
A Mathematical Theory of Financial Bubbles
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Recurrent speculative insanity and the associated financial deprivation and larger devasta-
tion are, I am persuaded, inherent in the system. Perhaps it is better that this be recognized
and accepted.
–John Kenneth Galbraith, A Short History of Financial Euphoria, Forward to the 1993
Edition, p. viii.

Abstract Over the last 10 years or so a mathematical theory of bubbles has
emerged, in the spirit of a martingale theory based on an absence of arbitrage,
as opposed to an equilibrium theory. This paper attempts to explain the major
developments of the theory as it currently stands, including equities, options,
forwards and futures, and foreign exchange. It also presents the recent development
of a theory of bubble detection. Critiques of the theory are presented, and a defense
is offered. Alternative theories, especially for bubble detection, are sketched.

1 Introduction

The economic phenomenon that the popular media refers to as a financial bubble has
been with us for a long time. A short adumbration of some economy wide bubbles
would include the following major events (see [55] for a comprehensive history of
bubbles through the ages):
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• The bubble known as Tulipmania which occurred in Amsterdam in the seven-
teenth century (circa 1630s) is the first documented bubble of the modern era.
Some merchants had excessive wealth due to Holland’s role in shipping and
world commerce, and as tulips became a fad, some rare and complicated bulbs
obtained through hybrid techniques led to massive speculation in the prices of
bulbs. One bulb in particular came to be worth the price of two buggies with
horses, the then equivalent of two automobiles. As often happens with economy
wide bubbles, when the bubble burst the economy of Holland went into a tailspin.

• In the eighteenth century, John Law advised the Banque Royale (Paris, 1716–
1720) to finance the crown’s war debts by selling off notes giving rights to the
gold yet to be discovered in the Louisiana territories. When no gold was found,
the bubble collapsed, leading to an economic catastrophe, and helped to create
the French distrust of banks which lasted almost 100 years.

• Not to be outdone by the French, the South Sea Company of London (1711–
1720) sold the rights to the gold pillaged from the Inca and Aztec civilizations in
South America, neglecting the detail that the Spanish controlled such trade and
had command of the high seas at the time. As this was realized by the British
public, the bubble collapsed.

• The real king of bubbles, however, is the United States. A list of nineteenth,
twentieth and now even twenty-first century bubbles would include the following,
detailing only the crashes:

– The 1816 crash due to real estate speculation.
– With the construction of the spectacular Erie Canal connecting New York to

Chicago through inland waterways, “irrational exuberance” (in the words of
Alan Greenspan) led to the Crash of 1837.

– Not having the learned its lesson in 1837, irrational exuberance due to the
construction of the railroad system within the U.S. led to The Panic of 1873.

– The Wall Street panic of October, 1907, where the market fell by 50 %, helped
to solidify the fame of J.P. Morgan, who (as legend has it) stepped into the
fray1 and ended the panic by announcing he would buy everything. It also
had some good effects, as its aftermath created the atmosphere that led to the
creation and development of the Federal Reserve in 1913, via the Glass–Owen
bill.2

– And of course the mother of all bubbles began with Florida land speculation
as people would buy swamp land that was touted as beautiful waterfront

1More precisely, J.P. Morgan’s role was to organize and pressure a group of important bankers
to themselves add liquidity to the system and help to stem the panic. Ron Chernow describes the
scene dramatically, as a crucible in which every minute counted [28, pp. 124–125] as the 70 year
old J.P. Morgan’s prestige and personality prevailed to save the day.
2Even in 1907, in his December 30 speech in Boston, President Taft pointed out that an impediment
to resolving the crisis was the government’s inability to increase rapidly and temporarily the money
supply; one can infer from his remarks that he was already thinking along the lines of creating a
Federal Reserve system [149].



A Mathematical Theory of Financial Bubbles 3

property; this then segued into massive stock market speculation, ending with
The Great Crash of 1929.

– There was no runaway speculation in the US markets, nor major panics, in the
1940s and 1950s. But it began again with minor stock market crashes in the
1960s and 1980s.

– The marvel of “junk bond financing” led to the fame of Michael Milken, the
movie Wall Street and the stock market crash of 1987.

– While it did not occur in the U.S., we need to mention the Japanese housing
bubble, circa 1970–1989, which upon bursting led to Japan’s “lost decade,”
one of a stagnant economy and “zombie” banks.

– Back to the U.S. next, where speculation due to the commercial promise of
the internet led to the “dot com” crash, from March 11th, 2000 to October 9th,
2002. Many of the internet dot-coms were listed on the Nasdaq Composite
index, and it lost 78 % of its value as it fell from 5,046.86 to 1,114.11; a truly
dramatic crash.

– Finally, we are all familiar with the recent US housing bubble tied to subprime
mortgages, and the creation of many three letter acronym financial products,
such as ABS, CDO, CDS, and even CDO2. It is worth noting that the crash
of 2007/2008, along with the one of 1929, escaped the economic borders of
North America and thrust much of the world into economic depression.

It is of intrinsic interest to investigate the causes of financial bubbles, and there
is a wealth of often insightful economic literature on the subject. This is not the
purpose of this paper, which is rather to analyze prices and to try to determine if
or if not a bubble is occurring, regardless of how it came about. For those with
an understandable interest in the causes of bubbles, the author can recommend the
little book of J.K. Galbraith [55], where Galbraith makes the case that speculation
on a grand scale occurs when there is a new, or perceived as new, technological
breakthrough (such as trade with the new world, the building of canals, the advent
of railroads, junk bond financing, the internet, etc.) and that this can result in over
enthusiasm and uncontrolled speculation. The more modern analysis of economists
suggest that varied opinions among investors and short sales constraints can create
financial bubbles (see for example [26, 41, 118, 138], just as a sampling). And
recently, the interesting paper of Hong, Scheinkman, and Xiong [67] agrees with
the conclusions of Galbraith, but takes the analysis further, beyond an explanation
of simple overreaction on the part of investors to news. Hong et al. focus on the
relations between investors and their advisers, the latter being classified into two
types, “tech savvies” and “old fogies.” They discuss how reputation incentives create
an upward bias among the recommendations of the tech savvy investors, which are
taken at face value by those investors who are naı̈ve. For an interpretation of how
the recent housing bubble arose, one can consult [129]. Other interesting references
are [19, 49, 139, 153, 154, 158].

To mathematically model a bubble, we start small, and consider an individual
stock, rather than a sector (such as the technology sector), or an entire economy.
If there is a bubble in the price of the stock, then the price is too high, relative to
what one should pay for the stock. This seems intuitively obvious. But what is not
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obvious is: What then is the correct price of the stock? We assume such a stock is
traded on an established exchange, and the theory of rational markets tells us that the
price of the stock reflects exactly what the stock is worth, since if it were overvalued,
people would sell it, and if it were undervalued, people would buy it. Such a theory
eliminates the possibility of bubbles, and if we believe bubbles do in fact occur, we
are forced not to accept this idea wholesale. Therefore we need a fair value for the
stock.

This raises the question: Why does one buy a stock in the first place? Your
brother-in-law might have a start-up and want you to participate by buying some
stock in his company. This may be a bad investment, but good for your marriage.
We will simplify life by assuming one buys stocks based only on their perceived
investment potential. Moreover we will further simplify by assuming when one
buys a stock, one is not speculating, and tries to pay a fair price for a long term
investment, to the point where whether or not the stock goes up or down in the
short run is irrelevant, and the only issue that matters is the future cash flow of
the company. Nevertheless there is more of a risk in buying stocks than there is in
banking money (especially when the deposits are insured by the government), so
one can expect a rate of return with stocks that is higher than that of bank deposits,
at least in the long run.3 This return premium for taking an extra risk to buy stocks
is known as “the market price of risk.”

So the compelling question we must first answer is: How do we determine what
we call a fundamental price for a stock?

Organization

After the introduction, we first explain in Sect. 2 how to model the fundamental
price of a risky asset. Since the fundamental price is expressed as a conditional
expectation of future cash flows, with the conditional expectation being taken
under the risk neutral measure, it is more easily explained in a complete market,
since then the risk neutral measure is unique. We can then define a bubble as
the difference between the market price of the risky asset in question, and the
fundamental price. When the risky asset is simply a stock price, then the bubbles
are always nonnegative. In Sect. 3 we establish the relationship between strict local
martingales4 and bubbles, and give a theorem classifying bubbles into three types.
In Sect. 4 we give examples of mathematical models of financial bubbles by

3Classic economic theory tells us that it makes no difference in the short run whether or not a
company pays out dividends or reinvests its returns in the company in order to grow, in terms of
wealth produced for the stockholders. However eventually investors are going to want a cash flow,
as even Apple has recently discovered [160], and dividends will be issued.
4A strict local martingale is a local martingale which is not a martingale. More precisely, a process
M with M0 D 1, is a local martingale if there exists a sequence of stopping times .�n/n�1

increasing to 1 a.s. such that for each n one has that the process .Mt^�n /t�0 is a martingale.
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exhibiting a method of generating strict local martingales as solutions of a certain
kind of stochastic differential equation. This is based on a theorem of Mijatovic
and Urysov [116], and we provide a detailed proof of the theorem (Corollary 5
of Sect. 4 in this paper). Special attention is given to the inverse Bessel process.
We also present results on strict local martingales in Heston type models with
stochastic volatility that go beyond the framework of Corollary 5, and we discuss
the multidimensional case. We end by giving a criterion to determine whether or not
the system is a strict local martingale through the use of Hellinger Processes.

In Sects. 5 and 6 we consider incomplete markets arising from a risky asset
price process S D .St /t�0. Since incomplete markets have an infinite number of
risk neutral measures, and since the fundamental price is defined using “the” risk
neutral measure within the framework of complete markets, this is a bit of a thorny
issue. Hence we review the method of letting the market choose the risk neutral
measure originally proposed in [73] (see also [141,142]), which works essentially by
artificially completing the market through the use of call option prices. Once the risk
neutral measure is chosen and temporarily fixed, the analysis proceeds analogously
to the complete market case, with one important exception. The exception is that
we allow the market choice of the risk neutral measure to change at random times,
in a type of regime shift. This basically assumes the market is fickle, and while it
always prices options in internally consistent ways (since otherwise there would be
arbitrage), it can change this pricing from time to time, which actually represents
a change in the selection of the risk neutral measure, from the infinite number
of them compatible with the underlying risky asset price S . This method keeps
the coefficients of the underlying stochastic differential equation unchanged, but
we could equally and instead introduce a regime change where we change the
underlying SDEs; this too may alter the structure of risk neutral measures, or it
may not, depending on how dramatic is the change.

In Sect. 7 we consider what happens with calls and puts in the presence of
bubbles. There are some surprising results, such as the loss of put-call parity (!)
when bubbles are present, and that Merton’s “No Early Exercise” theorem for
American calls no longer need hold, a fact first observed (to our knowledge) by
Heston et al. [63] and by Cox and Hobson [30]. An analysis of the behavior
of options in the presence of bubbles can be found in [122]. We then introduce
the concept, originally due to Merton in 1973 [114] but refined mathematically
successively in [88, 89], and finally in [131], and known as No Dominance. This
extra assumption restores put call parity. Section 8 is devoted to a study of bubbles
in foreign exchange, which is related to inflation. Here negative bubbles can occur,
and Sect. 9 covers forwards and futures. Section 10 covers the controversial topic
of trying to identify (in real time) when a given risky asset (such as a stock) is
undergoing bubble pricing. This seems to be a question of great current interest, as
the quotes given in this paragraph seem to indicate. Indeed, the quotations are from
none other than Ben Bernanke (Chairman of the U.S. Federal Reserve system),
William Dudley (President of the New York Federal Reserve), Charles Evans
(President of the Chicago Federal Reserve), and Donald Kohn, Federal Reserve
Board Vice Chairman.
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Finally, in Sect. 11 we attempt to defend the local martingale approach to the
study of bubbles from its critics. These criticisms seem to revolve around the use of
strict local martingales, and the (technically mistaken) belief that they exist only in
continuous time. Jacod and Shiryaev, in a 1998 paper [75], clarify the relationship
between local martingales and generalized martingales in discrete time, and give
necessary and sufficient conditions for a local martingale to be a martingale in
discrete time. It is true that when a finite horizon price process in discrete time
is nonnegative (such as a stock price) then as a consequence of the results of Jacod
and Shiryaev, a nonnegative discrete time local martingale is indeed a martingale.
So in this sense, when modeling stock prices (as we often are doing in this paper), it
is indeed true that strict local martingale models do not exist for discrete time. But
we argue in Sect. 11, as we have in [86], that this is just another reason of several
that discrete time models are in fact inadequate to understand the full range of ideas
required for a profound understanding of financial models.

We also discuss in Sect. 11 two of the leading alternative approaches to the
study of bubbles, the first associated with P.C.B. Phillips and his co-authors, and
the second associated with Didier Sornette and his co-authors. The key difference
between these alternative approaches (of Phillips et al. and Sornette et al.) with the
one presented here, is that both alternative approaches make assumptions (albeit
very different ones) on the drift that leads to bubbles (under their understanding of
what constitutes a bubble), whereas in our presentation the key assumptions related
to bubbles revolve around the diffusive part of the model.

2 The Fundamental Price in a Complete Market

We begin with a complete probability space .�;F ; P / and a filtration F D .Ft /t�0
satisfying the “usual hypotheses.”5 We let r D .rt /t�0 be at least progressively
measurable, and it denotes the instantaneous default-free spot interest rate, and

Bt D exp

�Z t

0

rudu

�
(1)

is then the time t value of a money market account. We work on a time interval
Œ0; T ?� where T ? can be a finite fixed time T , or it can be 1. We find that it is
more interesting to consider a compact time interval (the finite horizon case, where
T ? D T < 1), but for now let us consider the general case. Next we let � be
the lifetime of the risky asset (or stock, to be specific), where � is a stopping time,

5The “usual hypotheses” are defined in [128]. For convenience, what they are is that on the
underlying space .�;F ; P / with filtration F D .Ft /t�0 , the filtration F is right continuous in the
sense that Ft D \u>tFu, and also F0 contains all the P null sets of F . For all other unexplained
stochastic calculus terms and notation, please see [128].
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and � � T ?. � can occur due to bankruptcy, to a buyout of the company by another
company, to a merger, to being broken up by antitrust laws, etc.6

Next we let D D .Dt /0�t<� � 0 be the dividend process, and we assume it
is a semimartingale. We let S D .St /0�t<� be nonnegative and denote the price
process of the risky asset (again, we are thinking of a stock price here), and again,
we are assuming it is a semimartingale. Since S has càdlàg paths,7 it represents
the price process ex cash flow. By ex cash flow we mean that the price at time t is
after all dividends have been paid, including the time t dividend. But now we have
to be a little more careful, since while the assumption that S is a semimartingale
on the stochastic interval Œ0:�/ is necessary to exclude arbitrage opportunities, it
is not sufficient. (See for example [83, 98, 127, 130]). That is, only a subclass of
semimartingales exclude arbitrage opportunities. Let� 2 F� be the time � terminal
payoff or liquidation value of the asset. We assume that � � 0.

Finally, we let W be the wealth process associated with the market price of the
risky asset plus accumulated cash flows:

Wt D 1ft<�gSt C Bt

Z t^�

0

1

Bu
dDu C Bt

B�
�1f��tg: (2)

Note that all cash flows are invested in the money market account.
It is standard (and desirable) to have a market which excludes arbitrage opportu-

nities. There are different mathematical formulations of an arbitrage opportunity,
but if one formulates them the right way then one has the validity of the first
fundamental theorem of asset pricing: namely that the absence of arbitrage is
mathematically equivalent to the existence of another probability measure Q, with
the same null sets, that turns the price process into a martingale, or more generally
a local martingale.8 The correct formulation for the absence of arbitrage to hold
and for the first fundamental theorem to hold in full generality was established by
Delbaen and Schachermayer [34, 35]. (See alternatively [127].) If is called No Free
Lunch with Vanishing Risk and if often referred to by its acronym NFLVR. Note
that it need not be applied directly to the price process S but can be assumed as a
hypothesis relative to any risky asset in question. In our case we want to assume that
NFLVR holds for the wealth process defined in (2).

Henceforth, we assume NFLVR holds (and hence there are no arbitrage oppor-
tunities) which implies there exists at least one probability measure Q, with the
same null sets as P (we write Q � P ), such that under Q we have that W is a

6No company, government, or economic system can last forever. Of the original 12 companies from
the 1896 Dow Jones Industrial Average, only General Electric and Laclede Gas still exist under
the same name with remarkable continuity. National Lead is now NL Industries, and Laclede Gas
(a utility in St. Louis) was removed from the DJIA in 1899. See [51] for more details.
7Càdlàg paths refers to paths that are right continuous and have left limits, a.s.
8In the general case one must also consider sigma martingales, but if the price process is assumed
to be nonnegative, we use the fortuitous fact that sigma martingales bounded from below are local
martingales (see for example [76] or [128]).
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local martingale. We make two more assumptions, both of which will be weakened
later:

1. The equivalent probability measure Q is unique (and hence the market is
complete; see e.g. [83] and Sect. 5).

2. The random variable Wt D 1ft<�gSt C Bt
R t^�
0

1
Bu

dDu C Bt
B�
�1f��tg is assumed

to be in L1.dQ/ for each t , 0 � t � T ?.

The (now assumed to be) unique equivalent probability measureQ is often called
a risk neutral measure, or the Equivalent Local Martingale Measure, sometimes
abbreviated with the acronym ELMM. The term “risk neutral” comes from equi-
librium theory. While individual people are risk averse when trading with their
own money (and this is often mathematically modeled using utility functions), and
perhaps people trading large sums with other people’s money are much less risk
adverse, nevertheless the market in the whole is assumed to have risk aversion. By
changing from the underlying probability P to an ELMM Q, we have an artificial
transformation that generates risk neutral pricing in the market.9 We use this risk
neutral measure to give the market’s fundamental value for the risky asset; this
should be the best guess for the future discounted cash flows, given one’s knowledge
at the present time. If we take conditional expectations in (2) and rearrange the
terms, this translates into:

S?t D EQ

 Z �^T ?

t

1

Bu
dDu C �

B�
1f��T ?g

ˇ̌̌
ˇ̌Ft

!
Bt : (3)

The superscript ? will be used systematically to denote fundamental values.

Definition 1. We define ˇt by

ˇt D St � S?t ;

the difference between the market price and the fundamental price. (In a well
functioning market, this difference is 0.) The process ˇ is called a bubble.

9One way to think of risk aversion is to consider the following game one time, and one time only:
I toss a fair coin, and you pay me $2 if it comes up heads, and I pay you $5 if it comes up tails.
Most people would gladly play such a game. But if the stakes were raised to $20,000 and $50,000,
most people short of the 2012 US Presidential candidate and über rich Mitt Romney would not
play the game, unwilling to risk losing $20,000 in one toss of a coin. (In a 2012 presidential race
debate Romney offered to bet $10,000 about something an opponent said; he did it casually, as
if this were a frequent type of bet for him.) Exceptions it is easy to imagine are Wall Street and
Connecticut Hedge Fund traders, who deal with large sums of other people’s money; they might
well take advantage of such an opportunity for a quick profit (or loss) since the game is a good bet,
irrespective of the high stakes. The hedge fund traders are still risk averse of course, but in ways
quite different from the small “retail” investor.
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3 Characterization of Bubbles

Our first observation is that we always must have St � S?t , t � 0. This is of
course equivalent to saying that the bubble ˇ has the property ˇt � 0 for all t ,
i.e., bubbles are always nonnegative.10 This is an important point, so even though it
is quite simple, we formalize it as a theorem. For simplicity we consider only the
case where the stock pays no dividends, and the spot interest rate is 0. Note that it
is only for simplicity, and an analogous result holds if the spot rate is not 0, and
also if dividends are paid. If the spot rate is not 0, one needs to discount the final
term. In the case of futures however, it matters whether or not the interest rates are
deterministic, or random. We treat this is Sect. 9. For dividends, there are details to
keep track of (for example when the stock is ex dividend, etc.), but the ideas are the
same.

Theorem 1. Let S be the nonnegative price process of a stock and assume S pays
no dividends. Moreover assume the spot interest rate is constant and equal to 0.
Let Q be a risk neutral measure under which S is a local martingale (and hence a
supermartingale). Let S? be the fundamental value of the stock calculated underQ,
and let ˇt D St � S?t . Then ˇ � 0.

Proof. Under these simplifying hypotheses of no dividends and 0 interest, the
fundamental value of the stock is nothing more than

S?t D EQ.�1f��T ?gjFt /: (4)

Since underQ the process S is a supermartingale, we have

EQ.S� jFt / � St (5)

and since S� D �1f��T ?g, combining (4) and (5) gives the result. ut
We can classify bubbles into three types, as shown in the following theorem,

which was originally proved in [88]. For this theorem, we assume fixed a risk neutral
measureQ under which both S andW are local martingales.

Theorem 2. If in an asset’s price there exists a bubble ˇ D .ˇt /t�0 that is not
identically zero, then we have three and only three possibilities:

1. ˇt is a local martingale (which could be a uniformly integrable martingale) if
P.� D 1/ > 0.

10One can ask if it is not possible to have bubbles which are negative? In our models, for stocks, the
answer is no. However for risky assets other than stocks, such as foreign exchange, it is possible
to have negative bubbles. For example when the dollar is in a bubble relative to the euro, then the
euro would be in a negative bubble relative to the dollar.
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2. ˇt is a local martingale but not a uniformly integrable martingale if � is
unbounded, but with P.� < 1/ D 1.

3. ˇt is a strict Q-local martingale, if � is a bounded stopping time.

Proof. Fix Q equivalent to P such that W is a local martingale underQ. Note that
Wt is a closable supermartingale, so there exists W1 2 L1.dQ/ such that Wt !
W1 almost surely. Also, since S is a nonnegative local martingale under the risk
neutral measure, limt!1 St D S1 exists a.s. (cf., e.g., [128, Theorem 10, p. 8]).
The fundamental wealth process is one’s best guess of future wealth, given today’s
knowledge: W �

t D EQ.W1jFt /. Note that analogously, W �1 exists, and W1 D
W �1. Let

ˇ0
t D Wt �EQŒW1jFt � D Wt �W �

t : (6)

Then ˇ0
t is a (non-negative) local martingale since it is a difference of a local

martingale and a uniformly integrable martingale. It is simple to check that

EQŒW1jFt � D EQŒW
�1jFt �C EŒS1jFt � D W �

t C EŒS1jFt �: (7)

By the definition of wealth processes and (6), (7):

ˇt D St � S�
t

D Wt �W �
t

D �
EQŒW1jFt �C ˇ0

t

� � �
EQŒW1jFt � �EQŒS1jFt �

�
D ˇ0

t C EQŒS1jFt �:

(8)

If � < T for T 2 RC, then S1 D 0. A bubble ˇt D ˇ0
t D 0 for t � � and in

particular ˇT D 0. If ˇt is a martingale,

ˇt D EŒˇT jFt � D 0 8t � T (9)

It follows that ˇ� is a strict local martingale. This proves (1). For (2) assume that ˇt
is uniformly integrable martingale. Then by Doob’s optional sampling theorem, for
any stopping time �0 � � ,

ˇ�0 D EQŒˇ� jF�0 � D 0 (10)

and since ˇ is optional, it follows from (for example) the section theorems of P.A.
Meyer (see for example [39]) that ˇ D 0 on Œ0; ��. Therefore the bubble does
not exist. For (3), EQŒS1jFt � is a uniformly integrable martingale and the claim
holds. ut

As indicated, there are three types of bubbles that can be present in an asset’s
price. Type 1 bubbles occur when the asset has infinite life with a payoff at f� D 1g.
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Type 2 bubbles occur when the asset’s life is finite, but unbounded. Type 3 bubbles
are for assets whose lives are bounded.

Of the three types of bubbles, the most interesting are those on a compact time
interval, Œ0; T �. In this case we are dealing exclusively with Type 3 bubbles, and as
seen in Theorem 2 we have that ˇ will be a strict local martingale. Since S? is a
true martingale, and ˇ D S � S?, we have that ˇ being a strict local martingale is
equivalent to the price process S being a strict local martingale. Indeed, we see that:

Corollary 1. We have a bubble on Œ0; T � if and only if the price process S is a strict
local martingale.

For the important special case of a bounded horizon (that is, we are working on
a compact time interval, Œ0; T �), we can summarize as follows:

Theorem 3. Any non-zero asset price bubble ˇ on Œ0; T � is a strict Q-local
martingale with the following properties:

1. ˇ � 0;

2. ˇ� D 0;

3. if ˇt D 0 then ˇu D 0 for all u � t , and
4. if no cash flows, then

St D EQ

�
ST

BT

ˇ̌
ˇ̌Ft

�
Bt C ˇt � EQ

�
ˇT

BT

ˇ̌
ˇ̌Ft

�
Bt

for any t � T � � � T ?.

This theorem states that the asset price bubble ˇ is a strict Q- local martingale.
Condition (1) states that bubbles are always non-negative, i.e. the market price can
never be less than the fundamental value. Condition (2) states that the bubble must
burst on or before � . Condition (3) states that if the bubble ever bursts before the
asset’s maturity, then it can never start again. Alternatively stated, condition (3)
states that in the context of our model, bubbles must either exist at the start of
the model, or they never will exist. And, if they exist and burst, then they cannot
start again. Requiring bubbles to exist since the beginning of the modeling period is
clearly a weak spot of the theory; fortunately this can be resolved within the context
of incomplete markets, which allow for the concept of bubble birth. For this reason
complete market models are ill suited to the study of bubbles, at least using our
models of them. We will return to this subject in Sect. 6.

