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Abstract. In this paper, we prove the convergence of weak solutions of
fast rotating fluids between two infinite parallel plates towards the two-
dimensional limiting system. We also put in evidence the existence of
Ekman boundary layers when Dirichlet boundary conditions are imposed
on the domain.
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1 Introduction

In this paper, we consider a simplified model of geophysical fluids, that is the
system of fast rotating, incompressible, homogeneous fluids between two parallel
plates, with Dirichlet boundary conditions, as in [I6], [18] or [8]

ez A u’

Ou® — vp(e)Apu’ — Bediu’ +ut - Vu' + . = —Vp® in Ry x 25 x[0,1]
divu® =0 in Ry x 2, x [0,1]
u® lt=0 — ué, in .Qh X [0, 1]‘

(1)

Here, the fluid rotates in the domain {2, x [0, 1], between two “horizontal plates”
2, x {0} and 2y, x {1}, where 2, is a subdomain of R?. We are interested in the
case where Rossby number ¢ goes to zero and we suppose that vy, () also goes
to zero with e. We emphasize that all along this paper, we always use the index
“h” to refer to the horizontal terms and horizontal variables, and the index “v”
or “3” to the vertical ones.

The Coriolis force e 'es A u€ has a very important impact on the behaviors
of fast rotating fluids (corresponding to a small Rossby number ¢). Indeed, if we
suppose that u is the formal limit of u® when € goes to zero, we can prove that u
does not depend on the third space variable x3. Since the Coriolis force becomes
very large as € becomes small, the “only theorical way” to balance that force is
to use the pressure force term —Vp®. This means that there exists a function ¢
such that e3 A u =V, or in a equivalent way

—u? 81(,0
u1 = 52@
0 O3
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Thus, ¢ (and so u' and u?) does not depend on x3. The incompressibility of the
fluid implies that

O3u” = —0ru' — Oyu® = ~01050 + D129 = 0,

which means the third component u? does not depend on z3 neither. This in-
dependence was justified in the experiment of G.I. Taylor (see [I0]), drops of
dye injected into a rapidly rotating, homogeneous fluid, within a few rotations,
formed perfectly vertical sheets of dyed fluid, known as Taylor curtains. In large-
scale atmospheric and oceanic flows, the Rossby number is often observed to be
very small, and the fluid motions also have a tendency towards columnar be-
haviors (Taylor columns). For example, currents in the western North Atlantic
have been observed to extend vertically over several thousands meters without
significant change in amplitude and direction ([23]).

The columnar behaviors of the solution of the system (), in the case where
v(e) > 0 is fixed and where the domain has no boundary (T? or R?), were
studied by many authors. In the case of periodic domains, Babin, Mahalov and
Nicolaenko [I]-[2], Embid and Majda [11], Gallagher [I3] and Grenier [I5] proved
that the weak (and strong) solutions of the system () converge to the solution
of the limiting system, which is a two-dimensional Navier-Stokes system with
three components. In the case of R?, Chemin, Desjardins, Gallagher and Grenier
proved in [6] and [7] that if the initial data are in L?(R?) then the limiting system
is zero. If the initial data are of the form

Uy = Up + Vo, (2)

where
U = (u(l)(fﬁ,fz),Ug(fl,fz),ug(iﬂl,@))

is a divergence-free vector field, independent of x3 and

vo = (v§ (21, 22, T3), V5 (21, T2, T3), V] (21, T2, T3))

the limiting system is also proved to be a two-dimensional Navier-Stokes system
with three components. The case where v(¢) — 0 as ¢ — 0 and the domain
is R® was studied by the author of this paper in [19] and [20]. We also refer
to [14] in which, Gallagher and Saint-Raymond proved the convergence of the
weak solutions of the system () to the solution of the two-dimensional limiting
system in the more general case where the axis of rotation is not fixed to be es.

Things are very different in the case where the domain is {25, x [0,1] with
Dirichlet boundary conditions. Indeed, when the rotation goes to infinity, the
Taylor columns are only formed in the interior of the domain. Near the boundary,
Ekman boundary layers exist. The behaviors of the fluid become very complex
and the friction slows the fluid down in a way that the velocity is zero on the
boundary. In the works of Grenier and Masmoudi [16] ({2, = T?) and Chemin
et al. [8] (2, = R?), it was proved that, in the limiting system, we obtain an
additional damping term of the form /25u. This phenomenon is well known in
fluid mechanics as the Ekman pumping.
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Since the viscosity is positive in all three directions (v, = vp(e) > 0 and
vy = Be > 0), the system (I]) possesses a weak Leray solution

w® € LRy, L2(2y x [0,1])) N L2(Ry, (2, x [0,1])).

