
Chapter 4
Non-extremal Black-Hole Solutions
of N = 2, d = 4, 5 Supergravity

Tomás Ortín

4.1 Introduction

Black holes have been intensely studied in the framework of string theory for the last
20 years. They are described by classical solutions of the supergravity theories that
describe effectively the low-energy dynamics of different string compactifications.
Being solutions of theories with local supersymmetry one can distinguish among
them the particular class of those that preserve some unbroken supersymmetries
(called supersymmetric or, less precisely, BPS).

The special properties enjoyed by these black-hole solutions makes them very in-
teresting (they are the ones for which the entropy was first computed by counting their
microstates [1] and they are among those for which there is an attractor mechanism
at work [2–5]) and easier to construct. For instance, it is known how to construct,
systematically, all the black-hole solutions of any theory of ungauged N = 2, d = 4
[6–9]1 and d = 5 [11, 12] supergravity coupled to any number vector supermultiplets
and some general results are also known for higher-N , d = 4 supergravities [13].
Some supersymmetric black-hole solutions of non-Abelian gauged N = 2, d = 4
supergravity are also known in fully analytic form [14–16].

In spite of their interest, non-extremal black-hole solutions of these theories are
much less known. Here we are going to review recent progress in the construction of
non-extremal black holes and branes, particularly in ungauged theories of N = 2,

d = 4 and d = 5 supergravity coupled to vector supermultiplets [17–25].
This progress is based, first of all, in the use of the FGK formalism [26], conve-

niently generalized in [23] to arbitrary spacetime dimension d ≥ 4 and worldvolume
dimension p ≥ 0. Usually, only the results of [26] concerning extremal black holes

1 See also [10] for a review.
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and attractors are used, but the formalism provides a setting which simplifies the task
of finding explicit solutions. We review this formalism in Sect. 4.2.

A second ingredient is the general ansatz for single, static, non-extremal black
holes of N = 2, d = 4, 5 supergravity presented in [19, 20]. This ansatz, which we
review in Sect. 4.3, can be understood as a deformation of the general supersymmetric
solution of [6–9] in which the harmonic functions (traditionally denoted by Hi ) are
replaced by linear combinations of hyperbolic sines and cosines, but the physical
fields have the same form in terms of those functions as they had in terms of the Hi .

Several arguments in support of the generality of this ansatz were given in [19],
but the main assumption that the functional form of the physical fields in terms of the
functions Hi can be given stronger foundations. In [17, 18] for the N = 2, d = 5
case and in [21, 22] for the N = 2, d = 4 case, it was shown that the Hi can
be used as dynamical variables in the reduced action of the FGK formalism. The
change of variables from the physical fields to the Hi assumes the same functional
dependence of the former on the later both for extremal (supersymmetric and non
supersymmetric) and non-extremal black holes, proving the assumption. This allows
the use of these variables in more complex settings, such as rotating black holes or
black-holes in gauged supergravities, as had been observed before.

The use of these variables in combination with the FGK formalism (a combination
that we call H-FGK formalism) simplifies considerably the task of finding general,
explicit extremal and non-extremal solutions and also general results about families
of solutions (see [24] and [25] for the 5- and 4-dimensional cases, respectively), as
we will review in Sect. 4.4.

4.2 FGK Formalism

In this Section we will review the generalization presented in [23] to arbitrary space-
time dimension d ≥ 4 and worldvolume dimension p ≥ 0 of the formalism intro-
duced in [26] for 4-dimensional black holes. The generalization to d ≥ 4 is necessary
to study the black holes of N = 2, d = 5 theories and the generalization to black
p-branes will allow us to study the black string solutions of those theories. The black
holes of N = 2, d = 4 can be obtained by direct dimensional reduction of the
5-dimensional black holes and double dimensional reduction of the black strings,
hence the interest in these objects.

4.2.1 Derivation of the Effective Action

The main ingredients of the FGK formalism are a generic action which can describe
the relevant bosonic sectors of most (or all) the ungauged supergravities and a generic
metric and coordinate choice which can describe the exterior of all the single, static,
black p-brane solutions of those theories. The generic action is then reduced using as
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reduction ansatz the generic metric, which has only one undetermined function that
will remain a variable of the dimensionally reduced equations of motion. The staticity
of the ansatz leaves us with only one parameter on which the physical fields (metric
function plus scalar fields) can depend in the dimensionally reduced equations of
motion. it is, then, possible to find an effective 1-dimensional (mechanical) action
for the remaining variables (which has to be supplemented by a constraint) from
which one can derive the equations of motion and general results concerning the
black p-brane solutions of those theories.

The generic action that we propose is

I[g, AΛ
(p+1),φ

i ] =
∫

dd x
√|g|

{
R + Gi j (φ)∂μφ

i∂μφ j

+ 4 (−1)p

(p+2)! IΛΣ(φ)FΛ
(p+2) · FΣ

(p+2)

}
, (4.1)

where the scalar fields φi parametrize a non-linear σ-model with metric Gi j (φ),
IΛΣ(φ) is a scalar-dependent, negative-definite (kinetic) matrix that describes the
coupling of the scalars to the (p + 1)-forms AΛ

(p+1) to which the p-branes couple
electrically,

FΛ
(p+2)μ1···μp+2

= (p + 2)∂[μ1| AΛ
(p+1) |μ2···μp+2], (4.2)

are their field strengths and we have used the notation

FΛ
(p+2) · FΣ

(p+2) ≡ FΛ
(p+2)μ1···μp+2

FΣ
(p+2)

μ1···μp+2 . (4.3)

We define, as usual, the worldvolume dimension of the dual brane p̃ ≡ d − p −4.
In general p �= p̃ and neither the dual p̃-brane can couple to the (p + 1)-forms
AΛ

(p+1) nor the electric p-branes can couple to the dual ( p̃ + 1)-forms AΛ ( p̃+1).
Thus, the above model is generically sufficient.

However, there are particular cases in which the above model is too simple: when
p = p̃ = (d − 4)/2 one should consider additional terms in the action of the form

+ 4ξ2 (−1)p

(p+2)! RΛΣ(φ)FΛ
(p+2) · �FΣ

(p+2). (4.4)

Here RΛΣ(φ) is a scalar-dependent matrix such that

RΛΣ = −ξ2 RΣΛ, (4.5)

where
ξ2 ≡ �2 = −(−1)d/2 = (−1)p+1, (4.6)

and � is the operator that relates (p + 2)-form field strengths to their ( p̃ + 2)-form
Hodge duals. In these cases our ansatz must take into account that the same brane
can also be magnetically charged i.e. they can be dyonic.
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There is yet another particular case: when d = 4n + 2 the dyonic branes can also
be self- or anti-self-dual because the (p + 2)-form field strengths can also be self- or
anti-self-duals. When this is the case, the electric and magnetic charges must be equal
up to a sign that depends on the self- or anti-self-duality and on the conventions used.

The second ingredient mentioned at the beginning of this section is a generic
ansatz for the metric of charged, static, flat2, black p-brane in d = p + p̃ + 4
dimensions, with a transverse radial coordinate ρ chosen in such a way that the event
horizon is at ρ → ∞.

We have arrived at this ansatz3 by studying (see the Appendix in Ref. [23]) the
metrics of well-known families of p-brane solutions, such as those originally found
in Ref. [28] and reproduced in Ref. [29] whose conventions and notations we follow
here.

The ansatz depends on two independent functions of the radial (in the ( p̃ + 3)-
dimensional transverse space) coordinate ρ Ũ (ρ) and W (ρ) to be found by solving the
equations of motion and a “background” metric in the ( p̃+3)-dimensional transverse
space γ( p̃+3) mn which has the fixed form

γ( p̃+3) mndxmdxn =
(

ω/2

sinh
(
ω
2 ρ

)
) 2

p̃+1

⎡
⎣

(
ω/2

sinh
(
ω
2 ρ

)
)2

dρ2

( p̃ + 1)2 + dΩ2
( p̃+2)

⎤
⎦,

(4.7)

where, dΩ2
( p̃+2)

is the metric of the round ( p̃ + 2)-sphere of unit radius and ω is
the non-extremality parameter, denoted by r0 in the 4-dimensional case considered
in Refs. [19, 26].4 Furthermore, the worldvolume of the p-brane is parametrized by
the time coordinate t and the p spacelike coordinates (y1, · · · , y p) that we denote
collectively by y(p).