4 Examples of Bubbles

Of course it is of interest to know if such phenomena as bubbles occur, both in
reality and in our models. We deal with our models first. Because we are working
on a compact time interval, the fundamental value S? will be a martingale as soon
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as � 2 L1.dQ/, assuming no dividends and zero interest rate. In the presence of
dividends and interest rates, other assumptions on integrability with respect to a
given risk neutral measure enter the picture. Therefore the existence of a bubble
becomes equivalent to the stock price process being a local martingale, which
is not a martingale. (The space of all local martingales includes martingales as
a subspace.) However it is easy to generate local martingales. Let us make the
reasonable assumption that S follows a stochastic differential equation with a unique
strong solution of the rather general form

dSt D �.St /dBt C b.St/dt (11)

where B is standard Brownian motion. Since Brownian motion has martingale
representation, it generates complete markets (see, e.g., [83]). Therefore in this
Brownian paradigm there is only one risk neutral measureQ. Under mild hypothe-
ses on � and b, including that � never vanishes, (11) underQ becomes

dSt D �.St /dBt ; (12)

and we have that S is a strict local martingale if and only if

Z 1

�

x

�.x/2
dx < 1: (13)

for some � > 0. This (and much more) is proved in detail in the papers [101, 116].
The idea goes back to Delbaen and Shirakawa [38]; see also [69]. However this
is also easy to prove directly, using Feller’s test for explosions. We have the
following results, which are based on remarks made to us by Dmitry Kramkov [102].
Theorem 4 is classic:

Theorem 4. Let S be a nonnegativeQ local martingale with S0 D 1. Then S is a
true martingale if and only if there exists a probability measure R, with R � Q,
and dR

dQ jFt D St ; otherwise S is a strict local martingale.

The intuition behind why Theorem 4 is true, is that S has to have an expectation
constant in time (and equal to one) in order to be a true martingale. Since it is
nonnegative, this turns out also to be sufficient. If the expectation decreases with
time, thenR would be a sub probability measure, but not a true probability measure:
some “mass would escape to 1.”

Following Jacod and Shiryaev [76, pp. 166ff], for a stopping time � we let P�
denote the restriction of P to the sigma algebra F� , and we define R �loc Q

if there exists a sequence of stopping times �n of stopping times such that �n %
1 a.s. and R�n � P�n for each n. With the hypotheses of Theorem 4 one has
automatically that R �loc Q. Indeed, we have a true martingale when R � Q

without the “local” caveat. Using Feller’s test for explosions for one dimensional
diffusions (see [97,109] as in the recent treatment in [117]), we find the criterion of
Mijatovic and Urusov [116, Corollary 4.3].
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Theorem 5. Let B be a Q Brownian motion and let S be of the form

dSt D Sta.St /dBt ; underQ: (14)

Then S is a martingale if and only if

Z 1

1

1

xa.x/2
dx D

Z 1

1

x

�.x/2
dx D 1

where �.x/ D xa.x/.

Proof. By Girsanov’s theorem, (14), underR becomes

dSt D Sta.St /dˇt C Sta.St /
2dt; S0 D 1

for an R Brownian motion ˇ. Mijatovic and Urusov show (though they are not the
first to do something like this) that S is a true martingale if and only if

R t
0
a.Ss/

2ds <
1 a.s. .dQ/. This implies S cannot explode. To use Feller’s test to see if S explodes,
we use the notation of Karatzas and Shreve [97]. Simple calculations show that in
this case their scale function p is given by p.x/ D � 1

x
CC , and their speed measure

m is

m.dx/ D 2dx

p0.x/�2.x/
D 2x2

�2.x/
dx:

Finally their function v.x/ D R x
c
.p.x/ � p.y//m.dy/ equals

D
Z x

c

�
� 1
x

C 1

y

�
� 2y2

�2.y/
dy

D 2

Z x

c

x � y

xy
� y2

�2.y/
dy

D 2

Z x

c

y

�2.y/
dy � 2

x

Z x

c

y2

�2.y/
dy

and since in the second integral we have y

x
< 1 we get that v.C1/ D C1 if and

only if
R1
c

y

�2.y/
dy D C1. Taking �.x/ D xa.x/ means in this context

Z 1

c

y

y2a.y/2
dy D

Z 1

c

1

ya.y/2
dy D C1:

Therefore we see that by Feller’s test S does not explode if and only ifR1
1

1
xa.x/2

dx D C1, and we are done. ut
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We end this discussion by noting that we do not really need to use Feller’s test, but
could have instead used the local time-space formula of stochastic calculus (see for
example [128]). Namely we have that

Z T

0

a.Ss/
2ds D

Z 1

0

a.x/2LxT dx

where LxT is the local time in x at time T of S . Since for almost all ! we have
x 7! LxT .!/ is a continuous function of x that vanishes off a compact set, and if the
function a never vanishes, we can conclude 0 < �.!/ � LxT .!/ < K.!/ < 1 and
once again we can deduce the result. This approach is developed in detail in [116].

Of course one can ask for examples of bubbles coming from the markets. For
economy wide bubbles there are many, as we mentioned in the introduction. In
the case of individual assets, we detail examples in Sect. 10 later in this paper.
A recent paper of X. Li, M. Lipkin, and R. Sowers [106] has shown a way in
which bubbles can arise as a consequence of short squeezes related to bankruptcy
stocks. There are of course many more examples, as a simple Google Scholar search
will exhibit. Strict local martingales have received attention in the mathematical
literature irrespective of their connection to models of financial bubbles. See for
example [46, 137, 146].

Simulations for the Inverse Bessel Process

The inverse Bessel process is perhaps the most famous (or infamous) strict local
martingale. It goes back at least to the renowned 1963 paper of Johnson and
Helms [93] who gave it to provide an example of a nonnegative supermartingale
which is uniformly integrable but is not of “Class D”, the class proposed by
P.A. Meyer when he solved Doob’s decomposition conjecture, by showing it did
not hold in full generality, but that it did nevertheless hold for supermartingales of
Class D (the theorem is now known as the Doob–Meyer Decomposition Theorem of
Supermartingales). The construction of Johnson and Helms is now classical: LetW
be a standard three dimensional Brownian motion starting from the point .1; 0; 0/.
Let u.p/ D 1=r , where r Dk p k, the Euclidean distance of p 2 R

3 to the origin.
Define a process X by Xt D u.Wt/ for t � 0. That is,

Xt D 1

k Wt k : (15)

ThenX is a uniformly integrable nonnegative process, with finite values a.s. because
W never hits the origin with probability 1, and Itô’s formula shows that X is a
local martingale, because u is the Newtonian potential and therefore a harmonic
function for Brownian motion in R

3. However simple calculations show that t 7!
E.Xt/ is not constant (these calculations are given in detail in the little book of
Chung and Williams [29]) and indeed E.X0/ D 1 while limt!1E.Xt/ D 0. An
alternate representation for the inverse Bessel process is as a solution to a stochastic
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Fig. 1 Five simulated sample paths of the inverse Bessel process

differential equation of the form

dXt D �X2
t dBt I X0 D 1 (16)

where B is a standard one dimensional Brownian motion, and therefore since (16)
is of the form of Corollary 5, we know from the Mijatovic–Urysov theorem that X
is a strict local martingale. Nevertheless, it is easier to simulate paths ofX using the
representation given in (15), so it is nice to have both methods of representing X .
One can see the two representations [(15) and (16)] ofX are equivalent by applying
Itô’s formula to the X given in (15).

To show that the inverse Bessel process has paths that can behave as if they are
paths of a stock price with bubbles, we have the following simulations11 (Fig. 1).

Note that a roughly half of the simulations of the sample paths of the inverse
Bessel could reasonably represent a history of the price of a stock that underwent
bubble pricing. For clarity, we isolate one of these paths in Fig. 2:

Simulations for Stochastic Differential Equations

It is nice to go beyond the canonical case of the inverse Bessel process, and to
consider other simple models of local martingales, to see if their simulations agree
with one’s expectations for a model of a bubble price process. The theory tells us
that they should, but one can always ask: Do simulations back up the theory? In
this respect we are grateful to Jing Guo, who (at our request) simulated solutions of
SDEs of the form

11We thank Etienne Tanre of INRIA for making these simulations of paths of the inverse Bessel
process.



16 P. Protter

Fig. 2 An inverse Bessel sample path

Fig. 3 Average of 24 paths with ˛ D 0:03

dXt D X1C˛
t dBt

for various values of ˛, with of course ˛ > 0 always. One of his observations is
that as ˛ grows, the bubble peaks get more peaked: that is, they both get higher, and
they also get narrower. Figure 3 below illustrates what happens, with a graph of the
average of 24 paths, for ˛ D 0:3:

Note that we have not included the drift in the models used for these pictures, and
yet certainly in practice there is a drift, as far as the data is concerned. (The dynamics
under the risk neutral measure removes the drift, but the data should reflect the
dynamics under the objective measure, not the risk neutral measure.) When a drift
is present, it should diminish the future peaks that the simulations show occur after
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the initial primary peak, but we are not including here even more simulations in
order to illustrate that.

The Case of Stochastic Volatility

While the examples provided by equations of type (11) form a wide and useful class
of equations, several examples that include stochastic volatility already exist in the
literature. They provide examples of strict local martingales (and hence bubbles on
a compact time interval Œ0; T �) for models with stochastic volatility.

Theorem 6 (Sin). Assume there are no cash flows on the underlying asset, B is
as in (2), that .W 1;W 2/ is a standard two dimensional Brownian motion, and let
.St ; vt / satisfy

dSt
St

D rtdt C v˛t
�
�1dW1

t C �2dW2
t

�

dvt
vt

D 	.b � vt /dt C a1dW1
t C a2dW2

t

under the risk neutral measure Q where S0 D x, v0 D 1, ˛ > 0, 	 � 0, b > 0, a1,
�1, a2, �2 are constants. Then, St

Bt
is a strict local martingale underQ if and only if

a1�1 C a2�2 > 0.

For another example in this vein the reader can consult the work of B. Jourdain
[94]. Also, L. Andersen and V. Piterbarg [3], of Bank of America and Bar-
clay’s Capital respectively, consider a class of stochastic volatility models of the
form

dXt D 
Xt
p
VtdW

1
t (17)

dVt D �.� � Vt /dt C �V
p
t dW

2
t

where .W 1;W 2/ is a two dimensional Brownian motion with correlation coeffi-
cient 	.

Note that this is a generalization of the model of Sin above, and adds the
feature that the correlation coefficient of the noise processes plays an important role.
Anderson and Piterbarg in [3] are not trying to determine if a process is in a bubble
or not, but rather their main thrust is to determine if extensions of what is known
as the Heston model, a simple model using stochastic volatility, are reasonable
in a financial context or not; they find that it depends on a range of parameters.
And almost in passing, they discover a characterization of when the model forms
a true martingale, or is a strict local martingale. This inter alia provides a simple
test to determine if a process in their context is a strict local martingale, or a true
martingale. They establish the following result, among many others.
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Theorem 7 (Andersen–Piterbarg). For the model (17) above, if p � 1
2

or p > 3
2

thenX is a true martingale, and if 3
2
> p > 1

2
,X is a true martingale for 	 � 0 and

it is a strict local martingale for 	 > 0. For the case p D 3
2
, X is a true martingale

for 	 � 1
2
�
�1, and X is a strict local martingale for 	 > 1

2
�
�1

Perhaps the most definitive result already existing in the literature is that of
P.L. Lions and M. Musiela [107]. Indeed, in their interesting paper they prove the
results in Theorem 8 and in the more general result Theorem 9.

Theorem 8 (Lions–Musiela). Let Zt D 	Wt C p
1 � 	2Bt where .Wt ; Bt / is a

standard two dimensional Brownian motion, and let .F; �/ solve

dFt D �tFtdWt ; F0 D F > 0 (18)

d�t D 
.�t /dZt C b.�t /dt; �0 � � � 0 (19)

with


.0/ D 0; b.0/ � 0 (20)


.�/ > 0; for � > 0; and 
 is Lipschitz on Œ0;1/ (21)

b.�/ � C.1C �/ on Œ0;1/; for some C � 0 (22)

Suppose in addition that the following condition holds

lim sup
�!1

.	
.�/� C b.�//��1 < 1 (23)

thenE.Ft j lnFt j/ < 1; E.sup0�s�t jFsj/ < 1 for all t � 0 and Ft is an integrable
nonnegative martingale. On the other hand, if the following holds:

lim inf
�!1 .	
.�/� C b.�//

1

�.�/
> 0 (24)

for some smooth, positive, increasing function � such that
R1
�

1
�.�/

d� < 1, for all
� > 0, then Ft is a strict local martingale, and we have E.Ft / < F0 for all t > 0.

We observe that in the special case that b D 0 and 
.�/ D ˛� with ˛ > 0, then (23)
is equivalent to 	 � 0, while (24) is equivalent to 	 > 0 (take �.�/ D �2). Therefore
we see that the correlation coefficient 	 plays an important role in determining
whether or not the process .Ft /t�0 is a strict local martingale.

Lions and Musiela go on to consider a more general case than that of Theorem 8.
Instead of (18) and (19), they consider the equations

dFt D �ıt FtdWt ; F0 D F > 0 (25)

d�t D ��
�
t dZt C b.�t /dt; �0 D � > 0 (26)
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and again they want conditions under which Ft is a martingale, and conditions
under which Ft is a strict local martingale. Their reasons for such an analysis
are again not really related to bubble detection, but instead address the important
issue as to whether or not certain stochastic volatility models are “well posed or
not.” As with Anderson and Piterbarg, in Theorem 7, they provide, inter alia, a
parametric framework for detecting whether or not a process is a martingale or
a local martingale, based an a range of parameter values. We have the following
theorem:

Theorem 9 (Lions–Musiela). With .Ft /t�0 given by (25) and (26), and W and Z
given as in Theorem 8,

1. If 	 > 0 and if � C ı > 1, we assume that b satisfies

lim sup
�!1

b.�/C 	˛��Cı

�
< 1: (27)

Then .Ft /t�0 is an integrable nonnegative martingale and

E.Ft j lnFt j/ < 1; E. sup
0�s�t

jFsj/ < 1 for all t � 0:

2. If 	 > 0; � C ı > 1 and b satisfies

lim inf
�!1

b.�/	˛�
�Cı

�.�/
> 0 (28)

for some smooth, positive, increasing function � such that
R1
�

1
�.�/

d� < 1, then
.Ft /t�0 is a strict local martingale (and not a true martingale), and we have
E.Ft / < E.F0/ for all t > 0.

Removal of Drift in the Multidimensional Case, and Strict Local
Martingales

The multidimensional case is intrinsically interesting, since it is easy to imagine
contagion within bubbles. The most obvious case might be that instead of an indi-
vidual stock undergoing bubble pricing, the phenomenon might apply to an entire
financial sector, such as technology stocks, automotive stocks, telecommunications,
etc. Therefore it is interesting to understand some examples of multidimensional
bubbles.

Since we know from the one dimensional case that strict local martingales are
more likely if the coefficient � increases quickly to 1, we assume that � is only
locally Lipchitz. This guarantees existence and uniqueness of solutions up to an
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explosion time �, which can be 1 but need not be in general. Let J D .0;1/ and
Ji be the i th copy of J , and let I D …d

iD1Ji , a subset of Rd . We let


 W I ! R
d (29)

� W I ! R
d ? R

d

where 
 and � are locally Lipschitz functions. We let W denote a d dimensional
Brownian motion, and then our stochastic differential equation takes the usual form

dSt D 
.St /dt C �.St /dW t ; for t < �; where � is a possibly infinite explosion time.
(30)

We make the hypotheses that the solution process S lives in the positive orthant.
The simplest case is to assume the square matrix � is invertible. Then we can

find a vector ı such that � � ı D �
. We also assume that ı is locally bounded. Our
candidate Radon Nikodym process will as usual be an exponential local martingale:

Zt D e
R �^t
0 ı.Ss/dWs� 1

2

R �^t
0 kı.Ss/k2ds ; (31)

where we set Zt D 0 on ft � �g.
We assume that

R �^t
0

k ı.Ss/ k2 ds < 1 on the event ft < �g, so that
Z is well defined. Z is of course a nonnegative local martingale (since it solves
a multidimensional exponential equation, with driving term being a continuous
stochastic integral), hence (by Fatou’s Lemma) a supermartingale, and since the
time horizon T is fixed, we have

Z D .Zt /0�t�T is a martingale, if and only if E.ZT / D 1:

Note that since we are in a multidimensional Brownian paradigm, by (for example)
the Kunita–Watanabe version of the martingale representation theorem, we know
that all local martingales have continuous paths, and cannot therefore jump to 0,
even at the time T . (See for example [128, Theorem 43, p. 188].)

We next use a technique present in the book by Karatzas and Shreve [97,
Exercise 5.38, p. 352] for one dimension, and developed in much more generality
and for multiple dimensions in Cheridito et al. [27]. We repeat it here since for our
case, the argument is perhaps easier to follow than the more general one treated
in [27]. We let

�n D infft > 0jSt … Œ 1
n
; n�d g;

the first exit time from the solid Œ 1
n
; n�d . Note that �n %% � as n ! 1, where

�n < � for each n. We next modify 
 and � , calling the new coefficients 
n and �n,
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where 
n and �n agree with 
 and � on Œ 1
n
; n�d , and also are globally Lipschitz, and

�n is also invertible. We then have that there exists a unique, everywhere defined,
and nonnegative solution Sn of the auxiliary equation

dSnt D 
n.S
n
s /ds C �n.S

n
s /dBs; (32)

where B is again a Brownian motion. Next we define ın such that �n � ın D �
n,
and define

Lnt D
Z �n^t

0

�ın.Sns /dBs

which is well defined globally since Ln is a local martingale with

ŒLn; Ln�t D
Z t^�n

0

k ı k2 .Sns /ds �k ı k2
L1 ;Œ 1n ;n�

t < 1

and hence ŒLn; Ln�t 2 L1 and Ln is actually a (true) square integrable martingale.
However by Novikov’s criterion (see for example [128]) we also have that the
stochastic (also known as the Doléans–Dade) exponential E.Ln/ is a martingale.
We let

Dn
t D D0E.Lnt / for t < �; andDn

� D lim
n!1Dn

�n

and again,Dn is a (nonnegative) martingale, so there is no problem in asserting the
limit above exists. Dn so defined is a supermartingale, by Fatou’s Lemma. We next
relate it to the processZ defined in (31). For n � m we haveDn

t D Dm
t for t � �m,

and hence for t < � we define Dt D limDn
t � 0, as n ! 1. Note that Dt > 0 on

ft < �g \ fD0 > 0g. Finally, for t < � we haveDt D D0
Zt
Z0

. All this is preamble to
defining a sequence of new measures:

dQn

dP
jF�n

D D�n

D0

:

Using Girsanov’s theorem we have thatW n
t D WtC

R t^�n
0

ı.Sns /ds is aQn Brownian
motion up to �n, giving rise to the SDE system (up to time �n):

dWn
t D dW t C ı.Snt /dt

dSnt D �.Snt /dWn
t

and using the uniqueness in law of the solutions we have that the Qn measures are
compatible and give an über measureQ with Qn D QjF�n

for each n, with

dQ

dP
jF�n

D D�n

D0

andQn
jF�n D QjF�n : (33)
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Theorem 10. With Z;Q, as defined above, and � the explosion time of S , we have

EP .ZT 1f�>T g/ D Q.� > T /:

Proof. Let A 2 FT . Recalling that D D Z a.s. on the event fT < �g, we have:

EP .ZT 1fT<�g1A/ D EP .
DT

D0

1fT<�g1A/

D EP .
DT

D0

lim
n!1 1fT<�ng1A/

D lim
n!1EP .

DT

D0

1fT<�ng1A/

by the monotone convergence theorem; and using that

DT D DT^�n on 1fT<�ng; the above equals

D lim
n!1EQ.1fT<�ng1A/

D Q.A\ T < �/

again by the monotone convergence theorem. The theorem follows by taking
A D �. ut
Corollary 2. Let S be as given in (30) andZ be as given in (31). With the notation
and assumptions of Theorem 10, if S does not explode under Q, then Z is a true
martingale. If S does not explode under P , then Z is a martingale if and only if S
does not explode underQ.

Proof. Let us first assume that S does not explode under Q. But Z is a martingale
if and only if E.ZT / D 1, and this happens if and only if Q.� > T / D 1.
Next we suppose that S does not explode under P . Then Z is a supermartin-
gale, so EP .ZT / � 1. Therefore if S does not explode under Q, we have
EP .ZT 1f�>T g/ D 1. However since EP .ZT / � 1, and ZT D 0 on fT � �g a.s., we
deduce the result. ut
Why do we care whether or not Z is a martingale or only a local martingale? We
know that the solution S of (30) is nonnegative and let us suppose it does not explode
under P . We know that under a risk neutral measure the drift disappears and S is
always a vector of at least local martingales, and it is a vector of martingales if and
only if S does not explode in each of every component, and as we have seen by
Corollary 2, this is tied to whether or not Z is a martingale. This is nice to know,
but it is not much help in analyzing whether or not a given system is a martingale
or a strict local martingale, the key property for telling whether or not we have a
financial bubble.

We next give a criterion to determine whether or not the system is a strict local
martingale through the use of Hellinger Processes. We use freely results about
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Hellinger Processes from the book of Jacod and Shiryaev [76]. First we note that
if Q and P are two probabilities, we can define R D PCQ

2
and then P � R and

Q � R. We let X D dP
dR and Y D dQ

dR , with X D .Xt/t�0 and Y D .Yt /t�0 being
their respective martingale versions, through projections onto the filtration. We set
Ut D Xt

Yt
, and define

˛t D

8̂<
:̂

Xt
Yt

if 0 < Ut� < 1
0 if Ut� D 0

1 if Ut� D 1
(34)

While we do not reproduce the proof here, Younes Kchia has shown (2011, private
communication):

Theorem 11. Let the process Z be given as in (31), the process ˛ be as given
in (34), and the probability Q be as given in (33). We then have that Z is a true
martingale if and only if Q.h.1

2
/T < 1/ D 1 andQ.sup0�t�T ˛t < 1/ D 1. Here

h.1
2
/T is the Hellinger process of order 1

2
between P andQ.

We note that in the case considered above, if all processes are continuous and using
R D PCQ

2
, we have

h.
1

2
/ D 1

8

�
1

X
C 1

Y

�2
� ŒX;X�:

(See for example [76, p. 236].) We also note that these are much less practical
conditions to check than those we have in the one dimensional case. We will see
later that the one dimensional case presents its own formidable problems if we want
to check if a condition such as (13) holds, in order to determine whether or not S is
a strict local martingale.

For more ways to generate strict local martingales, as well as a study of
their asymptotic behaviors, we refer the interested reader to [122]. Related papers
involving strict local martingales include [11,15,30,50,96,108], as well as the recent
book [124].

5 Incomplete Markets: Choosing a Risk Neutral Measure

When we consider incomplete markets we immediately have a problem: How do
we choose a risk neutral measure so that we can well define the fundamental
value of a risky asset? The Second Fundamental Theorem of Finance states
that a market is incomplete if and only if there exists an infinite number of
equivalent risk neutral measures (see, e.g., [37], or [83]), so the question is not
a trivial one. Many different methods have been proposed to solve this question,
including (with sample references) indifference pricing (see for example the volume
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edited by R. Carmona [20]), choosing a risk neutral measure by choosing one
that minimizes the entropy (or alternatively the “distance”) between the objective
measure and the class of risk neutral measures (see for example the excellent paper
of Grandits and Rheinlander [60]), by minimizing the variance of certain terms
in the semimartingale decomposition, known as choosing the minimal variance
measure (see for example Föllmer–Schweizer [53], or the subsequent results of
Monat and Stricker [119]). Each of these methods works but they all give the uneasy
feeling of arbitrariness, whose main value is a canonical procedure to choose a risk
neutral measure. Instead, and as an alternative, we will sketch here a procedure due
to Jacod and this author [73], which gives conditions under which it is apparent
that the market has itself chosen a unique risk neutral measure. A similar approach
(with a similar result) was taken in Schweizer and Wissel [141, 142], albeit in a
more restrictive case (i.e., restricted to the Brownian paradigm). When sufficient
conditions hold for the uniqueness of a risk neutral measure compatible with all
market prices, it seems intuitively reasonable to use that risk neutral measure for
pricing purposes, since it is the one the market itself is using.

The basic idea of the article [73] is to take an inherently incomplete market,
and to complete it artificially by including option prices. This is accomplished by
modeling the market price S of our risky asset together with a family of traded
options. In this way, the options can in theory “complete” the market, rendering the
choice of a compatible risk neutral measure unique. This idea is not new with [73],
and its beginnings can be traced to the late 1990s, with the works of Dengler and
Jarrow [40], Dupire [43], Derman and Kani [102], and also Schönbucher [140].
Note that if one ignores the options, the model depending only on the risky asset
price remains incomplete, with an infinite choice of risk neutral measures, and we
call this set QS . Therefore if the option prices change, for whatever reason, they
could become compatible with a different choice of risk neutral measure in QS ,
and it is this flexibility that allows us to include bubble birth in our model, in the
incomplete case.

