest possible way. The conditions that ¢ and f are smooth can be relaxed to
¢ being bounded with w + %85@ > 0 and f being in L”. We have ignored this
to avoid technicalities such as defining the Monge—Ampere operator in this more
general setting. We omit the proof of this theorem since it goes beyond the scope of
these notes. The theorem is a generalization of a seminal work of Kotodziej [Kol98].
For a further generalization, see [BEGZ10].

We will apply Theorem 3.5.9 to show that the solution ¢ = @(¢) of the parabolic
complex Monge—Ampere equation (3.234) is uniformly bounded, a result first
established by Tian—Zhang [Tzha06]. Moreover, we can in addition obtain a bound
on ¢ [Zha09].

Proposition 3.5.10. There exists a uniform C such that under the assumptions of
Theorem 3.5.1, ¢ solving (3.234) satisfies for t € [0, 00),

lellco = C and |¢fco < C. (3.294)

Hence there exists a uniform constant C' > 0 such that for t € [0, 00),

1
EQ <o" <C'Q. (3.295)
Proof. First observe that
/1 _ e
(& + ——030p)" = fa, for f=e’T"— >0. (3.296)
2 ;'

From the definition of @; and Lemma 3.5.2 we see that f is uniformly bounded
from above, and hence bounded in L? for any p. Applying Theorem 3.5.9 we see
that oscy; ¢ < C for some uniform constant.

For the bound on g, it only remains to check that there exists a constant C’ such
that for each time ¢ there exists x € M with |¢(x)| < C’. From Lemma 3.5.2 we
have an upper bound for ¢(x) for all x € M. For the lower bound, observe that

. =1 —
/ e?TeQ =/ (c?),+2—38<p)” =/ o > c, (3.297)
M M v M
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for some uniform constant ¢ > 0. It follows that at each time ¢ there exists
x € M with ¢+ > ¢/ [ Q. Since ¢ is uniformly bounded from above
by Lemma 3.5.2 this gives ¢(x) > —C’ for that x, as required.

For the bound on ¢ we use an argument due to Zhang [Zha09]. From (3.234) and
Theorem 3.2.2,

d 3 "
g(qb +¢) = P (log %) =—R—n < Coe™ (3.298)

for a uniform constant C. We may suppose that ||¢||c0 < Cy for the same constant
Co > 0. We claim that ¢ > —4Cy. Suppose not. Then there exists a point (xo, Zp)
with @ (xg, to) < —4Cy. Using (3.298) we have for any ¢t > ¢,

(@ + @)(x0,1) — (¢ + @) (x0,10) < Co/ eds = Cole™ —e™").  (3.299)

to

Hence for ¢ > ¢,
@(x0.1) < (¢ + @)(x0,t0) + Coe™™ — p(x0,1) < —Cy, (3.300)

using the fact that ¢(xg,%) < —4C,. This is a contradiction since ¢(xo,?) is
uniformly bounded as ¢t — oo. O

An immediate consequence is:

Corollary 3.5.11. The singular Kihler—FEinstein metric wgg constructed in Theo-
rem 3.5.1 satisfies

1
c S0k =CQ onM\E, (3.301)

for some C > 0.

As another application of Proposition 3.5.10, we use the estimate on ¢ together
with the parabolic Schwarz lemma to obtain a lower bound on the metric .

Lemma 3.5.12. Under the assumptions of Theorem 3.5.1, there exists a uniform
constant C such that

1
w > Ec?)oo, on M x][0,00). (3.302)
Proof. Recall that oo = %@*wps where ® : M — PV is a holomorphic map and

wrs is the Fubini—Study metric on PV, We can then directly apply Theorem 3.2.6 to
obtain

d A A
(5 - A) log tr oo < C'tr oo + 1, (3.303)
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for C’ an upper bound for the bisectional curvature of wgs. Define Q@ = logtr,,
Doo — A for A to be determined later. Compute, using Proposition 3.5.10,

(3-9)0

where we have chosen A to be sufficiently large so that A®;, > (C’ + 1)deo. It
follows from the maximum principle that Q and hence tr ,, @ is uniformly bounded
from above and this completes the proof of the lemma. O

IA

C'tr y@oo — AQ + An — Atr , @, + 1

IA

—tr oo + C., (3.304)

Observe that Lemma 3.5.12 together with the volume upper bound from
Lemma 3.5.2 show that the metric w(¢) is uniformly bounded above and below
on compact subsets of M \ S, for S the set of points where & is degenerate.
Thus we can obtain an alternative proof of Theorem 3.5.1 which avoids the use of
Lemmas 3.5.3 and 3.5.5.

Finally we mention that Zhang [Zha09] also proved a uniform bound for the
scalar curvature of the evolving metric in this setting.

3.6 Kaihler-Ricci Flow on a Product Elliptic Surface

In this section we investigate collapsing along the Kidhler—Ricci flow. We study this
behavior in the simple case of a product of two Riemann surfaces.

3.6.1 Elliptic Surfaces and the Kahler—Ricci Flow

Let M now have complex dimension two. An elliptic curve E is a compact Riemann
surface with ¢; (E) = 0 (by the Gauss—Bonnet formula this is equivalent to having
genus equal to 1). We say that M is an elliptic surface if there exists a surjective
holomorphic map 7 : M — S onto a Riemann surface S such that the fiber 7! (s)
is an elliptic curve for all but finitely many s € S. In particular, the product of an
elliptic curve and any Riemann surface is an elliptic surface, which we will call a
product elliptic surface.

In [STO7], the Kéhler—Ricci flow was studied on a general minimal elliptic
surface (see Sect. 3.8 for a definition of minimal). In this case there are finitely many
singular fibers of the map . It was shown that the Kédhler—Ricci flow converges in
C'*P for any B € (0,1) at the level of potentials away from the singular fibers,
and also converges on M in the sense of currents, to a generalized Kiihler—Einstein
metric on the base S. A higher dimensional analogue was given in [ST12].



154 J. Song and B. Weinkove

Here we study the behavior of the Kéhler—Ricci flow in the more elementary case
of a product elliptic surface M = E x S, where E is an elliptic curve and S is a
Riemann surface with ¢;(S) < 0 (genus greater than 1). Because of the simpler
structure of the manifold, we can obtain stronger estimates than in [STO7].

By the uniformization theorem for Riemann surfaces (or the results of Sect. 3.4),
S and E admit Kéhler metrics of constant curvature which are unique up to scaling.
Hence we can define Kihler metrics wg on S and wg on E by

Ric(ws) = —ws, Ric(wg) =0, / wg = 1. (3.305)
E

Denote by 75 and 7 the projectionmaps wg : M — S and ng : M — E.
As in the case of the previous section we consider the normalized Kihler—Ricci
flow

0
ga) = —Ric(w) — w, =0 = wo, (3.306)

The first Chern class of M is given by ¢;(M) = —[7*ws], which can be seen
from the equation

Ric(riws + npwE) = —miws. (3.307)

Since 7 *wg is a nonnegative (1,1) form on M, it follows from Theorem 3.3.1 that
a solution to (3.306) exists for all time for any initial Kéhler metric wy.

As a simple example, first consider the case when the initial metric wy splits as
a product. Suppose wy = n;w% + 7§ a)g, where w% and a)g are smooth metrics
on E and S respectively. Then the Kédhler—Ricci flow splits into the Kédhler—Ricci
flows on E and S, with w(t) = njwg; + m§ws; where wg; and ws, solve the
Kihler—Ricci flow on E and S respectively. Since ¢;(E) = 0 and ¢;(S) < 0 we
can apply the results of Sect. 3.4 to see that wg; converges in C* to 0 (because of
the normalization) as # — oo and wgs, converges in C* to ws. Hence the solution
to the original normalized Kihler-Ricci flow converges in C* to i ws.

We now turn back to the general case of a non-product metric. For convenience,
here and henceforth we will drop the n’s" and 712 and write wg and wg for the (1, 1)-
forms pulled back to M. We prove:

Theorem 3.6.1. Let w(t) be the solution of the normalized Kahler—Ricci
flow (3.306) on M = E x S with initial Kahler metric wy. Then

(i) Forany B € (0, 1), o(t) converges to ws in CP(M, go).
(ii) The curvature tensors of w(t) and their derivatives are uniformly bounded
along the flow.
(iii) For any fixed fiber E = w5 (s), we have

e’ w(t)|e — onallcosy = 0 as 1 — oo, (3.308)

where wgy is the Kdhler—Ricci-flat metric on E with fE Wiat = fE wp.
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Remark 3.6.2. We conjecture that in (i), the convergence in C# (M) can be replaced
by C (M) convergence. Such a result is contained in the work of Gross—Tosatti—
Zhang [GTZ11] for the case of a family of Ricci-flat metrics. It seems likely that
their methods could be extended to cover this case too. It would also be interesting
to find a proof of C*° convergence using only the maximum principle.

Since the normalized Kéhler—Ricci flow exists for all time we can compute, as
in (3.230) and (3.231), the evolution of the Kéhler class to be
[w(®)] = e [wo] + (1 —e™)]ws]. (3.309)

Before proving Theorem 3.6.1 we will, as in the sections above, reduce (3.306)
to a parabolic complex Monge—Ampere equation. Define reference metrics
@y € [w(1)] by

& =ewy+ (1 —e Mg, fort € [0, 00). (3.310)
Define a smooth volume form 2 on M by

/1 _
——0301ogQ = ws € —c; (M), / 922/ wy A\ Ws . (3.311)
2 M M

In fact, from (3.307) one can see that 2 is a constant multiple of wg A wg. We
consider the parabolic complex Monge—Ampere equation

) + ¥153p)?
FrAG Q

VT
@, Wy + —83(p > 0, ¢|t=0 =0.
2
(3.312)

As in earlier sections, a solution ¢ = ¢(¢) of (3.312) exists for all time and v =

o + ﬁ—f‘a&; solves the normalized Kéhler—Ricci flow. Note that we insert the
factor of e’ in the equation to ensure that ¢ is uniformly bounded (see Lemma 3.6.3
below) but of course it does not change the evolution of the metric along the flow.

3.6.2 Estimates

In this section we establish uniform estimates for the solution ¢ = ¢(¢) of (3.312),
which we know exists for all time.

Lemma 3.6.3. There exists C > 0 such that on M x [0, c0),

(i) lgl < C.
(i) | < C.

1
A2 2 ~2
(iii) Ewt <w < Caoy;.
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Proof. For (i), first note that since e’ ®? = e_twg +2(1 — e )wy A ws we have

1
EQ <e'd <CQ. (3.313)
Hence if ¢ achieves a maximum at (xo, o) with #y > 0 then at that point,

182
wt

—¢ <logC — ¢, (3.314)

giving ¢ < log C. The lower bound of ¢ follows similarly.
For (ii) observe that %d)t = ws — @; and hence

((%—A)(j) — try (s — &) + 1 — ¢ (3315)

By definition of @, there exists a uniform constant Cy > 0 such that Coo; > ws.
For the upper bound of ¢, we apply the maximum principle to Q1 = ¢ — (Cy— 1)¢.
Compute

0 A . A
(5 — A) 01 =try(ws —@r) +1—Cop + (Co— Dtr (0 — @)

<1-Cop +2(Co—1), (3.316)
and we see that ¢ is uniformly bounded from above at a point where Q; achieves a

maximum. Since ¢ is bounded by (i) we obtain the required upper bound of ¢.
For the lower bound of ¢, let 0> = ¢ + 2¢ and compute

ad n . A
(5 - A) Or =try(ws —a) + 1+ ¢ —2tr,(w — @)
> tr,a + ¢ — 3. 3.317)

Using (3.312), (3.313) and the arithmetic—geometric means inequality, we have at a
point (xo, ty) where Q, achieves a minimum,

) Q \\/2 Ao\ 1/2 C
et (22 ) <o () <Zu.é<C—¢.  (3318)
e'w? w? 2

Hence ¢ is uniformly bounded from below at (xo, fy), giving (ii). Part (iii) follows
from (i) and (i1). |

Next we estimate w in terms of @,. It is convenient to define another family of
reference metrics @; whose curvature we can control more precisely. Define @y =
wg + wg and
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& =e g+ (1 —e Nos =ws + e wg. (3.319)

Observe that @, and @, are uniformly equivalent.

Lemma 3.6.4. There exists C > 0 such that on M X [0, c0),

1
Ed)t <w<Ca (3.320)

Proof. From part (iii) of Lemma 3.6.3 it suffices to obtain an upper bound of the
quantity tr 5, from above. Compute using the argument of Proposition 3.2.4,

d -~ 7
(— - A) trgo < —trg o — g”RiYZkgkz

ot
i g g+ (i ) g 3321
8 &g Vig Vs +\ 5,8 ) &7 (3.321)
where we are using Rﬁz" and V = V; to denote the curvature and covariant
derivative with respect to g;. Since %d)t = —@; + wsg > —,;, we have
D7) g <trs0. (3.322)
31‘ L] — t

Hence, from the argument of Proposition 3.2.5,
4 1 Jip lk
Frie A)logtrgz o < —Hg Rl.7 &7 (3.323)
wy

Next we claim that

-~ 7 2w Aw
Lk E
_g]lRl_7 8 = (trwa)s)—~2
)

< (rpws)(trg,w) < (tr,ws)(tr 5, ). (3.324)

To see (3.324), compute in a local holomorphic product coordinate system (z', z?)
with z' a normal coordinate for ws|s in the base S direction and 72 a normal
coordinate for wg|g in the fiber E direction. In these coordinates g; is diagonal
and (g;),7 = (gs)7. Since the curvature of wg vanishes, we have from (3.307)

Rirs = —(gs)i(gs)it (3.325)

and RiTkZ = 0if 7, j,k and £ are not all equal to 1. Hence the only non-zero

component of the curvature of @, appearing in (3.324) is R 1T1T = —1. This gives
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the first equality of (3.324), and the next two inequalities follow from the definition
of @y and @;.
Combining (3.323), (3.324) we have

a
(5 — A) logtr g0 < tryws. (3.326)

Now define
03 =logtrg,w — Ag, (3.327)

for A = Cy + 1 where Cy is the positive constant with Cod; > wg and compute

0
(E - A) 03 <trows — Ap + Atr (0 — @)
< C —tr, o,

1
<C- g, (3.328)

for some C’ > 0. For the last line we have used the estimate (iii) of Lemma 3.6.3 and
the fact that @, and @, are uniformly equivalent. Since ¢ is uniformly bounded from
part (i) of Lemma 3.6.3 we see that Q3 is bounded from above by the maximum
principle, completing the proof of the lemma. O

Next we prove an estimate on the derivative of @ using an argument similar to
that of Theorem 3.2.9.

Lemma 3.6.5. There exists a uniform constant C such that on M x [0, 00),
S:=|Vgel’ <C and |VgelZ <C, (3.329)

where | - |, | - |, denote the norms with respect to the metrics g = g(t) and g
respectively. Moreover, we have

1
(% - A) S < —§|Rm(g)|2 +C’ (3.330)

for a uniform constant C’.

Proof. First we show that

9 1
(5 — A) trgo <C — 5|v§0g|2, (3.331)
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for uniform constants C,C’. From (3.321), (3.322), (3.324) and part (iii) of
Lemma 3.6.3,

3 ~Ji 7p Ik ~ 1
(g - A) tro0 < C—gl'eg%Vig Vg < C - &S (3.332)

For the last inequality we are using the fact that V3 = Vg which can be seen by
choosing a coordinate system at a point in which d; g, = 0 for all i and any ¢ > 0.
This establishes (3.331).

Using the notation of Proposition 3.2.8, write \Ifk = Fk F(go)g so that § =
|W|?. Then

)
(& - A) =~V ~ [V + [0~ 2Re (g7 ¢7 g7V R (G0 5107, ).
We have
VIR(0) 55 = —g" WIR (o), 5k — €W R(30) 5, + 8" Wh R(Zo) 50
(3333)

Indeed, as in the proof of Lemma 3.6.4, this can be seen by choosing a local
holomorphic product coordinate system (z', z%) centered at a point x with z' normal
for ws and 7> normal for wg. Using the argument of (3.324) and the result of
Lemma 3.6.4 we have

IRm(Z0); = """ g7 8,5 R(Z0) 70 R(Z0)
20 A
= (tryws)> g
)
< (tr,@,) trg,0 < C. (3.334)
Combining (3.333) and (3.334),
‘2Re (8787 g7V R(z0) 1V, )‘ <Cs. (3.335)

Since |[V¥|? = |Rm(go) — Rm(g)|?, we compute
9 TR 2
== A)S < -[VOP - VP + CS

1
< —§|Rm(g)|2 +CS+C’ (3.336)
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Then the upper bound on S follows from (3.332) and (3.336) by applying
the maximum principle to S 4 Atrg w for sufficiently large A. The inequality

[V, glf,o < C follows from the fact that the metric g(¢) is bounded from above

by go (Lemma 3.6.4). The inequality (3.330) follows from (3.336). ]

We then easily obtain estimates for curvature and all covariant derivatives of
curvature, establishing part (ii) of Theorem 3.6.1.

Lemma 3.6.6. There exist uniform constants C,, for m = 0, 1,2, ... such that on
M x [0, 00),
IVERm(g)|> < Cin. (3.337)

Proof. This follows from Lemma 3.6.5 and the arguments of Theorems 3.2.13
and 3.2.14. O

3.6.3 Fiber Collapsing and Convergence

In this subsection, we complete the proof of Theorem 3.6.1.

First we define a closed (1, 1) form wg,, on M with the properties that [wg,] =
[wo] and for each s € S, wpy restricted to the fiber ! (s) is a Kéhler—Ricci flat
metric. To do this, fix s € S and define a function p, on 75! (s) by

v—1 — . V=1 —
wOlﬂgl(S) + 788/)5 >0, Ric w0|n§1(s) + 788,05 =0,

/ e =0. (3.338)
75 6)

Since p; satisfies a partial differential equation with parameters depending smoothly
on s € §, it follows that py varies smoothly with s and hence defines a smooth

function on M, which we will call p. Now set wgy := wo + %85;). This is a
closed (1, 1) form with the desired properties. Note that for each s in S, a)ﬂat|n;l(s)
is a metric, but wg,; may not be positive definite as a (1, 1) form on M.

We make use of wgy to prove the following estimate on ¢.

Lemma 3.6.7. There exists C > 0 such that on M x [0, 00),
lp| < C(1 +1t)e™". (3.339)

Proof. Since wgy 1s a constant multiple of wgr when restricted to each fiber, we see
from the definition of 2 that

Q = 2ws N Ofiat- (3.340)
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Let Q = ¢ — e "p. Then

9 ¢! (e opu + (1 — e s + %=1330)>
—Q =log L —

. 3.341

For a positive constant A, consider the quantity Q1 = ¢’ Q — At. At a point (xo, )
with o > 0 where Q| achieves a maximum, we have

0 el(e  wpa + (1 — e Hws)?
0<—0,<¢l —A
— ot Qr=elog 2ws A Wpat
<e'log(l+Ce")—A<C' — A4, (3.342)

for uniform constants C, C’. Choosing A > C’ gives a contradiction. Hence Q is
bounded from above. It follows that ¢ < C(1 +1¢)e™" for a uniform constant C. The
lower bound for ¢ is similar. O

Lemma 3.6.8. Fix 8 € (0, 1). We have

(i) ¢(t) = 0in C**F(M)ast — .
(ii) w(t) — ws in CP(M) ast — oo.

0
(iii) il 0in CO'(M)ast — oo.

Proof. From Lemma 3.6.5 the tensor Vg g is bounded with respect to the fixed
metric go. Moreover, g < C gy for some uniform C'. It follows that Az ¢ is bounded
in C'(M, gy). Since ¢ is bounded in C°, we can apply the standard Schauder
estimates for Poisson’s equation [GT01], to see that ¢ is bounded in C2*¢ for any
a € (0,1). Choosing o > B, part (i) follows from this together with Lemma 3.6.7.
Part (ii) follows from part (i) and the fact that @, converges in C* to wg as t — 00.

For part (iii), suppose for a contradiction that there exist &€ > 0 and a sequence
{(xi,t;)}ien € M x [0, 00) with #; — oo and

@] (xi,t;) > . (3.343)

From Lemmas 3.6.3 and 3.6.6, the quantity

a%(/') =R —1—¢ (3.344)

is uniformly bounded in C°(M x [0, 00)). Hence there exists a uniform constant
6 > 0 such that for each i,

forallt € [t;,t; + §]. (3.345)

| ™

lo| (xi 1) =
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Hence
&8 ti+6 ti+8
5 = / lo|(t, x;)dt = / @(x;, 1)dt
ti ti
= lo(xi, ti +8) — @(xi, 1;)]
< sup |p(x,t; +8) —o(x,4)], (3.346)
XEM
a contradiction since () converges uniformly to 0 in C*(M) as t — oo. O

Finally, we prove part (iii) of Theorem 3.6.1.

Lemma 3.6.9. Fixs € S and write E = 75" (s) for the fiber over s. Write gy =
wat| - Then on E,

e'w(t)|p — wpa ast — 0o, (3.347)

where the convergence is uniform on C°(E). Moreover, the convergence is uniform
inseS.

Proof. We use here an argument similar to one found in [Tosl10b]. Applying
Lemma 3.6.5 we have

Ver (gle)I2), < [Vagl? < C. (3.348)

From Lemma 3.6.4, we see that g|g is uniformly equivalent to e~ gg. It follows
that

Ve (€' glp)2, = e Ve, (8l£) sy, < Ce' Ve, (glp), < Cle™.
(3.349)

Since gy, i a constant multiple of gr we see that

Vg (e'gle — gna)l3, < Cle™. (3.350)
Moreover, [e'®|g] = [@qa]. It is now straightforward to complete the proof of the
lemma. Indeed, any two Kihler metrics on the Riemann surface E are conformally

equivalent and hence we can write e’w|g = e%way for a smooth function 6 =
o(x,t) on E x [0, 00). We have

ld(e” —1)[;, >0 ast— oo, and /(e” — Do = 0. (3.351)
E

From the second condition, for each time ¢ there exists y(z) € E with o(y(¢),t) =
0 and hence by the Mean Value Theorem for manifolds,
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e — 1] = (7D — 1) — (VD) — 1) - 0 ast — oo, (3.352)

uniformly in x € E. This says precisely that e’ w(t)| g — @p, uniformly as t — oo.
Moreover, none of our constants depend on the choice of s € S. This completes the
proof of the lemma. O

Combining Lemma 3.6.6 with Lemmas 3.6.8 and 3.6.9 completes the proof of
Theorem 3.6.1.

3.7 Finite Time Singularities

In this section, we describe some behaviors of the Kihler—Ricci flow in the case of a
finite time singularity. The complete behavior of the flow is far from understood, and
is the subject of current research. In Sect. 3.7.1, we prove some basic estimates, most
of which hold under fairly weak hypotheses. Next, in Sect. 3.7.2, we describe a result
of [ZhalO] on the behavior of the scalar curvature and discuss some speculations.
In Sects. 3.7.3 and 3.7.4 we describe, without proof, some recent results [SSW11,
SW10] and illustrate with an example.

3.7.1 Basic Estimates
We now consider the Kdhler—Ricci flow

3%(0 = —Ric(w), w|i=0 = wy, (3.353)
in the case when T' < oo. The cohomology class [wg] — T'ci(M) is a limit of
Kaéhler classes but is itself no longer Kihler. The behavior of the Kdhler—Ricci flow
as ¢ tends towards the singular time 7" will depend crucially on properties of this
cohomology class.

We first observe that since 7 < oo we immediately have from Corollary 3.2.3
the estimate

" <CQ, (3.354)
for a uniform constant C.
As in Sect.3.3 we reduce (3.135) to a parabolic complex Monge—Ampere

equation. Choose a closed (1,1) form @7 in the cohomology class [wo] — T'c; (M).
Given this we can define a family of reference forms @, by

(bt = %((T — l‘)a)o + ta3T) [S [a)()] — lCl(M). (3.355)
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Observe that @, is not necessarily a metric, since @y may have negative eigenvalues.
Write y = %(CDT —wy) = %d)t € —c1(M) and define Q2 to be the volume form
with

J—1 _
——301logQ = y € —c1 (M), / Q= / ;- (3.356)
2 M M

We then consider the parabolic complex Monge—Ampere equation

A @+ SLodey + X > 0 lico = 0
_— = |0 —m78M8MMM8@8m ™ —_— . =0 = .
at"’ & Q ’ @ 2 ¢ Pli=0
(3.357)
From (3.354) we immediately have:
Lemma 3.7.1. For a uniform constant C we have on M x [0, T),
¢ =C. (3.358)

If we assume that @r > 0 then the next result shows that the potential ¢ is
bounded [Tzha06] (see also [SW10]). Note that since [wy] — Tc1(M) is on the
boundary of the Kéhler cone, one would expect in many cases that this class contains
a nonnegative representative @r.

Proposition 3.7.2. Assume that &y is nonnegative. Then for a uniform constant C
we have on M x [0, T),
lp| < C. (3.359)

Proof. The upper bound of ¢ follows from Lemma 3.7.1. Alternatively, use the
same argument as in the upper bound of ¢ in Lemma 3.3.2. For the lower bound,
observe that

An 1 A n 1 n n n
o = W((T—t)a)o +tor)" > W(T_t) wy = co(T —1)"Q2,  (3.360)

for some uniform constant ¢y > 0. Here we are using the fact that &7 is nonnegative.
Define

v =¢+n(T —1t)log(T —t)—1)— (logco — 1)t, (3.361)
and compute

N Eag n
@t 5 00" oe(T— 1) — (ogeo—1).  (3362)

aIp—lo
a7 T8 Q
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At a point where ¥ achieves a minimum in space we have @85@0 = @85(/) >0
and hence from (3.360),

a%w > log(co(T —t)") —nlog(T —t) — (logco— 1) = 1. (3.363)

It follows from the minimum principle that ¥ cannot achieve a minimum after time
t = 0, and so ¥ is uniformly bounded from below. Hence ¢ is bounded from
below. O

If &7 is the pull-back of a Kéhler metric from another manifold via a holomor-
phic map (so in particular @7y > 0), we have by the parabolic Schwarz lemma
(Theorem 3.2.6) a lower bound for w(¢):

Lemma 3.7.3. Suppose there exists a holomorphic map f : M — N to a compact
Kdihler manifold N and let wn be a Kihler metric on N. We assume that

[wo] = Ter (M) = [f*wn]. (3.364)
Thenon M x [0,T),
o> éf*wjv, (3.365)

for a uniform constant C.

Proof. The method is similar to that of Lemma 3.5.12. We take oy = f*wy > 0.
Define u = tr,, f *wy. We apply the maximum principle to the quantity

0 = logu— Ap — An(T — t)(log(T — 1) — 1), (3.366)

for A to be determined later, and where we assume without loss of generality that
u > 0. Compute using (3.77)

9
(5 - A) 0 < Cou— A¢ + Anlog(T —t) + Atr (@ — &)

n

~ w ~
= trw(COf*Cl)N — (A — 1)6()t) — AlOg m —tr,w; + An.
(3.367)

Now choose A sufficiently large so that (4 — )&, — Co f*wy > f*wy for all
t € [0, T]. By the geometric—arithmetic means inequality, there exists a constant
¢ > 0 such that

(T —1) (T —1)'Q

1/n
trowo > ¢ (—) . (3.368)

a)n

tr o, >
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Then, arguing as in the proof of Lemma 3.3.4,

nQ l/n
(E_A)Qf_u.q_A]og fl) ) +An<—-u+C,

(T —0)"Q (T -
at " —¢ (

1)
for a uniform constant C, since the map p — A log jt—cp'/" is uniformly bounded
from above for u > 0. Hence at a maximum point of Q we see that u is bounded
from above by C. Since ¢ and (T — t)log(T — t) are uniformly bounded this
shows that Q is uniformly bounded from above. Hence u is uniformly bounded from
above. O

A natural question is: when is the limiting class [wo] — T¢; (M) represented by
the pull-back of a Kéhler metric from another manifold via a holomorphic map? It
turns out that this always occurs if the initial data is appropriately “algebraic”.

Proposition 3.7.4. Assume there exists a line bundle L on M such that k[wy] =
c1(L) for some positive integer k. Then there exists a holomorphic map f : M —
PN to some projective space PV and

[wo] = Ter(M) =[], (3.369)

for some Kihler metric w on PV,

Proof. We give a sketch of the proof. Note that by the assumption on L, the
manifold M is a smooth projective variety. From the Rationality Theorem of
Kawamata and Shokurov [KMMS87, KolMori98], T is rational. The class [wy] —
Tci(M) is nef since it is the limit of Kéahler classes. From the Base Point Free
Theorem [part (ii) of Theorem 3.1.12], [wo] — T'c; (M) is semi-ample, and the result
follows. O

If we make a further assumption on the map f then we can obtain C°° estimates
for the evolving metric away from a subvariety.

Theorem 3.7.5. Suppose there exists a holomorphic map f : M — N to a
compact Kdhler manifold N which is a biholomorphism outside a subvariety
E C M. Let wy be a Kdihler metric on N. We assume that

[wo] = Tey (M) = [f*wy]. (3.370)
Then on any compact subset K of M \ E there exists a constant cx > 0 such that
w > cgwy, on K x[0,T). (3.371)

Moreover we have uniform C22 estimates for w(t) on M \ E.

Proof. The inequality (3.371) is immediate from Lemma 3.7.3 and the fact that
f*wy is a Kidhler metric on M \ E. From the volume form bound (3.354), we
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immediately obtain uniform upper and lower bounds for @ on compact subsets
of M \ E. The higher order estimates follow from the same arguments as in
Lemmas 3.5.6 and 3.5.7. O

We will see in Sect. 3.7.3 that the situation of Theorem 3.7.5 arises in the case of
blowing down an exceptional divisor.

3.7.2 Behavior of the Scalar Curvature

In this section we give prove the following result of Zhang [Zhal0] on the behavior
of the scalar curvature. Given the estimates we have developed so far, we can give
quite a short proof. Recall that we have a lower bound of the scalar curvature from
Theorem 3.2.2.

Theorem 3.7.6. Let ® = w(t) be a solution of the Kihler—Ricci flow (3.353) on
the maximal time interval [0, T). If T < oo then

lim sup (sup R(g(t))) = 00. (3.372)
t—T M

In the case of the general Ricci flow with a singularity at time 7 < oo it is known
that sup,, [Ric(g(¢))| = oo ast — T [Se05].

Proof of Theorem 3.7.6. We will assume that (3.372) does not hold and obtain a
contradiction. Since we know from Theorem 3.2.2 that the scalar curvature has a
uniform lower bound, we may assume that || R(?)||coa is uniformly bounded for
t € [0,T). Let ¢ solve the parabolic complex Monge—Ampere equation (3.357).
First note that

ad "

—1 — ]| =|R| <C. 3.373
D oe(2) - .
Integrating in time we see that |¢| = |log %"l is uniformly bounded. Integrating in

time again, we obtain a uniform bound for ¢. Define H = t¢ — ¢ — nt, whichis a
bounded quantity. Then using (3.150) we obtain [cf. (3.240)],

0
(E - A) H=ttroy—n+try(w—a;) =tr,(ty —a) = —tr,wp.
(3.374)

Apply Proposition 3.2.5 to see that

d
(E — A) tr gy < Cotr ,wo, (3.375)



168 J. Song and B. Weinkove

for a uniform constant Cy depending only on wy. Define Q = logtr,,w + AH for
A = Cy + 1. Combining (3.374) and (3.375), compute

(% - A) 0 < —trowo <0, (3.376)

and hence by the maximum principle Q is bounded from above by its value at time
t = 0. It follows that tr,,w is uniformly bounded from above. Since we have a
lower bound for ¢ = log “;2—", we see that for a uniform constant C,

1
Ea)o <w<Cwy, on Mx][0,T). (3.377)

Applying Corollary 3.2.16, we obtain uniform estimates for w(¢) and all of its
derivatives. Hence w(f) converges to a smooth Kihler metric w(7) which is
contained in [wo] — T'c;(M). Thus [wo] — T'c1 (M) is a Kéhler class, contradicting
the definition of T'. O

We remark that Theorem 3.7.6 can be proved just as easily using the parabolic
Schwarz lemma instead of Proposition 3.2.5. Indeed one can replace Q with Q =
logtr ,wo + AH and apply the Schwarz lemma with the holomorphic map f being
the identity map and wy = wy. This was the method in [Zha10]. Also, one can find
in [Zhal0] a different way of obtaining a contradiction, one which avoids the higher
order estimates.

We finish this section by mentioning a couple of “folklore conjectures”:

Conjecture 3.7.7. Let w = w(t) be a solution of the Kihler—Ricci flow (3.135) on
the maximal time interval [0, 7). If T < oo then

R < ——, (3.378)

for some uniform constant C.

This conjecture has been established in dimension 1 by Hamilton and Chow
[Chow91, Ham88] and by Perelman in higher dimensions if [wy] = ¢;(M) >
0 (Perelman, unpublished work on the Kéhler—Ricci flow; see also [SeTO08]).
Perelman’s result makes use of the functionals he introduced in [Per02]. In [Zha10],
it was shown in a quite general setting, that R < C /(T — ).

A stronger version of Conjecture 3.7.7 is:

Conjecture 3.7.8. Let w = w(t) be a solution of the Kidhler—Ricci flow (3.135) on
the maximal time interval [0, T"). If T < oo then

C
Rm| < — 3.379
Rm| < — (3.379)

for some uniform constant C.
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Another way of saying this is that all finite time singularities along the Kahler—
Ricci flow are of Type I. This is related to a conjecture of Hamilton and Tian that
the (appropriately normalized) Kihler—Ricci flow on a manifold with positive first
Chern class converges to a Kidhler—Ricci soliton, with a possibly different complex
structure in the limit.

3.7.3 Contracting Exceptional Curves

In this section we briefly describe, without proof, the example of blowing-down
exceptional curves on a Kahler surface in finite time. We begin by defining what is
meant by a blowing-down and blowing-up (see for example [GH78]).

First, we define the blow-up of the origin in C2. Let 7', z2 be coordinates on C?,
and let U be a open neighborhood of the origin. Define

U={(z{)ecUxP'|zel}, (3.380)

where we are considering £ as a line in C? through the origin. One can check that
U is a 2-dimensional complex submanifold of U x P!. There is a holomorphic map
7 : U — U given by (z,£) — z which maps U \ 7~'(0) biholomorphically onto
U \ {0}. The set 7' (0) is a one-dimensional submanifold of U, isomorphic to P'.

Given a point p in a Kéhler surface N we can use local coordinates to construct
the blow up w : M — N of p, by replacing a neighborhood U of p with the blow
up U as above. Thus M is a Kihler surface and 7 a holomorphic map extending
the local map given above. Up to isomorphism, this construction is independent
of choice of coordinates. The curve E = 7~ !(p) is called the exceptional curve.
Since 7 (E) = p, the map 7 contracts or blows down the curve E. Moreover, 7 is
an isomorphism from M \ E to N \ {p}. From the above we see that E is a smooth
curve which is isomorphic to P!, Moreover, the reader can check that it satisfies
E-E=-1.

Conversely, given a curve E on a surface M with these properties we can define
a map blowing down E. More precisely, we define an irreducible curve E in M to
be a (—1)-curve if it is smooth, isomorphic to P! and has E-E = —1.If M admits a
(—1)-curve E then there exists a holomorphic map & : M — N to a smooth Kihler
surface N and a point p € Y such that & is precisely the blow down of E to p, as
constructed above. Note that if £ is a (—1) curve then by the Adjunction Formula,
Kg-E =-1.

The main result of [SW10] says that, under appropriate hypotheses on the initial
Kihler class, the Kdhler—Ricci flow will blow down (—1)-curves on M and then
continue on the new manifold. To make this more precise, we need a definition.

Definition 3.7.9. We say that the solution g(¢) of the Kéhler—Ricci flow (3.353)
on a compact Kihler surface M performs a canonical surgical contraction if the
following holds. There exist distinct (—1) curves Ej,..., Ex of M, a compact
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Kihler surface N and a blow-down map 7 : M — N with n(E;) = y; € N
and Jr|M\U;f_1 . @ biholomorphism onto N \ {y1, ..., yx} such that:

(1) Ast — T, the metrics g(¢) converge to a smooth Kahler metric g7 on M \
Uﬁ;l E; smoothly on compact subsets of M \ Ule E;.

(i) (M, g(¢)) converges to a unique compact metric space (1\7 , dr) in the Gromov—
Hausdorff sense as ¢ — T . In particular, (N ,dr) is homeomorphic to the
Kihler surface N.

(iii) There exists a unique maximal smooth solution g(¢) of the Kdhler—Ricci flow
on N fort € (T,Ty), with T < Ty =< o0, such that g(¢) converges to
(m~")*gn ast — T smoothly on compact subsets of N \ {y1,..., yi}.

(iv) (N, g(t)) converges to (N, dr) in the Gromov—Hausdorff sense as t — T+.

The following theorem is proved in [SW10]. It essentially says that whenever
the evolution of the Kihler classes along the Kédhler—Ricci flow indicate that a blow
down should occur at the singular time 7" < oo, then the Kédhler—Ricci flow carries
out a canonical surgical contraction at time 7.

Theorem 3.7.10. Let g(t) be a smooth solution of the Kdihler—Ricci flow (3.353)
on a Kdhler surface M for t in [0, T) and assume T < o0o. Suppose there exists a
blow-down map w : M — N contracting disjoint (—1) curves Ey,..., Ex on M
with w(E;) = y; € N, for a smooth compact Kéihler surface (N, wy) such that the
limiting Kdhler class satisfies

[wo] — Te1 (M) = [7*wy]. (3.381)

Then the Kiihler—Ricci flow g(t) performs a canonical surgical contraction with
respect to the data E1, ..., Ex, N and 7.

