Chapter 1
Non-holomorphic Deformations of Special
Geometry and Their Applications

Gabriel Lopes Cardoso, Bernard de Wit and Swapna Mahapatra

Abstract The aim of these lecture notes is to give a pedagogical introduction to
the subject of non-holomorphic deformations of special geometry. This subject was
first introduced in the context of N = 2 BPS black holes, but has a wider range of
applicability. A theorem is presented according to which an arbitrary point-particle
Lagrangian can be formulated in terms of a complex function F, whose features are
analogous to those of the holomorphic function of special geometry. A crucial role
is played by a symplectic vector that represents a complexification of the canonical
variables, i.e. the coordinates and canonical momenta. We illustrate the characteristic
features of the theorem in the context of field theory models with duality invariances.
The function F may depend on a number of external parameters that are not subject
to duality transformations. We introduce duality covariant complex variables whose
transformation rules under duality are independent of these parameters. We express
the real Hesse potential of N = 2 supergravity in terms of the new variables and
expand it in powers of the external parameters. Then we relate this expansion to the
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one encountered in topological string theory. These lecture notes include exercises
which are meant as a guidance to the reader.

1.1 Introduction

As is well known, an abelian N = 2 supersymmetric vector multiplet in four
dimensions is described by a reduced chiral multiplet, whose gauge covariant degrees
of freedom include an (anti-selfdual) field strength F,;, and a complex scalar field
X. The Wilsonian effective Lagrangian for these vector multiplets is encoded in a
holomorphic function F (X) which, when coupled to supergravity, is required to be
homogeneous of degree two [1]. The abelian vector multiplets may be further cou-
pled to (scalar) chiral multiplets that describe either additional dynamical fields or
background fields. The function F will then also depend on holomorphic fields that
reside in these chiral multiplets. An example thereof is provided by the coupling
of vector multiplets to a conformal supergravity background. The multiplet that
describes conformal supergravity is the Weyl multiplet, and the chiral background
is given by the square of it [2]. In this case the function F, which now depends on
the lowest component field of the chiral background superfield, encodes the cou-
plings of the vector multiplets to the square of the Riemann tensor. These couplings
constitute a special class of higher-derivative couplings, namely, they depend on the
Riemann tensor but not on derivatives thereof. In this paper we will only consider
higher-derivative couplings of this type, i.e. couplings that depend on field strengths
but not on their derivatives.! We refer to [3] for a discussion on other classes of
higher-derivative couplings. When higher-order derivative couplings are absent, we
will denote the function F by F© (X), which then refers to a Wilsonian action that
is at most quadratic in space-time derivatives.

The abelian vector fields in these actions are subject to electric/magnetic duality
transformations under which the electric field strengths and their magnetic duals
are subjected to symplectic rotations. It is then possible to convert to a different
duality frame, by regarding half of the rotated field strengths as the new electric
field strengths and the remaining ones as their magnetic duals. The latter are then
derivable from a new action. To ensure that the characterization of the new action
in terms of a holomorphic function remains preserved, the scalars of the vector
multiplets are transformed accordingly. This amounts to rotating the complex fields
X! and the holomorphic derivatives F; = OF/0X' of the underlying function
F by the same symplectic rotation as the field strengths and their dual partners
[1, 4]. Here the index I labels the vector multiplets (in supergravity it takes the
values I = 0, 1, ..., n). Thus, electric/magnetic duality (which acts on the vector
(X!, Fy)), constitutes an equivalence transformation that relates two Lagrangians
(based on two different functions) and gives rise to equivalent sets of equations of

! In the language of the theorem that will be presented in Sect. 1.2, this may be rephrased by saying
that the Lagrangians we will consider depend on coordinates and velocities, but not on accelerations.
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motion and Bianchi identities. A subgroup of these equivalence transformations may
constitute a symmetry (an invariance) of the system. For a duality transformation to
constitute a symmetry, the substitution X/ — X' into F; must correctly induce the
transformation (X’, F;) — (X!, Fy) [5].

Atthe Wilsonian level, when coupling the N = 2 vector multiplets to supergravity,
the scalar fields of the vector multiplets parametrize a non-linear sigma-model whose
geometry is called special geometry [6], a name that first arose in the study of the
geometry of the effective action of type-II string compactifications on Calabi-Yau
threefolds [4]. The sigma-model space is a so-called special-Kéhler space, whose
Kihler potential is [1],

(1.1)

i(x! F(O)_XI F(O)
K(Z,Z)=—1n[( ! r) ,

X012

where F(©)(X) is the holomorphic function that determines the supergravity action,
which is quadratic in space-time derivatives. Because F(® (X) is homogeneous of
second degree, this Kéhler potential depends only on the ‘special’ holomorphic
coordinates 77 = X i/ X0 and their complex conjugates, where i = 1,...,n, so
that we are dealing with a special-Kihler space of complex dimension 7. In view of
the homogeneity, the symplectic rotations acting on the vector (X!, F 1(0)), induce
corresponding (non-linear) transformations on the special coordinates z'. Up to a
Kihler transformation, the Kahler potential transforms as a function under duality.

There actually exist various ways of defining special Kdhler geometry. Apart
from its definition in terms of special holomorphic coordinates [1], it can also be
defined in a coordinate independent way [7]. More recently, the formulation of special
geometry in terms of special real instead of special holomorphic coordinates has been
emphasized [8—13]. This formulation is based on the real Hesse potential [14—16],
which will play an important role below.

In order to pass from the Wilsonian effective action to the 1PI low-energy effective
action, one needs to integrate over the massless modes of the model. In the context
of N = 2 theories this induces non-holomorphic modifications in the gauge and
gravitational couplings of the theory that, at the Wilsonian level, are encoded in the
holomorphic function F. An early example thereof is provided by the computation
of the moduli dependence of string loop corrections to gauge coupling constants in
heterotic string compactifications [17]. These non-holomorphic modifications of the
coupling functions are crucial to ensure that the low-energy effective action possesses
the expected duality symmetries. This is therefore a generic feature of the low-energy
effective action of N = 2 models with duality symmetries.