We assume the following model for the stock price X . First, in the continuous
case we suppose that

Xt D X0 C
Z t

0

asds C
X
i2I

Z t

0

�is dW i
s : (35)

In the general case, when there are jumps, we suppose that

Xt D X0 C
Z t

0

asdsC
X
i2I

Z t

0

�is dW
i
s C . 1fj j�1g/	 .
� �/t C . 1fj j>1g/	
t :

(36)

Here we are using established notation for stochastic integrals with respect to
Brownian motions W i and random measure 
, or compensated random measure

 � �, see for example the book of Jacod and Shiryaev [76]. We assume also that
� factors: �.dt; dx/ D dtF.dx/. The index set I is assumed finite. In (36) X0 > 0
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is non-random and the coefficients a, �i and  are such that the integrals and sums
above make sense: that is, a and �i are predictable and  is QP-measurable, and

Z t

0

 
jasj C

X
i2I

j�is j2 C
Z

. .s; x/2 ^ 1/ F.dx/
!
ds < 1 a.s. (37)

for all t . (We use QP to denote the product � algebra P ˝ R on � � RC � R.)
Of course these coefficients should also be such that Xt > 0: this amounts to

saying that they factor as at D Xt� Nat and �it D Xt� N�it and  .t; x/ D Xt� N .t; x/
with N > �1 identically, with Na; N�i and N satisfying (37), but it is more convenient
to use the form (36). Note that this represents the most general semimartingale
driven by 
 and the W i ’s that has a chance to satisfy the hypotheses NFLVR
(No Free Lunch with Vanishing Risk) of Delbaen and Schachermayer.

For options, we consider a fixed pay-off function g on .0;1/ which is non-
negative and convex, and we denote by P.T /t the price at time t 2 Œ0; T � of the
option with pay-off g.XT / at expiration date T . We also assume that g is not affine,
otherwise P.T /t D g.Xt / and we are in a trivial situation.

We denote by T the set of expiration dates T corresponding to tradable options
(always with the same given pay-off function g), and by T? the time horizon up
to when trading may take place. Even when T? < 1, there might be options with
expiration date T > T?, so we need to specify the model up to infinity.

In practice T is a finite set, although perhaps quite large. For the mathematical
analysis it is much more convenient to take T to be an interval, or perhaps a
countable set which is dense in an interval. We consider the case where T? < 1
and T D ŒT0;1/, with T0 > T?.

Apart from the fact that P.T /T D g.XT /, the prices P.T /t are so far
unspecified, and the idea is to model them on the basis of the same W i and 
,
rather than with X . However, since these are option prices, they should have some
internal compatibility properties.

Indeed, if the option prices were derived in the customary way, we would have a
measure Q which is equivalent to P, and under which X is a martingale and g.XT /
is Q-integrable and P.T /t D EQ.g.XT /jFt / for t � T . Then of course P.T / is
a Q-martingale indexed by Œ0; T �. But we can also look at how P.T /t varies as a
function of the expiration date T , on the interval Œt;1/. That is, we are taking the
non customary step of fixing t , and consideringP.T /t as a process where T varies.
Since X is a quasi-left continuous martingale and g is convex, then T 7! g.XT /

is a quasi-left continuous submartingale relative to Q, and this implies that T 7!
P.T /t is non-decreasing and continuous for T � t . Observe that this property holds
Q-almost surely, hence P-almost surely as well because P and Q are equivalent.

Remark 12. We wish to emphasize that, for example in the case of European call
options, the usual theory calls for P.T /t D EQ?..XT � K/CjFt / for some risk
neutral measure Q?. We do not make this assumption here. Indeed, the previous
paragraph is simply motivation for us to assume a priori that T 7! P.T /t
is non-decreasing and continuous. This seems completely reasonable from the
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viewpoint of practice, where (in the absence of dividends or interest rate changes
and anomalies) it is always observed that T 7! P.T /t is nondecreasing. In the
language of practitioners, if it were not it would imply a “negative pricing of the
calendar,” which makes no economic sense Lipkin, American stock exchange,
2007, private communication. Nevertheless we warn the reader that there are
pathological examples where this assumption does not hold: for example if X is
the reciprocal of a three dimensional Bessel process starting at X0 D 1, then X
is a local martingale for its natural filtration, but T 7! P.T /0 is not increasing,
since P.0/0 D 0, P.T /0 > 0 for T 2 .0;1/, but limT!1P.T /0 D 0, hence
T 7! P.T /0 cannot be increasing for T � 0. Thus our assumption T 7! P.T /t is
increasing in T rules out the possibility of the market being governed by such price
processes. This is an important exception, since the inverse Bessel process is the
classic example of a strict local martingale, going back to the paper of Johnson and
Helms [93]. The inverse Bessel process is of course a canonical example of a strict
local martingale, fitting into the theory of when there are bubbles, so it would seem
that this particular theory is excluding precisely the case where there are bubbles
in call options, a topic treated in Sect. 7. Note however that in the proofs presented
in [73], the assumption that T 7! P.T /t is increasing in T is not essential, and
could be replaced simply with T 7! P.T /t is absolutely continuous as a function
of T . This change allows us to apply this theory to the more general case where
bubbles in option prices are included.

We write

P.T /t D P.T0/t C
Z T

T0

f .t; s/ds: (38)

In this case, the inverse Bessel process and other local martingales are included.
The function f has the representation

f .t; s/ D f .0; s/C
Z t

0

˛.u; s/du C
X
i2I

Z t

0

� i .u; s/dWi
u

C.�.:; s/1fj�.:;s/j�1g/ 	 .
 � �/t C .�.:; s/1fj�.:;s/j>1g/ 	 
t : (39)

We further assume that the process P.T0/ is given for t � T? by

P.T0/t D P.T0/0 C
Z t

0

˛sds C
X
i2I

Z t

0

� isdW i
s (40)

in the continuous case, and in the general case by

P.T0/t D P.T0/0C
Z t

0

˛sdsC
X
i2I

Z t

0

� isdW i
sC.�1fj�j�1g/	.
��/t C.�1fj�j>1g/	
t ;

(41)
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where the above coefficients are predictable and satisfy

Z T?

0

 
j˛t j C

X
i2I

j�it j2 C
Z
.�.t; x/2 ^ 1/F.dx/

!
dt < 1 (42)

a.s., and further the (non-random) initial conditionP.T0/0 and these coefficients are
such that we have identically

t 2 Œ0; T?� ) P.T0/t � g.Xt /: (43)

Finally we assume that we have
R T
T0
�.s/T?ds < 1 a.s. for all T > T0, where

�.s/t D
Z t

0

 
j˛.u; s/j C

X
i2I

j�i.u; s/j2 C
Z
.�.u; x; s/2 ^ 1/ F.dx/

!
du:

An example of the type of results obtained in [73] is when trading takes place up
to time T?, and the expiration dates of the options are all T � T0, where T0 >
T?. We denote Mloc.T?; T0/ the collection of risk neutral measures for X that are
compatible with the option structure so that no arbitrage opportunities exist. The
following result is shown in [73]:

Theorem 13. Consider a .T?; T0/ partial fair model such that the set Mloc.T?; T0/

is not empty. Then this set is a singleton if and only if, for a good version of
the coefficients of the model, we have the following property: the system of linear
equations

X
i2I

�is .!/ˇi C
Z
 .!; s; x/y.x/ dx D 0; (44)

X
i2I

� is.!/ˇi C
Z
�.!; s; x/y.x/ dx D 0; (45)

T � T0 )
X
i2I

˛i .s; T /.!/ˇi C
Z
�.!; s; x; T /y.x/ dx D 0; (46)

where ..ˇi /; y/ 2 ‡ 0.!; s/, has for its only solution ˇi D 0 and y D 0 up to a
Lebesgue-null set.

A consequence is that we see when conditions such as those in Theorem 13 above
are met, the market prices for the options have uniquely determined a risk neutral
measure. Also, should the market change its collective mind about the pricing of
options, it could still choose a unique risk neutral measure, but a new one. Such
phenomena have been noticed by economists, and it is referred to colloquially as
the sun spot theory, since occasionally the sun gets sun spots, and they appear to
happen randomly and without explanation (see for example [7, 22]).
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6 Incomplete Markets: Bubble Birth

We use the idea of the previous section to extend our model of the economy to
allow for the possibility of bubble “birth” after the model starts. A modification
involves the market exhibiting different local martingale measures across time. We
note that this is different from the usual paradigm of choosing an initial equivalent
local martingale measure, and remaining with it fixed as our choice for all time, but
we will see it is not that different from the standard notion of regime change. Indeed,
shifting local martingale measures corresponds to regime shifts in the underlying
economy (in any of the economy’s endowments, beliefs, risk aversion, institutional
structures, or technologies). For pedagogical reasons we choose a simple and
intuitive structure consistent with this extension.

To begin this extension, we need to define the regime shifting process. Let .�i /i�0
denote an increasing sequence of random times with �0 D 0. The random times
.�i /i�0 represent the times of regime shifts in the economy. It is important that
these times �i be totally inaccessible stopping times. (See for example [128] for
definitions and properties of totally inaccessible stopping times.) For if they were to
be predictable, traders could see the regime shifts coming and develop arbitrage
strategies around the shifts.12 If we are working within a minimal Brownian
paradigm, then there are no totally inaccessible stopping times, so we would need
to consider a larger space that supports such times.

We let .Y i /i�0 be a sequence of random variables characterizing the state of the
economy at those times (the particular regime’s characteristics) such that .Y i /i�0
and .�/i�0 are independent of each other. Moreover, we further assume that both
.Y i /i�0 and .�/i�0 are also independent of the underlying filtration F to which the
price process S is adapted.

Define two stochastic processes .Nt/t�0 and .Yt /t�0 by

Nt D
X
i�0

1ft��ig and Yt D
X
i�0

Y i1f�i�t<�iC1g: (47)

Nt counts the number of regime shifts up to and including time t , while Yt identifies
the characteristics of the regime at time t . Let H be a natural filtration generated
by N and Y and define the enlarged filtration G D F _ H (for example see [128]
or [120] for a discussion of some of the general theory of filtration enlargement).
By the definition of G, .�i /i�0 is an increasing sequence of G stopping times.

Since N and Y are independent of F, every .Q;F/-local martingale is also
a .Q;G/-local martingale. By this independence, changing the distribution of N
and/or Y does not affect the martingale property of the wealth process W . To
discuss a collection of ELMMs, however, it is prudent to work on a finite horizon
(Œ0; T �), and not on the infinite half line Œ0;1/. Therefore, we do not speak of the

12We thank a referee for suggesting we include this remark.
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mathematically appealing set of ELMMs defined on G1, but rather we fix a (non
random) horizon time T < 1 and speak of the ELMMs defines on GT , and that
is a priori larger than the set of ELMMs defined on FT . We are not concerned
with this enlarged set of ELMMs. We will, instead, focus our attention on the FT

ELMMs and sometimes write MF

loc.W / to recognize explicitly this restriction. With
respect to this restricted set, given the Radon Nikodym derivativeZT D dQ

dP
jFT , we

define its density process byZt D EŒZT jFt �. Of course,Z is an F-adapted process.
Note that this construction implies that the distribution of Y andN is invariant with
respect to a change of ELMMs in MF

loc.W /.
We will henceforth always be working in this section on the finite horizon case

Œ0; T � with the non random time T chosen a priori and fixed. We will no longer make
special mention of this implicit assumption.

The independence of the filtration H from F gives this increased randomness in
our economy the interpretation of being extrinsic uncertainty. It is well known that
extrinsic uncertainty can affect economic equilibrium as in the sunspot equilibrium
of Cass and Shell [7, 22]. This form of our information enlargement, however, is
not essential to our arguments. It could be relaxed, making both N and Y pairwise
dependent, and dependent on the original filtration F as well. This generalization
would allow bubble birth to depend on intrinsic uncertainty (see Froot and Obstfeld
[54] for a related discussion of intrinsic uncertainty). However, this generalization
requires a significant extension in the mathematical complexity of the notation and
proofs, so we leave it aside.

We are now ready to discuss the fundamental price of a risky asset in the
incomplete market context. Of course to do this, we need to select a risk neutral
measure from an infinite selection of possibilities. We do this with the aid of
Theorem 13. Because the unique measure specified in Theorem 13 can change as the
regime shifts, so too might the fundamental value of the asset. Since the selection
of the risk neutral measure affects the fundamental value, and this can change as the
regime shifts, we can have the birth of price bubbles. More formally, we let the local
martingale measure in our extended economy depend on the state of the economy
at time t as represented by the original filtration .Ft /t�0, the state variable(s) Yt ,
and the number of regime shifts Nt that have occurred. Suppose Nt D i . Denote
Qi 2 Mloc.W / as the ELMM “selected by the market” at time t given Y i .

As in the complete market case, the fundamental price of an asset (or portfolio)
represents the asset’s expected discounted cash flows.

Definition 2 (Fundamental Price). Let � 2 ˆ be an asset with maturity � and
payoff .�;„�/. The fundamental price ƒ?

t .�/ of asset � is defined by

ƒ?
t .�/ D

1X
iD0

EQi

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Ft

�
1ft<�g\ft2Œ�i ;�iC1/g (48)

8t 2 Œ0;1/ where ƒ?1.�/ D 0.
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In particular the fundamental price of the risky asset S?t is given by

S?t D
1X
iD0

EQi

�Z �

t

dDu CX�1f�<1g
ˇ̌
ˇ̌Ft

�
1ft<�g\ft2Œ�i ;�iC1/g: (49)

To understand this definition, let us focus on the risky asset’s fundamental price. At
any time t < � , given that we are in the i th regime f�i � t < �iC1g, the right side
of expression (49) simplifies to:

S?t D EQi

�Z �

t

dDu CX�1f�<1g
ˇ̌
ˇ̌Ft

�
:

Given the market’s choice of the ELMM is Qi 2 MF

loc.W / at time t , we see that
the fundamental price equals its expected future cash flows. Note that the payoff of
the asset at infinity, X�1f�D1g, does not contribute to the fundamental price. This
reflects the fact that agents cannot consume the payoffX�1f�D1g. Furthermore note
that at time � , the fundamental price S?� D 0. We emphasize that a fundamental price
is not necessarily the same as the market price St . Under NFLVR the market
price St equals the arbitrage-free price,13 but this need not equal the fundamental
price S?t .

For notational simplicity, we can alternatively rewrite the fundamental price in
terms of an equivalent probability measure, indexed by time t , that is not a local
martingale measure because of this time dependence.

Theorem 14. There exists an equivalent probability measureQt? such that

ƒ?
t .�/ D EQt?

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Ft

�
1ft<�g (50)

Proof. Let Zi 2 FT be a Radon Nykodym derivative of Qi with respect to P and
Zi
t D EŒZi jFt �. Define

Zt�
T D

1X
iD0

Zi1ft2Œ�i ;�iC1/g (51)

13What we mean by this is that if NFLVR holds, then one can neither find not exploit an arbitrage
opportunity in the short run by strategies of buying and selling the asset, or by using financial
derivatives
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Then Zt�
T > 0 almost surely and

EZt�T D E

" 1X
iD0

Zi1ft2Œ�i ;�iC1/g

#
D

1X
iD0

EŒZi1ft2Œ�i ;�iC1/g�

D
1X
iD0

EŒZi �EŒ1ft2Œ�i ;�iC1/g�

D
1X
iD0

P.�i � t < �iC1/

D 1

(52)

Therefore we can define an equivalent measure Qt� on FT by dQt� D Zt�
T dP. The

Radon Nykodim density Zt�
t on Gt is

Zt�
t D dQt�

dP

ˇ̌̌
ˇ
Gt

D EŒZt�jFt � D
1X
iD0

EŒZi1ft2Œ�i :�iC1/gjGt �

D
1X
iD0

EŒZi jGt �1ft2Œ�i :�iC1/g:

(53)

Then

ƒ�
t .�/ D

1X
iD0

EQi

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Ft

�
1ft<�g\ft2Œ�i ;�iC1/g

D
1X
iD0

EQi

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Gt

�
1ft<�g\ft2Œ�i ;�iC1/g

D E

" 1X
iD0

Zi

Zi
t

1ft2Œ�;�iC1/g

!�Z �

t

d�u C„�1f�<1g
�ˇ̌̌
ˇ̌Gt

#
1ft<�g

(54)

and observing that

Zi

Zi
t

1ft2Œ�i ;�iC1�g D Zi1ft2Œ�i ;�iC1/gP1
iD0 Zi

t 1ft2Œ�i ;�iC1/g
;
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we can continue:

D E

" P1
iD0 Zi1ft2Œ�i ;�iC1/gP1
iD0 Zi

t 1ft2Œ�i ;�iC1/g

!�Z �

t

d�u C„�1f�<1g
�ˇ̌ˇ̌̌Gt

#
1ft<�g

D E

��
Zt�
T

Zt

��Z �

t

d�u C„�1f�<1g
�ˇ̌̌
ˇGt

�
1ft<�g

D EQt�

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Gt

�
1ft<�g

D EQt�

�Z �

t

d�u C„�1f�<1g
ˇ̌
ˇ̌Ft

�
1ft<�g

(55)

ut
We call Qt? the valuation measure at t , and the collection of valuation measures

.Qt?/t�0 the valuation system.
In our new model with regime change, there is no single risk neutral measure

generating fundamental values across time. The valuation measures Qs? and Qt?

at times s < t are usually two different measures, and neither is an ELMM. The
? superscript is used to emphasize that Qt? is the measure chosen by the market,
and the superscript t is used to indicate that it is selected at time t . In the i th regime
f�i � t < �iC1g, the valuation measure coincides with Qi 2 MF

loc.W /: Since Qt?

is a family of ELMMs and not one that is fixed, Qt? … MF

loc.W / in general, unless
the system is static.14

Given the definition of an asset’s fundamental price, we can now define the
fundamental wealth process.

For subsequent usage, we see that the fundamental wealth process of the risky
asset is given by

W ?
t D S?t C

Z �^t

0

dDu CX�1f��tg: (56)

Then,

W ?
t D

1X
iD0

EQi

�Z �

0

dDu CX�1f�<T g
ˇ̌
ˇ̌Ft

�
1ft2Œ�i ;�iC1/g (57)

8t 2 Œ0;1/ and W ?1 D R �
0

dDu CX�1f�<T g.

14Although the definition of the fundamental price as given depends on the construction of the
extended economy, one could have alternatively used expression (50) as the initial definition. This
alternative approach relaxes the extrinsic uncertainty restriction explicit in our extended economy.
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Alternatively, we can rewrite W ?
t by

W ?
t D

1X
iD0

EQi

�
W ?
T j Ft

	
1ft2Œ�i ;�iC1/g 8t 2 Œ0;1/: (58)

In general, the choice of a particular ELMM affects fundamental values. But, for
a certain class of ELMMs, when � < 1 the fundamental values are invariant. This
invariant class is characterized in the following lemma. We let MUI.W / denote the
collection of equivalent measures that render W a uniformly integrable martingale.
In contrast, MNUI.W / denotes those equivalent measures that render W at least a
sigma martingale, but not a uniformly integrable martingale.

Lemma 1. Suppose � < T almost surely. In the i th regime f�i � t < �iC1g, if the
market chooses Qi 2 MF

UI.W /, then the fundamental price of the risky asset S?t
and fundamental wealthW ?

t do not depend on the choice of the measureQi almost
surely.

Proof. FixQ�; R� 2 MF

UI.W /. � < T implies thatWT D W �
T . LetW Q�

t andW R�

t

be the fundamental prices on f�i � t < �iC1g whenQi D Q� andR� respectively.
Since W is uniformly integrable martingale underQ� and R�,

W
Q�

t D EQ� ŒW �
T jFt � D EQ� ŒWT jFt �

D Wt D ER� ŒWT jFt �

D ER� ŒW �
T jFt �

D W R�

t a.s. on f�i � t < �iC1g

(59)

The difference of W Q�

t and S
Q�

t does not depend on the choice of measure.

ThereforeW Q�

t D W R�

t implies SQ
�

t D SR
�

t on f�i � t < �iC1g. ut
This lemma applies to the risky asset only. If the measure shifts fromQi 2 MF

UI.W /

to Ri 2 MF

UI.W /, then the fundamental price of other assets can in fact change.
The next lemma describes the relationship between the fundamental prices of the

risky asset when two measures are involved, one being a measure R? 2 MF

NUI.W /.

Lemma 2. Suppose � < T . In the i th regime f�i � t < �iC1g, consider the case
where Qi 2 MUI.W / and Ri 2 MNUI.W /. Then,

W R?
t � W

Q?
t ; a.s. on f�i � t < �iC1g: (60)

That is, the fundamental price based on a uniformly integrable martingale measure
is greater than that based on a non-uniformly integrable martingale measure.
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Proof. Pick Q� 2 MUI.W / and R� 2 MNUI.W /. Since � < T almost surely,
WT D W �

T . Under R�, W is not a uniformly integrable non-negative martingale
andWt � ER� ŒWT jMt �. Therefore

W
Q�

t �W R�

t DEQ� ŒW �
T jMt � � ER� ŒW �

T jMt �

DEQ� ŒWRjMt � �ER� ŒWT jMt �

DWt �ER� ŒWRjMt �

�0:

(61)

ut
We can now finally define what me mean by a price bubble in an incomplete

market. As is standard in the economics literature,

Definition 3 (Bubble). An asset price bubble ˇ for S is defined by

ˇ D S � S?: (62)

Recall that St is the market price and S?t is the fundamental value of the asset.
Hence, a price bubble is defined as the difference in these two quantities. Within a
fixed regime, the theory simplifies to a complete market case where there is only
one risk neutral measure, since the measure chosen by the market is fixed. Thus we
have:

Theorem 15. Within a fixed regime, S admits a unique (up to an evanescent set)
decomposition

S D S? C ˇ D S? C .ˇ1 C ˇ2 C ˇ3/; (63)

where ˇ D .ˇt /t�0 is a càdlàg local martingale and

1. ˇ1 is a càdlàg non-negative uniformly integrable martingale with ˇ1t ! X1
almost surely,

2. ˇ2 is a càdlàg non-negative non-uniformly integrable martingale with ˇ2t ! 0

almost surely,
3. ˇ3 is a càdlàg non-negative supermartingale (and strict local martingale) such

that Eˇ3t ! 0 and ˇ3t ! 0 almost surely. That is, ˇ3 is a potential.

Furthermore, .S?Cˇ1Cˇ2/ is the greatest submartingale bounded above byW .

As in the previous Theorem 2, ˇ1, ˇ2, ˇ3 correspond to the type 1, 2 and 3
bubbles, respectively. First, for type 1 bubbles with infinite maturity, we see that
the ˇ1 bubble component converges to the asset’s value at time 1, X1. This time
1 value X1 can be thought of as analogous to fiat money, embedded as part of
the asset’s price process. Indeed, it is a residual value to an asset that pays zero
dividends for all finite times. Second, this decomposition also shows that for finite
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maturity assets, � < 1, the critical threshold is that of uniform integrability. This is
due to the fact that when � < 1, the ˇ2, ˇ3 bubble components converge to 0 almost
surely, while they need not converge in L1. Finally, the ˇ3 bubble components are
strict local martingales, and not martingales.

As a direct consequence of this theorem, we obtain the following corollary.

Corollary 3. Within a fixed regime, any asset price bubble ˇ has the following
properties:

1. ˇ � 0;

2. ˇ�1f�<1g D 0;

3. if ˇt D 0 then ˇu D 0 for all u � t , and
4. St D EQ? ŒST j Ft �C ˇ3t � EQ?

�
ˇ3T
ˇ̌
Ft

	
for any t � T � � .

As in the complete market case, we still have that bubbles must be nonnegative,
even without regard to the regime being fixed or not:

Theorem 16. Bubbles are nonnegative. That is, if ˇ denotes a bubble, then ˇt � 0

for all t � 0.

Proof. Fix t � 0. On f�i � t < �iC1g, the market chooses Qi as a valuation
measure and the fundamental price S�

t is given by

S�
t 1f�i�t<�iC1g D EQi

�Z �

t

dDu CX�1f�<1g j Ft

�
1ft<�g1f�i�t<�iC1g

D S?it 1f�i�t<�iC1g;
(64)

where S?it denotes a fundamental price with valuation measureQi 2 Mloc.W / and

S�
t D

X
i

S?it 1f�i�t<�iC1g (65)

and

ˇ�
t D

X
i

ˇi;t1f�i�t<�iC1g (66)

By Corollary 3, ˇi D S � S?i � 0 for each i and hence ˇ� � 0. ut
The next example illustrates how we can model bubble birth.

Example 1. Suppose that the measure chosen by the market shifts at time �0 from
Q 2 MUI.W / to R 2 MNUI.W /. To avoid ambiguity, we denote a fundamental
price based on valuation measures Q and R by W Q? and W R?, respectively. By
Lemma 2, we can chooseQ;R and � such that the difference of fundamental prices
based on these two measures,

W Q?
�0

�W R?
�0

� 0; (67)
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is strictly positive with positive probability. Then, the fundamental price and the
bubble are given by

W ?
t D W

Q?
t 1ft<�0g CW R?

u 1f�0�tg (68)

ˇt D ˇRt 1f�0�tg: (69)

And, a bubble is born at time �0.

As shown in Lemma 1, a switch from one measureQ to another measureQ0 such
thatQ;Q0 2 MUI.W / does not change the value ofW ?. Therefore, if a bubble does
not exist under Q, it also does not exist under Q0. Bubble birth occurs only when a
valuation measure changes from a uniformly integrable martingale Q 2 MUI.W /

to a non-uniformly integrable martingale R 2 MNUI.W /.

Remark 17. The reader may well wonder if it is even possible that such a phe-
nomenon happens: that there exists a framework with a processX that is a uniformly
integrable martingale under one probability, and is a non uniformly integrable
martingale under an equivalent martingale measure. The answer is yes, and it is
provided in the work of Delbean and Schachermayer [36]. See alternatively [14].

We next wish to mention an alternative idea to treat the concept of bubble birth,
although it complicates the model. It is often believed that bubbles arise due to
“easy money,” when speculators have access to large pools of funds to invest. This
is reflected in the market by its having a high degree of liquidity. Therefore it seems
reasonable to try to combine the ideas of high liquidity and bubbles to see if the
former can help us understand the birth of the latter. A first mathematical attempt in
this direction is attempted in the research paper of R. Jarrow et al. [90]. See also the
Ph.D. thesis of A. Roch [133].