Note that from Theorem 3.7.5, we have C2° estimates for g(¢) on M \ Ule E;,
and thus part (i) in the definition of canonical surgical contraction follows
immediately. For the other parts, estimates are needed for g(#) near the subvariety
E. To continue the flow on the new manifold, some techniques are adapted from
[STO09]. We refer the reader to [SW10] for the details. In fact, the same result is
shown to hold in [SW10] for blowing up points in higher dimensions, and in [SW11]
the results are extended to the case of an exceptional divisor £ with normal bundle
O(—k), which blows down to an orbifold point. See also [LaNT09] for a different
approach to the study of blow-downs.

In Sect. 3.8.3, we will show how Theorem 3.7.10 can be applied quite generally
for the Kéhler—Ricci flow on a Kéhler surface.

3.7.4 Collapsing in Finite Time

In this section, we briefly describe, again without proof, another example of a finite
time singularity.
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Let M be a projective bundle over a smooth projective variety B. Thatis, M =
P(E), where 7 : E — B is a holomorphic vector bundle which we can take to have
rank r. Write & also for the map = : M — B. Of course, the simplest example of
this would be a product B x P"~!. We consider the Kihler—Ricci flow (3.353) on
M . The flow will always develop a singularity in finite time. This is because

/ (1 (M) >0, (3.382)
F

for any fiber F', whereas if T = oo then %[wo] —c1(M) > Oforallt > 0. The point
is that the fibers F = P"~! must shrink to zero in finite time along the Kéhler-Ricci
flow.

In [SSW11], it is shown that:

Theorem 3.7.11. Assume that
[wo] = Ter (M) = [7*wg], (3.383)

for some Kdhler metric wp on B. Then there exists a sequence of times t; — T and
a distance function dg on B, which is uniformly equivalent to the distance function
induced by wg, such that (M, w(t;)) converges to (B, dg) in the Gromov—Hausdorff
sense.

Note that from Lemma 3.7.3 we immediately have w(¢) > %JT*C()B for some
uniform C > 0. The key estimates proved in [SSW11] are:

(1) w() < Cwp.
(i) diam,F < C(T —1)"?, for every fiber F.

Thus we see that the metrics are uniformly bounded from above along the flow
and the fibers collapse. Given (i) and (ii) it is fairly straightforward to establish
Theorem 3.7.11. We refer the reader to [SSW11] for the details.

The following conjectures are made in [SSW11]:

Conjecture 3.7.12. With the assumptions above:

(a) There exists unique distance function dg on B such that (M, w(t)) converges
in the Gromov—Hausdorff sense to (B, d), without taking subsequences.

(b) The estimate (ii) above can be strengthened to diam, ) F < C(T — t)l/ 2 for
every fiber F.

(c) Theorem 3.7.11 [and parts (a) and (b) of this conjecture] should hold more
generally for a bundle 7 : M — B over a Kihler base B with fibers 7~ (b)
being Fano manifolds admitting metrics of nonnegative bisectional curvature.

We end this section by describing an example which illustrates both the case of
contracting an exceptional curve and the case of collapsing the fibers of a projective
bundle. Let M be the blow up of P? at one point p € P?. Let f : M — P? be
the map blowing down the exceptional curve E to the point p. To see the bundle
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structure on M, note that the blow-up of C? at the origin can be identified with
M \ f~'(H) for H ahyperplane in P>. We have a map 7 from the blow up of C2,
whichis {(z, £) € C*> x P! | z € £}, to P! given by projection onto the second factor.
This extends to a holomorphic bundle map 7 : M — P! which has P! fibers. We
refer the reader to [Cal82, SW09] for more details.

Writing @; and w, for the Fubini-Study metrics on P! and P? respectively, we
see that every Kihler class @ on M can be written as a linear combination o =
Blr*wi] + y[f *w,] for B,y > 0. The boundary of the Kéhler cone is spanned by
the two rays R=%[7*w,] and RZ°[ f *w,]. The first Chern class of M is given by

(M) = [t*w1] + 2[f *w2] > 0. (3.384)

Hence if the initial Kihler metric wy is in the cohomology class oy = Bo[7*w1] +
yol f ¥ ] then the solution w(t) of the Kihler-Ricci flow (3.353) has cohomology
class

[w®)] = BO[r 1] + y(O[f*wr],  with B(1) = Bo—1. y(t) = yo —2t.
(3.385)

There are three different behaviors of the Kdhler—Ricci flow according to whether
the cohomology class [w(?)] hits the boundary of the Kihler cone at a point on
R>°[*w,], at a point on R>[ f *w,] or at zero. Namely:

(i) If yo > 2B then a singularity occurs at time 7" = S and
[wo] = Ter(M) = y(T)[f*w2],  with  y(T) =yo—2B0 > 0. (3.386)

Thus we are in the case of Theorem 3.7.10 and the Kéhler—Ricci flow performs
a canonical surgical contraction at time 7.
(i) If yo < 2By then a singularity occurs at time 7" = y,/2 and

[wo] = Ter(M) = B(T)[x*w1], with B(T) = Bo—yo/2>0. (3.387)

Thus we are in the case of Theorem 3.7.11 and the Kihler—Ricci flow will
collapse the P! fibers and converge in the Gromov—Hausdroff sense, after
passing to a subsequence, to a metric on the base P'.

(iii) If yo = 2B then the cohomology class changes by a rescaling. It was shown
by Perelman (unpublished work on the Ké#hler—Ricci flow ) [SeTOS] that
(M, w(t)) converges in the Gromov—Hausdorff sense to a point.

The behavior of the Kéihler—Ricci flow on this manifold M, and higher dimen-
sional analogues, was analyzed in detail by Feldman-Ilmanen—Knopf [FIKO03].
They constructed self-similar solutions of the Kihler—Ricci flow through such
singularities (see also [Ca094]) and carried out a careful study of their properties.
Moreover, they posed a number of conjectures, some of which were established in
[SWO09].
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Indeed if we make the assumption that the initial metric wy is invariant under
a maximal compact subgroup of the automorphism group of M, then stronger
results than those given in Theorems 3.7.10 and 3.7.11 were obtained in [SW09].
In particular, in the situation of case (ii), it was shown in [SW09] that (M, w(t))
converges in the Gromov—Hausdorff sense (without taking subsequences) to a
multiple of the Fubini—Study metric on P! (see also [Fol1]).

One can see from the above some general principles for what we expect with
the Kéhler—Ricci flow. Namely, the behavior of the flow ought to be able to be read
from the behavior of the cohomology classes [w(¢)] as ¢ tends to the singular time
T. If the limiting class [wg] — Tc1(M) = [r*wy] for some 7 : M — N with
wy Kihler on N, then we expect geometric convergence of (M, w(t)) to (N, wy)
in some appropriate sense. This philosophy was discussed by Feldman—Ilmanen—
Knopf [FIKO03].

3.8 The Kihler-Ricci Flow and the Analytic MMP

In this section, we begin by discussing, rather informally, some of the basic ideas
behind the minimal model program (MMP) with scaling. Next we discuss the
program of Song-Tian relating this to the Kéhler—Ricci flow. Finally, we describe
the case of Kéhler surfaces.

3.8.1 Introduction to the Minimal Model Program with Scaling

In this section, we give a brief introduction of Mori’s minimal model program
(MMP) in birational geometry. For more extensive references on this subject, see
[CKL11, Deb01, KMMS87, KolMori98], for example. We also refer the reader to
[Siu08] for a different analytic approach to some of these questions.

We begin with a definition. Let X and Y be projective varieties. A rational map
from X to Y is given by an algebraicmap f : X \ V — Y, where V is a subvariety
of X. We identify two such maps if they agree on X — W for some subvariety .
Thus a rational map is really an equivalence class of pairs ( fy, U) where U is the
complement of a variety in X (i.e. a Zariski open subset of X)and fy : U — Y is
a holomorphic map.

We say that a rational map f from X to Y is birational if there exists a rational
map from Y to X such that f o g is the identity as a rational map. If a birational
map from X to Y exists then we say that X and Y are birationally equivalent (or
birational or in the same birational class).

Although birational varieties agree only on a dense open subset, they share many
properties (see e.g. [GH78,Ha77]). The minimal model program is concerned with
finding a “good” representative of a variety within its birational class. A “good”
variety X is one satisfying either:
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(i) Ky isnef; or
(i) There exists a holomorphic map 7 : X — Y to a lower dimensional variety ¥
such that the generic fiber X, = 7~!(y) is a manifold with K x, <O0.

In the first case, we say that X is a minimal model and in the second case we say
that X is a Mori fiber space (or Fano fiber space). Roughly speaking, since Ky nef
can be thought of as a “nonpositivity” condition on ¢;(X) = [Ric(w)], (i) implies
that X is “nonpositively curved” in some weak sense. Condition (ii) says rather that
X has a “large part” which is “positively curved”. The two cases (i) and (ii) are
mutually exclusive.

The basic idea of the MMP is to find a finite sequence of birational maps
fi,..., fr and varieties X1,..., Xy,

X:Xom{‘l» Xy oo L Xy oo P X, (3.388)
so that Xy is our “good” variety: either of type (i) or type (ii). Recall that Ky nef
means that Ky - C > 0 for all curves C. Thus we want to find maps f; which
“remove” curves C with Ky -C < 0, in order to make the canonical bundle “closer”
to being nef.

If the complex dimension is 1 or 2, then we can carry this out in the category of
smooth varieties. In the case of complex dimension 1, no birational maps are needed
and case (i) corresponds to ¢;(X) < 0 or ¢;(X) = 0 while case (ii) corresponds to
X = P!. Note that in case (i), X admits a metric of negative or zero curvature, while
in case (ii) X has a metric of positive curvature.

In complex dimension two, by the Enriques—Kodaira classification (see
[BHPV]), we can obtain our “good” variety X via a finite sequence of blow downs
(see Sect. 3.8.3).

Unfortunately, in dimensions three and higher, it is not possible to find such
a sequence of birational maps if we wish to stay within the category of smooth
varieties. Thus to carry out the minimal model program, it is necessary to consider
varieties with singularities. This leads to all kind of complications, which go well
beyond the scope of these notes. For the purposes of this discussion, we will restrict
ourselves to smooth varieties except where it is absolutely impossible to avoid
mentioning singularities.

We need some further definitions. Let X be a smooth projective variety. As we
have discussed in Sect. 3.1.7, there is a natural pairing between divisors and curves.
A I-cycle C on X is aformal finitesum C = ) ; a;C;, fora; € Z and C; irreducible
curves. We say that 1-cycles C and C’ are numerically equivalentif D-C = D -C’
for all divisors D, and in this case we write C ~ C’. We denote by N{(X)z the
space of 1-cycles modulo numerical equivalence. Write

Nl(X)QZNl(X)Z®ZQ and Nl(X)RZNl(X)Z(@ZR. (3389)

Similarly, we say that divisors D and D’ are numerically equivalent if D - C =
D’ . C for all curves C. Write N'(X)z for the set of divisors modulo numerical
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equivalence. Define N'(X)g, N!(X)g similarly. One can check that N;(X)g and
N'(X)g are vector spaces of the same (finite) dimension. In the obvious way, we
can talk about 1-cycles with coefficients in Q or R (and correspondingly, Q- or
R-divisors) and we can talk about numerical equivalence of such objects.

Within the vector space N;(X)r is a cone NE(X) which we will now describe.
We say that an element of N;(X)g is effective if it is numerically equivalent to
a l-cycle of the form C = ), a;C; with a; € RZ% and C; irreducible curves.
Write NE(X) for the cone of effective elements of N(X)g, and write NE(X) for
its closure in the vector space N;(X)r. The importance of NE(X) can be seen
immediately from the following theorem, known as Kleiman’s criterion:

Theorem 3.8.1. A divisor D is ample if and only if D - w > 0 for all nonzero
w e NE(X).

We can now begin to describe the MMP with scaling of [BCHM10]. This is an
algorithm for finding a specific sequence of birational maps fi, ... fi. First, choose
an ample divisor H on X. Then define

T =sup{t > 0| H + tKy > 0}. (3.390)

If T = oo, then we have nothing to show since Ky is already nef and we are in case
(i). Indeed, if C is any curve in X then

1 1 1
Ky C=_(H+1Ky):C——H-C>—H-C—0 as (00 (339

We can assume then that 7 < oco. We can apply the Rationality Theorem of
Kawamata and Shokurov [KMMS87, KolMori98] to see that 7T is rational, and hence
H + TKy defines a Q-line bundle.

Next we apply the Base Point Free Theorem [part (ii) of Theorem 3.1.12]to L =
H + TKy to see that for sufficiently large m € Z=°, L™ is globally generated and
H(X, L™) defines a holomorphic map 7 : X — PV such that L™ = 7*O(1). We
write Y for the image of 7. This variety Y is uniquely determined for m sufficiently
large. The next step is to establish properties of this map .

Define a subcone NE(xr) of NE(X) by

NE(7) ={w e NE(X) | L-w =0}, (3.392)

which is nonempty by Theorem 3.8.1. We now make the following:
Simplifying assumption: NE(x) is an extremal ray of NE(X).

A ray R of NE(X) is a subcone of the form R = {Aw | A € [0, 00)} for some
w € NE(X). We say that a subcone C in NE(X) is extremal if a,b € NE(X),
a + b € C implies thata, b € C. In general, NE(r) is an extremal subcone but not
necessarily a ray. However, it is expected that it will be an extremal ray for generic
choice of initial ample divisor H (see the discussion in [ST09]).
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Remark 3.8.2. In the case that NE () is not an extremal ray, one can still continue
the MMP with scaling by applying Mori’s Cone Theorem [KolMori98] to find such
an extremal ray contained in NE(r).

The extremal ray R = NE(xr) has the additional property of being K x-negative.
We say that a ray is Ky-negative if Ky - w < 0 for all nonzero w in the ray. Clearly
this is true in this case since 0 = L -w = H -w + TKy - w and therefore Ky - w =
—T~'H -w < 0 if w is a nonzero element of R. Thus from the point of view of the
minimal model program, R contains “bad” curves (those with negative intersection
with Ky ) which we want to remove.

Moreover, the map 7 contracts all curves whose class lies in the extremal ray
R = NE(r). The union of these curves is called the locus of R. In fact, the locus
of R = NE(x) is exactly the set of points where the map = : X — Y is not
an isomorphism. Moreover, R is a subvariety of X [Deb01, KolMori98]. There are
three cases:

Case 1. The locus of R is equal to X . In this case x is a fiber contraction and X
is a Mori fiber space.

Case 2. The locus of R is an irreducible divisor D. In this case 7 is called a
divisorial contraction.

Case 3. The locus of R has codimension at least 2. In this case, 7 is called a
small contraction.

The process of the MMP with scaling is then as follows: if we are in case 1, we
stop, since X is already of type (ii). In case 2 we haveamap 7 : X — Y C PN toa
subvariety Y. Let Hy on Y be restriction of O(1)|y. We can then repeat the process
of the minimal model program with scaling with (Y, Hy) instead of (X, H).

The serious difficulties occur in case 3. Here the image Y of & will have very
bad singularities and it will not be possible to continue this process on Y. Instead
we have to work on a new space given by a procedure known as aflip. Letw : X —
Y be a small contraction as in case 3. The flip of 7 : X — Y is a variety X
together with a holomorphic birational map 7+ : X+ — Y satisfying the following
conditions:

(a) The exceptional locus of ™ (that is, the set of points in X on which 7T is
not an isomorphism) has codimension strictly larger than 1.
(b) If C is a curve contracted by 7+ then Ky+ - C > 0.

Thus we have a diagram

X
NS (3.393)

The composition (m+)™! o 7 is a birational map from X to X, and is also
sometimes called a flip. In going from X to ¥ we have contracted curves C with
Ky - C < 0. The point of (b) in the definition above is that in going from Y to X ©
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we do not wish to “gain” any curves C of negative intersection with the canonical
bundle. The process of the flip replaces curves C on X with Ky -C < 0 with curves
C’ on X* with Ky+ - C’ > 0. This fits into the strategy of trying to make the
canonical bundle “more nef”.

Given a small contraction 7 : X — Y, the question of whether there actually
exists a flip 7+ : X — Y is a difficult one. It has been established for the MMP
with scaling [BCHM 10, HM10]. Returning now to the MMP with scaling: if we are
in case 3 we replace X by its flip Xt and we denote by L™ the strict transform
of O(1)|y via =" (see for example [Ha77]). We can now repeat the process with
(X+, HT) instead of (X, H).

We have described now the basic process of the MMP with scaling. Start with
(X,H) and find 7 : X — Y contracting the extremal ray R on which H + TKy
is zero. In case 1, we stop. In case 2 we carry out a divisorial contraction and restart
the process. In case 3, we replace X by its flip X' and again restart the process.
A question is now: does this process terminate in finitely many steps? It was proved
in [BCHM 10, HM10] that the answer to this is yes, at least in the case of varieties
of general type. If we have not already obtained a Mori fiber space, then the final
variety X} contains no curves C with Kx - C < 0, and we are done.

We conclude this section with an example of a flip (see [Deb01, SY10]). Let
Xpn = P(Opr @ Opn(—1)®" D) be the P"+! bundle over P". Let Y,,,, be the
projective cone over P x P" in P+ D(1+1) by the Segre embedding

(Zoy ..oy Z] X Wos oo, Wl = [ZoWo, .., ZiWj, .o, Zy W] € PUTTDD=L
Note that Y,,, = Y}, 5. Then there exists a holomorphic map ®,,,, : Xy = Y

for m > 1 contracting the zero section of X,,, of codimension m + 1 to the cone
singularity of Y, ,. The following diagram gives a flip from X,, , to X,,,, for 1 <

m<n,
@\ A o (3.394)

3.8.2 The Kihler—Ricci Flow and the MMP with Scaling

Let X be a smooth projective variety with an ample divisor H. We now relate the
MMP with scaling to the (unnormalized) Kédhler—Ricci flow

0
ga) = —Ric(w), w|i=0 = wy, (3.395)
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We assume that the initial metric wy lies in the cohomology class ¢, ([H])
associated to the divisor H. As we have seen from Sect. 3.3.1, a smooth solution
w(t) of the Kéhler—Ricci flow exists precisely on the time interval [0, T'), with T
defined by (3.390). In general, we expect that as t — T, the Kihler—Ricci flow
carries out a “surgery”, which is equivalent to the algebraic procedure of contracting
an extremal ray, as discussed above.

The following is a (rather sketchy) conjectural picture for the behavior of the
Kihler—Ricci flow, as proposed by Song and Tian in [ST07,ST09, Tian08].

Step 1. We start with a metric @y in the class of a divisor H on a variety X. We
then consider the solution w(¢) of the Kidhler—Ricci flow (3.395) on X starting at
wp. The flow exists on [0, T') with T = sup{t > 0| H + tKyx > 0}.

Step 2. If T = oo, then Ky is nef and the Kihler—Ricci flow exists for all time.
The flow w(¢) should converge, after an appropriate normalization, to a canonical
“generalized Kéhler—Einstein metric” on X as ¢ — oo.

Step 3. If T < oo, the Kéhler—Ricci flow deforms X to (Y, gy) with a possibly
singular metric gy ast — T.

(a) If dim X = dimY and Y differs from X by a subvariety of codimension 1,
then we return to Step 1, replacing (X, go) by (Y, gv).

(b) If dimX = dimY and Y differs from X by a subvariety of codimension
greater than 1, we are in the case of a small contraction. Y will be singular.
By considering an appropriate notion of weak Kéhler—Ricci flow on Y,
starting at gy, the flow should immediately resolve the singularities of ¥ and
replace Y by its flip X T (see [SY10]). Then we return to Step 1 with X .

(¢) If 0 < dimY < dim X, then we return to Step 1 with (Y, gy).

(d) If dimY = 0, X should have c¢;(X) > 0. Moreover, after appropriate nor-
malization, the solution (X, w(¢)) of the Kédhler—Ricci flow should deform to
(X', ®") where X' is possibly a different manifold and o' is either a Kihler—
Einstein metric or a Kihler-Ricci soliton [i.e. Ric(w’) = o’ + Ly (') for a
holomorphic vector field V]. See the discussion after Conjecture 3.7.8.

Namely, the Kihler—Ricci flow should construct the sequence of manifolds
X1, ..., Xk of the MMP with scaling, with X either nef (as in Step 2) or a Mori
fiber space [as in Step 3, part (c) or (d)]. If we have a Mori fiber space, then we can
continue the flow on the lower dimensional manifold Y, which would correspond to
a lower dimensional MMP with scaling. At the very last step, we expect the Kéhler—
Ricci flow to converge, after an appropriate normalization, to a canonical metric.

In [ST09], Song-Tian constructed weak solutions for the Kéhler—Ricci flow
through the finite time singularities if the flips exist a priori (see Chap.4 in the
present volume). Such a weak solution is smooth outside the singularities of X and
the exceptional locus of the contractions and flips, and it is a nonnegative closed
(1, 1)-current with locally bounded potentials. Furthermore, the weak solution of
the Kéhler—Ricci flow is unique.
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In Step 2, when T = oo, one can say more about the limiting behavior of
the Kéhler—Ricci flow. The abundance conjecture in birational geometry predicts
that Ky is semi-ample whenever it is nef. Assuming this holds, the pluricanonical
system H°(X, K'¥) for sufficiently large m induces a holomorphic map ¢ : X —
Xcan. Xcan is called the canonical model of X and it is uniquely determined by the
canonical ring of X . If we assume that X is nonsingular and Ky is semi-ample, then
normalized solution g(¢)/¢ always converges weakly in the sense of distributions.
Moreover:

e If kod(X) = dim X, then X, is birationally equivalent to X and the limit of
g(t)/t is the unique singular Kihler—Einstein metric on X.,, [Tzha06, Tsu88]. If
X is a singular minimal model, we expect the Kdhler—Ricci flow to converge to
the singular Kdhler—FEinstein metric of Guedj—Eyssidieux—Zeriahi [EGZ11].

e If 0 < kod(X) < dim X, then X admits a Calabi—Yau fibration over X,,, and
the limit of g(¢)/¢ is the unique generalized Kihler—Einstein metric (possibly
singular) gecan On Xcan defined by Ric(gean) = —gcan + gwp away from a
subvariety of Xc,,, where gwp is the Weil-Petersson metric induced from the
Calabi—Yau fibration of X over X, [ST07,ST12].

e Ifkod(X) = 0, then X itself is a Calabi—Yau manifold and so the limit of g(¢) is
the unique Ricci flat Kédhler metric in its initial Kdhler class [Cao85, Yau78].

A deeper question to ask is whether such a weak solution is indeed a geometric
solution of the Kdhler—Ricci flow in the Gromov—Hausdorff topology. One would
like to show that the Kdhler—Ricci flow performs geometric surgeries in Gromov—
Hausdorff topology at each singular time and replaces the previous projective
variety by a “better” model. Such a model is again a projective variety and the
geometric surgeries coincide with the algebraic surgeries such as contractions and
flips. If this picture holds, the Kdhler—Ricci flow gives a continuous path from X
to its canonical model X.,, coupled with a canonical metric in the moduli space
of Gromov—Hausdorff. We can further ask: how does the curvature behave near the
(finite) singular time? Is the singularity is always of Type I (see Conjecture 3.7.8)?
Will the flow give a complete or compact shrinking soliton after rescaling (cf.
[Ca094, FIKO03])?

3.8.3 The Kihler—Ricci Flow on Kdihler Surfaces

In this section, we describe the behavior of the Ké&hler—Ricci flow on Kéhler
surfaces, and how it relates to the MMP. For the purpose of this section, X will
be a Kihler surface.

We begin by discussing the minimal model program for surfaces. It turns out to
be relatively straightforward. We obtain a sequence of smooth manifolds Xy, ..., Xj
and holomorphic maps f1, ..., fi,

X =X, LI Xy oo 2o, Xy oo o X, (3.396)
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with X “minimal” in the sense described below. Moreover, each of the maps f; is
a blow down of a curve to a point.

We say that a Kdhler surface X is a minimal surface if it contains no (—1)-curve.
By the Adjunction Formula, a surface with Ky nef is minimal. On the other hand, a
minimal surface may not have Ky nef (an example is P?) and hence this definition
of minimal surface differs from the notion of “minimal model” discussed above.

The minimal model program for surfaces is simply as follows: given a surface X,
contract all the (—1)-curves to arrive at a minimal surface. The Kodaira—Enriques
classification can then be used to deduce that one either obtains a minimal surface
with Ky nef, or a minimal Mori fiber space. A minimal Mori fiber space is either
P2 or a ruled surface, i.e. a P! bundle over a Riemann surface (in the literature,
sometimes a broader definition for ruled surface is used). Dropping the minimality
condition, Mori fiber spaces in dimension two are precisely those surfaces birational
to a ruled surface. Note that since P? is birational to P! x P!, every surface birational
to P2 is birational to a ruled surface.

We wish to see whether the Kéhler—Ricci flow on a Kihler surface will carry
out this “minimal model program”. The Kihler—Ricci flow should carry out the
algebraic procedure of contracting (—1)-curves. Recall that in Sect. 3.7.3 we defined
the notion of canonical surgical contraction for the Kédhler—Ricci flow.

Starting at any Kéhler surface X, we will use Theorem 3.7.10 to show that the
Kéhler—Ricci flow will always carry out a finite sequence of canonical surgical
contractions until it either arrives at a minimal surface or the flow collapses the
manifold.

Theorem 3.8.3. Let (X,wo) be a Kdhler surface with a smooth Kdhler metric
wy. Then there exists a unique maximal Kihler—Ricci flow w(t) on Xy, X1, ..., Xx
with canonical surgical contractions starting at (X, wo). Moreover, each canonical
surgical contraction corresponds to a blow-down i : X; — X; 41 of a finite number
of disjoint (—1) curves on X;. In addition we have:

(a) Either Ty, < oo and the flow w(t) collapses Xy, in the sense that
VOLU(;) Xy —>0, ast— Tk_‘

Then Xy is birational to a ruled surface.
(b) Or Ty = oo and Xy has no (—1) curves.

Proof. Let T be the first singular time. If 77 = oo then Ky is nef and hence X has
no (—1)-curves, giving case (b).

Assume then that 77 < oco. The limiting class at time 77 is given by a = [wo] —
Tic1(X). Suppose that

o = lim ([eo] — te(X))? = lim Volg() X > 0, (3.397)
t—T t—>Ty

so that we are not in case (a). Thus the class « is nef and big. On the other hand, «
cannot be a Kihler class by Theorem 3.3.1.
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We further notice that & + &[wp] is Kéhler for all ¢ > 0 by Theorem 3.3.1. Then
o (o + elwg]) = o + ea - [wo] > 0 (3.398)

if we choose ¢ > 0 sufficiently small.

We now apply the Nakai—Moishezon criterion for Kihler surfaces (Theo-
rem 3.1.15) to see that there must exist an irreducible curve C on X such that
a - C = 0. Let & be the space of all irreducible curves E on X witha - E = 0.
Then & is non-empty and every E in £ has E? < 0 by the Hodge Index Theorem
(Theorem 3.1.14). Moreover, if E € £,

1 1
E'KX:FIE'(W—[CUO])Z—FIE'[CUO]<O

since [awy] is Kihler. It then follows from the Adjunction formula (Theorem 3.1.13)
that £ must be a (—1) curve.

We claim that if £} and E; are distinct elements of £ then they must be disjoint.
Indeed, since E, E, are irreducible and distinct we have £, - £, > 0. Moreover,
(Ey + E») - = 0 and applying the Hodge Index Theorem again, we see that
0 > (E; + E»)> = =2 + 2E; - E, so that the only possibility is E; - E; = 0,
proving the claim. It follows that £ consists of finitely many disjoint (—1) curves
E, ..., Eg.

Let 7 : X — Y be the blow-down map contracting Ey, ..., Ex on X. Then Y
is again a smooth Kihler surface. Since H'!(X,R) is generated by H"!(Y,R) and
the ¢;([E;]) fori = 1,...,k (see for example Theorem 1.9.1 in [BHPV]), there
exists 8 € H"'(X,R) and a; € R such that

k
a=7"B+ > aici(Ei. (3.399)

i=1

Since 7*B - E; = 0foreachi = 1,...,k,wehave - E; = a; = 0 forall i and
hence o = 7*f.

We claim that B is a Kéhler class on Y. First, for any curve C on Y, we have
B-C =a-7*C > 0. Moreover, 82 = a? > 0.

By the Nakai—Moishezon criterion, it remains to show that 8 - y > 0 for y some
fixed Kéhler classon Y. Now -y = a-7*y = lim;,7—[w(¢)]-7*y > 0. Then put
7 =y + cB for ¢ > 0. If ¢ is sufficiently small then 7 is Kihler and since 82 > 0
we have B -y > 0, as required.

We now apply Theorem 3.7.10 to see that the Kihler—Ricci flow performs
a canonical surgical contraction. We repeat the above procedure until either the
volume tends to O or the flow exists for all time. This proves that either 7} < oo and
Volg(y X — Oast — T or Ty = oo and X; has no (—1) curves.

Finally, in the case (a), the theorem follows from Proposition 3.8.4 below. O
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We make use of Enriques—Kodaira classification for complex surfaces (see
[BHPV]) to prove:

Proposition 3.8.4. Let (X, wy) be a Kiihler surface with a smooth Kdihler metric
wo. Let T be the first singular time of the Kdhler—Ricci flow (3.395). If T < oo and
Volgy X — 0, ast — T. Then X is birational to a ruled surface. Moreover:

(a) Either there exists C > 0 such that

1 Yol X _

C c=woiy =

C, (3.400)

and X is a Fano surface (in particular, is birational to P?) and wy € Tc1(X).
(b) Or there exists C > 0 such that

1o Yol X'
=— =

Cc (3.401)

If X is Fano then wy is not in a multiple of ¢1(X).

Proof. We first show that X is birational to a ruled surface. Suppose for a
contradiction that kod(X') > 0. Then some multiple of Kx has a global holomorphic
section and hence is effective. In particular, ([wo]+TKx)-Ky > 0, since [wo] +T K x
is a limit of Kihler classes. Then

0= ([wo] + TKx)* = T(lwo] + TKx) - Kx + ([wo] + TKx) - [wo]
> ([wo] + TKy) - [wo] = 0, (3.402)

which implies that (Jwg] + TKy) - [wo] = 0. Using the Index Theorem and the
fact that [wo]* > 0 and ([wg] + TKx)?> = 0 we have [wy] + TKy = 0. But this
implies that X is Fano, contradicting the assumption kod(X) > 0. Thus we have
shown that X must have kod(X) = —oo. By the Enriques—Kodaira classification
for complex surfaces which are Kéhler (see Chap. VI of [BHPV]), X is birational to
a ruled surface.

Since Voly ()X = ([wo] + tKx)? is a quadratic polynomial in ¢ which is positive
fort € [0, T) and tends to zero as ¢ tends to 7', we have

Volgy X = [wo]® + 2t[wo] - Kx + t*K% = Ci(T —t) + Co(T —1)*,  (3.403)

for constants C; > 0 and C,. First assume C; = 0. Then C, > 0 and we are in case
(a). From (3.403) we obtain

K3 =Cy>0, [w)]*=K3T? |[w) -Kx=—-K}%T <O0. (3.404)
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In particular, (fwo] + TKx) - [wo] = 0 and hence by the Index Theorem, [wo] +
TKy = 0. Thus X is Fano and wy, € Tc;(X). Note that by the classification of
surfaces, X is either P2, P! x P! or P2 blown-up at k points for 1 < k < 8.

Finally, if C; > 0 then we are in case (b). If [wo] is a multiple of ¢;(X) then the
volume Volg;) X tends to zero of order (T — t)?, a contradiction. O

We now discuss the long time behavior of the Kdhler—Ricci flow when we are in
case (b) of Theorem 3.8.3. There are three different behaviors of the Kédhler—Ricci
flow ast — oo depending on whether X has Kodaira dimension equal to O, 1 or 2:

e If kod(X) = 0, then the minimal model of X is a Calabi—Yau surface with
c1(X) = 0. The flow g(¢) converges smoothly to a Ricci-flat Kihler metric as
t — 00, as shown in Sect. 3.6.

e Ifkod(X) = 1, then % g(t) converges in the sense of currents to the pullback of
the unique generalized Kdhler—Einstein metric on the canonical model of X as
t — oo [STO7]. A simple example of this is given in Sect. 3.6 in the case of a
product elliptic surface.

e Ifkod(X) =2, % g(t) converges in the sense of currents (and smoothly outside a
subvariety) to the pullback of the unique smooth orbifold Kédhler—Einstein metric
on the canonical model of X as ¢ — oo [Kob85, Tzha06, Tsu96]. In the case that
c1(X) < 0, we showed in Sect. 3.6 that % g(t) converges smoothly to a smooth
Kihler—Einstein metric.

In fact, in the case when Ty = oo, the scalar curvature of % g(t) is uniformly
bounded as t — oo [ST11, Zha09]. Furthermore, if we assume that Xj is a
minimal surface of general type, and it admits only irreducible (—2)-curves, then
(Xk, % g(t)) converges in Gromov—Hausdorff sense to its canonical model with the
unique smooth orbifold Kédhler—Einstein metric [SW11].
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Chapter 4
Regularizing Properties of the Kahler—Ricci
Flow

Sébastien Boucksom and Vincent Guedj

Abstract These notes present a general existence result for degenerate parabolic
complex Monge—Ampere equations with continuous initial data, slightly general-
izing the work of Song and Tian on this topic. This result is applied to construct
a Kéhler—Ricci flow on varieties with log terminal singularities, in connection
with the Minimal Model Program. The same circle of ideas is also used to
prove a regularity result for elliptic complex Monge—Ampere equations, following
Székelyhidi—Tosatti.

Introduction

As we saw in Chap. 3, each initial Kihler form wy on a compact Kéhler manifold X
uniquely determines a solution (w; )eo,7) to the (unnormalized) Kihler—Ricci flow

dw;
— = —Ric(w).
-~ (@)
Along the flow, the cohomology class [w;] = [wo] + ¢[Kx] must remain in the

Kéhler cone, and this is in fact the only obstruction to the existence of the flow. In
other words, the maximal existence time 7y is either infinite, in which case Ky is
nef and X is thus a minimal model by definition, or Ty is finite and [wo] + To[Kx]
lies on the boundary of the Kéhler cone.
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In [STO9], J. Song and G. Tian proposed to use the Minimal Model Program
(MMP for short) to continue the flow beyond time 7. At least when [wy] is a
rational cohomology class (and hence X is projective), the MMP allows to find a
mildly singular projective variety X birational to X such that [wo] + ¢[K x] induces
a Kihler class on X’ for t > Ty sufficiently close to Tp. It is therefore natural to
try and continue the flow on X’, but new difficulties arise due to the singularities
of X’. After blowing-up X' to resolve these singularities, the problem boils down to
showing the existence of a unique solution to a certain degenerate parabolic complex
Monge—Ampere equation, whose initial data is furthermore singular.

The primary purpose of this chapter is to present a detailed account of Song and
Tian’s solution to this problem. Along the way, a regularizing property of parabolic
complex Monge—Ampere equations is exhibited, which can in turn be applied to
prove the regularity of weak solutions to certain elliptic Monge—Ampere equations,
following [SzTo11].

The chapter is organized as follows. In Sect.4.1 we gather the main analytic
tools to be used in the proof: a Laplacian inequality, the maximum principle, and
Evans—Krylov type estimates for parabolic complex Monge—Ampere equations. In
Sect. 4.2, we first consider the simpler case of non-degenerate parabolic complex
Monge—Ampere equations involving a time-independent Kihler form. We show
that such equations smooth out continuous initial data, and give a proof of the main
result of [SzTol1]. Sections 4.3—4.5 contain the main result of the chapter, dealing
with the general case of degenerate parabolic complex Monge—Ampere equations,
basically following [ST09] (and independently of Sect. 4.2). In the final Sect. 4.6,
we apply the previous results to study the Kihler—Ricci flow on varieties with log
terminal singularities.

Nota Bene. This text is an expanded version of a series of lectures delivered by the
two authors during the second ANR-MACK meeting (8—10 June 2011, Toulouse,
France). As the audience mostly consisted of non specialists, we have tried to make
these lecture notes accessible with only few prerequisites.

4.1 An Analytic Toolbox

4.1.1 A Laplacian Inequality

If 6 and w are (1,1)-forms on a complex manifold X with v > 0, 6 can be
diagonalized with respect to @ at each point of X, with real eigenvalues A; < ... <
An, and the trace of 6 with respect to w is defined as tr,(6) = >, A;. More
invariantly, we have

2] n—1

The Laplacian of a function ¢ with respect to w is given by
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Aup = tr,(ddp).

For later use, we record an elementary eigenvalue estimate:

Lemma 4.1.1. If w and o’ are two positive (1, 1)-forms on a complex manifold X,

then
1
oM\ ™ e
(w) s%trw(w/)s(w)(trw/(w» '

Proof. In terms of the eigenvalues 0 < A} < ... < A, of ' with respect to w (at a
given point of X)), the assertion writes

) =iz () (o)

The left-hand inequality is nothing but the arithmetico-geometric inequality.
By homogeneity, we may assume that [[; A; = 1 in proving the right-hand
inequality. We then have

n—1
(ZA;I) =A== Y 0

-1

The next result is a Laplacian inequality, which basically goes back to [Aub78,
Yau78] and is the basic tool for establishing second order a priori estimates for ellip-
tic and parabolic complex Monge—Ampere equations. In its present form, the result
is found in [Siu87, pp. 97-99]; we include a proof for the reader’s convenience.