Another context where these moduli dependent corrections play an important role
is the one of BPS black hole solutions in N = 2 models. Their entropy should exhibit
the duality symmetries of the underlying model, and this is achieved by taking into
account the non-holomorphic modifications of the low-energy effective action. The
need for non-holomorphic modifications of the entropy was established in models
with exact S-duality [18], and their presence has been confirmed at the semiclassical
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level from microstate counting [19, 20]. The fact that non-holomorphic modifications
can be incorporated into the entropy of BPS black holes gave a first indication that
the framework of special geometry can be consistently modified by a class of non-
holomorphic deformations, to be described below. This can be understood as follows.
The free energy of these BPS black holes turns out to be given by a generalized version
of the aforementioned Hesse potential [8, 10, 21]. The Hesse potential is related by a
Legendre transformation to the function F that defines the effective action, and thus
it can be regarded as the associated ‘Hamiltonian’. The Hamiltonian transforms as a
function under electric/magnetic duality transformations. If the N = 2 model under
consideration has a duality symmetry, the Hamiltonian will be invariant under sym-
metry transformations due to the presence of the aforementioned non-holomorphic
modifications. Since the Hamiltonian is related to the function F' by an Legendre
transformation, these non-holomorphic modifications will also be encoded in F.

This ‘Hamiltonian’ picture of BPS black holes suggests that special geometry can
be consistently modified by a class of non-holomorphic deformations, whereby the
holomorphic function F(X) that characterizes the Wilsonian action is replaced by a
non-holomorphic function

F(X,X)=FOX) +2i2(X, X), (1.2)

where 2 denotes a real (in general non-harmonic) function. The Wilsonian limit is
recovered by taking §2 to be harmonic. In Sect. 1.2 we show that the non-holomorphic
deformations of special geometry described by (1.2) occur in a generic setting. There
we consider general point-particle Lagrangians (that depend on coordinates and
velocities) and their associated Hamiltonians. We present a theorem that shows that
the dynamics of these models can be reformulated in terms of a symplectic vector
(X, OF /0X) constructed out of a complex function F of the form (1.2), and whose
real part comprises the canonical variables of the associated Hamiltonian. We show
that under duality transformations the transformed symplectic vector is again encoded
in a non-holomorphic function of the form (1.2). We illustrate the theorem with
various field theory examples with higher-derivative interactions. We give a detailed
discussion of these examples in order to illustrate the characteristic features of the
theorem. One example consists of the Born-Infeld Lagrangian for an abelian gauge
field, which we reformulate in the language of the theorem based on (1.2). We
subsequently promote the gauge coupling constant to a dynamical field S and discuss
the duality symmetries of the resulting model. We then turn to more general models
with exact S- and T-duality and discuss the restrictions imposed on §2 by these
symmetries.

The function F in (1.2) may depend on a number of external parameters which we
denote by 7. Under duality transformations, the symplectic vector (X, 0F /0X) trans-
forms into (X, &F /0X), while the parameters 7) are inert. When expressing the trans-
formed variables X in terms of the X , the relation will depend on ), i.e. X=X X, n).
In Sect. 1.3 we introduce covariant complex variables that constitute a complexifica-
tion of the canonical variables of the Hamiltonian, and whose duality transformation
law is independent of 7. These variables ensure that when expanding the Hamiltonian
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in powers of the external parameters, the resulting expansion coefficients transform
covariantly under duality transformations. This expansion can also be studied by
employing a modified derivative Dy, which we construct. The covariant variables
introduced in this section have the same duality transformation properties as the
ones used in topological string theory and can therefore be identified with the latter.
A further indication of the relation with topological string theory is provided by the
generating function that relates the canonical variables of the Hamiltonian to the
covariant complex variables. This generating function turns out to be the one that is
used in the wave function approach to perturbative topological string theory [22-26].

In Sect. 1.4 we turn to supergravity models in the presence of higher-curvature
interactions encoded in the square of the Weyl superfield [2, 5]. We consider these
models in an AdS> x S? background and compute the effective action in this back-
ground. This is first done at the level of the Wilsonian effective action [27, 28]. Then
we assume that the extension to the low-energy effective action can be implemented
by replacing the Wilsonian holomorphic function F by the non-holomorphic func-
tion (1.2). Next, we perform a Legendre transformation of the low-energy effective
action in this background and obtain the associated ‘Hamiltonian’, which takes the
form of the aforementioned generalized Hesse potential. Using the covariant com-
plex variables introduced in Sect. 1.3, we expand the associated Hesse potential (the
Hamiltonian) and work out the first few iterations. This reveals a systematic struc-
ture. Namely, the Hesse potential decomposes into two classes of terms. One class
consists of combinations of terms, constructed out of derivatives of §2, that transform
as functions under electric/magnetic duality. The other class is constructed out of £2
and derivatives thereof. Demanding this second class to also exhibit a proper behav-
ior under duality transformations (as a consequence of the transformation behavior
of the Hesse potential) imposes restrictions on £2. These restrictions are captured
by a differential equation that constitutes half of the holomorphic anomaly equation
encountered in the context of perturbative topological string theory. The differential
equation is a consequence of the tension between maintaining harmonicity of 2
and insisting on a proper behavior under duality transformations [5]. We conclude
Sect. 1.4 with a brief discussion of open issues which will be addressed in an up-
coming paper. There we will give a detailed discussion of the relation of perturbative
topological string theory with the Hesse potential.

In the appendices we have collected various results, as follows. Appendix A
discusses the transformation behavior under symplectic transformations of various
holomorphic and anti-holomorphic derivatives of F'. We use these expressions to give
an alternative proof of the integrability of the resulting structures. In addition, we
show that when F' depends on an external parameter ), its derivative 9, F' transforms
as a function under symplectic transformations. In appendix B we show that the
modified derivative D), of Sect.1.3 acts as a covariant derivative for symplectic
transformations. This is done by showing that when given a quantity G (x, x; n) that
transforms as a function under symplectic transformations, also D;, G transforms as a
function. In appendix C we review the holomorphic anomaly equation of topological
string theory in the big moduli space. Appendix D lists certain combinations that arise
in the expansion of the Hesse potential in powers of 77 and that transform as functions
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under electric/magnetic duality. In appendix E we list the transformation properties of
various derivatives of £2 under duality transformations using the covariant variables
of Sect. 1.3.

These lecture notes include exercises which we hope will constitute a guidance
to the reader.

1.2 Lecture I: Point-Particle Models and F-Functions

We begin by considering a general point-particle Lagrangian that depends on coor-
dinates ¢ and velocities (;5 The associated Hamiltonian will depend on the canonical
variables ¢ and 7, where 7 denotes the canonical momentum. After briefly review-
ing some of the salient features of the Hamiltonian description, such as canonical
transformations in phase space, we present a theorem that shows that the dynamics
of these models can be reformulated in terms of a symplectic vector that is com-
plex, and whose real part comprises the canonical variables (¢, 7). This is achieved
by introducing a complex function F that depends on complex variables x, with
the symplectic vector given by (x, F /0x). This reformulation exhibits many of
the special geometry features that are typical for N = 2 supersymmetric systems.
However, it also goes beyond the standard formulation of these systems in that the
function F is of the form (1.2), and hence non-holomorphic in general.