In Jarrow et al. [90, 135] the authors combine ideas for bubble birth with
mathematical models of liquidity issues presented for example in the work of Çetin
et al. [23, 24] and Blais and Protter [16]. See also [136]. The idea, loosely put, is
to use a liquidity risk model developed in [133, 134] for highly liquid stocks with a
supply curve identified in [16], in order to gain insight into how liquidity can affect
bubble births and bubble bursts. Instead of an instant return to the price takers’
general asset price, in this model each trade engenders a short exponential decay
of its return time; in times of high liquidity these decays can overlap one upon
the other, thereby mounting and artificially raising the price above its fundamental
value. Whether or not this happens depends on whether or not key parameter values
reach certain ranges.

Remark 18. In very recent work of Biagini et al. [14], a concept of “slow bubble
birth” is developed. This differs from the regime change idea, which ultimately is an
abrupt change at a random time, but rather contains a slow and continuous transition
from one probability measure in MUI.W / to another in MNUI.W /.
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7 Calls, Puts, and Bubbles

Bubbles have surprising implications for financial derivatives, and these implica-
tions indicate that the standard no arbitrage assumption of NFLVR is ever so slightly
too weak. This was first noticed, to our understanding, by Heston et al. [63], and
underlined by A.M.G. Cox and David Hobson [30]. This also creates problems with
the numerical solutions of option prices under the risk neutral measure (see for
example [44, 45]).

We consider three standard derivative securities all on the same risky asset: a
forward contract, a European put option, and a European call option. Each of these
derivative securities is defined by its payoff at its maturity date. A forward contract
on the risky asset with strike price K and maturity date T has a payoff ŒSt � K�.
We denote its time t market price as V f

t .K/. A European call option on the risky
asset with strike priceK and maturity T has a payoff ŒSt �K�C, with time t market
price denoted as Ct.K/. Finally, a European put option on the risky asset with strike
price K and maturity T has a payoff ŒK � St �

C, with time t market price denoted
as Pt.K/.15 Finally, let V f

t .K/
?, Ct.K/?, and Pt .K/? be the fundamental prices of

the forward contract, call option and put option, respectively.
A straightforward implication of the definitions is the following theorem.

Theorem 19 (Put-Call Parity for Fundamental Prices).

C?
t .K/� P?

t .K/ D V
f ?
t .K/: (70)

Proof. The proof follows from the linearity of conditional expectation. At matu-
rity T ,

.ST �K/C � .K � ST /C D ST �K (71)

Since a fundamental price of a contingent claim with payoff function H is
EQt� ŒH.S/T jFt �,

C �
t .K/ � P �

t .K/ D EQt� Œ.ST �K/CjFt � � EQt� Œ.K � ST /
CjFt �

D EQt� ŒST �KjFt �

D V
f ?
t .K/:

(72)

ut
Note that put-call parity for the fundamental prices holds regardless of whether or
not there are bubbles in the asset’s market price.

15To be precise, we note that the strike price is quoted in units of the numéraire for all of these
derivative securities.
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As noted by Heston et al. [63], put-call parity in market prices has been seen to
be violated in the presence of bubbles. Examples are provided by the work of Ofek
et al. [121] and that of Lamont and Thaler [105] who, in the words of Heston et al.,
“provide evidence that options on Palm and other stocks violated put-call parity at
the same time the stocks clearly had bubbles.”

We give an example to show what can happen mathematically under NFLVR.

Example 2. Let Bi
t , i D f1; 2; 3; 4; 5g be independent Brownian motions. Let Mi

t

satisfy

M1
t D exp

�
B1
t � t

2

�
; M i

t D 1C
Z t

0

M i
sp

T � s dBis 2 � i � 5: (73)

Consider a market with a finite time horizon Œ0; T �. The market is complete for
all five processes Mi with respect to the filtration generated by f.M i

t /t�0g5iD1 in
the sense that martingale representation holds, and hence all contingent claims in
L2 are replicable in theory. M1

t is a uniformly integrable martingale on Œ0; T �.
The processes fMi

t g5iD2 are non-negative strict local martingales that converge to
0 almost surely as t ! T . Let S�

t D sups�t M 1
s . Suppose the market prices in this

model are given by

• St D S�
t CM2

t

• Ct.K/ D C �
t .K/CM3

t

• Pt .K/ D P �
t .K/CM4

t

• V
f
t .K/ D V

f;?
t .K/CM5

t

All of the traded securities in this example have bubbles. To take advantage of
any of these bubbles fMi

t g4iD2 based on the time T convergence, an agent must short
sell at least one asset. However, to do this one would need to short an asset with a
type 3 bubble, and this is not an admissible strategy. Therefore such strategies are
not a free lunch with vanishing risk.

For a general contingent claim H , if we let Vt .H/ denote its market price at
time t , and V ?

t denote its fundamental price, then the bubble in a contingent claim
is defined by

ıt D Vt .H/� V ?
t .H/ (74)

We now have that, as seen by Example 2, NFLVR is not a strong enough assumption
to eliminate the possibility of (a fortiori Type 3) bubbles in contingent claims. And,
given the existence of bubbles in calls and puts, we get various possibilities for
put-call parity in market prices.

• Ct.K/� Pt.K/ D V
f
t .K/ if and only if ıV

f

t D ıct � ıpt .
• Ct.K/� Pt.K/ D St �K if and only if ıSt D ıct � ı

p
t .
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This example validates the following important observation. In the well studied
Black Scholes economy (a complete market under the standard NFLVR structure),
contrary to common belief, the Black–Scholes formula need not hold! Indeed, if
there is a bubble in the market price of the option (M3

t ), then the market price
(Ct.K/) can differ from the option’s fundamental price (C �

t .K/)—the Black–
Scholes formula. This insight has numerous ramifications, for example, it implies
that the implied volatility (from the Black–Scholes formula) does not have to equal
the historical volatility. In fact, if there is a bubble, then the implied volatility should
exceed the historical volatility, and yet there exist no arbitrage opportunities. (Note
that this is with the market still being complete.) This possibility, at present, is not
commonly understood. However, not all is lost. One additional assumption returns
the Black–Scholes economy to normalcy. This is the assumption of No Dominance.

We have seen that put call parity need not hold in practice (as observed
in [105, 121] as mentioned before), and that it need not hold mathematically
under NFLVR. Nevertheless it is rare that it does not hold in practice, and it is
distressing that the situation can invalidate (in some sense) the usual beliefs about
the Black–Scholes paradigm. The observations of Ofek et al. and Lamont and Thaler
notwithstanding, they are the exception, not the rule. The usual mathematical proof
of put-call parity is that of Theorem 19 above, since the usual model does not
account for bubbles and market prices, but simply implicitly assumes that market
prices and what we call fundamental prices, are the same. The NFLVR assumption
allows for market price put-call parity to be violated, but if one wants a model where
that cannot happen, then one needs to add an assumption, and the assumption that is
usually added is that of No Dominance. It dates back to R.C. Merton who proposed it
in 1973 (see [114]), although he proposed it only with a verbal description. Jarrow
et al. [88] first proposed a mathematical formulation of Merton’s idea, and it has
since been refined by Sergio Pulido [131], whose definition we give here.

Definition 4. A Price Operator is a (not necessarily linear) operatorƒ such that

ƒ W L1.dP / ! R (75)

Definition 5. A price operator ƒ satisfies the No Dominance condition ND if for
all f; g 2 L1.dP / such that P.f � g/ D 1 and P.f > g/ > 0 we have that
ƒ.f / > ƒ.g/. We further say that the price operatorƒ satisfies No Dominance at 0,
denoted ND0, if ƒ is positive; that is, if for all f 2 L1C .dP/ with P.f > 0/ > 0

we have ƒ.f / > 0.

Jarrow et al. [88,89] show that No Dominance implies NFLVR. This formulation
of the result is taken from Pulido [131], where S denotes the market price of our
risky asset. The sets K and C defined below are the now standard notations from
the formulation of NFLVR given by Delbaen and Schachermayer [34, 35] and also
given in their book [37].

Theorem 20. Suppose a price operator ƒ is lower semi continuous on L1.dP/,
satisfies ND0, andƒ.f / � 0 for all f 2 C, where
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A D the set of admissible strategies relative to S

K D f.H � S/T W H 2 Ag
C D .K � L0C.dP // \ L1.dP / (76)

D fg 2 L1.dP / W g D f � h for some f 2 K and h 2 L0C.dP /:

Then NFLVR holds.

Proof. First we observe that NFLVR does not hold if and only if there exists a
sequenceHn of processes in A, and a sequence of bounded random variables fn and
a bounded random variable f such that Hn � ST � fn for all n, and fn converges
to f 2 L1.dP/, with P.f � 0/ D 1 and P.f > 0/ > 0. Therefore suppose
that NFLVR does not hold. By the preceding observation, we can find a sequence
of elements of C, call them .fn/n�1, and an f 2 L1C .dP/ such that fn ! f in
L1.dP/ and P.f > 0/ > 0. By hypothesis however,

0 < ƒ.f / � lim inf
n!1 ƒ.fn/ � 0;

which gives us a contradiction. So NFLVR must hold. ut
With this assumption of No Dominance, we can prove the following useful

lemma.

Lemma 3. Assume No Dominance and NFLVR hold. Let J be a payoff function of
a contingent claim such that Vt .J / D V �

t .J /. Then for every contingent claim with
payoffH such that H.S/T � J.S/T , Vt .H/ D V �

t .H/.

Proof. Since contingent claims have bounded maturity, we only need to consider
type 3 bubbles. Let L be a collection of stopping times on Œ0; T �. Then for all
L 2 L, VL.H/ � VL.J / by No Dominance. Since fVt .J /gt2Œ0;T � is a martingale
it is uniformly integrable martingale and of class (D) on Œ0; T �. Then fVt .H/g is
also of class (D) and it is a uniformly integrable martingale on Œ0; T �. (See Jacod
and Shiryaev [76, Definition 1.46, Proposition 1.47 in page 11]). Therefore type 3
bubbles do not exist for this contingent claim. ut

This lemma states that if we have a contingent claim with no bubbles, and
this contingent claim dominates another contingent claim’s payoff, then the dom-
inated contingent claim will not have a bubble as well. Immediately, we get the
following corollary.

Corollary 4. If H.S/T is bounded, then Vt .H/ D Vt .H
�/. In particular a put

option does not have a bubble.

Proof. Assume that H.S/T < ˛ for some ˛ 2 RC. Then applying Lemma 3 for
H.x/ D ˛, we have desired result. ut
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Theorem 21 (European Put Price). For all K � 0,

Pt.K/ D P?
t .K/: (77)

The proof of this theorem is contained in Corollary 4. Hence, European put
options always equal their fundamental values, regardless of whether or not the
underlying asset’s price has a bubble.

We next consider the put call parity of market prices. We have already seen this
is violated occasionally in practice, and that it is not implied by the no arbitrage
assumption NFLVR. It is trivial algebraically that CT .K/ � PT .K/ D V

f
T .K/ D

ST �K; what we want is for this relation to hold at intermediate times t; 0 � t � T .

Theorem 22. Under NFLVR and No Dominance, we have put call parity of market
prices. That is,

Ct.K/� Pt .K/ D V
f
t .K/ D St �K (78)

Proof. We re-write equation (78) at time 0 as

C D P C V f D P C S �K; (79)

and we see that the left side and right side of (79) have the same cash flows.
Therefore if the left side is larger at time 0, the right side dominates the call. If the
left side is larger at time 0, then the call dominates the right side of (79). Because
we are assuming No Dominance, these phenomena cannot happen, so the two sides
must be the same. The same argument works at intermediate times t . (Note that this
cannot follow from NFLVR alone, because one would need to use a short selling
argument, and it would not be an admissible strategy, due to theoretically potential
unlimited losses.) ut
Theorem 23 (European Call Price). For all K � 0,

Ct.K/� C?
t .K/ D St � EQt?ŒST jFt �: (80)

Proof.

V
f
t .K/ D St �K

D .St �EQt� ŒST jFt �/C .EQt� ŒST jFt ��K/

D V
f �
t .K/C .St �EQt� ŒST jFt �/:

(81)

Using put-call parity in fundamental prices:

C �
t .K/� P �

t .K/ D V
f �
t .K/ (82)
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Using put-call parity in market prices,

Ct.K/� Pt.K/ D V
f
t .K/ (83)

By subtracting (82) from (83),

ŒCt .K/ � C �
t .K/�� ŒPt .K/� P �

t .K/� D V
f
t .K/� V

f �
t .K/

D St � EQt� ŒST jFt � (84)

D ıt ;

since the put option has a bounded payoff, Pt.K/ D P �
t .K/ and Ct.K/ �

C �
t .K/ D ıt . ut

Since call options have finite maturity, call option bubbles must be of type 3, if they
exist. The magnitude of such a bubble is independent of the strike price and it is
related to the magnitude of the asset’s price bubble. In a static market, Corollary 3
shows that

St �EQt� ŒST jFt � D ˇ3t �EQt�

�
ˇ3T
ˇ̌
Ft

	

where ˇ3t is the type 3 bubble component in the underlying stock.16 Here, the call
option’s bubble equals the difference between the type 3 bubble in the underlying
stock less the expected type 3 bubble remaining at the option’s maturity.

American Options

The issue of American options is quite interesting, because one finds a surprise: we
will see that American call options do not have bubbles, even if there is a bubble in
the underlying asset. This is due to the special nature of American calls where early
exercise is possible. We will assume throughout our treatment of American options
that we are in one regime that does not change, so we will be dealing with one fixed
risk neutral measure. Also, because the time value of money plays an important
role in the analysis of the early exercise decision of American options, we need to
modify our notation to make explicit the numéraire. We denote the time t value of a
money market account as

At D exp

�Z t

0

rudu

�
(85)

16In an analogous theorem in Jarrow et al. [89], they used the implicit assumption that T D �

which would imply that EQt�

�
ˇ3T
ˇ̌
Ft

	 D 0.
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where r is the non-negative adapted process representing the default free spot rate
of interest. To simplify comparison with the previous, we still let St denote the risky
asset’s price in units of the numéraire. We choose and fix a risk neutral measure Q.
In the terminology of Sect. 6 the measureQ D Qt� lies within a fixed period for all
t in this period, in between possible regime shifts.

Definition 6 (The Fundamental Price of an American Option). The fundamen-
tal price V A?

t .H/ of an American option with payoff functionH and maturity T is
given by

V A?

t .H/ D sup
�2Œt;T �

EQŒH.S�/jFt � (86)

where � is a stopping time and the market selected Q 2 Mloc.S/.

This definition is a straightforward extension of the standard formula for the
valuation of American options in the classical literature. It is also equivalent to the
fair price as defined by Cox and Hobson [30] when the market is complete. We
apply this definition to a call option with strike price K and maturity T . Letting
CA?
t .K/ denote the American call’s fundamental value, the definition yields

CA?

t .K/ D sup
�2Œt;T �

EQŒ.S� � K

A�
/CjFt �: (87)

Let CA.K/t be the market price of this same option, and CE.K/t the market price
of an otherwise identical European call.

Before we continue, we establish some technical results of which we will have
need. They are taken from [89].

Lemma 4. Let Mu be a non-negative càdlàg local martingale. Assume that there
exists some function f and a uniformly integrable martingale X such that

4Mu � f . sup
t�r<u

Mr/.1CXu/; (88)

where 4Mu D Mu �Mu�. Then for Um D inffu > t W Mu � xmg,

lim
m!1EQ

�
MUm1fUm2.t;T /gjFt

	 D Mt � EQŒMT jFt � (89)

Proof. To simplify the notation, we omit the Q subscript on the expectations
operator. Let Tn be a fundamental sequence of Mt . Then MTn

t D EŒM
Tn
T jFt � and

hence

M
Tn
t D M

Tn
t 1fUmDtg C EŒM

Tn
Um
1fUm2.t;T /gjFt �C EŒM

Tn
T 1fUmDT gjFt � (90)
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By hypothesisMTn
Um

� xm Cf .xm/.1C 4XUm/ andMTn
T � xm C f .xm/.1CXT /.

By the bounded convergence theorem,

Mt D lim
n!1M

Tn
t D Mt1fUmDtgCEŒMUm1fUm2.t;T /gjFt �CEŒMT 1fUmDT gjFt � (91)

SinceX is a uniformly integrable martingale, it is in class D and .X�/f� W stopping timesg
is uniformly integrable. Fix m. Then MTn

T , MTn
Um

are bounded by a sequence of
uniformly integrable martingales. Therefore taking the limit with respect to n and
interchanging the limit with the expectation yields:

Mt D lim
m!1EŒMUm1fUm2.t;T /gjFt �C EŒMT jFt �: (92)

ut
Theorem 24. LetM be a non negative local martingale with respect to F such that
4M satisfies the condition (88) specified in Lemma 4. Let G.x; t/ W RC � Œ0; T � !
RC be a function such that

• G.x; s/ � G.x; t/ for all 0 � s � t � T

• For all t 2 Œ0; T �, G.x; t/ is convex with respect to x.
• limx!1 G.x;t/

x
D c for all t 2 Œ0; T �,

then

sup
�2Œt;T �

EQŒG.M� ; �/jFt � D EQŒG.MT ; T /jFt �C.c_0/.Mt�EQŒMT jFt �/ (93)

Proof of Theorem 24. To simplify the notation, we omit the Q subscript on the
expectations operator. Suppose c � 0. Then by monotonicity with respect to t
and Jensen’s inequality applied to a convex function G and a non-negative local
martingaleM�,

sup
�2Œt;T �

EŒG.M�; �/jFt � � sup
�2Œt;T �

EŒG.M� ; T /jFt �

�EŒG.MT ; T /jFt �

� sup
�2Œt;T �

EŒG.M� ; �/jFt �

(94)

and

sup
�2Œt;T �

EŒG.M� ; �/jFt � D EŒG.MT ; T /jFt �: (95)

Suppose c > 0. Fix " > 0. Then there exists � > 0 such that " > 09� > 0 such that
8x > �, G.x;0/

x
> c � " and hence G.x;u/

x
> c � " for all u 2 Œ0; T �. Let fxngn�1 be a
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sequence in .�;1/ such that xn " 1. Let

Vn D inffu > t W Mu � xng ^ T: (96)

Without loss of generality we can assume that Mt < xn. Since G.�; t/ is
increasing in t ,

sup
�2Œt;T �

EŒG.M�; �/jFt � � EŒG.MVn; Sn/jFt �

D EŒG.MT ; T /1fVnDT gjFt �C EŒG.MVn; Vn/1fVn<T gjFt �

� EŒG.MT ; T /1fVnDT gjFt �C EŒG.MVn; 0/1fVn<T gjFt �

(97)

Since MVn � xn > �, G.MVn; 0/ � .c � "/MVn . Next, let’s take a limit of n ! 1.
By Lemma 4 applied with fVng and the monotone convergence theorem,

lim
n!1 sup

�2Œt;T �
EŒG.M� ; �/jFt �

� lim
n!1

˚
EŒG.MT ; T /1fVnDT gjFt �C .c � "/EŒMVn1fVn<T gjFt �



(98)

� EŒ.G.MT ; T /jFt �C .c � "/.Mt � EŒMT jFt �/:

Letting " ! 0,

sup
�2Œt;T �

EŒG.M�; �/jFt � � EŒG.MT ; T /jFt �C cˇt (99)

To show the other direction, let Gc.x; u/ D cx �G.x; u/. Gc.x; �/ is a non-positive
increasing concave function w.r.t x such that

lim
x!1

Gc.�; x/
x

D 0 (100)

By Jensen’s inequality,

EŒGc.MT ; u/jFu� � Gc.EŒMT jFu�; u/ � Gc.Mu; u/ (101)

Therefore

G.Mu; u/ �c.Mu �EŒGc.MT ; u/jFu�/

Dcˇu CEŒG.MT ; u/jFu�

�cˇu CEŒG.MT ; T /jFu�

(102)
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Since this is true for all u 2 Œt; T �, G.M�; �/ � cˇ� C EŒG.MT ; T /jF� � for all
� 2 Œt; T �. By the tower property of martingales, and a supermartingale property,

EŒG.M�; �/jFt � � EŒcˇ� C EŒG.MT ; T /jF� �jFt � � EŒG.MT ; T /jFt �C cˇt :

(103)

Therefore

sup
�2Œt;T �

EŒG.M� ; �/jFt � D EŒG.MT ; T /jFt �C cˇt (104)

ut
This theorem extends Theorem B.2 of Cox and Hobson [30] in two ways: First,

the assumption that a martingale Mt be continuous is dropped; and second, the
payoff function G.�; x/ permits a more general form and, in particular, an analysis
of an American option in an economy with a non-zero interest rate.

Then, the following theorem is provable using standard techniques.

Theorem 25. Assume NFLVR and No Dominance holds, and that the jump process
of the asset’s price, 4S WD .�St /t�0, where�St D St�St�, satisfies the regularity
conditions of Lemma 4. Then, for all K

CE
t .K/ D CA

t .K/ D CA?

t .K/: (105)

Proof. (i) By Theorem 24 with G.x; u/ D Œx �K=Au�
C,

CA?.K/t D sup
t���T

EŒ.S� �K=A�/
CjFt �

D EŒ.ST �K=AT /
CjFt �C .St �EŒST jFt �/

D CE?

t .K/C ˇ3t � EŒˇ3T jFt �

D CE
t .K/

(106)

The last equality is by Theorem 23. This equality implies, using Merton’s
original no dominance argument, that the American call option is not exercised
early. The reason is that the European call’s value is at least the value of
a forward contract on the stock with delivery price K, and this exceeds the
exercised value.

(ii) A unit of an American call option with arbitrary strikeK is dominated by a unit
of an underlying asset. Therefore by No Dominance (Definition 5),

CA
t .K/ � St : (107)

Let �t WD CA
t .K/�CA?

t .K/ be a bubble of an American call option with strike
K . Since American options have finite maturity, �t is of type 3 and is a strict
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local martingale. Then by (i) and a decomposition of St ,

CE�
t .K/C ˇ3t � EŒˇ3T jFt �C �t D CA?

t .K/C �t

D CA
t .K/ � St

D S?t C ˇ1t C ˇ2t C ˇ3t ;

(108)

and therefore

�t � ŒS?t � CE�
t .K/C ˇ1t �C ˇ2t �EŒˇ3T jFt �: (109)

The right side of (109) is a uniformly integrable martingale on Œ0; T �. Hence
� is a non-negative local martingale dominated by a uniformly integrable
martingale. Therefore �t 
 0. ut

This theorem is the generalization of Merton’s [114] famous no early exercise
theorem, i.e. given the underlying stock pays no dividends, otherwise identical
American and European call options have identical prices. This extension is the
first equality in expression (105), applied to the options’ market prices. Just as in
the classic theory, this implies that an American call option on a stock with no
dividends is not exercised early.

The second equality is particularly nice; if the reader has ever wondered what
was the point of American call options, since they tend to behave similarly to
European call options, the second equality gives a nice response: it implies that
American call option prices exhibit no bubbles, even if there is an asset price bubble!
This result follows because the stopping time associated with the American call’s
fundamental value (as distinct from the exercise strategy of the American call’s
market price) explicitly incorporates the price bubble into the supremum. Indeed,
the fundamental value of the American call option is the minimal supermartingale
dominating the value function. If there is a price bubble, then the stopping time
associated with the American call option’s fundamental value is stopped early with
strictly positive probability. This is understood by examining the difference between
the fundamental values of the European and American call. If stopping early had no
value, then it must be true that CA?

t .K/ D CE?
t .K/. However, By Theorem 23, an

asset price bubble creates a difference between an American and European calls’
fundamental prices, i.e.

CA?
t .K/� CE?

t .K/ D ˇ3t � EQ
�
ˇ3T
ˇ̌
Ft

	
> 0:

The intuition for the possibility of stopping early is obtained by recognizing that the
market price equals the fundamental value plus a price bubble. The price bubble
is a non-negative supermartingale that is expected to decline. Its effect on the
market price of the stock is therefore equivalent to a continuous dividend payout.
And, it is well known that continuous dividend payouts make early exercise of (the
fundamental value of) an American call possible.
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Indeed, in the presence of bubbles we need no longer have that the classic “no
early exercise” theorem of Merton holds. S. Pal and P. Protter have shown the
following in this regard:

Theorem 26 (Pal–Protter [122]). Assume NFLVR holds. Suppose for a European
option, the discounted pay-off at time T is given by a convex function h.ST / which
is sub-linear at infinity, i.e., limx!1 h.x/=x D 0. Then the price of the option
is increasing with the time to maturity, T , whether or not a bubble is present in
the market. In other words, E.h.ST // is an increasing function of T . For example,
consider the put option with a pay-off .K � x/C.

However, for a European call option, the price of the option E.ST � K/C with
strike K might decrease as the maturity increases.

This feature may seem strange at first glance, but if we assume the existence
of a financial bubble, the intuition is that it is advantageous to purchase a call
with a short expiration time, since at the beginning of a bubble prices rise,
sometimes dramatically. However in the long run it is disadvantageous to have a
call, increasingly so as time increases, since the likelihood of a crash in the bubble
taking place increases with time.

As observed in [122], pricing a European option by the usual formula when
the underlying asset price is a strict local martingale is itself controversial. For
example, Heston, Loewenstein, and Willard [63] observe that under the existence
of bubbles in the underlying price process, put-call parity might not hold, American
calls have no optimal exercise policy, and look-back calls have infinite value. Madan
and Yor [110] have argued that when the underlying price process is a strict local
martingale, the price of a European call option with strike price K should be
modified as limn!1E

�
.ST^Tn �K/C	, where Tn D inf ft � 0 W St � ng, n 2 N,

is a sequence of hitting times. This proposal does however, in effect, try to hide the
presence of a bubble and act as if the price process is a true martingale under the
risk neutral measure, rather than a strict local martingale.

