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1 Introduction

In micromagnetics, the fundamental evolution law for the magnetization m in a solid
is given by the Landau-Lifshitz-Gilbert equation

am_ 9 8m_ h (1
o S mx\ g =y he | )

which is used to describe the dynamics of a great variety of magnetic microstruc-
tures, in particularly the motion of domain walls and vortices in thin films, see e.g.
[3]. Here heg is the effective field, essentially the L? gradient of the micromagnetic
energy.

A collective coordinate ansatz m = m(x — a(¢)), where m is the profile of the
static problem and a = a(¢) describes its translation at time ¢, has been proposed by
Thiele in [24] in order to drastically reduce the complexity of (1). Thiele’s approach
has been adapted by Huber [8] to the situation of a vortex system, giving rise to a
system of ODEs typically called Thiele’s equation of motion. More precisely, the
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resulting system for vortices with trajectories # > a;(t) € R2 x {0} (j = 1,...d)
takes the form

Fi(a)+ Gj xa;+ Daj =0.

Here F; = Fj(ai,...,aq) are interaction forces, G; = 4mq;es is the gyro-vector
of the jth vortex, which depends only on the topological index g; = :I:% of the
vortex (which is half of the product of winding number and polarity), and D is
an effective damping constant. In previous joint work with Spirn [14, 15] we have
rigorously derived a Thiele equation from (1) in the limit of small vortex size, for
an exchange-dominated model energy. In [13] we have generalized the result to an
extended version of (1), modeling the influence of an in-plane spin-polarized current
v = v(t). More precisely, we have shown that the corresponding spin-torque terms
give rise to an additive extension of Thiele’s equation

Fi(a)+ Gj x(aj—v)+ D(a; —«kv) =0
where k is a non-negative constant. The aim of the present work is to derive a Thiele
equation from (1) under the influence of a (possibly time-dependent) applied field
h € R3. Unlike the result for an external current, the effect of the magnetic field
is visible only in the interaction force term. The precise result will be given in

Theorem 3.
As our model energy we use

1 2, M3
Ee(h,m):/ §|Vm| +— —h-m|dx 2)
0 €

where 2 C R? is a bounded and simply connected domain, with a Dirichlet
boundary condition m = g. The most physical choice of g is to use a unit tangent
to 052. We refer to [14] for a justification of this model.

2 Jacobian, Vorticity and Renormalized Energy

Suppose that we have a map m : £2 — S? in the Sobolev space H !. It is convenient
to consider the decomposition

m = (m,m3).
Recall that the Jacobian of m : 2 — R2 is defined as

J(m) = detVm.
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Note that the Jacobian, considered as a differential 2-form, is exact. More precisely,
J(m) = % curl j(m), where j(m) = m A Vm is the current, and we write a A b =
ai1b, — azbq for a,b € R?%. Observe that current and Jacobian are well-defined as
distributions for maps m € L™ N W1(£2;R?). Moreover, they carry topological
information about the S!-degree of the map m. More precisely, if B is a ball, m €
C'(B;R?) is such that m|yg # 0 and u = m/|m|, then

/ Jj(u)-ds = 27 deg(u, 0B).
0B

For S2-valued maps m, the counterpart of the Jacobian is the vorticity

w(m) = <m, a_m X 8_m>7

8x1 3)62

which is, considered as a differential 2-form, the pull-back _of the standard volume
form on S? with respect to m. Thus, if B is a ball, m € C(B;S?) is such that m|yp
is an equator map, then

/ w(m) dx = 47q,
B

where g is the S?-degree of, i.e. the oriented number of covers of S? by the map m.
Thus ¢ is a half-integer if the winding number of deg(m, dB) is odd. In contrast to
the Jacobian, however, w(m) is not exact, i.e., w(m) is not a null-Lagrangian.