Proposition 4.1.2. Let w, ' be two Kdihler forms on a complex manifold X . If the
holomorphic bisectional curvature of w is bounded below by a constant B € R
on X, then

tr ,Ric(w’)

A, logtr, (0 >
eetre(@) = T

+ Btr (o).

Proof. Since this is a pointwise inequality, we can choose normal holomorphic
coordinates (z;) at a given point p € X so that ® = i), wudz A dZ and
o =1i) . oydz Ad7 satisfy

Wy = b — Z Riziz; + O(|z])
ij

and

oy = Midu + O([z])
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near p. Here R; denotes the curvature tensor of w, 8y stands for the Kronecker
symbol, and A; < ... < A, are the eigenvalues of @’ with respect to w at p.
Observe that the inverse matrix (") = (wy) ™' satisfies

ol =8y + Z Rijuziz; + 0(2]%). 4.1)

iJj
Recall also that the curvature tensor of @’ is given in the local coordinates (z;) by

r_ 9./ A YN AN
Rijkl = —0;0wy + prqa,wkqa,w

ol
P4
hence
RL/'jkl = —Bigja),il + Zk;laiwkpﬁjw[’,l (4.2)
p

at p. Set u := tr,(w’), and note that
Ay logu = u" " Ayu — u=>tr o (du A du).

At the point p we have
Aw/l,t = Z Ai_lf)ig,- (C()kka)]/(k)
ik

and

tro (du A du) = Zkfl3iw/ik3iwz/za
ikl

with
3; 0 (0 wpy) = Ak Rigg + 0;0; iy

thanks to (4.1). It follows that

Ay logu = u! ZAFIAkRiikk + Zki_la,ﬁiw,ik
ik ik

—u? Z A0 wp,0;0) (4.3)
ikl

holds at p. On the one hand, the assumption on the holomorphic bisectional
curvature of w reads Ry, > B for all i, k, hence
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in—lkaﬁkk > B (Z A;l) (Z ,xk) = Bir (0)u. (4.4)
ik i k
On the other hand, (4.2) yields

D oAy = = Y AT R+ D AT A B,
ik ik

ik.p
Note that )~, , A;7' R, = tr,Ric(e’), while
—1y-1 2 —1y-1 25 -1 -1
YA g = D AT A i = Y AT w00
ik.p ik ikl

by the Cauchy—Schwarz inequality. Combining this with (4.3) and (4.4) yields the
desired inequality. O

4.1.2 The Maximum Principle

The following simple maximum principle (or at least its proof) will be systemati-
cally used in what follows to establish a priori estimates.

Proposition 4.1.3. Let U be a complex manifold and 0 < T < 4o00. Let (w;);ef0.1)
be a smooth path of Kdihler metrics on U, and denote by A, = tr,dd° the
Laplacian with respect to w;. Assume that

HeC'(Ux[0,T)NC>® U % (0,T))

satisfies either

or

aH flog[(a)t+dd H) }

at )

on U x (0,T). When U is non compact, assume further that H — —oo at infinity
onU x [0,T], foreach T" < T. Then we have

sup H = sup H.
UXx[0,T) U x{0}
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If we replace < with > in the above differential inequalities and assume that
H — +00 in the non compact case, then the conclusion is that

inf H = inf H.
UX[0.T) Ux{0}

Proof. Upon replacing H with H — et (resp. H + ¢t for the reverse inequality)
with ¢ > 0 and then letting ¢ — 0, we may assume in each case that the differential
inequality is strict. It is enough to show that supy o 7) H = supyy H for each
T’ < T. The properness assumption guarantees that H achieves its maximum
(resp. minimum) on U x [0, T’], at some point (xo, fo) € U x [0, T'], and the strict
differential inequality forces fp = 0. Indeed, we would otherwise have dd°H < 0
at (xo, o), 2 = 0if ty < 7', and at least 2 > 0if 1, = T’, which would at any
rate contradict the strict differential inequality. O

4.1.3 Evans—-Krylov Type Estimates for Parabolic Complex
Monge-Ampeére Equations

Since it will play a crucial in what follows, we want to give at least a brief idea
of the proof of the next result, which says in essence that it is enough to control
the time derivative and the Laplacian to get smooth solutions to parabolic complex
Monge—Ampere equations.

Theorem 4.1.4. Let U € C" be an open subset and T € (0, +00). Suppose that
u, f e C® (U x [0, T]) satisfy

2
u_ logdet( I u ) +f (4.5)

ot 3z; 0%

and assume also given a constant C > 0 such that

sup ()@) + |Au|) <C.
ux.1) \| 0t

For each compact K € U, each ¢ > 0 and each p € N, the C? norm of u on
K x [e, T] can then be bounded in terms of the constant C and of the C¥ norm of f
on U x [0, T] for some g > p.

The first ingredient in the proof are the Schauder estimates for linear parabolic
equations. If f is a function on the cylinder Q = U x (0, T), recall from Chap. 2
that for 0 < a < 1 the parabolic a-Hélder norm of f on Q is defined as

£ lego) = I1f llcocoy + [flaso -
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where [ f] «;0 denotes the a-Holder seminorm with respect to the parabolic distance
dP ((Zs Z)s (Z/v t/)) = max {lZ - Z/lv |t - lel/z} .

For each k € N, the parabolic C**-norm is then defined as

1/ ke =D I1DED! fllcgo)-
IBl+2j <k

If (6/)ie(0.7) is a path of differential forms on U, we can similarly consider [0;],. 0
and [|6; || -k« (0)» With respect to the flat metric wy on U.. In our context, the parabolic
P

Schauder estimates can then be stated as:

Lemma 4.1.5. Let (w;):e(0,1) be a smooth path of Kihler metrics on U, and assume

that u, f € C*(Q) satisfy
ad
(5=

with A, the Laplacian with respect to w;, and setting as above Q = U x (0,T).
Suppose also given C > 0 and 0 < o < 1 such that on Q we have

C oy < w < Coy and [w]ap < C.

Foreach Q' = U'x (e, T) withU' € U and ¢ € (0, T), we can then find a constant
A > 0 only depending on U’, ¢ and C such that

||“||C[{»w(Q/) <A (”“”C"(Q) + ||f||cg(Q))-

This result follows for instance from [Lieb96, Theorem 4.9] (see also Chap.2 in
the present volume). Note that these estimates are interior only with respect to the
parabolic boundary, i.e. the upper limit of the time interval is the same on both sides
of the estimates.

The second ingredient in the proof of Theorem 4.1.4 is the following version
of the Evans—Krylov estimates for parabolic complex Monge—Ampere equations.
We refer to [Gilll 1, Theorem 4.9] for the proof, which relies on a Harnack estimate
for linear parabolic equations.

Lemma 4.1.6. Suppose that u, f € C*°(Q) satisfy

2
@zlogdet( I u )—i—f,

ot 3z; 0%

and assume also given a constant C > 0 such that



196 S. Boucksom and V. Gued;j

u of
c! Cand || +|dd‘ f| < C.
= (g ) = Cona [ | v

For each Q' = U’ x (&, T) with U’' € U an open subset and ¢ € (0,T), we can
then find A > 0 and 0 < o < 1 only depending on U’, ¢ and C such that

[ddul, o < A.

Proof of Theorem 4.1.4. The proof consists in a standard boot-strapping argument.
Consider the path o, := ddu, of Kihler forms on U. By assumption, we have
w; < Cywy with C; > 0 under control. Since

u
oy zexp(g—f)w?,
du

where ' — f is bounded below by a constant under control thanks to the
assumptions, simple eigenvalue considerations show that w, > coy with ¢ > 0
under control. We can thus apply the Evans—Krylov estimates of Lemma 4.1.6 and
assume, after perhaps slightly shrinking Q, that [w;]s,¢ is under control for some
O<a<l

Now let D be any first order differential operator with constant coefficients.

Differentiating (4.5), we get

(% - A,) Du = Df. (4.6)

Since ?TH + |Aul is under control, the elliptic Schauder estimates (for the flat
Laplacian A) show in particular, after perhaps shrinking U (but not the time
interval), that the C° norm of Du is under control. By the parabolic Schauder
estimates of Lemma 4.1.5, the parabolic C>% norm of Du is thus under control
as well. Applying D to (4.6) we find

ad N 92
(E - A,) D= D>f + Zk: (poi) Du.
Js

3z 0%

where the parabolic C* norm of the right-hand side is under control. By the
parabolic Schauder estimates, the parabolic C*% norm of D2u is in turn under
control, and iterating this procedure concludes the proof of Theorem 4.1.4. O

4.2 Smoothing Properties of the Kihler—Ricci Flow

By analogy with the regularizing properties of the heat equation, it is natural to
expect that the Kihler—Ricci flow can be started from a singular initial data (say a
positive current, rather than a Kédhler form), instantaneously smoothing out the latter.
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The goal of this section is to illustrate positively this expectation by explaining
the proof of the following result of Szekelyhidi—Tosatti [SzTol1]:

Theorem 4.2.1. Let (X, w) be a n-dimensional compact Kdhler manifold. Let F :
R x X — R be a smooth function and assume Yy € PSH(X, w) is continuous' and
satisfies

(@ + ddWp)" = e FW0)

Then g € C*°(X) is smooth.

As the reader will realize later on, the proof is a good warm up, as the arguments
are similar to the ones we are going to use when proving Theorem 4.3.3.

Let us recall that such equations contain as a particular case the Kihler—Einstein
equation. Namely when the cohomology class {w} is proportional to the first Chern
class of X,2 M{w} = ¢;(X) for some A € R, then the above equation is equivalent to

Ric(w + dd Vo) = Mw + dd“ V),
when taking
F(p.x) = Ap + h(x)

with 2 € C°(X) such that Ric(w) = Aw+ddh. Szekelyhidi and Tosatti’s result is
thus particularly striking since the solutions to such equations, if any, are in general
not unique.’

The interest in such regularity results stems for example from the recent works
[BBGZ13, EGZ11] which provide new tools to construct weak solutions to such
complex Monge—Ampere equations.

The idea of the proof is both simple and elegant, and goes as follows: assume we
can run a complex Monge—Ampere flow

9 _

o (w + ddp)"
ar & "

:|+F(g0,x)

with an initial data ¢y € PSH(X, ) N C°(X) in such a way that

peCo(X x[0,T)NC®(X x(0,T]).

I'The authors state their result assuming that 1 is merely bounded, but they use in an essential way
the continuity of v, which is nevertheless known in this context by Kotodziej [Kol98].

2This of course assumes that ¢, (X) has a definite sign.

3In the Kéhler—Einstein Fano case, a celebrated result of Bando and Mabuchi [BM87] asserts that
any two solutions are connected by the flow of a holomorphic vector field.
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Then vy will be a fixed point of such a flow hence if ¥, denotes the flow originating
from ¥, Yo = V¥, has to be smooth!
To simplify our task, we will actually give full details only in case

F(s,x) = —G(s) + h(x) with s > G(s) being convex

and merely briefly indicate what extra work has to be done to further establish
the most general result. Note that this particular case nevertheless covers the
Kéhler—FEinstein setting.

In the sequel we consider the above flow starting from a smooth initial potential
¢o and establish various a priori estimates that eventually will allow us to start from a
poorly regular initial data. We fix once and for all a finite time 7" > 0 (independent
of @) such that all flows to be considered are well defined on X x [0, T]: it is
standard that the maximal interval of time on which such a flow is well defined can
be computed in cohomology, hence depends on the cohomology class of the initial
data rather than on the (regularity properties of the) chosen representative.

4.2.1 A Priori Estimate on ¢,

We consider in this section on X x[0, T'] the complex Monge—Ampere flow (CMAF)

[(a) + ddcfp)"}
_ = 10g T

o + F(p,x)

with initial data ¢y € PSH(X, @) N C®(X). Our aim is to bound ||¢ || Loo(x xjo,7) in
terms of ||@o||rcox) and T'.

4.2.1.1 Heuristic Control

Set M(t) = supy ¢;. It suffices to bound M (¢) from above, the bound from below
for m(t) := infy ¢; will follow by symmetry.

Assume that we can find ¢ € [0, T] — x(z) € X a differentiable map such that
M(t) = ¢:(x(¢)). Then M is differentiable and satisfies

¢,

M/(t) == W

(x(1)) < F(g(x(1)). x(1)) < F(M(1)),
where

F(s) := sup F(s, x)

xX€X

is a Lipschitz map.
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It follows therefore from the Cauchy-Lipschitz theory of ODE’s that M(t) is
bounded from above on [0, 7] in terms of 7, M(0) = supy ¢ and F (hence F).

4.2.1.2 A Precise Bound

We now would like to establish a more precise control under a simplifying
assumption:

Lemma 4.2.2. Assume that ¢, € C*® (X x [0, T)) define w-psh functions ¢, ¥,
forall t and satisfy

dg

o + F(p,x)

[ dd€p)"
wl‘l
and

> log + F(y, x)

oy [(w +dd )"
at "
on X x [0, T], where

F(s,x) = As — G(s,x) with s — G(s, ) non-decreasing.

Then we have

sup (¢ — ) < e*" max{sup(¢o — V). 0}.
Xx[0.T] b

Proof. Set u(x,t) := e (¢, — ¥,)(x) — et € C°(X x[0,T]), where ¢ > 0 is
fixed (arbitrary small). Let (xg, o) € X x [0, T'] be a point at which u is maximal.
If 1o = 0, then u(x.t) < (o — Vo)(x0) < supy(¢o — Vo) and we obtain the

desired upper bound by letting £ > 0 decrease to zero.
Assume now that 7y > 0. Then & > 0 at this point, hence

0<—e—re Mg — ) + e (g — V).

On the other hand ddu < 0, hence dd ¢, < dd,y, and

(p.t_"s&f =< F((ptsx)_F(wfsx)—‘rlOgl:

S F((pts-x)_F(wfs-x)'

(0 +dd ¢)" }
(0 + ddY)"

Recall now that F(s,x) = As — G (s, x). Previous inequalities therefore yield

G(¢r, x) < G(Yy, x) at point (x, 1) = (xo, o).
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Since s — G(s, ) is assumed to be non-decreasing, we infer ¢;,(xo) < ¥, (xo), S0
that for all (x,7) € X x [0, T],

“(xat) < M(X(),lo) <0.

Letting ¢ decrease to zero yields the second possibility for the upper bound. O

By reversing the roles of ¢;, ¥;, we obtain the following useful:

Corollary 4.2.3. Assume @, are solutions of (CMAF) with F as above. Then

A
e — ¥ llzooxxpo.ry < e llgo — Yol oo (x)-

As a consequence, if ¢o ; is a sequence of smooth w-psh functions decreasing
to g9 € PSH(X,») N C°(X), and ¢, are the corresponding solutions to (CMAF)
on X x [0, T], then the sequence ¢; converges uniformly on X x [0, 7] to some
e C%X x[0,T]) as j — +o0.

4.2.2 A Priori Estimate on %—‘f

We assume here again that on X x [0, T]

— =log

o (w +dd )"
ot "

|+ P

with initial data ¢y € PSH(X, w) N C*°(X).

Lemma 4.2.4. There exists C > 0 which only depends on | @o|| Lo (x) such that for
allt €10, T],

. CT »
@elloex) < €™ " ligollLoo(x)-

Let us stress that such a bound requires both that the initial potential ¢q is
uniformly bounded and that the initial density

(@+ddgo)" _
fo= T = log o — Flgo.x)

is uniformly bounded away from zero and infinity. We shall consider in the sequel
more general situations with no a priori control on the initial density f;.

Proof. Observe that

OF
- = A ) Y k) .s
T @+ % (., x)¢
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where A; denotes the Laplace operator associated to w, = @ + dd‘¢;.
Since F is C!, we can find a constant C > 0 which only depends on (F and)
le |l oo (x xjo,7)) such that

F
—C < a—((,o,x) < +C.
as

Consider H4 (x,1) := e~¢,(x) and let (xo, fy) be a point at which H realizes
its maximum on X x [0, T]. If fp = 0, then ¢, (x) < e supy ¢, for all (x,7) €
X x[0,T]. If ty > 0, then

d JoF
0= (5 - Ar) (Hy) = e [g(‘/)tsx) - C:| ®

hence ¢, (xo) < 0, since %ff(fp,, x) — C < 0. Thus ¢;(x) < 0in this case. All in all,
this shows that

O < eCTmax%sung)o,O} .
X

Considering the minimum of H_(x,?) := e*tC¢,(x,t) yields a similar bound

from below and finishes the proof since max{supy ¢y, —infy ¢y} > 0. O

4.2.3 A Priori Estimate on A,

Recall that we are considering on X x [0, T']

¢,

doi _, [(@+ddgy
o & "

] + Flgn)

with initial data ¢y € PSH(X, w) N C°°(X). Our aim in this section is to establish
an upper bound on A, ¢;, which is uniform as long as ¢ > 0 and is allowed to blow
up when ¢ decreases to zero.

4.2.3.1 A Convexity Assumption

To simplify our task, we shall assume that

F(s,x) = —G(s) + h(x), with s — G(s) being convex.
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This assumption allows us to bound from above A, F (¢, x) as follows:

Lemma 4.2.5. There exists C > 0 which only depends on ||@o|| Lo (x) such that
Ay (F(pr,x)) < C[L + trg,(wr)],

where w;, = w + dd ;.

Recall here that for any smooth function # and (1, 1)-form S,

dd‘h A "} Aw"!
Agh = n TN e = n A
" w"

Proof. Observe that
dd® (F(¢,x)) = =G"(p)dp Ad°p — G'(p)dd g < —G'(p)dd ¢

since G is convex. Now dd“¢ = (w+dd‘¢p)—w = w,—w = w;—w is a difference
of positive forms and —C < —G'(¢) < +C, therefore

dd® (F(p.x)) = C (o + ),

which yields the desired upper bound. O

Our simplifying assumption thus yields a bound from above on A, (F(¢, x))
which depends on tr, (w,) (and [|@o|| oo (x)) but not on ||V, || Loo (x x[e,7])- A slightly
more involved bound from above is available in full generality, which relies on
Blocki’s gradient estimate [Bto09]. We refer the reader to the proofs of [SzToll,
Lemmata 2.2 and 2.3] for more details.

4.2.3.2 The Estimate

Proposition 4.2.6. Assume that F(s,x) = —G(s) + h(x), with s — G(s) convex.
Then

0<try(w) <Cexp(C/t)

where C > 0 depends on |@ol| Loo(x) and ||@ol| oo (x)-

Proof. We set u(x,t) := tr,(w;) and
a(x,t) :=tlogu(x,t) — Ap;(x),

where A > 0 will be specified later. The desired inequality will follow if we can
uniformly bound « from above. Our plan is to show that
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(% _ At) (@) < C1 + (Bt + Cs — A)tr o, (@)

for uniform constants Cy, C; > 0 which only depend on ||¢o || Loo(x), @0l Loo(x)-
Observe that

9 ‘9
(— — A,) (@) = logu+ -2 — Ag, —tA, logu + AAg,.
ot u 0t

The last term yields AA;p, = An—Atr,, (). The for to last one is estimated thanks
to Proposition 4.1.2,

tr, (Ri
—tA;logu < Bttr, (w) + [M
tr, ()

It follows from Lemma 4.2.5 that

t du

t n t
-— ==\ (log a)_,) + —Au F(gr, x)
u dt u " u

t t
= —{—tr,(Ricwy) + tr,(Ricw)} + —A, F(¢;, x)
u u

- _ttrw(Rica),) LC 1+ u).
tr o, (wy) u

We infer
ta
—tA;logu + ta < Bttr,, (w) + Cy,
u 0t
using that u is uniformly bounded below as follows from Proposition 4.1.2 again.
To handle the remaining (first and third) terms, we simply note that ¢, is
uniformly bounded below, while

logu < log [Ctra,, (a))”_l] < Cy + Cstr, (@)

by Proposition 4.1.2 and the elementary inequality log x < x. Altogether this yields
ad
5= A ) @ = Gt (B4 G = Dy, (@) < s,

if we choose A > 0 so large that B + C3 — A < 0. The desired inequality now
follows from the maximum principle. O
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4.2.4 Proof of Theorem 4.2.1

4.2.4.1 Higher Order Estimates

By Theorem 4.1.4, it follows from our previous estimates that higher order a priori
estimates hold as well:

Proposition 4.2.7. For each fixed ¢ > 0 and k € N, there exists Cx(g) > 0 which
only further depends on ||@q|| oo (x) and ||@ol| Loo(x) such that

e llcx (xxe.rp < Cr(e).

4.2.4.2 A Stability Estimate

Let0 < f.g € L?(w") be densities such that

/Xfw"z/ng"zfxw".

It follows from the celebrated work of Kolodziej [Kol98] that there exists unique
continuous w-psh functions ¢, ¥ such that

(w+dde)" = fo", (0 +ddY)" = go" and /}(((p—lﬂ)w" =0.

We shall need the following stability estimates:

Theorem 4.2.8. There exists C > 0 which only depends on || f |12, gl L2 such that
lo =¥l < CIf = gy

for some uniform exponenty > 0.

Such stability estimates go back to the work of Kolodziej [Kol03] and Blocki
[Blo03]. Much finer stability results are available by now (see [DZ10, GZ12]). We
sketch a proof of this version for the convenience of the reader.

Proof. The proof decomposes in two main steps. We first claim that

1

lo =Vl <CIIf - g”E)’ 4.7

for some appropriate C > 0. Indeed we are going to show that

/X A —v) Ad (o =) no™ < Cul(p. )", “8)
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where
How)i= [ (=) (@ +dd W) = @ +dd“p)'} =0
is non-negative, as the reader can check that an alternative writing is
n—1
A L
Ho) =X [ do = ndo=w nalnof .
j=0
In our case the Cauchy—Schwarz inequality yields

Ip.v) = /X(“’ (g — )0 < llp—Vlalf — gl

therefore (4.7) is a consequence of (4.8) and Poincaré’s inequality.
To prove (4.8), we write = w,, — dd ‘¢ and integrate by parts to obtain,

/d(fﬂ —Y)Ad(p—Y) A"
= [do—w rd*@-v) nay no
—/d(w — Y)Y Ad(@—PY)Add @ A "2
= [ao—v)na—p) nop no
+/d(<ﬂ —Y) AP A (0y — wy) A"
We take care of the last term by using Cauchy—Schwarz inequality, which yields
1/2
[aw-wniconane? <a( [de—vnaw-pra o).
where
A* = /d<p/\d"<p Awy A"

is uniformly bounded from above, since ¢ is uniformly bounded in terms of
[/ l2x) by the work of Kolodziej [Kol98]. Similarly

1/2
_/d(gD_l//)Adc(pAwW/\wn_zSB(/d(QD_l//)/\dC(SD—l//)/\a)w/\a)n_z) ,
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where
B* = /d(p/\dcgo/\ww A "2

is uniformly bounded from above. Note that both terms can be further bounded from

above by the same quantity by bounding from above w,, (resp. wy) by w, + wy.
Going on this way by induction, replacing at each step @ by w, + wy, we end

up with a control from above of [ d(¢ —¥) Ad“(¢ — ) A "' by a quantity that

is bounded from above by CI(p, Ip)zf("fl) (there are (n — 1)-induction steps), for
some uniform constant C > 0. This finishes the proof of the first step.
The second step consists in showing that

lp =¥l = Collo =Vl y,

for some constants C,, y > 0. We are not going to dwell on this second step here, as
it would take us too far. It relies on the comparison techniques between the volume
and the Monge—Ampere capacity, as used in [Kol98]. O
4.2.4.3 Conclusion

We are now in position to conclude the proof of Theorem 4.2.1 [at least in case
F(s,x) = —G(s) + h(x), with G convex]. Let Yy € PSH(X, w) be a continuous
solution to

(@ + dd o) = e TV,

Fix u; € C°(X) arbitrary smooth functions which uniformly converge to v
and let ¥; € PSH(X, w) N C*°(X) be the unique smooth solutions of

(w+ddvy;)' = cje_F(”f'x)a)",

normalized by | v(W¥; — Yo)o" = 0. Here ¢; € R are normalizing constants wich
converge to 1 as j — 400, such that

Cj/ e~ F 70 gy =/a)",
X X

and the existence (and uniqueness) of the ¥;’s is provided by Yau’s celebrated result
[Yau78]. It follows from the stability estimate (Theorem 4.2.8) that

¥ — YollLeo(xy —> O as j — +o0,
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hence
Consider the complex Monge—Ampere flows

3(,0[,]' (C() + ddc(p[j)n
wl‘l

ot

= log + F(p1j,x) —logcy,

with initial data ¢o ; := ;. It follows from Lemma 4.2.2 that

3

ler; — irllieoexory < €T W) — illLoocx) + |loge; —logex
thus (¢;.;); is a Cauchy sequence in the Banach space C° (X x [0, T']). We set

(p[ = 11m (pt,j (S CO (X X [Oa T]) .
Jj—>+o0

Note that ¢; € PSH(X, w) for each ¢ € [0, T] fixed and ¢y = ¥ = limeo ;
by continuity. Proposition 4.2.7 shows moreover that (¢; ;); is a Cauchy sequence
in the Fréchet space C*° (X x (0, T]), hence (x,7) — ¢;(x) € C* (X x (0, T]).
Observe that

@o.jllLeecxy = 1F (), x) = Fuj, x) oo xy < Cllyrj —ujllreexy — 0.
Lemma 4.2.4 therefore yields for all # > 0,

D || 7 00 = lim ;i |l 700 <C lim 0o i |7 00 =0.
el oo (x) j_>+oo”(p”’”L x) = j_>+oo||<ﬂo,/||L (x)

This shows that ¢ — ¢, is constant on (0, 7], hence constant on [0, T] by
continuity. Therefore o = ¢; is smooth, as claimed.

4.3 Degenerate Parabolic Complex Monge-Ampere
Equations

Until further notice, (X, wy) denotes a compact Kédhler manifold of dimension n
endowed with a reference Kihler form.

4.3.1 The Ample Locus

Recall that the pseudoeffective cone in H''(X,R) is the closed convex cone of
classes of closed positive (1, 1)-currents in X. A (1, 1)-class « in the interior of the



208 S. Boucksom and V. Gued;j

pseudoeffective cone is said to be big. Equivalently, « is big iff it can be represented
by a Kdhler current, i.e. a closed (1, 1)-current 7' which is strictly positive in the
sense that T > cwy for some ¢ > 0. In the special case where the (1, 1)-form 6 is
semipositive, it follows from [DemPaun04] that its class is big iff f ¥ 0" > 0,i.e. iff
6 is a Kéhler form on at least an open subset of X.

The following result is a consequence of Demailly’s regularization theorem
[Dem92] (cf. [DemPaun04, Theorem 3.4]).

Lemma 4.3.1. Let 0 be a closed real (1, 1)-form on X, and assume that its class in
HU (X, R) is big. Then there exists a 0-psh function Y9 < 0 such that:

(i) Yo is of class C* on a Zariski open set Q C X,
(ii) Y9 — —o0 near 012,
(iii) wq = (0 +dd V) |q is the restriction to Q of a Kihler form on a
compactification X of Q dominating X .

More precisely, condition (iii) means that there exists a compact Kédhler manifold
(X wy) and a modification 7 : X — X such that 7 is an isomorphism over €2 and
*wg = oy on 11 (Q).

By the Noetherian property of closed analytic subsets, it is easy to see that the set
of all Zariski open subsets €2 so obtained admits a largest element, called the ample
locus of 8 and denoted by Amp (8) (see [Bou04, Theorem 3.17]). Note that Amp (6)
only depends on the cohomology class of 6.

For later use, we also note:

Lemma 4.3.2. Let 0 be a closed real (1, 1)-form with big cohomology class, and
let U C Amp (0) be an arbitrary Zariski open subset. We can then find a 0-psh
function ty such that ty is smooth on U and ty — —oo near dU.

Proof. Let vy be a function as in Lemma 4.3.1, with Q@ = Amp (8). Since 4 :=
X \ U is a closed analytic subset, it is easy to construct an wy-psh function p
with logarithmic poles along A (see for instance [DemPaun04]). We then set tyy :=
Yy + cp with ¢ > 0 small enough to have 6 + ddyy > Swyx forsome § > 0. O

4.3.2 The Main Result

In the next sections, we will provide a detailed proof of the following result, which
is a mild generalization of the technical heart of [ST09]. The assumptions on the
measure i will become more transparent in the context of the Kéhler—Ricci flow on
varieties with log-terminal singularities, cf. Sect. 4.6.

Theorem 4.3.3. Let X be a compact Kihler manifold, T € (0,+00), and let
(6:)iepo.1) be a smooth path of closed semipositive (1, 1)-forms such that 6; > 0
for a fixed semipositive (1,1)-form 6 with big cohomology class. Let also . be
positive measure on X of the form
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+_ —
p=e"" "V oy

where

o Y* are quasi-psh functions on X (i.e. there exists C > 0 such that * are both
Cow X -psh);

o« eV e L? for some p > 1;

o Y* are smooth on a given Zariski open subset U C Amp (6).

For each continuous 0y-psh function oo € C°(X) N PSH(X, 8y), there exists a
unique bounded continuous function ¢ € C}? (U x[0,T)) with ¢|lyxgoy = @o and
such that on U x (0, T) ¢ is smooth and satisfies

% _ og [M} _ 4.9)
ot n

Furthermore, ¢ is in fact smooth up to time T, i.e. ¢ € C* (U x (0,T]).

Remark 4.3.4. Since ¢|xxy;) is bounded and 6;-psh on a Zariski open set of X,
it uniquely extends to a bounded 6,-psh function on X by standard properties of
psh functions. We get in this way a natural quasi-psh extension of ¢ to a bounded
function on X x [0, T'], but note that no continuity property is claimed on X x [0, T']
(see however Theorem 4.3.5 below).

As we shall see, uniqueness in Theorem 4.3.3 holds in a strong sense: we have

sup | —¢'| = sup ¢ — ¢
UX[0,T] U x{0}

for any two
@, ¢ € CY(Ux[0,T)NC® (U x(0,T))

satisfying (4.9) and such that the restriction to U x {0} of either ¢ or ¢’ extends
continuously to X x {0}.

In the geometric applications to the (unnormalized) Kihler—Ricci flow, the path
(6;) will be affine as a function of ¢. In that case, we have a global control on the
time derivative:

Theorem 4.3.5. With the notation of Theorem 4.3.3, assume further that (6;):c[0.1)
is an affine path. For each ¢ > 0, %—‘f is then bounded above on U x [e, T), and

bounded below on U x [, T — ¢|. In particular, the quasi-psh extension of ¢ to
X x [0, T] is continuous on X x (0, T), and on X x {T} as well.
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4.4 A Priori Estimates for Parabolic Complex
Monge-Ampere Equations

4.4.1 Setup

Recall that (X, wy) is a compact Kéhler manifold endowed with a reference Kihler
form. In this section, (6;)e[0,7] denotes a smooth path of Kdhler forms on X, and
we assume given a semipositive (1, 1)-form 6 with big cohomology class such that

0, > 6 fort €0, T].

Let also p be a smooth positive volume form on X, and suppose that ¢ €
C® (X x [0, T]) satisfies

(4.10)

3_‘/’ —1lo 6 + ddC(P)n
or 8 " '

Our goal is to provide a priori estimates on ¢ that only depend on 6, the sup norm
of @0 1= @|xx{o}, and the L”-norm and certain Hessian bounds for the density f of
. More precisely, we will prove the following result:

Theorem 4.4.1. With the above notation, suppose that | is written as
+_ —
p=e"" "V oy

with Y+ € C®(X), and assume given C > 0 and p > 1 such that

(i) —C <supy ¥+ < C anddd“y* > —Cuwy.
(i) le=V |l» < C.
(iti) |lgollco < C.

The C° norm of ¢ on X x [0, T] is then bounded in terms of 0, C, T, p and a bound
on the volume [, 0]' fort € [0,T].

Further, ¢ is bounded in C*° topology on Amp (0) x (0, T, uniformly in terms
of 0, C, T, p and C* bounds for (8;) on X x [0, T] and for * on Amp (9). More
explicitly, for each compact set K € Amp (6), each ¢ > 0 and each k € N, the
C*-norm of ¢ on K x [e, T] is bounded in terms of 6, C, T, p and C > bounds for
(6,) on X x [0, T] and for y* in any given neighborhood of K.

During the proof, we shall use the following notation. We introduce the smooth
path of Kéhler forms

wy 1= 9{ + ddc(pt,

and denote by A, = tr,,dd® the corresponding time-dependent Laplacian operator
on functions. We trivially have
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0
(g—Ar)(/’Zﬁb‘f‘trO,(@t)—”, (4.11)

where ¢ is a short-hand for 3—‘” Writing 9, for the time-derivative of 6;, it is also
immediate to see that

9 .
(5 - A,) G (4.12)

To simplify the notation, we set 2 := Amp (), and choose a §-psh function vy as
in Lemma 4.3.1, so that ¢y — —oo near 92 and

= (0 +dd“yy)a

is the restriction to 2 of a Kihler form on a compactification of €2 dominating X .
Since 6, > 0 for all ¢, (4.11) shows that

a
(E - AI) (p—vY6) = ¢ + trg,(we) —n (4.13)

on Q2 x [0, T].

As a matter of terminology, we shall say that a quantity is under control if it can
be bounded by a constant only depending on the desired quantities within the proof
of a given lemma.

4.4.2 A Global C -Estimate

Lemma 4.4.2. Suppose that ¢ € C*® (X x [0, T]) satisfies (4.10). Assume given
C >0, p > 1 such that

(i) [y 08 <C fort €l0,T];
(it) [y > C~'Vand | f|lLr < C forthe density [ := p/wh.

Then there exists a constant A > 0 only depending on 8, p, T and C such that

sup @[ < sup |p|+ 4.
X x[0,T] X x{0}

Proof.  Step 0: an auxiliary construction. We introduce an auxiliary function,

which will also be used in the proof of Lemma 4.4.4 below. For ¢ € (0,1/2]
introduce the Kéhler form

ne:=(1—¢)0 + fwy,
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¢ :=log (ff’f) .

Since 6; is a continuous family of Kéhler forms, we can fix & > 0 small enough
such that 6, > ewy forall ¢ € [0, T]. Since f ¥ 6" is positive, ¢, is under control,
even though ¢ itself is not! Observe also that 6, > (1 — €)6 + ¢6,, and hence

and set

6, > ne fort € [0,T]. 4.14)

By [Yau78] there exists a unique smooth 7.-psh function p, such that
supy p. = 0 and

(e + dd pe)" = e pu. (4.15)
Since the L”-norm of the density of e is under control and since

30 < 1. <0+ wx < Clox

with C; > O only depending on 6, the uniform version of Kolodziej’s
L>-estimates [EGZ09] shows that the C° norm of p, is under control.
Step 1: lower bound. Consider 7, and p; as in Step 0, and set

H :=¢—p.—cet.
By (4.15) and (4.14) we get

oH . 6; +ddp. +dd°H)" -1 (6, +dd p. +dd“H)"

_— 0 - 0 n
o 8T (etddp)r 8 (6 +ddpo)

on X x [0, T'], and hence infyxjo,r] H = infyxo; H by Proposition 4.1.3. Since
¢, and the C° norm of pe are both under control, we get the desired lower bound
for ¢.

Step 2: upper bound. By non-negativity of the relative entropy of the probability
measure [/ f . with respect to

(6, +dd ey efp

fer e

(or, in other words, by concavity of the logarithm and Jensen’s inequality), we

have
J () -4)oo
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It follows that

i (o) = ([uee(for) ([ )
=Sl (/ wg})l_w logC +e7! =: 4

is under control, and hence

sup S o - S oop
1€[0,T] fM fM

4+ AT <supgy+ AT
X

with A; > 0 under control. We claim that there exists B > 0 under control such
that

Liw | p

supy <
X
for all 6-psh functions . Applying this with ¥ = ¢, will yield the desired
control on its upper bound. By Skoda’s integrability theorem in its uniform
version [Zer01], there exist § > 0 and B > 0 only depending on 6 such that

/e_wa);’( <B

for all 6-psh functions ¥ normalized by supy ¥ = 0. By Holder’s inequality, it
follows that | e_‘w,u < B’ with §’, B” under control, and the claim follows by
Jensen’s inequality. O

Remark 4.4.3. The proof given above is directly inspired from that of [STO9,
Lemma 3.8]. Let us stress, as a pedagogical note to the non expert reader, that the
C'-estimate thus follows from

The elementary maximum principle (Proposition 4.1.3);

Kolodziej’s L*° estimate for solutions of Monge—Ampere equations [Kol98,
EGZ09];

Skoda’s exponential integrability theorem for psh functions (which is in fact also
an ingredient in the previous item).

4.4.3 Bounding the Time-Derivative and the Laplacian

on the Ample Locus

Lemma 4.4.4. Suppose that ¢ € C* (X x [0, T']) satisfies (4.10). Assume that the
volume form [ is written as
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+_ —
p=e"" "V oy

with y* € C®(X), and let C > 0 be a constant such that

(i) —Cwy <6, < Coy fort €[0,T];
(i) supy = < C;
(iii) dd“y* > —Cuwy.

For each compact set K C Q, we can then find A > 0 only depending on K, 0, T
and C such that

sup ¢ (|¢|+log|Ag|) < A|1+ sup |p|—infy™ |,
Kx[0.T] Xx[0.T] K

where A denotes the Laplacian with respect to the reference metric wy.

Proof. Since wq extends to a Kédhler form on a compactification of €2 dominating
X, there exists a constant ¢ > 0 under control such that wg > cwy, and hence

0, +dd Y9 > cwy (4.16)

on © x [0, T'] since 6, > 6.