We illustrate the theorem with various field theory examples with higher-derivative
interactions. We give a detailed discussion of these examples in order to illustrate
the characteristic features of the theorem. One example consists of the Born-Infeld
Lagrangian for a Maxwell field, which we reformulate in the language of the theorem.
We subsequently promote the gauge coupling constant to a dynamical field S and
discuss the duality symmetries of the resulting model. We turn to more general
models with exact S- and T-duality and discuss the restrictions imposed on £2 by
these symmetries.

The reader not interested in the details of these examples may want to proceed to
Sect. 1.2.3, where we discuss the form of the Hamiltonian when the function F is such
that it transforms homogeneously under a real rescaling of the variables involved.

1.2.1 Theorem

Let us consider a point-particle model described by a Lagrangian L with n coor-
dinates ¢’ and n velocities éi . The associated canonical momenta 0L/ 8& will be
denoted by 7r;. The Hamiltonian H of the system, which follows from L by Legendre
transformation,

H(p,m) = ¢ m — L(, §), (1.3)
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depends on ((bi, m;), which are called canonical variables, since they satisfy the
canonical Poisson bracket relations. The variables ((bi , ;) denote coordinates on
a symplectic manifold called the classical phase space of the system. In these
coordinates, the symplectic 2-form is dm; A d¢'. This 2-form is preserved under
canonical transformations of (¢', ;) given by

¢ &i Uij Zi @
L) = : , 1.4
(71'1‘ - i Wij v/ mj (1.4
where U, V, Z and W denote n x n matrices that satisfy the relations

Urv-wlz=viu-zTw=1,
vitw=wlu , zZTv=vT2z (1.5)

These relations are precisely such that the transformation (1.4) constitutes an element
of Sp(2n, R). This transformation leaves the Poisson brackets invariant. The Hamil-
tonian transforms as a function under symplectic transformations, i.e. H (gz~5, T =
H (¢, m). When the Hamiltonian is invariant under a subset of Sp(2n, R) transfor-
mations, this subset describes a symmetry of the system. This invariance is often
called duality invariance. Observe that the Legendre transformation (1.3) also gives
rise to the relation OL/0¢' = —OH /0¢' by virtue of m; = IL/ .

Now we present a theorem that states that the Lagrangian can be reformulated in
terms of a complex function F(x, x) based on complex variables x', such that the
canonical coordinates ((bi , m;) coincide with (twice) the real part of (x%, F}), where
F; = OF (x,%)/0x".

Theorem Given a Lagrangian L(¢, é) depending on n coordinates ¢’ and n veloc-
ities q'Si , with corresponding Hamiltonian H (¢, m) = (Z)i w; — L(¢, é), there exists a
description in terms of complex coordinates x’ = % (&' +i(,5" ) and a complex function
F(x, Xx), such that,

2Rex! =¢i,
OF (x, X)

2Re Fj(x, x) =m;, where F; =
Ox!

(1.6)

The function F(x, x) is defined up to an anti-holomorphic function and can be
decomposed into a holomorphic and a purely imaginary (in general non-harmonic)
function,

F(x,%) = FO®x) +2i2(x, %). (1.7)

The relevant equivalence transformations take the form,

FO 5 FOLgx), 02— 2-Imgkx), (1.8)
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which results in F(x, x) — F(x, x) + g(x). The Lagrangian and Hamiltonian can
then be expressed in terms of F© and £2,

L =4[Im F — 2],
H=—i('F - F)—4Im[F - Ix' F1+4%

= i F =3 F) —4m[FO - Ix FO1 200 -2 — ¥ 2,
(1.9)

with F; = OF /ox’, F*' = F© /oxi, 2; = 82/0x', and similarly for F;, F©
and £2;.

Furthermore, a crucial observation is that the 2n-vector (xi, F;) denotes a com-
plexification of the phase space coordinates (¢', ;) that transforms precisely as
(@', m;) under symplectic transformations, i.e.

xi )Ei Ul Zz; xj
(Fi(x’)z)) —) (ﬁ,(f,;)) (Wl] Vil )(Fj(x,)f))‘ (1.10)

Hence, a Sp(2n, R) transformation of (x', F;) is a canonical transformation of
H(¢, 7). The Eq. (1.10) are, moreover, integrable: the symplectic transformation
yields a new function F (x, x) FO x)+ 2i2 (x, x) with £2 real.

Proof The proof of this theorem proceeds as follows. First we introduce the
2n-vector (x', y;),

x! =%(¢i +IZ_Z)’

yi =4 (m = i), (111

which is constructed out of two canonical pairs, one comprising the variables (¢, ;)
and the other one comprising derivatives of H (¢, 7), namely (O0H /Om;, —OH J0¢').
Both pairs transform in the same way under canonical transformations (1.4). Now
we relate the vector (x?, yi) to the one given in (1.6), and we show that Lagrangian
and the Hamiltonian can be expressed in terms of a complex function F(x, x) as in
(1.9).

The Legendre transformation (1.3) gives ¢ = OH /O, where we used T; =
oL/ 8(;5’ This equation establishes that the complex x' introduced in (1.11) coincide
with the x' defined above (1.6). Then, expressing the Lagrangian in terms of x* and
X, gives

OL(x, X)

oo = 2, (1.12)
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where we used the relation OL/9¢! = —9H /¢ mentioned below (1.5). Next we
write L as the sum of a harmonic and a non-harmonic function (which is always
possible),

L=-2FO%x) - FO®)]+42(x, 5. (1.13)

By introducing the combination F (x, x) = F ©)(x)42i82(x, X), we observe that the
relation (1.12) can be concisely written as y; = OF (x, X)/0x’, while the Lagrangian
(1.13) becomes L = 4[Im F' — £2]. Using this as well as (1.11), we obtain that the
Hamiltonian H (¢, 7) = (b’ wi — L(¢, ¢) can be expressed as in (1.9).

Exercise 1 Verify that H can be written as in (1.9).

Thus, we have shown that the vector (x*, yi) equals (x%, F;), and we have established
the validity of (1.9).

Now let us discuss the integrability of (x’,y;) under canonical transforma-
tions. The vector (xi, yi), given in (1.11), consists of two canonical pairs, and
hence it transforms as in (1.10) under canonical transformations. We denote the
transformed variables by (X', y;). The Hamiltonian transforms as a function, i.e.
H(Re %, Re y) = H(Rex, Rey), as already mentioned. Since we are dealing with
a canonical transformation, the dual quantities (¥, ;) and H will satisfy the same
relations as the original quantities (x’, y;) and H, so that we can apply the steps
(1.11-1.13) to the dual quantities. The dual variables (%', ¥;) have the decomposition
givenin (1.11), butnow in terms of the dual quantities. The ngrangian L associated to

H is obtained by a Legendre transformation of H,i.e. L = ¢'7; — H. Then, applying
the steps given below (1.11) to the dual Lagrangian shows that L =4[ImF — 2],
where F is the sum of a holomorphic function F A and a real function 2, ie.
F (x, x) FO (x) +2i2 (%, X). This establishes that (¥, yl) can be obtained from
a new function F, and hence ensures the integrability of (x', y;) under symplectic
transformations.

