Some Sufficient Conditions for the Ergodicity
of the Lévy Transformation

Vilmos Prokaj*

Abstract We propose a possible way of attacking the question posed originally by
Daniel Revuz and Marc Yor in their book published in 1991. They asked whether the
Lévy transformation of the Wiener-space is ergodic. Our main results are formulated
in terms of a strongly stationary sequence of random variables obtained by evaluat-
ing the iterated paths at time one. Roughly speaking, this sequence has to approach
zero “sufficiently fast”. For example, one of our results states that if the expected hit-
ting time of small neighborhoods of the origin do not grow faster than the inverse of
the size of these sets then the Lévy transformation is strongly mixing, hence ergodic.

1 Introduction

We work on the canonical space for continuous processes, that is, on the set of
continuous functions €C[0, co) equipped with the Borel o-field B(C[0, co)) and the
Wiener measure P. On this space the canonical process ; (@) = w(¢) is a Brownian
motion and the Lévy transformation T, given by the formula

(Th), = /0 sign(B.)dB..
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is almost everywhere defined and preserves the measure P. A long standing open
question is the ergodicity of this transformation. It was probably first mentioned
in written form in Revuz and Yor [11] (pp. 257). Since then there were some
work on the question, see Dubins and Smorodinsky [3]; Dubins et al. [4]; Fujita
[5]; Malric [7, 8]. One of the recent deep result of Marc Malric, see [9], is the
topological recurrence of the transformation, that is, the orbit of a typical Brownian
path meets any non empty open set almost surely. Brossard and Leuridan [2] provide
an alternative presentation of the proof.

In this paper we consider mainly the strong mixing property of the Lévy
transformation. Our main results are formulated in terms of a strongly stationary
sequence of random variables defined by evaluating the iterated paths at time one.
Put Z,, = ming<k <, |(T¥B)|. We show in Theorem 8 that if

Zn+1

lim inf
n—>oo

<1, almost surely, ()
n

then T is strongly mixing, hence ergodic.

We will say that a family of real valued variables {§; : i € I} is tight if
the family of the probability measures {Po &' :i €I} is tight, that is if
sup;¢; P(|&] > K) > 0as K — oc.

In Theorem 11 below, we will see that the tightness of the family {nZ, : n > 1}
implies (), in particular if E(Z,) = O(1/n) then the Lévy transformation is
strongly mixing, hence ergodic. Another way of expressing the same idea, uses the
hitting time v(x) = inf{n > 0 : Z, < x} of the x-neighborhood of zero by the
sequence ((T¥B))x=o for x > 0. In the same Theorem we will see that the tightness
of {xv(x) : x € (0, 1)}isalso sufficient for (). In particular, if E(v(x)) = O(1/x)
as x — 0, that is, the expected hitting time of small neighborhoods of the origin do
not grow faster than the inverse of the size of these sets, then the Lévy transformation
is strongly mixing, hence ergodic.

It is natural to compare our result with the density theorem of Marc Malric. We
obtain that to settle the question of ergodicity one should focus on specific open sets
only, but for those sets deeper understanding of the hitting time is required.

In the next section we sketch our argument, formulating the intermediate steps.
Most of the proofs are given in Sect. 3. Note, that we do not use the topological
recurrence theorem of Marc Malric, instead all of our argument is based on his den-
sity result of the zeros of the iterated paths, see [8]. This theorem states that the set

{t >0 : 3n, (T"B); =0} isdensein [0, c0) almost surely. (1)

Hence the argument given below may eventually lead to an alternative proof of the
topological recurrence theorem as well.
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2 Results and Tools

2.1 |Integral-Type Transformations

Recall, that a measure preserving transformation 7" of a probability space (£2, B, P)
is ergodic, if

n—1

1
lim — > "P(ANT7¥B) =P(A)P(B), forA.B e B,
n—>o00 n k O

and strongly mixing provided that
lim P(ANT™B) =P(A)P(B), forA, B e B.
n—>o0

The next theorem, whose proof is given in Sect. 3.2, uses that ergodicity and
strong mixing can be interpreted as asymptotic independence when the base set £2
is a Polish space. Here the special form of the Lévy transformation and the one-
dimensional setting are not essential, hence we will use the phrase integral-type for
the transformation of the d-dimensional Wiener space in the form

T = /0 h(s. B)dPs @)

where £ is a progressive d X d-matrix valued function. It is measure-preserving,
that is, 7B is a d-dimensional Brownian motion, if and only if i(f,®) is an
orthogonal matrix dt x dP almost everywhere, that is, h'h = 1I;, where h”
denotes the transpose of & and I, is the identity matrix of size d x d. Recall that

lallys = Tr (aaT)l/2 is the Hilbert—-Schmidt norm of the matrix a.

Theorem 1. Let T be an integral-type measure-preserving transformation of the
d-dimensional Wiener-space as in (2) and denote by X, (t) the process

t
X,,(t):/ hWds  with h"™ = h(s,T"7'B)---h(s, TBh(s, B).  (3)
0

Then
(i) T is strongly mixing if and only if X,(t) 2o forallt > 0.

(ii) T is ergodic if and only if — Z I X5 (t)||HS —>Of0rallt > 0.

n=1

The two parts of Theorem 1 can be proved along similar lines, see Sect. 3.2.
Note, that the Hilbert—Schmidt norm of an orthogonal transformation in dimension
d is ~/d hence by (3) we have the trivial bound: | Xn(@) ]l gs < 1+/d. By this
boundedness the convergence in probability is equivalent to the convergence in L'
in both parts of Theorem 1.
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2.2 Lévy Transformation

Throughout this section B = B o T" denotes the n'” iterated path under the Lévy
transformation T. Then h,f") = Z;h sign(,B,fk)).

By boundedness, the convergence of X, (¢) in probability is the same as the
convergence in L2. Writing out X () we obtain that:

XX(r) = 2/ R R dudv. )
O<u<v<t

Combining (4) and (i) of Theorem 1 we obtain that T is strongly mixing provided
that

E<h§")h§n)) — 0, foralmostall0 <s <¢. 5)

By scaling, E(hﬁ”) h;”) ) depends only on the ratio s/¢, and the sufficient condition
(5) is even simplifies to

E(hg”)h(ln)) — 0, for almostevery s € (0, 1).

Since h{"h" takes values in { — 1,+1} we actually have to show that
P(hﬁ”)h(ln) = 1) - P(hﬁ”)h(ln) = —1) — 0. It is quite natural to prove this limiting
relation by a kind of coupling. In the present setting this means a transformation S
of the state space C[0, co) preserving the Wiener measure and mapping most of the
event {hﬁ")h(ln) =1}to {hﬁ”)h(ln) = —1} for n large.