With all these elements, the generic metric takes the form

ds2
(d) = e

2
p+1 Ũ

[
W

p
p+1 dt2 − W − 1

p+1 dy 2
(p)

]
− e− 2

p̃+1 Ũ
γ( p̃+3) mndxmdxn . (4.8)

Some comments are in order. First, observe that this metric reduces in the p =
0 case to the metrics used in d = 4 and arbitrary d-dimensional black holes in
Refs. [20, 26] respectively (W disappears and Ũ is just U in the notation used in those
references). Secondly, observe that, for general values of p, we have two independent
functions Ũ and W instead of just one, as in the black-hole case which should be
recovered after dimensional reduction. the presence of W cannot be “gauged away”:
while it is possible to redefine Ũ and the transverse metric γ( p̃+3) mn so as to totally
absorb W in some components of the metric, it is not possible to do it simultaneously
in all of them.

2 By this we mean that the metric of the spatial part of its worldvolume is Euclidean. As we are
going to see, the metric of the full worldvolume is not flat.
3 This metric has also been derived from the equations of motion in Refs. [27].
4 In higher dimensions ω is not a length, hence the change in notation.
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Although the presence of one additional independent function is somewhat un-
expected, is should be clear that there is nothing wrong with using it as long as we
perform the reduction substituting the ansatz for the metric directly in the equations
of motion. The reduced equations of motion will then tell us whether we have two
independent functions or just one and what is the relation between them in the second
case. We will also use normalization and regularity conditions to further constrain
these functions.

The ansatz for (p+1)-form potentials AΛ
(p+1) for electrically-charged p-branes is

AΛ
(p+1) t y1···yp

= ψΛ(ρ), (4.9)

(all the other components vanish).
In the particular case p = p̃ = (d − 4)/2, in which the branes can also be mag-

netically charged with respect to the dual (magnetic) (p + 1)-form potentials that
we are going to denote by A(p+1) Λ, we have to start by giving a proper definition of
these dual potentials. The starting point are the equations of motion of the electric
(p + 1)-form potentials which are the only ones that appear in the original action
Eq. (4.1). As mentioned before, in this particular case the action has to be supple-
mented by the term in Eq. (4.4). Taking all this into account the equations of motion
can be written as

dG(p+2) Λ = 0, (4.10)

where the (p + 2)-form G(p+2) Λ (magnetic field strengths) is defined by

G(p+2) Λ ≡ RΛΣ FΣ
(p+2) + IΛΣ � FΣ

(p+2). (4.11)

As it is well known, these differential equations imply the local existence of the
magnetic (p + 1)-form potentials A(p+1) Λ satisfying

G(p+2) Λ = d A(p+1) Λ. (4.12)

Then, in this particular cases, we also make the following ansatz for the magnetic
potentials

A(p+1) Λ t y1···yp = χΛ(ρ). (4.13)

This ansatz implies that some of the spatial components of the electric potentials
AΛ

(p+1) do not vanish and, actually, have complicated dependencies on the angular
coordinates of the transverse (p + 2) sphere. The magnetic potentials codify very
efficiently these complicated dependencies and their use (the relevant spatial com-
ponents of the electric potentials can be expressed quite easily in terms of the time
component of the magnetic ones in the static case that we are considering) simplifies
the reduction of the equations of motion.

It is convenient to arrange all the electric and magnetic (p+2)-form field strengths
and electrostatic and magnetostatic potentials into single vectors whose components
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are labeled by M, N , . . .

(
F M

)
≡

(
FΛ

GΛ

)
,

(
Ψ M

)
≡

(
ψΛ

χΛ

)
. (4.14)

In terms of the vector of field strengths so the Bianchi identities and Maxwell
equations can be written as

dF M = 0, (4.15)

which is covariant under linear transformations(
F ′
G ′

)
=

(
A B
C D

) (
F
G

)
, (4.16)

where A, B, C, D are constant matrices, but not all of them are consistent with
the definition of the magnetic field strengths in terms of the electric ones Eq. (4.12).
This definition must be preserved by the linear transformations if they are going to
be symmetries of the equations of motion of the theory and this requires that the
scalar-dependent matrices R, I transform according to

N ′ = (C + DN ) (A + B N )−1 , (4.17)

where we have defined the matrix N by

N ≡ R + ξ I. (4.18)

In d = 4 ξ = i and NΛΣ ≡ NΛΣ is the complex period matrix.
On the other hand, using the above-defined vectors, the contribution of the (p + 1)-

form potentials to the energy-momentum tensor can be written in the compact form

ΩM N � F M
μα1···αp+1F N

ν
α1···αp+1 , (4.19)

where
(ΩM N ) ≡

(
0 I

ξ2
I 0

)
, (4.20)

plays the rôle of a metric that we will use to raise and lower M, N indices. This
implies that, in order to preserve the Einstein equations, the linear transformations of
the n electric and n magnetic field strengths must be restricted to the group O(n, n)

when ξ2 = +1 and to the group Sp(2n + 2, R) when ξ2 = −1 (in particular, for
d = 4 dimensions).

There is an alternative expression for this contribution to the energy-momentum
tensor which turns out to be very useful when we perform the reduction of the Einstein
equations with the above ansatz:

MM N (N )F M
μα1···αp+1F N

ν
α1···αp+1 , (4.21)
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where the symmetric matrix MM N (N ) is given by

(MM N (N )) ≡
⎛
⎝ I − ξ2 RI −1 R ξ2 RI −1

−I −1 R I −1

⎞
⎠,

(MM N (N )
) =

⎛
⎝ I −1 −ξ2 I −1 R

RI −1 I − ξ2 RI −1 R

⎞
⎠ = (MN P (N ))−1.

(4.22)

These formulae are only relevant in the particular case p = p̃ = (d − 4)/2.
However, we can use them in any dimension including the additional terms (matrix
RΛΣ , magnetic charges pΛ etc.) in the understanding that they vanish whenever the
condition is not satisfied (and RΛΣ = pΛ = 0).

The last piece of our ansatz is the assumption that the scalar fields φi only depend
on the radial coordinate ρ.

Plugging this ansatz into the equations of motion derived from the action Eq. (4.1)
supplemented by the term in Eq. (4.4) we get five sets of equations for Ũ , W , the
potentials Ψ M and the scalars φi . We consider first the following two equations:

d2 ln W

dρ2 = 0, (4.23)

d

dρ

[
e−2Ũ MM N Ψ̇ N

]
= 0. (4.24)

(overdots denoting derivatives w.r.t. ρ) that can be integrated immediately. The result
is, normalizing W (0) = 1 at spatial infinity, introducing the integration constants γ
and QM , and the normalization constant α

W = eγρ, (4.25)

Ψ̇ M = αe2Ũ MM N QN . (4.26)

The constants QM are, up to the global normalization represented by the constant
α, just the electric and magnetic charges of the dyonic p-brane with respect to the
(p + 1)-form potentials

QM ∼
∫

S p̃+2
�MM N F N , (QM ) ≡

(
pΛ

qΛ

)
, QM ≡ ΩM N QN . (4.27)

With W = eγρ the metric ansatz takes the form

ds2
(d) = e

2
p+1 Ũ

[
e

p
p+1 γρdt2 − e− 1

p+1 γρdy 2
(p)

]
− e− 2

p̃+1 Ũ
γ( p̃+3) mndxmdxn, (4.28)
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and only depends on one undetermined function, Ũ , as expected. It, however, depends
on two constants, ω and γ which are, a priori, independent. We only expect one
constant in the metric (since we should be able to reduce it to a black-hole’s) and,
actually, we can eliminate one of them by requiring the regularity of the black brane’s
horizon.