American calls in the presence of bubbles have also recently been studied in
a recent paper by Kardaras et al. [100]. They provide an analysis of the relation
between bubbles and derivative pricing, incorporating and explaining previous work
in the area. Also, using the approach pioneered by Fernholtz and Karatzas [50],
Bayraktar et al. [9] show how to price an American call option in a market that
does not necessarily admit an equivalent sigma martingale measure (i.e., in which
the condition NFLVR for the absence of arbitrage does not hold everywhere).
A subsequent work by Kardaras [99] studies exchange options, and here the
mathematics becomes both complicated and interesting, with the possible presence
of bubbles taken into account regarding the issue of put-call parity, a question
originally raised by Cox and Hobson [30].

Finally, we remark here that we can also apply these ideas to a study of forwards
and futures in the presence of bubbles. There are two unusual features that are
worthy of note here for forwards and futures depending on an underlying risky
commodity. First, a futures price can have its own bubble, one that is not present
in the forward price. And second, when the underlying risky commodity asset has a
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bubble, the present value of the forward price is “equivalent” to the spot commodity,
and therefore reflects all three types of bubbles, whereas the futures price is simply
a bet on the market price ST of the commodity at time T . When the futures price
is viewed from time t the type 3 bubble component is excluded. For more, the
interested reader can consult [84] where an explicit expression relating forward
prices with futures prices, in the presence of bubbles and stochastic interest rates, is
presented.

Another point worth mentioning is an implicit relationship between futures and
bubbles. It is often believed that selling short should correct for bubbles, but we have
explained that selling short is inadmissible as a strategy and thus cannot correct
for bubbles. However just because selling short is too dangerous a strategy to be
admissible certainly does not mean it is not pursued and does not exists; history
is replete with examples of dangerous risks taken in the financial markets that lead
sometimes to great riches, and sometimes to large financial catastrophes. Sometimes
in the midst of a crash, such as the banking crisis of 2008, government imposed
restrictions on short selling occur. On the face of it, this seems silly, since in most
third world emerging markets, short selling is either not allowed or is not possible
due to inadequate financial infrastructures (see [17, 25]), and we do not see more
or longer lived bubbles in these markets. Nevertheless it is often said that short
selling constraints on a given asset can be overcome by using trading strategies in
futures contracts on that asset in order to replicate a short position. While this is not
true in full generality, it is however largely true (see Jarrow et al. [91]). Therefore
restrictions on short selling, in the presence of a lively futures market, are doomed
to failure, even if in principle they could work. When bubbles crash, there appears
to be no current effective palliative.

8 Foreign Exchange

A study of foreign currency bubbles is undertaken in Jarrow and Protter [85], and it
is this approach we will follow here.17 Of course this is a topic long studied in the
academic literature, see for example the 1986 papers of Evans [48] and Meese [112].
Reasons for such bubbles to come into existence also have a long history in the
economics literature; see Camerer [19] or Scheinkman and Xiong [139] for reviews.
Using our martingale theory approach developed in this paper (with precedents in
the work of Loewenstein and Willard [108], and Cox and Hobson [30]), and some
of the resulting insights are the following:

1. A foreign currency exchange rate bubble is positive and its inverse exchange rate
bubble is negative. This implies that, in contrast to asset price bubbles (financial

17We wish to thank Roy DeMeo of Morgan Stanley for stimulating discussion on bubbles and
foreign exchange.
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securities and commodities) that can only be positive, foreign currency exchange
rates can have negative bubbles.

2. Foreign currency exchange rate bubbles are caused by price level bubbles in
either or both of the relevant countries’ currencies. Alternatively stated, foreign
currency exchange rate bubbles reflect “distorted” inflation in either or both
countries. By “distorted,” we mean that the inflation is due to trading activity
in the currency and not fundamental macroeconomic forces. This connection of
bubbles to inflation has been recently studied with remarkable results by Carr
et al. [21].

3. Domestic price level bubbles decrease the expected inflation rate in the relevant
country. This counter intuitive result is due to the fact that bubbles, being
supermartingales, are expected to decrease. Alternatively stated, bubbles are
expected eventually to burst, thereby reducing the price level and the inflation
rate.

Since we are dealing with foreign exchange, we need continually to specify
the currency of which we are speaking. We will work with U.S. dollars ($) and
Euros (e). To embed our foreign currency model in the previous model structure,
we begin with our standard assumptions, assumed throughout this article: We have
a filtered complete probability space .�;F ;F; P / satisfying the usual hypotheses
(see Footnote 5).

Let �$, �e be stopping times which represent the maturity (or life) of the U.S. and
the European Union, respectively. Define � D min.�$; �e/, the economy’s maturity
date.

We assume trading in a dollar denominated money market account with value

At D exp

�Z t

0

rudu

�
(110)

where rt is the dollar default free spot rate of interest, and we let OAt denote a euro
denominated money market account with Ort the euro default free spot rate of interest.
Next we let Yt be the spot exchange rate of dollars per euro, and of course we assume
that all of these processes are adapted with respect to the filtration F.

The traded risky asset that we consider is the dollar value of the euro money
market account (e mma), i.e.

St D Yt OAt : (111)

Note that using the notation from the previous section, we have that Dt D 0 for all
t and X� D Y� OA� : The dollar value of the euro money market has no cash flow and
a terminal value equal to the dollar value of the e mma at the economy’s maturity
(which could be C1).

We assume that there are no arbitrage opportunities (NFLVR holds), hence,
there exists an equivalent local martingale measure Q such that St

At
is a Q� local
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martingale.18 It is well known that the ELMM measure as identified herein depends
crucially on using the dollar as the numéraire. A change in numéraire to the
euro changes the perspective to a foreign investor, which in turn will change the
martingale measure employed (see Amin and Jarrow [2], Sect. 5, pages 321–322.).
In our context, fixing the numéraire determines the bubble’s characterization. This
dependency on the numéraire is necessary in the foreign currency context and it is
related to the resolution of Siegel’s paradox, a “paradox” that is well explained in
the little book of Sondermann [146, pp. 74–84].

In order to characterize an exchange rate bubble we begin by defining the
fundamental value of the dollar value of the e mma as

S?t D EQ

 
Y� OA�
A�

ˇ̌
ˇ̌
ˇFt

!
At (112)

The current market price is St D Yt OAt : Hence, the traded asset’s price bubble (in
dollars) is

ˇt D St � S?t � 0:

Because this is a traded asset, the price bubble must be nonnegative. But this is not
the bubble in the exchange rate itself. To characterize the exchange rate bubble, we
define the fundamental (dollar/euro) exchange rate as

Y ?t 
 1

OAt
S?t D EQ

 
Y� OA�
A�

ˇ̌̌
ˇ̌Ft

!
At

OAt
: (113)

The fundamental exchange rate is just the fundamental dollar value of the e mma
divided by the euro value of the e mma. Hence, the (dollar/euro) exchange rate
bubble is then

ˇYt 
 Yt � Y ?t D Yt � EQ

 
Y� OA�
A�

ˇ̌
ˇ̌
ˇFt

!
At

OAt
� 0: (114)

We see that an exchange rate bubble exists if and only if the dollar value of the
e mma has a price bubble. And, if it exists, the exchange rate bubble must be
nonnegative. This is because we are using the dollar as the numéraire.

18To consider foreign currency derivatives, one would want to include trading in default free zero-
coupon bonds in both dollars and euros. Then, the no arbitrage condition would be extended to
include the discounted dollar values of the dollar zero-coupon bonds and the dollar value of the
euro zero-coupon bonds (see Amin and Jarrow [2]).
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Next, we consider the (euro/dollar) exchange rate 1
Yt

. Defining the fundamental

(euro/dollar) exchange rate to be 1
Y ?t

, we see that the bubble in the (euro/dollar)
exchange rate is then given by

ˇ
1
Y
t 


�
1

Yt
� 1

Y ?t

�
� 0;

which is negative. Hence, a negative bubble exists in this framework. Whether a
bubble is positive or negative is a matter of perspective.

Remark 27. At first glance, it might seem as though combining 1=Y with the
pricing measure associated to the dollar as numéraire seems artificial and does not
quickly lend itself to an economic interpretation. However in this modern world it
has immediate appeal. To give a banal example, imagine yourself as a world traveler.
You might feel the dollar is over valued in relation to the euro. If you are right, this
should reflect itself as a bubble in the dollar/euro exchange rate. Suppose you travel
to the euro zone for a period of time for work and get a large payment in euros.
When should you repatriate your euro earnings, by conversion into dollars? You
now realize that the exchange rate 1=Y , using your home currency the dollar as
numéraire, is in a negative bubble, so you may choose to wait until that bubble
ends. This applies analogously to businesses, of course. An example is that of
the company Apple. According to many sources (see for example [13]) Apple has
around $1 trillion in profits sitting overseas. Apple would have a large U.S. tax bill
were it to repatriate its profits, and claims to be waiting for the U.S. Congress to
give a tax holiday to American multinational companies that wish to repatriate their
foreign profits. Were the dollar to be in a bubble when such a holiday came (if it ever
does), then presumably Apple would realize that its holdings in foreign currencies
might be in a negative bubble, and the tax advantage of the tax holiday would be
reduced or possibly eliminated by the negative bubble. This could affect Apple’s
actions.

Foreign Currency Price Bubbles and Inflation

We illustrate the ideas by considering an economy with a single consumption good,
traded across economies. We let �$ and �e be stopping times which represent the
maturity (or life) if the U.S. economy and the Euro zone economy, respectively.
We let � D �$ ^ �e, the maturity of the joint economy. For interest rates, r$.t/ is
the default free dollar spot rate of interest, and B$.t/ is the dollar value of a dollar
money market account. We define a “real value” default rate free real spot rate of
interest r.t/, and B.t/ is the “real value” of a money market account paying off in
consumption goods. For convenience, we define

R.t/ D
Z t

0

r.s/ds:
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By analogy for the dollar rates,

R$.t/ D
Z t

0

f$.s/ds; (115)

and we let �$.t/ be the dollar price level of the consumption good. In essence, �$.t/

is the (dollar/cg) exchange rate (cg = consumption good). The inverse of the dollar
price level, 1

�$.t/
, is the dollar deflator. The dollar deflator transforms dollars into

consumption goods—real values. The rate of change in the dollar price level d�$.t/

�$.t/

is the dollar inflation rate. We define the same objects for the euro economy, re; Re ,
and �e analogously; these are of course denominated in euros.

The two traded assets of interest are the real value of the $mma and the e mma,
and these are

B$.t/

�$.t/
and

Be.t/

�e.t/
; (116)

respectively. Given the trading of inflation protected bonds, the assumption of
trading in these real-valued money market accounts is without loss of generality.
Assuming we have NFLVR, we know there exists an equivalent probability measure
Q such that

B$.t/

�$.t/B.t/
and

Be.t/

�e.t/B.t/

are Q sigma martingales, in this case local martingales, since the processes are
nonnegative.

Note that when using the consumption good as the numéraire, the notion of no
arbitrage takes on a new interpretation. No arbitrage in real values is the natural
extension of purchasing power parity. Purchasing power parity states that the same
consumption good has the same real price across all economies, after adjusting for
the different currency exchange rates (see Taylor [150], Taylor and Taylor [151]).
Also note that given the existence and frequency of trading in Treasury Inflation
Protected Securities (TIPS), one can infer both the dollar and real term structure of
interest rates from market data (see Jarrow and Yildirim [87]).

Dollar Price Bubbles

Let the traded asset be the real value of the dollar mma ($mma) and its fundamental

value
h
B$.t/

�$.t/

i?
, is equal to

�
B$.t/

�$.t/

�?
D EQ

�
B$.�/

�$.�/B.�/

ˇ̌̌
ˇFt

�
B.t/: (117)
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The traded asset’s price bubble (in consumption goods) is

ˇ$.t/ D B$.t/

�$.t/
�
�
B$.t/

�$.t/

�?
� 0: (118)

We note that the bubble in the traded asset’s price is nonnegative.
As before, this is not the bubble in the dollar price level. To derive this, we define

the fundamental dollar price level as

�?$ .t/ 
 B$.t/h
B$.t/

�$.t/

i? : (119)

The dollar price level bubble is then

ˇ�$ .t/ D �$.t/ � �?$ .t/ � 0: (120)

Note that the dollar price level bubble is with respect to the consumption good as the

numéraire. It is nonnegative as well, since both B$.t/ and
h
B$.t/

�$.t/

i?
are nonnegative.

The dollar inflation rate can be computed as

d�$.t/

�$.t/
D �?$ .t/

�$.t/

d�?$ .t/

�?$ .t/
C dˇ�$ .t/

�$.t/
: (121)

Taking expectations yields the expected dollar inflation rate

EQ

�
d�$.t/

�$.t/

ˇ̌̌
ˇFt

�
D �?$ .t/

�$.t/
EQ

 
d�?$ .t/

�?$ .t/

ˇ̌̌
ˇ̌Ft

!
C EQ

�
dˇ�$ .t/

ˇ$.t/

ˇ̌̌
ˇFt

�
:

Given a strictly positive dollar price level bubble, we have
�?$ .t/

�$.t/
< 1. Given that the

dollar price level bubble is a supermartingale, we have that

EQ

�
dˇ�$ .t/

ˇ$.t/

ˇ̌
ˇ̌Ft

�
< 0:

Combined, we get the following result:

If ˇ�$ .t/ > 0; then EQ

�
d�$.t/

�$.t/

ˇ̌̌
ˇFt

�
< EQ

 
d�?$ .t/

�?$ .t/

ˇ̌
ˇ̌̌Ft

!
: (122)

That is, a dollar price level bubble decreases the dollar expected inflation rate from
its fundamental level. Of course, there is nothing special here about the dollar, and
the same analysis can be applied to the euro.
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Currency Exchange Rate Bubbles

The dollar/euro exchange rate is given by

�$.t/

�e.t/
:

One can understand why this is true by considering the units of this ratio, where

“cg” stands for consumption goods, i.e.
dollar

cg
euro
cg

= dollar
euro . The fundamental dollar/euro

exchange rate is

�?$ .t/

��
e.t/

:

The dollar/euro exchange rate bubble is

ˇ$=e.t/ D
�
�$.t/

�e.t/
� �?$ .t/

�?e.t/

�
:

Recall that this is measured in consumption goods. In this context, we see that the
dollar/euro exchange rate bubble can be either positive or negative, depending upon
the magnitudes of the price level bubbles within each economy. However, if the
dollar/euro exchange rate bubble is positive, then the euro/dollar exchange rate will
be negative, and conversely. For much more on this subject, including the working
out of illustrative examples, see [85].

9 Forwards and Futures

Futures have become an important element in modern day finance, especially if
one judges by how much capital is tied up in them. The appeal of futures is that
they reduce one’s exposure to risk, since the accounts are settled in an ongoing
and daily basis. Each future is of course intrinsically attached a risk asset, or
basket of risky assets such as an index. Therefore it is interesting to examine
whether or not they reflect a bubble in the underlying asset(s) should one occur,
which is intuitively reasonable. However it might also be the case that futures
themselves could develop their own bubbles, independent of the presence (or not) of
a bubble in the underlying asset. This is perhaps less intuitive, but we will see that
mathematically and theoretically it is indeed possible. Forwards and Futures are
intimately related, and arose traditionally in relation to commodities, and for this
reason we distinguish between cash settlement of a future and physical settlement,
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where the goods in question must be physically produced.19 For this analysis, we
rely on the published article [84].

We recall our usual framework, assumed throughout this article: Let
.�;F ;F; P / be a filtered complete probability space. We assume that the filtration
F D .Ft /t�0 satisfies the “usual hypotheses.”(See Footnote 5). Once again �

is a stopping time which represents the maturity (or life) of a risky asset, and
D D .Dt /0�t<� is a (càdlàg) semimartingale adapted to F, representing the
cumulative cash flow process of the risky asset. �Dt can be positive or negative
depending on the sign of the cash flows (e.g. storage costs are negative, dividends
are positive). As before, X� � 0 is an F� -measurable random variable representing
the time � terminal payoff or liquidation value of the asset. The market price of the
risky asset is given by the non-negative semimartingale S D .St /0�t�� . Note that
for t such that 4Dt ¤ 0, St denotes a price ex-cash flows, since S is càdlàg.

Let rt be a non-negative semimartingale representing the default free spot rate of
interest. We define a money market account At by

At D exp

�Z t

0

rudu

�
: (123)

Note that At � 1 is continuous and non-decreasing.
One againW denotes a wealth process on t 2 Œ0;1/ associated with the market

price of the risky asset, i.e.

Wt D St1ft<�g C At

Z t^�

0

1

Au
dDu C At

X�

A�
1f��tg: (124)

The market value of the wealth process is the position in the risky asset plus all
accumulated cash flows, and the terminal payoff if t � � .20 Note that the cash
flows are invested in the money market account to keep the wealth process self-
financing. We assume that .D;X� / are such that W � 0, i.e. holding the risky asset
has non-negative value. This condition is needed to be consistent with the non-
negativity of the risky asset’s price process. Finally, we assume that there exists a
probability measureQ equivalent to P such that the wealth process W

A
is a Q local

martingale, so that NFLVR applies, by the First Fundamental Theorem of Asset
Pricing.

Second, we do not assume such a Q is unique, hence the market is incomplete.
Instead, in order to uniquely identify the price of a derivative security, we assume
that the market selects a unique ELMM from the collection of all possible ELMMs.

19The author spent over 20 years at Purdue University in Indiana, and there he developed an
appreciation for the importance of pork belly futures, for example.
20When considering non-financial commodities, this expression implicitly assumes that the risky
asset is storable.
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For example, this will be the case if enough static trading in call options exist as
discussed in Sect. 5.

The Market Price Operator

To study forward and futures contracts, we need the concept of a market price
operator. To do this we let T < 1 represent some fixed future time that
exceeds the maturity dates of all relevant forward and futures contracts. Also � D
AT

R T
t

d�u
Au

C„T denotes a time T payoff, starting at time t � T , where: (a) � D
.�t/0�t�T is an arbitrary semimartingale representing the asset’s cumulative cash
flow process, and (b) „T 2 FT is a random variable that represents the asset’s
terminal payoff at time T . Note that both of these quantities may be negative. The
payoff � is in FT . Then ˆ0.t/ represents the collection of all these FT measurable
random variables, where one begins at time t when computing the payoff. Define
ˆ.t/ 
 f� 2 ˆ0.t/ W EQ.j�j/ < 1g where EQ.�/ denotes expectation under Q.
By construction,ˆ.t/ is a linear space.

Define ˆm.t/ � ˆ.t/ to be the linear combination of the random variables
generated by all admissible and self-financing trading strategies involving the risky
asset and money market account and all static trading strategies involving forward
and futures contracts, and European call and put options on the risky asset. Note that
bothWT ;AT 2 ˆ.0/ where

WT D 1fT<�gST C AT

Z T^�

0

1

Au
dDu C AT

X�

A�
1f��T g:

As written, this expression extends the time domain of the risky asset wealth process
beyond time � .

We assume that we are given a unique market price operator21 ƒt W ˆm.t/ !
L
0.�;Ft ; P / that gives for each � 2 ˆm.t/, its time t market price ƒt.�/. Note

that (in the presence of bubbles) the uniqueness of the market price operator is an
additional assumption beyond the existence of an ELMM Q. We do not assume
that ƒt extends uniquely to the set ˆ.t/. For future reference, we note that by
the definition of the market price operator, we have that both ƒt.AT / D At and
ƒt .WT / D St .

We need to impose two additional assumptions on the market price operator.
Consistent with no arbitrage, the first is sometimes known as the “law of one price.”

Assumption 28 (Linearity). Given �0; � 2 ˆm.t/ and a; b 2 R, we have that
aƒt .�

0/C bƒt .�/ D ƒt.a�
0 C b�/ for all t .

That is, we assume that a portfolio of two assets trades for the same price as the cost
of constructing the portfolio by trading in the individual assets themselves. We also

21
L
0.�;Ft ; P / is the collection of finite valued Ft measurable functions on �:
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assume No Dominance, as defined in Sect. 7. In this framework, for �0; � 2 ˆm.t/,
we say that �0 dominates � if either of the following conditions holds

1. Q.�0 � �/ D 1 and Q.�0 > �/ > 0 and ƒt.�
0/ � ƒt.�/ for some t almost

surely.
2. Q.�0 D �/ D 1 and ƒt.�

0/ < ƒt.�/ for some t almost surely.

If �0 were to dominate �, then conceptually if one could short � and go long �0,
NFLVR would imply that no dominated assets exist in the economy. However,
because of the admissibility condition, one cannot always short � and hold it until
time T: For example, one cannot short sell the risky asset and hold it until time T if
the risky asset’s price process is unbounded above. This is the reason that we need
to assume no dominance directly.

Assumption 29 (No Dominance). There are no dominated assets in the market.

We can now define the fundamental price in terms of this market operator.

Definition 7 (Fundamental Price and Bubbles). Define the fundamental price
ƒ�
t W ˆm.t/ ! L

0.�;Ft ; P / of � D AT
R T
t

d�u
Au

C„T 2 ˆm.t/ by

ƒ�
t .�/ 
 EQ

�Z T

t

d�u

Au
C „T

AT

ˇ̌
ˇ̌Ft

�
At , and (125)

define its bubble ıt W ˆm.t/ ! L
0.�;Ft ; P / by

ıt .�/ 
 ƒt.�/ �ƒ�
t .�/: (126)

Note that, by construction, ıt is a linear function and ıT .�/ D 0, i.e. any bubble
disappears by time T . The linearity follows from the linearity of bothƒt andƒ�

t .
In an NFLVR economy, all discounted market prices under a risk neutral

measure must be sigma martingales. 22 Hence, without loss of generality, we
assume

Assumption 30 (Local Martingale Bubbles). ıt .�/

At
is a Q sigma martingale.

Theorem 31 (Bounded Assets). If � 2 ˆm.t/ is bounded, then ıt .�/ D 0.

Proof. If � is bounded, then there exists a > 0 such that
ˇ̌
ˇAT R Tt d�u

Au
C„T

ˇ̌
ˇ � a.

Then, investing a dollars in the money market account implies by no dominance
that ƒt.�/ � aƒt .AT / D aAt . This implies that the Q sigma martingale ƒt .�/

At
is

bounded, and hence a martingale (see [128]). By expression (126), ıt .�/ D 0: ut

22 Sigma martingales are defined and discussed for example in [76,128]. When a sigma martingale
is continuous, or bounded below, it is a local martingale. Otherwise, in general, local martingales
are a proper subset of sigma martingales.
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Forward Prices

A forward contract is a financial contract written on a risky asset S that obligates
the owner (the long) to purchase the risky asset on the delivery date T for a
predetermined price, called the forward price. If the contract is written at time t ,
denote the forward price by ft;T . The payoff to the forward contract at delivery is
ŒST � ft;T � 2 ˆm.t/. By market convention, the forward price is selected such that
the forward contract has zero initial value. We consider forwards to commodities.
For our analysis, we only consider underlying risky assets (commodities) whose
liquidation dates exceed the maturity of the contract, e.g. gold, oil, a stock index.
So, without loss of generality, we assume that T < � . We define

divt;T 
 ƒt.AT

Z T^�

t

1

Au
dDu/: (127)

where economically divt;T represents the market price of the cash flow stream for
the time interval Œt; T �. We have in this context

St D ƒt.ST /C divt;T (128)

and

St D EQ

�
ST

AT
C
Z T

t

dDu

Au

ˇ̌
ˇ̌Ft

�
At C ˇ3t � EQ

�
ˇ3T
AT

ˇ̌
ˇ̌Ft

�
At : (129)

Consider WT D ST 1fT<�g C AT
R T^�
0

1
Au

dDu C AT
X�
A�

1f��T g 2 ˆm.0/. This
represents the time T payoff from buying the risky asset at time t . Then,

St 
 ƒt

�
ST 1fT<�g C AT

Z T^�

t

1

Au
dDu C AT

X�

A�
1f��T g

�
:

Let us define some simpler notation. Let

OST 
 ST 1fT<�g C AT
X�

A�
1f��T g

and

divt;T 
 ƒt.AT

Z T^�

t

1

Au
dDu/:

These represent the payoff to the risky asset at time T (less cash flows prior to T )
and the market price of the cash flow stream between Œt; T �, respectively. Then,
using linearity of the market price operator, we obtain

St D ƒt. OST /C divt;T : (130)
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Here, ƒt. OST / D St � divt;T represents the time t market price of the payoff to the
risky asset at time T .