2.1 Compactness

We have good compactness results for the Jacobian and, under assumptions on the
energy excess, also on the maps themselves. The compactness properties of the
vorticity are not as good as those for the Jacobians, and we will not discuss them
here in general.

Proposition 1. Assume that (m¢) is a sequence of maps me € H'(2;S?) with
m, = (g,0) on 082 and E<(h,m,) < C log % for some fixed h € R®.
Then we can extract a subsequence (not relabeled) such that

d
J(me) > 1Y " 8a; 3)
J

in the dual of Cy"* (£2).
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Proof. As h is independent of ¢, it follows that E.(0,m¢) < C log % Hence the
2D Ginzburg-Landau energy of m satisfies the same bound, and we can now apply
standard compactness results [10]. O

Proposition 2. Suppose that the sequence (m¢) satisfies the assumptions of

Proposition 1 and suppose that d and ay,...,aq are as in (3). If additionally
the sequence Ec(h,m¢) < dm log% + C then m is bounded in WP (2;S?) for
1 < p <2andin H (2\{a1,...,aaq}). In particular, a subsequence converges

strongly in L4(§2; S?) for every ¢ < oo to a map mg = (mg, 0) with |mo| = 1.

Proof. From the convergence of the Jacobians for a subsequence €, and lower
bounds near the singularities [9, 19], we obtain for every r > 0

n—oo

1
lim sup / |Vme, |?dx < 2nd log — + C,
2y (a) r

which shows the Hl(l)C bound. Using an argument of Struwe [23] and appropriate

diagonal subsequences, one can show by Hoélder’s inequality and summing a
series that

lim sup/ |VmelPdx < C(p)
e\\0 2

for all p € [1,2). Alternatively, one can obtain the W!:? boundedness from the

global bounds on V. in the Lorentz space L2** given in [21]. Rellich-Kondrachov
embedding finally yields strong convergence. O

2.2 The Renormalized Energy

We introduce some notation. We fix a boundary condition g € C*(3£2;S') with
deg(g) = d > 0.Fora € 24, we set

Pa = min(ml_in dist(a;, 082), % Ilr;él? la; —ajl).
For r € [0, pg) we define
2:,(a)={xeR:|x—aj|>rforj=1,...,d}
and we write 2¢ = {a € 24 : ps > 0}. Asin [2], for a € ¢, there exists a

corresponding canonical harmonic map My = M. (-, a) with vortex locations a and
all local winding numbers equal to 1, i.e.
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xX—a; ;
J elw
|x —ajl

’

d
My(x;a) = l_[
i=1

where ¥ is a harmonic function chosen such that M., (x;a) = g on 9§2. Recall that
M (-,a) € ng’p(.Q, S1) for all p € [1,2). We also verify by virtue of the explicit
representation of M. (-, @) that the mapping

2% 54 Mi(,a) € LP(2;C) “)

is continuously differentiable for p € [1,2). For h € R? sufficiently small, we
consider

W(h,a) = Wo(a) + V(h,a)

where Wy = Wy(a) is the unperturbed renormalized energy as introduced by
Bethuel, Brezis and Hélein [2]. The perturbation V' = V(h,a) is defined as the
following energy minimum

V(h,a) = min % (h,a;0),
0eHL(2)

where
1 2 i0
G(h,a:0) = | ~|v0 —h-(e M*(x;a)) dx. (5)
o2

Observe that, for & sufficiently small, 4 (h,a;-) is a strictly convex functional on
H/ (£2), and hence there exists a unique minimizer 6 = 6(h,a) € H}(£2). Since ¢
is a smooth function of 4 and 8 = 6(h, a) a critical point, it follows that

w0y B
oh ~ Oh  Ohle=0ha)