In the case where v, > 0 is fixed and where the initial data are well prepared,
i.e.

lir%ug =g = (up(w1, 2), ud(w1,22),0) in LE(RZ x [0,1])

E—
and ug is a divergence-free two-dimensional vector field in H?(R?), o > 2, it
was proved by Grenier and Masmoudi in [16] (£2, = T?) and by Chemin et al.
in [8] (£2, = R}) that, when € goes to zero, u® converges to the solution of the
following limiting system in L*° (R, L?(R3))

8tuh71/hAhuh+uh~thh+\/25uh =—-Vuip
O ud — vpApu® +ul -V ud + \/25 uw=0

divpu” =0 (3)
63’11, =0
u‘tzo = Up.

The case of ill-prepared data, where ug = (u (21, 2), ud(x1, 22), ud(z1, 2)) has
all the three components different from 0, was studied in [§].

In this paper, we consider the system () in the case where 2, = R?, where
vp(e) = 0 as € — 0 and where the data are well prepared. The limiting system
is the following

6tuh+uh-vhuh+\/26uh=—vhp
atu3+uh-vhu3+\/25u3:0

divpu® =0 (4)
83u =0
U=y = U0-

We want to remark that in this case where the data are well prepared, as ug =0,
the third component u3 = 0 for any ¢ > 0. In [16] and [8], it was proved that, in
the case where v, — 0 as ¢ — 0, the weak solutions of the system (IJ) converge
to the solution of the limiting system (@), but the convergence is only local with
respect to the time variable. In this paper, we show the exponential decay of the
solution of the system (@) in appropriate Sobolev norms, and we improve the
result of [16] and [8]. More precisely, we prove the uniform convergence (with
respect to the time variable) of () towards ().

Theorem 1. Suppose that

811_1;1(1) vp(e)=0 and ;l_r% vn(e) =0.
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Let u§ € L*(R? x [0,1]) be a family of initial data such that

Eh_rf(l)ugzuo = (ué($1,$2),ug($1,$2),0) in LQ(RIQL x [0,1]),
where ug 1s a divergence-free two-dimensional vector field in H”(R%), o > 2. Let
u be the solution of the limiting system (@) with initial data ug and, for each
e >0, let u® be a weak solution of ([Il) with initial data u§. Then

gi_{% Ju® — u||L°°(R+,L2(R}2L><[O,1])) =0.

2 Preliminaries

In this section, we briefly recall the properties of dyadic decompositions in the
Fourier space and give some elements of the Littlewood-Paley theory. Using
dyadic decompositions, we redefine some classical function spaces, which will
be used in this paper. In what follows, we always denote by (cq) (respectively
(dg)) a square-summable (respectively summable) sequence, with >, 2 =1
(respectively - dg = 1), of positive numbers (which can depend on several
parameters). We also remarque that, in order to simplify the notations, we use
the bold character X to indicate the space of vector fields, each component of
which belongs to the space X.

We recall that F and F~' are the Fourier transform and its inverse, and
that we also write &« = Fu. For any d € N* and 0 < r < R, we denote
By(0,R) = {(¢e€R?| [(] <R}, and Cy(r, R) = {£€R?|r <[¢| < R}. The
following Bernstein lemma gives important properties of a distribution v when
its Fourier transform is well localized. We refer the reader to [5] for the proof of
this lemma.

Lemma 2. Let k € N, d € N* and r1,72 € R satisfy 0 < r1 < ro. There exists
a constant C' > 0 such that, for any a,b € R, 1 < a <b < +oo, for any A >0
and for any u € L*(R%), we have

supp (@) C Ba(0,r1%) = sup 0%, < C*NF) Jufl,.,  (5)
|a|=k

and

supp (@) C Ca(riA,red) — CF\F |ul| o < sup (0% e < CF\F lull o -
|a|=k
(6)

Let ¢ be an even smooth function in C§°(R), whose support is contained in the
ball By(0, 3), such that 1 is equal to 1 on a neighborhood of the ball By (0, %).

Let
z

o(z)=v (]

) =)
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Then, the support of ¢ is contained in the ring C’l(i, 2), and ¢ is identically
equal to 1 on the ring C’l(g, ;’) The functions ¥ and ¢ allow us to define a
dyadic partition of R?, d € N*, as follows

VzeR, ¢(z)+ > o277z =1
jJEN
Moreover, this decomposition is almost orthogonal, in the sense that, if |j — j/| >
2, then . y
supp ¢(277(-)) Nsupp (277 () = 0.
We introduce the following dyadic frequency cut-off operators. We refer to [3]

and [B] for more details.