The transformation S will be the reflection of the path after a suitably chosen
stopping time t, i.e.,

(S,B)t = 2,3t/\r - ,Br-

Proposition 2. Let C > 0 and s € (0,1). If there exists a stopping time T such
that

(a) s <t < 1 almost surely,
(b) v= inf{n >0: ﬁi") = O} is finite almost surely,

(c) |ﬁ§")| > C+/1 —1 for0 <k < v almost surely.

then

tim sup [ E(nA{") | < P( sup B> C)

n—00 t€[0,1]

One can relax the requirement that t is a stopping time in Proposition 2.
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Proposition 3. Assume that for any s < 1 and C > 0 time there exists a random
time t with properties (a), (b) and (c) in Proposition 2.
Then there are also a stopping times with these properties for any s < 1, C > Q.

For a given s € (0,1) and C > 0, to prove the existence of the random time 7
with the prescribed properties it is natural to consider all time points not only time
one. That is, for a given path 8 how large is the random set of “good time points”,
which will be denoted by A(C, s):

A(C,s) = {t > 0:existn,y, such that st <y <,

BV =0and inf |V >Ci—yi. (6)
0<k<n

Note that it may happen that # = 0 and then the infimum info<g <, | ,3)(,k) | is infinite.
Some basic properties of A(C, s) for easier reference:

(a) Invariance under scaling. For x # 0, let &, denote the scaling of the path,
(O w)(t) = x 'w(x?t). Then, since TO, = O,T clearly holds for the Lévy
transformation T, we have

t e AIC,s)(w) & x2te AC,s)(Ow) (7)

(b) Since the scaling @, preserves the Wiener-measure, the previous point implies
that P(t € A(C, s)) does not depend on ¢ > 0.

Observe that A(C,s) contains an open interval on the right of every zero of
for all n > 0. Indeed, if y is a zero of 8™ for some n > 0, then by choosing the
smallest n such that ,31(,”) = 0, one gets thatt € A(C,s) forallt > y such thatt —y
is small enough. Since the union of the set of zeros of the iterated paths is dense,
see [8], we have that the set of good time points is a dense open set. Unfortunately
this is not enough for our purposes; a dense open set might be of small Lebesgue
measure. To prove that the set of good time points is of full Lebesgue measure, we
borrow a notion from real analysis.

Definition 4. Let H C R and denote by f(x,¢) the supremum of the lengths
of the intervals contained in (x — &,x + ¢) \ H. Then H is porous at x if

limsup, .oy f(x,&)/e > 0.
A set H is called porous when it is porous at each point x € H.

Observe that if H is porous at x then its lower density

A, — C, ﬂH k)
liminf A X ZEXHEAOH) i L)

<1,
e—>0+ 2¢ e—>0+ 2¢

where A denotes the Lebesgue measure. By Lebesgue’s density theorem, see [12,
pp- 13], the density of a measurable set exists and equals to 1 at almost every point
of the set. Since the closure of a porous set is also porous we obtain the well known
fact that a porous set is of zero Lebesgue measure.
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Lemma 5. Let H be a random closed subset of [0, 00). If H is scaling invariant,
that is cH has the same law as H for all ¢ > 0, then

{1¢ H} C{H isporousatl} and P(({H isporousat1}\{l & H}))=0.

That is, the events {1 ¢ H } and { H is porous at 1} are equal up to a null sets.
In particular, if H is porous at 1 almost surely, then P(1 ¢ H) = 1.

Proof. Recall that a random closed set H is a random element in the space of the
closed subset of [0, co)—we denote it by F—, endowed with the smallest g-algebra
containing the sets C¢ = {F € F : F NG # @}, forall open G C [0, 00). Then it
is easy to see, that {w : H(w) is porous at 1} is an event and

H={(t,w)e[0,00)x 2 :1tec Hw)},
H, = {(t,w) € [0,00) x 2 : H(w) is porous at ¢ }
are measurable subsets of [0, c0) x £2. We will also use the notation
Hy(w) = {1 €[0,00) : (t,w) €H,} = {1 €[0,00) : H(w) is porousatt}.

Then for each w € 2 the set H(w) N H,(w) is a porous set, hence of Lebesgue
measure zero; see the remark before Lemma 5. Whence Fubini theorem yields that

(A®P)HNH,) =EMH N H,)) =0.

Using Fubini theorem again we get
o0
0=A®P)HNH,) = / P(t € HNH,)dt.
0

Since P(t € H N H)) does not depend on ¢ by the scaling invariance of H we have
that P(1 € H N H,) = 0. Now {1 e H ﬂH,,} = {1 € H],}\{l g H}, so we
have shown that

P({H isporousat 1} \ {1 € H}) = 0.

The first part of the claim {1 ¢ H} C {H is porous at 1} is obvious, since H (w)
is closed and if 1 ¢ H(w) then there is an open interval containing 1 and disjoint
from H. O

We want to apply this lemma to [0, 00) \ A(C, s), the random set of bad time
points. We have seen in (7) that the law of [0, 00) \ A(C, s) has the scaling property.
For easier reference we state explicitly the corollary of the above argument, that is
the combination of (i) in Theorem 1, Propositions 2—3 and Lemma 5:
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Corollary 6. If [0,00) \ A(C,s) is almost surely porous at 1 for any C > 0 and
s € (0, 1) then the Lévy transformation is strongly mixing.

The condition formulated in terms A(C, s) requires that small neighborhoods of
time 1 contain sufficiently large subintervals of A(C, s). Looking at only the left and
only the right neighborhoods we can obtain Theorems 7 and 8 below, respectively.

To state these results we introduce the following notations, for z > 0

ya(t) = max {s <t : g\ =0}
is the last zero before ¢,
Va (1) = max (1),
0<k=<n

the last time s before ¢ such that 8, ..., B has no zero in (s, 7],

. k
Z,(t) = min |,

When ¢ = 1 we omit it from the notation, that is, y, = y,(1), ¥ = v, (1) and
Z,=Z,(1).

Theorem 7. Let

. Zu(y,)
Y = limsup —=2=. 8
n—»a})‘/l —-y: ( )
Then Y is a T invariant, {0, oo} valued random variable and
(i) eitherP(Y =0) =1,
(ii) or 0 < P(Y =0) < 1, and then T is not ergodic;
(iii) orP(Y =0) =0, thatis Y = oo almost surely, and T is strongly mixing.
Theorem 8. Let
Zy
X = liminf 22 )
n—od

n
Then X is a T invariant, {0, 1} valued random variable and

(i) eitherP(X =1)=1;
(ii) or0 <P(X =1) < 1, and then T is not ergodic;
(iii) orP(X = 1) =0, that is X = 0 almost surely, and T is strongly mixing.