—/ my(x;a)dx, (6)
2
where
my(x;a) = PPN (x:a).
Note that m(-,a) € ng’p(.Q,Sl) for all p € [1,2) with

d
Jma) = J(My) =7 ) 84,

J=1



118 M. Kurzke et al.

Fig. 1 Numerical plot of M.(:;0) (left), m«(-;0) (center) and My (-5 Gmn) (right) for amm
minimizing W(h, a). The applied field is 1 = (0, —40). Note that in the situation presented here,
the external field exerts a force on the vortex that is perpendicular to the field. Numerical simulation
by Jutta Steiner (using Matlab) based on Newton iteration for minimization of ¥ (h, a; ) for fixed
aand h

and that the Euler-Lagrange equation for (5) expressed in terms of m, reads

i.e., My = mx(-,a) is the canonical s-harmonic map corresponding to g and a €
222 We have the following characterization of the renormalized energy:

Lemma 1. The renormalized energy can be calculated as

1 1
W(h,a) = lim (/ —|Vm*|2—h-m*dx—7rdlog—). (8)

r—0 2,(a) 2 r
Proof. As in [2], we can set @ = 21 Z?:l log|x — aj|. Then @ is locally the
conjugate harmonic map of the phase of ]_[?=1 % Using that |m«| = |[M«| = 1,

we can now write |V M| = |V+® + V| and |Vmy| = V1@ + Vi + V|, where
Y is the harmonic function and 6 = 6(-; h, a) as above. It follows that

|Vm|? — [VM,|? = |VO> + 2(ViD + V) - V6.

Integrating this expression over §2,(a) and using that ¥ is harmonic, we obtain for
r — 0 the claimed result. O

We deduce from (4) a local Lipschitz condition for m as a mapping in a, which
will be useful for identifying effective motion laws.

Lemma 2. Suppose p € [1,2), a® € 2. Then there exists ¢ > 0 such that
lm«(-.a) =mu(-.a@)|Lr < cla —al

foralla,a € 2¢ such that max{|a — ao|,|a — ao|} < p(ag)/2.
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Lemma 3. Suppose ® € CE(2;R?) and p € (0, pa) such that ®|By(ag) =
const. and @|B,(ax) = 0 for all k # L. Then, with my = m« (-, a), we have

oW 1
d(ay) - E(h,a) = /Q Vo : ((§|Vm*|2 —h-m*) 1-Vm, ® Vm*) dx.

Proof. The claim of the lemma is in fact a singular version of Noether’s formula
for the Lagrangian %|Vm* |2 — h - m4 with respect to inner variations s +> 7 (x —
s @(x)). Based on this observation, the argument in [12] for the case & = 0 carries
over literally. O

We will need the following notion of energy excess for a map m and a
configuration of points a € .Qf:

1
DMm;a) := E.(h,m) — (nd logg +dy + W(h,a)) ,
where y is defined as lime (/e — 7 log %), and

I. = inf{/ ec(m)dx : m(x) = (x,0) on 831(0)} .
B1(0)

To show that the name “energy excess” is justified, and to relate the micromag-
netic energy to the renormalized energy, we have

Proposition 3. If J(m¢) —> 7 Zle 8a,. then lin{‘infD?(me; a) > 0.
e\0
Proof. Let €, — 0 be a sequence such that

A= 1131\1(1)1101)2(m5;a) = klin;o DY (mg,:a).

We can assume that A < co (otherwise there is nothing to prove). By Proposition 2,
we have (for a subsequence) that m¢, — mg = (mg, 0) weakly in H,! (2¢(a); R?)
and strongly in all L?(£2), 1 < p < oo. It follows that |mo| = 1, i.e. mg has values
in ST x {0}.