Step 1: upper bound for ¢. We want to apply the maximum principle to
HY =19+ Ao — ),

with a constant A > 0 to be specified in a moment. Thanks to (4.12) and (4.13),
we get

9 , .
(E — A,) HY < —(A—1)¢ + tro, (ze, — Awg) + An.

By (i) and (4.16) we have
té, — Awqg < TCwy —Acwy.
Choosing
A:=c"'TC + 1,

we obtain

]
(E—A,) HY <—A1¢ + A (4.17)
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with A;, Ay > 0 under control. We are now in a position to apply the maximum
principle. Since ¥y — —oo near 32, H* achieves its maximum on  x [0, T]
at some point (xo, ). If tp = 0 then

sup HT < —Ainfo,
Qx[0.T] X

since g < 0.If £, > O then (a% —A)H' > 0at (x0,1), and (4.17) yields an
upper bound for ¢ at (xo, ). It follows that

sup HT < C;— Ainfe.
Qx[0,T] X

with C; > 0 under control. Since vy is bounded below on the given compact set
K C 2, we get in particular the desired upper bound on 7¢.
Step 2: lower bound for ¢. We now want to apply the maximum principle to

H =t(—¢ +2¥7) + AW — @),

which satisfies by (4.12) and (4.13)

ad . :
(E — A,) H™ < —(A+1)p+2¢ ™ +tr,, (—t@, —2tdd“ ™ — Awg)+An.
(4.18)

On the one hand, note that

n
Wy

—¢ = log (J) +yt -y,

and hence

n
—p < (¢—297) +2log (w—X) +2C
Wy
since supy ¥+ < C. Using ¥4 < 0, we also have 1 (¢ — 2y ™) < —(H™ + Ag),
and we get

n

—(A+Dg+2y~ < =t 1 (A+1)(H 4+ Ap)+2(A+1) log (ZX ) +(2A+4)C

n
t

on X x (0, T}, using this time supy ¥~ < C. On the other hand, (i), (iii) and
(4.16) show that

—16, = 2tdd‘ Y~ — Awg < (3TC — Ac)wy.

which is bounded above by —wy if we choose
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A=c1@BTC+1).

Plugging these estimates into (4.18), we obtain

n

(8% — At) H™ < —t_l(A+1)(H_+A(p)+2(A+1)log (w—)’f)—trw[(a)x)+cz
wy

on Q x (0,T], with C; > 0 under control. By the arithmetico-geometric
inequality and the fact that 2(A4 + 1)logy — ny'/” is bounded above for y €
(0, +o0[, we have

n

n n l/n
2(A+ 1)log (w—X) —try, (0x) < 2(A + 1)log (w—X) —n (w—X) =G
,

n
' wy

and hence

(a% — A,) H™ < —t""(A+ 1)(H™ + Ap) + C4 (4.19)

with C3,C4 > 0 under control. We can now apply the maximum principle to
obtain as before

sup H™ <Cs— Ainfo.
Qx[0.T] X

this yields the desired lower bound on ¢.
Step 3: Laplacian bound. We are going to apply the maximum principle to

H = t(logtr wy (@) + ¥7) + Ao — ),

with A > 0 to be specified below. Since wg extends to a Kédhler metric on some
compactification of €2, its holomorphic bisectional curvature is bounded below
by —C; with C; > 0 under control, and Proposition 4.1.2 yields

tr o Ric(w;)

— Aslogtr, <
gt (@) = 2y @

+ Cltl'wt (wg). (4.20)

On the one hand, we have Ric(w,;) = Ric(u) — dd ¢ since w!! = e? . On the
other hand,

tr g (9t +dd ¢;)
tr wq (C()[)

)

a
5 logtr o, (w;) =

and hence
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tr g, (Ric(u) + éf>

tr wQ (wt )

0
(— — At) log tr g, () < + Citr o, (wgq).

ot
Now ét < Cwy by assumption, and
Ric(u) = —dd“y™ +dd ™ + Ric(wy) < Crowg +dd ¥~
for some C, > 0 under control, using dd”v,ﬁJr > —Cc_la)g and
Ric(wy) < C'wy < C'c 'wy.

It follows that

Cs + Awg v

Cit
tr g, (@;) T Citfw (@a)

0
(5 — A,) log tr g, () <

with C;3 > 0 under control. In order to absorb the term involving ¥~ in the
left-hand side, we note that Cc ™' wg + dd ‘¢~ > 0, and hence

Cclwg +dd“ Y™ < tr,, (Cc ' wg + dd Vv ),
which yields after taking the trace with respect to wg

nCe™ ' + Ay ¥~

0<
tr wq (C()[)

< Cctr g, (0) + A
Using the trivial inequality tr ., (w/)tr o, (W) > 1 we arrive at

(% — A,f) (log tr g (@r) + ¥ ) < Cytr, (wg) (4.21)

with C; > 0 under control. By (4.21) and (4.11) we thus get

ad
(5 — A,f) H <logtr,,(w) + ¥~ — A@ + (C4T — A)tr, (wg).

Lemma 4.1.1 shows that
logtr g () + ¥~ < ¢ + (n— 1) logtr,, (wg) + Cs, (4.22)

since supy Y+ < C and wy < Ciwq. If we choose 4 := C4T + 2, we finally
obtain
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0
(5 - Af) H < —try, (wg) — Cep + C7, (4.23)
since (n —1)logy —2y < —y + O(1) for y € (0, +00).

We are now in a position to apply the maximum principle. Since ¥y — —oo near

0S2, there exists (xo, 7o) € Q x [0, T'] such that H(xo, %) = supgyjor H.1f 10 =0
then

sup H < Asup|<p0|
Qx[0.7]

using Yy < 0. If 7o > O then (% — A,) H > 0at (xo, ), and (4.23) yields
tr o, (@) + Co < C7,
and in particular ¢ < C7/Cg, at (x, tp). Plugging this into (4.22), it follows that
108 ug (@) + ¥~ < ¢ + (1 — 1) log(—Ce + C7) + Cs

at (xo, to). Since y + (n—1) log(—Csy + C7) is bounded above for y €]—o0, C7/Cy|,
we get logtr ., (w) + ¥~ < Cg at (xo, #), and hence

sup H = H(xo,t0) <A sup |¢|+ TCs.
Qx[0.7] Xx[0,7]

Finally, there exists a constant Cx > 0 such that on the given compact set K C €
we have Yy > —Ck and wg < Cgw, and the result follows. O

Remark 4.4.5. The arguments used to bound the time-derivative are a combination
of the proofs of Lemmas 3.2 and 3.9 in [ST09]. The proof of the Laplacian bound
is similar in essence to that of [ST09, Lemma 3.3].

4.4.4 Bounding the Time Derivative in the Affine Case

Lemma 4.4.6. Under the assumptions of Lemma 4.4.2, suppose that (6;) is an
affine path, so that 6, is independent of t. Then we have

sup (t¢) =2 sup ||+ nT,
Xx[0,T] Xx[0,T]

and for each T' < T there exists A > 0 only depending on 6, C, p and T' such
that
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inf (t¢)>—-A|1+ su .
Xx[0,T7] ¢ ( XX[()I,)T] I(pl)
Proof. The upper bound follows directly from the maximum principle applied to
HY :=t¢p—¢ —nt,

which satisfies

0 .
(E - A,) HY =t (16, — 6)) = tr,, (~60) <0

on X x [0,T]. To get the lower bound, take p, as in Step O of the proof of
Lemma 4.4.2, and set

H™ = —t¢p— Ap + p..

where A > 0 will be specified in a moment. We then have

ad . ,
(5 - A,) H™ =—(A+ )¢ +tr, (—t6, — A6, —dd‘ p.) + An.

Since 6; is affine, we have
. . t .
A0, +16, = A (90 + 16, + Z@;) = AQ(A+l)t/A7

and hence
Ab, + 16, > n,

fort € [0, 7] by (4.14), if we fix A > 1 such that (4 + 1)T’/A < T. With this
choice of A we geton X x [0, T”]

9 ,
(5 — Af) H™ < (A+1)log (i) —tr o, (1 + dd°p,) + An
w

t

1/n
<(A+1)log (wﬁ) ~ neteln (wﬁ) < A

t t

with A; > 0 under control, using the arithmetico-geometric inequality, (4.15) and
the fact that (A + 1)logy — ne“/"y!/" is bounded above for y € (0, 4+00). The
lower bound for ¢ follows from the maximum principle, since supy |p.| is under
control. O
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Remark 4.4.7. This result corresponds to [ST09, Lemma 3.21].

4.4.5 Proof of Theorem 4.4.1

We are now in a position to prove Theorem 4.4.1. Since supy ¥ is assumed to
be bounded below, the mean value inequality for Cwy-psh functions shows that
f w+a)”X is also bounded below. By Jensen’s inequality and the upper bound on
¥, it follows that condition (i) in Lemma 4.4.2 is satisfied. Using the upper bound
on w+ and the L? bound for e, we also check condition (ii) of Lemma 4.4.2,
which therefore shows that the sup-norm of ¢ on X x [0, T'] is bounded in terms
of C.

By Lemma 4.4.4, on any given neighborhood of K X [g, T] |¢| and |Ag| are
bounded in terms of the C, the C' norm of (6,) on X x [0, 7] and the C° norm of
¥~ on the neighborhood in question. We conclude by applying the Evans—Krylov
type estimates of Theorem 4.1.4 locally on the ample locus of 6.

4.5 Proof of the Main Theorem

Our goal in this section is to prove Theorems 4.3.3 and 4.3.5.

4.5.1 The Non-degenerate Case

As a first step towards the proof of Theorem 4.3.3, we first consider the non-
degenerate case, which amounts to the following result:

Theorem 4.5.1. Let X be a compact Kahler manifold and 0 < T < +o0o. Let
(6:)iep0.1) be a smooth family of Kihler forms on X and let (1 be a smooth positive
volume form. If ¢y € C®°(X) is strictly Oy-psh, i.e. 0y + dd gy > 0, then there
exists a unique ¢ € C* (X x [0, T]) such that ¢|xxj0y = @o and

de |:(9r + ddcw)ni|
ot n

on X x[0,T].

At least in the case of the Kiahler—Ricci flow, this result goes back to [Cao85,
Tsu88, Tzha06], see Theorem 3.3.1 in Chap. 3 of the present volume. But since the

above statement follows directly from the a priori estimates we have proved so far
(Theorem 4.4.1), we may as well provide a proof for completeness.
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Proof. Uniqueness follows from the maximum principle (Proposition 4.1.3). By the
general theory of non-linear parabolic equations, the solution ¢ is defined on a
maximal half-open interval [0, 77) with T’ < T. Since (6;);[o,r] is a smooth path
of Kiahler metrics, we have 6, > cwy forallt € [0, T] if ¢ > 0 is small enough, and
we may thus apply Theorem 4.4.1 with 0 = cwy and K = X = Amp (0) to get
that all C¥ norms of ¢ are bounded on X x [¢, T’) for any fixed & > 0. It follows that
¢ extends to a C* function on X x [0, T’]. Since ¢ is in particular bounded below,
the smooth function ¢|xx¢ry is strictly 07/-psh. By the local existence result, we
conclude that 7/ = T, since ¢ could otherwise be extended beyond the maximal
existence time 7. a

4.5.2 A Stability Estimate

If p,¢" € C* (X x [0, T]) are two solutions as in Theorem 4.5.1 corresponding
to two initial data ¢o, ¢) € C*°(X), the maximum principle of Proposition 4.1.3
immediately implies that

lo — ¢/||C0(X><[0,T]) < lloo — </’(/)||c°(X)-
In order to treat the general case of Theorem 4.3.3, we need to generalize this
estimate when the path of Kéhler metrics (6,) is allowed to vary as well.

Proposition 4.5.2. Let (6;)icpo,r) and (8));ejo.r) be two smooth paths of Kihler
metrics on X, and suppose that ¢, ¢’ € C*° (X x [0, T]) satisfy

dg [(Gt + dd‘#ﬂ"}
ot u

and
d¢’ [(9{ + dd”@)”}
— =log| ——MM|,
ot n
with the same volume form [ in both cases. As in Theorem 4.4.1, write | as

+_7
pw=e"" "V

with y* € C®(X), and assume given C > 0 and p > 1 such that

(i) 6, < Cwy and 0] < Cwy fort € [0,T];
(ii) —C < supy vyt < C;
(iii) dd“y* > —Cwy;

(iv) lle™ Jl» < C.



222 S. Boucksom and V. Gued;j

Finally, let 6 be a semipositive (1, 1)-form with big cohomology class such that
(v) 6, >0 andf >0 fort €[0,T].

For each compact subset K € Amp (0), we can then find a constant A > 0 only
depending on K, 0, C, p and T such that

o — <P/||c0(1<x[o.r]) < lloo — (P(/)”C"(X)
+4 (14 Ionleouo + oplleniy = nf v )

16: = 07 llcocx xjo. -

Proof. Set N := |lgo — ggllcocxy and M = |60, — 6]||cocxxjo,rp- We may assume
that M > 0, and we set for A € [0, M|

6 :=(1-4)6, + 26,

For each A fixed, (Of)m[oj] is a smooth path of Kéhler forms, and Theorem 4.5.1
yields a unique solution * € C* (X x [0, T]) to the parabolic complex Monge—
Ampere equation

dp* (0} + dd¢*)"
—_— 10g e —
ot Iz (4.24)
o lxxgoy = (1— 1) 0o + 204

By the local existence theory, ¢* depends smoothly on the parameter A. If we denote
by A} the Laplacian with respect to the Kéhler form

th = 6’? + dd”(p,x,

G\ (M) _ 96}
(i) (5 ) = (52)

then we have

and hence

9 3 (39 -1 /

E — At B_A, =M trth (Qt — 9;) < trth(wx), (425)
by definition of M.

Using the notation of Sect. 4.4.1, we are going to apply the maximum principle
to the function H € C*° (2 x [0, T']) defined by
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o A dp* - 2 A
H:=e¢ o) TAY T4 (Vo — ¢,
where A > 0 will be specified below. Using (4.13), (4.25) and dd“v~ > —Cwy,
we compute

ad dp*
(E — A?L) H < —Ae_A’ (W) + trwt/\ (E_AICUX + ACC()X)

+ A%log li — | = A% 0t (00) + A’n
(r)
= —AH + Ay~ + Ao — ¢") + (1 + AC)tr 2 (wx)
Wy
(@!)"
Since wqg > cwy for some ¢ > 0 under control, the arithmetico-geometric
inequality allows us, just as before, to choose A >> 1 under control such that

+ A2yt — A%y~ + A’log [ } — A%t 2 (wg) + A%n.

n
(1+ AO)tr i (wy) + A% log [;”—j‘)} — A i (wg) < A
t

with A; > 0 under control. By Lemma 4.4.2, there exists A, > 0 under control such
that

sup |p*] < llvollcocxy + el cocxy + Ao (4.26)
Xx[0.T]

Using ¥ < C and ¥4 < 0, we finally get

0
(5 - A?) H < —AH + A (llgollcoxy + 94llcoxy) + A3

with A3 > 0 under control. Now
Hloxioy < M7'N + Ay~ + A (|eollcoxy + ll@gllcoxy) -
and the maximum principle thus yields

sup H<M'N + Ay (14 l@ollcoxy + legleoxy) -
Qx[0.7]

Since ¥y is bounded below on the given compact set K, we get using again (4.26)
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dp* _ . _
Sup - <M7'N + 45 (1 + llwollcocxy + llgollcocxy — inf v ) .
Kx[0.T] K

Integrating with respect to A € [0, M] and exchanging the roles of ¢ and ¢’ yields
the desired result. O

Remark 4.5.3. The proof of Proposition 4.5.2 is directly adapted from that of
[ST09, Lemma 3.14].

4.5.3 The General Case

We now consider as in Theorem 4.3.3 a smooth path (6;);ejo,7] of closed semiposi-
tive (1, 1)-forms such that 8, > 6 for a fixed closed semipositive (1, 1)-form 6 with
big cohomology class. Let i be a positive measure on X of the form

+__
pw=-e’" "V wh

where

+ T are quasi-psh functions on X (i.e. there exists C > 0 such that ¥ are both
Cw X -psh);

e ¢V € LPforsome p > I;

« T are smooth on a given Zariski open subset U C Amp (9).

Given ¢y € C°X) N PSH(X,#), our goal is to prove the existence and
uniqueness of

@ eCY(UxX[0,T)NC>® U x(0,T))

such that ¢ |y xg0y = ¢o and

% _ og [—((’f +dd"g) } (4.27)

ot u

onU x (0,7).

4.5.3.1 Existence

We regularize the data. By Demailly [Dem92], there exist two sequences wki €
C°°(X) such that

. wki decreases pointwise to ¥+ on X, and the convergence is in C* topology
onU;
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. dd"w]fc > —Cwy for a fixed constant C > 0.

Note that |sup x w,;t ‘ is bounded independently of k, while we have for all k
le ™ e < lle™ L.

By Richberg’s theorem, we similarly get a decreasing sequence (p({ € C*®(X) such
that §; := supy )qpé - (po) — 0 and 6y + dd¢] > —&;w with &; — 0. We then
set

. 0/ =0, + gjwyx;

+ _
. /~'Lk,l — ewk _‘//1 0);

Since (th )tefo,7] is @ smooth path of Kihler forms, 1 is a smooth positive volume

form and ¢} is smooth and strictly 9({ -psh, Theorem 4.5.1 shows that there exists a
unique function ¢/ € C% (X x [0, T]) such that

ik (Hf + dd”qof’k'ly
= log
ot Mk (4.28)

o oy = @4 -

By Theorem 4.4.1, ¢/ is uniformly bounded on X x [0, 7], and bounded in C >
topology on U x (0, T].

Furthermore, the maximum principle (Proposition 4.1.3) shows that for each j
fixed the sequence ¢/* is increasing (resp. decreasing) with respect to k (resp. /).
As a consequence,

o= lim g4 ) = lim g
define bounded functions on X x [0, T'] that are uniformly bounded in C*° topology
on U x (0, T]. Note also that ¢/ | Xx{0} = (pé by construction. The stability estimate
of Proposition 4.5.2 shows that for each compact K C U there exists Ag > 0 such
that

sup | — oI K | < A (8 +8; + & +¢5) (4.29)
Kx[0,T]

forall i, j, k,I, and hence

sup ‘gpi —(pj‘ <Ag (8 +8; + & +¢j)
KX[0,7T]

for all i, j. As a consequence, (¢') is a Cauchy sequence in the Fréchet space
C° (U x [0, T]), and hence converges uniformly on compact sets of U x [0, 7] to a
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bounded function ¢ € C° (U x [0, T]), the convergence being in C* topology on
U x (0, T]. Passing to the limit in (4.28) shows that ¢ satisfies (4.27)on U x (0, T),
and ¢ coincides with gy = lim; ¢ on U x {0}.
4.5.3.2 Uniqueness
Let ¢ be the function just constructed, and suppose that

@ e CYH(UX[0,T)NC®U x(0,T))

satisfies (4.27). We are going to show that

sup g —¢'| = sup |p—¢'|,
Ux[0,T] Ux{0}

which will in particular imply the desired uniqueness statement.
By Lemma 4.3.2, we can choose a 0-psh function 7y < 0 that is smooth on U and
tends to —oo near U . Fix 0 < ¢ <« 1 with ¢ 6 < wy, so that wy + cdd Ty > 0.
For a given index j define H/ € C°(U x [0,T)) N C*® (U x (0,T)) by

H/ :=¢) —¢' —cety,

using the same notation as in the proof of the existence of ¢. On U x (0, T') we have

OH/ o [(6; + ¢;0x +dd ¢’ )"
o BT (6 xdde)
b _(9, +dd‘¢' +dd°H/ + ¢ (wx +cddCrU))n
dl 6, +dd°g)"
(6, +dd‘¢’ +dd°HI)"
> log Uk (p+c 7 ) )
i (0 +dd ¢
and hence

inf H/ = inf H/
Ux[0,T) Ux{0}

by Proposition 4.1.3. Since (p({ — @p uniformly on U x {0} and 7y < 0, we get in
the limit as j — oo

inf —¢") > inf (¢ — ¢").
UX[O,T)@ w)_UX{O}(qJ ®)
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In order to prove the similar inequality with the roles of ¢ and ¢’ exchanged, we
need to introduce yet another parameter in the construction of ¢, in order to allow
more flexibility. For each § € [0, 1), (1 —§)¢/ is smooth and strictly (1 — §)6; -psh,
and Theorem 4.5.1 thus yields a unique function ¢%/%/ € C* (X x [0, T]) such
that

8.jkd ((1 ~ 86/ + dd“@&j,k,l)”
at Pkt (4.30)

" gy = (1= 8)g’.

If we further require that § € [0, 1/2], then (1 — 8)9,] > %9 for all j and ¢, and we
thus see just as before that ¢%/* is monotonic with respect to k and /, uniformly
bounded on X x [0, 7] and bounded in C*° topology on U x (0, T], and that for

each compact K € U we have an estimate

sup ‘¢8,i,k,l — @8‘j‘k’l‘ < Ag(si +¢e; + 8 +6;).
KX[0.T)

We may thus consider

¢’ = lim lim lim ¢
Jj—>00 k—>00l—>00

§.jk.d
9

which belongs to C° (U x [0, T]) N C% (U x (0, T)) and satisfies

g’ |:((1 —8)0, + dd“¢®)" :|
— = ]og .
ot u

. ikl 8.jk] j ' .
Since [log"" — @y’ lcocx) and 16/ —(1-8)6/ lcox x[o,77) are both O(8) uniformly

with respect to j, k, [, Proposition 4.5.2 shows that

sup [t/ — @Il | < Cx
KX[0.T]

for each compact K € U, with Cx > 0 independent of §, j, k, [, and hence in the
limit

sup |o® — | < Ck$ (4.31)
Kx[0.T]

for all § € [0,1/2]. Now define for each § € [0,1/2] a function H® e
C'(Ux[0,T)NC>® (U x (0,T]) by

HY = ¢ —¢® —81y.
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We have

ot (1 =8)6; + dd‘¢®)"

o ((1—8)0, +dd¢® +dd“H®)"
- ((1=8)6, + dd“¢?)" '

0H" _ | [((1 —8)0; +dd ¢’ + (6 + dd‘w) + dd"HS)":|
27 og

and hence
inf H® = inf H’.
UX[0,T] U x{0}
Since ty < 0, we get
¢ — ¢ >8ty + inf (¢ —(1=298)p)
U x{0}

on U x [0, T'], and hence

nf — > inf —
U;[OT](w @) = U{}(w ®)

in the limit as § — 0, using (4.31) and the fact that ¢ is bounded.

4.5.4 The Affine Case: Proof of Theorem 4.3.5

We use the notation of the existence proof above. If (¢;) is an affine path, then so
is ] = 9, + g;wyx. We may thus apply Lemma 4.4.6 to conclude that for each

[e, T], and uniformly bounded
below on X x [e, T — €. Since ¢ is a limit of ¢/* in C*°-topology on U x (0, T],
we conclude as desired that %—‘f is bounded above on U X [g, T'] and bounded below
onU x [, T —¢].

Denote also by ¢ the quasi-psh extension to X x [0, T'] and let ¢ > 0. Since the
time derivative is bounded above on X X [, T, there exists C, > 0 such that

0, +ddp)" < Cept

on X x {t} foreach t € [¢, T]. By the results of [EGZ11] (which rely on viscosity
techniques), if follows that ¢ is continuous on X x {¢} for each ¢ € [¢, T]. Since the
time derivative is bounded on U X [e, T —¢], ¢ is also uniformly Lipschitz continuous

in the time variable on X X [e, T — ¢], and it follows as desired that ¢ is continuous
on X x (0,7).
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Remark 4.5.4. 1t is of course reasonable to expect that ¢ is in fact continuous on
the whole of X x [0, T'].

4.6 The Kihler-Ricci Flow on a Log Terminal Variety

4.6.1 Forms and Currents with Local Potentials

Let X be a complex analytic space with normal singularities, and denote by # its
dimension. Since closed (1, 1)-forms and currents on X are not necessarily locally
dd‘-exact in general, we need to rely on a specific terminology (compare [EGZ09,
Sect. 5.2]). We refer for instance to [Dem85] for the basic facts on smooth functions,
distributions and psh functions on a complex analytic space. The main point for us is
that any psh function on X uniquely extends to a psh function on X by normality,
see [GR56]. For lack of a proper reference, we include:

Lemma 4.6.1. Any pluriharmonic distribution on X is locally the real part of a
holomorphic function, i.e. the kernel of the dd“ operator on the sheaf D'y of germs
of distributions coincides with the sheaf WOy of real parts of holomorphic germs.

Proof. If u € DY satisfies dd“u = 0, then £u is psh on X, and hence extends
to a psh function on X by Grauert and Remmert [GR56]. In particular, =« is usc
and bounded above, which means that u is the germ of a continuous (finite valued)
function.

From there on, the proof is basically the same as [FS90, Proposition 1.1]. Let r :
X’ — X be a proper bimeromorphic morphism with X’ smooth. Since +(u o 1) is
psh on the complex manifold X', we have u € mx (ROx/). We will thus be done if
we prove that

T (EROX/) = EROX

Since X is normal, Zariski’s main theorem implies that 7. Oy, = Oy, and hence &
has connected fibers. The claim is thus that the coboundary morphism

7« MOx/) = R'74(iR) (4.32)
associated to the short exact sequence
0—iR— Oy — ROy =0
is zero. For each x € X, the composition of (4.32) with the restriction morphism

R'm, (iR), - H' (77 (x).iR) (4.33)
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is zero, because it factors through
HO (n7'(x), RO,—1(,)) =R

by the maximum principle, 7~!(x) being compact and connected. But (4.33) is
in fact an isomorphism, just because & is a proper map between locally compact
spaces (cf. for instance [Dem09, Theorem 9.10, p. 223]), and it follows as desired
that (4.32) is zero. |

Definition 4.6.2. A (1, 1)-form (resp. (1, 1)-current) with local potentials on X is
defined to be a section of the quotient sheaf C°/NOx (resp. Dy /ROx). We also
introduce the Bott—Chern cohomology space

Hyl (X) := H' (X, ROy).

Thanks to Lemma 4.6.1, a (1, 1)-form with local potentials can be more concretely
described as a closed (1, 1)-form 6 on X that is locally of the form 8 = dd‘u for
a smooth function u. We say that 0 is a Kdahler form if u is strictly psh. Similarly, a
closed (1, 1)-current T with local potentials is locally of the form dd ‘g where ¢ is
a distribution. Since X is normal, and hence locally irreducible, dd‘g is a positive
current iff ¢ is a psh function.

The sheaves C3° and D), being soft, hence acyclic, the cohomology long exact
sequence shows that H];’Cl (X) is isomorphic to the quotient of the space of (1, 1)-
forms (resp. currents) with local potentials by dd“C®(X) (resp. dd“D’'(X)). In
particular, any (1, 1)-current 7" with local potentials can be (globally) written as

T=0+ddy

where 0 is a (1, 1)-form with local potentials and ¢ is a distribution.
Note also that Hé’cl (X) is finite dimensional when X is compact, as follows from
the cohomology long exact sequence associated to

0—-iR—> 0Oy —-RO0x —0

and the finite dimensionality of H'(X, Ox) and H*(X,R).

Proposition 4.6.3. Let a € Hé’cl (X) be a (1, 1)-class on a normal complex space
X, and let T be a closed positive (1, 1)-current on X, representing the restriction
| x,, to the regular part of X. Then:

(i) T uniquely extends as a positive (1, 1)-current with local potentials on X, and
the dd°-class of the extension coincides with o;

(ii) if X is compact Kdhler and if T has locally bounded potentials on an open
subset U of Xeq, then the positive measure T", defined on U in the sense of
Bedford—Taylor, has finite total mass on U.
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Proof. Let 6 be a (1, 1)-form with local potentials representing &. On Xy, we then
have T’ = 0|y,,, +dd ¢, where ¢ is a §-psh function on Xy.,. If U is a small enough
neighborhood of a given point of X, then 8 = dd “u for some smooth function u on
U, and u + ¢ is a psh function on Uy,. By the Riemann-type extension property for
psh functions [GR56], u + ¢ uniquely extends to a psh function on U, and (i) easily
follows.

Point (ii) follows from [BEGZI10, Proposition 1.16] (which is in turn an
easy consequence of Demailly’s regularization theorem [Dem92]). More precisely,
choose a resolution of singularities 7 : X’ — X, where X’ can be taken to be a
compact Kihler manifold and  is an isomorphism above Xy;. Denoting by (7*7")
the top-degree non-pluripolar product of 7*7T on X’ (in the sense of [BEGZ10]),

we then have
/ " :/ a*T" 5/ (Z*T") < 4o00. ]
U = 1(U) ’

We will also use the following simple fact.

Lemma 4.6.4. Let 7 : X' — X be a bimeromorphic morphism between normal
compact complex spaces, let A C X and A' C X' be closed analytic subsets of
codimension at least 2, and let u be a psh function on (X' \ A) N 77 1(X \ A).
Then u is constant.

Proof. Since A’ has codimension at least 2, u extends to a psh function on
77 '(X \ A) by Grauert and Remmert [GR56]. By Zariski’s main theorem, 7 has
connected fibers, and u therefore descends to a psh function v on X \ A, which
extends to a psh function on X since A has codimension at least 2. It follows that v
is constant. O

4.6.2 Log Terminal Singularities

Recall that a complex space X is Q-Gorenstein if it has normal singularities and
if its canonical bundle Ky exists as a Q-line bundle, which means that there exists
r € Nand aline bundle L on X such that L|y,, = rKy,,.

Let X be a Q-Gorenstein space, and choose a log resolution of X, i.e. a
projective bimeromorphic morphism 7 : X’ — X which is an isomorphism over
Xreg and whose exceptional divisor E = ). E; has simple normal crossings. There
is a unique collection of rational numbers a;, called the discrepancies of X (with
respect to the chosen log resolution) such that

KX’ ~Q JT*KX + ZaiE,',
i

where ~q denotes QQ-linear equivalence. By definition, X has log terminal singu-
larities iff a; > —1 for all i. This definition is independent of the choice of a log
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resolution; this will be a consequence of the following analytic interpretation of log
terminal singularities as a finite volume condition. As an example, quotient singular-
ities are log terminal, and conversely every two-dimensional log terminal singularity
is a quotient singularity (see for instance [KolMori98] for more information on log
terminal singularities).

After replacing X with a small open subset, we may choose a local generator o
of the line bundle rKx for some r € N*. Restricting to Xy, we define a smooth
positive volume form by setting

[ 1= (i”’zo A a)l/r . (4.34)

Such measures are called adapted measures in [EGZ09]. The key fact is then the
following analytic interpretation of the discrepancies:

Lemma 4.6.5. Let z; be a local equation of E;, defined on a neighborhoodU C X'
of a given point of E. Then we have

7t MU U\E = 1_[|Zt|2uldV

for some smooth volume form dV on U.

This result is a straightforward consequence of the change of variable formula.
As a consequence, a Q-Gorenstein variety X has log terminal singularities iff every
(locally defined) adapted measure p, has locally finite mass near each singular point
of X. The construction of adapted measures can be globalized as follows: let ¢ be a
smooth metric on the Q-line bundle Ky. Then

J _\ Ur

rn /\

py = =222 (4.35)
|U|r¢

becomes independent of the choice of a local generator o of Ky, and hence defines
a smooth positive volume form on X, which has locally finite mass near points of
Xging iff X is log terminal.

Remark 4.6.6. In [ST09], an adapted measure of the form ji¢ for a smooth metric ¢
on Ky is called a smooth volume form. We prefer to avoid this terminology, which
has the drawback that @” is in general not smooth in this sense even when o is
a smooth positive (1, 1)-form on X. This is in fact already the case for quotient
singularities.

The following result illustrates why log terminal singularities are natural in the
context of Kédhler—Einstein geometry.
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Proposition 4.6.7. Let X be a Q-Gorenstein compact Kdhler space, and let w be
a Kdhler form on Xi; with non-negative Ricci curvature. Assume also that [w] €
H];’Cl (Xreg) extends to X. Then X necessarily has log terminal singularities.

Recall that [w] extends to X iff w extends as a positive (1, 1)-current with local
potentials, by Proposition 4.6.3.

Proof. The volume form w", defined on X¢e, induces a Hermitian metric on K Xreg*
If o is a local generator of the line bundle 7Ky near a given singular point of X,
we can consider its pointwise norm |o| on Xy, and it is easy to check from the
definitions that

Ue = |a|2/rwn'

Since o is local generator, dd‘ log|o| is equal to minus the curvature form of the
metric on 7K., i.e.

dd‘log|o| = rRic(w).

The assumption therefore implies that log |o| is a local psh function on Xy, and
hence extends to a local psh function on X by Grauert and Remmert [GR56]. In
particular, log |o| is locally bounded above on X, and we thus get near each singular
point of X s, < Cw" for some constant C > 0. Since [w] extends to X, w”" has
finite total mass on X, by Proposition 4.6.3, and it follows as desired that j,; has
locally finite mass on X . O

4.6.3 The Kahler-Ricci Flow on a Log Terminal Variety

Given an initial projective variety X, with log terminal singularities and Ky,
pseudoeffective, each step of the Minimal Model Program produces a birational
morphism f : X — Y with X,Y projective and normal, X log terminal and
Kx f-ample. The following result, due to Song and Tian [ST09], shows that it
is then possible to run the (unnormalized) Ké&hler—Ricci flow on X, starting from an
initial positive current with continuous local potentials coming from Y (the actual
assumption on the initial current in [ST09] being in fact slightly more demanding).

Theorem 4.6.8. Let f : X — Y be a bimeromorphic morphism between two
normal compact Kéhler spaces such that X is log terminal and K x is f-ample. Let
also o € Hé’cl (Y) be a Kdhler class on Y, so that f*a + t[Kx] is a Kéihler class

in Hé’cl (X) for0 <t < 1, and set

To := sup{t € (0, +00) | f*a + t[Kx] is Kiihler on X} .
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Given a positive (1, 1)-current wo with continuous local potentials on X and [wg] =
[ ¥, there is a unique way to include wy in a family ()01, of positive (1, 1)-
currents with continuous local potentials on X such that

(i) [ox] = f*a +t[Kx] forallt € [0, Ty);
(ii) setting 2 1= Xy \ Exc(f), the local potentials of w, are continuous on Q x
[0, To), and locally bounded on X x [0, T for each T < Ty,
(iii) (wr)ie(0,1y) Testricts to a smooth path of Kahler forms on Q satisfying

3(1),
— = —Ric(ay).
- (@)
Moreover, the measures w;' are uniformly comparable to any given adapted measure
as long as t stays in a compact subset of (0, T).

This result of course applies in particular when f is the identity map and « is any
Kihler class on X. This special case of Theorem 4.6.8 yields the following result
for the normalized Kéhler—Ricci flow:

Corollary 4.6.9. Let X be a projective complex variety with log terminal singu-
larities such that £Kx ample. Then each positive (1, 1)-current with continuous
local potentials wy such that [wy] = [£Kx] extends in a unique way to a family
(@r)t€[0,400) Of positive (1, 1)-currents with continuous local potentials such that

(i) [w:] = [£Kx] forallt € [0, +00);

(ii) the local potentials of w; are continuous on Xreg X [0, +00), and bounded on
X x[0,T] foreach T € (0, +00);

(ii) (wr)ie(0,+00) Testricts to a smooth path of Kdihler forms on Xee satisfying

0w )
a_[t = —RlC((!)t) + w;.

Moreover, the volume forms ;' are uniformly comparable to any given adapted
measure as long as t stays in a compact subset of (0, T).

Indeed, as is well-known, setting

w; = (1 =+ S)a):t log(1=£s)
defines a bijection between the solutions of

dw .
B_t[ = —Ric(w;) F w;

on Xreg X (0, +00) and those of

/

doy _ —Ric(w))

as
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on Xee X (0, Tp), with [@]] = [£Kx] + s[Kx] and Ty = +00 when +Ky is ample
(resp. Tp = 1 when —Kx is ample).

Proof of Theorem 4.6.8. Since a can be represented by a Kihler form on Y, we
may choose a closed semipositive (1, 1)-form 6, with local potentials on X such
that [#g] = f*a. We thus have wy = 6y + dd @y with ¢y a continuous 6y-psh
function on X. Given T € (0, Ty), we can choose a Kéhler form 67 representing
f*a + T[Kyx], by definition of Ty. For ¢ € [0, T'] set

0, :=06p+ 1ty

with y := T~ (07 — 6p), which defines an affine path of semipositive (1, 1)-forms
with local potentials. For ¢ € [0, T'], the path of currents we are looking is of the
form w; = 6, + dd°‘ ¢, with

peCl(Qx[0,T)NC>®(Q x (0,T))

and ¢|axgy = @o. Since y = T~ (67 — 6) is a representative of [Kx], we can
find a smooth metric ¢ on the Q-line bundle Kx having y as its curvature form.
If we denote by 1t := ug the corresponding adapted measure, it follows from the
definitions that for any Kahler form @ on an open subset U of X, we have

—dd‘log [“’—} — ¥ + Ric(w) (4.36)
n
On Q x (0, T'], the equation % = —Ric(w;) is thus equivalent to
(0 : 0, + dd )"
ot m

By Lemma 4.6.4, this amounts to

0 6 + dd p)"
—¢=10g|:—(t+ 2 :|+c(t)
ot n

for some smooth function ¢ : [0, T] — R, since
Q= f_l(Y \ Ysing) N (X \ Xsing)

and X, Y each have a singular locus of codimension at least 2 by normality. After
choosing a primitive of ¢(¢), we can absorb it in the left-hand side, and we end up
with showing the existence and uniqueness of

peCl(Qx[0,T)NC>®(Q x (0,T))
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such that ¢|gxg0y = @o and

dp [(Gt + dd‘#ﬂ"}
- = 10g -
ot n

on Q2 x (0, T]. Since 07 is a Kihler form, we have
Or > 60 :=cH,

for0 < ¢ <« 1,and hence 6, > 6 forallt € [0,T]. Nowletw : X' — X be a
log resolution, which is thus in particular an isomorphism above X, and pick a
Kihler form wy: on X’. Since X has log terminal singularities, by Lemma 4.6.5 the

measure (' := m*u is of the form
+_ —
W=l TV wh,

where ¥+ are quasi-psh functions on X’ with logarithmic poles along the excep-
tional divisor E, smooth on X’ \ E = 77 !(Xe), and such that e~ € L?” for
some p > 1. We also have 0/ := n*6, > 6’ := n*6. Finally, since [¢'] is the
pull-back by f o & of a Kihler class on Y, we have

Amp (8') = X'\ Exc(fom) =7 (Q) ~ Q.