Definition 3. For any d € N* and for any tempered distribution u € S'(R%),
we set

Agu=F 1 (p(277|€Dau(e)) Vg €N,

A_yu=FH(y(E)ucg))

Aqu = O’ Vq S 723

Sq’u: Z Aq’ua qul
q'<q—1

Using the properties of 1 and ¢, one can prove that for any tempered distribution
u € §'(R%), we have

u= Z Au in S'(RY),

g=>—1

and the (isotropic) nonhomogeneous Sobolev spaces H*(R%), with s € R, can be
characterized as follows

Proposition 4. Let d € N*, s € R and u € H*(R?). Then,

e = ( / ey |a<s>2ds)2 ~ 2 2 Al

g>-1

Moreover, there exists a square-summable sequence of positive numbers {cq(u)}
with 3, cq(u)? =1, such that

[Aqull > < eq(w)27 [lull . -

The decomposition into dyadic blocks also gives a very simple characterization
of Hélder spaces.
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Definition 5. Let d € N* and r € Ry \ N.

1. If r €]0,1[, we denote C"(RY) the set of bounded functions u : R* — R such
that there exists C' > 0 satisfying

V(z,y) e R xR Ju(z) —u(y)| < Cla—y|".

2. Ifr > 1 is not an integer, we denote C"(R?) the set of [r] times differentiable
functions u such that 0%u € C™~UI(RY), for any o € N?, |a| < [r], where [r]
1s the largest integer smaller than .

One can prove that the set C"(R%), endowed with the norm

. 0% u(z) — 0*u(y)|
lllor = - (ua g+ sup ol

ol <[7] #vo e =y

is a Banach space. Moreover, we have the following result, the proof of which
can be found in [5].

Proposition 6. There exists a constant C > 0 such that, for any r € Ry \ N
and for any u € C"(RY), we have

r+1

o

Conversely, if the sequence (2 ||Aqu||Loo)q>71 is bounded, then

sup 29" || Aqull . < o
q

r+1 1
cr =0 (rm*mﬂ

Ju )2 Al
q

Finally, we need the following results (for a proof, see [21]). Let [.,.] denote the
usual commutator.

Lemma 7. Let d € N*. There exists a constant C' > 0 such that, for any tem-
pered distributions u, v in S'(RY), we have

A, ul vl 2 = [Ag(uv) = ulgul| » < C277 [Vl oo ([0l L2 -

3 Estimates for the Limiting System

In this section, we give useful auxiliary results concerning the 2D limiting system
@). Throughout this paper, for any vector field u = (u!,u? u®) independent
of the vertical variable x3, we denote by w the associated horizontal vorticity,
w = 01u? — pul. For the sake of the simplicity, let v = v/2/3. The first result of

this section is the following lemma
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Lemma 8. Letug = (ul(z1,22), ud(z1,22), ud(x1,22)) € L2(R2) be a divergence-
free vector field, the horizontal vorticity of which

wo = O1uf — deuy € LA(RZ) N L>®(R3).
Then, the system (), with initial data ug, has a unique, global solution
u € C(Ry, L*(R})) N L= (R, L*(Rj)).

Moreover,
(i) There exists a constant C' > 0 such that, for any p > 2 and for any t > 0,
we have

thuh(t)HLP(Ri) <CMpe™, (7)
Huh(t)HLP(Ri) <CMe ™, (8)

where
M= maX{HugHLz(R}%) ) ”wOHL?(R%) ) HwOHLOO(Ri)} .

(ii) For any p > 2, if uj € LP(R?), then,
1w Ol ) < 6]l o ey €7 9)

To prove of Lemma [ we remark that in (@), the first two components of «
verify a two-dimensional Euler system with damping term. Then, according
to the Yudovitch theorem [25] (see also [5]), this system has a unique solu-
tion u" € C (Ry,L?(R?)) NL*> (R4, L*(R?)) such that the horizontal vorticity
w € LRy, L2(R?))NL>® (R4, L°°(R?)). Since the third component u® satisfies
a linear transport-type equation, then we can deduce the existence and unique-
ness of the solution v of the limiting system (). Then, Inequalities (@)-(@]) can be
deduced from classical LP estimates for Euler equations and transport equations.

O

Next, we need the following Brezis-Gallouet type inequality. For a proof of
Lemma [0 below, see [5] or [20]. We also refer to ([4]).

Lemma 9. Let r > 1. Under the hypotheses of Lemma [8 and the additional
hypothesis that wgy € H’”(R%), there exists a positive constant C,. such that

”wHH"(R2)
V||, < Cp ||wl|foopeyIn | €+ M. (10)
| I (R2) L (R?) [l oo (2
Now, we can give a L>®-estimate of V,u" in the following lemma.