Remark. In Theorem 8, the first possibility X = 1 looks very unlikely. If one is
able to exclude it, then the Lévy T transformation is either strongly mixing or not
ergodic and the invariant random variable X witnesses it.

The statements in Theorems 7 and 8 have similar structure, and the easy parts,
the invariance of X and Y are proved in Sect. 3.4, while the more difficult parts are
proved in Sects. 3.5 and 3.6, respectively.
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We can complement Theorems 7 and 8 with the next statement, which shows
that X, Y and the goodness of time 1 for all C > 0 and s € (0, 1) are strongly
connected. Its proof is deferred to Sect. 3.7 since it uses the side results of the proofs
of Theorems 7 and 8.

Theorem 9. Set

A= ﬂ ﬂ A(C, ).

5€(0,1) C>0

Then the events {1 € A}, {Y = oo} and {X = 0} are equal up to null events. In
particular, X = 1/(1 + Y) almost surely.

We close this section with a sufficient condition for X < 1 almost surely. For

x > 0,letv(x) = inf{n >0 : |,8§”)| < x}. By the next Corollary of the density
theorem of Malric [8], recalled in (1), v(x) is finite almost surely for all x > 0.

Corollary 10. inf, || is identically zero almost surely, that is
P(inf IB™| =0, Vi > 0) =1
n>0

Recall that a family of real valued variables {§; : i € I} is tight if sup;;
P(&| > K) > 0as K — oo.

Theorem 11. The tightness of the families {xv(x) : x € (0,1)} and {nZ,
n > 1} are equivalent and both imply X < 1 almost surely, hence also the strong
mixing property of the Lévy transformation.

For the sake of completeness we state the next corollary, which is just an easy
application of the Markov inequality.

Corollary 12. If there exists an unbounded, increasing function f : [0,00) —
[0, 00) such that sup,¢q 1) E(f(xv(x))) < oo orsup, E(f(nZ,)) < oo then the
Lévy transformation is strongly mixing.

In particular, if sup,¢o 1) E(xv(x)) < oo or sup, E(nZ,) < oo then the Lévy
transformation is strongly mixing.

3 Proofs

3.1 General Results

First, we characterize strong mixing and ergodicity of measure-preserving transfor-
mation over a Polish space. This will be the key to prove Theorem 1. Although it
seems to be natural, the author was not able to locate it in the literature.
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Proposition 13. Let (2, B, P, T) be a measure-preserving system, where §2 is a
Polish space and B is its Borel o-field. Then

(i) T is strongly mixing if and only if P o (T°, T")~! LPQP.

(ii) T is ergodic if and only if 1 Sy Po (T, Tk SPeP.

Both part of the statement follows obviously from the following common
generalization.

Proposition 14. Let §2 be a Polish space and iy, L be probability measures on the
product (§2 x §2, B x B), where B is a Borel o-field of §2.

Assume that for all n the marginals of (1, and p are the same, that is for A € B
we have 1, (A x 2) = n(A x 2) and (1,(§2 x A) = u (2 x A).

Then [, 5 W if and only if 1, (A x B) = u(A x B) forall A, B € B.
Proof. Assume first that u, (A x B) — (A x B) for A, B € B. By portmanteau

theorem, see Billingsley [1, Theorem 2.1], it is enough to show that for closed sets
F C 2 x §2 the limiting relation

lim sup 1, (F) < pu(F) (10)

n—o0

holds. To see this, consider first a compact subset F' of §£2 x §2 and an open set
G such that F C G. We can take a finite covering of F with open rectangles
F C U_A; x B; C G, where A;, B; C $2 are open. Since the difference of
rectangles can be written as finite disjoint union of rectangles we can write

(Ai x B)\ (e x By = (4] x B ).

k<i J

where {A: Re B} PRRAY } is a finite collection of disjoint rectangles. By assumption

n

lim_ /e, (A;’j x Bi/’j) = M(A;,j X Bi/qj)’

which yields

limsup u, (F) < 1320 U (U(Ai X B,-)) =u (U(Ai X B,-)) < u(G).

1 1

Taking infimum over G D F, (10) follows for compact sets.

For a general closed F, let ¢ > 0 and denote by p'(4) = (4 x 2), u*(A) =
1 (£2 x A) the marginals of . By the tightness of {ul, ,uz}, one can find a compact
set C such that ! (C¢) = u(C° x 2) < gand u>(C°) = w(2 x C¢) < e. Then

1 (F) < 1n(F N (C x C)) + 2e.
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Since F' = F N (C x C) is compact, we have that

lim sup p, (F) < limsup p,(F’) + 2¢ < w(F') + 2& < u(F) + 2.

n—00 n—o0

Letting & — 0 finishes this part of the proof.

For the converse, note that ! and pu? are regular since £2 is a Polish space and
w', u? are probability measures on its Borel o-field.

Fix ¢ > 0. For 4; € B one can find, using the regularity of ', closed sets F; and
open sets G; such that F; C A; C G; and i/ (G; \ F;) < &. Then

(G1 xG) \ (F1 x F2) C((G1\ F1) x 2) U (22 x (G2 \ F2))
yields that

mn (A1 X A2) < (G1 X G) < up(F1 X F) + 2e,
n (A X A2) = pn (F1 X F2) > 1, (G1 X Ga) — 2¢,

hence by portmanteau theorem ft,, = W gives

limsup p,(A; X A2) < u(F) x Fp) 4+ 2 < u(A; x Az) + 2¢

n—00

lin_l)infun(Al X Az) = (G x Gy) —2& > u(A; x Az) — 2e.
n o0

Letting ¢ — 0 we get lim,, 00 in (A1 X A2) = (4] X Ay). O

3.2 Proof of Theorem 1

Proof of the sufficiency of the conditions in Theorem 1. We start with the strong
mixing case. We want to show that

t
X,,(t):/o hWds 50, forallt > 0, (11)

where 7" is given by (3), implies the strong mixing of the integral-type measure-
preserving transformation 7.