Now, the payoff to the risky asset
� OST C AT

R T^�
t

1
Au

dDu

�
has the bubble

component given by

ıt

�
OST C AT

Z T^�

t

1

Au
dDu

�

D ƒt

�
OST C AT

Z T^�

t

1

Au
dDu

�
�ƒ�

t

�
OST C AT

Z T^�

t

1

Au
dDu

�

D St �EQ
 OST
AT

C
Z T^�

t

1

Au
dDu

ˇ̌
ˇ̌̌Ft

!
At : (131)

We can relate the time t bubble component of
� OST C AT

R T^�
t

1
Au

dDu

�
to our usual

bubble of St , since under the assumption that T < � we have that OST D ST , leading
to simplifications of the formulae. Using the fundamental price of the risky asset,
S�
t , we have

S�
t D EQ

�Z �

t

1

Au
dDu C X�

A�
1f�<1g

ˇ̌̌
ˇFt

�
At (132)

and the asset price bubble is ˇ given by

ˇt D St � S�
t ; (133)

when S � 0. Again, the above expressions simplify since OST D ST .
Given these definitions, and using the notation established in Sect. 3, we have

two simple theorems:

Theorem 32 (Forward Price).

ft;T � p.t; T / D St � divt;T (134)

Proof. By definition of the contract 0 D ƒt.ST � ft;T /. Linearity implies 0 D
ƒt.ST /�ft;T ƒt .1T /. Using (128) and the notation for the zero coupon bond yields
the final result. 0 D St � divt;T � ft;T p.t; T /. ut
Theorem 33 (Forward Price Bubbles).

ft;T � p.t; T / D S�

t � divt;T C ˇt where ˇt D St � S�

t :

ft;T � p.t; T / D EQ

�
ST

AT

ˇ̌
ˇ̌Ft

�
At C ˇ3t �EQ

�
ˇ3T
AT

ˇ̌
ˇ̌Ft

�
At � ıt

�
AT

Z T

t

dDu

Au

�
:
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Proof. By (134), we obtain ft;T � p.t; T /C divt;T D St , the first property follows.

Finally, ft;T �p.t; T / D ƒt.ST / D EQ

�
ST
AT

ˇ̌̌
Ft

�
AtCıt .ST / D EQ

�
ST
AT

ˇ̌̌
Ft

�
AtC

ˇ3t �EQ
�
ˇ3T
AT

ˇ̌̌
Ft

�
At � ıt

�
AT

R T
t

dDu
Au

�
. The last equality uses the identity

ıt

�
OST C AT

Z T^�

t

dDu

Au

�
D ˇ3t � EQ

�
ˇ3T
AT

ˇ̌
ˇ̌Ft

�
At : (135)

This yields the second property. ut

Futures Prices

A futures contract is similar to a forward contract. It is a financial contract written
on the risky asset S ,with a fixed maturity T . It represents the purchase of the risky
asset at time T via a prearranged payment procedure. The prearranged payment
procedure is called marking-to-market. Marking-to-market obligates the purchaser
(long position) to accept a continuous cash flow stream equal to the continuous
changes in the futures prices for this contract.

The time t futures prices, denoted Ft;T , are set (by market convention) such that
newly issued futures contracts (at time t) on the same risky asset with the same
maturity date T , have zero market value. Hence, futures contracts (by construction)
have zero market value at all times, and a continuous cash flow stream equal to
dFt;T . At maturity, the last futures price must equal the asset’s price FT;T D ST .
Note that even with zero market value at all times, a futures contract can be worth a
lot to an investor.

Let us construct a portfolio long one futures contract. The wealth process of this
portfolio at time T is given by

AT

Z T

0

1

Au
dFu;T 2 ˆm.0/: (136)

Note that we do not a priori require futures prices .Ft;T /t�0 to be non-negative.
Our definition of the Futures price below is a definition which depends on the

processes themselves, and not (in the case of an incomplete market, where there are
an infinite number of risk neutral measures) on the choice of a risk neutral measure.
In this sense, we are following Definition 3.6 found in the book of Karatzas and
Shreve [98, p. 45]. Of course, this is in contrast to the classical definition of the
futures price, see Duffie [42, p. 143] or Shreve [144, p. 244], where futures price
bubbles are excluded by fiat. Using our futures price process characterization, we
can investigate the relationship between the futures price and the risky asset’s price
bubbles.
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Definition (Futures Price). The futures price process .Ft;T /t�0 is any càdlàg
semimartingale process such that

ƒt.AT

Z T

t

1

Au
dFu;T / D 0 for all t 2 Œ0; T � and

FT;T D ST .

Note that while this definition is the same as given in [84], it is different
from the original definition in Jarrow et al. [89], where a futures price process is
defined independently of the market price operator. The original definition does not
explicitly use the fact that the futures price is that price which makes the futures
contract have zero value. In contrast, the new definition does. The new definition
nevertheless yields the same theorem as in Jarrow et al. [89], Theorem 7.3, that
futures prices can have their own bubbles that are unrelated to any bubble in the
underlying asset’s price. In fact, a futures price bubbles can be positive or negative.
This is in contrast to bubbles in the underlying asset’s price process.

Theorem 34 (Futures Price Bubbles). Let .�u/u�t be a local Q martingale with
�t D 0. Then,

Ft;T D EQ .ST j Ft /C �T (137)

is a futures price process.

Proof. We need to show thatƒt.AT
R T
t

1
Au

dFu;T / D 0 for all t 2 Œ0; T � and FT;T D
ST . The second condition is true by inspection. To facilitate the notation, let F �

t D
EQ .ST j Ft /.

0 D ƒt .AT

Z T

t

1

Au
dFu;T /

D ƒ�
t .AT

Z T

t

1

Au
dFu;T /

1

At
C ıt .AT

Z T

t

1

Au
dFu;T /

1

At

D EQ

 Z T

t

1

Au
dF�

u

ˇ̌
ˇ̌
ˇFt

!
1

At
CEQ

 Z T

t

1

Au
d�u

ˇ̌
ˇ̌
ˇFt

!
1

At
C ıt .AT

Z T

t

1

Au
dFu;T /

1

At

But EQ
�R T

t
1
Au

dF�
u

ˇ̌
ˇFt

�
1
At

D 0. So,

ıt .AT
R T
t

1
Au

dFu;T / D �EQ
�R T

t
1
Au
d�u

ˇ̌
ˇFt

�
: This identity guarantees the value

of the futures contract is always zero. ut
We record the following useful corollary which is a slight generalization of

Theorem 3.7, p. 45, of [98].
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Corollary 5. Let EQ

�
ŒF�;T ; F�;T �

1
2
t

�
< 1 for all 0 � t � T . A futures contract

has no bubbles if and only if

Ft;T D EQ .ST j Ft / : (138)

Proof. If Ft;T D EQ .ST j Ft / ; then �t 
 0 and the statement follows from the

theorem. If there are no bubbles then ıt .AT
R T
t

1
Au

dFu;T /
1
At

D 0. But,

0 D ƒt.AT

Z T

t

1

Au
dFu;T /

D ƒ�
t .AT

Z T

t

1

Au
dFu;T /

1

At
C ıt .AT

Z T

t

1

Au
dFu;T /

1

At

D EQ

�Z T

t

1

Au
dFu;T

ˇ̌
ˇ̌Ft

�
:

Hence,
R t
0

1
Au

dFu;T 
 Mt is a martingale (compute the conditional expectation).

Then, Yt 
 R t
0
AudMu D Ft;T � F0;T is a martingale since EQ

�
ŒY; Y �

1
2
t

�
< 1

for all 0 � t � T . (See [128].) This implies Ft;T D EQ .ST j Ft / is a uniformly
integrable H1 martingale on Œ0; T �. ut
Corollary 6. If a market is complete, futures processes price bubbles do not exist.

Proof. Assuming No Dominance in a complete market, it is a consequence of the
results of [88] that the process ı is zero. So Corollary (5) gives the result. ut
Theorem 35 (Futures Price Bubbles).

Ft;T D EQ .AT j Ft /
�
S�
t � divt;T

�C covQ

�
ST

AT
;AT

ˇ̌̌
ˇFt

�

Cˇt �
�
ˇ3t � EQ

�
ˇ3T
AT

ˇ̌
ˇ̌Ft

�
At � ıt

�
AT

Z T

t

dDu

Au

��
C �t (139)

Ft;T D EQ .AT j Ft / EQ

�
ST

AT

ˇ̌̌
ˇFt

�
At C covQ

�
ST

AT
;AT

ˇ̌̌
ˇFt

�
C �t (140)

Proof. First, algebra yields

EQ .ST j Ft / D EQ .AT j Ft / EQ

�
ST
AT

ˇ̌
ˇFt

�
C covQ

�
ST
AT
; AT

ˇ̌
ˇFt

�
.

This gives property (140).

Now, ƒt.ST / D EQ

�
ST
AT

ˇ̌
ˇFt

�
At C ıt .ST /. Hence,

EQ .ST j Ft / D EQ .AT j Ft / .ƒt .ST / � ıt .ST //C covQ
�
ST
AT
; AT

ˇ̌̌
Ft

�
.
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But, ƒt.ST / D St � divt;T , St D S�
t C ˇt , and

ıt .ST / D ˇ3t � EQ

�
ˇ3T
AT

ˇ̌̌
Ft

�
At � ıt

�
AT

R T
t

dDu
Au

�
:

Substitution yields property (139). ut
Property (139) shows that, modulo its own bubble �t , the futures price inherits the
first two types of bubbles present in the risky asset price ˇ1t C ˇ2t , but not the third
ˇ3t . It omits the type 3 bubble because the futures price is a bet on the market price
of the risky asset ST at time T . And, when viewed from time t; this market price

already excludes
h
ˇ3t � EQ

�
ˇ3T
AT

ˇ̌
ˇFt

�
At � ıt

�
AT

R T
t

dDu
Au

�i
. Property (140) is just

the classical relationship between the futures and the spot price of the risky asset
modified for the existence of the futures price bubble.

Forward vs Futures Prices

This section relates forward and futures prices. In the classical literature (see [31]
and/or [82]) it is known that forward and futures prices are equal under deterministic
interest rates, but unequal (in general) otherwise. To facilitate a comparison with the
classical literature and to develop some intuition concerning forward and futures
price bubbles, we first study an economy with deterministic interest rates before
analyzing the general case.

Deterministic Interest Rates

For this subsection, we let the spot rate be a deterministic function of time. For this
section only, we assume that AT .ST � F0;T / 2 ˆm.0/.
Theorem 36 (Deterministic Interest Rates).

Ft;T D ft;T for all t:

Proof. This logic is from Cox et al. [31].

Strategy 1: Let us consider the following trading strategy. At each time t 2
Œ0; T �, go long N.t/ units of the futures contract. At each t C dt , invest the
proceeds from the futures contract into the money market account (if negative,
short). This implies we purchaseN.t/dFt;T dollars of the money market account
at time t C dt , or N.t/dFu;T

AtCdt
units. Note that At is continuous, so AtCdt D At .

Hold this position until time T . Because futures contracts always have zero value
and reinvestment in the money market account has no cost, this strategy is self
financing. Let the value of this portfolio be denoted G.t/. Note G.0/ D 0: Then
G.t/ D At

R t
0
N.u/
Au

dFu;T . Of course, we are interested in time T . Next choose

N.t/ D At . Then G.T / D AT
R T
0

Au
Au

dFu;T D AT .FT;T � F0;T /. But FT;T D ST
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whence G.T / D AT .ST � F0;T /. Note that by assumption, AT .ST � F0;T / 2
ˆm.0/.

Strategy 2: Consider the following trading strategy with a forward contract. At
time 0 go long 1

p.0;T /
forward contracts and hold until time T . This is self

financing since it is a buy and hold position. Let the value of this portfolio be
denotedH.t/. NoteH.0/ D 0. ThenH.T / D 1

p.0;T /
.ST � f0;T /. Now we apply

the assumption of no dominance, and make a comparison at time T .

G.T / D AT .ST � F0;T /; H.T / D 1
p.0;T /

.ST � f0;T /:

Under deterministic interest rates 1
AT

D p.0; T /. Then both these strategies give
the same payoff at time T: To avoid dominance, 0 D ƒ0.G.T // D ƒ0.H.T //.
Linearity ofƒ0 implies that F0;T D f0;T . ut
This implies that under deterministic interest rates, the classical relation holds.

Stochastic Interest Rates

We now consider the general case.

Theorem 37 (Stochastic Interest Rates).

ft;T D Ft;T C covQ
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: (141)

Proof. Using expression (135), we get:
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:

Combine this with expression (140) to get:

ft;T � p.t; T / D .Ft;T � �t / p.t; T /C covQ

�
ST ;
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AT

ˇ̌̌
ˇFt
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�
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ˇ̌̌
ˇFt
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�
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�
:

Algebra generates the final result. ut
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This theorem relates forward prices to futures prices. The first covariance term is
the classical difference between forward and futures prices. However, there are two
additional differences. First, a futures price can have its own bubble �t not present
in the forward price. Second, when the risky asset price has a bubble, there is an
additional difference reflecting the type 3 bubble. The reason for this difference is
that the (present value of the) forward price is “equivalent” to the spot commodity,
and hence reflects all three types of bubbles. In contrast, the futures price is a bet
on the market price ST of the commodity at time T: When viewed from time t , this
excludes the type 3 bubble component. Hence, expression (141).

We have not considered here how options interact with futures and bubbles. For
this and more, we refer the reader to [84].

10 Testing for Bubbles in Real Time

No matter how many symptoms of the coming trouble there may have been, panics always
come with a shock and a tremendous surprise and disappointment.
–President W.H. Taft, “The Panic of 1907,” a speech given before the Merchants Association
of Boston, Massachusetts, December 30, 1907; see [149, p. 212].

It might seem self evident that the presence of bubbles in the prices of risky
financial assets is an important phenomenon to understand. Economists have studied
it for a long time, but it is only within the last 10 years that the mathematical
finance community has been trying to understand and analyze the phenomenon, and
this paper is hopefully part of that effort. But going beyond understanding how it
happens to the detection of when it is happening (if not necessarily why it happens,
which is more properly the domain of economists [see for example [55] or more
recently [67]]) seems especially timely, given the often disastrous consequences
of the aftermath of large, economy or sector wide bubbles. But it also interesting
on a more individual level, both for investors for the obvious reasons, but also
for regulators for a more subtle reason. An example perhaps is that of banks and
large financial institutions. After the banking crisis in the U.S. in 2008, and the
banking crisis in much of Europe in 2011/2012, the detection of underlying bubbles
is especially important. One reason, for example, is in the evaluation of capital
reserves. Banks are required to hold capital reserves roughly in proportion to their
capital at risk.23 This is important for banking health, and helps to prevent runs on
banks, but it does cut into profits, since capital reserves are not available for risky
investment opportunities. Left to themselves, and in the presence of competition,
banks would whittle away at their capital reserves until they were meaningless;
thus it is important that government regulators ensure that proper capital reserves
are maintained. To do this, regulators must evaluate capital reserves, and if some

23How one measures capital at risk (involving Value at Risk and the theory of risk measures) is
another thorny issue that we do not even attempt to address in this article.
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significant proportion of those reserves are in assets undergoing bubble pricing, then
they are worth less than the face value at which they are undoubtedly evaluated,
through the marked to market procedures.

This might help to explain why the US Federal Reserve is repeatedly questioned
about what it plans to do on the subject of financial bubbles. Indeed, Federal Reserve
Chairman Ben Bernanke said in 2009 at his confirmation hearings [12]:

It is extraordinarily difficult in real time to know if an asset price is appropriate or not.

Dr. Bernanke is correct: Without a quantitative procedure, experts often have
different opinions about the existence of price bubbles. A famous example is the
oil price bubble of 2007/2008. Nobel prize winning economist Paul Krugman wrote
in the New York Times that it was not a bubble, and 2 days later Ben Stein wrote in
the same paper that it was.

William Dudley, the President of the New York Federal Reserve, in an interview
with Planet Money in 2010 [59] stated

: : :what I am proposing is that we try to identify bubbles in real time, try to develop tools
to address those bubbles, try to use those tools when appropriate to limit the size of those
bubbles and, therefore, try to limit the damage when those bubbles burst.

A third example is from a report by Claire Baldwin of Reuters [8] of June 2,
2011:

When LinkedIn shares jumped 109.4 % on their first day of trade, Chicago Fed president
Charles Evans said he was withholding judgment over whether a new dot-com bubble was
under way. “I have no way of knowing that those aren’t just exactly the right valuations,”
Mr Evans told reporters after a speech in Chicago.

And a fourth example (that we found in [125]) comes from Donald Kohn, Federal
Reserve Board Vice Chairman, who on March 24, 2010 declared:

Federal Reserve policymakers should deepen their understanding about how to combat
speculative bubbles to reduce the chances of another financial crisis.

S.M Davidoff, writing in 2011 in the New York Times [33] made a case for a gold
bubble, and then in the same article made a case for there not being a gold bubble;
this author found both of his arguments to be convincing(!). His article inspired the
investigation [80].

Finally we note that the method proposed here for bubble detection is only one
proposed of many. See for example [148] where the author (Matt Swayne, an eHow
contributor) purports to be able to detect a gold bubble. What perhaps distinguishes
the method presented in this paper from others such as that of Swayne is that it
is mathematically and statistically based; although this is not to say it is without
controversy. We discuss the leading two alternative methods, and some of this
controversy, in Sect. 11.

For a risky asset such as a given stock, we need to be able to tell whether or
not, under the risk neutral measure, the asset price is a martingale, or is only a local
martingale which is not a true martingale (called a strict local martingale). This is
incredibly hard to do, but there are a few situations where we have a chance to do so.
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Indeed, we have already presented these situations in Sect. 4. We have three cases:
that of the stock price following a stochastic differential equation of the form (where
B is a standard Brownian motion):

dXt D �.Xt /dBt C 
tdt I X0 D x (142)

and the cases of the theorem of Andersen and Piterbarg (Theorem 7) and that of
Lions and Musiela (Theorem 8) which handle situations that fit into what is known
as the Heston paradigm of stochastic volatility. As far as we know, these last two
situations have not been exploited for the purposes of bubble detection, and they
might be quite difficult to analyze due to the precision required in order for the
confidence intervals to be of reasonable size. However the framework of (142) has
indeed been studied, and such an analysis appears in the articles [78–80]. We present
a review of it here. We note that we do not require the stock price to follow (142) at
all times, only during the period of investigation. One could have instead of (142)
a regime change model (for example, see [62]), where during different periods of
volatility the stock price might evolve according to different stochastic differential
equations.

Due to the presence of the drift term 
tdt in (142) we can assume we are dealing
with an incomplete market model. However since all risk neutral measures in effect
remove the drift, under any risk neutral measure Q the price process X will follow
the same equation

dXt D �.Xt /dBt I X0 D x (143)

By the results presented in Sect. 4 under any of the risk neutral measures we have
that X in (143) is a strict local martingale if and only if the non-random calculus
integral

Z 1

˛

x

�.x/2
dx < 1I any ˛ > 0 (144)

Therefore to determine whether or not X of (143) is a strict local martingale,
we “only” need to know the function x 7! �.x/, and in particular to know it
for asymptotically large values of x. This is an impossible task. First of all, it is
completely non-trivial to estimate accurately the function �.x/ from data. The good
news is that this is the subject of a fair amount of research, and Jean Jacod has
effectively solved this issue in two important papers [71, 72]. We outline our own
approach to this problem as well. The bad news is that one can only “know” the
coefficient �.x/ at those values x that the stock price X attains. Since any stock
price is a fortiori bounded in range, in a finite time interval, we cannot know the
asymptotic behavior of �.x/ no matter how accurately we can estimate it for those
x in the range of X . At this juncture, we could simply give up; but instead we try
to do the best we can do, with the information we have. Therefore we smooth our
estimate of � where we can know it, and we analyze its behavior. It seems to be
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often the case that the behavior of � is clear, and if it seems to be tending off to 1
as x % 1, then we make the leap that this behavior will continue even where we
do not see � . Thus the problem reduces to the issue of the asymptotic rate in which
� tends to 1, when it does. We have tested this idea with data, and it seems to work
in almost all of the cases in which we have tested it. By “seems to work” we mean
that when the asset being tested went through a bubble, out test indicates that it did
so. When the asset did not go through a bubble, our test indicates that there was no
bubble. And when it is not obvious whether or not the asset went through a bubble,
our test gives any of three results: a bubble, no bubble, or the test fails to decide. So
let us now proceed to the method.

Estimation of the Diffusion Coefficient in a Bounded Domain

In addition to the work of Jacod discussed above [71, 72], many authors have
proposed estimators for the volatility function �.x/. D. Florens–Zmirou [52]
proposed a non parametric estimator based on the local time of the diffusion process.
We present this estimator later in this section, when we treat the example of
Infospace. (See Theorems 44 and 45.) V. Genon Catalot and J. Jacod [56] proposed
an estimation procedure for parameterized volatility functions. M. Hoffmann [64]
constructs a wavelets based estimator.

In the article [78] we introduce a smooth kernel estimator, in the same spirit as
that of Jacod in [72]. The estimator is constructed from the two quantities:

V x
n D 1

nhn

n�1X
iD0

�.
S i
n

� x

hn
/n.S iC1

n
� S i

n
/2 (145)

Lxn D 1

nhn

n�1X
iD0

�.
S i
n

� x

hn
/ (146)

The kernel function � is a C6 positive function with compact support and such
that

R
RC
� D 1. We are interested in the convergence of V x

n and Lxn to �2.x/Lx

and Lx respectively, where hn satisfies nh2n ! 1. The following theorem is
established in [78], where hn is a sequence of positive real numbers converging
to 0 and satisfying some constraints:

Theorem 38. If nh2n ! 1 then Sxn D V xn
Lxn

converges in probability to �2.x/ and

provides a consistent estimator of �2.x/.

Remark 39. In [72] Jacod is able to take hn D 1p
n

and he also obtains a rate of
convergence and an associated Central Limit Theorem. His method of proof is a bit
more complicated that the one presented in [78].
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Estimation of the Diffusion Coefficient’s Asymptotic Behavior

Again we let hn be a sequence of positive real numbers converging to 0 and
satisfying some constraints. We construct an estimator of �.x/ given by:

Sn.x/ D
Pn

iD1 1fjSti�xj<hngn.StiC1
� Sti /2Pn

iD1 1fjSti �xj<hng
: (147)

The previous estimator for the volatility function �.x/, presented in Theorem 38
is over a compact domain representing the observation interval. In this section, for
the stochastic differential equation (143) we relax this boundedness assumption
on the volatility function �.x/. We now assume that � > 0 on I D�0;1Œ, it is
identically null elsewhere and it satisfies 1

�2
2 L1loc.I /.

This is the Engelbert Schmidt condition (see, e.g., [47] or [97]) under which
the SDE has a unique weak solution S that does not explode to 1. We let P be
the law of the solution on the canonical space � D C.Œ0; T �;R/ equipped with the
canonical filtration .Ft /t2Œ0;T � and the canonical process S D .St /t2Œ0;T �. We also
assume that � is C3 bounded and with bounded derivatives on every compact set.
We add in passing that these hypotheses imply the existence of a strong solution,
as well. Let �0.S/ be the first time S hits zero. The next theorem is again taken
from [78].

Theorem 40. Suppose �.x/ has three continuous derivatives. Assume that nh4n !
0 and nhn ! 1. Then conditional on f�0.S/ > T g, Sn.x/ given in (147) converges
in probability to �2.x/. The same holds for our smooth kernel estimator under the
constraint nh2n ! 1.

Sketch of a Proof. Let Tq D inf ft; St � qg and �p D inf
n
t; St � 1

p

o
. Then

limp!1 �p D �0.S/ and limq!1 Tq D 1 since S does not explode to 1. We
can take �p;q to be a function bounded above and below away from zero with
three bounded derivatives such that �p;q.x/ D �.x/ for all 1

p
� x � q. Let

.S
p;q
t /t2Œ0;T � be the unique strong solution to the SDE dSp;qt D �p;q.S

p;q
t /dW t .

Introduce now S
p;q
n .x/, the estimator computed on the basis of .Sp;qt /t2Œ0;T � as

in (147) or using our smooth kernel estimator. Then under suitable constraints
on the sequence .hn/n�1, Sp;qn .x/ converges in probability to �2p;q.x/. Moreover
S
p;q
n .x/ D Sn.x/ if T < Tq^�p . Then it follows that Sn.x/ converges in probability

to �2.x/, in restriction to the set fT < �0.S/g. ut
Note that we have shown only the convergence of the estimators to the function

� . We can also obtain confidence intervals giving the accuracy of our predictions
using the central limit results of Jacod, as mentioned in the above Remark 39, but
we do not do so here. Such techniques are treated in detail in the recent book [74].
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Bubble Detection

As we already discussed in the first part of this section (Sect. 10), while we can
estimate � reasonably accurately, we can only do so on the part of the domain of
� that is given by the range of X . But whether or not X is a strict local martingale
under any and all risk neutral measures we need to determine whether or not the
integral allows one to decide whether or not the following integral converges:

Z 1

˛

x

�.x/2
ds any ˛ > 0: (148)

We recall that if (148) is finite, then X is a strict local martingale; otherwise it is a
true martingale. Therefore we need to know the behavior of x 7! �.x/ as jxj ! 1.
Our procedure uses the theory of Reproducing Kernel Hilbert Spaces (RKHS) and it
consists of two steps:

• We first interpolate an estimate of � within the bounded interval where we
have observations, and in this way we lose the irregularities of non parametric
estimators.

• We next extrapolate our function � by choosing a RKHS from a family of Hilbert
spaces in such a way as to remain as close as possible (on the bounded interval
of observations) to the interpolated function provided in the previous step.

This represents a new methodology which allows us to choose a good extrapolation
method. We do this via the choice of a certain extrapolating RKHS, which—once
chosen—determines the tail behavior of our volatility � . If we let .Hm/m2N denote
our family of RKHS, then any given choice ofm, call it m0, allows us to interpolate
perfectly the original estimated points, and thus provides a valid RKHS Hm with
which we extrapolate � . But this represents a choice of m0 and not an estimation.
So if we stop at this point the method would be as arbitrary as parametric estimation.
That is, choosingm0 is analogous to choosing the parameterized family of functions
which fits � best. The difference is that we do not arbitrarily choosem0. Instead we
choose the index m given the data available. In this sense we are using the data
twice. To do this we evaluate different RKHS’s in order to find the most appropriate
one given the arrangement of the finite number of grid points from our observations.

The RKHS method (see [65, 78]) is intimately related to the reconstruction of
functions from scattered data in certain linear functional spaces. The reproducing
kernel Q.x; x

0

/ that is associated with an RKHS H.D/ in the spatial domain D,
over the coordinate x, is unique and positive and thus constitutes a natural basis for
generic interpolation problems.