To complete the proof of the theorem, we need to discuss one more issue, namely
the decompositions of F (x, x) and F (%, %) and their relation. The decomposition of
F into F© and £2 suffers from the ambiguity (1.8), and so does the decomposition
of F. Therefore, to be able to relate both decompositions, we need to fix the ambiguity
in the decomposition of F,oncea decomposition of F has been given. To do so, we
proceed as follows.

We consider a symplectic transformation (1.10) which, as we just discussed,
yields a new function F. Given a decomposition of F, we apply the same trans-
formation to the vector (x', Fi(o)) alone, where Fi(o) = OF©/9x!. This yields
the vector (&', Fi(o) (X)), as explained in appendix A. The transformed vector
(&1, I:“i(o) (X)) can be integrated, i.e. };l_(()) can be expressed as 9F (O (£)/0%, where
FO(%) is uniquely determined up to a constant and up to terms linear in %’
(see (1.165)) [5]. The expression for FO (%) can be readily obtained by using
that the combination F© — 1 x! F; © transforms as a function under symplectic

transformations, i.e. § (F O _lyip (0)) (5 F, O _yis Fl.(o)). One obtains
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FOG) = % xt I}i(o) & +FO - % x! Fl.(o), up to a constant and up to terms linear in
%, Thus, to relate the decomposition of F to the decomposition of F', we demand that
F© refers to the combination that follows by applying a symplectic transformation
to (xf, Fi(o)), as just described. This in turn determines 2 = %[li — 4Im F©]. This
completes the proof of the theorem.

We finish this subsection with a few comments. First, we note that since both H
and FO — %xi Fl.(o) transform as functions under symplectic transformations, so
does the following combination that appears in (1.9),

202 —x'Q; — 5. (1.14)

Second, the transformation law of 2i£2; = F; — Fl.(o) under symplectic transfor-
mations is determined by the transformation behavior of F; and Fl.(o), as described
above. In appendix A we give an equivalent expression for §2; in terms of a power

series in derivatives of §2, see (1.161). T~he transformation law of 2i§2; = F;, on the
other hand, follows from the reality of 2,

G = (). (1.15)

Third, as mentioned in the introduction, the function F (x, X) may, in general, depend
on a number of external parameters 7) that are inert under symplectic transformations.
Without loss of generality, we may take 1 to be solely encoded in §2 and, upon
transformation, in §2 (we can use the equivalence relation (1.8) to achieve this). In
appendix A we show that 0, F = 0F /0 transforms as a function under symplectic
transformations [21]. We will return to this feature in Sect. 1.2.3.

Appendix A also discusses the transformation behavior under symplectic trans-
formations of various holomorphic and anti-holomorphic derivatives of F'. We use
these expressions to give an alternative proof of the integrability of (1.10).

1.2.2 Examples

We now proceed to illustrate the features of the theorem discussed above in various
models that have duality symmetries. To keep the discussion as transparent as possible
in all cases, we consider the reduced Lagrangian that is obtained by restricting to
spherically symmetric static configurations in flat spacetime. The first model we
consider is the Born-Infeld model for an abelian gauge field, which has been known
to have an SO(2) duality symmetry for a long time [29]. This symmetry may be
enlarged to an SL(2, R) duality symmetry by coupling the system to a complex
scalar field, called the dilaton-axion field [30]. This is the second model we consider.
Then we turn to more general models with exact S- and T-duality and discuss the
restrictions imposed on £2 by these symmetries. We exhibit how the Born-Infeld-
dilaton-axion system fits into this class of models. Finally, we focus on the case when
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the function F(x, x) is taken to be homogeneous, and we discuss the form of the
associated Hamiltonian.

The Born-Infeld Model

The Born-Infeld Lagrangian® for an abelian gauge field in a spacetime with metric
9uv 1s given by [31]

£ =—g72[/Idetlgu + 9 Full - et gul]. (1.16)

It depends on an external parameter 7 = ¢. In the following we consider spherically
symmetric static configurations in flat spacetime given by

ds® = —di® + dr? + 2 (d92 + sin2 9d<p2) ,
Fyy=e(r), Fy, = psinf. (1.17)

Here, the §-dependence of Fy,, is fixed by rotational invariance, and p is constant by
virtue of the Bianchi identity. Evaluating (1.16) for this configuration gives

L=—g2*sin’0 [\/|1 —g22(r)| 1+ g2 p2r—4 — 1] : (1.18)

Below we will rewrite (1.18) and bring it into the form (1.9). Since this rewriting
does not depend on the angular variables and since it applies to any r-slice, we
integrate over the angular variables and pick the r-slice 477> = 1, for convenience.
The resulting reduced Lagrangian reads,

Le, p) = —g_2 |:\/1 —g2e? 1+ g2p? — 1], (1.19)

where we take g?¢? < 1.

Exercise 2 Instead of flat spacetime, consider the Ad S, X 52 line element ds? =
v1(=r2dt? + r=2dr?) + vy(d6? + sin? 9dg02), where v; and vy denote constants.
Show that the resulting reduced Lagrangian takes the form (1.19) after performing a
suitable rescaling of g, e and p.

In the example (1.19), the role of the coordinate ¢ and of the velocity gi) introduced
above (1.6) is played by p and e, respectively. The associated Hamiltonian H is
obtained by Legendre transforming with respect to $ = e.The conjugate momentum
7 is given by the electric charge ¢, so that

2 We will use the notation £ and H when dealing with Lagrangian and Hamiltonian densities,
respectively.
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H(p.q) =qe—Lle, p). (1.20)
Computing
1 2p2 oL 1—g?
1tgpr 9= ge (1.21)
1 — g2 op 1+ g?p?

where we introduced f for later convenience, and substituting in (1.20), we obtain
for the Hamiltonian,

H@ﬂ)Z@Q&“+ﬂ%ﬁ+ﬂ%—1] (1.22)

This Hamiltonian is manifestly invariant under SO(2) rotations of p and ¢ and, in
particular, under the discrete symmetry that interchanges the electric and magnetic
charges. The external parameter 7 = ¢ is inert under these transformations. These
rotations constitute the only continuous symmetry of the system [29]. Their infinites-
imal form can be represented by an Sp(2, R)-transformation (1.5) with U =V =1
and Z = —W = —c, where ¢ € R.