Lemma 10. Under the hypotheses of Lemma [, there exist positive constants
C1, Gy, depending on v, |[woll gr(g2), such that

lw®)ll gz < Cre”™, (11)

and
thuh(t)HLoc(Ri) < Cgeilyt. (12)



194 V.-S. Ngo

Proof of Lemma

First of all, there exist a constant C' > 0 and a summable sequence of positive
numbers (dy)q>—1 such that (see [20])

|<Ag(uh -Vyaw) ’ A2w>’ < qu2—2qr (HthhHLoo + ||wHLOC) lwll . (13)

Then, for any r > 1, we get the following energy estimate in Sobolev H"-norm:

1d

o g 10Oz + 7 Tl < C (lw®)llp + [|Vnu" ()l g) T @iz - (14)

Taking into account Estimate ([I0l), we rewrite (4] as follows

o 10O+ Ol < ol (1410 (e 1)) e (15)

|wl|
Since w is solution of a linear transport equation, it is easy to prove that
|lw(t)|| , < CMe 7", where C is a positive constant and
M = maX{Hu(})LHLZ(Ri) ) ”wO”L?(R%) ) HwOHLOO(R%)} :
Since C and M do not depend on p, we have
lw(®)l| e < CMe™.
Therefore, considering y(t) = ||w(t)| g €7*, we can deduce from (IF) that

d

LV < O y(B) (L4 In e+ (1)), (16)

Integrating ([[6]) with respect to ¢, we obtain the existence of C; > 0 such that
)]l < Cre™

Combining the above estimate with () and using the fact that zIn (e + ¢) is an
increasing function, we obtain the existence of a positive constant Cs, depending
on v and ||wo|| g, such that

Hthh(t)HLw < Che ™, O

In what follows, we wish to prove an estimate similar to ([[2) for the third
component u? of the solution u of the system (H).

Lemma 11. Let 2 < r < 3 and u(t,x) be a solution of ), with initial data
uy N HT(R,%). Then, there exist a positive constant Cs, depending on v and
H“OHHT'(Rﬁ) such that, for anyt >0,

0 ) < G (1
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Proof of Lemma [17]

Differentiating two times the equation verified by 3, for any i,5 € {1,2}, we
have

8t82»8ju3 + ’y&-ajug + (&@uh) . thg + (&»uh) . VhajuS
+ (8juh) . Vhaz—u?’ + ul - Vhaiaju?’ =0.
Taking the H"~? scalar product of the above equation with 9;9; u?, we get
D00 - (1)

S ’< 8i8ju ) . th?) | 8i8ju >H7'*2’ + |<(6zuh) . Vhaju?’ ‘ 6i6ju3>
+ [{(@5u") - Vaoi? | 0:0u”) | + [(u" - V4a0:0;u° | 9;0;u%)

- 2+’yH38 u3’

2 dt
o
po-a|
The divergence-free property allow us to write
(0;0;u") - Vu? = 9; ((95u") - Viu?) — (95u") - V3,010
= 82 ((@uh) . thg) - dth (&ugﬁjuh) .
Then, using the Cauchy-Schwarz inequality, classical estimates for Sobolev spaces

(see [[5], Theorem 2.4.1]) and the Sobolev embedding H" ! (R?) < L*>°(R?), we
obtain

|<((‘3(‘3 ul) - Viud | 0;0;u® >H ,2’

< [1@5u") - Vi g, [19:050° | s + 1|0 Ogea® | g (10005 | e

< (Ha uhHLoo HU?’HH + 1V 1050 [lgg-0) 07|

+ (105 ]| o 19520" | ggos + (050" [ Hu

< C el [l

The same arguments imply
[((0u") - VaOju® | 8;0;u®) |
< ||divs (9ju*0iu) — 0;u0i(divau™)|| . Haa u yHT_Z

< ([|97u?]| - [|0:u"]

< Cllwl] e Hu

g O e

[l

and likewise,

(030) - 9101 [0.0,0) .| < €l [

Hr—2

For the last term of ([IJ)), since 2 < r < 3, a slightly different version of Estimate

(@3 yields

I TP A T
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Multiplying ([I8) by €7!, then integrating the obtained equation with respect to
time and using Lemma [I0, we get

t
Hu?’(t)HHr et < HUSHH +C/O (thuh(T)HLm + lw ()|l grr-1) Hug(T)HH T dr
t
< il + €@+ C) [ (a0 ) e e
0

Thus, the Gronwall lemma allow us to obtain (7). O

In the next paragraphs, we will not directly compare the system () with the
limiting system (@) because of technical difficulties. Instead of {l), we consider
the following system

Oush — Vh(s)AhuE’h + ’yua’h +uth . Vyuth = —vp©

OutS — vy (€) Aput® + yus3 + uSh  Vaut? =0

divy, v =0 (19)
Osu® =0

u® le=o = U0
with lim v, () = 0.
e—0

Proposition 12. Like the system [, the system ([I3) has a unique, global so-
lution

u € C (Ry, LA(RY)) N1 (Ry, LA(RY)) N L2 (R, H'(R})) ,
which also satisfies Lemmas (8, [9, 14 and 1l

In the following lemma, we will prove the convergence of u* towards u when ¢
goes to zero.