Reproducing Kernel Hilbert Spaces

Let H.D/ be a Hilbert space of continuous real valued functions f .x/ defined on
a spatial domain D. A reproducing kernel Q possesses useful properties for data
interpolation and function approximation problems.
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Theorem 41. There exists a kernel function Q.x; x
0

/, the reproducing kernel, in
H.D/ such that the following properties hold:

(i) Reproducing property. For all x and y, and for all f 2 H.D/,

f .x/ D hf .x0

/;Q.x; x
0

/i0

Q.x; y/ D hQ.x; x0

/;Q.y; x
0

/i0

:

The prime indicates that the inner product h�; �i0

is performed over x
0

.
(ii) Uniqueness. The RKHS H.D/ has one and only one reproducing kernel

Q.x; x
0

/.
(iii) Symmetry and Positivity. The reproducing kernel Q.x; x

0

/ is symmetric, i.e.
Q.x

0

; x/ D Q.x; x
0

/, and positive definite, i.e.:

nX
iD1

nX
kD1

ciQ.xi ; xk/ck � 0

for any set of real numbers ci and for any countable set of points .xi /i2Œ1;n�.

For a proof of this theorem, we refer the reader to the classic works of N. Aronszajn
[5, 6].

In this framework, interpolation is seen as an inverse problem. The inverse
problem is the following. Given a set of real valued data .fi /i2Œ1;M� at M distinct
points SM D xi ; i 2 Œ1;M � in a domain D, and a RKHS H.D/, find a suitable
function f .x/ that interpolates these data points. Using the reproducing property,
this interpolation problem is reduced to solving the following linear inverse
problem:

8i 2 Œ1;M �; f .xi / D hf .x0

/;Q.xi ; x
0

/i0

(149)

where we need to invert this relation and exhibit the function f .x/ in H.D/. We
refer the reader to [65] for a detailed discussion.

We first present the normal solution that allows an exact interpolation, and second
the regularized solution that yields quasi interpolative results, accompanied by an
error bound analysis. Then in the next section, we will construct a family of RKHS’s
that enable us to interpolate not �.x/ but 1

�.x/2
. This transformation makes natural

the choice of the family of RKHS’s. Note that for every choice of an RKHS, one can
construct an interpolating function using the input data. For this reason, we define a
family of Reproducing Kernel Hilbert Spaces that encapsulate different assumptions
on the asymptotic forms and smoothness constraints. From this set, we choose that
RKHS which best fits the input data in the sense explained below.
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Normal Solutions: The most straightforward interpolation approach is to find the
normal solution that has the minimal squared norm jjf jj2 D hf .x0

/; f .x
0

/i0

subject
to the interpolation condition (149).

That is, given a set of real valued data ffi g; 1 � i � K specified at K distinct
points in a domain D, we wish to find a function f that is the normal solution:

f .x/ D
MX
iD1

ciQ.xi ; x/

where the coefficients ci satisfy the linear relation:

8k 2 Œ1;M �;

MX
iD1

ciQ.xi ; xk/ D fk: (150)

If the matrix QM whose entries are Q.xi ; xk/ is “well conditioned,” then the linear
algebraic system above can be efficiently solved numerically. Otherwise, we use
regularized solutions.

Regularized Solutions: When the matrix QM is “ill conditioned,” regularization
procedures may be invoked for approximately solving the linear inverse problem. In
particular, the Tikhonov regularization procedure produces an approximate solution
f˛ , which belongs to H.D/ and that can be obtained via the minimization of the
regularization functional

jjQf � F jj2 C ˛jjf jj2

with respect to f .x/.24 Note that here F is the data vector .fi / and the residual
norm jjQf � F jj2 is defined as:

jjQf � F jj2 D
MX
iD1
.hf .x0

/;Q.xi ; x
0

/i0 � fi /
2:

The regularization parameter ˛ is chosen to impose a proper balance between the
residual constraint jjQf � F jj and the magnitude constraint jjf jj. The regularized
solution has the form

f˛.x/ D
MX
iD1

c˛i Q.xi ; x/ (151)

24See for example [65] for the details of how to go about this.
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where the coefficients c˛i satisfy the linear relation:

8k 2 Œ1;M �;

MX
iD1

c˛i .Q.xi ; xk/C ˛ıi;k/ D fk (152)

where ıi;k is the Kronecker delta function. Note that for ˛ > 0, Q˛
M whose entries

are ŒQ.xi ; xk/C ˛ıi;k� is symmetric and positive definite and the problem can now
be solved efficiently. Also, the RKHS interpolation method leads to an automatic
error estimate of the regularized solution (see [65] for more details).

10.1 Construction of the Reproducing Kernels

We consider reciprocal power reproducing kernels that asymptotically behave as
some reciprocal power of x, over the interval Œ0;1Œ. We are interested in this type of
RKHS because this is a reasonable assumption for f .x/ D 1

�2.x/
. The CEV model25

dSt D S
�
t dW t where � > 0 is a local volatility model proposed in the literature

and satisfies this assumption, with fcev.x/ D 1
x2�

. We also assume that the function
f .x/ possesses the asymptotic property

lim
x!1xkf .k/.x/ D 0;8k 2 Œ1; n � 1�:

for some n � 1 that controls the minimal required regularity. This property is often
satisfied by the volatility functions used in practice. For instance, xkf .k/

cev .x/ DQk�1
iD0.�2��i /

x2�
converges to 0 as x tends to infinity, for all k. This is also satisfied

by many volatility functions that explode faster than any power of x, for example
�.x/ D x�eˇx , with � > 0 and ˇ > 0. The condition appears restrictive only
when � and its derivatives explode too slowly or when � is bounded, however in
these cases, it is likely that there is no bubble and no extrapolation using this RKHS
theory will be required. We would like to emphasize that the asymptotic property
satisfied by f is the key point for the whole method to work as this may be seen
from Proposition 2 below.

Concerning the degree of smoothness, we usually take in practice n to be 1, 2 or
3. We can define now our Hilbert space

Hn D Hn.Œ0;1Œ/ D
n
f 2 Cn.Œ0;1Œ/ j lim

x!1xkf .k/.x/ D 0;8k 2 Œ1; n � 1�
o
:

25“CEV” stands for constant elasticity of volatility.
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We next need to define an inner product. A smooth reproducing kernel qRP.x; x
0

/

can be constructed via the choice:

< f; g >n;mD
Z 1

0

ynf .n/.y/

nŠ

yng.n/.y/

nŠ

dy

w.y/

where w.y/ D 1
ym

is the asymptotic weighting function. From now on we consider
the RKHS Hn;m D .Hn;<;>n;m/. The next proposition can be shown following the
steps in [65].

Proposition 1. The reproducing kernel is given by

qRPn;m.x; y/ D n2x
�.mC1/
> B.mC 1; n/F2;1.�nC 1;mC 1; nCmC 1;

x<

x>
/

where x> and x< are respectively the larger and smaller of x and y, B.a; b/ is the
beta function and F2;1.a; b; c; z/ is Gauss’s hypergeometric function.

Remark 42. The integers n� 1 andmC 1 are respectively the order of smoothness
and the asymptotic reciprocal power behavior of the reproducing kernel qRP.x; y/.
This kernel is a rational polynomial in the variables x and y and has only a finite
number of terms, so it is computationally efficient.

As pointed out above, any choice of n and m creates an RKHS Hn;m and
allows one to construct an interpolating function fn;m.x/ with a specific asymptotic
behavior. The following result gives the exact asymptotic behavior.

Proposition 2. For every x, qRP.x; y/ is equivalent to n2

ymC1 B.mC 1; n/ at infinity
as a function of y and

lim
x!1 xmC1f˛.x/ D n2B.mC 1; n/

MX
iD1

c˛i

where f˛ is defined as in (151) and the constants c˛i are obtained as in (152). Hence,

if
PM

iD1 c˛i ¤ 0, then f˛.x/ is equivalent to n2B.mC1;n/
xmC1

PM
iD1 c˛i .

Choosing the Best m

The choice of m allows us to decide if the integral in (148) converges or diverges.
If m > 1, there is a bubble. This section explains how to choose m. Let us first
summarize the idea. We choose the RKHS by optimizing over the asymptotic weight
m that allows us to construct a function that interpolates the input data points and
remains as close as possible to the interpolated function on the finite interval D.
This optimization provides an m which allows us to construct �m.x/. We employ a
four step procedure:
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Procedure 43. (i) Non-parametric estimation over D: Estimate �.x/ using our
non-parametric estimator on a fixed grid x1; : : : ; xM of the bounded interval
D D ŒminS;maxS� where minS and maxS are the minimum and the
maximum reached by the stock price over the estimation time interval Œ0; T �. In

our illustrative examples, we use the kernel �.x/ D 1
c
e

1

4x2�1 for jxj < 1
2
, where

c is the appropriate normalization constant. The number of data available n
and the restriction on the sequence .hn/n�1 makes the number of grid pointsM
relatively small in practice. In our numerical experiments, 7 � M � 25.

(ii) Interpolate �.x/ over D using RKHS theory: Use any interpolation method
on the finite interval D to interpolate the data points .�.xi //i2Œ1;M�. Call the
interpolated function �b.x/. For completeness, we provide a methodology to
achieve this using the RKHS theory. However, any alternative interpolation
procedure for a finite interval could be used.

Define the Sobolev space: Hn.D/ D ˚
u 2 L2.D/ j 8k 2 Œ1; n�; u.k/ 2 L2.D/


where u.k/ is the weak derivative of u. The norm that is usually chosen is
jjujj2 D Pn

kD0
R
D.u

.k//2.x/dx. Due to Sobolev inequalities, an equivalent and more
appropriate norm is jjujj D R

D u2.x/dx C 1
�2n

R
D.u

.n//2.x/dx. We denote by Ka;b
n;�

the kernel function of Hn.�a; bŒ/, where in this case D D�a; bŒ. This reproducing
kernel is provided for n D 1 and n D 2 in the following lemma.

Lemma 5.

K
a;b
1;� .x; y/ D �

sinh.�.b � a//
cosh.�.b � x>// cosh.�.x< � a//

K
a;b
2;� .x; y/ D Lx>.x</

and Lx.t/ is of the form
P4

iD1
P4

kD1 likbi .� t/bk.�x/.

We refer to [152, Eq. (22) and Corollary 3 on page 28] for explicit analytic
expressions for lik and bk, which while simple, are nevertheless tedious to write. In
both equalities, x> and x< respectively stand for the larger and smaller of x and y.
In practice, one should check the quality of this interpolation and carefully study the
outputs by choosing different �’s before using the interpolated function �b D 1p

f b

in the algorithm detailed above, where f b.x/ D PM
iD1 cbi KD

n;� .xi ; x/, for all x 2 D
and for all k 2 Œ1;M �,

PM
iD1 cbi KD

n;� .xi ; xk/ D fk D 1p
�est.xk/

.

(iii) Deciding if an extrapolation is required: If the interpolated estimate of �.x/
appears to be a bounded function and not tending to C1 as x 7! 1, or if
the implicit extended form of the interpolated estimate of �.x/ implies that the
volatility does not diverge to 1 as x ! 1 and remains bounded on R

C,
no extrapolation is required. In such a case

R1
�

x
�2.x/

dx is infinite and the
process is a true martingale. If one decides, however, that �.x/ diverges to 1
as x ! 1, then the next step is required to obtain a “natural” candidate for
its asymptotic behavior as a reciprocal power.
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(iv) Extrapolate �b.x/ to R
C using RKHS: Fix n D 2 and define

m D arg min
m�0

sZ
Œa;1Œ\D

j�m � �bj2ds (153)

where fm D 1
�2m

is in the RKHS H2;m D .H2;m.Œ0;1Œ/; h; iRP /. By definition,
all �m will interpolate the input data points and �m has the asymptotic behavior
that best matches our function on the estimation interval. a is the threshold
determining closeness to the interpolated function. Choosing a too small is
misleading since then it would account more (and unnecessarily) for the
interpolation errors over the finite interval D than is desirable. We should
choose a large a since we are only interested in the asymptotic behavior of
the volatility function. In the illustrative examples below, the threshold a in
(153) is chosen to be a D maxS � 1

3
.maxS � minS/.

Illustrative Examples from the Internet Dotcom Bubbles of 1998–2001

We illustrate our testing methodology for price bubbles using some stocks that are
often alleged [111,159] as experiencing internet dot com bubbles. We consider those
stocks for which we have high quality tick data. The data was obtained from WRDS
[161]. We apply this methodology to four stocks: Lastminute.com, eToys, Infospace,
and Geocities. The methodology performs well. The weakness of the method is
the possibility of inconclusive tests as illustrated by eToys. For Lastminute.com and
Infospace our methodology supports the existence of a price bubble. For Infospace,
we reproduce the methodology step-by-step. Finally, the study of Geocities provides
a stock commonly believed to have exhibited a bubble (see for instance [111,159]),
but for which our method says it did not. We now provide our analyzes.

Lastminute.com: Our methodology confirms the existence of a bubble. The stock
prices are given in Fig. 4.

The optimization performs as expected with the asymptotic behavior given by
m D 8:26, which means that �.x/ is equivalent at infinity to a function proportional
to x˛ with ˛ D 4:63. We plot in Fig. 5 the different extrapolations obtained using
different reproducing kernel Hilbert spaces H2;m and their respective reproducing
kernels qRP2;m .

Figure 5 shows that m is between 7 and 9 as obtained by the optimization
procedure. The orange curve labelled (sigma) is the interpolation on the finite
interval D obtained from the non-parametric estimation procedure where the
interpolation is achieved using the RKHS theory as described in step (ii) with the
choice of the reproducing kernel Hilbert space H1.D/ and the reproducing kernel
K

minS;maxS
1;6 . Then m is optimized as in step (iv) so that the interpolating function

�m.x/ is as close as possible to the orange curve in the last third of the domain D,
i.e. the threshold a in (153) is chosen to be a D maxS � 1

3
.maxS � minS/.
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Fig. 4 Lastminute.com stock prices during the alleged dot com bubble
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Fig. 5 Lastminute.com. RKHS estimates of �.x/

eToys: While the graph of the stock price of eToys as given in Fig. 6 makes the
existence of a bubble plausible, the test nevertheless is inconclusive. Different
choices ofm giving different asymptotic behaviors are all close to linear (see Fig. 7).

Because they are so close to being linear, we cannot tell with any level of
assurance that the integral in question diverges, or converges. We simply cannot
decide which is the case. If it were to diverge we would have a martingale (and
hence no bubble), and were it to converge we would have a strict local martingale
(and hence bubble pricing).

The estimated m is close to one. In Fig. 7, the powers ˛ are given by 1
2
.m C 1/

where m is the weight of the reciprocal power used to define the Hilbert space and
its inner product. We plot the extrapolated functions obtained using different Hilbert
spaces H2;m together with their reproducing kernels qRP

2;m. Figure 8 shows that the
extrapolated functions obtained using these different RKHS H2;m produce the same
quality of fit on the domain D.
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Fig. 6 Etoys.com Stock Prices during the alleged Dotcom Bubble

800

700

600

500

400

300

200

100

0
0 200100 300 400 500 600

alpha=0.9

alpha=1.1

alpha=1

sigma

Fig. 7 eToys. RKHS estimates of �.x/

Infospace: Our methodology shows that Infospace exhibited a price bubble. We
detail the methodology step by step in this example. The graph of the stock prices
in Fig. 9 suggests the existence of a bubble.

We present a summary of the estimator of Florens–Zmirou. Her estimator is
based on the local time of a diffusion and is based on an analysis of local times.
The local time is given by

`T .x/ D lim
�!0

1

2�

Z T

0

1fjSs�xj<�gd hS; Sis
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Fig. 8 eToys. RKHS estimates of �.x/; quality of fit

Fig. 9 Infospace Stock Prices during the alleged Dotcom Bubble

where d hS; Sis D �2.Ss/ds so that `T .x/ D �2.x/LT .x/; and

LT .x/ D lim
�!0

1

2�

Z T

0

1fjSs�xj<�gds:

Hence, the ratio `T .x/

LT .x/
D �2.x/ yields the volatility at x. These limits and integrals

can be approximated by the following sums:

LnT .x/ D T

2nhn

nX
iD1

1fjSti �xj<hng

`nT .x/ D T

2nhn

nX
iD1

1fjSti �xj<hngn.StiC1
� Sti /

2
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Fig. 10 Infospace. Non-parametric estimation using hn D 1

n
1
3

where hn is a sequence of positive real numbers converging to 0 and satisfying some
constraints. This allows us to construct an estimator of �.x/ given by:

Sn.x/ D
Pn

iD1 1fjSti�xj<hngn.StiC1
� Sti /2Pn

iD1 1fjSti �xj<hng
: (154)

Indeed, Florens–Zmriou [52] proves the following theorems.

Theorem 44. If � is bounded above and below from zero, has three continuous and
bounded derivatives, and if .hn/n�1 satisfies nhn ! 1 and nh4n ! 0 then Sn.x/ is
a consistent estimator of �2.x/.

The proof of this theorem is based on the expansion of the transition density.
The choice of a sequence hn converging to 0 and satisfying nhn ! 1 and nh4n !
0 allows one to show that LnT .x/ and `nT .x/ converge in L2.dQ/ to LT .x/ and
�2.x/LT .x/, respectively. Hence Sn.x/ is a consistent estimator of �2.x/, for any
x that has been visited by the diffusion.

Another result, developed in [78], is useful to obtain confidence intervals for the
estimator Sn.x/ of �.x/.

Theorem 45. If moreover nh3n ! 0 then
p
Nn
x .

Sn.x/

�2.x/
� 1/ converges in dis-

tribution to
p
2Z where Z is a standard normal random variable and Nn

x DPn
iD1 1fjSti �xj<hng.

(i) We compute the Florens–Zmirou’s estimator and our smooth kernel local time
based estimator, using a sequence hn D 1

n
1
3

. The result is not smooth enough

as seen in Fig. 10.
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Fig. 11 Infospace. Non-parametric estimation using hn D 1
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Fig. 12 Infospace. Interpolation �b.x/ on the compact domain

(ii) We use the sequence hn D 1

n
1
4

to compute our estimators (the number of

points where the estimation is performed is smaller, M D 11). Theoretically, we
no longer have the convergence of the Florens–Zmirou’s estimator. However,
as seen in Fig. 11, this estimator is robust with respect to the constraint on
the sequence hn. F-Z, LowerBound and UpperBound are Florens–Zmirou’s
estimator together with the 95% confidence bounds her estimation procedure
provides. J-K-P is our estimator.

(iii) We obtained in (ii) estimations on a fixed grid containingM D 11 points, and
we now construct a function �b.x/ on the finite domain (see Fig. 12) which
perfectly interpolates those points. Here the RKHS used is H1.D/ where D D
ŒminS;maxS� together with the reproducing kernels KD

1;� , where � takes the
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Fig. 13 Infospace. Final estimator and RKHS extrapolation

values 1, 3, 6 and 9. The functions obtained using these different reproducing
kernels provide the same quality of fit within D and we can use any of the four
outputs as the interpolated function, �b , over the finite interval D.

(iv) Finally we optimize over m and find the RKHS H2;m that allows the best
interpolation of the M D 11 estimated points and such that the extrapolated
function �.x/ remains as close as possible to �b.x/ on the third right side of
D. Of course, the reproducing kernels used in order to construct the functions
�m and minimize the target error as in (153) are qRP

2;m. We obtainm D 6:17 (i.e.
˛ D mC1

2
D 3:58) and we can conclude that there is a bubble.

Remark 46. One might expect ˛ � 1:8 as suggested by the green curve in Fig. 13.
But this is different from what the RKHS extrapolation has selected. Why? In
Fig. 13, we plot the RKHS extrapolation obtained when ˛ D 1:8. We have proved
that

lim
x!1

xmC1

�2.x/
D 4B.mC 1; 2/

MX
iD1

ci :

The numerical computations give: �.x/ � x3:58

127009
when using optimization over m

and �.x/ � x1:8

5:66
when fixing ˛ D 1:8. Independent of the power chosen, the ci ’s

and hence the constant of proportionality are automatically adjusted to interpolate
the input points. But, as can be seen in Fig. 14, the power 3.58 is more consistent in
terms of extending “naturally” the behavior of �b.x/ to R

C.

Geocities: Our methodology shows that this stock did not have a price bubble. The
stock prices are graphed in Fig. 15.
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Fig. 15 Geocities Stock Prices during the alleged Dotcom Bubble

This is an example where we can stop at step (iii) of Procedure 43: we do not need
to use RKHS theory to extrapolate our estimator in order to determine its asymptotic
behavior. As seen from Fig. 16, the volatility is a nice bounded function, and any
natural extension of this behavior implies the divergence of the integral

R1
�

x
�2.x/

dx.
Hence the price process is a true martingale.
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Fig. 16 Geocities. Estimates of �

More Recent Examples

The Case of the IPO of LinkedIn

After giving talks based on the results of [78] with the examples of the dot com
era, colleagues asked for examples from more recent and timely stocks. One of
the times this occurred, at a conference in Ascona, Switzerland, May 23–27, 2011,
we happened to read a New York Times article by Julie Creswell [32] discussing
whether or not in the aftermath of the LinkedIn IPO the stock price had a bubble.
Inspired by this controversy we obtained stock price tick data from Bloomberg.26

And, we used our methodology to test whether LinkedIns stock price is exhibiting a
bubble. We found, definitively, that there was indeed a price bubble in the opening
days of the stock.

To perform our test, we obtained minute by minute stock price tick data for the
4 business days 5/19/2011 to 5/24/2011 from Bloomberg. There are exactly 1,535
price observations in this data set. The time series plot of LinkedIn’s stock price
is contained in Fig. 17. The prices used are the open prices of each minute but the
results are not sensitive to using open, high or lowest minute prices instead.

The maximum stock price attained by LinkedIn during this period is $120.74 and
the minimum price was $81.24. As evidenced in this diagram, LinkedIn experienced
a dramatic price rise in its early trading. This suggests an unusually large stock price
volatility over this short time period and perhaps a price bubble.

Let us recall from our treatment of the dot com bubbles that we just treated
previously in this section, that our bubble testing methodology first requires us to
estimate the volatility function � using local time based non-parametric estimators.

26We thank Arun Verma of Bloomberg for quickly providing us with high quality tick data.
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Fig. 17 LinkedIn Stock Prices from 5/19/2011 to 5/24/2011. (The observation interval is 1 min)

Fig. 18 Non-parametric volatility estimates

We use two such estimators. We compare the estimation results obtained using
both Florens–Zmirou’s27 estimator (see Theorems 44 and 45) and the estimator
developed in [78]. The implementation of these estimators requires a grid step hn
tending to zero, such that nhn ! 1 and nh4n ! 0 for the former estimator, and
nh2n ! 1 for the later one. We choose the step size hn D 1

n
1
3

so that all of these

conditions are simultaneously satisfied. This implies a grid of seven points. The
statistics are displayed in Fig. 18.

Since the neighborhoods of the grid points $118.915 and $125.764 are either
not visited or visited only once, we do not have reliable estimates at these points.
Therefore, we restrict ourselves to the grid containing only the first five points.

27Hereafter referred to as Zmirou’s estimator.
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Fig. 19 Non parametric volatility estimation results

We note that the last point in the new grid $112.065 still has only been visited
very few times.

When using Zmirou’s estimator, confidence intervals are provided. The confi-
dence intervals are quite wide. Given these observations, we apply our methodology
twice. In the first test, we use a five point grid. In the second test, we remove the
fifth point where the estimation is uncertain and we use a four point grid instead.
The graph in Fig. 19 plots the estimated volatilities for the grid points together with
the confidence intervals.

The next step in our procedure is to interpolate the shape of the volatility function
between these grid points. We use the estimations from our non parametric estimator
with the five point grid case. For the volatility time scale, we let the 4 day time
interval correspond to one unit of time. This scaling does not affect the conclusions
of this paper. When interpolating one can use any reasonable method. We use both
cubic splines and reproducing kernel Hilbert spaces as suggested in [78], Sect. 5.2.3
item (ii). The interpolated functions are in Fig. 20.

From these,we select the kernel function K1;� as defined in Lemma 10 in [78],
and we choose the parameter � D 6.

The next step is to extrapolate the interpolated function �b using the RKHS
theory to the left and right stock price tails. Here we refer the reader to our treatment
given in Sect. 10.1, and do not repeat the necessities here. The reader desiring a
detailed treatment for this specific example is referred to the published article [79].
We mention only that we take f .x/ D 1

�2.x/
and define the Hilbert space

Hn D Hn

�
Œ0;1Œ

� D ˚
f 2 Cn

�
Œ0;1Œ

� j lim
x!1

xkf .k/.x/ D 0 for all 0 � k � n � 1


where n is the assumed degree of smoothness of f .
For n 2 f1; 2g fixed, we construct our extrapolation � D �m as in [78], 5.2.3

item (iv), by choosing the asymptotic weighting function parameter m such that
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Fig. 20 Interpolated volatility using cubic splines and the RKHS theory

Fig. 21 RKHS based extrapolation of �b

fm D 1
�2m

is inHn;m, �m exactly matches the points obtained from the non parametric

estimation, and �m is as close (in norm 2) to �b on the last third of the bounded
interval where �b is defined. Because of the observed kink and the obvious change
in the rate of increase of �b at the forth point, we choose n D 1 in our numerical
procedure. The result is shown in Fig. 21.