Now, following the construction described in the Sect. 1.2.1, we introduce a
complex coordinate x in terms of the coordinate ¢ = p and the velocity (;5 = e, and
a complex function F(x, X; gz),

x=53(p+ie),  F(x, g% =FO%) +2i2(x, % ¢7), (1.23)

where

2
. (1.24)

The splitinto F(© and £2 is done in such a way that F(® will encode the contribution
at the two-derivative level (which corresponds to the term £ & —%F 5,, + O(¢g?) in
(1.16)), while £2 will encode the higher-derivative contributions. Indeed, with these
definitions the Lagrangian (1.19) can be written as

L =4[ImF — 2], (1.25)
in agreement with the first equation of (1.9). Next, using the first equation of (1.21),
we establish

p=2Rex, g=2RekF,, (1.26)

in accordance with (1.6), where we recall that the conjugate momentum 7 equals g.
Then, inserting (1.26) into (1.22) yields
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_ 082
H=iE Fx —x F) +49°—.
dg

(1.27)
where Fy = 0F (x, x; gz) /Ox. This is in agreement with the second equation of (1.9),
since F© satisfies F© = % xF )50), and £2 obeys the homogeneity relation

Z.QZX.QX—F)E.Q)E—ZQ ﬁ’
9

(1.28)

which is a consequence of the behavior of §2 under the real scaling x — Ax and
g* — A2 g%

Exercise 3 Establish (1.28) by differentiating the relation £2(Ax, A X; A2 =
N Q2(x, X ¢%).

Exercise 4 Verify (1.25), (1.26) and (1.27).

Rather than performing a Legendre transformation of L(e, p) with respect to e,
we may instead consider performing a Legendre transformation with respect to p.
The resulting quantity S(e, f) will then depend on the canonical pair (e, f), rather
than on (p, ¢g). Using the expression for f given in (1.21), we obtain

Se.f)=fp—Lle.p) =g [\/ 1—g*e* + f?) - 1} ; (1.29)

which is invariant under SO(2) rotations of ¢ and f. Next, we express S(e, f) in
terms of x and F) introduced in (1.23). First we establish

f=2ImFy, (1.30)

so that
x=3(p+ie), Fo=3@+if). (1.31)

Then, using (1.27) and (1.31), we obtain’

» 02

S=fp—qge+H=—i(¥F —xFz)+4g ek

(1.32)

Let us now return to the discussion about symplectic transformations alluded to
below (1.22). A symplectic transformation (1.10) may either constitute a symmetry
(an invariance) of the system or correspond to a symplectic reparametrization of the
system giving rise to an equivalent set of equations of motion and Bianchi iden-
tities [33]. When a symplectic transformation describes a symmetry, a convenient

3 In the context of BPS black holes,  is the Hesse potential, and the double Legendre transform
of H yields the entropy function [8, 32].
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method for verifying this consists in performing the substitution x! — %' in the deriv-
atives F;, and checking that this correctly induces the symplectic transformation on
(x', Fy) [5].

To elucidate this, let us consider a particular example, namely the discrete sym-
metry that interchanges the electric and magnetic charges. It can be implemented
by the transformation (x, Fy) — (Fy, —x), which operates on the canonical pairs
(p, q) and (e, f) through (1.31). This constitutes a symplectic transformation (1.5)
withU =V =0, Z =1, W = —1. To verify that the transformation x — x = F
correctly induces the transformation of Fy, we compute

1+ ¢*(x2 —x%)

F, = —ix .
! JT+ 2x + 021+ g2 (x — 1)2

(1.33)

Also, expressing e in terms of p and ¢ (by using the first relation of (1.21)), we may
express x in terms of p = 2Re x and g = 2Re F,,

1 ig
=Hp+ . (1.34)
' 2(p \/1+92(P2+92))

We leave the following exercise to the reader.

Exercise 5 Using (1.33), show that the transformation x — Fy induces the trans-
formation F, — —x by inserting the former on the right hand side of F,. Similarly,
using (1.34), show that the transformation (Re x, Re F;) — (Re F, —Re x) induces
the transformation x — F.

Next, let us discuss an example of a symplectic transformation that does not
constitute a symmetry of the system, but instead describes a reparametrization of it.
Namely, consider the following transformation of the canonical pair (p, g),

p 2Re x p 2Re x p+agq
()= Gn) = () -Geer) - (7). een

(1.35)

This constitutes a symplectic transformation (1.5) givenby U =V =1, Z = «,

W = 0. Since, however, it does not represent an SO(2) rotation of p and g, it dogs not

leave the Hamiltonian (1.22) invariant. To determine the new function F (%, X; %)

associated with this reparametrization, we start on the Hamiltonian side and use the

fact that H transforms as a function under symplectic transformations. Using (1.35)

this gives

H(p.q)=H(p.q) =g [\/1 +9*1(p — ag)* + 41 — 1] : (1.36)

Now we determine the corresponding Lagrangian by Legendre transformation,
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LG, p)=¢G—Hp.q), (1.37)
where
3 e
g I _ (Atodg-ob (1.38)
9 1+ 20+ ) (14D —ap)?+ p2
This yields,

 ap ¢ [1+a2+g2p2
= + —, 1.39
=1y 112 1+a2—g2e2 (1.39)

which, when inserted in (1.37), gives

S aep B 1 _ -
£ p)= ”2—92[ Ny e

1+« 1+a2

(1.40)
In order to bring the Lagrangian L into the form £ = 4 [Imﬁ — S}], asin (1.9), we

express L in terms of the complex coordinate
I=3(p+ie), (1.41)

which is the transformed yersion of the coordinate x introduced in (1.23). Then, we
consider all the terms in £ that are independent of g*, and we express them in terms
of a function F(© (%), as follows,

1 S~ 1 (2 =2\ 5(0) =
i [aep +1 (e _ 5 )] — 4ImFOF). (1.42)
This yields )
FOG = 271 2 1.43
O=T0ran" (149

up to a real constant. It represents the function that is obtained by applying the
symplectic transformation (1.35) to F O (x), as explained at the end of Sect.1.2.1.
Next, we introduce the function

F(F % g% = FO®) +2i2(, %5 g7, (1.44)

with £2 real, and we require it to satisfy L=4 [Imﬁ -2 ] This implies that all the

gz-dependent terms will be encoded in £2 (x, )%; gz). We obtain
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- 1 - —\?
=z 2y 2 205 4 7\2 2 205 _ )2
.Q(x,x,g)—g(l_i_az)gz(\/l—i—a +g°(x +X) —\/l—i—a +g(x—x)) .