Now D! (mg,:a) = D? (mg.:a) — [oh- (mg —m.)dx. As in the proof of
Theorem 5.3 of [14], for r sufficiently small we have

1
D:‘k(mek;a)zf (eek(mek)—§|VM*|2)dx

r(a

d
+Z(/ eek(mek)dx—lek/,) —Cr?
Y By (ap)

=1

— [ - m —mo.
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Using the convergence of m¢, and Lemma 5.1 of [14] we obtain

liminf D! (me,:a) > /
k—o00

2r(a)

1 1
(§|Vmo|2—§|Vm*|2) dx
—/ h-(mo—m*)—Cr2

Q

We decompose mg = e’ M,. As in the derivation of (8), it is not difficult to see
that

1 1 1
/ (—leo|2——|VM*|2) dx—>/ —|VB|? dx
2@ \2 2 2?2

as r — 0, and now we can use the minimality of 6 to conclude the proof of the
proposition. O

Now we show that the phase excess in £2,(a) (which measures the distance of m,
from an optimal map) can be bounded by the energy excess, up to errors that are
small as ¢ — 0 and r — 0. Unlike the quantitative theory of [11], our proof follows
the idea of Lemma 3.7 in [20] and uses weak convergence.

We define

- 1 m?
éc(m) = 3 (‘V|m|‘2 + |Vms|? + 6—23)

and note the decomposition

- 1]jm)|?
ec(m) = éc(m) + - Jm) "
2| |ml
Proposition 4. Assume D¢ = DMm¢;a) < C. Then we have the following
estimates forany p < pg, £ = 1,...,d:
[ vm e altogel| < . ©
Bp(ag)
| emodr= Do+ o), (10)
Qp(a)
1| j(me) . 2 1
— — j(m«(-;a dx < ——— D¢ + 0¢(1). (11
/ﬂp(a) 2’ ) jm ()| = T De +oe()

Proof. As in the proof of Proposition 3, we have for a subsequence that m¢
converges to mg = (myp,0) weakly in Hl(l)c(.QO(a)) and strongly in L?(£2), with
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mo = e'P M,, where B € H{J (£2). The proof of Proposition 3 also gives for any
small r > 0

lim inf (/ ec(me) dx — md log = + dy) > _Cr2. (12)
N0 U Br(ap) €

Furthermore,

2

o 1| j(me)
lim inf -
eNO  J2.(a) 2| |mel

and since m¢ — myg in L1 (£2), we obtain

117 2 1
liminf(/ —de—/ h-medx)zf —|Vm0|2dx—/ h-my dx.
N0 \Jo,a) 2 |mel o) 2r(a) 2 17,

From (8) we obtain

1 2
dx > —|Vmo|* dx
2, (a) 2

1 1
/ —|Vm*|2dx—/ h-mydx > W(h,a) 4+ nd log — —0,(1)
2r(a) 2 Q r
so adding this to (12) we obtain

lim inf (De —/ Ee(me)dx) > —o,(1).
€N\O 27 (a)

Since the right-hand side of the previous inequality tends to zero as r — 0, we
obtain by monotonicity of the left-hand side for any p > 0

liminf [ D, —/ ec(me)dx ) > 0.
N0 2p(a)

This is (10). From D, < C, we obtain that also (9) must hold.
From the definition of energy excess it follows that

1 1
lim sup (/ —|Vm¢|? — —|Vm*|2dx—/ h- (me —my)dx — De) < —o,(1)
e\0 2, (a) 2 2 2

so a fortiori

; 2
lim sup / 1 |](m5)2| — l|j(m*)|2dx—/ h- (m¢ —my)dx— De | < —or(1).
a0 \J2,) 2 Imel 2 fos
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We calculate

2 1jmol?
2 |me|?

l Jj(me) _
2| |me|

J(me) .
[mel

Using that j(ms) = V+® + Vi + VO and j(mg) = VP + Vi + VB, we have
that

- gl = - (22— jona).

. . J(me) . _ 1
Eh\r‘rbg . ](m*)~( re] —](m*)) dx _Q[) (V D+ Vy +V9>~(V,3—V9) dx

For r — 0, this expression converges using the harmonicity of i to

/ Vo - (VB —V0)dx.
2
‘We obtain

1| j(me) 2
lim sup / - — j(my)| — D¢
o \Jar@ 2| Imel

<—o,(1) + /ﬂ h- M.(e'? —e'%) + V6. (VB —V0)dx.