Actually, we show by characteristic function method that (11) implies that the
finite dimensional marginals of (8, 8")) converge in distribution to the appropri-
ate marginals of a 2d-dimensional Brownian motion. Then, since the sequence
(B, B™) >0 is tight, not only the finite dimensional marginals but the sequence of
processes (8, B™) converges in distribution to a 2d -dimensional Brownian motion.
By Proposition 13 this is equivalent with the strong mixing property of 7.
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Lett = (¢, ..., 1) be a finite subset of [0, 00). Then the characteristic function

of (B, Bus ,(ln),..., ,fk")) can be written as

¢n(06)=E(exp{i/000fd,3+l'/ooogd13(n)})
=E(exp{i/000(f+gh(n))d,3})’

where f, g are deterministic step function obtained from the time vector ¢ and o =
(@i1,...,ar,by,...,by); here a;, b; are d-dimensional row vectors and

12)

k k
f=2 ajlpy). and g=3 bl

Jj=1 J=1

We have to show that
L P 2
b = g =exp | =3 [TA7P+1eP] wsn -
0
Using that ¢ = [ h™dp and
M =exp i [0+ 2R+ 5 [ 17600+ g0 Pas]
0 0

is a uniformly integrable martingale starting from 1, we obtain that E(Ms,) = 1
and

$(0) = $(@E(Moo) =
E(exp { i / T ) + g(h)aB, + / h g(s>h§">ff(s)ds}) (13)
0 0

As exp{i f[000)(f + gh™)dpB} is of modulus one, we get from (12) and (13) that

16(@) — 0 (@)] sE(

exp { /Ooo g(s)hﬁ”)fT(s)ds} — ID (14)

Note that f7 g is a matrix valued function of the form fTg = Y

=1 cj]l[o,,j],hence

o0 o0 k
[ eon T = [T (1T g6 s = Y Te(e X)),
0 0

Jj=1
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and | [° g™ FT(s)ds| < M = S 1£(5)|1g(s)|ds < oo. With this notation,
using |e* — 1| < |x] e for x € R and |Tr(ab)| < ||a | gs 161l s» We can continue

(14) to get
(@) — $(@)] < E( exp{/o g(s)hy”ff(s)ds} _ 1‘)

k
<e"E[ > Tr(c; X.(1))) (15)
j=1
MZHCJHHS (1% @) ] ).

j=1

Since H X,,(tj)HHS < tj«/g and X, (¢;) ﬁ)O by assumption, we obtained that
¢n () = ¢ () and the statement follows.

To prove (ii) we use the same method. We introduce k, which is a random
variable independent of the sequence (8(Y),ez and uniformly distributed on

{0,1,...,n—1}. Ergodicity can be formulated as (8, 8*")) converges in distribution
to a 2d-dimensional Brownian motion. The joint characteristic function v, of
Brys-- - Bus B (K”) e, ,3,(: ") can be expressed, similarly as above,

1n—l
= ;Z;fﬁz

where ¢ is as in the first part of the proof. Using the estimation (15) obtained in the
first part

A

n—l1
90— Y (@] = - 3" 19(@) ~ (@)
=0
n—1 k

_ZZ”CJ ||HS |X4(t )”HS)

{=0 j=0

— k()

I/\

Now |¢(a) — ¥, ()| — 0 follows from our condition in part (ii) by the Cauchy—
Schwartz inequality, since
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2
1 n—1 1 n—l1
(8 10l ) = 2T bl 2o
=0 =0

and 305 | Xe(t) [y < t3d. D

Proof of the necessity of the conditions in Theorem 1. Recall that the quadratic
variation of an m-dimensional martingale M = (M}, ..., M,,) is a matrix valued
process whose (j, k) entry is (M, My). The proof of the following fact can be
found in [6], see Corollary 6.6 of Chap. VI.

Let (M™) be a sequence of m-dimensional, continuous local martingales. If
d d
M® = M then (M™, (M ™)) — (M, (M ™)).

By enlarging the probability space, we may assume that there is a random
variable U, which is uniform on (0, 1) and independent of 8. Denote by k, =
[nU] the integer part of nU. Let G be the smallest filtration satisfying the usual
hypotheses, making U Gy measurable and B adapted to G. Then 8 is a Brownian
motion in G; (8, ™) and (B, B*")) are continuous martingales in G. The quadratic
covariations are

t n—1
(B B), = /0 Wds = X,(). and (B, B), = 3 Lo, Xi(1).
k=0

By Proposition 3, the strong mixing property and the ergodicity of T are
respectively equivalent to the convergence in distribution of (8, 8) and (B, B*"))
to a 2d -dimensional Brownian motion.

By the fact just recalled, the strong mixing property of 7 implies that

(B™, B), 4 0, while its ergodicity ensures that (8", B), 40 for every t > 0.
Since the limit is deterministic, the convergence also holds in probability. The “only
if” part of (i) follows immediately.

For the “only if” part of (ii) we add that

2

KB, B)e s =

n—1 n—1
Y M=o Xe@ | =D Tgo=i 1 X @) |35
k=0 k=0

HS

Since || Xk(?)||3,¢ < #2d the convergence in probability of (B®) | B), to zero is also
a convergence of || (Bl B), ||2 ¢ to zero in L' (P), which implies the convergence
in L' (P) to zero of the conditional expectation

n—1

E(1(B. B) Fslo () = - 1K ss.
k=0

The “only if” part of (ii) follows. O
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3.3 First Results for the Lévy Transformation

We will use the following property of the Lévy transformation many times. Recall
that "8 = B o T" is also denoted by B"). We will also use the notation h,f") =
1! sign(B™)) forn > 1 and h© = 1.

Lemma 15. On an almost sure event the following property holds:
For any interval I C [0, 00), point a € I and integern > 0, if

sup B, — Ba| < min |(T*B)a] (16)

tel

then

(i) Tk,B hasnozeroin I, for0 <k <n —1,
(ii) (T*B), — (T*B)y = hi" (B — Bu) fort € I and0 <k <n.
In particular, |(T*B); — (T*B),| = |B; — Bal| fort € I and 0 < k < n.

Proof. In the next argument we only use that if B is a Brownian motion and L is its
local time at level zero then the points of increase for L is exactly the zero set of
and TS = |B| — L almost surely. Then there is £2” of full probability such that on
£2’ both properties hold for T” 8 for all n > 0 simultaneously.

Let N = N(I) = inf{n > 0 : T"Bhasazeroin/}. Since T acts as T =
|B| — L, if B has no zero in I we have

Tg, = sign(B,)B:r — L., fortel.

But, then TS, — T8, = sign(B,)(B: — B.) and |TB; — TB,| = |B: — Bu| fort € I.
Iterating it we obtain that

(T B), — (T B)y = KO (B, — Ba)

on{k < N}andfort e I. an
|[(T“B) — (T*B)a| = B — Bl .