Using Theorems 4.3.3 and 4.3.5, it is now easy to conclude the proof of Theo-
rem 4.6.8. O
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Chapter 5
The Kahler—Ricci Flow on Fano Manifolds

Huai-Dong Cao

Abstract In these lecture notes, we aim at giving an introduction to the
Kéhler—Ricci flow (KRF) on Fano manifolds. It covers mostly the developments of
the KRF in its first 20 years (1984-2003), especially an essentially self-contained
exposition of Perelman’s uniform estimates on the scalar curvature, the diameter,
and the Ricci potential function for the normalized Kihler—Ricci flow (NKRF),
including the monotonicity of Perelman’s p-entropy and «-noncollapsing theorems
for the Ricci flow on compact manifolds. The lecture notes is based on a mini-
course on KRF delivered at University of Toulouse III in February 2010, a talk on
Perelman’s uniform estimates for NKRF at Columbia University’s Geometry and
Analysis Seminar in Fall 2005, and several conference talks, including “Einstein
Manifolds and Beyond” at CIRM (Marseille—Luminy, fall 2007), “Program on
Extremal Kidhler Metrics and Kidhler—Ricci Flow” at the De Giorgi Center (Pisa,
spring 2008), and “Analytic Aspects of Algebraic and Complex Geometry” at CIRM
(Marseille— Luminy, spring 2011).

Introduction

In these lecture notes, we aim at giving an introduction to the Kéhler—Ricci flow
(KRF) on Fano manifolds, i.e., compact Kédhler manifolds with positive first Chern
class. It will cover some of the developments of the KRF in its first 20 years (1984—
2003), especially an essentially self-contained exposition of Perelman’s uniform
estimates on the scalar curvature, the diameter, and the Ricci potential function
(in C'-norm) for the normalized Kihler-Ricci flow (NKRF), including the mono-
tonicity of Perelman’s p-entropy and «-noncollapsing theorems for the Ricci flow
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on compact manifolds. Except in the last section where we shall briefly discuss the
formation of singularities of the KRF in Fano case, much of the recent progress since
Perelman’s uniform estimates are not touched here, especially those by Phong—
Sturm [PS06] and Phong—Song—Sturm—Weinkove [PSSW09, PSSW08b, PSSW11]
(see also [Pal08,CZ09, Sz10, Tos10a, MSz09, Zhal 1] etc.) tying the convergence of
the NKREF to a notion of GIT stability for the diffeomorphism group, in the spirit of
the conjecture of Yau [Yau93] (see also [Tian97,Don02]). We hope to discuss these
developments, as well as many works related to Kéhler Ricci solitons, on another
occasion. We also refer the readers to the lecture notes by J. Song and B. Weinkove
in Chap. 3 of the present volume for some of the other significant developments
in KRE

In spring 1982, Yau invited Richard Hamilton to give a talk at the Institute for
Advanced Study (IAS) on his newly completed seminal work “Three-manifolds
with positive Ricci curvature” [Ham82]. Shortly after, Yau asked me, Ben Chow and
Ngaiming Mok to present Hamilton’s work on the Ricci flow in details at Yau’s IAS
geometry seminar. At the time, Ben Chow and I were first year graduate students,
and Mok was an instructor at Princeton University. There was another fellow first
year graduate student, S. Bando, working with Yau. It was clear to us that Yau was
very excited about Hamilton’s work and saw its great potential. He encouraged us
to study and pursue Hamilton’s Ricci flow.

Besides attending courses at Princeton and Yau’s lecture series in geometric
analysis at IAS, I spent most of 1982 preparing for Princeton’s General Exami-
nation, a 3-hour oral exam covering two basic subjects (Real and Complex Analysis
and Algebra) plus two additional advanced topics. But I also continued to study
Hamilton’s paper. After I passed the General Exam in January 1983, I went to
see Yau and asked for his suggestion for a thesis problem. Yau immediately gave
me the problem to study the Ricci flow on Kéhler manifolds, especially the long
time existence and convergence on Fano manifolds. At the time I hardly knew any
complex geometry (but I did not dare to tell Yau so). In the following months, I spent
a lot of time reading and trying to understand Yau’s seminal paper on the Calabi
conjecture [Yau78], and also Calabi’s paper on extremal Kéhler metrics [Cal82]
suggested by Yau. In the mean time, it happened that Yau invited Calabi to visit IAS
in spring 1983 and I benefited a great deal from Calabi’s lecture series on “Vanishing
theorems in Kéhler geometry” at IAS that spring.

By spring 1984 I had managed to prove the long time existence of the canonical
Kihler—Ricci flow by adopting Yau’s celebrated a priori estimates for the Calabi
conjecture to the parabolic case, as well as the convergence to Kahler—Einstein
metrics when the first Chern class c; is either negative or zero. The convergence
proof when ¢; = 0 used a version of the Li-Yau type estimate for positive solutions
to the heat equation with evolving metrics and an argument of J. Moser. But little
progress was made toward long time behavior when ¢; > 0. Without being fully
aware of the significance and the difficulties of the problem in the Fano case, I felt
kind of uneasy that I did not meet my adviser’s high expectation. But to my relief,
Yau seemed quite pleased and encouraged me to write up the work. That resulted
in my 1985 paper [Cao85]. In fall of 1984, several of Yau’s Princeton graduate
students, including me and B. Chow, followed him to San Diego where both Richard
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Hamilton and Rick Schoen also arrived. By then Bando had used the short time
property of the flow to classify three-dimensional compact Kdhler manifolds of
nonnegative bisectional curvature [Bando84] and graduated from Princeton. Shortly
after our arrival in San Diego, following Hamilton’s work in [Ham86], Ben Chow
and I also used the short time property of the flow to classify compact Kihler
manifolds with nonnegative curvature operator in all dimensions [CaoChow86].
In 1988, Mok’s work [Mok88] was published in which he was able to show (in 1986)
nonnegative bisectional curvature is preserved in all dimensions. By combining
the short time property of the flow and the existence of special rational curves by
Mori [Mori79], Mok proved the generalized Frankel conjecture in its full generality
(see also a recent new proof by H. Gu [Gu09]). Around the same time, Tsuji [Tsu88]
extended my work on the KRF for the negative Chern class case to compact complex
manifolds of general type (see also the related later work of Tian—Zhang [Tzha06]).
This is a brief history of the KRF in its early years.

Late 1980s and 1990s saw great advances in the Ricci flow by Hamilton [Ham88,
Ham93a, Ham93b, Ham95b, Ham95a, Ham97, Ham99] which laid the foundation
for his program to use the Ricci flow to attack the Poincaré and geometrization
conjectures. In particular, the works of Hamilton [Ham88] and Ben Chow [Chow91]
imply that every metric on a compact Riemann surface can be deformed to a metric
of constant curvature under the Ricci flow. During the same period, there were
several developments in the KRF, including the constructions of U(n)-invariant
Kihler—Ricci soliton examples by Koiso [Koiso90] and the author [Ca094]!; the Li—
Yau—Hamilton inequalities and the Harnack inequality for the KRF [Ca092,Ca097];
the important work of W.-X. Shi [Shi90, Shi97], another former student of Yau,
using the noncompact KRF to approach Yau’s conjecture that a complete noncom-
pact Kéhler manifold with positive bisectional curvature is biholomorphic to the
complex Euclidean space C" (see [ChauTO08] for a recent survey on the subject),
etc. In addition, in 1991 at Columbia University, I observed that Mabuchi’s K-energy
[Mab86] and the functional defined in Ding—Tian [DT92] are monotone decreasing
under the KRF (Cao, 1991, unpublished work on the Kéhler—Ricci flow). The fact
that the K-energy is monotone under the KRF turned out to be quite useful, and was
applied in the work of Chen-Tian [CheT02] 10 years later.

In November 2002 and spring 2003, Perelman [Per02, Per03q, Per03b] made
astounding breakthroughs in the Ricci flow. In April 2003, in a private lecture
at MIT, Perelman presented in detail his uniform scalar curvature and diameter
estimates for the NKRF based on the monotonicity of his W/-functional and
n-entropy, and the powerful ideas in his «-noncollapsing results. We remark that
prior to Perelman’s lecture at MIT, such uniform estimates had appeared only in the
special case when NKRF has positive bisectional curvature, in the work of Chen
and Tian [CheT02] for the Kéhler surface case (see also [CheT06] for the higher
dimensional case) assuming in addition the existence of K—E metrics; and also in
the work of B.-L Chen, X.-P. Zhu and the author [CCZ03] in all dimensions and
without assuming the existence of K-E metrics.

"My work was carried out at Columbia University in early 1990s.



242 H.-D. Cao

From Hamilton and Perelman’s works to the recent proof of the 1/4-pinching
differentiable sphere theorem by Brendle—Schoen [BS09], we have seen spectac-
ular applications of the Ricci flow and its sheer power of flowing to canonical
metrics/structures without a priori knowing their existence. Let us hope to see
similar phenomena happen to the KRF.

5.1 Preliminaries

In this section, we fix our notations and recall some basic facts and formulas in
Kihler Geometry.

5.1.1 Kadhler Metrics and Kdhler Forms

Let (X", g) be a compact Kihler manifold of complex dimension n with the Kihler

metric g. In local holomorphic coordinates (zl, .-+, 7"), denote its Kéhler form by
V=1 S
w = — Zgi]rdz’ Ad7. (5.1

iJj

By definition, g is Kédhler means that its Kidhler form w is a closed real (1,1) form,
or equivalently,

Okgi;=0i&; and 087 =058 (5.2)

forall i, j,k = 1,---n. Here 3y = 9/0z* and 9y = 9/9z".

The cohomology class [w] represented by @ in H?(X,R) is called the Kihler
class of the metric g; ;. By the Hodge theory, two Kéhler metrics g; 7 and g, ; belong
to the same Kihler class if and only if g; 7 = &;7 + ;0 79, or equivalently,

J—1 _
w =0+ ——0730¢p (5.3)
2

for some real valued smooth function ¢ on X.
The volume of (X, g) is given by

Vol(X. g) = / ol (5.4)
X

where we have followed the convention of Calabi [Cal82] to denote v/ = " /n!

so that the volume form is given by

=1
2

dV = det(g; ) Al ( d7 nd7) = ol (5.5)
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Clearly, by Stokes’ theorem, if g and g are in the same Kéhler class then we have

Vol(X, g) = Vol(X, g).

5.1.2 Curvatures and the First Chern Class

The Christoffel symbols of the metric g; 7 are given by
rf = gkza,-gjz and F’T];f = g“ga;ggf, (5.6)

where (gif ) = ((g; j)_l)T. It is a basic fact in Kéhler geometry that, for each point

Xxp € X", there exists a system of holomorphic normal coordinates (zl ,oe0, 70 at
Xo such that

gi7(x0) =65 and 9k g;7(x0) =0, vi,jk=1,---n. (5.7)

The curvature tensor of the metric g; - is defined as Riij = —BZFI.J,;, or by
lowering j to the second index,

Risz = gprika = _akazgz]_ + gpqakgiqazgpf‘ (58)

From (5.2) and (5.8), we immediately see that R, 7, ; is symmetric in i and k, in J
and £, and in the pairs {i j } and (kL.

We say that (X", g) has positive (holomorphic) bisectional curvature, or positive
holomorphic sectional curvature, if

R.- k

e ¢ il 7
PRIV VIWIW >0, or Rijkévvvv >0

respectively, for all nonzero vectors v and w in the holomorphic tangent bundle 7, X
of X at x forall x € X.
The Ricci tensor of the metric g; ; is obtained by taking the trace of R, 77

R;; = g"R, 5,7 = —9;0; logdet(g). (5.9)
From (5.9), it is clear that the Ricci form

. v—1 . .
Ric = ~—— > R;dd AdY (5.10)

iJj

is real and closed. It is well known that the first Chern class ¢;(X) € H?*(X, Z) of
X is represented by the Ricci form:

[Ric] = 7e; (X). (5.11)
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Finally, the scalar curvature of the metric g; H is
R=g"R;;. (5.12)

Hence, the total scalar curvature

/RdV:/RicAw[”_”, (5.13)
X X

depends only on the Kéhler class of @ and the first Chern class ¢; (X).

5.1.3 Covariant Derivatives

Given any smooth function f, we denote by
Vif=d/f  Vif =091
For any (1,0)-form v;, its covariant derivatives are defined as
Vivi =0;v; — Filj‘»vk and V]rv,- = 3jvvi. (5.14)
Similarly, for covariant two-tensors, we have
Vkv,'f = Bkvi;—Flivmr, V];vi]? = agv,jv—F%v,-p—,

_ PP, TP .
Vv = kv — Tjvy ij”w and Vi v; = dpvy.

Now, in the Kihler case, the second Bianchi identity in Riemannian geometry
translates into the relations

VpRika = Vle'ijZ and Vp_Rl]_kZ = VZ_le_kp_ (515)
Covariant differentiations of the same type can be commuted freely, e.g.,
ViVivi = V;Viwr,  ViViu = ViV, (5.16)

etc. But we shall need the following formulas when commuting covariant derivatives
of different types:

VkV]TU,' — V;Vkv,- = —Rijkgvlis (5.17)
VkVZvi;—VZVkv,f = —Riﬁkzvp]?-l-Rpszviﬁ, (5.18)
etc.
We define
VP =g"79 £ f. (5.19)

Ric|®> = ¢''g"/ R, R, (5.20)
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and
IRm|2 — gir}gpfngngRiszRpérE. (521)

The norm square |S|? of any other type of covariant tensor S is defined similarly.
Finally, the Laplace operator on a tensor S is, in normal coordinates, defined as

1
AS = Zk:(vkvg + Vi Vi)S. (5.22)

5.1.4 Kdhler-Einstein Metrics and Kdihler—Ricci Solitons

It is well known that a Kéhler metric g, ; is Kéhler-Einstein if
R, i= /\gij

for some real number A € R. Kédhler-Ricci solitons are extensions of K—E metrics:
a Kahler metric g; - is called a gradient Kéhler-Ricci (K-R) soliton if there exists a
real-valued smooth function f on X such that

R’-jT = Ag”‘ — aiaff and V,‘ij =0. (523)

It is called shrinking if A > 0, steady if A = 0, and expanding if A < 0. The
function f is called a potential function.

Note that the second equation in (5.23) is equivalent to saying the gradient vector
field

9
vVf =(g”3;f)a—z,.

is holomorphic. By scaling, we can normalize A = 1,0, —1 in (5.23). The concept
of Ricci soliton was introduced by Hamilton [Ham88] in mid 1980s. It has since
played a significant role in Hamilton’s Ricci flow as Ricci solitons often arise as
singularity models (see, e.g., [Caol0] for a survey). Note that when f is a constant
function, K-R solitons are simply K-E metrics.

Clearly, if X" admits a K-E metric or K-R soliton g then the first Chern class is
necessarily definite, as

me1(X) = Aw,].

When ¢;(X) = 0 it follows from Yau’s solution to the Calabi conjecture that in
each Kihler class there exists a unique Calabi—Yau metric (i.e., Ricci-flat Kihler
metric) g in that class. Moreover, when ¢;(X) < 0, Aubin [Aub78] and Yau
[Yau78] proved independently that there exists a unique Kéhler—Einstein metric in
the class —mcy (X).
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However, in the Fano case (i.e., ¢;(X) > 0), it is well known that there exist
obstructions to the existence of a K-E metric g in the class of o € mci(X)
with R;; = g;7. One of the obstructions is the Futaki invariant defined as
follows: take any Kihler metric g with @ € mc(X). Then its Kahler class [w]
agrees with its Ricci class [Ric]. Hence, by the Hodge theory, there exists a real-
valued smooth function f', called the Ricci potential of the metric g, such that

Rif = gif — ai a;f (524)

In [Fut83], Futaki proved that the functional F : n(X) — C defined by

F(V) = fX Vi f ol = /X (V- VF)o (5.25)

on the space (X ) of holomorphic vector fields depends only on the class ¢ (X),
but not the metric g. In particular, if a Fano manifold X" admits a positive K-E
metric, then the Futaki invariant I defined above must be zero.

On the other hand, it turns out that compact stead and expanding K-R solitons
are necessarily K-E (cf.). If g is a shrinking K-R soliton satisfying

Rif:gif—aiaff and V,‘ij:() (526)

with non-constant function f then, taking V' = V f, we have

F(Vf) = /X [V f 20l £ 0. (5.27)

The existence of compact (shrinking) K-R solitons were shown independently by
Koiso [Kois090] and the author [Ca094], and later by X. Wang and X. Zhu [WZ04].
The noncompact example was first found by Feldman-Ilmanen—Knopf [FIKO03],
see also A. Dancer-Wang [DW11] and Futaki—Wang [FutW11] for further examples.

We remark that Bando and Mabuchi [BM87] proved that positive K-E metrics
are unique in the sense that any two positive K-E metrics on X" only differ by an
automorphism of X”. Moreover, Tian and Zhu [TZ02] extended the definition of
the Futaki invariant by introducing a corresponding obstruction to the existence of
(shrinking) K-R solitons on Fano manifolds. They also proved the Bando—Mabuchi
type uniqueness result for K-R solitons [TZ00].

5.2 The (Normalized) Kihler—Ricci Flow

In this section we introduce the Kihler—Ricci flow (KRF) and the normalized
Kéhler—Ricci flow (NKRF) on Fano manifolds, i.e., compact Kéhler manifolds with
positive first Chern class. We state the basic long time existence of solutions to the
NKREF proved by the author in [Cao85], derive the evolution equations of various
curvature tensors, and present Mok’s result on preserving the non-negativity of the
holomorphic bisectional curvature under the KRF.
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5.2.1 Kdhler—Ricci Flow and Normalized Kihler—Ricci Flow

On any given Kéhler manifold (X", g; jv), the Kihler—Ricci flow deforms the initial
metric g by the equation

3 N
5,870 =—Ri(0). g(0)=2¢. (5.28)

or equivalently, in terms of the Kihler forms, by
0 .
gw(t) = —Ric(o(t)), (0) = wo. (5.29)

Note that, by (5.29), the Kiéhler class [w(#)] of the evolving metric g; ;(¢) satisfies
the ODE

 fo(0)] = —mer(x),
from which it follows that
[w(1)] = [wo] — t7er(X). (5.30)

Proposition 5.2.1. Given any initial Kdhler metric g on a compact Kdihler
manifold X", KRF (5.28) admits a unique solution g(t) for a short time.

Proof. We consider the nonlinear, strictly parabolic, scalar equation of
Monge—Amperé type

i@ ~ g det(g;7 —1R;; + 0;05¢)

a1 det(3, ) - 90 =0

as in [Bando84]. Then, this parabolic equation admits a unique solution ¢ for a short
time, and it is easy to verify that

&) =& —1R;+ 9350
gives rise to a short time solution to KRF (5.28) for small # > 0. This proves the

existence. For the uniqueness, suppose 7, ; is another solution to KRF (5.28). Then,
by (5.30), we have

/’li]T = gif—lléif-i-aiafl/f

for some real-valued function 1. But then we must have

d -
80 (5 9) = —Rij + Ryj.
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Hence, by (5.9) and by adjusting with an additive function in # only, we have

31// ~ log det(g~,-jv — tRii + 3,‘3;1&)‘
ot det(g; 7)

Note that h;7(0) = g;7 forces ¥/(0) to be a constant function. Therefore ¢ and ¥
differ by a function in ¢ only which in turn implies that g = A.

Alternatively, by the work of Hamilton [Ham82] (see also De Turck [Det83]),
there exists a unique solution g(¢) to (5.28), regarded as the Ricci flow for
Riemannian metric, for a short time with g as the initial metric. Moreover, Hamilton
[Ham95a] observed that the holonomy group does not change under the Ricci flow
for a short time. Thus, the solution g(¢) we obtained remains Kéhler for# > 0. O

Lemma 5.2.2. Under the Kihler—Ricci flow (5.28), the volume of (X, g;;(1))
changes by

%Vol(X,g(t)) = —/X R(t) 0" ().

Proof. Under KRF (5.28), we have

n n
—Za)[ I= (_t log det(g,-;))a)[ !
and
logdet(g;7) = i = iiR -=—R
; g 8i;)=28 [gij_ ;= .

Therefore, the volume element dV = !l changes by

3
5w['ﬂ = —Rol. (5.31)

From now on, we consider a Fano manifold (X", gif) such that
[wo] = [@] = mei1(X), (5.32)

and we deform the initial metric g by the KRF (5.28).
To keep the volume unchanged, we consider the normalized Kéahler—Ricci flow

0 ~
ggif =—R;; + g g(0)=g (5.33)
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or equivalently

%a) = —Ric(w) + w, ®(0) = wy. (5.34)

From the proof of Lemma 5.2.2, it is easy to see that the following holds (in fact,
under NKRF (5.33) the solution g(¢) has the same Kihler class):

Lemma 5.2.3. Under the normalized Kdhler—Ricci flow (5.33), we have
ad
5(dV) = (n — R)dV.

By (5.30) and (5.32), it follows that

[w()] = 7 (1 —1)c1 (X)),

showing that [w(¢)] shrinks homothetically and would become degenerate at t = 1.
This suggests that if [0, T") is the maximal existence time interval of solution g(¢) to
KRF (5.28), then 7' cannot exceed 1. We shall see that the NKRF (5.33) has solution
g(t) exists for all time 0 < ¢t < oo, which in turn implies that 7 = 1 for KRF (5.28).

By direct calculations, one can easily verify the following relations between the
solutions to KRF (5.28) and NKRF (5.33).

Lemma 5.2.4. Let g',-f(s), 0<s<1,and gl-f(t),O <t < 00, be solutions to the
KRF (5.28) and the NKRF (5.33) respectively. Then, g; 7(s)and g; ; (1) are related by

&i(s) = (1—5)g;;(t(s)), t=—log(l—ys)

and

t

gij(0) = etgi]r(s(z)), s=1—e".

Corollary 5.2.5. Ler g; 7(s) and g;;(t) be as in Lemma 5.2.4. Then, their scalar
curvatures and the norm square of their curvature tensors are related respectively by

(1 —$)R(s) = R(t(s)),
and

(1 —s)|Rm|g5) = [Rmlg(s))-
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5.2.2 The Long Time Existence of the NKRF

First of all, it is well known that the NKRF (5.33) is equivalent to a parabolic scalar
equation of complex Monge—Ampere type on the Kéhler potential. For any given
initial metric go = g satisfying (5.32), consider

gif([) = g’u‘ + 8,-8;90, (5.35)

where ¢ = ¢(¢) is a time-dependent, real-valued, smooth unknown function on X.
Then,

d
3,817 = ;956

and

—Rij+g;=-Rj+g;+0d;0=—R;+ f(’,-; + 31‘3;(f~+€0)
" ~
= a,Bflong + Biaf(f + (,0)
@
Here f is the Ricci potential of g; 7 as defined in (5.24). Thus, the NKRF (5.33)
reduces to

n

a) ~
8,-3;<pt = 3,31‘ IOg _(13” + aiaf(f + (,0),
or equivalently,

) det(g; + 0:079)
_(p — log _—
ot det(g; ;)

+ f +o+b() (5.36)
for some function b(¢) of ¢ only.

Note that (5.36) is strictly parabolic, so standard PDE theory implies its short
time existence (cf. [Baker10]). Clearly, we have

Lemma 5.2.6. If ¢ solves the parabolic scalar equation (5.36), then g; ]T(t),
as defined in (5.35), is a solution to the NKRF (5.33).

Now we can state the following long time existence result shown by the author
[Cao85], based on the parabolic version of Yau’s a priori estimates in [Yau78].
We refer the readers to [Cao85], or the lecture notes by Song and Weinkove [SW]
in this volume, for a proof.

Theorem 5.2.7 ([Cao85]). The solution ¢(t) to (5.36) exists for all time
0 <t < oo. Consequently, the solution g; ]r(t) to the normalized Kdhler—Ricci
Sflow (5.33) exists for all time 0 < t < oo.
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5.2.3 Preserving Positivity of the Bisectional Curvature

To derive the curvature evolution equations for both KRF and NKRF, we consider

0
Egii = —Ri]?-}-lgi]?. (5.37)

Lemma 5.2.8. Under (5.37), we have

ad
ERi]T = ARUT + Ri]TkZRUE — R”;ka, (5.38)

and

9
gR = AR + |Ric|> — AR. (5.39)

Proof. First of all, from (5.9), we get

9 i 9
o Rip = —ViVig S oa) = ViR, (5.40)

On the other hand, by using the commuting formulas (5.16)—(5.18) for covariant
differentiations, we have

ViViR;; = VikViRp = ViVie R — Ry Ryi + Ry Ryq
= ViViR = R 5 iRop + RigR,;,
and
ViViR; 7 = ViViR;;.

Hence,

AR”T = (VkV,; + V];Vk) Rif = ViV]TR — Rifkl_Rlilg + RizR,]T. (5.41)

1
2
Therefore, (5.38) follows from (5.40) and (5.41)

Next, using the evolution equation of R; 7, we have

d Jd .- -
gR = g(g”Rij) = g”(ARif + RiijRmE - Ri/Eka) + Rif(Rﬁ' - Agﬁ')

= AR + [Ric|* — AR. O
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Lemma 5.2.9. Under (5.37), we have

ad
=R 57 =AR 7+ RijpgRypri + Rigpg R

5 RipigR 547 + AR jii

itpgtqpkj

1

Proof. From (5.8) and by using normal coordinates, we have

9 _
&Risz = BkazR,f + ARifkl_ = ak(VZRi]T + F;ZRiﬁ) + ARika

= VkV[Ri]T — RiﬁRpka + AR’-kaZ.

On the other hand, by (5.15) and covariant differentiation commuting formulas
(5.16)—(5.18), we obtain

ViVpRijii = ViViRi; = Rijpq Ry i + Ripka R 5470 — Rifpg Ryprcj + Rijpi Res
and
VoViRisie = ViVpRijig — RigRyjep + RyjRigiq — RigRijep + RypRijig-
Hence,
AR 7 = % (VpV5 + ViVy) Ry
= ViViRij = Rijpg Rysri + Rijka R 00 — Rigpq Rypi
+ %(—RiﬁRp ki T Rp7 R i + R R 5,7 + RyiR; 7 5)
and Lemma 5.2.9 follows. O

Remark 5.2.1. Clearly, the Ricci evolution equation (5.38) is also a consequence of
Lemma 5.2.9, but the proof in Lemma 5.2.8 is more direct and easier.

The Ricci flow in general seems to prefer positive curvatures: positive Ricci
curvature is preserved in three-dimension [Ham82]; positive scalar curvature,
positive curvature operator [Ham86] and positive isotropic curvature [BS09, Ng07]
are preserved in all dimensions. Here we present a proof of Mok’s theorem that
positive bisectional curvature is preserved under KRF.

Theorem 5.2.10 ([Mok88]). Let (X", g) be a compact Kihler manifold of non-
negative holomorphic bisectional curvature, and let g;=(t) be a solution to the
KRF (5.28) or NKRF (5.33) on X" x [0,T). Then, fort > 0, gl-jf(t) also has
nonnegative holomorphic bisectional curvature. Furthermore, if the holomorphic
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bisectional curvature is positive at one point at t = 0, then g;;(t) has positive
holomorphic bisectional curvature at all points for t > 0.

Proof. Let us denote by

Fijer =t Rijpg Ryt = Ripka Ry o7 + Rigyg Rypes + AR ji

1
= 3 Rip R, 5z + Ry7 R g + Rip Ry 7 + Ry Rificy)
so that by Lemma 5.2.9

d
gRiij = AR 57 + Fisq

By a version of Hamilton’s strong tensor maximum principle (cf. [Bando84]),
it suffices to show that the following “null-vector condition” holds: for any (1,0)
vectors V = (v') and W = (w'), we have

I’iszviviwsz >0 whenever Ri]rk[vivjwsz =0, (NVC)
or simply,

Fypww = F(V,V,W,W)>0 whenever Ryyy;; =Rm(V,V,W,W)=0.
Claim 2.1. If Ry = 0, then for any (1, 0) vector Z, we have

Ry zww Ryypw; =0.
For real parameter s € R, consider

G(s)=Rm(V +sZ,V +sZ,W,W).

Since the bisectional curvature is nonnegative and Ry = 0, it follows that
G’(0) = 0 which implies that

Re (Ry zww) = 0.

Suppose Ry, 7 # 0,andlet Ry, 5,7 = |RV2WW|eﬁ0. Then, replacing Z by
e V=197 in the above, we get

0=Re (™ "Ry 5pm) =Ry 7w
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a contradiction. Thus, we must have

Ry zww = 0.

Similarly, we have Ry, 7,7 = 0.
By Claim 2.1, we see that if Ry, = 0 then

Fypww = RyiyzRziww — [Ryiwz” + [Rywyz .
Therefore, (NVC) follows immediately from the following
Claim 2.2. Suppose R ;7 = 0. Then, for any (1, 0) vectors Y and Z,
RypyzRziww = Ryl
First of all, consider
H(s) =Rm(V +5sY,V +sY W 4+ sZ, W +sZ)
=5’ (Ryjpzz + Rysww + Rypwz + Rypziw + Ryszw + Rypwz)
+ 0(s?).

Here we have used Claim 2.1.

Since H(s) > 0 and H(0) = 0, we have H”(0) > 0. Hence, by taking Y = {¥e;,
and Z = n'e, with respect to any basis {ej, - --e,}, we obtain a real semi-positive
definite bilinear form Q (Y, Z):

0=<0.Z) =Ryyz; + Ryyww + Ryywz + Rypziw + Ryyzw + Rypwz
=va7ekéz77k'72 + Rekazwwikfz + Rvzwe o’ + Ry el
+ RVEkegWé.];né + RekVWElé.an o
Next, we need a useful linear algebra fact (cf. Lemma 4.1 in [Ca092]):

Lemma 5.2.11. Let A and C be two m x m real symmetric semi-positive definite
matrices, and let B be a real m x m matrix such that the 2m x 2m real symmetric

matrix
A B
@ = (BT ’)

is semi-positive definite. Then, we have

Tr(AC) > |B|*.
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Proof. Consider the associated matrix
C -B
G, = .
= (L)
It is clear that G is also symmetric and semi-positive definite. Hence, we get
Tr(Gle) > 0.
However,

_gpT _
Glez(AC BB BA AB)'

BTC —CB" cA— BTB

Therefore,

1
Tr(AC) — | B> = ETr(Gle) > 0. o

As a special case, by taking

ReA —ImA  Re(B + D)T —Im(B + D)7
G, = ImA ReA Im(B — D) Re(B— D)7
Re(B + D) Im(B — D) ReC —ImC ’
—Im(B + D) Re(B — D) ImC ReC

we immediately obtain the following (see [Ca092, Lemma 4.2])

Corollary 5.2.12. Let A, B,C,D be complex matrices with A and C being
Hermitian. Suppose that the (real) quadratic form

DA+ Gt T + 2Re(Bn* T + 2Re(Di ), g e T,
is semi-positive definite. Then we have
Tr(AC) = |B* + |DP,
ie.

3 4iC = S 1By + | Dul

Now, by applying Corollary 5.2.12 to the above semi-positive definite real
bi-linear form Q, one gets

_.p Y Y
RypyzRzyww = |Ryswz|” + | Rywyzl™

We have thus proved (NVC), which concludes the proof of Theorem 5.2.10.
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Remark 5.2.13. S. Bando [Bando84] first proved Theorem 5.2.10 for n = 3, and
W.-X. Shi [Shi97] extended Theorem 5.2.10 to the complete noncompact case with
bounded curvature tensor.

Furthermore, by slightly modifying the above proof of Theorem 5.2.10,
R. Hamilton and the author (Cao and Hamilton, 1992, unpublished work) observed
in 1992 at IAS that nonnegative holomorphic orthogonal bisectional curvature,
Rm(V, V.W, W) > 0 whenever V' L W, is also preserved under KRF. For the
reader’s convenience, we provide the proof below.

Theorem 5.2.14 (Cao-Hamilton). Let g;;(¢) be a solution to the KRF (5.28) on a
complete Kdhler manifold with bounded curvature. If g;7(0) has nonnegative holo-
morphic orthogonal bisectional curvature, then it remains so for g;;(t) fort > 0.

Proof. First of all, by using a certain special evolving orthonormal frame {e, } under
KRF (5.28) similarly as in [Ham86] (see also [Shi97, Sect.5]), one obtains the
simplified evolution equation

0
gRaﬁ?yS = ARaﬁyS + RaﬁuﬁRvﬁyS + Rocgp,\_zRvﬁ,yﬁ - Raﬁ}/ﬁRuf;vg’ (5.42)
where R, Bys is the Riemannian curvature tensor components with respect to the
evolving frame {e,}.

Again, by Hamilton’s tensor maximal principle, it suffices to check the corre-
sponding null-vector condition:

Ga&ﬁE > (0, whenever Ra&ﬂﬁ = 0O for any e, L eg, (NVC)
where
Gaﬁyg = RO{E}L\_)R\);_L)/S + RaguiRvﬁyﬁ - Ra/ly‘_}R;LEVS'
Now, without loss of generality, we assume R;j,3 = 0 for a pair of unit

(1,0)-vectors e; L e,. Then we need to show G 1,5 > 0.
Claim 2.3. If e; L ey, then R 7,; = 0, similarly, if e; L e, then Ry3;;7 = 0.

The first statement in Claim 2.3 follows from the simple fact thatif e; L ey, then
Rm(e;,e1, e, + se;,ex + se;) > 0 for arbitrary complex number s. The proof of
second statement is similar.

Claim 2.4. R5;7 = R 3.

Note that (e; + sez) L (e; — se;) for any complex number s, hence
Rm(e; + sey, e; + sez, e — Sey, e; —sep) > 0.

Again its first order derivative vanishes at point s = 0, and Claim 2.4 follows.
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Claim 2.5. Gi3 = Ry3;7R;i5 — |Riip;* + |Ry3,51% where 3 < i,j < n and
1 <pu,v=<n.
From the definition of G1,3, the assumption that R,7,5 = 0 and the above two
claims, we have:
Giina = Rizps Rojot + Ry Rojos — Rujao Ry

= R;5,;R

12uv o2l
+ Ri1;7R ;i + Ri1i3Ro105 + RinaiRy3p3
- lesziiﬂ — Ri151Ri511 — R Rzt

Db .p .. 2 Y
= Ry R 55 — [Ripj|” + [Ryz,50 7

Now for arbitrary (1,0)-vectors X,Y L ey, e; and real number s, we have the
following:

(ea +5X) L (ep +sY —sey < XY >).
Thus using Claim 2.3, we have

Ome(el+sX,e_1+sX,e2+sY—s2e1 <X, Y >,5+SY—s2e_1<X,Y>)
=57 (Rysxx + Rifyi +2ReRy1y5 + 2Re(Ryjyi — Rippi < X,V >))
+ 0(s3)

Hence, forall s, X and Y,
(Rysxx + Riiyy +2ReRyiys + 2Re(Ryyyi — Rippi < X, Y >)) 20
By using Corollary 5.2.12 again, we obtain
RyiijR;75 = |Riiji|2 +|R;jo1 — Rlizigif|2-

This together with Claim 2.5 implies that G,7,5 > 0. The proof of Theorem 5.2.14
is completed. O

Remark 5.2.2. Wilking [Wil10] has provided a nice uniform Lie Algebra approach
treating all known nonnegativity curvature conditions preserved under the Ricci
flow and KRF so far, including nonnegative bisectional curvature and nonnegative
orthogonal bisectional curvature.
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5.3 The Li-Yau-Hamilton Inequalities for KRF

In [LiYau86], Li—Yau developed a fundamental gradient estimate, now called
Li—Yau estimate (aka differential Harnack inequality), for positive solutions to the
heat equation on a complete Riemannian manifold with nonnegative Ricci curvature.
They used it to derive the Harnack inequality for such solutions by a path integration.
Shortly after, based on a suggestion of Yau, Hamilton [Ham88] derived a similar
estimate for the scalar curvature of solutions to the Ricci flow on Riemann surfaces
with positive curvature. Hamilton subsequently obtained a matrix version of the
Li—Yau estimate [Ham93a] for solutions to the Ricci flow with positive curvature
operator in all dimensions. This matrix version of the Li—Yau estimate is now called
Li-Yau-Hamilton estimate, and it played a central role in the analysis of formation
of singularities and the application of the Ricci flow to three-manifold topology.
Around the same time, the author derived the (matrix) Li—Yau—Hamilton estimate
for the KRF with nonnegative bisectional curvature and obtained the Harnack
inequality for the evolving scalar curvature by a similar path integration argument.
We remark that our Li—Yau—Hamilton estimate for the KRF in the non compact
case played a crucial role in the works of Chen—-Tang—Zhu [CTZ04], Ni [Ni05] and
Chau—Tam [ChauTO06]. The presentation here essentially follows the original papers
of Hamilton [Ham88, Ham93a, Ham93b] and Cao [Ca092, Ca097].