Lemma 13. Suppose that vy, (€) converges to 0 when € goes to 0 and that ug €
H(R?), 0 > 2. Then, u® converges towards the solution u of ) in
L>(Ry,L*(R?)), as € goes to 0.

Proof of Lemma [13]

Using the previously proved results of this section, for any ¢ > 0, we have
Ju®)llgses) < M and [luf(O)lgaes) < Me. (20)

Thus, for fixed p > 0, there exists 7}, > 0 such that, for any ¢t > T,,

. H
lu* )2 mg) + [u®)llz@s) < -
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On the interval [0,7),], let v® = u® — w. Then, v* is a solution of the following
system

A=l — Vh(s)AhvE’h + ’yva’h +ush Voot 40tV = vy A — vp,
Ov=3 — v (€) Apv®3 + 03 + s Vo 4 05 h . Vud = v A,

div, 0" = 0,

((93’1)5 = 0,

vli:o =0

Taking the L2-scalar product of the first two equations of the above system with
v®" and v5 respectively, we get

1 d £ £ £ € € £
g o 1240 @) 190 a4y %122 < v (e) [V nadlga [ n0* g+ |{o"" - Vo).
Hence,

1d e112 e(2 2 112

3 oo 107122 2 17122 < v (@) 19wl + [Vl 10712

Integrating the obtained inequality, we come to

t
Vp\E —~(t—T
@I < ;()||vhu|iw<m,m,m)+ / Il 7 o2 () |2 dr

Then, the Gronwall Lemma proves that, for any 0 < ¢t <7,

t
10" () < Cvn(e)M>Ty,exp {/ IVhu(T) || Lo dT} :
0
Combining with (20), this above estimate implies that

lim [Ju” = ullgoo (m, r2(r2)) = 0- -

4 Ekman Boundary Layers

As mentioned in the introduction, when e goes to 0, the fluid has the tendency
to have a two-dimensional behavior. In the interior part of the domain, far from
the boundary, the fluid moves in vertical columns, according to the Taylor-
Proudman theorem. Near the boundary, the Taylor columns are destroyed and
thin boundary layers are formed. The movements of the fluid inside the layers
are very complex and the friction stops the fluid on the boundary. The goal
of this paragraph is to briefly recall the mathematical construction of these
boundary layers. More precisely, we will “correct” the solution of the limiting
system (@) (which is a divergence-free vector field, independent of z3) by adding
a “boundary layer term” B such that u+ B is a divergence-free vector field which
vanishes on the boundary.
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In order to construct such boundary layers, a typical approach consists in
looking for the approximate solutions of the system () in the following form
(the Ansatz):

Uipp = UQ,int + W0,BL + EU1 int + EUL,BL + - .-
E 1 1 (21)
Papp = _P-lint + P-1.BL + Po,int + Po,BL + ...,

where the terms with the index “int” stand for the “interior” part, which is
smooth functions of (x,z3) and the index “BL” refers to the boundary layer
part, which is smooth functions of the form

T3

0

— T3

1
)+F1(t>$ha 5 )a

(xha .’ﬂg) — FO(ta Th,
where Fy(xp, () and Fi(xp, () rapidly decrease in ¢ at infinity. The quantity
0 > 0, which goes to zero as ¢ goes to zero, represents the size of the boundary
layers. It is proved that § is of the same order as ¢ (see [16], [18], [§] and [9]). In
this paper, we simply choose § = ¢.

Let E = 283¢% be the Ekman number and u be the solution of the limiting
system (). We recall that the third component u® = 0 and we pose curl(u) =
O1u? — Opul. In [16], [I8] and [8], by studying carefully the Ansatz (2I]), the
authors proved that we can write the boundary layer part in the following form

B=nB'+8B%+ 8B+ B

where B¢, i € {1,2,3,4}, are defined as follows.
1. The term B! is defined by

Wy + Wy
Bl — Wo + W

\/;3 curl(u) G(z3)

where
~ _ ®3 X3 2 . T3
w, = —e VE (ulcos< )+u sm< ) R
VE VE
- — *3 X . €3
Wy = —e VE <u2 cos< ) ul sm< ) ,
v VE
o — a3 1— 3 2 . 1—ua3
w;, = —e VE (ulcos( )—i—u sm( ) R
VE VE
o _ e 1— 3 1 . 1—ua3
wy = —e VE (uzcos( )—u sm( ) R
VE VE
_|_

_®3 T3 ™ _1l-=z3 1— 223 ™
G(x3) = —e VE sin +e VvE sin + .
(es) (wE 4) ( VE 4)
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2. The terms B? and B? are defined by