Now assume that (16) holds. Then, necessarily n < N as the other possibility would
lead to a contradiction. Indeed, if N < n then N is finite, TV B has a zero t( in 1
and

0=|TVBy| = |TVBu| — | TV By — TV Bs| = min |T*B,|—sup|B, — Bl > 0.
0<k<n rel

So (16) implies that n < N, which proves (i) by the definition of N and also

(>ii) by (17). O

Combined with the densities of zeros, Lemma 15 implies Corollary 10 stated
above.
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Proof of Corollary 10. The statement here is that inf,,>¢ |(T"8),| = 0 for all # > 0.
Assume that for w € £2 there is some ¢ > 0, such that inf,>¢ |(T" 8),] is not zero
at w. Then there is a neighborhood I of ¢ such that

sup |Bs — Bi| < il]’(lf’(Tkﬂ), ’ .
sel

Using Lemma 15, we would get that for this o the iterated paths TX 8(w), k > 0 has
no zero in /. However, since

{t>0: 3Kk, (T°B), =0}

is dense in [0,00) almost surely by the result of Malric [8], w belongs to the
exceptional negligible set. O

Proof of Proposition 2. Let C > 0 and s € (0, 1) as in the statement and assume
that 7 is a stopping time satisfying (a)—(c), that is, s < 7 < 1, and for the almost
surely finite random index v we have ,3§”) = 0 and minp<x<y | ﬁgk) | > C+/1—1.
Recall that S denotes the reflection of the trajectories after t.

Sete, = hﬁ”’hﬁ”’ forn > 0 and

Ac =1 sup |B” =0 < CVT—7p .

t€r,1]

We show below that on the event Ac N {n > v}, we have g, = —e, o S. Since S
preserves the Wiener measure P, this implies that

1 1
|E(en)| = ) |E(en +&408)| < EE(|8n +e,08))
=P, =€,08)
<P(Az U{n <v}) <P(4¢) + P(n <v)

When n — oo, this yields

lim sup )E(hg"mﬁ"))) < P(A%) = P( sup |Bs] > c),
n—00 s€[0,1]
by the Markov property and the scaling property of the Brownian motion.

It remains to show that on A¢c N {n > v} the identity &, = —e&, o S holds.
By definition of S, the trajectory of 8 and 8 o S coincide on [0, z], hence /%) and
h® oS coincide on [0, 7] for k > 0. In particular, WO = O osand h% = p®os
for all k since T > s.
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On the event A¢c we can apply Lemma 15 with / = [r,1],a = tandn = v to
both 8 and S o B to get that

ﬁt(k) _ IBEk) = ]’l(tk)(ﬁt _ﬁt)’ k< 8
*) ®) o g — _p) <v terl]. (18)
B oS =B oS =—h (B — Bo).

We have used that hik) = h(tk) oSand ;08 — B, 08 =—(B; — B,) fort > t by
the definition of S.
Using that on A¢

IB®| > CvV1—1>|p1—B:|, fork <v

we get immediately from (18) that sign(ﬂik)) = sign(ﬂgk)) oS fork <v.

Since B = (B") 0 S = 0, for k = v (18) gives that B) and B o S coincide
on [0, 7] and are opposite of each other on [z, 1]. Hence, B*) and B%) o S coincide
on [0, 1] for every k > v.

As aresult on the event Ac,

. %) .
o sign(BY), itk #v,
sign(By)o s =475 0L
—sign(B;"), ifk=v

hence h(ln) oS = —h(ln) on Ac N {n > v}. Since h§") oS = hﬁ”) for all n we are
done. |

Proof of Proposition 3. Let C > 0 and s € (0,1). Call t the infimum of those
time points that satisfy (b) and (c) of Proposition 2 with C replaced by 2C, namely
t = inf, t,, where

- :inf{t S5 g™ =0, Vk <n, 8% >2C\/(1—t)v0}.

By assumption 7, < 1 for some n > 0. Furthermore, there exists some finite
index v such that t = t,. Otherwise, there would exist a subsequence (t,)ep
bounded by 1 and converging to 7. For every k one has k < n for infinitely many
n € D, hence || > 2C/T=1, by the choice of D. Letting n — oo yields
‘ﬂik) ‘ > 2C+/1—1 > 0 for every k. This can happen only with probability zero
by Corollary 10.

As v is almost surely finite and 7 = 7, we get that ,3?)) = 0and

inf{|p®] : k <v}>2CV1—1>CV1—-1.

We have that T > s holds almost surely, since s is not a zero of any S almost
surely, so T satisfies (a)—(c) of Lemma 2. O
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3.4 Easy Steps of the Proof of Theorems 7 and 8

The main step of the proof of these theorems, that will be given in Sects. 3.6 and 3.7,
is that if ¥ > 0 almost surely (or X < 1 almost surely), then for any C > 0,
s € (0, 1) the set of the bad time points [0, 00) \ A(C,s) is almost surely porous
at 1. Then Corollary 6 applies and the Lévy transformation T is strongly mixing.

If Y > 0 does not hold almost surely, then either ¥ = 0 or Y is a non-
constant variable invariant for T, hence in latter case the Lévy transformation T
is not ergodic. These are the first two cases in Theorem 7. Similar analysis applies
to X and Theorem 8.

To show the invariance of Y recall that y,* — 1 by the density theorem of the
zeros due to Malric [8] and yy < 1, both property holding almost surely. Hence, for
every large enough n, v, | > vy, therefore y;, , =y o T,

* _ . (k+1)) _ . (k) > *
Zn(yy)oT = min [Baeyl = min (B [ZZut1(rppr),

and

Zn(y;lk) oT > Zn+1(y;+1)

Vi VT

Taking limit superior we obtain that ¥ o T > Y. Using that T is measure-preserving
we conclude Y o T = Y almost surely, that is, Y is T invariant.

To show the invariance of X directly, without referring to Theorem 9, we use
Corollary 10, which says that almost surely inf,,> | ,B,f") | = 0forall# > 0. Thus
Z, — 0 and since | ,3%0) | > 0 almost surely, for every large enough n, Z,, < |8 50) [,
therefore (Z,+1/Z,) o T = (Zy42/Zy+1). Hence X o T = X.