The Euler-Lagrange for 6 in weak form reads as

/ VO .- (VB —V0)dx = / h- (iMye'%)(B — 0)dx.
2 2
We study the expression

h- (M*e""(ei(ﬁ—") —1—if— 9)))

and note that it can be written using an application of Taylor’s theorem to the
function f(¢) = h- (Mye! @+ B=9)) 1n fact, we have

1
S = f(0)+f’(0)+/0 O =) dr,

where (1) = h- M,e! @T1B=0)(8 _ )2 Taking absolute values and integrating,
it follows that

/Q h- (M*e""(e“ﬁ—") “1—i(f— 9))) dx

< |h|/9(,3 — 6)2 dx.
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By weak convergence,

2

l J(me) dx

1
—|V(,3—9)|2dx§1iminf/ — j(ms)
/Q,—(a) 2 N0 Jo,@ 2| |mel i

Using Poincaré’s inequality, we obtain that

2@ 2| |mel

lim sup ((1 —Ch) — j(my)

2
dx — D¢ | < —o,(1),
e\ 0

and letting r — 0 on the right as before we obtain (11). O

2.3 The Thiele Equation

For h € W11(0, T; R?), which is small enough so that W = W (h(t), -) corresponds
to a unique minimizer 6 = 6(h(¢),-) forall ¢ € [0, T'], we consider the equation

(4 qei + aom)ag(t) + %(k(z),a(t)) =0 (t=1,....d). (I3

Lemma 4. For initial data a(0) = ag € .Qf the Cauchy problem for (13) has a
unique solution a € C'([0, T]; 2%), which satisfies the energy identity

t

W), a(n)) — W(h(ta). a(t2)) = a0 7 /

131

2 15} .
|c'z(s)|2ds+/ / h(s) - my dxds
51 2

forall0 <t; <ty <T, where m«(x;a) = eie(x)M*(x;a).

Proof. Using (6) and (13) we compute for the (unique) local solution a = a(t)
d oW : < ow _
W), a() = S (h(t), a)h(@) + ; 3, 1044,

= —agm|a)|* - /Q fl(t) -my(x;a(t))dx.

The energy identity follows, and the local solution @ = a(¢) extends to [0, 7]. O



124 M. Kurzke et al.
3 LLG Equation with External Fields

Let us now consider the Landau-Lifshitz-Gilbert equation

om om
5 —mx (aeW—heff) , (14)

where, for an external field h € W1-1(0, T; R3), the effective field is given by
ms .
heff = Am — —2383 + h.
€

We consider a specific asymptotic behavior for «e such that o log % — ap € (0,00)
as € — 0. The effective field corresponds to minus the L? gradient of

Ee(h,m):/ ec(m) — h - mdx.
2
where, as usual,
1 m?2
= —|Vm|? + 2
ee(m) = 2 |Vml* + 3

is the energy density of the Ginzburg-Landau type energy Ec(m) = E(0,m),
which we have considered in [13—15]. In this section we study the equation for
a fixed € € (0,1). We impose Dirichlet boundary data given by a smooth map
g = (g.0) where g : 32 — S! with deg(g) = d and initial data m® € Hg1 (£2:S?)
with

1
E.m°) < dmnlog -+ Co. (15)

3.1 Conservation Laws

Let us assume m is a smooth solution of (1) in a space-time cylinder. The vorticity
w(m) makes contact to the LLG equation through the identity

a om
Ew(m) = curl <m X TR Vm>

leading to

9 9
S-o(m) + ac curl<a—1?, Vm> — curldiv (Vm ® Vi) . (16)
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This conservation law for the vorticity will be crucial when identifying motion laws
for vortices, which are the concentration points of w(m) in the singular limit € \ 0.
Moreover, the energy identity for (14) reads

9 om>  /om . om
g(ee(m)—h(t)-m)+oce - =d1V<E,Vm>+<h(t),¥> (17

Finally, we have conservation of spin

0 0
ﬂ—l—diVj(m):ozem/\—m—i—hAm, (18)
ot ot

which is just the third component of (14), will imply that in the singular limit € ~\ 0,
m will converge to an A (¢)-harmonic map.