VE u?
B2 = —VE u!
VE curl(u) (3 — 3

w3)
1
3 -7 (1) uz
B’ =e¢ VE cos u® .
VE/) \

3. Finally,
u? 0
B* = f(zs) | —u' | +g(as) 0 ;
0 curl(u)
where

1—a3

f(fd) = Cl(e_\l/lZ +e VE )_|_b,

g(z3) = \/JQE e Ve sin(\/lE+Z> /O% f(s)ds,

and where (a, b) is the solution of the linear system
_ 1 _ 1 1
a<1+e JE)—I—bz—\/E—i—e ¢Esin< )
VE

_ 1 T
V2Ee VB sin ( + ) .
VE 4

(22)

2aVE (1 - e_\/lE) +b
We remark that the determinant of the system ([22)) is
D=l+e Ve —2VE(1-e ve).

Thus, for € > 0 small enough, we have D > % and ([22)) always has the following
solution

s ;)KE o Kp (1+e‘¢1~) —ZJE\/E (1_6—&)’

where
Jp = —VE+e Ve si ( ! >
= — e VE sin ,
E JE

_1 1 T
Kgp=+V2FEe VESi .
E \/ e ESln(\/E+4)

It is easy to prove that when ¢ > 0 is small enough, then

la| < 4(B+/B)e and  |b| < 328>
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With the previously defined boundary layer term B, we can verify that

div (u+B) =0 and (u+B)| 0, = (Wt B)j,,_,, =0
Now, let
—e v cos U3 — 6_1&23 cos 157 —e” v sin %3 —e” 1;23 sin 1573
VE VvE
Bo(ws) =] . .
y s l—x3 s l—x3

e~ VE sin j;; +e VE sin —e”VE cos j;; —e  VE cos
Then, we can write B in the following form
B = M(l‘g)A(t, T, xz),

where

A(t,.’IIh.’IIQ) = t(ul’UQ’CuI‘I(U)) and M(.’II3) — |:M(O-’L'3) 0 :|

m(x3)

with M (z3) and m(z3) defined by
M (z3) = Bo(z3) + (\/E + f(xg)) <_01 (1)> +e” Ve cos \/1E ((1) (1)> ,
m(xs) = \/l; G(z3) + VE (; — .’L‘3) + g(x3).

We can also prove the existence of a constant C' > 0 such that, for any p > 1,
we have

IMO)llg, < Ceb, MOl <€, M O)llgg, < Ceb ™,

mO)ls, < 0o, IOl < Oz )
sup |23M'(z3)| < Ce and  sup |(1—a3)>M'(23)| < Ce.
I3E[O,;} 1}36[;,1]

5 Convergence to the Limiting System

In this paragraph, we provide a priori estimates needed and a sketch the proof
of Theorem [T4l These a priori estimates can be justified by a classical approx-
imation by smooth fonctions (see for instance [9]). For any € > 0, we consider
the following 2D damped Navier-Stokes system with three components:

6t ua,h _ I/}L(é)Ah ua,h + \/26 ’U,E’h + ua,h . Vh ue,h — _vh pa

O us3 — vh(e)Ap uss + \/25 w4V utP =0

divyush =0 (24)
83u€ =0

£ —
U lt=0 — Uug-




Ekman Layers of Rotating Fluids with Vanishing Viscosity 201

Then, Lemma [I3] implies that Theorem [ is a corollary of the following
theorem

Theorem 14. Suppose that

lim vp(e) =0 and lim (o) = 0.

Let u§ € L2(92) be a family of initial data such that

lin(l)ug = ug = (up(w1, 2), ud(x1,22),0) in  L*RZ x [0,1]),
e—

where ug is a divergence-free two-dimensional vector field in H° (R%), o > 2. Let
u® be the solution of the system (Z4)) with initial data uy and for each € > 0, let
u® be a weak solution of (@) with initial data u§. Then

. 5 5 _
il_%Hu —u ||L°°(R+,L2(R;"L><[O,l])) =0.

Proof of Theorem [14]

We first remark that we can construct the boundary layers term B¢ for the system
@4) in the same way as we did to construct B, with u being replaced by u®. It
is easy to prove that B¢ is small, i.e., B goes to 0 in L*> (R+, L2(R? x [0, 1}))
as € goes to 0. Then, our goal is to prove that v* = u® — u® — 3% converge to 0
in L (R4, L%(R? x [0,1])) as e goes to 0.