We shall start by recalling the well-known Li—Yau inequality for positive
solutions to the heat equation on complete Riemannian manifolds with nonnegative
Ricci curvature, and the important observation that Li—Yau inequality becomes
equality on the standard heat kernel on the Euclidean space. Then, following
Hamilton, we show how one could derive the matrix Li—Yau—Hamilton quadratic
for the KRF from the equation of expanding Kahler—Ricci solitons. Finally we state
and sketch the matrix Li—Yau—Hamilton inequality for the KRF with nonnegative
bisectional curvature.

5.3.1 The Li-Yau Estimate for the Two-Dimensional
Ricci Flow

Let us begin by describing the Li—Yau estimate [LiYau86] for positive solutions
to the heat equation on a complete Riemannian manifold with nonnegative Ricci
curvature.

Theorem 5.3.1 ([LiYau86]). Let (M,g;) be an n-dimensional complete
Riemannian manifold with nonnegative Ricci curvature. Let u(x,t) be any positive
solution to the heat equation

0
B—L;:Au on M x [0, 00).
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Then, for all t > 0, we have

u _IVul s M % (0, 00) (5.44)
—— —u on ,00). .
ot u 2t T

We remark that, as observed by Hamilton (cf. [Ham93a]), one can in fact prove
that for any vector field V' on M,

du n

— 4+ 2Vu-V VI?P+ —u=>0. 5.45

o +2Vu-V +ulV|© + 54z (5.45)
If we take the optimal vector field V' = —Vu/u, then we recover the

inequality (5.44).
Now we consider the Ricci flow on a Riemann surface. Since in (real) dimension
two the Ricci curvature is given by

1
R = ERgijy
the Ricci flow becomes
0gij
Y — _Ro.. 5.46
o 8 (5.46)

Now let g;;(t) be a complete solution of the Ricci flow (5.46) on a Riemann
surface M and 0 < ¢ < T. Then the scalar curvature R evolves by the semilinear
equation

aR
— = AR+ R?
ot

on M x [0,T). Suppose the scalar curvature of the initial metric is bounded,
nonnegative everywhere and positive somewhere. Then it follows from the max-
imum principle that the scalar curvature R(x,?) of the evolving metric remains
nonnegative. Moreover, from the standard strong maximum principle (which works
in each local coordinate neighborhood), the scalar curvature is positive everywhere
for t > 0. In [Ham88], Hamilton obtained the following Li—Yau estimate for the
scalar curvature R(x, ).

Theorem 5.3.2 ((Ham88]). Let g;(t) be a complete solution to the Ricci flow
on a surface M. Assume the scalar curvature of the initial metric is bounded,
nonnegative everywhere and positive somewhere. Then the scalar curvature R(x,t)
satisfies the Li—Yau estimate

R |VR? R
- + =20, (5.47)

3 R
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Proof. By the above discussion, we know R(x,?) > 0 for ¢ > 0. If we set
L =1logR(x,t) for t >0,
then
%L = %(AR + R?)
=AL+|VL?+R
and (5.47) is equivalent to

L , 1 1
— —|VL|"+-=AL+R+->0.
ot t t

Following Li—Yau [LiYau86] in the linear heat equation case, we consider the
quantity

L
Q=——|VL?= AL +R.
ot
Then by a direct computation,
00 ad
— =—(AL+R
ot Bt( TR
L R
=A 3— + RAL + 3—
ot ot

=AQ+2VL-VQ +2|V2L> + 2R(AL) + R?
>AQ +2VL-VQ + Q%

So we get
0 1 1 1 1 1
— —-|=>A - 2VL -V - - - -].
w(ewi)zo(esi)rmmnv(eni) (o) (o)
Hence by the maximum principle argument, we obtain

1
Q+7ZO-

This proves the theorem. O
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5.3.2 Li-Yau Estimate and Expanding Solitons

To prove inequality (5.47) for the scalar curvature of solutions to the Ricci flow
in higher dimensions is not so simple. It turns out that one does not get inequality
(5.47) directly, but rather indirectly as the trace of certain matrix estimate when
either curvature operator (in the Riemannian case) or bisectional curvature (in the
Kihler case) is nonnegative. The key ingredient in formulating this matrix version
is an important observation by Hamilton that the Li—Yau inequality, as well as its
matrix version, becomes equality on the expanding solitons which he first discov-
ered for the case of the heat equation on R”. This led him and the author to formulate
and prove the matrix differential Harnack inequality, now called Li—Yau—Hamilton
estimates, for the Ricci flow in higher dimensions [Ham93a, Ham93b] and the
Kihler—Ricci flow [Ca092, Cao97] respectively.

To illustrate, let us examine the heat equation case first. Consider the heat kernel

u(x,t) = (4mt) /2 WP/4 (5.48)
which can be considered as an expanding soliton solution for the standard heat

equation on R”.
Differentiating the function u once, we get

Viu= —u% or Vju+uV; =0, (5.49)
where
o Xj . Vju
T T T

Differentiating (5.49) again, we have
V,Vju+ ViuV; + %5,,- =0. (5.50)

To make the expression in (5.50) symmetric in i, j, we multiply V; to (5.49) and
add to (5.50) and obtain

ViViu+ ViuV; + VuV; +uI/,-Vj+%8ij=O. (5.51)

Taking the trace in (5.51) and using the equation du/d¢t = Au, we arrive at

d
—u+2Vu-V+u|V|2+£u=O,
ot 2t
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which shows that the Li—Yau inequality (5.44) becomes an equality on our
expanding soliton solution u! Moreover, we even have the matrix identity (5.51).

Based on the above observation and in a similar process, Hamilton [Ham93a]
found a matrix quantity, which vanishes on expanding gradient Ricci solitons
and is nonnegative for any solution to the Ricci flow with nonnegative curvature
operator. At the same time, the author [Ca092] (see also [Cao97]) proved the
Li—Yau—Hamilton estimate for the Kidhler—Ricci flow with nonnegative bisectional
curvature, see below.

To formulate the Li—Yau—Hamilton quadric, let us consider a homothetically
expanding gradient Kdhler—Ricci soliton g satisfying

V.V, =0 (5.52)

1
Rij+ 2 & =ViVj.

with V; = V; f for some real-valued smooth function f on X . Differentiating (5.52)
and commuting give the first order relations

ViR;; = ViViVi = ViVikVi = =Ry 515V ).
or

VkRi]T + R.

ik Vp =0, (5.53)

and

ViRVi + Ri5 Vo Vi = 0. (5.54)

ijkp

Differentiating (5.53) again and using the first equation in (5.52), we get

1

1
V,—Vle-f + VﬁR‘fkl_VP + RifkﬁRpl_ + ;Rifkl_ =0. (5.55)
Taking the trace in (5.55), we get

1
ARi]T + V,;RUTV]( + R‘fkl_RlE + 7Rif =0. (5.56)

1

Symmetrizing by adding (5.54) to (5.56), we arrive at

1
AR;; + ViR : Vi + ViR 7 Vi + R-jrk,-R”; + Rifkl_V[VIE + 7Rif =0,

1

or, by (5.38), equivalently

ad 1
a—tRi]T + VkR,-jTV]; + V];Ri]?Vk + Ri];Rk]T + Ri]?k[‘V[V,; + 7le =0. (557
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5.3.3 Li-Yau—Hamilton Estimates and Harnack’s Inequalities

We now state the Li—Yau—Hamilton estimates and the Harnack inequalities for KRF
and NKRF with nonnegative holomorphic bisectional curvature.

Theorem 5.3.3 ([Ca092, Cao97]). Let g;;(t) be a complete solution to the
Kidhler—Ricci flow on X" with bounded curvature and nonnegative bisectional
curvatureand Q0 < t < T. For any point x € X and any vectorV in the holomorphic
tangent space T!° X, let

Zi;= E%R,.f + R R + ViR 5VE + ViR :VE 4 R VFVE 4+ %Ri;.
Then we have

ZWWi >0
forallx € X, V,W ¢ TXI’OX, andt > 0.

The proof of Theorem 5.3.3 is based on Hamilton’s strong tensor maximum
principle and involves a large amount of calculations. We refer the interested reader
to the original papers [Ca092, Cao97] for details.

Corollary 5.3.4 ([Ca092, Cao97]). Under the assumptions of Theorem 5.3.3,
the scalar curvature R satisfies the estimate

BR . T . T R
=+ ViRV £ ViRV 4 RVIV 4 — 20 (5.58)

forall x € X andt > 0. In particular,

R _IVRI + X2 (5.59)
ot R r '

Proof. The first inequality (5.58) follows by taking the trace of Z;; in
Theorem 5.3.3. By taking V' = —Vlog R in (5.58) and observing R;; < Rg;;

(because R; iz 0), we obtain the second inequality (5.59). O

As a consequence of Corollary 5.3.4, we obtain the following Harnack inequality
for the scalar curvature R by taking the Li—Yau type path integral as in [LiYau86].

Corollary 5.3.5 ([Ca092, Ca097]). Let g;:(t) be a complete solution to the
Kdhler—Ricci flow on X" with bounded and nonnegative bisectional curvature.
Then for any points x1,x, € X, and 0 < t; < t,, we have

R(x1, 1) < l_zed” (Xl’x2)2/4(t2_tl)R(.X2, b).
=7

Here dy, (x1, x2) denotes the distance between xy and x; with respect to g; (1)
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Proof. Take the geodesic path y(t), t € [t1,1], from x| to x, at time #; with
constant velocity d;, (x1,x2)/(t2 — t;). Consider the space-time path n(r) =
(y(x), 1), T € [t1, 12]. We compute

R(XZ,IQ) /t2 d
log —==2 = —log R(y(z), 1)dt
gR(xl’[l) | dr gR(y(7),7)

21 (R dy
— [ 2 (Zsvr- D)y
/,1 R(8r+ d‘C) i

2 (9log R 1|dy|?
> —|VIog R, — ~ |- dr.
_/,l ( ot [Vlog Rl 4’dr 2(0) ‘

Then, by the Li—Yau estimate (5.59) for R in Corollary 5.3.4 and the fact that the
metric is shrinking (since the Ricci curvature is nonnegative), we have

log —R(xz’tZ) > /tz _l _l ’ dt
R(.X],ll) - fn T 4 ¢(t)

o 1 A x)?
5h T M-

dy
dt

Now the desired Harnack inequality follows by exponentiating. O

Finally, we can convert Corollaries 5.3.4 and 5.3.5 to the NKRF case and yield
the following Li—Yau type estimate and Harnack’s inequality.

Theorem 5.3.6 ([Ca092]). Let g, (1) be a solution to NKRF on X" x [0, 00) with
nonnegative bisectional curvature. Then, the scalar curvature R satisfies

(a) the Li-Yau type estimate: for anyt > 0 and x € X,

R_IVRE L R, (5.60)
ot R l—et — 7 '

(b) the Harnack inequality: forany 0 < t; <t andanyx,y € X,

et2 — 1 Hh—n dlzl (x’ y)
———R(y, 1), 5.61
G O TSR ) (56

R(x,n) <

Proof. Part (a): Let g, 7(s) be the associated solution to KRF on X x [0, 1).
By Lemma 5.2.4, Corollaries 5.2.5 and 5.3.4, we have

R=(1-s)R, l1—e'=y,
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and

ok IVRE R
————=2 4 >0
as R K3

It is then easy to check that they are translated into (5.60).
Part (b): By the Li—Yau path integration argument as in the proof of
Corollary 5.3.5 but use (5.60) instead, we get

R(y,t o 1 1]dy|?

log (v 2)2/ _ _Lidy dr

R(x,t) f l—e ™ 4ldt|,q

1A( t )

- X, 015), .

1 LY, b

no_

e

= log pr—

where

15}
A(x, 115y, 1) = inf/ V' (). (5.62)
Y

1

But, the NKRF equation and the assumption of Ric, > 0 imply that, for 1 < 1,
g(ta) < e g(ty).
Hence,

Hh—1 dt21 (x’ y)

Alx,t1;y, ) <e .
(tr—11)

Therefore,

R()’at2) > Og etl _1 _etz—tl dtzl(x’y)
R(x,n1) = Te2—1 4(n—n)

5.4 Perelman’s Entropy and Noncollapsing Theorems

In this section, we review Perelman’s WW-functional and the associated p-entropy.
We show that the p-entropy is monotone under the Ricci flow and use this important
fact to prove a strong «-noncollapsing theorem for the Ricci flow on compact
Riemannian manifolds. These results and the ideas in the proof play a crucial role
in the next two sections when we discuss the uniform estimates on the diameter and
the scalar curvature of the NKFR.
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5.4.1 Perelman’s VW-Functional and p-Entropy
Jor the Ricci Flow

Let M be a compact n-dimensional manifold. Consider the following functional,
due to Perelman [Per02],

Wigy, 1) = / [f(R+IVfP) + f —nl(dnr) " 2e™/dV (5.63)
M
under the constraint
(47)"2 / e fdv =1. (5.64)
M

Here gj; is any given Riemannian metric, /" is any smooth function on M, and 7 is
a positive scale parameter. Clearly the functional W is invariant under simultaneous
scaling of T and g; (or equivalently the parabolic scaling), and invariant under
diffeomorphism. Namely, for any positive number @ > 0 and any diffeomorphism
¢ € Diff(M"),

W(p*gij. o™ f.1) = W(gj, f. 1) and W(agj. f.at) = W(g;. f.1).  (5.65)

In [Per02] Perelman derived the following first variation formula (see also
[CZ06])

Lemma 5.4.1 ([Per02]). Ifv; = 6g;, h =6f, and n = 8t then
SW (v, h, 1)

1 1oy
= / —TV; (Rij + ViV, f— Z_gii) (4nt)"2e S av
M T

+/M<§_h_2n_r”> [f(R+2Af —|VfIP) + f —n—1](4nr) te™ av

+ / n (R +|Vf? - l) (4nr)"2e T av.
M 2T

Here v = gliv;.
By Lemma 5.4.1 and direct computations (cf. [Per02, CZ06]), one obtains
Lemma 5.4.2 ([Per02]). If g;(t), f(t) and t(t) evolve according to the system

dgij

a—[f = —2Ry,
f
o
it

— =1,

ot

n

= —Af +IVfP =R+ -,
2t
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then

2

d 1 i
Ly (gs0). £, 7)) = / 20| Ry 4+ ViV, f — gyl (dmry et av,
dt M 2t

and [,, (4rt)"3e~/dV is constant. In particular Wi(gii(t), f(t), (1)) is nonde-
creasing in time and the monotonicity is strict unless we are on a shrinking gradient
soliton.

Now we define

e fav=1}.
(5.66)

1
p(gij, ) = inf§W(gij’f’T) | feC®(M), Gnoy2 /M

Note that if we set u = e~//2, then the functional V' can be expressed as

W = W(gj,u, 7) = (4nt)”"2 / [t (Ru* + 4|Vul|?) — u? logu® — nu?]dV
M
(5.67)

and the constraint (5.64) becomes
(4n7)"2 / W2dv = 1. (5.68)
M

Thus 14(g;j, ) corresponds to the best constant of a logarithmic Sobolev inequality.
Since the non-quadratic term is subcritical (in view of Sobolev exponent), it is rather
straightforward to show that

inf%(47rt)_g/ [t(4|Vu|*+ Ru*) — u? log u* — nu]dV : (471"1,')_% / u?dV = 1}
M M
is achieved by some nonnegative function u € H'(M) which satisfies the
Euler-Lagrange equation

T(—4Au + Ru) — 2ulogu — nu = (g, v)u.
One can further show that u is positive (see [Rot81]). Then the standard regularity
theory of elliptic PDEs shows that u is smooth. We refer the reader to Rothaus
[Rot81] for more details. It follows that j(g;. ) is achieved by a minimizer f

satisfying the nonlinear equation

tQAf —|VfP+R) + f —n = p(gy 7). (5.69)
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It turns out that the p-entropy has the following important monotonicity property
under the Ricci flow:

Proposition 5.4.3 ([Per02]). Let g;i(t) be a solution to the Ricci flow

oy

= —2R;
at y

on M" x [0, T)with0 < T < oo, then ju(g(t), To — t) is nondecreasing along the
Ricci flow for any Ty > T'; moveover, the monotonicity is strict unless we are on a
shrinking gradient soliton.

Proof. Fix any time fy, let f; be a minimizer of 1(g;;(t0), To — o). Note that the
backward heat equation
n

— =-Af+|Vf*-R+
2T

of
ot

is equivalent to the linear equation

%((47”)_%6_'}[) = —A((4nt)"2e ) + R((4mr)"2e ).

Thus we can solve the backward heat equation of f with f|,—=, = fo to obtain
f(¢t) fort € [0, 1], satisfying constraint (5.64). Then, for ¢ < #, it follows from
Lemma 5.4.2 that

w(gij(t), To —1) < W(gy(t), f(1),To—1)
< Wi(g;i(to), f (%), To — to)
= u(gij(to), To — o),

and the second inequality is strict unless we are on a shrinking gradient soliton. 0O

5.4.2 Strong k-Noncollapsing of the Ricci Flow

We now apply the monotonicity of the p-entropy in Proposition 5.4.3 to prove
a strong version of Perelman’s no local collapsing theorem, which is extremely
important because it gives a local injectivity radius estimate in terms of the local
curvature bound.

Definition 5.4.4. Let g;;(r),0 < t < T, be a solution to the Ricci flow on an
n-dimensional manifold M, and let k, r be two positive constants. We say that the
solution g;;(¢) is k-noncollapsed at (xo, %) € M x [0, T') on the scale r if we have

Vto(anr) > Krn’
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whenever
|Rm|(x, o) < 7>

for all x € By, (xo, ). Here V4 (xo, ) denotes the volume with respect to g;;(#o) of
the geodesic ball B,,(xo, ) centered at xo € M and of radius r with respect to the
metric g;;(%).

Remark 5.4.1. In [Per02], Perelman also defined «-noncollapsing by requiring the
curvature bound |Rm|(x, ) < r~2 on the (backward) parabolic cylinder By, (xo, ) x
[to — 2. 1o).

The following result was proved in [CZ06] (cf. Theorem 3.3.3 in [CZ06])).

Theorem 5.4.5 (Strong no local collapsing theorem). Let M be a compact
Riemannian manifold, and let g;;(t) be a solution to the Ricci flow on M" x [0, T)
with 0 < T < 4o00. Then there exists a positive constant k, depending only the
initial metric go and T, such that g;(t) is k-noncollapsed at very point (xo, ty) €
M x [0, T) on all scales less than ~/T. In fact, for any (xo.t)) € M x [0, T) and
0<r <«T we have
Vi (xo,7) = k1",
whenever

R(-, 1) < r=2 on By (x0,7).

Proof. Recall that

n(gi, 1) = inf{W(gij,u, 7) ‘ / (4nr)_%u2d\/ =1;.
M
where,
W(gij, u,t) = (4m7)”3 / [t(Ru? + 4|Vul*) — u*logu® — nu*]dV.
M

Set

Mo = Oﬁlrnffﬂu(gu(o), T) > —oc0. (5.70)

By the monotonicity of ((g;(¢), T — ) in Proposition 5.4.3, we have
po = (g (0). 10 + 1) < u(gi(to). ) (5.71)

fortg < Tandr2 <T.
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Take a smooth cut-off function ¢ (s), 0 < ¢ < 1, such that
1, ls| < 1/2,
{(s) =
0, Is| > 1

and [{’| < 2 everywhere. Define a test function u(x) on M by

u(x) = e"’¢ (—dt()();o’x)) :

where the constant L is chosen so that
(4nr?)~2 / Wdv, =1
M

Note that

d;, (xo,
|Vu* = eLr_2|§’(M)|2 and u?logu® = Lu* + L% log ¢>.

Also, by the definition of u(x), we have
(4rr?)"2elVy (x0,7/2) < 1, (5.72)
and
(4m)"2r el Vo (xo 1) > 1. (5.73)
Now it follows from (5.71) and the upper bound assumption on R that
Mo = W(g;i(to). u,r?)

= (47tr2)_% / [r2(Ru? + 4|Vul*) — u* logu® — nu®]
M

<l—-L—-n+ (47rr2)_%eL/ @1 - logt?)
M

<l—-L-n+ (47tr2)_%eL(16 +e YV, (x0. 7).

Here, in the last inequality, we have used the elementary fact that —slogs < e~!

for 0 < s < 1. Combining the above with (5.72), we arrive at

Vto (X(), r)

0<1—L—n+ 16+€_1)—.
. ( Vi (x0,7/2)

(5.74)
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Notice that if we have the volume doubling property
Vi (x0, 1) < CVyy(x0,7/2)
for some universal constant C > 0, then (5.73) and (5.74) together would imply
Vi (x0,7) > exp{o +n—1— (16 + e HC ", (5.75)
thus proving the theorem. We now describe how to bypass such a volume doubling
property by a clever argument® pointed out by B.-L. Chen back in 2003.

Notice that the above argument is also valid if we replace r by any positive
number 0 < a < r. Thus, at least we have shown the following

Assertion: Set
: —1\qn 1
k =minqexp[uo +n—1—(164+¢ )3 ]’Ea" ,
where «,, is the volume of the unit ball in R". Then, for any 0 < a < r, we have
Vi (x0,a) > ka", (*)a
whenever the volume doubling property,
Vi (X0, a) < 3"V, (x0,a/2),

holds.
Now we finish the proof by contradiction. Suppose (x), fails for a = r. Then we
must have

r _
V;O(X(), E) <3 tho(XOs r)

< 3 Mgr”
r\n
< (2)"
2
This says that (), /> would also fail. By induction, we deduce that

r "
Vi, (x0, z—k) <K (Z_k) forall k > 1.

2Perelman also used a similar argument in proving his uniform diameter estimate for the NKRF,
see the proof of Claim 6.1 in Sect. 5.6.
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But this contradicts the fact that

Vi (X0, sz)
1m o = 0y. O
k—o00 (2_")

5.4.3 The p-Entropy and the Strong Noncollapsing Estimate

Jor KRF and NKRF
To convert the k-noncollapsing theorem for the Ricci flow to the KRF and NKRF,
first note that for any local holomorphic coordinates (z',--- ,z") with 7 = x' +
=1y, (x!, - x", yl, -+, y") form a preferred smooth local coordinates with
0 1 0 ad ad 1 9 ad
—4:——4—\/—1—. and —.:——.+\/—1—..
07 2(8x’ ay’) a7 2(3x’ ay’)

Thus, in terms of the corresponding Riemannian metric ds*, we have

a a ad a
dz—.,—. :dz—.,—. =2N(g;7
P 307 = 4G 3,7 = 2M@)
while
ad d
2 —_— ) = X .7
dS (8x"’ ay]) 2“9(g1])'
In particular, for any &, -, 2" with gij = d; H (e.g., under normal coordinates),
then
ad ad ad 0 d ad
2 _— ) = 2 _— ) = ‘s 2 _— ) =
ds (8xi , 8x/) ds (8yi , 8yf) 26; and ds (axf , ay/) 0.
(Thus, we can symbolically express the Riemannian metric gg = ds*> = 2g;5)
On the other hand, if R;; = A4;; under the normal holomorphic coordinates
(!, -++, 7" then, for the Riemannian Ricci tensor Ric 2, we have
. d 0 . d 0 . d ad
Rlcdsz(ﬁ’ ﬁ) = RlCdJZ(a_yi7 ay—]) = ZASU and Rlcdsz(ﬁ’ ay—}) =0

That is,
Ric o = Ads?,

so we have the same Einstein constant A.
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Note that we also have the following relations:

* The scalar curvature: R;2 = 2R
» The Laplace operator: A ;2 = 2A
¢ The norm square of the gradient of a function: |V f |§S2 = 2|V f]?, etc.

In particular, we have
Ry + VLo =2(R+|VSP).
Therefore, with 0 = 27, the Riemannian }V-functional on (X", g; ) is given by

= 2 — ~f
W= (zm)n/X[U(R +IVA) + f —2nle”7dv, (5.76)

or, with u = e=//2_ by

W(g7.u,.0) = / [o0(Ru® + 4|Vu)?) —u*logu® —2m’ldV  (5.77)
X

Q2nro)"

with respect to the Kéhler metric g, 7.
The p-entropy is then given by

p=p(g; o) = inf{W(g,-f,u,a): (ZM)‘”/ wdv = 1} :
X

For any solution g; 7(s) to the KRF on the maximal time interval [0, 1), by taking
o = 1 —s, it follows that u(gif(s), 1 — s) is monotone increasing in s. By the
scaling invariance property of p in (5.65) and the relation between KRF and NKRF
as described in Lemma 5.2.4, we get

w(g;5(s), 1 —s) = p(g;7(1), 1). (5.78)
Thus, by the monotonicity of ,u(grl-f(s), 1 —s)andds/dt = e~ > 0, we have
Lemma 5.4.6. Let g;;(¢) be a solution to the NKRF on X" x [0, 00). Then,

(g5 (0). 1) =inf{ [X (R+ VF+ f —2n)

(27)"
1 f }
(27{)”/)(6 dav =1

1

@n)

e~ lav:

=inf{

1
/X(Ru2 + 4|Vu|? — u? logu* — 2mi?): ) /X u = 1}

is monotone increasing in t.
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Finally, we have the corresponding strong no local collapsing theorem for the
NKRF:

Theorem 5.4.7 (Strong no local collapsing theorem for NKRF). Let X" be a
Fano manifold, and let g;;(t) be a solution to the NKRF (5.33) on X" x [0, 00).
Then there exists a positive constant k > 0, depending only the initial metric gy,
such that g, ; (¢) is strongly k-noncollapsed at very point (xo, ) € M x [0,00) on
all scales less than e"/? in the following sense: for any (xo,t)) € X x [0, 00) and
0 <r < e2we have

1/t()(xOvr) ZKan’ (579)
whenever

R(-.t0) <1 on By(xo,7). (5.80)

Proof. This is an immediate consequence of Theorem 5.4.5 applied to the KRF
on X" x [0, 1), and the relation between the KRF and the NKRF as described by
Lemma 5.2.4. O

5.5 Uniform Curvature and Diameter Estimates for NKRF
with Nonnegative Bisectional Curvature

Our goal in this section is to prove the uniform diameter and (scalar) curvature
estimates by B.L Chen, X.-P. Zhu and the author [CCZ03] for the NKRF with
nonnegative holomorphic bisectional curvature. The main ingredients of the proof
are the Harnack estimate in Theorem 5.3.6 and the strong non-collapsing estimate
in Theorem 5.4.7 for the NKRF.

Theorem 5.5.1. Let (X", g; jr) be a compact Kihler manifold with nonnegative
bisectional curvature and let g, ;(t) be the solution to the NKRF with g;7(0) = g, ;.
Then, there exist positive constants C; > 0 and Cy > 0 such that

(i) |IRm|(x,t) < Cy forall (x,t) € X x[0,00);
(it) diam(X",g;;(t)) = C; forallt > 0.

Proof. By Theorem 5.2.10, we know that g, 7(¢) has nonnegative bisectional
curvature for all # > 0. Thus, it suffices to show the uniform upper bound for the
scalar curvature

R(x,t) < C
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on X x [0, 00). We divide the proof into several steps:
Step 1: A local uniform bound on R
First of all, we know that the volume V;(X") = Vol(X, g;;(¢)) and the total
scalar curvature f xn R(x,t)dV, are constant along the NKRF. Hence the average
scalar curvature is also constant. In fact,
1
—_— R(x,t)dV; =n, forallt > 0.
v Jy, R0
Now, V¢ > 1,sett; =t,f, =t + 1 and pick a point y, € X such that
R(y;,t + 1) =n.

Then, V x € X, by the Harnack inequality in Theorem 5.3.6, and noting that V¢ > 1,

et+l -1
<e+1,
et —
we have
€
R(x,t) <n(e + 1)exp (Zd, (x, y,)) . (5.81)

In particular, when d;(y;, x) < 1, we obtain a uniform upper bound
R(-.1) < n(e + 1)exp(e®/4) (5.82)

on the unit geodesic ball B,(y;, 1) at time ¢, forall t > 1.
Step 2: The uniform diameter bound

Now we have the uniform upper bound (5.82) for the scalar curvature on
B:(y:,1). By applying the strong no local collapsing Theorem 5.4.7, there exists
a positive constant k > 0, depending only on the initial metric go, such that we have
the following uniform lower bound

Vi, 1) 2k >0

for the volume of the unit geodesic ball B,(y,, 1) forall r > 1.

Suppose diam(X, g;;(¢)) is not uniformly bounded from above in ¢. Then, there
exist a sequence of positive numbers {D;} — oo and a time sequence {f;} — oo
such that

diam (X, g, ;(tx)) > D.
However, since g; 7(#) has nonnegative Ricci curvature, it follows from an argument
of Yau (cf. p. 24 in [ScYau94]) that there exists a universal constant C = C(n) > 0

such that

Vi, Vi, Di) = CV, (¥4, 1) Dy > kCDy — 00.
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But this contradicts the fact that
Vtk(yfkak)SI/fk(Xn):VOs k:1727”'-

Thus, we have proved the uniform diameter bound: there exists a positive constant
D > 0 such that forall t > 0,

diam (X, g;7(1)) < D. (5.83)

Step 3: The global uniform bound on R
Once we have the uniform diameter upper bound (5.83), the Harnack inequality
(5.81) immediately implies the uniform scalar curvature upper bound,

R(x,1) < n(e + 1)eP’/4,

on X" x [0, 00). O

Remark 5.5.1. As mentioned in the introduction, assuming in addition the existence
of K-E metrics, Chen and Tian studied the NKRF with nonnegative bisectional
curvature on Del Pezzo surfaces [CheT02] and Fano manifolds in higher dimensions
[CheT06].

5.6 Perelman’s Uniform Estimates

In the previous section, we saw that when a solution g;7(#) to the NKRF has
nonnegative bisectional curvature, then the uniform diameter and curvature bounds
follow from a nice interplay between the Harnack inequality for the scalar curvature
R and the strong no local collapsing theorem. In this section, we shall see
Perelman’s amazing uniform estimates on the diameter and the scalar curvature for
the NKRF on general Fano manifolds (Theorem 5.6.1). In absence of the Harnack
inequality, Perelman’s proof is much more subtle, yet the monotonicity of the
u-entropy and the ideas used in the proof of the strong non-collapsing estimate
played a crucial role.

The material presented in this section follows closely what Perelman gave in a
private lecture® at MIT in April, 2003. As such, it naturally overlaps considerably
with the earlier notes [SeT08] on Perelman’s work. The author also presented
Perelman’s uniform estimates at the Geometry and Analysis seminar at Columbia
University in fall 2005.

3Perelman’s private lecture was attended by a very small audience, including this author and the
authors of [SeT08].
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Theorem 5.6.1. Let X" be a Fano manifold and g,-jr(t), 0 <t < oo, be the solution
to the NKRF

0

ggif = _Rif + & g0)=g (5.84)

with the initial metric gy = g satisfying [wo] = wc1(X). Let f = f(t) be the Ricci
potential of g; 7 (1) satisfying

_Rif(t) +g,-;(t) = 8,8]-f (5.85)

and the normalization
/ e /dv = (2n)". (5.86)

Then there exists a constant C > 0 such that

(i) |R| = C on X" x[0,00);
(ii) diam(X", g;7(1)) < C;
(iii) |[fllct = € on X" x [0, 00).
The proof will occupy the whole section. First of all, by Lemma 5.2.8, we know

that under (5.84) the scalar curvature R evolves according to the equation

d
51& = AR + |Ric|> — R.

Lemma 5.6.2. There exists a constant C; > 0 such that the scalar curvature R of
the NKRF (5.84) satisfies the estimate

R(x,t) > —(C,.

forallt > 0andall x € X".

Proof. Let Ryin(0) be the minimum of R(x,0) on X”. If Ry;n(0) > 0, then by the
maximum principle, we have R(x,¢) > Oforallz > O and all x € X".

Now suppose Ryin(0) < 0. Set F(x,t) = R(x,t) — Ruin(0). Then, F(x,0) >0
and F satisfies

d
gF = AF 4 |Ric|> = F — Ruin(0) > AF + |Ric|® — F.

Hence it follows again from the maximum principle that ¥ > 0 on X" x [0, 0c0), i.e.,
R(x,1) > Ruin(0)

forallt > Oandall x € X". |
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Next, we consider the Ricci potential f satisfying (5.85) and the normalization
(5.86). Note that it follows from (5.85) that

n—R=Af (5.87)
Also, let ¢ = ¢(t) be the Kihler potential,
gij(t) = g; + 059,
so that ¢ is a solution to the parabolic scalar equation

det(Z; 7 + ;979)

det(z, ) + f 4o+ b(1),

¢r =

where b(?) is a function of ¢ only.
Since 0; 3;<pt = —R;; + g;;, by adding a function of 7 only to ¢ if necessary,
we can assume

f=a. (5.88)

Thus, f satisfies the parabolic equation
fi=Af+f—a() (5.89)

for some function a(t) of # only.
By differentiating the constraint (5.86), we get

/ e/ (—f 41— R)dV =0.
Hence, by combining with (5.87) and (5.89), it follows that

a(t) = Qn)™ | fe'av. (5.90)
Xn

Lemma 5.6.3. There exists a constant C, > 0 such that, forall t > 0,

—Cy < | felav <C,.
XI‘I

Proof. The second inequality is easy to see. Now we prove the first inequality.
By Lemma 5.4.6 and (5.87), we have
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A :I,LL(g,'f(O)’ 1) = M(gif(t)v 1)

< (271)_”/ (R4 |VfP?+ f—2n)e/dv
X

= (er)_"/ (=Af +|Vf*+ f—n)e/dv
X

= (27)™" / (f —nye’'av.
X

Therefore,

Q2m)™ fe=ldv > A+ n. O
XI'I

Lemma 5.6.4. There exists a constant C3 > 0 such that
f=-C

forallt > 0andall x € X".

Proof. We argue by contradiction. Suppose the Ricci potential f is very negative at
some time ¢y > 0 and some point xo € X" so that

f(x0,t0) < —1.
Then, there exists some open neighborhood U C X" of x such that
flx, 1) € -1, Vx e U. (5.91)

On the other hand, by (5.87), (5.89), Lemma 5.6.2, (5.90), and Lemma 5.6.3,
we have

fi=n—R+ f—-alt) < f+C (5.92)

for some uniform constant C > 0.

Letus assume f(-,7) and ¢(-, t) achieve their maximum at x, and x;" respectively.
From the constraint (5.86), it is clear that for each ¢ > 0, we have a uniform lower
estimate

f(xtst) = m)?'xf('vt) 2 _C
for some C > 0 independent of ¢. Moreover, it follows form (5.88) and (5.92) that

(f—e)=C,
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S0 = (0 < max(f —@)(10) + Cr.
Therefore,

o(x) 1) = o(x 1) = f(x;, 1) — m}gX(f —@)(t0) —Ct > —Ct, Vt> 1.

(5.93)
On the other, by (5.92), we have
flx,t) e ™(C + f(x, 1)) (5.94)
fort > tp and x € X". In particular, by (5.91), we have
f(x,t) < —Ce ¢!, YVt > ty,Vx € U. (5.95)

Then (5.88) and (5.95) together imply that
o(x,1) < @(x,ty) — Ce ™ +C < —C'é', Vi > ty,Vx e U. (5.96)
Next, we claim (5.96) implies
p(x) 1) <—Ce +C’ (5.97)

for some C’ > 0 independent of t 3> #;. To see this, note that, with respect to the
initial metric go, we have

* 4y = . __ L . .
(p(xt s l‘) = /X(p( s t)dVo Vo(X”) /X Ao(p( s Z‘)Go(xt s )dVo, (5.98)

Vo(X™)
where Vo(X") = Vol(X", go) and Go(x;,-) denotes a positive Green’s function
with pole at x;".

Since n + Agp = gifgi]r(t) > 0, the second term on the RHS of (5.98) can be
estimated by

/ Aog(-.1)Golxy. )dVo < / Go(xr. )dVo =: C". (5.99)

7 (X ) Vo (X ")
On the other hand, by using (5.95), it follows that

Vo(X \U)
Vo(X)

Vo (U)

To(X) Ce'. (5.100)

/X<p(-, 1)dVy < o] 1) —

Vo(X™)
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Therefore, by (5.98)-(5.100), we have
ap(x’ 1) < C" —aCe

fora = Vy(U)/ Vo(X) > 0. This proves (5.97), a contradiction to (5.93). O

Lemma 5.6.5. There exists constant C4 > 0 such that, for all t > 0,

(a) |VfI* < Ca(f +2C3);
(b) R < Cy(f +2C3).