Let us study the near-horizon limit of the above metric. In this limit, the angular
part of the transverse metric behaves as

∼e
1

p̃+1ωρ(−ω)
2

p̃+1 dΩ2
( p̃+2), (4.29)

which means in that black p-branes with regular horizons Ũ must behave as

Ũ ∼ C + ω

2
ρ, (4.30)

for the angular part of the complete metric to be regular in that limit. Defining the
entropy density by unit (world-) volume S̃ by

S̃ ≡ Ah ( p̃+2)

ω( p̃+2)

, (4.31)

where Ah ( p̃+2) is the volume of the ( p̃ + 2)-dimensional constant worldvolume
sections of the horizon and ω( p̃+2) is the volume of the round ( p̃ + 2)-sphere of unit
radius5 we find that the above behavior of Ũ leads to the entropy density

S̃ =
(
−e−Cω

) p̃+2
p̃+1

, ⇒ eC = −ω S̃− p̃+1
p̃+2 . (4.32)

Then, in order for the worldvolume metric to be regular in this limit, Ũ and W
must behave as6

eŨ ∼ (−ω)S̃− p̃+1
p̃+2 e

ω
2 ρ, W ∼ eωρ, (4.33)

where have chosen arbitrarily a normalization constant. Since we have just seen that
W = eγρ, we conclude that in black branes with regular horizons ω = γ and the
general metric for regular p-branes is, therefore, given by

ds2
(d) = e

2
p+1 Ũ

[
e

p
p+1ωρdt2 − e− 1

p+1ωρdy 2
(p)

]
− e− 2

p̃+1 Ũ
γ( p̃+3) mndxmdxn . (4.34)

We can now consider the near-horizon limit of the time-radial part of general
metric and find that it can always (for ω �= 0) can be brought into the Rindler-like
form

5 Not to be mistaken for the non-extremality parameter ω.
6 This is true for ω �= 0. The near-horizon behavior for ω = 0 is given by Eq. (4.46).
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∼e
2

p+1 C exp

(
− ( p̃ + 1)eCc

(−ω)
1

p̃+1




) [
dt2 − d
2

]
= e− 4π

β ρ
[
dt2 − d
2

]
, (4.35)

where

c ≡ d − 2

(p + 1)( p̃ + 1)
, (4.36)

and the inverse temperature is

β = 4π(−ω)
1

p̃+1

( p̃ + 1)eCc
. (4.37)

This result for the temperature and the above result for the entropy density lead
to the following relation between them and the non-extremality parameter

(−ω)
1

p+1 = 4π
p̃+1 T S̃

(d−2)
(p+1)( p̃+2) , (4.38)

which generalizes the relation obtained in Ref. [30] for 4-dimensional black holes
and justifies in part the definition of the extremality parameter since it shows that ω
will vanish whenever the brane’s temperature vanishes if the entropy density does
not diverge in this limit.

We can use the first integrals of the two equations of motion above to eliminate
W and Ψ M (which only occurs through Ψ̇ M ) from the remaining three equations of
motion, which only involve the variables Ũ and φi and take the form:

¨̃U + e2Ũ VBB = 0, (4.39)

φ̈i + Γ jk
i φ̇ j φ̇k + d−2

2( p̃+1)(p+1)
e2Ũ∂i VBB = 0, (4.40)

(
˙̃U )2 + (p+1)( p̃+1)

d−2 Gi j φ̇
i φ̇ j + e2Ũ VBB = (ω/2)2, (4.41)

where Γ jk
i (φ) are the components of the Levi-Civita connection of the scalar metric

Gi j (φ), we have defined the negative semidefinite black-brane potential (a general-
ization of the black-hole potential of Ref. [26])

VBB(φ,Q) ≡ 2α2 (p+1)( p̃+1)
(d−2)

MM N QMQN . (4.42)

The first two equations of motion can be derived from the effective action

I[Ũ ,φi ] =
∫

dρ
{
(

˙̃U )2 + (p+1)( p̃+1)
d−2 Gi j φ̇

i φ̇ j − e2Ũ VBB + B̂2
}
. (4.43)
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The third equation is the Hamiltonian constraint (which follows from theρ-independence
of the Lagrangian) with a particular value for the integration constant related to the
non-extremality parameter and the integration constant γ.

Let us summarize the results of this section. We have shown that we can use
consistently the ansatz

ds2
(d) = e

2
p+1 Ũ

[
e

p
p+1ωρdt2 − e− 1

p+1ωρdy 2
(p)

]
− e− 2

p̃+1 Ũ
γ( p̃+3) mndxmdxn .

AM
(p+1) = Ψ M (ρ) dt ∧ dy1 ∧ · · · ∧ dy p, Ψ̇ M = αe2Ũ MM N QN ,

φi = φi (ρ), (4.44)

where Ũ is a function of ρ; γ,QM are constants and γ( p̃+3) mn is the transverse space
metric given in Eq. (4.8) to describe flat, static, regular black-brane solutions of the
theories defined by generic family of actions Eq. (4.1). We have also shown that the
above ansatz gives these theories if Eqs. (4.39–4.41) are satisfied.7

4.2.2 FGK Theorems for Static Flat Branes

The formalism presented in the previous section can be used t derive generalizations
of the results obtained in Refs. [20, 26] for black holes.

Let us first consider extremal black branes ω = 0. The general form of their
metrics can be obtained by taking the ω −→ 0 limit of the general metric Eq. (4.34):

ds2
(d) = e

2Ũ
p+1

[
dt2 − dy2

(p)

]
− e− 2Ũ

p̃+1

ρ
2

p̃+1

[
1

ρ2

dρ2

( p̃ + 1)2 + dΩ2
( p̃+2)

]
. (4.45)

For the near-horizon (ρ → ∞) limit of this metric to be regular, Ũ must behave as

eŨ ∼ S̃− p̃+1
p̃+2 ρ−1, (4.46)

where S̃ is the entropy density per unit worldvolume defined in Eq. (4.31). Therefore,
the near-horizon limit of Eq. (4.45) is the metric of the direct product Ad Sp+2×S p̃+2,

both with radii equal to S̃
1

p̃+2 :

7 The same result can be obtained by reducing first the action Eq. (4.1) to (d − p) = ( p̃ + 4)

dimensions in such a way that the action only contains the Einstein-Hilbert term, scalars and
1-forms and then by using the FGK formalism of Ref. [20] for d-dimensional black holes (p = 0).
See the Appendix in Ref. [19].
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ds2
(d) = ρ

−2
p+1 S̃− 2( p̃+1)

(p+1)( p̃+2)

[
dt2 − dy2

(p)

]
− S̃

2
p̃+2

[
1

ρ2

dρ2

( p̃ + 1)2 + dΩ2
( p̃+2)

]
.

(4.47)

To make further progress we need to impose a regularity condition on the scalars
which generalizes the one used in Ref. [26] for 4-dimensional black holes. We require
that

lim
ρ→∞

(p + 1)( p̃ + 1)

d − 2
Gi j φ̇

i φ̇ j e2Ũρ4 ≡ X < ∞. (4.48)

from which it follows that the near-horizon limit ρ → ∞ of Eq. (4.41) (the Hamil-
tonian constraint) is

1 + X S̃
2( p̃+1)

p̃+2 + S̃− p̃+1
p̃+2 VBB(φH ,Q) = 0. (4.49)

Assuming that the near-horizon limit is regular, which implies that the entropy density
S̃ does not vanish and that the values of the scalars on the horizon φi

h do not diverge
φi

h < ∞ so

lim
ρ→∞ ρ

dφi

dρ
= 0, ∀i, (4.50)

then it can be shown that
X = 0, (4.51)

and from Eqs. (4.49) and (4.51) we obtain

S̃ = [−VBB(φh,Q)]
p̃+2

2( p̃+1) , (4.52)

so the entropy of an extremal brane is given by (a power of) the value of the black-
brane potential at the horizon.