3.5 Proof of Theorem 7
Fix C > 0and s € (0, 1) and consider the random set

A(C,s) = {t > 0:existn > 1 such that st < y,(t) = y,*(t) and

min [B%) | > C\/i =y, () C A(C.s). (19)

0<k<n

The difference between A(C,s) and A(C,s) is that in the latter case we only

consider last zeros satisfying y, (#) > yx(¢) fork = 0,...,n—1, whereas in the case

of A(C, s) we consider any zero of the iterated paths. Note also, that here n > 0, so

the zeros of B itself are not used, while n can be zero in the definition of A(C, s).
We prove below the next proposition.
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Proposition 16. Almost surely on the event {Y > 0}, the closed set [0, 00)\ A(C, 5)
is porous at 1 for any C > 0 and s € (0, 1).

This result readily implies that if ¥ > 0 almost surely, then [0, o0) \ A(C, s) and
the smaller random closed set [0, 00) \ A(C, s) are both almost surely porous at 1
for any C > 0 and s € (0, 1). Then the strong mixing property of T follows by
Corollary 6.

It remains to show that ¥ = oo almost surely on the event {Y > 0}, which
proves that Y € {0, oo} almost surely. This is the content of the next proposition.

Proposition 17. Set

As) = () A(C.5). forse(0.1)and A= () Als).

C>0 5€(0,1)

Then the events {Y > 0}, {Y = oo}, {1 € A(s)}, s € (0,1) and {1 € A} are equal
up to null sets.

Proof of Proposition 17. Recall that Y = limsup,,_, ., ¥, with

mino<i < | B} |
n — /—1 — y;lk .
With this notation, on {1 € /I(C, s)} there is a random n > 1 such that ¥, > C.
Here, the restriction n > 1 in the definition of A(C, s) is useful. This way, we get
that sup,>,; ¥, > C on {1 € A(C,s)} and sup,, ¥, = oo on {1 € A(s)}. Since

Y, < oo almost surely for all n > 1, we also have that Y = oo almost surely on
{1 € A(s)}.

Next, the law of the random closed set [0, 00) \ A(C, s) is invariant by scaling,
hence by Proposition 16 and Lemma 5,

{Y >0} C {[0,00) \ A(C,s)is porousat 1} C {I € A(C,s5)}, almost surely.

The inclusions A(C,s) € A(C’,s) for C > C’ and A(C,s) C A(C,s') for 1 >
s’ > s > 0yield

A=) A(k.1-1/k).
k=1

Thus, {Y > 0} C {1 € A} almost surely.
Hence, up to null events,

(Y >0lC{ledC{ledls) C{Y=o0c0}C{Y >0}

for any s € (0, 1), which completes the proof. O
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Proof of Proposition 16. By Malric’s density theorem of zeros, recalled in (1),
¥y — 17 almost surely. Hence it is enough to show that on the event
{Y >0}N{y;y — 17} the set H =1[0,00) \ A(C,s) is porous at 1.

Leté =Y/2and

C 2
Iy =(yy, vy +1a), where r,= (sAC ) a—ph.

We claim that if
£>0, ya=vy>s and |BY|>E/1-y, forO<k<n.  (20)

then I, C A(C,s) N (yy,1) with r,,/(1 — ;) > 0 not depending on n. Since on
{Y > 0}N{y} — 17} the condition (20) holds for infinitely many 7, we obtain the
porosity at 1.

So assume that (20) holds for n at a given w. As I, C (y,f, 1), fort € I, we have
thats <t < land st <s < y,(t) =y, (t) = y, =y, that s, the first requirement
in (19): st < y,(¢) = y,7(¢t) holds for any ¢ € I,. For the other requirement, note
that 1 — y,(t) < r, < (1 —y*)E2/C? yields

min |B®)| > £/ T—y¥F > C\/i —y(1), fort € I,. O

0<k<n

3.6 Proof of Theorem 8

Compared to Theorem 7 in the proof of Theorem 8 we consider an even larger set
[0,00) \ A(C,s), where

AC,s)={>0:3n> 1,51 <y,(t) =y} (1),

) *)
Olsnklgn IIB),”([)| > C o/t —yu(2),

max |Bu— Byl < Vit —ya(t)} C A(C,s) C A(C,s).

u€lyn (t).1]

Here we also require that the fluctuation of § between y,(¢) and ¢ is not too big.
We will prove the next proposition below.

Proposition 18. Let C > 1, and s € (0,1). Then almost surely on the event
{X < 1}, the closed set [0, 00) \ A(C, s) is porous at 1.
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This result implies that if X < 1 almost surely, then for any C > 0, s € (0,1)
the random closed set [0, c0) \ A(C,s) is porous at 1 almost surely, and so is the
smaller set [0, 00) \ A(C, s). Then the strong mixing of T follows from Corollary 6.

To complete the proof of Theorem 8, it remains to show that X = 0 almost
surely on the event {X < 1}. This is the content of next proposition. In order to
prove Theorem 9 we introduce a new parameter L > 0.

A(Cos)={t>0:3n>1, st <y,(t) =y (1),

min |:3(k) ) > CVi—yu(t), max B, — By, ml <L t—yn(t)}

Ok<n 11l u€lyn(t).1]
Then A(C,s) = 4,(C.s).
Proposition 19. Fix L > 1 and set

AL(s) = () AL(C.s). forse(0.1)and A= () AL(s).
Cc>0 s€(0,1)

Then the events {X = 0}, {X < 1}, {1 € A }and {1 € A.(s)}, s € (0,1) are

equal up to null sets.

Proof of Proposition 19. Fix s € (0,1) L > 1 and let C > L. Assume that 1 €
A L(C,s). Let n > 0 be an index which witnesses the containment. Then, as C >
L we can apply Lemma 15 to see that the absolute increments of 8, ... g™
between y, and 1 are the same. This implies that

k k
1B = 1BO] = B — B = |BE)| — B — By, |, for0 <k <n,

hence

Z, = min [ |1 —By,| > Cy/T—y—Ly1—y,
0<k<n

whereas

Zuwr < 181 = 18 = BY)| = 1B1 = By, | < LV T
Thus

inf Znt1 < L on {1 € /fL(C,s)} almost surely,

n=0 Z, — C-—-L’

and
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o Lnt1
inf
n>0 Zn

=0, on {1 € /IL(S)} almost surely. 21

But, Z,+1/Z, > 0 almost surely for all n, hence X = liminf, o0 Z,+1/Z, =0
almost surely on {1 € /fL(s)}. This proves {1 € /fL(s)} c{X =1}.

Next, the law of the random closed set [0, 00)\ AL (C, s) is clearly invariant under
scaling, hence by Proposition 18 and Lemma 5

(X <1} C {[Ooo) \ A1(C,s) is porous at 1} = {1 € /IL(C,S)} , (22)
each relation holding up to a null set.