3.2 Weak Solutions and Bubbling

The LLG equation (14), for ¢ > 0 fixed, is a lower order perturbation of the
conformally invariant LL.G equation m; = m x (¢« m; — Am) which is traditionally
studied in mathematical analysis. In dimension two, this equation is critical with
respect to the natural energy estimate, and the formation of singularities in finite
time must be expected, [1]. On the other hand, a well-known construction of what is
called energy decreasing weak solutions, which has been introduced by Struwe [22]
for the harmonic map heat flow, see also [4] and [6, 7] for LLG, can be carried out.
In this framework, the possible blow-up scenario is precisely characterized through
the formation of bubbles at the energy concentration points.

This is in fact the new fundamental difficulty compared with the corresponding
problem for the complex Ginzburg-Landau theory, where at the finite € level,
evolution equations admit smooth solutions for all times, [12]. Since vortex
trajectories are retraced in terms of concentration sets of the energy density e (m)
and the vorticity w(m), precise information about their behavior near the singular
points is a crucial ingredient to our analysis. This information can be obtained from
the well-developed bubbling analysis for harmonic maps and flows, established e.g.
in [5, 16-18,25]. Applied to (14) we obtain the following result (cf. [14, Sect. 4] for
more information):

Theorem 1. For initial data m® € C*®(82;S?) there exists a weak solution m of

(14) which satisfies the energy inequality
10 om |2 t .
aG/ / — dxdt—i—Ee(h(tO),mO)fEe(h(O),mO)—/ /h-mdxdt
o Jel|dt o Jo
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forall 0 < to < T and is smooth away from a finite number of points (x;,t;) in
space time. Moreover, there exists, for every i, an integer q; such that for every
sufficiently small r > 0

/ ec(m) dx + 4r|g;| <lim inf/ ee(m) dx
By (x)x{t;} 1/t JBr(x)x{t;}

and

/ w(m)dx 4+ 4rg; = lim w(m) dx.
By (x7)x{t;} 1/t J By (xi)x{t;}

Finally, the (energy decreasing) solution m is unique in its class.

Form the energy inequality we deduce that for E.(m°) < dx log(1/€) + Co,

o
0 2

T
where 0 < C; — Cy can be bounded above by a multiple of / | (t)|dt + | (0)].
0

2

88—1:1 dxdt + Ec.(m(t9)) < dmlog(1/e) 4+ Cq, (19)

4 Convergence and Vortex Trajectories

Now we consider a sequence of initial datam? € H gl (£2;S?) such that

d
acec(m?) — apmbo,  wo(m) — 47 Zq48a2 and lim D.(m?;a%) =0
=1 N
for a certain ag € .Qf and gq1,...,q4 = :b% and the corresponding weak solution

m, from Theorem 1. As in [14, Theorem 4.1] (see [13] for more details) and in view
of Proposition 2 we obtain the following convergence result.

Theorem 2. There exist a time Ty € (0, T], a sequence €; \ 0, and a curve

a€ HY 0,Ty; 2% with a(0)=d° and inf p(a(r)) >0
t€(0,7p)

such that for everyt € [0, Tyl and 1 < p <2
Me, (-, 1) = ma(-,a(t)) weaklyin WP (2;R?),