Furthermore, under the same assumptions, we deduce, from the near-horizon limit
of the equations of the scalars, that the values of the scalars on the horizon φi

h are
such that

Gi j (φh)∂i VBB(φh,Q) = 0, (4.53)

and, if the metric of the scalar manifold Gi j is regular and the values of the scalars
on the horizon are admissible so Gi j (φh) is also regular, then

∂i VBB(φh,Q) = 0, (4.54)

which generalizes the usual attractor mechanism for static extremal black holes to
the case of static extremal flat branes.
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We would like to stress the fact that the black-brane potential on the horizon does
not depend on the moduli (the asymptotic values of the scalars at spatial infinity)
even if the values of the scalars on the horizon do (which is what happens in general.8

Finally, if we consider the Hamiltonian constraint Eq. (4.41) at spatial infinity
(ρ → 0+) we obtain the generalization of the so-called extremality (or antigravity)
bound for black holes

ũ2 + (p + 1)( p̃ + 1)

d − 2
Gi j (φ∞)Σ iΣ j + VB B(φ∞,Q) = (ω/2)2, (4.55)

where Σ i are the scalar charges and we have defined the constant

ũ = −Ũ ′(0). (4.56)

This constant is a combination of the black p-brane’s tension Tp and the non-
extremality parameter ω. The relation comes from the definition of the brane’s
tension:

Tp = − 1

(p + 1)( p̃ + 2)

[
(d − 2)ũ + p( p̃ + 1)ω/2

]
, (4.57)

Then, the brane’s antigravity bound differs from the black hole’s by terms pro-
portional to pω which vanish in the black-hole case p = 0.

4.2.3 Inner Horizons

The general metric Eq. (4.34) is designed to cover the exterior of the black brane’s
event horizon. In general, though, we expect charged black branes to have two hori-
zons that will coincide in the extremal limit, as it happens for charged black holes.
The inner horizon, which appears as another place at which the gt t component van-
ishes, is not an event horizon. In the 4-dimensional Reissner-Nordström black hole,
which is the best studied example, the inner horizon is actually a Cauchy horizon.

In Ref. [19] it was shown that, in the 4-dimensional black-hole case (p = 0) the
same general metric covers the interior of the inner horizon (the region between the
curvature singularity and the inner horizon) for the range of the radial coordinate9

8 Only the supersymmetric attractors, that is, r the values of the scalars of supersymmetric black-
brane solutions, are guaranteed to depend only on the charges. The general situation for extremal
non-supersymmetric black branes is that the scalars on the horizon keep some dependence on their
values at spatial infinity. This situation is sometimes referred to as the existence of a moduli space of
attractors parametrized by some numbers whose physical meaning (i.e. their expressions in terms
of the physical constants) is seldom given in the literature. These parameters are functions of the
moduli, as shown explicitly in the CP

n
model studied in [19].

Of course, there are some moduli-independent non-supersymmetric attractors but it is important
to realize that this is what happens in general.
9 In that reference the coordinate used was τ = −ρ.
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ρ ∈ (−∞, ρsing), where ρsing denotes the location of the curvature singularity and
the inner horizon is placed at ρ = −∞.

In the 5-dimensional black-hole case studied in Ref. [20] it was observed that the
general metric Eq. (4.34) is not well defined for negative values of ρ, from which it
was concluded that the same metric could not cover the interior of the inner horizon.
However, as it has been realized in Ref. [24], one can obtain from a metric of the form
Eq. (4.34), regular for ρ ∈ (0,+∞) and covering the exterior of the black brane’s
event horizon, another metric by the simple transformation10

ρ −→ −
, e−Ũ (ρ) −→ −e−U (−
). (4.58)

The new metric has the same general form, but describes the interior of the inner
horizon for 
 ∈ (
sing,+∞). Observe that, if the original function e−Ũ is always
finite11 for positive values of ρ, the transformed metric will generically hit a singular-
ity before 
 reaches 0 because, after the transformation, eŨ one will have a zero for
some finite positive value of 
, as the explicit examples worked out in the references
show.

The reasons to believe that the transformed metric is the metric that covers the
interior of the horizon of the same black-brane spacetime are the same that make us
believe that the region covered by standard Reissner-Nordström metric for r < r−
corresponds to the interior of the black hole whose exterior is described by that metric
for r > r+. Since the Reissner-Nordström metric is singular at r = r+ and r = r−,
the standard solution is actually giving us three different metrics which we interpret
as covering three different regions of the same black-hole spacetime.

The upshot of this discussion is that the above transformation will allow us to
compute the “temperature” and “entropy” of the inner horizon and check the geo-
metric mean property. This property has been observed to hold for many different
solutions and it has been proven for the charged, rotating, asymptotically flat or
anti-De Sitter black-hole solutions of a wide class of theories in [31], following ear-
lier work [32–36].12 The property consists in the mass-independence (and moduli-
independence, when there are scalars present in the theory) of the product of the
“entropies” of all the horizons of a black-hole solution. In the asymptotically-flat
cases that we are considering, in which the solutions usually have only two horizons,
if we denote by S̃+ the entropy density of the outer (event) horizon by S̃− the entropy
density of the inner (Cauchy) horizon, the geometry mean property says that S̃+ S̃− is
mass and moduli-independent, which means that it only depends on the electric and
magnetic charges, which are quantized. This implies that the product only depends
on integer numbers, which is a very suggestive property of entropy-related quantities.

10 It would be stressed that this a transformation that relates solutions, and not a coordinate trans-
formation.
11 In the construction of the solution this is achieved by requiring the positivity of certain constants
that appear in it, such as the mass or the entropy.
12 A related result valid for horizons of arbitrary topology has been recently found in [37].
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4.2.4 FGK Formalism for the Black Holes of N = 2, d = 5
Theories

Let us see how the general formalism developed in the previous sections works in the
particular case of the black-hole solutions of theories of N = 2, d = 5 supergravity
coupled to vector supermultiplets Refs. [38, 39]. We will use the conventions of
Refs. [40, 41].

For black-hole solutions (which will only be electrically charged with respect to
the vector fields) we can safely ignore the Chern-Simons term in the bosonic action
and work with

I[gμν, AI
μ,φ

x ] =
∫

d5x
{

R + 1
2gxy∂μφ

x∂μφy − 1
8 aI J F I

μνF J μν
}
, (4.59)

where I, J = 0, 1, · · · , n and x, y = 1, · · · , n. The scalar target spaces are deter-
mined by the existence of n + 1 functions hI (φ) of the n physical scalars φx subject
to the constraint

CI J K hI h J hK = 1, (4.60)

where CI J K is a completely symmetric constant tensor that defines the model. These
functions, like the vector fields themselves, transform linearly under the duality
group, which must be embedded in SO(n + 1), while the physical scalars transform
non-linearly, in general. This helps to make the symmetry manifest and it is the main
reason why these objects (like the symplectic section of the theories of N = 2, d = 4
supergravity coupled to vector supermultiplets) are introduced.

We also define

hI ≡ CI J K h J hK (so hI h I = 1), (4.61)

aI J ≡ −2CI J K hK + 3hI h J . (4.62)

aI J can be used to raise and lower the index of the functions hI , hI and its derivatives

hI
x ≡ −√

3∂x h I , hI x ≡ aI J h J = +√
3∂x h I . (4.63)

These are orthogonal which are orthogonal to the hI with respect to the metric aI J :

hI h I x = hI h I
x = 0. (4.64)

Finally, the target-space metric is related to the matrix aI J by

gxy ≡ aI J h I
x h J

y, (4.65)

which leads to
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aI J = hI h J + gxyh I
x h J

y . (4.66)

The general FGK formalism constructed in the previous section leads, for this
particular case and conventions to the general metric (Ũ → U )

ds2 = e2U dt2 − e−U

(
ω/2

sinh
(
ω
2 ρ

)
) ⎡

⎣
(

ω/2

sinh
(
ω
2 ρ

)
)2

dρ2

4
+ dΩ2

(3)

⎤
⎦, (4.67)

the effective action

I[U,φx ] =
∫

dρ
{
(U̇ )2 + 1

3gxyφ̇
x φ̇y − e2U Vbh

}
, (4.68)

and the Hamiltonian constraint becomes

(U̇ )2 + 1
3gxyφ̇

x φ̇y + e2U Vbh = (ω/2)2, (4.69)

where the black-brane potential (renamed here black-hole potential) is given by13

−Vbh(φ, q) = aI J qI qJ = Z2
e + 3gxy∂xZe∂yZe, (4.70)

where
Ze(φ, q) ≡ hI (φ)qI , (4.71)

is the (electric) black-hole central charge and we have used Eq. (4.65).
A special feature of the FGK formalism for this and other supergravity theories

is that the black-brane potential can be written in terms of central charges and that
one can prove that the black-brane potential is extremized when the central charge
is also extremized:

∂xZ|φh = 0, ⇒ ∂x Vbh|φh = 0. (4.72)

The converse is not true. The extrema of the central charge are the supersymmetric
attractors, the values towards which the scalar fields are attracted when we approach
the horizon of supersymmetric extremal black holes.