We obtainm D 9:42.
From Proposition 3 in [78], the asymptotic behavior of � is given by

lim
x!1xmC1f .x/ D n2B.mC 1; n/

MX
iD1

ci

where M D 5 is the number of observations available, B is the Beta function, and
the coefficients .ci /1�i�M are obtained by solving the system
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Fig. 22 Extrapolated volatility functions using different reproducing kernels

MX
iD1

ciq
RP
n;m.xi ; xk/ D f .xk/ for all 1 � k � M

where .xi /1�i�M is the grid of the non parametric estimation, f .xk/ D 1
�2.xk/

and �.xk/ is the value at the grid point xk obtained from the non-parametric
estimation procedure. This implies that � is asymptotically equivalent to a function
proportional to x˛ with ˛ D 1Cm

2
, that is ˛ D 5:21. This value appears very large,

but the proportionality constant is also large. The ci ’s are automatically adjusted to
exactly match the input points .xi ; f .xi //1�i�M .

We plot below the functions with different asymptotic weighting parameters
m obtained using the RKHS extrapolation method, without optimization. All the
functions exactly match the non-parametrically estimated points.

The asymptotic weighting function’s parameterm D 9:42 obtained by optimiza-
tion appears in Fig. 22 to be the estimate most consistent (within all the functions,
in any Hilbert Space of the form H1;m, that exactly match the input data) with a
“natural” extension of the behavior of �b to R

C. The power ˛ D 5:21 implies then
that LinkedIn stock price is currently exhibiting a bubble.

Since there is a large standard error for the volatility estimate at the end point
$112.065, we remove this point from the grid and repeat our procedure. Also, the
rate of increase of the function between the last two last points appears large, and we
do not want the volatility’s behavior to follow solely from this fact. Hence, we check
to see if we can conclude there is a price bubble based only on the first 4 reliable
observation points. We plot in Fig. 23 the function �b (in blue) and its extrapolation
to R

C, � (in red).
Now M D 4. With this new grid, we can assume a higher regularity n D 2 and

we obtain, after optimization, m D 7:8543. This leads to the power ˛ D 4:42715

for the asymptotic behavior of the volatility. Again, although this power appears to
be high given the numerical values .xk; f .xk//1�k�4, the coefficients .ci /1�i�4 and
hence the constant of proportionality are adjusted to exactly match the input points.



90 P. Protter

Fig. 23 RKHS based Extrapolation of �b

The extrapolated function obtained is the most consistent (within all the functions,
in anyH2;m, that exactly match the input data) in terms of extending “naturally” the
behavior of �b to R

C. Again, we can conclude that there is a stock price bubble.

The Gold Bubble: Or Not?

Our final example is for the recent increase in gold prices (see [33]). Again, we
obtained gold price tick data from Bloomberg28 for the period August 25, 2011 to
September 1, 2011. We used per second prices giving 73,695 data points. A graph
of the spot price of gold for this period is given in Fig. 24.

We graph our estimated local volatility function for gold prices with its 95 %
confidence interval in Fig. 25. As seen in Fig. 25, the volatility function is in fact
decreasing as gold prices tend to 1. This shows that speculative trading is not
causing an increase in gold prices. Hence there is no gold price bubble.

Of course, our test only formally applies to the time period we have investigated,
and there could be a regime change before or after this period giving a new function
� which might change whether or not a bubble is occurring. If a price bubble existed
before our testing period, it may not be captured by our procedure. But, this is
only true to the extent that the estimated volatility function’s shape changes across
the different time periods considered. Recall that our testing procedure determines
the shape of the estimated volatility function for the observed asset price range.

28We thank Arun Verma of Bloomberg, again, for providing us with data.
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Fig. 24 Time series of gold spot prices

Fig. 25 Non-parametric gold price volatility estimate with 95 % confidence intervals

This volatility function’s shape is then extrapolated to where the price becomes
unbounded.

For gold, there is no reason to believe that the shape of the volatility function
would change if we looked either backwards in time or used more current price
observations. To verify this hypothesis, we studied two additional time intervals:
July 4, 2011 to July 12, 2011 and September 26, 2011 to October 4, 2011. For each
of these time periods we repeated the same bubble detection tests. The spot prices
for gold are graphed in Figs. 26 and 27, and the estimated volatility functions are
contained in Figs. 28 and 29, respectively. In both cases, the functions appear to be
nicely bounded, so there is no gold price bubble in either period.

Despite the speculation that gold prices are a bubble (see for example [33]),
our method shows that in fact there was not one, and that the bubbly fluctuations
fall within the normal bounds of trading, rather than being indicative of excessive
speculation. That our method can distinguish this bubbly appearance from the
reality (or lack thereof) of a bubble is precisely the point of our methodology.
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Fig. 26 Time series of gold spot prices—July 4, 2011 to July 12, 2011

Fig. 27 Time series of gold spot prices—September 26, 2011 to October 4, 2011

Fig. 28 Non-parametric gold price volatility estimate with 95 % confidence intervals—July 4,
2011 to July 12, 2011
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Fig. 29 Non-parametric gold price volatility estimate with 95 % confidence intervals—September
26, 2011 to October 4, 2011

But, going forward in time, the shape of an asset’s volatility function can
certainly change. Speculative trading can spontaneously increase due to a changing
economic environment. And, bubbles that exist at any one time, can certainly burst
and disappear. Whether or not a given time period’s trading activity applies to
other time periods, as discussed above, is beyond the capacity of our statistical
procedure. But fortunately for us, the stability of speculative trading activity can
be determined by an independent analysis of the economic environment. And, as
long as the speculative trading activity is stable and unchanging which reasoned
economic analysis should be able to determine, our method applies across time
periods as well.

Summary of the Examples

Given the price process of a risky asset that follows a stochastic differential equation
under the risk neutral measure of the form

dXt D �.Xt /dWt

where W is a standard one dimensional Brownian motion, we provide methods
for estimating the volatility coefficient �.x/ at the values where it is observed. If
the behavior of �.x/ is reasonable, we extend this estimator to all of RC via the
technology of Reproducing Kernel Hilbert Spaces. Having done this, we are then
able to decide on the convergence or the divergence of the integral

Z 1

�

x

�.x/2
dx;
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for any � > 0, which in turn determines whether or not the risky price process is
experiencing, or has experienced, a bubble. Unfortunately, the test does not always
work, since it depends on the behavior of �.x/.

We illustrated our methodology using data from the alleged internet dot com
bubble of 1998–2001, the 2011 IPO of the stock LinkedIn, and the suspected gold
bubble of August, 2011. Not surprisingly, we find that all three eventualities occur:
in several cases we are able to confirm the presence of a bubble; in other cases
we confirm the lack of a bubble, and in one particular case we find that the test is
inconclusive.

11 The Issue of the Local Martingale Approach to Bubbles

There have been three rubrics of criticism to this approach. While the three are
intertwined, nevertheless they should be separated into two types: the first is a
criticism of the entire approach, and the second is a criticism of our bubble detection
methodology. Of course, our bubble detection technique is pointless if one does not
stipulate the validity (or at least the plausibility) of our mathematical approach, so
let us first address the criticisms of the entire idea of modeling bubbles with this
mathematical approach.

Discrete Time and Strict Local Martingales

There are two basic criticisms of the model. The first is based on an old controversy:
modeling in discrete time versus modeling in continuous time. There is a consistent
attitude, especially among economists, that continuous time is rather pointless, and
needlessly complicates and obscures ideas that are relatively straightforward in
discrete time; and besides, for implementation of continuous time models, often
at some point one needs to discretize in any event. This idea is derived from the
common belief that in economic theory both discrete and continuous time models
are equivalent in the sense that one can always be used to approximate the other, or
equivalently, any economic phenomena present in one is also present in the other.

One can indeed model stock prices, for example, as a discrete time series by
looking (for example) at close of day data, but if one wants to model tick data,
the data does not arrive in uniformly spaced time increments, and it seems more
natural to view tick data as a frequently sampled collection of observations from an
underlying continuous process. The sampling times are then stopping times in such
a model. Of course a really fine analysis shows that even this interpretation might
be naı̈ve due to the presence of microstructure noise, and/or rounding errors (see
for example [1, 77, 155], three of many recent papers on the subject). But while this
approach might be naı̈ve in this broader context, the noise does in invalidate it, but
rather adds new layers of complexity.
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Nevertheless some scholars have an issue with bubbles being the nuanced
difference between a strict local martingale and a true martingale. In discrete time, it
is widely believed that there are no strict local martingales; that all local martingales
are actually true martingales. Technically this is not true (see [75,95]) but “morally”
it is in fact true, because the standard definition of conditional expectation requires
an L1 condition, and as a consequence local martingales in the traditional sense are
actually true martingales. This was shown by P.A. Meyer in 1973 [115]. To clarify,
we have (from the textbook of Shiryaev [143]) the following theorem:

Theorem 47. Let X D .Xn/nD0;1;::: be an adapted process with X0 D 0. Then the
following conditions are equivalent:

• X is a local martingale;
• X is a generalized martingale, i.e. E.jXnC1jjFn/ < 1; E.XnC1jFn/ D Xn for

all n D 0; 1; 2; : : :

The condition thatX0 D 0 in Theorem 47 is important: the theorem is no longer true
if X0 62 L1. However this characterization of discrete-time local martingales holds
in the case whenX is nonnegative andX0 is integrable. We have then the corollary:

Corollary 7. A local martingale X D .Xn/nD0;1;:::;T with X0 2 L1 and XT � 0 is
a martingale.

Since we are usually dealing with price processes that are nonnegative (certainly the
case for stocks), and typically X0 is assumed to be non-random and hence trivially
in L1, Corollary 7 does indeed give an equivalence between local martingales and
true martingales. And since we are mostly concerned with bubbles on compact
time intervals Œ0; T � which must be strict local martingales to exist, the critics are
correct that such a subtle distinction is meaningless in discrete time. Where this
author disagrees with the critics is with the logical leap they make that this matters.
Even in a subject as mundane as differential calculus, there are no continuous
functions,29 let alone differentiable ones, in discrete time; and try to teach the ideas
of calculus using finite sums instead of integrals. So shall we discard calculus by
the same reasoning? Another example of such reasoning would have us discard
the normal distribution, since it cannot possibly exist in a finite, discretized world.
Nevertheless, the normal distribution, and continuous functions and integrals can all
be approximated as limits of discrete sums. But so can strict local martingales be
approximated by discrete time processes; it is just that the discrete time processes
will be true martingales, the strict local nature only occurring in the limit, just as the
property of being a continuous function only occurs in the limit when approximating
by discretized functions. For a more detailed discussion of this question we refer the
interested reader to the recent article [86].

29That is, there are no continuous functions except for trivialities such as using the discrete
topology and thereby making all functions continuous.
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The Critique of Fragility of the Model

This critique comes principally from one paper of P. Guasoni and M. Rásonyi [61]
which addresses the “fragility” of both the mathematical concept of No Free Lunch
With Vanishing Risk, and that of the theory of mathematical bubbles presented in
this paper. The basic premise is that if one has a sophisticated model of an economic
phenomenon, it is by necessity of the subject only an approximation, and thus any
model should be “robust” in some appropriate sense. For economics models, this
makes sense at first blush, but one can stumble in the concept of robustness. The
authors of [61] use the idea of the paths of an alternative model could be only � close
(on a logarithmic scale) to the originally proposed model, and yet have very different
properties. The flaw in this logic (in this author’s opinion) is that the reasoning has
the reverse order of one that is appropriate. Indeed, their implicit assumption is that
mathematical models of economic phenomena arise simply from fitting curves to
graphs of data. We would contend they are anything but that: one comes up with a
model through economic and probabilistic reasoning, and then one checks later to
see if it is reasonable by testing if it matches data well, for example by a goodness of
fit procedure. If it does not, one tries to improve the reasoning, or call into question
the hypotheses that led to the model and change them appropriately, in order to
arrive at a better model. Indeed, in analogy with physics, the motion of a baseball
is based on calculations involving models that include major forces (initial velocity,
gravity, Newton’s laws of motion, friction with air resistance, etc.), usually ignoring
minor forces such as the gravitational pull of the moon on the baseball. One then
checks to see if predictions are valid and if observation is consistent with the model.
One does not then invalidate the model if one can come up with another essentially
arbitrary model that is “� close” to the same trajectories, but without the physics
reasoning and without some of the key properties of the original model.

The authors of [61] do have a point, however: robustness of a model is an
appropriate question to ask. A more reasonable way to frame the problem would
be, perhaps, that if one has a model given by an SDE of the form:

dSt
St

D �.St /dBt C 
.St /dt I S0 D x (155)

then one could approximate the coefficients with a sequence of functions �n; 
n,
n D 1; 2; : : : , such that �n and 
n converge to � and 
 respectively (and in an
appropriate sense), and consider the sequence of SDEs

dSnt
Snt

D �n.S
n
t /dBt C 
n.S

n
t /dtI Sn0 D x (156)

and then as is well known, Sn converges to S , so one can ask if, for some N large
enough and n � N , do the processesSn possess the desired properties? For NFLVR,
it is clear that they do indeed possess NFLVR if S of (155) does, and if the functions
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�n; 
n are reasonably (and not maliciously) chosen; for example one would want
the solutions of (155) and (156) all to have unique, strong solutions. As far as
bubbles are concerned, in the framework of (155), if the function � satisfies the
condition (142), then it is reasonable to choose approximating functions �n such
that, at least for n � N for some large N , the approximations �n have similar
asymptotic behavior and also satisfy (142) for n � N , and therefore establish the
robustness of the bubble property of the model.

Of course, there are other possible interpretations of robustness. For example,
one could approximate the differentials in an appropriate way, such as with Emery’s
semimartingale topology, or (better) using the techniques of Kurtz and Protter [103],
or alternatively those of Mémin and Slominski [113].30 In this case one would have
equations of the form

dSkt
Skt

D �.Skt /dBkt C 
.Skt /dAkt I S0 D x (157)

or even combine the two approximations to arrive at equations of the form

dSn;kt
Sn;kt

D �n.S
n;k
t /dBkt C 
n.S

n;k
t /dAkt I S0 D x (158)

and again, if one were reasonable with the approximations (for example they should
satisfy the condition UCV of [103]), one could preserve NFLVR (for example, one
would have to choose dAkt � dŒBk; Bk�t a.s. for large enough k, in the case where
Bk is a continuous local martingale), and also preserve the bubble property. We do
not provide details here, because this is only tangential to the purpose of this paper.

“No Empirical Test Can Reliably Distinguish a Strict Local
Martingale from a Martingale”

The title above is an actual quotation of a written report. It is true that any statistical
based procedure can never produce truth, but at best only a good likelihood of a
result. We assume this explains the presence of the word “reliably” in the quote
above. However for the stochastic differential equations presented in Theorems 7
and 8 it certainly seems possible a priori, via the strong law of large numbers
and the martingale central limit theorem, that one can identify (for example to the
95 % level) when the parameter is within the range where the solution is a true
martingale, and within the range where the solution is a strict local martingale,
even if nobody (to our knowledge) has yet tried to do so. (Indeed one should be

30It is shown in [104] that the two methods are equivalent.
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able to use modern semimartingale estimation techniques such as those presented
in [56] or more generally [72], especially for the cases of Theorems 7 and 8. For
a treatise on more advanced techniques see [74].) Probably however the quotation
above refers to the technique presented in Sect. 10. Of this technique, it would seem
that the method of the estimation of the diffusion coefficient is beyond reproach;
therefore the criticism is probably addressed to the extrapolation technique (and the
idea of such) presented in the subsection titled “Bubble Detection.” The idea is to
use the time honored method of Reproducing Kernel Hilbert Spaces (RKHS) made
famous within Statistics circles by E. Parzen and more recently by G. Wahba (see
for example [123,156,157]); however we use RKHS techniques in a new way here,
in order to extrapolate the diffusion coefficient function x 7! �.x/ to an interval of
the form . Oxmax;1/ where Oxmax denotes the largest observed value Ox. On the semi
infinite interval . Oxmax;1/ observation data does not exist. Since our conclusion is
based on this extrapolation, it is indeed beyond the usual domain of statistics, where
procedures are consistent, in the sense that they converge to a limit as the procedure
gets arbitrarily accurate. However since a consistent estimator is not possible here,
the method proposed is at least an attempt to resolve the issue, and it is further
enhanced by the fact that it seems to work, and to work well, when tested against
data. We do not claim it is a definitive answer to this problem, but we do think it is
an advance and represents the best possible method currently available. We eagerly
await the work of others who hopefully will improve on this method, or propose
alternative methods for the important problem of bubble detection.

A Brief Discussion of Some Alternative Methods

The literature, particularly the economics literature, concerning financial bubbles is
vast. We make no attempt to give a survey here, although we have provided refer-
ences to some key papers [19,48,49,54,55,63,68,108,112,138,139,148,154,158],
each of which in turn provides more references. Instead we limit ourselves to a
discussion of proposed alternative methods for bubbles detection.

We know of four alternative methods that propose a methodology to detect
financial bubbles.

The first method is that of “charges,” and is proposed in the papers of Jarrow
and Madan [81], Gilles [57], and Gilles and Leroy [58]. To explain this we need the
technical concept of a “price operator.” We let � represent some fixed and constant
(future) time. Let � D .�;„�/ denote a payoff of an asset (or admissible trading
strategy) where: (a) � D .�t/0�t�� is an arbitrary càdlàg nonnegative and non-
decreasing semimartingale adapted to F which represents the asset’s cumulative
dividend process, and (b) „� 2 F� is a nonnegative random variable which
represents the asset’s terminal payoff at time �. V � denotes the wealth process
corresponding to the trading strategy � . This recalls our original framework for
defining the fundamental price of an asset.
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Definition 8 (Set of Super-replicated Cash Flows).

Let ˆ WD f� 2 ˆ0 W 9�admissible; a 2 RC such that ��C„� � aCV �
� g: (159)

The setˆ represents those asset cash flows that can be super-replicated by trading
in the risky asset and money market account. As seen below, it is the relevant set of
cash flows for our no dominance assumption. We first show that this subset of asset
cash flows is a convex cone.

We start with a price function ƒt W ˆ ! RC that gives for each � 2 ˆ; its time
t price ƒt.�/. Let ˆm � ˆ represent the set of traded assets. Take as our economy
ˆm D f1; Sg. The no dominance assumption implies the following:

Theorem 48. (Positivity and Linearity onˆ) Let “�t” denote dominance at time t .

1. Let �0; � 2 ˆ. If �0 �t � for all t , thenƒt.�
0/ > ƒt.�/ for all t almost surely.

2. Let a; b 2 RC and �0; � 2 ˆ. Then, aƒt .�
0/C bƒt .�/ D ƒt.a�

0 C b�/ for all
t almost surely.

The next theorem is established in [89] and shows that the local martingale
characterization of market prices has a finitely additive market price operator if and
only if bubbles exist.

Theorem 49. Fix t 2 RC. The market price operator ƒt is countably additive if
and only if bubbles do not exist.

The second approach is that of Caballero et al. [18]. As described by Phillips
et al. [125], they use a “simple general equilibrium model without monetary factors,
but with goods that may be partially securitized. Date-stamping the timeline of the
origination and collapse of the various bubbles is a critical element in the validity of
this sequential hypothesis.” They “put forward a sequential hypothesis concerning
bubble creation and collapse that accounts for the course of the financial turmoil in
the U.S. economy.”

The third approach builds on the above approach of [18], Phillips et al. [125,
126] study bubbles more in the spirit that is presented in this paper. They posit the
existence of a dividend processDt that is a martingale under certain conditions and
such that it is “reflecting market conditions that generate cash flows.” They then
define a fundamental process Ft by the relationship

Ft D
Z 1

0

exp.�s.rtCs//EfDtCsjFtgds (160)

Here .rt /t�0 is the spot interest rate process, and rD is an (assumed) constant growth
rate for the interest rates such that one has the relationship

EfDtCsjFt g D exp.rDs/Dt (161)
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and then if rD D 0 one has that D is a martingale. Combining (160) and (161) one
gets

Ft D
Z 1

0

exp.�s.rtCs � rD//Dtds

Phillips et al. then make a key assumption on the exact structure of the spot discount
rate rt , and under this assumption F satisfies an SDE of the form

dFt D .1 � e�� /caFtdt C �tdDt (162)

where � is such that .1 � e�� /ca > 0. The solution of (162) can have an explosive
drift under certain assumptions on the structure of the interest rates, as it approaches
a special time tb . When the drift explodes this way, they claim one has a bubble.
They observe that “the discrete time path of Ft : : : is therefore propagated by
an explosive autoregressive process with coefficient 	 > 1.” They explain their
reasoning as follows:

The heuristic explanation of this behavior is as follows. As t % tb there is growing
anticipation that the discount factor will soon increase. Under such conditions, investors
anticipate the present to become more important in valuing assets. This anticipation in turn
leads to an inflation of current valuations and price fundamentals Ft become explosive as
this process continues.

The fourth and last approach we shall mention is that of D. Sornette and
co-authors (they have written many papers on financial bubbles; here is a sample
selection of a rather large armamentarium: [10,66,92,132,147]). We are concerned
with their model known as the “Johansen–Ledoit–Sornette Bubble Model,” which
we find to be the most mathematical, and closest to the spirit of this paper (see [132]
for an exposition and discussion of this model). All quotations below are from the
paper [132].

Sornette, together with his many co-authors over a long series of papers, propose
that the dynamics of the price process satisfies a simple stochastic differential
equation with drift and jump:

dpt

pt
D 
tdt C dWt � djt (163)

where p is the stock market price, and W is a standard Wiener process, and j is
a point process with hazard rate h.t/. The point process has one jump only, and it
represents a market crash, and they introduce a random variable � to denote the size
of the crash. They assume that the aggregate effect of noise traders leads to a “crash
hazard rate” of the form, with tc denoting the time of the crash:

h.t/ D B 0.t � tc/m�1 C C 0.t � tc/
m�1 cos.� ln.t � tc/� �0/ (164)
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The authors interpret (164) by stating, “the cosine part of the second term in (164)
takes into account the existence of possible hierarchical cascades of accelerating
panic punctuating the growth of the bubble, resulting from a preexisting hierarchy
in noise trader sizes and/or the interplay between market price impact inertia and
nonlinear fundamental value investing.” And assuming p is a martingale under the
risk neutral measure (no mention is made of local martingales) and conditional that
the crash has not yet occurred, the authors obtain the relation 
.t/ D �h.t/, from
which (using (164)) one derives a log periodic power law (LPPL):

lnE.pt / D ACB.t � tc/
m C C.t � tc/m cos.� ln.t � tc/ � �/ (165)

where B D �B 0=m and C D ��C 0=
p
m2 C �2. This model, known as the JLS

model, assumes that the parameter m is in between 0 and 1. Then a bubble exists
when the crash hazard rate accelerates with time.

The JLS model claims that the price follows a “faster-than-exponential” growth
rate during a bubble. For detection, the authors contend that financial crashes are
preceded by bubbles with fluctuations. This leads to the claim that “both the bubble
and the crash can be captured by the LPPL when specific bounds are imposed on
the critical parametersm and � .” This is elaborated upon in [10].

In a very recent paper of Hüsler, Sornette, and Hommes [70] the three authors
dismiss the bubble detection technique of [78] presented in this paper, by claiming
that an earlier paper by Andersen and Sornette [4] has “shown that some (and
perhaps most) bubbles are not associated with an increase in volatility.” However
an examination of their model (which is again a version of the JLS model) shows
that the assumed extreme simplicity of their model of the evolution of a risky asset
price, seems to make erroneous conclusions easy to reach.

Remark 50. The primary difference between the two alternative methods presented
above (those of Phillips et al. and of Sornette et al.), and the one presented in this
article, is that both alternative approaches make assumptions (albeit very different
ones) on the drifts in their models that lead to bubbles (under their [different]
understandings of what constitutes a bubble), whereas in our presentation the key
assumptions related to bubbles revolve around the diffusive part of the model. One
sees this in (162) for Phillips et al., and for the Sornette et al. model one sees it
with the inclusion of a hazard rate implicit in (163), as seen in (165). In addition,
the Sornette et al. alternative model above is inextricably tied to a relatively simple
and specialized Brownian paradigm. The Phillips model includes dividends in the
fundamental model as well as interest rates, but excludes what we have called X� ,
a final payoff in the event of bankruptcy or dissolution for some reason, such as a
merger or a payout.
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In Memoriam Paul-André Meyer. Séminaire de Probabilitiés XXXIX. Lecture Notes in
Mathematics, vol. 1874 (2006), pp. 149–156

http://cermics.enpc.fr/reports/CERMICS-2004/CERMICS-2004-267. pdf
http://cermics.enpc.fr/reports/CERMICS-2004/CERMICS-2004-267. pdf


106 P. Protter

102. D. Kramkov, Discussion on how to detect an asset bubble, by R. Jarrow, Y. Kchia, and
P. Protter; Remarks given after the presentation of P. Protter at the meeting, Contemporary
Issues and New Directions in Quantitative Finance, Oxford, England, 10 July 2010

103. T.G. Kurtz, P. Protter, Weak limit theorems for stochastic integrals and stochastic differential
equations. Ann. Probab. 19s, 1035–1070 (1991)

104. T.G. Kurtz, P. Protter, Characterizing the weak convergence of stochastic integrals, in
Stochastic Analysis, ed. by M. Barlow, N. Bingham (Cambridge University Press, Cambridge,
1991), pp. 255–259

105. O.A. Lamont, R.H. Thaler, Can the market add and subtract? Mispricing in tech stock Carve-
outs. J. Polit. Econ. 111, 227–268 (2003)

106. X. Li, M. Lipkin, R. Sowers, Dynamics of Bankrupt stocks, preprint (2012). Available at
SSRN: http://ssrn.com/abstract=2043631

107. P.L. Lions, M. Musiela, Correlations and bounds for stochastic volatility models. Ann. Inst.
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