: (1.45)
This result gives the function F associated with the reparam~etrizati0n (1.35). We now

check that it correctly reproduces the relation ¢ = 2 Re Fy, as required by (1.35).
We compute F; and obtain,

P (1.46)
YT 14+a2 ’
i o= [T+ a2+ 2G+Dr -
- _x\/ g(~ :) LGB
2(1 + a?) 14+ 0?4 g?(X — x)2

\/1 + a2+ g2(F — 0)?

1+ a2 4+ g(% + %)

We leave the following exercise to the reader.

Exercise 6 Using (1.46), verify explicitly that 2Re F; equals (1.39).

Now we want to see how Fj is related to F,. According to the discussion
around (1.10), the symplectic transformation (1.35) of the canonical pair (Re x, Re Fy)
induces a corresponding transformation of the vector (x, Fy),

X x +aFy
- ) = ) 1.4
(Fx) ( Fx ) (147
This is indeed the case, as can be verified explicitly by expressing the transformed
variables (p, e) in terms of the original variables (p, ¢) using (1.21), (1.38) and

(1.35),
_ 1+92p2 . 1—g282
=ptae m, e=e—ap ngpz, (148)

and employing the relation

1+a2_9252 B 1—9262
L+a2+g2p2 1+ g2p?

(1.49)

Exercise 7 Verity (1.47) explicitly using (1.46).

Including a Dilaton-Axion Complex Scalar Field

The Born-Infeld system discussed in the previous section possesses a continuous
S O (2) duality symmetry group. It is possible to enlarge this duality symmetry group
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to Sp(2, R) by coupling the abelian gauge field to a complex scalar field § = @ +
i B [30]. This is achieved by replacing g F},, in (1.16) with g #'/? F,,,, and adding a
term BF) #,,I:" M to the Lagrangian, as follows [30]

L= _9_2 |:\/| det[g;w + g(pl/Z F/w]| — VI detg/wlj| + 21; B F/wﬁlw- (1.50)

Then, the combined system of equations of motion and Bianchi identity for F),, is
invariant under Sp(2, R) transformations, provided that S transforms in a suitable
fashion. The associated Hamiltonian will then be invariant under these transforma-
tions. This will be discussed momentarily. The coupling g @'/ replaces the gauge
coupling constant with a dynamical field, customarily called the dilaton field, while
the term BF, H,,,F M introduces a scalar field degree of freedom called the axion. For
this reason, S is also called the dilaton-axion field.

As before, let us consider spherically symmetric static configurations of the
form (1.17). Picking again the r-slice 47r? = 1, for convenience, the reduced La-
grangian is now given by

Le,p, @, B)=—g > |:\/1 —g*®e? 1+ g*® p? — 1j| +Bep, (1.51)

where we take g2 @ ¢ < 1. This reduces to the previous one in (1.19) when setting
S = 1. To obtain the associated Hamiltonian H,

H(p,q,P,B)=qe—L(e,p, P, B), (1.52)

we first compute ¢ = 0L/ e,

14+ g2 p?
=e® B p. 1.53
qg=e ey +Bp (1.53)
Inverting this relation yields
- B
e= i , (1.54)
JOI+ 2 [02p2 + (g — B p)]
and substituting in (1.52) gives
H(p.q. P, B) =g [\/1 + 2@ p2+ P! (g — Bp)*l- 1} . (1.55)

Then, expressing @ and B in terms of S and S results in
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H(p.q.5.5) =g [/1 +2025(p.q.5.5) — 1], (1.56)

where . B -
q-+ipq(S—S)+ p~|S|

2(p,q,S,8) = STS

(1.57)

Exercise 8 Verify (1.56).

Now we are in position to discuss the invariance of the Hamiltonian under Sp(2, R)
transformations. Consider a general Sp(2, R) transformation of the canonical pair

(p, q) given by
p PY_(d —c\(p
(q)_)(é)_(—b a) (q) (129

where a, b, c,d € R and ad — bc = 1. The latter ensures that the transformation
belongs to SL(2, R) = Sp(2, R). Then, ¥ given in (1.57) is invariant under (1.58)
provided that S transforms according to [8]

aS —ib
— .
icS+d

(1.59)

This explains the role of S in achieving duality invariance. It should be noted that
S does not constitute an additional canonical variable, but instead describes a back-
ground field. The external parameter ¢? is inert under these transformations.

Exercise 9 Show that X is invariant under the combined transformation (1.58) and
(1.59).

We observe that 7 homogeneously as H — A\>7 under the real scaling (p, ) —
Xp.q), ¢* = \2¢g%, S — S,with A e R.

Let us now return to the reduced Lagrangian (1.51) and recast it in the form
L =4 [ImF — £2], where again we introduce the complex variable x = %( p +1ie).
The function F will now depend on the two complex scalar fields x an S,

F(x,% 8.8 ¢ = FO(x, $) +2i2(x, £, 5, $; g, (1.60)
and is determined as follows. The holomorphic function F© encodes all the contri-
butions that are independent of gz, while §2, which is real, accounts for all the terms

in the reduced Lagrangian that depend on ¢2. This yields,

FO%x,85) = — Lisx?, (1.61)

Qx,%,8, 89 =49 (\/1 + 37 (S+ 8 (x+1)?

2
—\/1+%g2(s+§)(x—)z)2) .
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Observe that under the scaling of (p, g) and ¢* discussed below (1.59), e scales
as e — e, and hence x scales as x — Ax. This in turn implies that F' scales as
F — A\’F.

From (1.6) we infer that the canonical pair (p, q) is given by (2Re x, 2Re F).
According to the discussion around (1.10), the symplectic transformation (1.58)
of the canonical pair (Re x, Re Fy) induces a transformation of the vector (x, Fy)
given by (x, Fy) — (dx — ¢ Fx,a F, — bx). Since (1.58) together with (1.59)
constitutes a symmetry of the model, the transformation of F, must be induced by
the transformation of x and S upon substitution. We leave it to the reader to verify
this.

Exercise 10 Show that the transformation of x and S (given in (1.58) and (1.59),
respectively) induces the transformation Fy — a Fy — b x by substituting x and §
with X and S in F.

The reduced Lagrangian (1.51) describes the system on an r-slice 47> = 1.
Another background leading to a similar reduced Lagrangian, and hence to a similar
description in terms of a function F, is provided by an AdS, x S spacetime.

Exercise 11 Consider the Born-Infeld-dilaton-axion system in an Ad Sy x S back-
ground and show that, after performing a suitable rescaling of g, e and p, the resulting
reduced Lagrangian is again encoded in (1.61).