In some cases the black-hole potential can be written in a similar fashion for
other functions of the scalars and charges called superpotentials in the literature.
the extremization of these superpotentials also leads to the extremization of the
black-hole potential, but the extrema are not the supersymmetric attractors and it is
not guaranteed that they will only be functions of the charges, as discussed before.
Extremal non-supersymmetric black holes are related to these superpotentials, as we
will discuss later.

13 We have chosen, for convenience, the normalization α2 = 3/32.
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4.2.5 FGK Formalism for the Black Strings of N = 2, d = 5
Theories

The theories of N = 2, d = 5 supergravity coupled to vector supermultiplets
also admit black string solutions charged with respect to the 2-forms BI μν dual to
the vector fields AI

μ. Due to the Chern-Simons term, it is not possible to dualize
completely the action, replacing everywhere the vectors by the 2-forms. However,
for purely magnetic (string) solutions, electrically charged only with respect to the
2-forms, the Chern-Simons term is, again, irrelevant, and one can work with the
bosonic action

I =
∫ √

g
{

R + 1
2gxy∂μφ

x∂μφy + 1
2·3!a

I J G IμνκGμνκ
J

}
, (4.73)

where G I = d BI . Observe that the kinetic matrix is in this case the inverse of the
kinetic matrix of the black-hole case.

The general formalism can be applied straightforwardly and we arrive to the
general for of the metric for non-extremal black strings (d = 5, p = 1)

ds2 = eŨ
[
e
ω
2 ρdt2 − e− ω

2 ρdy2
]
− e−2Ũ

(
ω/2

sinh
(ω

2 ρ
)
)2

⎡
⎣

(
ω/2

sinh
(ω

2 ρ
)
)2

dρ2 + dΩ2
(2)

⎤
⎦,

(4.74)
to the effective action

I[Ũ ,φx ] =
∫

dρ
{
(

˙̃U )2 + 1
3gxyφ̇

x φ̇y − e2U Vst

}
, (4.75)

plus the Hamiltonian constraint

˙̃U 2 + 1
3gxyφ̇

x φ̇y + e2U Vst = (ω/2)2, (4.76)

where we have defined the black-string potential as

−Vst(φ, p) ≡ aI J pI pJ = Z2
m + 3∂xZm∂

xZm. (4.77)

Here we have introduced the (magnetic) string central charge

Zm(φ, p) = hI (φ)pI , (4.78)

which for supersymmetric extremal strings plays the same rôle as the electric one
plays for supersymmetric extremal black holes.
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4.2.6 FGK Formalism for N = 2, d = 4 Theories

The black-hole solutions of the theories of ungauged N = 2, d = 4 supergravity
coupled to n vector supermultiplets14 have been the ,most studied of all. As mentioned
above, they can be electric and magnetically charged with respect to the n̄ = n + 1
vector fields AΛ

μ, Λ = 0, 1, . . . , n, and the n complex scalars of these theories,
denoted by Zi , i = 1, . . . , n, which parametrize a special Kähler manifold with
Kähler metric Gi j∗ = ∂i∂ j∗K, where K(Z , Z∗) is the Kähler potential, can have
non-trivial profiles.

The bosonic action of these theories is always of the form

I =
∫

d4x
√|g|

{
R + 2Gi j∗∂μZi∂μZ∗ j∗

+ 2�mNΛΣ FΛ
μνFΣ μν − 2�eNΛΣ FΛ

μν � FΣ μν
}
,

(4.79)

where NΛΣ(Z , Z∗) is the period matrix mentioned before and which is related to
the Kähler metric by the structure of special Kähler geometry.

The general form of the black-hole metrics of these theories is (Ũ → U )

ds2 = e2U − e−2U

(
ω/2

sinh
(
ω
2 ρ

)
)2

⎡
⎣

(
ω/2

sinh
(
ω
2 ρ

)
)2

dρ2 + dΩ2
(2)

⎤
⎦, (4.80)

the effective action takes the form

I[U, Zi ] =
∫

dρ
{
(U ′)2 + Gi j∗ Ż i Ż∗ j∗ − e2U Vbh

}
, (4.81)

and the Hamiltonian constraint is given by

(U̇ )2 + Gi j∗ Ż i Ż∗ j∗ + e2U Vbh = (ω/2)2. (4.82)

In these theories the black-hole potential takes the simple form

−Vbh(Z , Z∗,Q) = |Z|2 + Gi j∗DiZD j∗Z∗, (4.83)

where

Z = Z(Z , Z∗,Q) ≡ 〈V | Q〉 = −V MQN ΩM N = pΛMΛ − qΛLΛ, (4.84)

14 For more information on these theories see, for instance, Ref. [42], the review [43], and the
original works [44, 45].
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is the central charge of the theory, (V M ) =
(LΛ

MΛ

)
is the covariantly holomorphic

symplectic section, (ΩM N ) =
(

0
− 0

)
is the symplectic metric, and

DiZ = e−K/2∂i

(
eK/2Z

)
, (4.85)

is the Kähler-covariant derivative.
The supersymmetric attractors of these theories extremize the absolute value of

the central charge
∂i |Z||Zh

= 0. (4.86)

4.3 General Solutions and General Ansatzs

The general ansatzs that we are going to use to construct non-extremal black-hole
solutions are based on the structure of the supersymmetric extremal ones which are
been found in full generality for theories of N = 2, d = 4, 5 supergravity coupled
to vector supermultiplets using the method pioneered by Tod [46, 47]. Therefore, we
are going to start by reviewing them.

4.3.1 General Supersymmetric Solutions

Black Holes of N = 2, d = 5

All the supersymmetric solutions of the theories of ungauged N = 2, d = 5
supergravity coupled to vector supermultiplets only15 were found in Refs. [11, 12]
We use here the conventions and prescription of Ref. [40], specializing it for the
static case.

The supersymmetric, extremal, static black-hole solutions of these theories with
n vector supermultiplets are constructed as follows:

1. With the metric function eU and the scalar functions hI we define the n̄ = n + 1
combinations

HI (ρ) ≡ e−U hI . (4.87)

2. These combinations are single-pole harmonic functions in the 4-dimensional
transverse space of the general extremal metric Eq. (4.45) which we rewrite here

15 These results have been extended to theories with hypermultiplets and tensor multiplets in
Refs. [40, 48, 49] but these only include regular black-hole solutions when the additional fields
vanish and, therefore, we will not consider them here.
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for convenience16 for d = 5, p = 0 (Ũ → U ):

ds2 = e2U dt2 − e−U 1

ρ

[
1

4ρ2 dρ2 + dΩ2
(3)

]
. (4.88)

In other words: they are linear functions of the radial coordinate ρ:

HI = AI + BIρ, (4.89)

for some constants AI , BI .
3. The solutions are completely determined by these harmonic functions. All the

physical fields can be constructed in terms of them:

(a) The vector field strengths are given by

F I = −√
3d(eU hI ) ∧ dt (4.90)

from which one can identify (in the same normalization we have chosen
before) the coefficients BI with the electric charges qI :

BI = qI . (4.91)

This identification is an important part of the structure of the supersymmetric
extremal solutions of these theories.

(b) The scalar fields can be written, for instance, in the form

φx = hx/h0 = Hx/H0. (4.92)

(c) In order to write the metric in terms of the harmonic functions we first need
to solve the (5-dimensional equivalent of the) stabilization equations, i.e.
we need to find how to write the hI in terms of the hI and, therefore, in terms
of the HI and eU . Then, the constraint CI J K hI h J hK = 1 gives a relation
between eU and the harmonic functions,

eU (H)

which we will describe in detail when we review the H-FGK formalism.

4. The expressions of the physical fields can be use to determine completely the
constants AI in terms of their asymptotic values (basically only the moduli since
the metric function is normalized to 1 at spatial infinity), as explained in Ref. [24].