We recall that a two-dimensional divergence-free vector field (independant of
x3) belongs to the kernel of the operator P(e3A-), where IP is the Leray projection
of L2(R?) onto the subspace of divergence-free vector fields. As a consequence,
es Au® is a gradient term. Replacing u® by v¢ 4+ u® 4+ B¢ in the system (), we
deduce that v® satisfied the following equation

Ov® — vp(e) Apv® — Bed3v® + Ly +uf - Vo + B - VB*
+ B - Vu® +0v° - VB 4+ 0v° - Vu' — Ly + 632v5 =—-Vp5, (25)
where
Ly = 0B° —vp(e)ApB® +u® - VB°
es /;BE + /28 .
Taking the L2 scalar product of ([25) with v, then integrating by parts the

obtained equation and taking into account the fact that v® satisfies the Dirichlet
boundary condition, we get

Ly = Bed2B —

1d

3 gy 10512 + () 1V [ + B 05071

= —(L1,v%) — (u° - Vu©,0%) — (B - VB, v%) — (B° - Vu©,0v%)
— (v° - VB®,v%) — (v° - Vu®,v%) + (Lg,v%) . (26)
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In what follows, we will seperately estimate the seven terms on the right-hand
side of Inequation (26). Using the same notations as in [I6] and [I8], we de-
note By, Bs and b (V1, Vo and v respectively) the three components of B¢ (v¢
respectively) and we write B = (By, Ba) et V = (V1, V).

1. Applying the operator curl to the first two equations of the system (24]) (we
recall that in this paper, curl only acts on the horizontal components and we
already defined curl(u) = d1u® — au'), we obtain

Ay (curl uf) — vy, (e) Ap(curl uf) 4+ /28 (curl uf) + uf - Veurl (uf) = 0.

We recall that A(t,z1,22) = “(uf, u§, curl (uf)). So combining the above equa-
tion with the first two equations of (24)), we deduce that

NA —vp(e) ApA+ /28 A+ - VA = —(Vypt,0).
Since us3 = 0, div v° = 0, d3p = 0 and B¢ = M(x3)A(t, 71, 22), We can write
|(L1,v%)] = [(M(x3) (Ot A — vp(e) ApA + u® - VA) ,v7)]
< V28 Mgz, ALz o ]lge -

Then, Estimate ([23]), Lemma [§ and Young’s inequality imply
(L1, 0%)] < Cluo) ebe™2 (14 o713 ) (27)
2. For the second term, using the divergence-free property of u¢, we simply have
(u® - V&, v%) = 0. (28)
3. We decompose the third term into two parts:
(B® - VB, v%) = (B - VB, v%) + (b038°,v%) .
Using an integration by parts, the “horizontal” part can be bounded as follows
(B - VB, v%)| < |{(divyB)B,v%)| + |[(B ® B%, V)| = [(B ® B, Vo).

Hence, Holder’s inequality, Estimates (23), Lemma [ and Young’s inequality
yield

(B - VB, v%)|

IA

1Bl 1B g [1V00° (29)
2 2 2
IMOEs, (IWlEs + IVafllEs ) 1907l

IN

< Olun) ebmn(e) e + ) e,
Likewise, we have the following estimate for the vertical part:
[(003B%, v%)| < [|b]] o< [|03B |2 [[v°[| 2 (30)
Clup) ™2 () M O)llgz, 07l

IN

IN

Clug) ebe™2 (1+ o2
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4. For the fourth term, taking into account the fact that «® is independent of
x3, Estimates (23]) and Lemma [§ imply

(B Vus, )| < 1By e 900l [ (31)
2 2
< IMOllga, (113 + 1900 ) e s
<

Clun) eV (14 #2s ) -

5. The fifth term is the most difficult to treat. First, we decompose this term as
follows

(v® - VB, v%) =(V - VB, V) + (V- Vpb,v) + (v03b,v) + (v03B, V).
For the first term on the right-hand side, Holder inequality implies that
(V- VaB VI < OV VaBllpe IViIge < CIMO)llpg Viullp. Io°]Iz.z -
Then, using Estimates ([23) and Lemma [8 we obtain
(V- VB, V)| < Cluo) e 0|z (32)
Next, by integrating by parts and using Holder’s inequality, we deduce that
(V- Vb, 0)| < CIVav©[lga 1Bl e [[0%] 2 -

So, Estimates (23], Lemmas [§ and [I0] and Young’s inequality imply

(V- Vib, )] < Cllm()llpz lewl o flpe VAVl [[v%]g (33)

-1 — VplE
< Cfuo) 2@ e o s + ) v 2.