The inclusion /fL(C/,s’) - /fL(C,s) forC'>C >0and0 < s < s’ <1
yields

Ar Ap(k,1—1/k).

I
D)

k=1

Hence, {X < 1} C {l € AL} € {1 € A(s)} almost surely, which together with
{l € AL(s)} C {X = 0} completes the proof. O

To prove Proposition 18 we need a corollary of the Blumenthal 0 — 1 law.

Corollary 20. Let (x,) be a sequence of non-zero numbers tending to zero, P the
Wiener measure on €[0, 00) and D C C[0, co) be a Borel set such that P(D) > 0.
Then P(@X_n1 (D)io) =1

Proof. Recall that the canonical process on C[0, co) was denoted by . We also use
the notation B, = o {f; : s <t}.

We approximate D with D, € B, such that > P(DAD,) < oo, where A
denotes the symmetric difference operator. Passing to a subsequence if necessary,
we may assume that z,x> — 0. Then, since @X_nl(D,,) € B2, we have
that {©;'(D,), i.0.} € NgoBy, and the Blumenthal 0 — 1 law ensures that
P(@x_nl(D,,), i.o.) € {0, 1}.

But ZP((*D)(_KI(D)A(*');”1 (D)) < oo since ©,, preserves P. Borel-Cantelli
lemma shows that, almost surely, @;”1 (D)A@x_”l(D,,) occurs for finitely many 7.
Hence P(@x_,,l (D), i.0.) € {0,1}.

Fatou lemma applied to the indicator functions of @;”1 (D)€ yields

P(©;'(D), i.0.) > limsupP(O,' (D)) = P(D) > 0.
n—o0

Hence P(©;'(D), i.0) = 1. O
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Proof of Proposition 18. We work on the event {X < 1}.Set& = (1/X —1)/2.
Thenl <§é+4+ 1< 1/X and

Zn Zy

1<1+4+€& <limsu = limsu
J ioe Znt1 | nsse 1B

Hence
min |8 = Z, > (1+&)|B"|. for infinitely many n.
<n
Let n; < ny < ... the enumeration of those indices, and set x; = h(ln") ,BY”‘) for
k > 1. The inequality |,3§"")| <1+ S)_1|,3§""")| shows that x; — 0.

Call B the Brownian motion defined by B; = ;41 — 81 and for real numbers
8,C > 0 set

D(@,C) = {we C[0,00) :sup|w(t)| < 1+6;
1<2

w =+ 1 has a zero in [0, 1], but no zero in (1, 2];

)

ANC
max |w(t) + 1| < , where y is the last zero of w + 1 in [0, 2]; .
t€[y2] C

For each §, C > 0 the Wiener measure puts positive, although possibly very small,
probability on D(8, C). Then Corollary 20 yields that the Brownian motion B takes
values in the random sets @x_kl D(&, C) for infinitely many k on {§ > 0} = {X < 1}
almost surely; since the random variables xj, £ are Bj-measurable, and B is
independent of B;.

For k > 1let % = yu, (1 4+ x7?), that is, the last zero of B"¥) before 1 + x?
and set

éAC)z )

Iy = (x + %rk,)?k +rr), where ryp = ( C X -

This interval is similar to the one used in the proof of Proposition 16, but now we
use only the right half of the interval (yx, Yx + 7).
Next we show that
Be®'DEC), and s<(1+x)7" @3

implies

I C A(C.5) N (1,1 4 2x2). (24)
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By definition ry/ (4x,%), the ratio of the lengths of I; and (1,1 + ZxI%), does not
depend on k. Then the porosity of [0, 00) \ A(C,s) at 1 follows for almost every
point of {X < 1}, as we have seen that (23) holds for infinitely many k almost
surely on { X < 1}.

So assume that (23) holds for k at a given w. The key observations are that then

O Y =n"g, for0 <€ <, 0<r<2x? (25)
ye(t) < 1, for0 <€ <mngand1 <t <1+ 2x3, (26)
V() = P > 1, fort € [Ji, 1 + 2x7]. 27

First, we prove (25)—(27) and then with their help we derive I} C A (C,s).
To get (25) and (26) we apply Lemma 15t0 I = [1,1+2x}],n = ny anda = 1.
This can be done since we have

min |,3§Z)| > (1 4+ &)|xk|. by the choice of ny, (28)
0<l<ny
max |B; — Bil < (1 +&)|xk|, since Oy, B € D(§,C) by (23). (29)
te[l,142x3]

(i) of Lemma 15 is exactly (26), while (ii) of the same lemma gives (25) if we note
that B; = B14+¢ — B1 by definition.

Equation (27) claims two things: %) has a zero in (1, 1 + x,%], but has no zero
in (1 + x7, 1 + 2x7]. Write (25) with £ = ny:

B = B + h{" B, = h{" (x, + B), for0 <1 <2x}.
Next, we use that ®, B € D(§, C), whence 1 + ©,, B has a zero in [0, 1] but no
zero in (1, 2]. Then the relation
X [1+ (@ B)] = xi + B, = hﬁ””ﬂi’lflgv (30)
justifies (27). 5
To finish the proof, it remains to show that I, C A(C,s), since by (27) px the

last zero of ") before 1 + x7 is greater than 1, so I C (1,1 4 2x7) holds.
Fix t € I;. We need to check the next three properties.

(D) st < yu (@) =y, (1)
By (27) ¥4, (t) = yx > 1 and by the definition of [ wehave 1 < yx <t <
Vi + re < 7k + x}. Hence,

- Vk 1
(1) = P > — t > ¢t > st,
)/k() Vk )/k-’—x]% 1+x]%
where we used s < (1 4+ x7)™!, the second part of (23).

By (26), yu, (1) = yy (1), ast € Iy C[1,1 + 2x7].
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min |,8(f)| > Ci— .

Slnce e = h{" B, B = 0and i € [1, 1 + x7], (25) yields

() ©) (%) (nk) (nk)
max B = A1) = 1B — B = 11| = il

Then, by the triangle inequality and (28)
@ ) () ()
Jmin |8 = min |8~ max 87— p}"|

> (1+ §)|xk| - |xk| = §lxxl.
On the other hand /t — Jix < /rx < |xx|§/C, hence
min 85 > Elxel = CVi =i

0<l<

max |:3u_:3;7k| < /I _)7k~
u€[yi t]

1 + Oy, B has a zero in [0, 1] but no zero in (1,2], since ®,, B € D(§,C).
Denote as above by y its last zero in [0, 1]. Then by relation (30) we have that
7k =1+ xy and

ENC Uk
max |BU| = | x| max |1+ (O B)y| < |x% I— =—.
w€lfr,14+2x7] vely2] 2

Writing (25) with £ = nj and using that ,3}(7:") =0and? <1+ 2x£ we obtain

Tk
max [B, — Byl = max [ < max |V < XY=
u€(p 1] u€[pr.1] u€lfr, 142x3] 2
By the definition of I; we havet — y; > %rk. Hence
NN 7"
max B, — B5 | < 7 < — <\t —Vk. |

u€[Fe 1] 2 2

3.7 Proof of Theorem 9

In this subsection we prove the equality of the events {X = 0}, {Y = oo} and
{1 € A} up to null sets, where
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A= [ A@s). with A(s) = () A(C.9).