Proof. This is essentially a parabolic version of Yau’s gradient estimate in [Yau75]
(see also [ScYau94)). )
First of all, from |V f |* = ¢'/9; f9; f, the NKRF, and (5.89), we obtain

P
§|Vf|2 = (Ri;—gip)0i fo; f + &7 @i fid; [ + 0, f0; 1)
= g[8, (AN S + 3 fO;(AN] + Ric(V LV f) + |V [

On the other hand, the Bochner formula gives us
AV S = |VVfP+|VV S+ g [0 (Af)D; f +8; f95(AS)]+Ric(V LV ).
Hence, we have
a%IVfI2 = AIVSP = VP = |VV /P + VS (5.101)
Also, by (5.85), we have
[Ric|> +n —2R = |VV f % (5.102)
Thus, from the evolution equation on R, we have
d T £12
5R§AR+|VVf| +R
Therefore, for any @ > 0, we obtain
a%(IVJ‘IZHHQ) < A(VfP+aR) ~(1=a)(|VV P+ |VV ) +(IV fI* +aR).
(5.103)

Next, take B = 2C; so we have f + B > 1, and set

_ IVF]? +aR

Y (5.104)
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Then, we have

W VSRR w
T f+B (f+B)"
and
_ ) _|Vf|2+aR
Vu = f+BV(|Vf| + aR) —(f+B)2 V. (5.105)

On the other hand, since |V f|> + «R = u(f + B), we have
A(VfP4+aR) = (f + B)Au+uAf +Vu-Nf +Vu-Vf

or

_A(VSP+aR)  uAf Vu-Vf4+Vu-Vf

Au F 1B f+B f+B

Therefore,

(VVFP2+I|VVf®) Vu-Vf+Vu-Vf B +a(z)u'

f+B f+B f+B
(5.106)

U < Au—(1—-a)

Notice, by (5.105), we have

(VSP +aR)|V /]

. Y, — 2 . Y, —
Vu-Vf f+BV(|Vf| +aR)-Vf F + By (5.107)
Now the trick (see, e.g., p. 19 in [ScYau94]) is to use (5.107) and express
Vu-Vf o Vu-Vf 2¢
S B Sy
VIV +aR)-Vf |[VFP(VS] +aR)
( Y -  + By ) . (5.108)

We are ready to conclude the proof of Lemma 5.6.5.
Part (a) Take « = 0 so thatu = |V f|>/(f + B). By plugging (5.108) into (5.106),
we get
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- [VVf]>+ |VVf? Vu-Vf+Vu-Vf
u, < Au—(1—4e) Y + (1 —2¢) 1B
R . _vafz VIS,
f+B(|2VVf —f+B|+|2VVf erB|)
I A 2
+(f+B)( 2eu” + (B + a)u).

For any T > 0, suppose u attains its maximum at (xo, #p) on X" x [0, T'], then
u;(x0,20) >0, Vu(xg,t0) =0, and Au(xog,ty) <0. (5.109)
Thus, by choosing € = 1/8, we arrive at
u(xo, o) < 4(B + a).
Therefore, since T > 0 is arbitrary, we have shown that

VS
f+B

< 8C; + 4G, (5.110)

on X" x [0, 00).
Part (b) Choose @ = 1/2 so that

_IVfP+R/2
- f+B

Then, from (5.106) and (5.102), we obtain

1|Ric2—2R  Vu-Vf+Vu-Vf B+a
u < Au— — u.
2 f+B f+B f+B

Again, for any T > 0, suppose u attains its maximum at (xg, #p) on X" x [0, T].
Then (5.109) holds, and hence

2
0< —% (f—fB) (X0, t0) + f%(xoslo)

B +a
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Here we have used the fact that |Ric|> > R?>/n,2f + B > 0, f + B > 1,
and (5.110). It then follows easily that %(xo,to) is bounded from above

uniformly. Therefore, by Part (a), f%(x, t)' is bounded uniformly on X" x [0, T
for arbitrary T > 0. O

Clearly, Lemma 5.6.5 (a) implies that / f + 2C5 is Lipschitz. From now on
we assume the Ricci potential f(-,¢) attains its minimum at a point x € X", i.e.,
f(x,t) = miny f(-,¢). Then, by (5.86), we know

fGEn=cC

for some C > 0 independent of 7.
Corollary 5.6.6. There exists a constant C > 0 such that Vt > 0and Vx € X,

(i) f(x.1) <C[l+d2R, %)
(i) |VfP(x,1) < C[l + d2(%, x));
(iii) R(x,t) < C[1+d2(&,x)]

Proof. Set h = f + 2C, > 0. Then, from Lemma 5.6.5 (i), we see that VHhis a
Lipschitz function satisfying

|VVh|? < Cy.
Hence, Vx € X",
|Vh(x.t) = Vh(E,1)] < Cdy(%, %),
or
Vh(x.t) < Vh(%. 1) + Cd, (%, x).
Thus, we obtain a uniform upper bound
f(x,1) <h(x,1) < C@}E,y)+1)

for some constant C > 0 independent of ¢. Now (ii) and (iii) follow immediately
from (i) and Lemma 5.6.5. O

By Lemma 5.6.2 and Corollary 5.6.6, it remains to prove the following uniform
diameter bound.

Lemma 5.6.7. There exists a constant Cs > 0 such that
diam, (X) =:diam(X", g;() =Cs

forallt > 0.
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Proof. For eacht > 0, denote by A, (ki, k») the annulus region defined by
Ailky ky) = {z € X : 2F < dy(x, %) < 2k}, (5.111)
and by
Vi(ky, k) = Vol(A; (k1. k2)) (5.112)

with respect to g; 7 (7).

Note that each annulus A, (k,k + 1) contains at least 2% balls B, of radius
r = 27k, Also, for each point x € A;(k,k 4 1), Corollary 5.6.6 (iii) implies
that the scalar curvature is bounded above by R < C 2% on B, (x,r) for some
uniform constant C > 0. Thus each of these balls B, has Vol(B,) > «(27%)*" by
Theorem 5.4.7, so we have

V,(k, k + 1) > 2%~k (5.113)
Claim 6.1. For each small € > 0, there exists a large constant D = D(¢) > 0 such
that if diam,(X) > D, then one can find large positive constants k, > ki > 0 with
the following properties:
Vitki,ky) <€ (5.114)
and
Vilki ko) < 2'"Vi(ky +2,ky — 2). (5.115)
Proof. (a) follows from the fact that V;(X") = V,(X") and the assumption
diam, (X) > 1.
Now suppose (a) holds but not (b), i.e.,
Vilki,k2) > 2" Vi(ki + 2, ks = 2).
Then we consider whether or not

Vilky 42, ks —2) < 2"V, (ky + 4, ky — 4).

If yes, then we are done. Otherwise we repeat the process.
After j steps, we either have

Vilki +2(j = 1), k2 =2(j = 1)) < 2'"Vi(k1 + 2j, k> = 2)), (5.116)

or

Viki, k) > 2"V, (ki + 2], ko — 2j). (5.117)
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Without loss of generality, we may assume k| + 2 ~ k, — 2 by choosing a large
number K > 0 and pick k; ~ K/2,k, =~ 3K/2. Then, when j ~ K/4 and
using (5.113), this implies that

€ > Vitki, ko) = 2'"K/4Y (K K 4 1) > x22K0/4=D),

So after some finitely many steps j ~ K(€)/4, (5.116) must hold. Therefore,
we have found k| and k, & 3k, satisfying both (5.114) and (5.115). ]

Claim 6.2. There exist constants r; > 0 and r, > 0, with r; € [2¢1,251+1] and
ry € [2F2, 2%2+1] such that

/ RdV, < CV,(ki,k»). (5.118)
A (r1.r2)

Proof. First of all, since
d
P Vol(B(r)) = Vol(S(r),
’

we have

k1 +1

Viki ki +1) = /2 o VoI(S(r)dr.

Here S, denotes the geodesic sphere of radius r centered at X with respect to g; 7 (0).
Hence, we can choose r; € [2F1, 2K1+1] such that

Vilki, k)

Vol(S;,) <~

for otherwise

K(klv kZ) zkl

V(kl,kl + 1) > 2k1

= Vi(ki1, k),

a contradiction because k, > k| + 1. Similarly, there exists r, € [22~!, 2%2] such
that

Vi(ki, k»)

Vol(S,,) = =21
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Next, by integration by parts and Corollary 5.6.6(ii),

| afl= [ st [ 195
A (r1.r2) S Sry
_ I/t(klskZ)Czli,-] N I/f(klskZ)Czk2+1
- 2k1 2k2
< CVi(ky, ky).
Therefore, since R + A f = n, it follows that
/ RV, < CV, (k1. k).
As (r1,r2)
proving Claim 6.2. O

Now we argue by contradiction to finish the proof: suppose diam,(X") is
unbounded for 0 < ¢ < oo. Then, for any sequence ¢; — 0, there exists a time

sequence {t;} — oo and k;i) > kfi) > 0 for which Claim 6.1 holds. Pick smooth
cut-off functions 0 < ¢;(s) < 1 defined on R such that

1. k{42 <s< zk;”—z’
Gi(s) =

0, outside [rfi), réi)],

; O 0 ; 0 )
and |¢'| < 1 everywhere. Here " € [257,26" *1] and 1\ € [2k2'~1 2k2"] are
chosen as in Claim 6.2. Define

up = eligi(dy, (x, %)),

where f(X;,t;) = miny f(-, ;) and the constant L; is chosen so that
Qn)" = / urdv, = e*i / vy, (5.119)
X A Dy

Note that by Claim 6.1, V;, (k\", k{") < ¢; — 0. Hence (5.119) implies L; — oo.
Now, by Lemma 5.4.6 and similar to the proof of Theorem 5.4.5, we have

n(g(0). 1) = pu(g (). 1)

<Q2m)™" / (Ru? + 4|Vu;|* — u? logu? — 2nu?)dv,,
X

= (2m) ek
@) (i)
At,' (rl Ty )

(RE? + 415]1* — 87 log &7 = 2Li¢7 — 2ng7)aV,
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= —2(L; +n) + 2m) " /

A4 ()

(RE? + 41517 — ¢ log ¢F)av,.

Now, by Claim 6.2 and Claim 6.1, we have

eZLi/ G) () Rgizdvl‘i < ceti Vi (k(i)vky))
A 1 1

t,'(rl ) )

< cti oy, (k" + 2,k - 2)

< C21°”/ - wrav, < C2'" Q2.
GRS
On the other hand, using |¢/| < 1 and —slogs < e~ for0 < s < 1, we also have

- / o @R =28 gV, < CRNVED k)
Ay (rDrs)
< C2'"2m)".
Therefore,
pn(g0),1) < =2(L; +n)+C

for some uniform constant C > 0. But this is a contradiction to {L;} — oco. O

5.7 Remarks on the Formation of Singularities in KRF

Consider a solution g;;(¢) to the Ricci flow

dg;; (1)
B — 2Rt
at /( )

on M x[0,T), T < +o0, where either M is compact or at each time ¢ the metric
gij(t) is complete and has bounded curvature. We say that g;(¢) is a maximal
solution of the Ricci flow if either T = 400 or T < 400 and the norm of its
curvature tensor [Rm| is unbounded as ¢+ — T'. In the latter case, we say g;(¢) is
a singular solution to the Ricci flow with singular time 7. We emphasize that by
singular solution g;(¢) we mean the curvature of g;;(¢) is not uniformly bounded on
M" x[0,T), while M" is a smooth manifold and g;;(¢) is a smooth complete metric
foreacht < T.
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As in the minimal surface theory and harmonic map theory, one usually tries to
understand the structure of a singularity by rescaling the solution (or blow up) to
obtain a sequence of solutions and study its limit. For the Ricci flow, the theory
was first developed by Hamilton in [Ham95a] and further improved by Perelman
[Per02, Per03q].

Now we apply Hamilton’s theory to investigate singularity formations of
KRF (5.28) on compact Fano manifolds. Consider a (maximal) solution g; ]r(s)
to KRF (5.28) on X" x [0, 1) and the corresponding solution g; 7(¢) to NKRF (5.33)
on X" x [0, 00), and let us denote by

Iemax(s) = m)?x |RAm(-,s)|§(S) and Knax(t) = m)?x [Rm(:, £)|¢()-

According to Hamilton [Ham95a], one can classify maximal solutions to
KREF (5.28) on any compact Fano manifold X" into Type I and Type II:

TypeI: limsup,_, (1 — s)IeAmax(s) < 4o00;
Type II:  limsup,_, (1 —§)Kmax(s) = +00.

On the other hand, by Corollary 5.2.5, Iemax (s) and Ky« (?) are related by

(1- S)Iemax(s) = Knax(1(s)).
Thus, we immediately get

Lemma 5.7.1. Let §i]r(s) be a solution to KRF (5.28) on X" x [0,1) and g, ;(t) be
the corresponding solution to NKRF (5.33) on X" x [0, 00). Then,

(a) §if(s) is a Type I solution if and only if g;;(t) is a nonsingular solution, i.e.,
Kinax (1) < C for some constant C > 0 forall t € [0, 00);
(b) §if(s) is a Type Il solution if and only if g; ;(t) is a singular solution.

For each type of (maximal) solutions g; 7(s) to KRF (5.28) or the corresponding
solutions g; jv(t) for NKRF (5.33), following Hamilton [Ham95a] (see also Chap. 4
of [CZ06]) we define a corresponding type of limiting singularity models.

Definition 5.7.2. A solution gl??(t) to KRF on a complex manifold X/  with

complex structure Joo, where either X/ is compact or at each time ¢ the Kéhler
metric g;’? (¢) is complete and has bounded curvature, is called a Type I or Type 11

singularity model if it is not flat and of one of the following two types:

Type I: gl_°;3(t) exists for ¢ € (—oo, ) for some 2 with 0 < < 400 and
Rm™|(x, 1) < /(2 —1)

everywhere on X}, x (—oo, ) with equality somewhere at ¢ = 0;
Type II: g"?j? (1) exists for ¢t € (—o0, +00) and

Rm®|(x,7) <1

everywhere on X/ x (—oo, ) with equality somewhere at t = 0.
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With the help of the strong x-noncollapsing theorem, we can apply Hamilton’s
Type I and Type II blow up arguments to get the following result, a Kéhler analog
of Theorem 16.2 in [Ham95a]:

Theorem 5.7.3. For any (maximal) solution g;;(s), 0 < s < 1, to KRF (5.28) on
compact Fano manifold X" (or the corresponding solution g,;;(t) to NKRF (5.33)
on X" x [0,00)), which is of either Type I or Type I, there exists a sequence of
dilations of the solution which converges in CS. topology to a singularity model
(X%, Joo, 8%°(2)) of the corresponding Type. Moreover; the Type I singularity model
(XL,. Joo, 8%°(2)) is compact with X}, = X" as a smooth manifold, while the Type
11 singularity model (X%, Joo, §%°(t)) is complete noncompact.

Proof. Type I case: Let

Q =: limsup(l — s)Iemax(s) < 4o00.

t—>1

First we note that > 0. Indeed by the evolution equation of curvature,

%  max (5) < Const - Ieﬁlax(s).
This implies that

Kax(s) - (1 —s) > Const > 0,
because

lim sup I%max(s) = +00.

t—1

Thus €2 must be positive.
Next we choose a sequence of points x; and times s; such that s, — 1 and

lim (1 — s¢)|Rm|(xg, 5%) = Q.
k—00
Denote by

Ok = [Rm|(xx, s).

Now translate the time so that s; becomes 0 in the new time, and dilate in space-time
by the factor Q (time like distance squared) to get the rescaled solution

~(k) 2 A —1r
857 (0 = 0xijse + 07"
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to the KRF

R 5 (k
e —2Rff)

af

where Iél(];-) is the Ricci tensor of g;]}) , on the time interval [—Qsx, QO (1—s%)), with

Oksr = sk|l€1;|(xk,sk) —o0 and Qr(1—s¢) = (1 —sk)|l€1;|(xk,sk) — Q.
For any € > 0 we can find a time 7 < 1 such that for s € [z, 1),
IRm| < (2 +€)/(1—5)

by the assumption. Then for 7 € [Qx(z — sx), Qx (1 — sx)), the curvature of §i(l}) (@)
is bounded by

[Rm®| = 0;”' Rm(3)|
- Q+e _ Q+e
T 0k =s) Okl —sk) + Orlsk —5)
- (Q+e)/(Q—1), as k — +oo.

With the above curvature bound and the injectivity radius estimates coming from
k-noncollapsing, one can apply Hamilton’s compactness theorem (cf. [Ham95a] or

Theorem 4.1.5 in [CZ06]) to get a subsequence of g;]}) (f) which converges in the
C> topology to a limit metric gi(;io) () in the Cheeger sense on (X", Joo) for some

complex structure Jo, such that gi(;io) (¢) is a solution to the KRF with ¢t € (—o0, R2)
and its curvature satisfies the bound

IRm ™| < Q/(Q —1)
everywhere on X/, x (—oo, 2) with the equality somewhere at t = 0.
Type II: Take a sequence Sy — 1 and pick space-time points (x, s ) such that,

as k — +oo,

Qk(Sk —sx) = max_(Sk — s)|Rm](x,s) — +oo,
XEX,s<Sk

where again we denote by O = |§.r\n|(xk, sx). Now translate the time and dilate
the solution as before to get

~(k) 2 ~ —
gi(;)(f) = Oki(sk + O D).
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which is a solution to the KRF and satisfies the curvature bound

- (Sk — k)
= (Sk—s)

= % for 7 € [—Qsk. Ok (Sk — 5¢)).

IRm®| = 0; ' [Rm(%)|

Then as before, by applying Hamilton’s compactness theorem, there exists a

subsequence of gf’;.’ (f) which converges in the C>@ topology to a limit metric

gi(;:o) (¢) in the Cheeger sense on a limiting complex manifold (X7, Joo) such that

gi(;:o) (¢) is a complete solution to the KRF with ¢t € (—o0, +00), and its curvature
satisfies

IRm®| < 1

everywhere on X/ x (—o0, +00) and the equality holds somewhereats = 0. O

Remark 5.7.1. The injectivity radius bound needed in Hamilton’s compactness
theorem is satisfied due to the “Little Loop Lemma” (cf. Theorem 4.2.4 in [CZ06]),
which is a consequence of Perelman’s k-noncollapsing theorem.

Thanks to Perelman’s monotonicity of u-entropy and the uniform scalar
curvature bound in Theorem 5.6.1, we can say more about the singularity models in
Theorem 5.7.3.

First of all, the following result on Type I singularity models of KRF (5.28) is
well-known.

Theorem 5.7.4. Let g;:(s) be a Type I solution to KRF (5.28) on X" x [0, 1) and
g;7(t) be the corresponding nonsingular solution to NKRF (5.33) on X" x [0, 00).

Then there exists a sequence {ty} — oo such that g;]}) (¢) =:8;7(t +1x) converges in

the Cheeger sense to a gradient shrinking Kdhler—Ricci soliton g*°(t) on (X", Jo),
where J is a certain complex structure on X", possibly different from J.

Proof. This is a consequence of Theorem 5.7.3, and the fact that every compact
Type I singularity model is necessarily a shrinking gradient Ricci soliton (see [Se05,
SeT08] or p. 662 of [PSSWO08b]; also Corollary 1.2 in [CCZ03]). O

Next, for Type II solutions to the KRF we have the following two results, which
were known to Hamilton and the author (Cao and Hamilton, 2004, unpublished
work on the formation of singularities in KRF) back in 2004,% and were also
observed independently by Ruan—Zhang—Zhang [RZZ09].

4Theorems 5.7.5 and 5.7.6 were observed by Hamilton and the author during the IPAM conference
“Workshop on Geometric Flows: Theory and Computation” in February, 2004.
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Theorem 5.7.5. Let g;;(t) be a singular solution to NKRF (5.33) on X" x [0, 00).
Then there exists a sequence {t;} — oo and rescaled solution metrics g®(t) to
KRF such that (X", J, g% (t)) converges in the Cheeger sense to some noncompact
limit (X7, Joo, 8oo(t)), —00 < t < 00, with the following properties:

(i) goo(t) is Calabi-Yau (i.e, Ricci flat Kiihler);
(ii) |IRm|g1)(x,t) < 1 everywhere and with equality somewhere at t = 0;
(iii) (X7, 8oo(t)) has maximal volume growth: for any xy € X[ there exists a
positive constant ¢ > 0 such that

Vol(B(xo, 7)) > cr®,  forallr > 0.

Proof. This is an immediate consequence of Theorems 5.7.3 and 5.6.1 (i). Indeed,
Theorem 5.7.3 implies the existence of a noncompact Type II singularity model
(X2, Joo, 8o (t)) satisfying property (ii). Property (iii) follows from the fact that the
k-noncollapsing property for KRF or NKRF in Theorem 5.4.7 is dilation invariant,
hence (5.79) and (5.80) holds for each rescaled solution on larger and larger scales
for the same ¥ > 0, hence the maximal volume growth in the limit of dilations.
Finally, for property (i), note that the scalar curvature R of g;-(7) is uniformly
bounded on X x [0, 00) by Theorem 5.6.1 and the rescaling factors go to infinite,
so we have R® = 0 everywhere in the limit of dilations. On the other hand, since
g;’]? () is a solution to KRF, R*° satisfies the evolution equation

d
—R® = AR® 4 |Ric™®|%.
ot
Thus, we have |Ric®™|? = 0 everywhere hence g is Ricci-flat. O

Theorem 5.7.6. Let X? be a Del Pezzo surface (i.e., a Fano surface) and let gi;(t)

be a singular solution to NKRF (5.33) on X? x [0, 00). Then the Type I limit space
(X2, Joos go0) in Theorem 5.7.5 is a non-compact Calabi—Yau space satisfies the
following properties:

(a) |Rm|g,, <1 everywhere on X2, and with equality somewhere;
(b) (X2, goo) has maximal volume growth: for any xo € X2, there exists a positive
constant ¢ > 0 such that

Vol(B(xo.r)) = cr?, forallr > 0;

(¢) [y2, IRM(go0) 2dViss < o0,

Proof. Clearly, we only need to verify property (c). But this follows from the facts
the integral

/ |Rm|?(x, t)dV,
XZ
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is dilation invariant in complex dimension n = 2 (real dimension 4); that it differs
from [ X R2dV, up to a constant depending only on the Kihler class of g(0) and the
Chern classes ¢1(X) and ¢, (X)) (cf. Proposition 1.1 in [Cal82]); and that, before the
dilations, f ¥ R24V, is uniformly bounded for all ¢ € [0, co) by Theorem 5.6.1 (i).
O

Remark 5.7.2. The work of Bando—Kasue—Nakajima [BKN89] implies that
Calabi—Yau surfaces satisfying conditions (b) and (c) are asymptotically locally
Euclidean (ALE) of order 4.

Remark 5.7.3. Kronheimer [Kron89] has classified ALE Hyper—Kihler surfaces
(i.e., simply connected ALE Calabi—Yau surfaces).
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Chapter 6
Convergence of the Kahler—Ricci Flow
on a Kahler-Einstein Fano Manifold

Vincent Guedj

Abstract The goal of these notes is to sketch the proof of the following result,
due to Perelman and Tian—Zhu: on a Kihler—Einstein Fano manifold with discrete
automorphism group, the normalized Kéhler—Ricci flow converges smoothly to
the unique Kihler—Einstein metric. We also explain an alternative approach due
to Berman-Boucksom-Eyssidieux—Guedj—Zeriahi, which only yields weak conver-
gence but also applies to Fano varieties with log terminal singularities.

Introduction

Let X be a Fano manifold, i.e. a compact (connected) complex projective algebraic
manifold whose first Chern class ¢;(X) is positive, i.e. can be represented by a
Kihler form. It has been an open question for decades to understand when such a
manifold admits a Kéhler—Einstein metric, i.e. if we can find a Kdhler form wgg €
c1(X) such that

RIC(C()KE) = WKE.

By comparison with the cases when ¢;(X) < 0 (or ¢;(X) = 0) treated in Chap. 3,
there is neither existence nor uniqueness in general of Kihler—Einstein metrics in
the Fano case.

After the spectacular progress in Ricci flow techniques, it has become a natural
question to wonder whether the Ricci flow could help in understanding this problem.
The goal of this series of lectures is to sketch the proof of an important result in this
direction, which is due to Perelman:
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Theorem 6.0.7 (Perelman, seminar talk at MIT, 2003). Let X be a Fano man-
ifold which admits a unique Kiihler—Einstein metric wgg. Fix wyg € c¢1(X) an
arbitrary Kdihler form. Then the normalized Kdhler—Ricci flow

ad .
— W = _RIC((I)[) + w;

at
converges, ast — +00, in the C *°-sense to wyg.

In other words, the normalized Kéhler—Ricci flow detects the (unique)
Kihler-Finstein metric if it exists.

This result has been generalized by Tian and Zhu [TZO07] to the case of
Kihler—Ricci soliton. Other generalizations by Phong and his collaborators can
be found in [PS10]. We follow here a slightly different path, using pluripotential
techniques to establish a uniform C°-a priori estimate along the flow.

All proofs rely on deep estimates due to Perelman. These are explained in
Chap. 5, to which we refer the reader.

Nota Bene. These notes are written after the lectures the author delivered at the
third ANR-MACK meeting (24-27 October 2011, Marrakech, Morocco). There is
no claim of originality. As the audience consisted of non specialists, we have tried
to make these lecture notes accessible with only few prerequisites.

6.1 Background
6.1.1 The Kihler-Einstein Equation on Fano Manifolds

Let X be an n-dimensional Fano manifold and fix w € ¢;(X) an arbitrary Kéahler
form. If we write locally

i
o= E a)a,g;dza N dzg,
then the Ricci form of w is
Ric(w) := — E

Observe that Ric(w) is a closed (1, 1)-form on X such that for any other Kéhler
form @’ on X, the following holds globally:

92 log (det j
Flog(detep) 1\ 4,
02,078 b4

Ric(w') = Ric(w) — dd° [logw™ /"] .

Hered = 9 + d and d° = (3 — 9)/2i 7 are both real operators.
In particular Ric(w’) and Ric(w) represents the same cohomology class, which
turns out to be ¢1(X).
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The Associated Complex Monge-~Ampere Equation

Since we have picked @ € ¢ (X), it follows from the dd°-lemma that
Ric(w) = w — ddh

for some smooth function 7 € C°°(X,R) which is uniquely determined, up to an
additive constant. We normalize & by asking for

/ ehot =V = / o" = c1(X)".
X X

We look for wxg = w + dd* kg a Kihler form such that Ric(wgg) = wkg. Since
Ric(wkg) = Ric(w) — dd° log(wgg/@"), an easy computation shows that

dd* {log(wgg/w") + ¢xe + h} = 0.

Since pluriharmonic functions are constant on X (by the maximum principle), we
infer

w + dd° pgg)" = e KEeTITC (MA)
( ¥KE)

for some normalizing constant C € R. Solving Ric(wgg) = wkg is thus equivalent
to solving the above complex Monge—Ampere equation (MA).

Known Results

When 1 = 1, X is the Riemann sphere CP' and (a suitable multiple of) the Fubini—
Study Kihler form is a Kédhler—Einstein metric.

When n = 2 it is not always possible to solve (MA). In this case X is a DelPezzo
surface, biholomorphic either to CP! x CPP! or CP? which both admit the (product)
Fubini-Study metric as a Kihler—Einstein metric, or else to X, the blow up of CP?
at r points in general position, 1 < r < 8. Various authors (notably Yau, Siu,
Tian, Nadel) have studied the K&hler—Einstein problem on DelPezzo surfaces in the
eighties. The final and difficult step was done by Tian who proved the following:

Theorem 6.1.1 ([Tian90]). The DelPezzo surface X, admits a Kihler—Einstein
metric if and only if r # 1,2.

The interested reader will find an up-to-date proof of this result in [Tos12].

The situation becomes much more difficult and largely open in higher dimension.
There is a finite but long list (105 families) of deformation classes of Fano three-
folds. It is unknown, for most of them, whether they admit or not a Kéhler—Einstein
metric. Among them, the Mukai—-Umemura manifold is particularly interesting: this
manifold admits a Kidhler—Einstein metric as was shown by Donaldson [Don0§],
and there are arbitrary small deformations of it which do (resp. do not) admit a
Kihler—Finstein metric as shown by Donaldson (resp. Tian).
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There are even more families in dimension n > 4. Those which are toric admit
a Kihler—Einstein metric if and only if the Futaki invariant vanishes (see [WZ04]),
the non-toric case is essentially open and has motivated an important conjecture of
Yau-Tian-Donaldson (see [PS10]).

Uniqueness Issue

Bando and Mabuchi have shown in [BM87] that any two Kihler—Einstein metrics on
a Fano manifold can be connected by the holomorphic flow of a holomorphic vector
field. This result has been generalized recently by Berndtsson [Bernl1]. We shall
make in the sequel the simplifying assumption that X does not admit non-zero
holomorphic vector field, so that it admits a unique Kihler—Einstein metric, if any.

6.1.2 The Analytic Criterion of Tian

Given ¢ : X — R U {—oo} an upper semi-continuous function, we say that ¢ is
w-plurisubharmonic (w-psh for short) and write ¢ € PSH(X, w) if ¢ is locally given
as the sum of a smooth and a plurisubharmonic function, and w + dd“¢ > 0 in the
weak sense of currents. Set

1 & A .
E(p) = —— V_I/ (@ + dd°¢) A",
n—+ 1 =0 X

We let the reader check, by using Stokes formula, that
d —1 c n
EE(go +1v)=0 = | vMA(p), where MA(¢p) := V™ (0 + dd¢)".
X

The functional E is thus a primitive of the complex Monge—Ampere operator, in
particular ¢ — E(¢) is non-decreasing since £/ = MA > 0.

Definition 6.1.2. The Ding functional' is defined as

Ding(¢) := —E(¢) — log [/ e_“’_ha)”i| .
X

The reader will check that ¢ is a critical point of the Ding functional if and only if

—w—hwn

MA@ = e

I'This functional seems to have been first explicitly considered by W.Y. Ding in [Ding88, p. 4651,
hence the chosen terminology.
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so that w + dd°¢ is Kédhler—Einstein. Observe that Ding(¢ + ¢) = Ding(¢), for all
¢ € R, thus Ding is actually a functional acting on the metrics w, 1= @ + dd¢.
It is natural to try and extremize the Ding functional. This motivates the following:

Definition 6.1.3. We say that the Ding functional is proper if Ding(¢;) — +oo
whenever ¢; € PSH(X, w) NC*(X) is such that E(¢;) — —ooand [, ¢;0" = 0.

The importance of this notion was made clear in a series of works by Ding and
Tian in the 1990s, culminating with the following deep result of [Tian97]:

Theorem 6.1.4 ([Tian97]). Let X be a Fano manifold with no holomorphic vector
field. There exists a Kdhler—Einstein metric if and only if the Ding functional is
proper.

6.1.3 The Kdihler-Ricci Flow Approach

The Ricci flow is the parabolic evolution equation

ad
Ewt = —Ric(w;) with initial data wy. (KRF)

When w is a Kihler form, so is w;, ¢ > 0 hence it is called the Kdhler—Ricci flow.

Long Time Existence

The short time existence is guaranteed by standard parabolic theory (see Chap.2
of the present volume). In the Kéhler context, this translates into a parabolic scalar
equation as we explain below.

It is more convenient to analyze the long time existence by considering the
normalized Kihler—Ricci flow, namely

3
5, @ = —Ric(w) + o. (NKRF)

One passes from (KRF) to (NKRF) by changing w(¢) in e’w(1 — e™"). At the level
of cohomology classes,

d{w}

o = a@) +iege H"'(X,R)

therefore {w,} = c¢;(X) is constant if we start from wy € ¢;(X). This justifies the
name (normalized KRF) since in this case

voly, (X) = voly (X) = c1(X)"

is constant. Note that the volume blows up exponentially fast if {wo} > ¢ (X).
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Theorem 6.1.5 ([Cao85]). Let X be a Fano manifold and pick a Kéhler form wy €
c1(X). Then the normalized Kiihler—Ricci flow exists for all times t > 0.

We will outline a proof of this result, although it is already essentially contained
in Chap. 3.

The main issue is then whether (w,) converges as t — -+oo. Hopefully, we
should have %wt — 0 and w;, — wgg such that Ric(wgg) = wke. We can now
formulate Perelman’s result as follows:

Theorem 6.1.6 (Perelman 03). Letr X be a Fano manifold and pick an arbitrary
Kdéihler form wy € c\(X). If the Ding functional is proper, then the normalized
Kdéihler—Ricci flow (w;) converges, ast — 400, towards the unique Kdhler—Einstein
metric WgE.

Remark 6.1.7. 1t turns out that the properness assumption ensures that there can
be no holomorphic vector field, hence the Kihler—Einstein metric (which exists by
Tian’s result) is unique (by Bando—Mabuchi’s result).

The situation is much more delicate in the presence of holomorphic vector fields.
For n = 1, the problem is already non-trivial and was settled by Hamilton in
[Ham88] and Chow in [Chow91]. For n > 2 we refer the reader to [CSz12] for
up-to-date references.

Reduction to a Scalar Parabolic Equation

Letw = wy € c¢1(X) denote the initial data. Since w; is cohomologous to w, we can
find ¢, € PSH(X, w) a smooth function such that w; = w + dd‘¢;. The function ¢,
is defined up to a time dependent additive constant. Then

dio}
dt

= ddc(/‘)t = —RIC(U)[) +w + ddc(p[,
where ¢; 1= %(p,. Let i € C*°(X,R) be the unique function such that

Ric(w) = w — dd“h, normalized so that / ehot = V.
X

We also consider 4, € C°° (X, R) the unique function such that
Ric(w;) = w; — ddh;, normalized so that / e w =V.
b

It follows that Ric(w;) = @ — dd“h — dd° log (o' /w"), hence

X ! .
dad’ [10g (a)_l;’) + h + Ot — (,0[:| = 0,
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therefore
(w + dd@,)" = e¢t—¢r—h+ﬂ(l‘)a)n’

for some normalizing constant B(¢).

Observe also that dd“¢; = —Ric(w;) + o, = dd“h; hence ¢, (x) = h;(x) + «(?)
for some time dependent constant ¢(¢). Our plan is to show the convergence of the
metrics w; = w+dd‘ ¢, by studying the properties of the potentials ¢;, so we should
be very careful in the way we normalize the latter.

6.1.4 Plan of the Proof

Step 1: Choice of Normalization

We will first explain two possible choices of normalizing constants. Chen and Tian
have proposed in [CheT02] a normalization which has been most commonly used
up to now. We will emphasize an alternative normalization, which is most likely the
one used by Perelman.?

Step 2: Uniform C°-Estimate

Once ¢, has been suitably normalized, we will use the properness assumption to
show that there exists Cy > 0 such that

lg:(x)| < Co, forall (x,¢) € X x RT.

This C°-uniform estimate along the flow is the one that fails when there is no
Kihler-Finstein metric. It is considered by experts as the core of the proof. We will
indicate an alternative argument using pluripotential techniques to deduce it from
Perelman’s estimate.

Step 3: Uniform Estimate for ¢,
We will explain how to bound |¢; | uniformly in finite time, i.e. on X x [0, T']. To get

a uniform bound for |¢, | on X xR ™, one needs to invoke Perelman’s deep estimates:
the latter will not be explained here, but are sketched in Chap. 5.

2In his seminar talk, Perelman apparently focused on his key estimates and did not say much about
the remaining details.
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Step 4: Uniform C2-Estimate

We will then show that |A,¢;| < C, independent of (x,z) € X x R*, by a
clever use of the maximum principle for the Heat operator % — A,,. This is a
parabolic analogue of Yau’s celebrated Laplacian estimate. The constant C, depends
on uniform bounds for ¢, and ¢,, hence on Steps 2, 3.

Step 5: Higher Order Estimate

At this stage one can either establish a parabolic analogue of Calabi’s C?3-
estimates (global reasoning, see [PSS07]), or a complex version of the parabolic
Evans—Krylov theory (local arguments) to show that there existsa > 0 and C, , > 0
such that

o llc2exxre) < Coas

where the Sobolev norm has to be taken with respect to the parabolic distance

d ((x, ), (t.5)) := max{D(x, y). V|t = s[}.

We won’t say a word about these estimates in these notes. The reader will find a neat
treatment of the C3-estimates in Chap. 3, and an idea of the Evans—Krylov approach
in the real setting in Chap. 2 (see [Gilll1,ShW11] for the complex case).

With these estimates in hands, one can try and estimate the derivatives of the
curvature as in Chap. 3, or simply invoke the parabolic Schauder theory to conclude
(using a bootstrapping argument) that there exists Cy > 0 such that

loellex (xxrey < Cr

Step 6: Convergence of the Flow

At this point, we know that (¢;) is relatively compact in C*° and it remains to show
that it converges.

For the first normalization, an easy argument shows that ¢, — 0. A differential
Harnack inequality (a la Li—Yau) allows then to show that the flow converges
exponentially fast towards a Kihler—Einstein potential, which is thus the unique
cluster point by Bando—Mabuchi’s result.

For Perelman’s normalization, one can conclude by using the variational char-
acterization of the Kéhler—Einstein metric: it is the unique minimizer of the Ding
functional.
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6.2 Normalization of Potentials

Recall that w; is a solution of the normalized Kéhler—Ricci flow (NKRF),

F)
o0 = —Ric(o) + o (NKRF)

with initial data w = wp € c1(X). We let ¢; € PSH(X,w) N C*°(X) denote

a potential for w;, w;, = w + dd°g, which is uniquely determined up to a time
dependent additive constant. It satisfies the complex parabolic Monge—Ampere flow

. d o
Gri= o= 10g( )+<pt+h B()

for some normalizing constant B(¢) € R.

6.2.1 First Normalization

Observe that dd“py = wy — @ = 0, hence ¢y(x) = ¢ is a constant. The choice of
co will turn out to be crucial.

It is somehow natural to adjust the normalization of ¢; so that 8(t) = 0. This
amounts to replace ¢, by ¢, + B(t), where B solves the ODE B’ — B = —f. Now

. 0 a)”
(Pt-_g(ﬂt_lg + @ +h

with ¢o(x) = ¢} = ¢o + B(0). Since we can choose B(0) arbitrarily without
affecting this complex Monge—Ampere flow (in other words the transformation
@ — ¢+ B(0)e’ leaves the flow invariant), we can still choose the value of ¢, € R.
This choice is now clearly crucial, since two different choices lead to a difference in
potentials which blows up exponentially in time.

The Mabuchi Functional
Recall that the scalar curvature of a Kihler form w is the trace of the Ricci curvature,

Ri n—1
Scal(w) :=n M

a)n

Its mean value is denoted by
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ci(X) - {oy"!