16 The change ρ = r−2 brings the metric to the standard form.
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Black Strings of N = 2, d = 5

The supersymmetric, extremal, static black-string solutions of these theories with n
vector supermultiplets are constructed following a very similar recipe [12, 48, 50]:

1. With the metric function eU and the scalar functions hI we define the n̄ = n + 1
combinations

K I (ρ) ≡ e−U hI . (4.93)

2. These combinations are single-pole harmonic functions in the 3-dimensional
transverse space of the general extremal metric Eq. (4.45) which we rewrite here
for convenience17 for d = 5, p = 1 (Ũ → U ):

ds2 = eU [dt2 − dy2] − e−2U 1

ρ2

[
1

ρ2 dρ2 + dΩ2
(2)

]
. (4.94)

In other words: again, they are linear functions of the radial coordinate ρ:

K I = AI + B Iρ, (4.95)

for some constants AI , B I .
3. The solutions are completely determined by these harmonic functions. All the

physical fields can be constructed in terms of them:

(a) The field strengths are given by

F I = √
3 �(3) d H I . (4.96)

from which one can identify the coefficients B I with the magnetic charges
(the electric charges of the dual field strengths) pI :

B I = pI . (4.97)

Again, this identification is a feature of the supersymmetric extremal solu-
tions.

(b) The scalar fields can be written as in the black-hole case, which requires that
we solve the stabilization equations, or we can use a different parametrization
f the scalar manifold and write

φx = hx/h0 = K x/K 0. (4.98)

(c) The metric function eU is found by substituting the definition of the variables
K I in the constraint CI J K hI h J hK = 1, which yields

17 The change ρ = r−1 brings the metric to the standard form.
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e−3U (K ) = CI J K K I K J K K . (4.99)

4. The expressions of the physical fields can be use to determine completely the
constants AI in terms of their asymptotic values (basically only the moduli since
the metric function is normalized to 1 at spatial infinity (ρ = 0)):

φx∞ = Ax/A0, e−3U (A) = 1, (A0)−3 = e−3U (A/A0) = e−3U (φ∞),

(4.100)
where we defined, for convenience φ0 ≡ 1. Then

A0 = eU (φ∞), Ax = φx∞eU (φ∞). (4.101)

Black Holes of N = 2, d = 4

All the timelike18 supersymmetric solutions of the most general, gauged matter-
coupled theories have been classified in Refs. [9, 14–16, 46, 51–54]. The supersym-
metric extremal black holes of the ungauged theories19 were constructed in [6–9]
and we are going to give the recipe of Ref. [9] to construct the static ones: all the
supersymmetric solutions of a theory of N = 2, d = 4 supergravity coupled to
vector supermultiplets and defined by the covariantly-holomorphic section V M can
be constructed as follows:

1. We introduce an auxiliary function of Kähler weight 1 (like V) which, as we will
see later (and we can safely ignore here) is related to the metric function eU by
e2U = 2|X |2.

2. We define the Kähler-neutral real symplectic vectors RM and IM

RM + iIM ≡ V M/X. (4.102)

No Kähler gauge-fixing are necessary with this construction.
3. The components of IM are real functions H M which are single-pole harmonic

functions in the 3-dimensional transverse space of the general extremal metric
Eq. (4.45) which we rewrite here for convenience20 for d = 4, p = 0 (Ũ → U ):

ds2 = e2U dt2 − e−2U 1

ρ2

[
1

ρ2 dρ2 + dΩ2
(2)

]
. (4.103)

18 These are the supersymmetric solutions such that the vector constructed as a bilinear from its
Killing spinor is timelike. In particular, it is a timelike Killing vector. The other possible class is
the null class. The supersymmetric extremal black-hole solutions belong to the timelike class.
19 In the gauged theories there are asymptotically-Ad S black holes [55] and also asymptotically-
flat, regular black holes with non-Abelian hair [14–16], but here we are not going to consider these
cases.
20 The change ρ = r−1 brings the metric to the standard form.
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Yet again, they are linear functions of the radial coordinate ρ:

H M = AM + B Mρ, (4.104)

for some constants AM , B M .
4. In this case, the constants must satisfy the constraint

AM BM = 〈 A | B〉 = 0. (4.105)

This constraint is equivalent to the requirement that there is no NUT charge [56].
A solution with NUT charge is, first of all, not static, and second of all, it would
generically have either singularities or closed timelike curves.

5. The solutions are completely determined by these harmonic functions. All the
physical fields can be constructed in terms of them. The construction requires
finding the RM s in terms of the IM s, and, hence, of the harmonic functions H M .
This is always possible due to the redundancy of the description provided by V
which implies the existence of relations between Rs and Is known as stabilization
equations. These h may be very difficult to solve in practice.

(a) The vector field strengths are given by

F M = −√
2d(RM |X |2) ∧ dt − √

2|X |2 � (dt ∧ dIM ), (4.106)

which allows us to identify the constants B M with the electric and magnetic
charges collected in the symplectic vector QM :

(B M ) = (QM ) =
(

pΛ

qΛ

)
. (4.107)

This is a characteristic feature of the supersymmetric extremal solutions.
(b) The physical scalars Zi are given by the quotients

Zi = V i/X

V0/X
= Ri + iI i

R0 + iI0 . (4.108)

(c) The metric function is given by

e−2U = 1

2|X |2 = 〈R | I 〉. (4.109)

6. The expressions of the physical fields can be use to determine completely the
constants AM in terms of their asymptotic values (basically only the moduli since
the metric function is normalized to 1 at spatial infinity ρ = 0). The asymptotic
conditions take the form
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e2U (A) = 1, (4.110)

Zi∞ = Ri (A) + i Ai

R0(A) + i A0 . (4.111)

Now, let us write X as
X = 1√

2
eU+iα, (4.112)

where α is some function. Then, the definition of IM implies that

H M = √
2e−U �m(e−iαV M ), (4.113)

and, at spatial infinity ρ = 0, using the asymptotic flatness conditions Eq. (4.110),
we find

AM = √
2 �m(e−iα∞V M∞). (4.114)

α∞ can be found using Eq. (4.105) and the definition of the central charge
Eq. (4.84). Observe that

AM B M = 〈 H | B 〉 = �m〈V/X | B 〉 = �m(Z̃/X) = e−U �m(e−iαZ̃) = 0.

(4.115)
Then

eiα = ±Z̃/|Z̃|, (4.116)

and the general expression of the constants AM as functions of the charges QM

and the asymptotic values of the scalar fields Zi∞ is

AM = ±√
2 �m

( Z∗

|Z|V
M∞

)
. (4.117)

It can be seen that only the upper sign gives a positive value of the mass and a
regular black-hole metric.

4.3.2 General Ansatzs for Non-extremal Solutions

In the previous section we have seen how, the supersymmetric extremal black-hole
and black-string solutions of N = 2, d = 4, 5 theories can be constructed by
following a simple recipe. The main ingredient in the recipe is the expression of the
physical fields (the metric function eU and the scalar fields Zi in d = 4 and φx in
d = 5, which are the only fields that need to be determined in the FGK formalism)
in terms of some functions H M , HI and K I in the different theories and cases. In
the supersymmetric solutions these functions are linear in the radial coordinate ρ.
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Based on these recipes we can make the following ansatz for the non-extremal
solutions: the physical fields are given by the same expressions in terms of the
functions H M , HI and K I as in the supersymmetric case but, now, these function
are no longer linear in ρ. It seems that in all cases [19, 20, 24] these functions are
linear combinations of hyperbolic sines and cosines of ω

2 ρ:

H M = AM cosh
(ω

2
ρ
)

+ 2B M

ω
sinh

(ω
2
ρ
)
, (4.118)

etc.
We are assuming that there is a universal way to express the physical fields of

this kind of solutions in terms of the variables H M , HI and K I , and this probably
needs some justification, beyond the examples for which this seems to be the case.21

It can be argued that the duality-invariance of eU and the duality-covariance of the
scalars can only be achieved by very specific combinations of functions and that we
roughly expect as many independent functions as electric and magnetic charges can
be carried by the black objects. There is, however, a better argument: for the cases
considered, the functions H M , HI and K I can be used as independent variables in
the FGK formalism. In other words: the general expressions for eU and the scalars
as functions of the H M , HI or K I can always be used to change the variables
in the FGK effective action and Hamiltonian constraints. In this way, one gets an
equivalent formulation of the FGK system in which the fundamental variables are
the functions H M , HI or K I that we have called H-FGK formalism [22].22 Solving
the new equations of motion and Hamiltonian constraint for the new variables one
can reconstruct the physical fields using always the same expressions.