*
e e, (Mg, (+,1)) = apSaqy weakly*in  (CQ(R2))*,

d

J(me (+.1) = way, (e, (+.1) = 41 qeba,y in (Co'(2))*.
=1
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Moreover, for all t1,t, € [0, To] witht; < t, andn € Cl(ﬁ)

d t
[5) 2 Bme
QoI E ay(t = lim |« Vn- K ,Vm dxdt
0 h 177( Z( ))‘t——tl k—>1 oo( €k /ll /Q d < Jt €k> )

and
15 2] 2
aon/ |a|? dt < liminf aek/ / dxdt ).
t k—o00 1 2

From the energy inequality in Theorem 1, the convergence of m,, in Theorem 2
and conservation of spin identity (18) we deduce in particular that

om,
ot

j(me (¢, -)) = j(m«(t, ) weakly in L7 (£2;R?) (20)
for every ¢ € [0, Tp), where

div j(m«(t, -) = h(t) Amyx and curl j(m (¢, -)) = 2784(2).

5 Motion Law

Theorem 3. There exist positive numbers ho and €y with the following property:
For every € € (0, €) and every smooth h : [0, T] — R3 with

T
/O h(1)]dt + R (0)] < ho,

there exists a smooth solution m¢ € C*®(2 x [0,T];S?) of the Landau-Lifshitz-
Gilbert equation (14) with m¢(-,0) = mg and m¢(-,1)|9o = gforeveryt > 0.
Moreover, for everyt € [0, T},

d d

deee(me(-.1)) = 7wt Y Sapry and wme(-.1)) = 47 Y qeda,r)
=1 =1

as € \{ 0, in the sense of distributions, where a € C*®([0, T]; 2%) is the solution
of Thiele’s equation
oW(h,a)

Gyxag+ Dag +
day

=0 ((=1,....d) 1)

1
with a(0) = a® and where Gy = 4mqyés and D = 1 ag with oy = li\l‘n aelog —.
e 0 €
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The rest of this section is devoted to the proof of the Theorem. Let a €
C ([0, 00); £2¢) be the unique solution of the initial value problem for (21) with
initial values @(0) = a® € £2¢. We choose Tp > 0 and a sequence € \, 0
that satisfy the conclusions of Theorem 2, and let a be the corresponding curve in
29, We recall that solutions remain smooth in (0, Ty) for small € as shown in [14,
Theorem 3], so we can concentrate on the verification of the motion law.

We fix a radius r € (0, p(a®)/2] and adapt the terminal time T such that the
trajectories of ay and @y do not exit Br/z(ag) before time Ty forall £ = 1,...,d.
As in [14] we choose ¢, ¥ € C§°(£2) such that for every £, both ¢ and V are affine
with Vi = V+¢ in B, (af). We define

E(1) = fg (e ) + gon(me) ) dim " o @) + 4 G0,
X4t (=1

converging, for every ¢ € [0, T), to

E0) =n f (e (W (@e@) = w(@c)) + 4qe(#(ac®) - d(@c))
=1

In order to apply Proposition 4 we fix A sufficiently small.

Lemma 5. There exists a constant C such that for all t1,t; € [0, To] with t; < t»
and every k € N,

2]
§et2) — (1) < € / (DEO (me:a(0)) + la(t) = a(0)]) dt + g (1.

Proof. From (13) we obtain

oW (h,a R
Z (@0 @) + 4009 (1) = = VY@t

while from Lemma 3 with /f14 := m4(-;4) and ® = V+¢
aW(h,a N N
- Z YV (ae(r)) - ( ) / VLV 1 (Vi ® Viity) dx.
ay 2x{t}
Using conservation of vorticity (16), we find after integration by parts in space and

integration in time

om,,

2]
/ P w(mg, (2)) — ¢ w(mg, (1)) dx = o, / / VJ‘QS . < , Vm€k> dxdt
2 n 2

5]
+ / / V4ive : (Vme, ® Vg, ) dxdt.
t 2
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For the terms on the left we use convergence of the vorticity provided by Theorem 2.
Concerning the first term on the right we deduce from the energy estimate in