Towards N = 2 Supergravity Models

In the Born-Infeld example discussed above, the duality symmetry of the model was
enlarged by coupling it to an additional complex scalar field S. This feature is not
an accident. In the context of N = 2 supersymmetric models, it is well known that
the presence of complex scalar fields is crucial in order for the model to have duality
symmetries. To explore this in more detail, let us broaden the discussion and consider
functions F' that depend on three complex scalar fields Y 1 (with I =0, 1, 2), as well
as on an external parameter 7. They will have the form

Yl (Y2)2

FOLY5m) = =3 —75

+2i2(Y, Y; 7). (1.62)
The function F describing the Born-Infeld-dilaton-axion system, given in (1.60), is a
special case of (1.62). It is obtained by performing the identification § = —i Y1/ Y0,
x = Y2 and n = ¢°. This identification is consistent with the scaling properties
of x, S and ¢? discussed below (1.59). Namely, by assigning the uniform scaling
behavior Y/ — AY! to the Y/, we reproduce the scalings of x, S and g*. The
function (1.62) may, however, also describe other models, such as genuine N = 2
supergravity models and should thus be viewed in a broader context. Depending
on the chosen context, the external parameter 7 will have a different interpretation.
Observe that in the description (1.62) based on the Y?!, duality transformations are
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represented by Sp(6, R) matrices (which are 6 x 6 matrices of the form (1.5)) acting
on (Y!, Fy), where F; = OF (Y, Y;n)/0Y!. The external parameter 7 is inert under
these transformations.

Let us now assume that a model based on (1.62) has a symmetry associated with
a subgroup of Sp(6, R). This will impose restrictions on the form of £2 [18, 21]. For
concreteness, we take the symmetry to be an SL(2, R) x SL(2, R) subgroup. The
first SL(2, R) subgroup acts as follows on X’ Fp),

YO 5 dyO+cY!, Fy—>aFy—bF,
Y! 5> av'4+pY°, Fi - dF —cF, (1.63)
Y2 5 dY?—cF, F,—>aF,—bY?

where a, b, ¢, d are real parameters that satisfy ad — bc = 1. This symmetry is
referred to as S-duality. Let us describe its action on two complex scalar fields S and T
that are given by the scale invariant combinations § = —i¥!/¥%and T = —iy?/Y?,
The field S is the one we encountered above. The S-duality transformation (1.63)
acts as

L aSZib oy pp 2 02 yo | pgyd (1.64)
icS+d’ As (Y0)2 OT” STo '

where we view £2 as function of S, T, ¥ and their complex conjugates, and where
As =d +icS§. (1.65)

The second SL(2, R) subgroup is referred to as T-duality group. Here we focus on
the T-duality transformation that, in the absence of 2, induces the transformation
T — 2/T.Itis given by the following Sp(6, R) transformation,

YO > F, Fy— -Y',
Y!> —Fy, F > YO, (1.66)
Y25 Y2, P> F,

and yields

S— S+ 2 Y089+T89 T Ly Apy® (1.67)
Ar(Y0)2 avo " ar | Ar’ B

where
L2 2 082

Ar=5T"4+ —5—. 1.68
T 2 (YO)Z oS ( )
As already mentioned below (1.32), when a symplectic transformation describes

a symmetry of the system, a convenient method for verifying this consists in per-
forming the substitution ¥/ — ¥/ in the derivatives F;, and checking that this



1 Non-holomorphic Deformations of Special Geometry and Their Applications 21
substitution correctly induces the symplectic transformation of F;. This will impose
restrictions on the form of F', and hence also on §2. Imposing that S-duality (1.63)

constitutes a symmetry of the model (1.62) results in the following conditions on the
transformation behavior of the derivatives of §2 [21],

02\ 0%

oT ) or’

GI2AN , (02) 9(ash) | ., 09 ic 92\?
=) =4 (o )+ | A s - (=) |
3s Js s s oYY 245 (Y02 \ar

p002Y _ 002 L e (02 2 (1.69)
oYY ) oY0  As(¥92\or )’ ’

while requiring (1.66) to constitute a symmetry imposes the transformation behav-

ior [21]
(89)’ 0
oS )y 0s’
o\ 5\ 02 0082
(8_T)T_(AT_T)8_T+TY 270
I7 AN 002 4 IR 00 002
O ) = YO T | 1.7
( 8Y0)T Y0 * Ap (Y0)2 as[ Yo " ar] (1.70)

These equations allow for various classes of solutions. For instance, if we only impose
S-duality invariance, then an exact solution to the S-duality conditions (1.69) is

208, 5, Y%, 7 ) =n[1nY0+1n1?0+1n(S+§)], (1.71)

which is invariant under (1.64). If, on the other hand, we impose both S-duality
and T-duality invariance, solutions to both (1.69) and (1.70) may be constructed
iteratively by assuming that £2 is analytic in n and power expanding in it, so that

o0
Q. Y:n) = Zn” 0y, Y). (1.72)
n=1

Then, at order 7, the differential equations (1.69) reduce to
220\ oM
ar - ). ~or

My 1 9 (A2 M
R A2 02 N (As?) _1y0 890 ’
a8 S oS a8 oY
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oy o)
(YO o2 ) =Y° os2 (1.73)
S

Yo ayo’

while the differential equations (1.70) reduce to

20\  ao®
a8 TS

T
(agm)’ _ 120020 Ly 002
oT -2 oT oy0
T
200Y a0M
Yo =y° . 1.74
( oYo T oYo (1.74)

Once a solution £2(1 to these equations has been found, the full expression (1.72)
can be constructed by solving (1.69) and (1.70) iteratively starting from £2(1).

As an application, let us return to the Born-Infeld-dilaton-axion model (1.61)
which, as we already mentioned, is a model of the form (1.62) that scales as ' —
A2 F under Y/ — AY! with A\ € R (see below (1.61)). Let us first check that
both S- and T-duality constitute invariances of the model. We recall that x = Y2,
The S-duality transformation (1.63) precisely induces the transformations (1.58)
and (1.59), since (p,q) = (2Rex, 2Re Fy). The T-duality transformation (1.66)
leaves (x, Fy) invariant. By expressing £2 given in (1.61) in terms of S, 7 and Y°
(and their complex conjugates), we see from (1.67) that also § is invariant under
this T-duality transformation, since Y°0£2/0Y° = T9§2/0T. Consequently, the
Hamiltonian (1.56) is also invariant under (1.66).