5€(0,1) Cc>0
We keep the notation introduced in Propositions 17 and 19 for AL (s), Ay and A.
Recall that Ay C A C A by definition for any L > 1. Then by Propositions 17
and 19 we have

(X=0}={led}c{ledA}={Y =oc0}C{leAl. (31)

For C > 0 let
¢ :inf{t >1:3n>0 " =0 min 1B =c/a=rvo.
<k<n

We show below that

{leA}Cﬂ{tc<1}, up to null a set, (32)
C>0
and
P(ﬂ {rc < 1}) <P(X =0). (33)
Cc>0

Then the claim follows by concatenating (31) and (32), and observing that the largest
and the smallest events in the obtained chain of almost inclusions has the same
probability by (33).

We start with (32). If 1 € Athen 1 € A(C, s) for every s € (0, 1), especially for
S0 = Yo V 1/2, where yj is the last zero of 8 before 1, we have 1 € A(C, s¢). Then,
by the definition of A(C, so) there is an integer n > 0 and a real number y € (so, 1)
such that ,3;(,”) = 0 and ming<j <, | ,BYC) | > C/T—y. The integer n cannot be zero
since B0 = B has no zero in (5o, 1). Thus ¢ < y < 1, which shows the inclusion.

Next, we turn to (32). Fix C > L > 1 and let

y = sup{s S [TC,l] : ,Bs = IBTC}'
Let us show that

¢ < 1 and maxl|,3t — Bl < Ly1 —y} C {1 € /IL(C,%)}. (34)
Te<I<

Indeed, on the event on the left hand side of (34) there exists a random index n such
that ﬂiﬁ) = 0 and

min |BY|>CV1-1c>LJ/1-y> max |B: = Brc .

0<k<n—1
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Then we can apply Lemma 15 with / = [t¢, 1], a = t¢ and n = n. We obtain

that B%) has no zero in [tc, 1] fork = 0,...,n — 1, and the absolute increments
| ,Bfk) ,BTC) |, are the same fork = 0,...,nandt € [t¢, 1]. In particular, ,3)(,k) = ilé)

forevery 0 < k < n, y is the last zero of,B(”) in[tc,1]and y = y, = y;*. Moreover,

189 = min 180 > € ST o
Jmin [B,7] = min |8l = CV1—rc>CyT-yr.

So n and y,; witnesses that 1 € AL (c, %), since we also have that

max B — Byl < max B, —Prc| < LYT=7;.

1€y 1]

From (34), by the strong Markov property and the scaling invariance of f,
we obtain

P(tc < 1) x P(m[g>1<] |B:l = Ly1— J/o) < P(l € AL(C. %)).
t€l|0,

Letting C go to infinity and using Proposition 19, this yields

(ﬂ {zc < 1}) xP(maX B8] < L\/l——yo) < P(l e AL( ))

C>0
=P(X =0).

This is true for all L > 1. Thus (33) is obtained by letting L go to infinity.

3.8 Proof of Theorem 11

In this subsection we prove that the tightness of {xv(x) : x € (0,1)} and {nZ,
n > 1} are equivalent and both implies X < 1 almost surely.

Fix K > 0. By definition {(K/n)v(K/n) > K} = {nZ, > K} forany n > 1.
For small x > 0 values there is n such that K/n < x < 2K/n and xv(x) <
(2K /n)v(K/n) by the monotonicity of v. But, then {xv(x) > 2K} C {nZ, > K}.
Hence

limsupP(xv(x) > 2K) <limsupP(nZ, > K) < limsupP(xv(x) > K).

x—0+ n—00 x—0+

So the tightness of the two families are equivalent and it is enough to prove that
when {xv(x) : x € (0,1)} is tight then X < 1 almost surely.

We have the next easy lemma, whose proof is sketched at the end of this
subsection.
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Lemma 21.

7 (v(x))
" i B0

n x—0t X

X = liminf

n—o0

Then we have that

< i i vix .
Lo < Hminf L pom g,

Hence, by Fatou lemma
P(X >1-8) < 1iminfp(|/3§”<~"”| > x(1— 5)).
x—0+
Let x € (0,1) and K > 0. Since on the event

{V(x) < g} n {Iﬁﬁ”‘""”l > x(1 —3)}

at least one of the standard normal variables ,BYC), 0 < k < K/x takes values in a
set of size 2x§, namely in (—x, —x(1 —§)) U (x(1 —§), x),

(v(x))
p(M > 1_5)
X
5P(v(x)>£)+(£+l)P(l—8<m< 1)
X X X

<P(xv(x) > K) + (K + 1)4.

In the last step we used that the standard normal density is bounded by 1/+/2m7,
whence P(l -8 < @ < 1) < éx.

By the tightness assumption for any ¢ > 0 there exists K, such that
sup, (o) P(xv(x) > K,) < e. Hence,

PX=1)=1lm P(X>1-§) < lim e+ (K, + 1) =e.
§—>0+ §—>0+

Since, this is true for all ¢ > 0, we get that P(X = 1) = 0 and the proof of
Theorem 11 is complete. O

Proof of Lemma 21. Since Z,(y) = |,8iv(x))| Lemma 21 is a particular case of the
following claim: if (a,) is a decreasing sequence of positive numbers tending to
zero then

.. k1 .. 2 An(
lim inf = liminf ﬂ,
k—oo  ap x—=0t X




120 V. Prokaj

where n(x) = inf{k > 1 : a; < x}. First, for x < a; the relation a,)—1 > x >
An(x) gives

) _ dn(x)

Ap(x)—1 Toox
and
N =5 .. pa
liminf —— < liminf ﬂ.
k—oo ai x—0+ X

For the opposite direction, for every k > 0, a,(,) < ax, therefore a, ;) < ar+1
as (a,) is non-increasing. Since a;y — 0 as k — oo, one gets

a a a
liminf = < liminf —“ < im inf =L O

x—>0t X k—oo  aj k—oo  aj
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