Theorem 1
i a c 2
(aek / / (Vl(»b - VW) : <Vmek’ %> dth)
51 2 t

%)
< c/ / [Vig — Vy|? Qe e, (Mg, ) dxdt — 0
131 22

while by convergence of the kinetic term in Theorem 2

2 om, d
o [ [ (Vg T ) avar > —en Y- (vl - viacto)
1 =1
as €x \, 0. Therefore, it suffices to estimate the integrals

15}
/ / ViVe 1 (Vme, ® Ve, — Vi, ® Vi) dxdr,
51 2

which, by virtue of the usual decomposition argument and Proposition 4 (see [14,
Sect. 6]), reduces to the estimation of

15}
[ [ v Gme) - i @ o) dra
n
and
2]
[ V90 G ® (Glme) = i dvd.
131
Taking into account that both integrands are products of the form

0 - (j(me) — j(ms))

for smooth vector fields 0 € C%°(£2 x [0, Ty]; R?) independent of k, we obtain from
(20) with my = m«(-,a(t)) and Ax = m (-, a(tr))

/ ’ / 0 - (jlme,) — j (i) drdt = / ’ / 0 - (jms) — j(e)) dxdi + oc, (1).
131 2 131 2

Next we adopt the Hodge decomposition argument used in [14, Lemma 7]. Writing
—0 = Vu + V4tu, where u, v € C®(2 x [0, To]) with u = 0 on 382 x [0, Ty] we
infer, also taking into account Lemma 2,
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5]
131 2

%) d 2]
/ / h/\(m*—n%*)udxdt—i-ZJrZ/ (v(ag) —v(ay)) dt
t J2 =171

<c /tz la(t) —a(t)| dr. O

Proof (Theorem 3). The proof follows by the usual Gronwall argument. For ¢ €
[0, Ty], we consider the functions

Cr(t) = Dﬁ',f’)(mek(t);&(t)) and  x(t) = |ae(t) —ae(?)|.
First we show ¢ — ¢ in L1(0, Ty) for a function ¢ € BV(0, Ty) with
¢ <c(la—al+ y). (22)
In fact, we obtain from Lemma 4
I, 5] .
W10, 6(0)) = Wh(1).6(02) = o [~ i de= [ [ ) mac.a ava
51 51
and from (19)

Ee, (h(t2),mg, (12)) — E¢, (h(t1), m¢, (11)) =

I (

respectively, for 0 < ¢ <t, < Ty, while

om,
ot

2
—h(t)-mék) dx dt,

/tz /Q (iz(t)-mek —fz(t).m*(.,&(t))) dxdt| < c/t2 x (@) dt + o¢, (1).
t "

In view of Theorem 2 we can select a subsequence such that £ (1) — ¢(¢) almost
everywhere for a bounded function ¢ : [0, Tp] — R with

2
la —al + x(t)dt

i t
n

e~ ) = [ mao (18P ~1P) + e xar=c [

131

for almost all #; < t,, which implies (22). Now Lemma 5 implies, by virtue of (22),
forO0 <ty <t <Tp,
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E(t2) —&(1) < C/t 2(g“(t) + x(1)) dt.

With an appropriate choice of ¢ and ¥ we obtain the desired inequality

. t .
1G(0) — a(0)] < c/O é(0) — a(o)] .

As a(0) = a(0), Gronwall’s lemma implies @ = a in [0, Tp]. Moreover,

lim sup ka(TO) (m¢, (To); a(Tp)) <0,

k—o00

which enables us to iterate the argument for new initial times T, and we eventually
obtain the motion law for all times before 7. Note that by uniqueness of energy
decreasing solutions, solutions m, extend, for small €, smoothly to [0, T']. Finally,
thanks to the unique solvability of the limiting ODE, the convergence result for
energy density and vorticity can be seen to hold without taking subsequences, as
any subsequence of € N\, 0 will have a further subsequence converging to the same
limit. O
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