This proves the first assumption. As for the second assumption in our ansatz (the
hyperbolicity of the functions H M , HI and K I in the non-extremal cases), there
is no complete proof, although in the H-FGK formalism it arises as a most natural
possibility.

In the next section we review the H-FGK formalism.

4.4 A Better Framework: The H-FGK Formalism

4.4.1 For the Black-Hole Solutions of N = 2, d = 5

Here we are going to show how the metric function eU and the n real scalars φx can
be replaced in the FGK action by the n̄ = n + 1 variables denoted by HI . We will
also need to define n̄ dual variables H̃ I for intermediate calculations.

21 Apart from the examples studied in Refs. [19, 20], the assumption is true in all the supersymmetric
solutions of N = 2, d = 4, 5 theories, for all matter couplings and gaugings.
22 A similar, more general, formalism that reduces to the H-FGK one for single, static, spherically-
symmetric black holes of N = 2, d = 4, 5 has been given in Refs. [17, 18, 21]. The N = 2, d = 5
string case has not been treated with this method.
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A very important ingredient of the ensuing calculations will be the homogeneity
of the functions that occur in the supergravity theories and in the formalism. To start
with, we define V(h·), homogeneous of third degree in the hI s

V(h·) ≡ CI J K hI (φ)h J (φ)hK (φ). (4.119)

This function defines the scalar manifold as the hypersurface V = 1. The dual scalar
functions hI , defined in Eq. (4.61) can also be defined by

hI (h
·) ≡ 1

3
∂V
∂hI

. (4.120)

They are, obviously, homogenous of second degree in the hI . This relation can be
inverted to express the hI as functions of the hI , hI (h·) (finding this relations is the
same as solving the stabilization equations). It is evident that hI (h·) is homogeneous
of degree 1/2 which implies that, in its turn, V(h·) is homogeneous of degree 3/2.

It is useful to define the Legendre transform of V(h·) W(h·) by

W(h·) ≡ 3hI h I (h·) − V(h·) = 2V[h·(h·)], (4.121)

which is homogenous of degree 3/2. From the standard properties of the Legendre
transform we get

hI ≡ 1
3
∂W
∂hI

. (4.122)

The next step in this construction is the introduction of two sets of variables HI

and H̃ I which are related to the physical fields (U,φx ) by

HI ≡ e−U hI (φ), (4.123)

H̃ I ≡ e−U/2hI (φ), (4.124)

and two new functions V and W, which have the same form in the new variables as
V and W had in the old ones, that is

V(H̃) ≡ CI J K H̃ I H̃ J H̃ K , (4.125)

W(H) ≡ 3H̃ I HI − V(H̃) = 2V. (4.126)

These functions are not constrained as V and W are.
The properties that we proved for V and W (in particular, the homogeneity prop-

erties) implies the following properties for V and W:

HI ≡ 1
3
∂V

∂ H̃ I
, (4.127)
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H̃ I ≡ 1
3
∂W
∂HI

≡ 1
3 ∂

I W, (4.128)

e− 3
2 U = 1

2 W(H), (4.129)

hI = (W/2)−2/3 HI , (4.130)

hI = (W/2)−1/3 H̃ I . (4.131)

Having defined the n̄ variables HI in terms of the metric function eU and the
n scalar fields φx (through hI ), we can view the above formulae Eqs. (4.129) and
(4.130) as the inverse relations and we can use these relations and the rest of the
auxiliary formulae to rewrite the FGK action Eq. (4.68) in terms of the new variables
H I .

First, we rewrite that action in the equivalent form

IFGK[U,φx ] =
∫

dρ
{
(U̇ )2 + aI J ḣ I ḣ J + e2U aI J qI qJ

}
, (4.132)

so that we only need to express U, hI and aI J in terms of the new variables. For U
and hI this is, trivial, using the above formulae. For the inverse metric aI J one can
show that the relation between aI J and the new variables is

aI J = − 2
3 (W/2)4/3 ∂ I∂ J log W, (4.133)

and, therefore, after the change of variables, the effective FGK action becomes

− 3
2IH−FGK[H ] =

∫
dρ

{
∂ I∂ J log W

(
ḢI ḢJ + qI qJ

)}
, (4.134)

while the Hamiltonian constraint becomes

H ≡ ∂ I∂ J log W
(
ḢI ḢJ − qI qJ

) = − 3
2 (ω/2)2. (4.135)

Observe that ∂ I∂ J log W plays the role of a metric in a σ-model with coordinates
HI . Manifolds whose metrics can be written as the Hessian of a function are called
Hessian manifolds and the function (log W in this case) is known as Hessian potential.
The problem of finding black-hole solutions becomes, thus, a mechanical problem
on a Hessian manifold.

The equations of motion derived from the effective action (4.134) are

∂K∂ I∂ J log W
(
ḢI ḢJ − qI qJ

) + 2∂K∂ I log W ḦI = 0. (4.136)
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Multiplying by HK and using the homogeneity properties of W and the Hamiltonian
constraint we get

∂ I log W ḦI = 3
2 (ω/2)2. (4.137)

This is just the equation of motion of U after the change of variables.
Observe that in the extremal case B = 0, the equations of motion can be always

satisfied by harmonic functions ḢI = qI . This proves that the supersymmetric con-
figurations constructed according to the recipe give in previous sections are always
solutions of the equations of motion.

On the other hand, observe that, since W is homogenous of degree 3/2 on the HI

HI∂
I log W = 3

2
, (4.138)

we can rewrite the Eq. (4.137) in the form

∂ I log W
[

ḦI − (ω/2)2 HI

]
, (4.139)

which is generically solved by functions HI satisfying

ḦI − (ω/2)2 HI = 0, (4.140)

that is: by linear combinations of hyperbolic sines and cosines of ω
2 ρ. Thus justifies

our ansatz for non-extremal black holes.
The application of this formalism to extremal non-supersymmetric and non-

extremal black-hole solutions has been studied in detail in Ref. ([22]) showing the
power of this formalism to obtain general results concerning the entropy, first-order
flow equations for extremal and non-extremal black holes etc.

4.4.2 For the Black-String Solutions of N = 2, d = 5

An analogous formalism can be developed for string-like solutions, taking into
account that, even though we are in the same theory, we are interested in different
solutions which are naturally given in terms of different variables: the functions K I

[12, 48, 50], related to the hI (φ). We will also introduce auxiliary dual functions K̃ I .
The new variables are defined by

K I ≡ e−U hI (φ), (4.141)

and we also define the function

V(K ) ≡ CI J K K I K J K K , (4.142)
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which is homogenous of third degree on the K I . The equation that defines the scalar
manifold implies that the metric function is related to the new variables by

e−3U = V(K ). (4.143)

The dual variables K̃ I can be defined either by

K̃ I ≡ e−2U hI (φ) (4.144)

or by
K̃ I ≡ 1

3∂I V(K ). (4.145)

Following essentially the same steps as in the black-hole case, we arrive to the
H-FGK action

−3 IH−FGK[K ] =
∫

dρ
{
∂I∂J V

(
K̇ I K̇ J + pI pJ

)}
, (4.146)

and the Hamiltonian constraint

H ≡ ∂I∂J V
(

K̇ I K̇ J − pI pJ
)

= −3(ω/2)2. (4.147)

The equations of motion that follow from the H-FGK action are

∂I∂K∂LV
(

K̇ K K̇ L − K K K̈ L − pK pL
)

= 0. (4.148)

Contracting these equations with K I one gets

K̈ I∂I log V = 3(ω/2)2, (4.149)

which can be rewritten in the form

∂I V
[

K̈ I − (ω/2)2 K I
]

= 0, (4.150)

which is, again, solved generically by linear combinations of hyperbolic sines and
cosines of ω

2 ρ.