Scal(w) := V_l/ Scal(w)w" =n oy
X

The Mabuchi energy is defined by its derivative: if w;, = w + dd“; is any path of
Kihler forms within the cohomology class {w}, then

%Mab(w,) =y /X U [Scal(w,) — Scal(a),)] oy

As we work here with w € ¢;(X), we obtain Scal(w;) = n. Since
RiC((!)t) = W; — ddcht,

we observe that

ddhy A o™

oy

Scal(w;) — Scal(w;) = Ay, hy :=n
Recall now that dd“¢; = dd‘h,. Therefore along the normalized Kéhler—Ricci flow,

d _ , . _ . . —
EMab(qu) =V ! / (77 Aw, ((pt)w;'l =—nV ! / d(pt N dc(pt AN w;’l 1 < 0.
X X

We have thus proved the following important property:

Lemma 6.2.1. The Mabuchi energy is non-increasing along the normalized
Kdhler—Ricci flow. More precisely,

d
EMala(<p,) =—nV! / dgy Ado Ao <0.
X

We explain hereafter (see Proposition 6.2.5) that the Mabuchi functional is
bounded below if and only if the Ding functional introduced above is so. The
previous computation therefore yields

+o0 )
/(; ||Vl‘¢l‘||L2(X)dt < +00.

One chooses ¢ so as to guarantee that

t—>—+00

a(t) .= V_l/ ¢ —> 0.
X

This convergence will be necessary to show the convergence of the flow (see the
discussion before Lemma 1 in [PSS07]).
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Lemma 6.2.2. The function a(t) converges to zero ast — 00 iff we choose

+o00
Po(x) = co 1= /0 19,641 e~ de — V! /X hoo".

Proof. Observe that

d
a'(t) = V‘l/ B! +nV_1/ @idd g, A ' = a(t) + —Mab(g;).
X X dt
Indeed

. d ' . .

hence [, ¢ = [, ¢;w]'. We can integrate this ODE and obtain
t
a(t) = [ao +/ k/(s)e_sds:| e,
0

where k(s) := Mab(g;). Since k is non-increasing and bounded below, the function
k’(s)e™ is integrable on R™ and a(t) — 0 as ¢ — oo if and only if

a(0) = _/0+°° k' (s)e ™ ds.

Now a(0) = V! [, gow" = co + V! [} hoow". The result follows. O

Conclusion

The first normalization amounts to considering the parabolic flow of potentials

n

. ad 13
@ 1= 3_% = log (_tn) + @+ ho
t w

with constant initial potential
+o00
Po(x) = o 1= /O 19,64 e~ — V! /X hoo"

This choice of initial potential being possible only when the Mabuchi functional is
bounded below, which is the case under our assumptions.
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6.2.2 Perelman’s Normalization?

There is another choice of normalization which is perhaps more natural from a
variational point of view. Namely we choose

B(r) = log [V—l / e—%—hoa)"}
X

so that
. [MA(%)}
@ =log | ———— |,
Mt
where MA(¢;) = (w + dd°¢,;)"/V and
e“/’r—hown

M == .[X e“/’t—hoa)n

are both probability measures. This is the normalization used in [BBEGZ11].

Observe that changing further ¢, (x) in ¢, (x) 4+ B(t) leaves both MA(¢;) and u,
unchanged, but modifies ¢, (x) into ¢; (x)+ B’(¢). Thus we can only afford replacing
@ by ¢ — co so that gy = 0.

The Ricci Deviation

Recall that we have set Ric(w;) = w; — ddh;, with

V_l/ e =1.
b

We have observed that ¢, (x) and &, (x) only differ by a constant (in space). Now
! / e o) = / eI MA(p) = w(X) = 1,
b X

so that ¢, = h, with this choice of normalization. As we recall below, Perelman
has succeeded in getting uniform estimates on the Ricci deviations %,, these
estimates therefore apply immediately to the function ¢, with our present choice
of normalization.

Monotonicity of the Functionals Along the Flow

We have observed previously that the Mabuchi functional is non-decreasing along
the normalized Kihler—Ricci flow. Since this functional acts on metrics (rather than
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on potentials), this property is independent of the chosen normalization. The same
holds true for the Ding functional:

Lemma 6.2.3. The Ding functional is non-increasing along the normalized
Kdihler—Ricci flow. More precisely,

d__.
—EDlng(wt) = Hwuag)(1e) + Hy, (MA(g;)) > 0.

Here H,(v) denotes the relative entropy of the probability measure v with
respect to the probability measure w. It is defined by

H,(v) = /Xlog (i) dv € [0, +00]

if v is absolutely continuous with respect to u, and H,(v) = -+oo otherwise.
It follows from the concavity of the logarithm that

H0) == [ 1o (%) v = ~tog (ux)) =0

with strict inequality unless v = .

Proof. Recall that Ding(¢) = —E(p) —log [ [y, e #7"0 »"], where E is a primitive
of the complex Monge—Ampere operator. We thus obtain along (NKRF)

d _ . . MA(¢r) _
CE@) = /X ¢ MA(g,) = /X log (—M )MA(@) — H,, (MA(g).

while

d o n .
—log |:/ e M g :| = _/ G = HMA(w;)(Mt)-
dt X X

This proves the lemma. O

Recall that in the first normalization, the initial constant ¢y has been chosen so
that

a(t) = V- /X Gl = /X GMA(@))

converges to zero as ¢ — +o00. We relate this quantity to the above functionals:

Lemma 6.2.4. Along the normalized Kihler—Ricci flow, one has

Ding(g,) + V' / Gl = Mab(g,) + V™' / oo,
X X
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Observe that the right hand side only depends on @y, while the left hand side
depends on the choice of normalization for ¢;. It is understood here that this identity
holds under the Perelman normalization.

Proof. Recall that
¢ = log(w;' /") + ¢ + ho + B(t), with B(¢) = log [V_l / e_"’_h‘)a)”:| .
X

Weleta(r) = [ y $tMA(¢,) denote the left hand side and get as before

d d .
a'(1) = a() + B'(1) + - Mab(g:) = — [-Ding(¢:) + Mab(g,)]
noting that a(t) = %E(got).
The conclusion follows since a(0) = V7! /[ y how" while Ding(go) =
Mab(py) = 0. O

Mabuchi vs Ding

We now show that the Mabuchi and the Ding functionals are bounded below
simultaneously. This seems to have been noticed only recently (see [Li08,CLW09]).

Proposition 6.2.5. Let X be a Fano manifold. The Mabuchi functional is bounded
below along (NKRF) if and only if the Ding functional is so. If such is the case, then

inf Ding(¢,) = infMab + V! / ho "
>0 >0 X

Proof. We have noticed in previous lemma, using Perelman’ normalization, that

Ding(g,) + V™' / Gl = Mab(g,) + V™! / oo,
X X

It follows from Perelman’s estimates that ¢, is uniformly bounded along the flow.
Thus Mab(g;,) is bounded if and only if Ding(g,) is so. We assume such is the
case.

The error term a(t) = V™' [, ¢, is non-negative, with

d
0=a()=—Ep).

Since Ding(¢;) = —E(¢;)—pB(¢) is bounded from above and ¢ — S(¢) is increasing,
E(¢;)is bounded above as well. Thus [ +ooa(t)dt < +o00, hence there exists
t; = 4oosuch thata(z;) — 0. We infer
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inf Ding(¢;) = inf Mab(g,) + V! / how". O
t>0 t>0 X

Conclusion

The Perelman normalization amounts to consider the parabolic flow of potentials

n
¢ :=log (w_,) + @: + ho + log [V‘l / e_‘”'_h"w”} ,
" X

with initial potential ¢y = 0. Our plan is to show that if the Ding functional is proper
and H(X,TX) = 0, then @ := ¢, — V! Jx @i@" converges, in the C *°-sense,
towards the unique function ¢kg such that

e YKE=h (1

MA(¢ke) = T, ewean

and [, gxew" = 0. This will imply that &; smoothly converges towards the unique
Kéihler—Einstein metric wgg = @ + dd® okg.

6.2.3 Perelman’s Estimates

We first explain how a uniform control on |¢;(x)| in finite time easily yields a
uniform control in finite time on |¢; (x)]:

Proposition 6.2.6. Assume ¢; € PSH(X, w) N C*(X) satisfies

+ dd°o,)"
(ww—nwt)i| + @ + ho + B(2),

@ = log |:
with go = 0, B(t) =log [V™! [y e Mw"]. Then ¥ (x,1) € X x [0, T],
T ig{lfho < @(x) <oscx(p)+(n+ DT + sgpho.
Proof. Consider
H(x.1) := @i (x) — ¢ (x) — (n + 1)1 — B(0),

and let (xo, fp) € X x [0, T'] be a point at which H realizes its maximum.
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Set A, := A,,. Observe that §, = ¢, + A,¢, + /() and estimate

(a;gt—A[)H:A[(p[_(n'i‘l)S—l,

where the latter inequality comes from the identity

o Ao

Ay =n—n—— — =<n.
wy

We infer that £y = 0, hence for all (x,7) € X x [0, T],

H(x,t) < H(xp,0) = ho(x0) < sup hy,
X

thus

@r(x) < [supg; + B(®)] + (n + )T + sup ho.
X b

The desired upper-bound follows by observing that () < —infy ¢;.

We use a similar reasoning to obtain the lower-bound, using the minimum
principle for the Heat operator % — Ay, instead of the maximum principle. Indeed
observe that

0
(5 - At) (@) =@+ B'(1) = @1,

hence

il . 2 -
(5 _ At) (e—Zt(pt) > —¢ 21‘@{'

Let (x,0,%) € X x [0,T] be a point where e/, (x) realizes its minimum. If
to > 0, then

d oy . ot
0= (E B At) (e 2t@f)l()f(»f()) > —e 2t0§0f(>(x0)

hence ¢, (x) > 0 for all (x,¢). If tp = 0, then

™ ¢,(x) = go(xo) = infho + B(0) = infh.

The desired lower-bound follows, as infy h¢ < 0 since f ¥ e~ = V. O



6 Convergence of the Kihler—Ricci Flow on a Kéhler—Einstein Fano Manifold 315

We let the reader check that similar bounds can be obtained for the first
normalization. These bounds are sufficient to prove Cao’s result [Cao85] (the
normalized Kéhler—Ricci flow exists in infinite time), however they blow up as
t — 400 hence are too weak to study the convergence of the NKRF.

By using the monotonicity of his W-functional, together with a non-collapsing
argument, Perelman was able to prove the following deep estimate:

Theorem 6.2.7. There exists Cy > 0 such that for all (x,t) € X x RY,

l@r(x)| < C1.

We refer the reader to [SeTOS8] for a detailed proof. An outline is also provided
in the appendix of [TZ07], and more information can be found in Chap. 5.

6.3 C'-Estimate

The main purpose of this section is to explain how to derive a uniform estimate on
|@r(x)|. We first show that this is an elementary task in finite time, and then use
the properness assumption and pluripotential tools to derive a uniform estimate on
X x RT. The latter estimate can not hold on Fano manifolds which do not admit a
Kihler-FEinstein metric.

6.3.1 Controlin Finite Time

Proposition 6.3.1. Assume ¢; € PSH(X, w) N C*(X) satisfies
. o + dd¢,)"
b = tog (I o+ B0

with gg = 0, B(t) = log [V~ [y, e ™ Ma"]. Then ¥ (x,1) € X x [0, T],

4T

e*Tinfho < ¢, (x) < e* oscx (o).

Proof. Let (xo, ty) € X x[0, T] be a point at which the function (x, ¢) — F(x,t) =
e~ 2 ¢, (x) realizes its maximum. If ; = 0, we obtain

e @ (x) < po(x0) = 0, hence g, (x) < 0.
If 7o > 0, then at (xo, o) we have dd“ F = e~>dd" ¢,,(xo) < 0 hence

@1y (X0) =< @1,(x0) + sup hg + B(to),
X
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while

d . B
0< EF = ¢ 200 (01, (x0) — 21, (x0)] < e 2t |:sup ho + B(to) — ¢y, (xo):| .
X

The upper-bound follows by recalling that § is non-decreasing and

B(T) < —infor < e (- inf ho).

assuming the lower-bound holds true.
The latter is proved along the same lines: looking at the point where F' realizes
its minimum, we end up with a lower-bound

¢:(x) = e infho + (0) = e*" inf ho,

since B vanishes at the origin. O

6.3.2 Uniform Bound in Infinite Time

Theorem 6.3.2. Let X be a Fano manifold such that the Ding functional is proper.
Let w; := w+ddy, be the solution of the normalized Kihler—Ricci flow with initial
data w € c|(X), where Y; € PSH(X, w) is normalized so that fX Yy " = 0. There
exists Cy > 0 such that

V(x,t) € X xRT, |y, (x)] < Co.

Proof. Observe that y; = ¢; — |, x ¥ ", where ¢, satisfies

MA(¢/) }

@ = log |:
M

with

e“/’r—how"

MA(g,) =V ' (w + dd¢,)" and pt; = —————.
f % e ¥ h()a)”

We have observed that the Ding functional is translation invariant and non-
increasing along the NKRF. Since it is proper, we infer that E(1/;) is uniformly
bounded below. But the mean value property shows that supy ¥, < f Yo" +
C, = C, (see [GZ05, Proposition 1.7]), and it follows that 1, belong to

EL(X, ) := {u € PSH(X,w) | u < C and E(u) > —C},
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for some fixed C > 0. This is a compact set (for the L'-topology) of functions
which have zero Lelong numbers at all points (see below). It follows therefore from
Skoda’s uniform integrability theorem [Zer(O1] that there exists A > 0 such that

sup / e 2V Zhogyn < 4,
X

>0
Note that [, e™V™0@" > Ve~ s"x ¥t > §, > 0 and recall that ¢, (x) < C; by
Perelman’s fundamental estimate to conclude that

=Y —ho o'

MAWD = e g = "

where the densities 0 < f; are uniformly in L>(X), || f; || 2@y < A’ It follows

therefore from Theorem 6.3.8 that v, is uniformly bounded. O

Remark 6.3.3. The reader will find a rather different approach in [TZ07, PSSO7,
PS10], using the first normalization, Moser iterative process and a uniform Sobolev
inequality along the flow. It takes some efforts to check that the two normalizations
are uniformly comparable along the flow, give it a try!

6.3.3 Pluripotential Tools

We explain here some of the pluripotential tools that have been used in the above
proof.

6.3.3.1 Finite Energy Classes
Recall that X is an n-dimensional Fano manifold, w is a fixed Kéhler form in ¢; (X)),

and V = ¢;(X)" = [, o". The energy E(¥) of a smooth w-plurisubharmonic
function,

—; 3 -1 4 j n—j
E(w)._n+1j=ov /Xw(w+dd1/f)mw J

is non-decreasing in ¥. It can thus be extended to any ¢ € PSH(X, w) by setting

E(p) := ¢g{a E(),

where the infimum runs over all smooth w-psh functions ¥ that lie above ¢.
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Definition 6.3.4. We set
EY(X,w) := {p € PSH(X,w) | E(p) > —oo}.
and
E(X,w):={p &' (X,w) | E(p) = —C andp < C}.

The following properties are established in [GZ07, BEGZ10]:

e The complex Monge-Ampere operator MA(:) is well defined on the class
E'(X,w), since the Monge—Ampére measure of a function ¢ € E£'(X,w) is
very well approximated (in the Borel sense) by the Monge—Ampere measures
MA(g;) of its canonical approximants ¢; := max{@, —j };

¢ The maximum and comparison principles hold, namely if ¢, ¥ € £ (X, w),

Lip>yyMA(max{g, ¥}) = 1i,5y;MA(p)

and

/ MA(Y) < / MA(¢).
{o<y} {o<y}

* The functions with finite energy have zero Lelong number at all points, as follows
by observing that the class £!(X, w) is stable under the max-operation, while
x log dist(-, x) is w-plurisubharmonic for each fixed point x € X and a suitable
cut-off function y, while it does not belong to £' (X, w);

e The sets £} (X, w) are compact subsets of L'(X): this easily follows from the
upper semi-continuity property of the energy, together with the fact that the set

{p € PSH(X,0) | —C" <supp < C}
X
is compactin L'(X).

Recall now the following uniform version of Skoda’s integrability theorem [ZerO1]:

Theorem 6.3.5. Let B C PSH(X, w) be a compact family of w-psh functions, set
v(B) := sup{v(p,x) | x € X and ¢ € B}.

For every A < 2/v(B), there exists C4 > 0 such that

Vo € B, /e‘A‘/’a)”fCA.
X
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It follows from this result that functions from Eé (X, w) satisfy such a uniform
integrability property with A > 0 as large as we like.

6.3.3.2 Capacities and Volume
For a Borel set K C X, we consider

M,(K) :=sup Vg, €[0,40q], (6.1)
X
where
Vk.o :=sup{p € PSH(X,w) | ¢ <0on K}.
One checks that M, (K) = +o0 if and only if K is pluripolar. We also set

Cap(K) := sup{/KMA(uHOfufl .

This is the Monge—Ampere capacity. It vanishes on pluripolar sets.

Lemma 6.3.6. For every non-pluripolar compact subset K of X, we have
1 < Cap(K)™V/" < max{1, M, (K)}.

Proof. The left-hand inequality is trivial. In order to prove the right-hand inequality
we consider two cases. If M, (K) < 1, then V;{"’ » 18 a candidate in the definition of
Cap(K). One checks that MA(Vy ) is supported on K, thus

Cap(K) > /KMA(VI’;,(U) = /XMA(VI’;@) =1

and the desired inequality holds in that case.
On the other hand if M := M,(K) > 1 we have 0 < M_IVI;(D < 1 and it
follows by definition of the capacity again that

Cap(K) > / MAM~'VE ).
K
Since MA(M V¢ ) = M"MA(V§ ) we deduce that

/MA(M“V,;(U) > M—"/ MA(VE,) =M™"
K X

and the result follows. O



320 V. Guedi

Proposition 6.3.7. Let u = fdV be a positive measure with L? density with respect
to Lebesgue measure, with p > 1. Then there exists C > 0 such that

/1(B) < C - Cap(B)?

for all Borelian B C X, where C := (p — 1)_2”A||f||L1+s(dV), and A = A(w, dV).

Proof. Tt is enough to consider the case where B = K is compact. We can also
assume that K is non-pluripolar since u(K) = 0 otherwise and the inequality is
then trivial. Set

v(X) :=supv(T, x) (6.2)
T,x

the supremum ranging over all positive currents 7 € c¢;(X) and all x € X,
and v(T, x) denoting the Lelong number of 7" at x. Since all Lelong numbers
of v(X)™'T are < 2 for each positive current 7 € c¢;(X), Skoda’s uniform
integrability theorem yields C,, > 0 only depending on dV and @ such that

/ exp(—v(X) " 'y)dV < C,
X

for all w-psh functions ¥ normalized by supy ¥ = 0. Applying this to = V¢  —
M,,(K) [which has the right normalization by (6.1)] we get

/ exp(—v(X)~'V¢ ,)dV < C, exp(—v(X) ™ M, (K)).
X
On the other hand V¢, < 0 on K a.e. with respect to Lebesgue measure, hence

vol(K) < C, exp(—v(X)"'M,(K)). (6.3)
Now Holder’s inequality yields

1(K) < ||f llLrqav) vol(K)'4, (6.4)

where ¢ denotes the conjugate exponent. We may also assume that M, (K) > 1.
Otherwise Lemma 6.3.6 implies Cap(K) = 1, and the result is thus clear in that
case. By Lemma 6.3.6, (6.3) and (6.4) together we thus get

1
qv(X)

S(K) < C90 f luriary exp (— Cap(K)—”")

and the result follows since exp(—t~'/") = O(¢?) whent — 0. O
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6.3.3.3 Kolodziej’s Uniform A Priori Estimate

We are now ready to prove the following celebrated result of Kolodziej [Kol98]:

Theorem 6.3.8. Ler & = MA(p) = [fdV be a probability Monge—Ampére
measure with density f € L?, p > 1. Then

oscy p < C

where C only depends on w,dV, || f||L».

Proof. We can assume ¢ is normalized so that supy ¢ = 0. Consider

g(t) := (Capip < —1t)"/".

Our goal is to show that g(M) = 0 for some M under control. Indeed we will then
have ¢ > —M on X \ P for some Borel subset P such that Cap(P) = 0. It then
follows from Proposition 6.3.7 (applied to the Lebesgue measure itself) that P has
Lebesgue measure zero hence ¢ > —M will hold everywhere.

Since MA(¢) = u it follows from Proposition 6.3.7 and Lemma 6.3.9 that

1/n

3 g(r)* forallz >0and0 < § < 1.

C
gt +6) =<

We can thus apply Lemma 6.3.10 below which yields g(M) = 0 for M := 1y +
5C'/" Here f, > 0 has to be chosen so that

1
g(t) < sCUn

Now Lemma 6.3.9 (with § = 1) implies that

) 1 1
gO)' =l <—t+1} < :/X lplfdV < ZT”f”LP(dV)”(p”L‘I(dV)

by Holder’s inequality. Since ¢ belongs to the compact set of w-psh functions
normalized by supy ¢ = 0, its LY(dV)-norm is bounded by a constant C, only
depending on w, dV and p. It is thus enough to take

to>145"7'CC| fllLrav)- O

Lemma 6.3.9. Fix ¢ € £'(X, ). Then forallt > 0and 0 < § < 1 we have

Cap{lp < —t =6} <67 MA(p).
{o<—t}
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Proof. Let ¢ be a w-psh function such that 0 < ¢ < 1. We then have

(o <—t—8Clp<8y—1—8 Clp<—th

Since §"MA(¥) < MA(S¥) and ¢ € E£'(X,w) it follows from the comparison
principle that

5" / MA®) < / MAGY)
{p<—1—8} {p<Sy—t—8}

< / MA(9) < / MA(g)
{o<8y—1—6} {p<—1}

and the proof is complete. O

Lemma 6.3.10. Let g : RT — [0, 1] be a decreasing function such that g(+00) =0
and

1/n
8

gt +9) < g(t)? forallt >0and0 < § < 1.

Then g(t) = 0 forallt >ty + 5C'/", where
fto =inf{s > 0] g(s) < e 'C~V/"}.
Proof. Set f(t) = —logg(t) so that f : RT — R is increasing with
ft+8)=2f(t)—log(s/C'").
By induction we define an increasing sequence ¢; such that
tiy1=1; +8;, with§; = eC""exp(—f(t;)) = eC'"g(t;).
Observe that 0 < J is smaller than 1 if we choose #; as indicated. Since (¢;) is

increasing and g is decreasing, this ensures that §; is smaller than 1 for all j € N.
We can thus use the growth estimate and obtain

S@i+1) = f@t; +8;) = f(@;) + 1.

Since f > 0, we infer f(¢;) > j forall j. Now

oo 1= to+ ) (tj+1 = 1)) St + C"e Yy exp(=j) <t +5C!".
j=0 Jj=0

The proof is thus complete since f(t) > f(tso) = +o00 forall t > t. O



6 Convergence of the Kihler—Ricci Flow on a Kéhler—Einstein Fano Manifold 323

6.4 Higher Order Estimates

6.4.1 Preliminaries

We shall need two auxiliary results.

Lemma 6.4.1. Let o, B be positive (1, 1)-forms. Then

" (Z—) <trp@) <n (;—) (o).

The proof is elementary (see Lemma 4.1.1) Applying these inequalities to o =
w; := w + dd°¢,; and B = w, we obtain:

Corollary 6.4.2. There exists C > 0 which only depends on ||¢;|| o such that
1 n—1
ol <try(w) < Cltrgy, (w)]" .

The second result we need is the following estimate which goes back to the work
of Aubin [Aub78] and Yau [Yau78]; in this form it is due to Siu [Siu87].

Lemma 6.4.3. Let w,w’ be arbitrary Kihler forms. Let —B € R be a lower bound
on the holomorphic bisectional curvature of (X, ). Then

tr , (Ric(w”))

A, logtr,(0') > —
et = T

— Btry(w).

We refer the reader to Proposition 4.1.2 for a proof.

6.4.2 CZ*-Estimate

Theorem 6.4.4. Let X be a Fano manifold such that F is proper. Let w; be the
solution of the normalized Kihler—Ricci flow with initial data o € c1(X). There
exists Cy > 0 such that for all (x,t) € X x R,

0=<tr,(w) < Ca.

Proof. Set a(x,t) := logtr,(w;) — (B + 1)¢;, were —B denotes a lower
bound on the holomorphic bisectional curvature of (X, w) (as in Lemma 6.4.3).
Fix T > 0 and let (xo,%) € X x [0,T] be a point at which « realizes its
maximum.
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Either ty = 0, in which case «(x,?) < a(xg,0) = logn yields
tr o (@) (x) < nexp([B + g (x)) < C; = nexp([B + 1]Co).

since ¢, is uniformly bounded from above.
Or ¢ty > 0. In this case it follows from Lemma 6.4.5 that at point (xo, ),

0< (3 — A,) o < —try, (0)(x0) + &

ot
so that
tr (@) (x) < C) = kexp(2[B + 1]Cp).
The conclusion follows since both C; and C;’ are independent of T |

Lemma 6.4.5. Sera(x,t) :=logtr,(w;) — (B + 1)¢;. There exists k > 0 such that

V(x,t) e X xRT, (% — A,f)oz < —try, (w) + k.

Here —B denotes a lower bound on the holomorphic bisectional curvature of
(X, w) (as in Lemma 6.4.3).

Proof. Tt follows from Perelman’s estimate that

a Aa)(pl‘ . Aa)(/‘)l‘
—a=—"_ _(B+ 1o, < —2_ +C.
i wwy PV =y T

Now ¢; = log(w]'/®") + ¢ + ho + B(t) thus

n

Appr = Ay log (Cl)_,n) +try(w) —n+ Ayho
w

< A, log (w_,) + tro(w;) + C'.

a)}‘l
Since dd‘ log (z—;,:) = Ric(w) — Ric(w;), we infer

Aygr < —tr,(Ric(w;)) + tro(w;) + C”,

hence

: "
ad - _trw(Rlc(w,)) C

C +1.
it~ tr o (w;) trw(wt)+ *
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We now estimate A, o = A« from below. It follows from Lemma 6.4.3 that

A = Alogtr () — (B + D[n —try, (w)]
L _wuRic(@)

(@) +try, (w) —n(B +1).

Therefore

"

+ C///

(3 — A,) () < —try, (w) +

ot r o (@)

The conclusion follows since tr 4, (w;) is uniformly bounded from below away from
zero, as we have observed in the preliminaries. O

Remark 6.4.6. The reader can go through the above proof and realize that one can
obtain similarly a uniform upper bound for tr,(w;) on any finite interval of time,
without assuming the properness of the functional F.

6.4.3 Complex Parabolic Evans—Krylov Theory and Schauder
Estimates

At this stage, it follows from local arguments that one can obtain higher order
uniform a priori estimates. We won’t dwell on these techniques here and rather
refer the reader to Chap. 2 for the real theory. The latter can not be directly applied
in the complex setting, but the technique can be adapted as was done for instance in
[Gilll1].

6.5 Convergence of the Flow

6.5.1 Asymptotic of the Time-Derivatives

Proposition 6.5.1. The time-derivatives vj; converge to zero in C*®(X).

Proof. Note that f x Yr @" = 0hence f x Y ®" = 0 in the Perelman normalization,
while for the first normalization, ¢, has been so normalized that

. t—>+o00
/ o] — 0
X

It therefore suffices to check that
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/ dg, Ad G A" — 0,
X

since w, and w are uniformly equivalent, by Theorem 6.4.4.
To check the latter convergence, we follow some arguments by Phong and Sturm
[PSO6]. Set

Y(t) ::/ |V, 2] :n/ dge Ado Aol
X X

Recall that the Mabuchi functional is bounded below and non-increasing along the
flow, with

d +o00
—d—tMab(q)t) =Y() > 0, thus / Y(t)dt < +o0.
0

We cannot of course immediately deduce that Y (¢) — 0 as ¢ — +o0, however
Phong—Sturm succeed, by using a Bochner—Kodaira type formula and a uniform
control of the curvatures along the flow, in showing that Y’ < CY for some uniform
positive constant C > 0.

The reader will easily check that this further estimate allows to conclude. We
refer to Chap. 3 for the controls on the curvatures along the flow, and to [PS06] for
the remaining details. We propose in Lemma 6.5.2 a slightly weaker, but economical
control that is also sufficient, as the reader will check. O

Lemma 6.5.2. Set
Z(t) = n/ do NdCo A"l
X

Then Z'(t) < 2Z(t) + C for some uniform constant C > 0.
Proof. Observe that

n

Z'(t)y=—2n /X Grdd @ N ®"! with ¢ = log (w—’) + @ + hy.

a)n

We use here the first normalization, this clearly does not affect the value of Z(t).
Since ¢; = A;¢; + ¢, we infer

Z'(t) = 2Z(t) — 2/ A Apgro” <2Z(1) + C.
X

since the latter quantities are uniformly bounded along the flow. O
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6.5.2 Conclusion

We are now in position to conclude.

First Normalization

It follows from previous sections that the family (¢,) is relatively compact in
C(X x [0, +00]). Let oo = lim; 40 ¢1; be a cluster point of (¢r),~0. It follows
from Proposition 6.5.1 that ¢,, — 0 hence

(0 + ddpo0)" = e ¥=e ", &)

hence w + dd‘ ¢ is a Kéhler—Einstein metric. Since we have assumed that X has
no holomorphic vector field, it follows from Bando—Mabuchi’s uniqueness result
[BMS87] that ¢ coincides with the Kéhler—Einstein potential ¢gg, which is the
unique solution of (). There is thus a unique cluster point for (¢;) as t — 400,
hence the whole family converges in the C *°-sense towards ¢kg.

It turns out that the above convergence holds at an exponential speed. We refer
the interested reader to [PSSWO08a, PS10] for a proof of this fact.

Perelman Normalization

A similar argument could be used for the potentials ¥, = ¢, — V! / x " if we
could show the convergence of [, ¢,w" as t — +o0. To get around this difficulty,
we can proceed as follows: let I denote the set of cluster values of (w;);-¢. Observe
that /C is invariant under the normalized Kihler—Ricci flow and the Ding functional
is constant on /.

It follows now from Lemma 6.2.3 that the Ding functional is strictly increasing
along the NKRF, unless we start from a fixed point wy. Thus K consists in fixed
points for the NKRF. There is only one such fixed point, the unique Kéhler—Einstein
metric. Therefore w; converges to wgg and v, converges to the unique Kahler—
Einstein potential Ykg such that wxg = @ + dd kg and [ Y Vke@" = 0.

6.6 An Alternative Approach

We finally briefly mention an alternative approach to the weak convergence of the
normalized Kéhler—Ricci flow, as recently proposed in [BBEGZ11].

The convergence of w, towards wgg is only proved in the weak sense of (positive)
currents, but without using Perelman’s deep estimates: this allows us in [BBEGZ11]
to extend Perelman’s convergence result to singular settings (weak Fano varieties
and pairs), where these estimates are not available.
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6.6.1 The Variational Characterization of K-E Currents

The alternative approach we propose in [BBEGZ11] relies on the variational
characterization of Kihler—Einstein currents established in [BBGZ13].

Let X be a Fano manifold and fix o € ¢;(X) a Kéhler form. A positive current
T = o+ dd°¥ € c;(X) is said to have finite energy if E(y) > —oco. We then
introduce the J-functional

J(T):=V~! /X Vo' — E(W).

We let £!(c; (X)) denote the set of currents with finite energy in ¢;(X) and
E(e1(X)) :={T € £'(e1(X)) | J(T) = C}

the compact convex set of those positive closed currents in ¢; (X) whose energy is
uniformly bounded from below by C.

A combination of [BM87, Tian97] and [BBGZ13, Theorems D,E] yields the
following criterion:

Theorem 6.6.1. Let X be a Fano manifold with H(X, TX) = 0. Let T € ¢ (X)
be a closed positive current of finite energy. The following are equivalent:

1. T minimizes the Ding functional.
2. T is a Kihler-Einstein current;
3. T is the unique Kdihler—Einstein metric;

We say here that a current T = w + dd°p € £'(c1(X)) is Kihler-Einstein if it
satisfies 7" = e~ ", where as previously Ric(w) = w — dd®hy.

It was realized by Ding—Tian [DT92] that the Kihler—Einstein metric is the
unique Kihler metric maximizing Ding. This result being extended to the class of
finite energy currents allows to use the soft compacity criteria available in these
Sobolev-like spaces:

Corollary 6.6.2. Let X be a Fano manifold whose Ding functional is proper. If w; €
c1(X) is a family of Kéihler forms such that

Ding(w;) — inf Ding,
E1(X,w)
then
Wy —> WKE

in the weak sense of (positive) currents.
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6.6.2 Maximizing Subsequences

We let the potential ¢, € PSH(X, w) N C*°(X) evolve according to the complex
Monge—Ampere flow,

¢ = log [M} = log (a)n) + @ + ho + B(1),

_t
M "

where

B(t) = log [ /X e i a)"i| :

with initial condition ¢y = 0. We set ¥, := ¢, — f x 0"

Recall that the Ding functional is non-increasing along this flow. It follows more
precisely from Lemma 6.2.3 and Pinsker’s inequality (see [Villani, Remark 22.12])
that forall0 < s < ¢,

Ding(¢,) — Ding(¢s) < — / IMAGg) — o 2 dr. ®)

where ||v — u|| denotes the total variation of the signed measure v — .

Since the Ding functional is assumed to be proper, it follows from the monotoni-
city property that the ¥,’s have uniformly bounded energy, hence form a relatively
compact family. Let 1/, be any cluster point. If we could show that

Ding(¢,) N\ inf Ding,
EN(X.w)

it would follow from the lower semicontinuity of Ding that Ding(/«) = infDing,
hence ¥« is the only minimizer of Ding, the Kédhler—Einstein potential normalized
by [ x Yoo @" = 0. Thus the whole family (¥;),~0 actually converges towards Yoo
(see Corollary 6.6.2). Note that this convergence is easy when () is known to
be relatively compact in C*°. The delicate point here is that we only have weak
compactness.

It thus remains to check that Ding(¢;) “\ infg1(y ) Ding. By (P), we can find
rj — +o0 such that

MA((pr]) - Hrj — 07

since Ding is bounded from above. By compactness we can further assume that
Vr; = Yoo in L'(X), almost everywhere, and in energy (see below), so that

MA(¥o0) = 1(Yo0).
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Thus w + dd ¥« is a Kihler-Einstein current. It follows again from the variational
characterization that it minimizes Ding, hence the infimum along the flow coincides
with the absolute infimum, and we are done.

6.6.3 Convergence in Energy

As explained above, the last step to be justified is that Ding(g,) decreases towards
the absolute minimum of Ding when w; evolves along the normalized K&hler—Ricci
flow, without assuming high order a priori estimates.

We already know that the normalized potentials w + dd“ ¥, = wy, f x Yo" =0,
have uniformly bounded energies hence form a relatively compact family. Using (P)
we have selected a special subsequence ¥;; — Yoo (convergence in L' and almost
everywhere) such that

e_woo M
Jyev=dn

We would be done if we could justify that MA(¥;,) — MA(V o).

The delicate problem is that the complex Monge—Ampére operator is not contin-
uous for the L'-topology. A slightly stronger notion of convergence (convergence
in energy) is necessary. We refer the reader to [BBEGZ11] for its precise definition;
suffice it to say here that it is equivalent to checking that

MAW)) — 1Y) = , where p = e ™"/ V

/X V1, = Voo | MA(Y,) — 0.

Set
e_(p

o '
fi=e e dp

so that MA(Y,) = f; .

If the densities f; were uniformly in L? for some p > 1, we could conclude by
using Holder inequality, since

/X Wftj - 1ﬂoo‘ MA(%,) = ||ft, ||LP(;A) : ||Wtj - 1ﬂOOHL‘f(M)-

We cannot prove such a strong uniform bound in general, however our next lemma
provides us with a weaker bound that turns out to be sufficient:

Lemma 6.6.3. Set ju := e w"/ V. Then

Mab(¥) = H, (MA(Y,)) + /X VMA) — E(f) — V™! /X o .
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Therefore there exists C > 0 such that for all t > 0,

05/ filog fydp < C.
X

Proof. Recall that ¥, = ¢, — f y @™/ V. It follows from Lemma 6.2.4 that
Mab() = Ding(e) + [ 9MAG) = [ hoo' /v
X X
= £ - B0+ [ oA~ [ oot v.
X X

where B(t) = log| [y e dpu], while

H, (MA(Y:)) = /X 1og(%w) MA(¢)

- / HMA(9,) — / o MA(gr) — B(1).
X X

The equality follows.

Recall now that the Mabuchi functional Mab is bounded along the flow, as well
as the energy E (). Since the latter are uniformly comparable to [, ¥,MA(y),
we infer that the entropies H, (MA(¥;)) are uniformly bounded, i.e.

0 < H,(MA(Y:)) = / filog frdp < C. 0
X
We can thus use the Holder—Young inequality to deduce that
J 1 =l £ i = € ity = Vool -
X

where y : t € RT > e —1 — 1 € R denotes the convex weight conjugate to the
weightz € R + (t + 1) log(t + 1) — ¢ € R naturally associated to the entropy,
and [|-|| ., denotes the Luxembourg norm on L*(),

el = inf{a>0|/X)((a_l|g|)d,u§1 |

It remains to check that || Y, — Voo || L 0. By definition, this amounts to
verifying that for all ¢ > 0,
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/X x (@Y1, — Vool) d — 0.

Since y(t) < te' and the functions (¥, ) have uniformly bounded energies, the latter
convergence follows from Holder’s inequality and Skoda’s uniform integrability
theorem.
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