Performing an integration by parts, we can control the third term in the same
way as the second one:

[{(v Osb, v)| = 2 |{bv, O3v)| = 2 |{bv, div V)|
vh(e
< Oluo) 2@ eV ot B+ ) [wtiE,. )
In order to estimate the last term of the right-hand side, we decompose it into

two parts, the first part corresponding to the boundary layer near {z3 = 0} and
the other corresponding to the one near {z3 = 1}:

(v03B, V) :/

R2 % [0,1]

(vOsB) - Vdx +/ (vO3B) - Vdx

R%x[%,l]

For the fisrt part, since v vanishes on {3 = 0}, using Holder’s inequality and
Hardy-Littlewood inequality, we get

/ (vO3B) - Vdx
R2 [0, 1]

2

Vv

T3

v
< sup @30 (as)] ul g

136[0,%} “h

< sup [a3M(w3)] [0l pee 1050]] 2 105V g2 -
I3€[0’%} h

€3

L2 L2
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We recall that dsv = —divp,V. Then, Lemmas [ and [0, Estimates ([23]) and
Young’s inequality imply

/ (vO3B) - Vdx
R2 x [0, 3]

2

< Clug) e eV |[divyollge [0Vl (35)

IN

e
Oluo) < V22 + 7 10502

For the second part concerning the boundary layer near {3 = 1}, since v® =
(V,v) vanishes on {z3 = 1}, Hardy-Littlewood inequality implies that

1 2 % 2
Iv :/ / d.’bg dl’h :/ / d.’bg d.’bh
R? ; R 0

h
>
S C / \83v(xh, 1-— $3)|2d.’£3 dl’h
R;"L 0
< Cll9sv]72 = C || divaV |7z

v(zp,x3) v(zp, 1 — x3)

1—1‘3

2 X
h 3

Likewise,

V(.’bh, .’53)
1-— T3

1
fv / /
R2 3

Thus, using Holder inequality, we get

/ (vOsB) - Vdx
Rflx[é,l]

2
d:r;;) day, < C |03V |3, .

< sup (1= @) M (w3)| 07l VI (36)

136[%,1}

< C(up) € e V22 ||divpv] g2 05V .0

3
< Oluo) & Vv, + 5 1050 .

6. The sixth term on the right-hand side of (26) can be treated using Holder
inequality and Lemma [0l We have

(0 Vs, 07)| < O Vit g gz 07122 < Cluo) eV 22 (37)

7. We will evaluate the seventh term as in [16] or [I8]. We have
A B#
(La,v°) = (Bed3 B, v°) — <e3 . ,UE> + <\/26 ua,ve>.

We recall that
BE = Ba,l + BE,Z + 68,3 + BEA
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and for any i € {1,2,3,4}, we set B>" = (B b’), where B’ and b’ denote
the horizontal and vertical components of B** respectively. Then, the following
identities are immediate

22B3 =0,
A B!
Bed2Bt — — 0,
A B?
Bed2B? — I V284 = 0.

For the remaining terms, we have
Be [(3b,v)| < Be[|93bly.z 950 (38)
< BelVaBllyz [Vav iz
< BelM(a)lgs IVne s IVnlics
< C(uo) upe) etV 4 Vhlg) HthEHiz;

& /\B3 1
(05 V)| < emtet el ol < Cluo) e (14 1071,
(39)
We recall that

£,2
B4 = f(.’L‘3) (uus,l) ’

where

11—z

f(z3) = a(e_% +e” ¢E3) +b,

and where E = 23¢? is the Ekman number. We also recall that, if € > 0 is small
enough, we have

la| < 4(B++/B)e and |b] < 328¢2.
Then,

Be (O3B, V)| = Be[(f"(x3)u®, V)| (40)

1
Cez |lu|gz [[v7] 2

Clug) ebe28 (14 |o°|7.)
Finally, we have

4 1 x —x
(525 < e[([ it v
€ 0

< Cluo) e2e™2 (14 o2,

IN

IN

[u ez V]I

2 2
dl‘g) + 56

(41)
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End of the proof: Summing all the inequalities from (1) to (I, we deduce
from (26]) that

d
i 112+ v (E) V012 + Be 10507
< Cug) e2vp(e) " e V2% 4 Clug) eV ||0°|[72 + Cluo) & || Vav©|lfa -

Since

there exists g = £o(up) €]0, 1] such that, for any 0 < € < g, we have C(up) € <
vp(g). Therefore, for any € €]0, e[ small enough, by integrating the above in-
equality with respect to the time variable, we get

l* (®)][32 < 1= (0)II72 + C'(uo)e 2 vn(e) ™ + C'(uo) / VI o (5)|2 ds. (42)
We recall that v¢ = u® — u® — B¢. Thus,
12 ()32 < [[u=(0) — u=(0) ][5 + [1B%(0)]I3.»
< Il = uollge + IMO)Igz, lluollze < llup = uollgz + Ce* Jluollz:
According to Gronwall lemma, it follows from [@2)) that

1 1 —
1o OI < (166 = wli + 2 ol + Clunketvn(e) ) exp {

ot

Using the hypotheses that

. g2 .
Ell_r% un(e) =0 and il_l’)I(l) llug — wollg2 =0,
we obtain
811_1}(1) ||UE||Loo(R+,L2) =0,
and Theorem [[4]is proved. O
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