4.4.3 N = 2, d = 4

The 4-dimensional case is more complicated. To start with, there is a mismatch
between the number of original variables in the FGK formalism: eU and the Zi

represent 2n + 1 real degrees of freedom and the variables of the H-FGK formalism
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H M are 2n + 2. This should not be a problem, because we can always perform a
change of variables that increases the number of variables, since the change will
introduce constraints in the system. However, defining the change of variables will
be more complicated. It is convenient to start with the complex variable of Kähler
weight one (as the covariantly holomorphic symplectic section)

X = 1√
2

eU+iα, (4.151)

where the phase α is a variable that does not occur in the original FGK formalism.
As in the 5-dimensional case, the homogeneity properties of the functions that

appear in the supergravity theory are essential in this construction. They are simpler
to find if we assume that the theory is specified by the prepotential F which is a
homogeneous function of second degree in the complex coordinates X Λ. Defining

FΛ ≡ ∂F
∂X Λ

, FΛΣ ≡ ∂2F
∂X Λ∂X Σ

, (4.152)

we find that
FΛ = FΛΣX Σ. (4.153)

The coordinates X Λ and the dual coordinates FΛ are related to the components
of t he covariantly holomorphic section by

(
V M

)
=

( LΛ

MΛ

)
= eK/2

(X Λ

FΛ

)
, (4.154)

where K is the Kähler potential. Then, the above relation implies this relation between
the components of V M (dividing by X ):

MΛ

X
= FΛΣ

LΣ

X
. (4.155)

Splitting this relation into its real and imaginary parts and using the definitions
Eq. (4.102) we get

RM = −MM N (F)IN , (4.156)

where the 2n̄×2n̄ symmetric symplectic matrix MM N (A) is defined for any complex
symmetric n̄ × n̄ matrix AΛΣ with non-degenerate imaginary part by

M(A) ≡
(�mAΛΣ + �eAΛΩ �mA−1| ΩΓ �eAΓ Σ −�eAΛΩ �mA−1| ΩΣ

−�mA−1| ΛΩ �eAΩΣ �mA−1| ΛΣ

)
.

(4.157)
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In the above expression AΛΣ = FΛΣ . Later on we will use the matrix MM N (N )

where NΛΣ is the period matrix. Both matrices are related by23

−MM N (N ) = MM N (F) + 4V(MV∗
N ). (4.158)

The inverse of MM N , denoted by MM N , can be obtained by raising the indices
with the inverse symplectic metric.

It is also immediate to prove the relation

dRM = −MM N (F) dIN , (4.159)

from which one can derive the following relation between partial derivatives [56]:

∂IM

∂RN
= ∂IN

∂RM
= −∂RM

∂IN
= −∂RN

∂IM
= −MM N (F). (4.160)

We are now ready to introduce two dual sets of variables H M and H̃M and replace
the original n̄ complex fields X, Zi by the 2n̄ real variables H M :

H M ≡ IM (X, Z , X∗, Z∗), (4.161)

H̃M ≡ RM (H). (4.162)

Observe that the definition of the dual variables H̃M (H) implies that the stabiliza-
tion equations have been solved. Knowing both sets of variables, we can reconstruct
the physical fields :

e−2U = 1

2|X |2 = RMIM , (4.163)

Zi = H̃ i (H) + i Hi

H̃0(H) + i H0
. (4.164)

The phase of X (α) can be found24 by solving the differential equation (cf. Eqs. (3.8),
(3.28) in Ref. [58])

α̇ = 2|X |2 Ḣ M HM − Q�, (4.165)

where
Q� = 1

2i Ż i∂iK + c.c., (4.166)

is the pullback of the Kähler connection 1-form.

23 This relation can be derived from the identities in Ref. [57].
24 Observe that we do not really need it, since it does not appear in the original FGK action anyway.
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We are now almost ready to perform the change of variables in the FGK action.
First, we need to introduce the function W(H)

W(H) ≡ H̃M (H)H M = e−2U = 1

2|X |2 , (4.167)

which is homogenous of second degree in the H M . Using the properties (4.160) one
can show that

∂MW ≡ ∂W
∂H M

= 2H̃M , (4.168)

∂MW ≡ ∂W

∂ H̃M
= 2H M , (4.169)

∂M∂N W = −2MM N (F), (4.170)

W∂M∂N log W = 2MM N (N ) + 4W−1 HM HN , (4.171)

where the last property is based on Eq. (4.158).
We also need the special geometry identity

Gi j∗ = −iDiVMD j∗V∗ M (4.172)

to deal with the scalars’ kinetic term.
Using all these results, after some work, we can rewrite the FGK effective action

in the form

−IH−FGK[H ] =
∫

dτ
{

1
2∂M∂N log W

(
Ḣ M Ḣ N + 1

2QMQN
)

− Λ
}

, (4.173)

where we have defined

Λ ≡
(

Ḣ M HM

W

)2

+
(QM HM

W

)2

, (4.174)

and the Hamiltonian constraint in the form

H ≡ − 1
2∂M∂N log W

[
Ḣ M Ḣ N − 1

2QMQN
]
+

(
Ḣ M HM

W

)2

−
(QM HM

W

)2

= r2
0 ,

(4.175)
where we are using the more conventional form of the non-extremality parameter
r0 = ω/2 in d = 4.

The equations of motion for the H P can be written in the form
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1
2∂P∂M∂N log W

[
Ḣ M Ḣ N − 1

2QMQN
] + ∂P∂M log W Ḧ M

− d

dτ

(
∂Λ

∂ Ḣ P

)
+ ∂Λ

∂H P
= 0.

(4.176)

Contracting these equations with H P and using the homogeneity properties of
the different terms as well as the Hamiltonian constraint above, we find the equation
(cf. Eq. (3.31) of Ref. [58] for the stationary extremal case)

1
2∂M log W

(
Ḧ M − r2

0 H M
)

+
(

Ḣ M HM

W

)2

= 0, (4.177)

which corresponds to the equation of motion of the variable U in the standard FGK
formulation.

If we impose the constraint
Ḣ M HM = 0, (4.178)

which implies the absence of NUT charge in the supersymmetric extremal case,
we find that the above equation is solved, quite naturally, by H M s which are linear
combinations of hyperbolic sines and cosines of r0ρ. Furthermore, in the extremal
case (r0 = 0) the equations of motion are solved by linear functions of ρ such that
Ḣ M = QM [56]. We recover, in this way, the supersymmetric extremal functions
reviewed before. A more general study of the extremal non-supersymmetric and
non-extremal solutions will be presented elsewhere [25].

4.5 Conclusions

As promised in the introduction, we have constructed a formalism that justifies the
general ansatzs proposed in Refs. [19, 20] to find non-extremal black-hole and black-
string solutions in theories of ungauged N = 2, d = 4, 5 supergravity coupled to
vector supermultiplets. The formalism turns out to be most useful in the study of
general classes of solutions [24, 25] and, to a certain extent, closes the problem of
finding the most general static, spherically symmetric black-hole and black-string
solutions of those theories. At this point, the use of this formalism to find solutions
of complicated theories that have resisted other methods remains a challenge, since
more of the examples studied so far correspond to simple theories.

The extension of this formalism to handle Abelian gaugings via Fayet-Iliopoulos
terms is straightforward and will be studied in [25].25

How about other 4- and 5-dimensional supergravities? It might seem that, since
they are quite different (in particular the relations between the numbers of scalar
fields and the possible electric and magnetic charges) an H-FGK formulation is

25 It has also been studied via the analogous method mentioned before in Ref. [59].
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simply not possible. However, the general form of the black-hole solutions of all
the 4-dimensional supergravities is known [13] and structures similar to those of
the N = 2 case arise quite naturally there and these similarities have been recently
used to construct the metrics and the vector field strengths of the supersymmetric,
extremal, (single- or multi-center) black holes of N = 8, d = 4 supergravity have
been constructed in terms of a set of harmonic functions H M [60]. It is not known
how to construct explicitly the scalar fields, though. However, as we have seen,
the explicit expressions of the fields are not always needed to perform a change of
variables, since they tend to appear in combinations that we do know how to express
in the new variables. Therefore, it is not ruled out that such formulations are possible.
If found, they would give us a handle on the non-supersymmetric extremal solutions
and on the non-extremal ones that we are now missing. Work in this direction is
under way.
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