Now consider expanding (1.61) in powers of g2. To first order we obtain

2W =LY+ 8T (1.75)

It is invariant under both (1.63) and (1.66) to lowest order in ¢, and it is straightfor-
ward to check that (1.75) indeed satisfies the differential Eqs. (1.73) and (1.74).
We note that under the aforementioned scaling Y I oyl 2O geales as
20 5 A\ QD This scaling behavior is thus very different from the one en-
countered in supergravity models, such as those considered in [18, 21], where the
function F scaled homogeneously as F — \? F, but the associated £2" did not
scale at all. This difference is due to the fact that in these models, the external para-
meter 7 scaled as 7 — A2 7, while in the Born-Infeld-dilaton-axion model it scales
asn — A2

Thus, we see that the actual solutions to (1.69) and (1.70) depend sensitively
on the scaling behavior of the Y and 7. For instance, the solution (1.71) does not
exhibit a homogeneous scaling behavior under Y/ — A\Y”. In the next subsection,
we further analyze some of the consequences of this scaling behavior.
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1.2.3 Homogeneous F (x, x; 1)

The theorem in Sect. 1.2.1 did not assume any homogeneity properties for F'. Here
we will look at the case when F is homogeneous of degree two and discuss some of
its consequences. As shown in the previous subsections, an example of a model with
this feature is the Born-Infeld-dilaton-axion system.

Let us consider a function F(x,x;n) = FO(x) + 2iQ2(x, &; 1) that depends
on a real external parameter 7, and let us discuss its behavior under the scaling
x = Ax, n— N"nwith A € R. We take F©(x) to be quadratic in x, so that
FO scales as FO(\x) = A2 FO(x). This scaling behavior can be extended to
the full function F' if we demand that the canonical pair (¢, 7) given in (1.6) scales
uniformly as (¢, m) — A (¢, 7). Then we have

FO\xX, A\x; N ) = N\ F(x, %: 1), (1.76)
which results in the homogeneity relation
2F=x'Fi+ % FF+mnF,, (1.77)

where F,, = OF /On. Inspection of (1.11) shows that the associated Hamiltonian H
scales with weight two as

HA\ o, AT X" n) = N2 H(o, 1), (1.78)

so that H satisfies the homogeneity relation,
2H=¢—+T—+mn——. (1.79)
7

Using (1.11) as well as y; = F;, this can be written as

. ;= OH
H:i(x’F,-—xlFl—)JrTn— (1.80)
2 " On
Next, using that the dependence on 7 is solely contained in §2, we obtain
OH OL
= —48,, (1.81)

a—n|¢,w = _3_7)|¢’(2’ =

where 2, = 0£2/0n. Thus, we can express (1.80) as

H :i(xf Fi—x' F,—) —2mn,. (1.82)
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This relation is in accordance with (1.9) upon substitution of the homogeneity
relations 2F @ (x) = x! Fi(o) and 22 = x'Q2; + X' Q2 +mn £2;, that follow from
(1.77).

The Hamiltonian transforms as a function under symplectic transformations. Since
the first term in (1.82) transforms as a function, it follows that £2,; also transforms as a
function. This is in accordance with the general result quoted at the end of Sect. 1.2.1
which states that J, F transforms as a function.

An application of the above is provided by the Born-Infeld-dilaton-axion system
based on (1.61), whose function F scales according to (1.76) with m = —2 (in this
example, 7 = ¢°).

In certain situations, such as in the study of BPS black holes [34], the discussion
needs to be extended to an external parameter 1 that is complex, so that now we
consider a function F(x, x;n,1n) = F © (x) +2i82(x, x; n, n) that scales as follows
(with A € R),

FOX, A N 0, N i) = N F(x, %; 1, 7). (1.83)

For instance, in the case of BPS black holes, 7 is identified with 7", which is complex
and denotes the (rescaled) lowest component of the square of the Weyl superfield.
The extension to a complex 7 results in the presence of an additional term on the
right hand side of (1.77) and (1.79),

2F =x'F, + X Fr+m (nFy +iiF;),

OH OH OH OH
2H =¢p— — —+n—=—), 1.84
¢8¢+W8w+m(nan+”aﬁ) (1.84)
and hence
H—i(;z"F—x"F—)Jrﬂ 8_H+_6'_H (1.85)
= i i ) n on n a7 . .

Then, since the dependence on 7 and 7 is solely contained in §2, we obtain

H:i()?’_Fi—xiF;)—Zm(nQn+ﬁ.{2ﬁ). (1.86)

This is in accordance with (1.9) upon substitution of the homogeneity relations
2FO () = X' F? and 202 = x'@; + ¥2 + m (2, + 7£2;) that follow
from (1.84). The case of BPS black holes mentioned above corresponds to m = 2
[8, 21].

The above extends straightforwardly to the case of multiple real external
parameters.
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1.3 Lecture II: Duality Covariant Complex Variables

As already discussed, the function F(x, x) may depend on a number of external
parameters 7. Under duality transformations (1.10), the symplectic vector (x!, F;
(x,%)) transforms into (¥, }7} ()Z,):c)), while the parameters 7 are inert. When
expressing the transformed variables %' in terms of the original x’, the relation
will depend on 7, i.e. ¥ = X'(x, X, 7). In this section we introduce duality co-
variant complex variables #' whose duality transformation law is independent of 1.
These variables constitute a complexification of the canonical variables of the Hamil-
tonian and ensure that when expanding the Hamiltonian in powers of the external
parameters, the resulting expansion coefficients transform covariantly under duality
transformations. This expansion can also be organized by employing a suitable co-
variant derivative, which we construct. The covariant variables introduced here have
the same duality transformation properties as the ones used in topological string
theory and can therefore be identified with the latter.
We begin by writing the Hamiltonian H given in (1.9) in the form

H= — i(xi Fl_(o) _ )El_ E(O)) _ 4Im[F(0) _ %xi F'I(O)]
) [2 Q- — T2 — 9,—)] , (1.87)

where we made use of (1.7). We take §2(x, x; ) to depend on a single real parameter
n that is inert under symplectic transformations. The discussion given below can
be extended to the case of multiple real external parameters in a straightforward
manner. For later convenience, we introduce the notation £, = 082 /0n, Fyj =
> F/ondx/ , etc.

The Hamiltonian (1.87) is given in terms of complex fields x’ and X' whose
transformation law under duality depends on the external parameter 1. Now we
define complex variables ¢/ whose transformation law does not depend on 7, as
follows. We introduce the complex vector (¢', Fl.(o) (#)) and equate its real part with
the vector comprising the canonical variables (qi)i, 7;i) [10],

2Ret! = ¢,
2Re FO(t) =m;. (1.88)
This definition ensures that the vector (¢, Fi(o) (t)) describes a complexification of

(¢i , m;) that transforms in the same way as (¢i, m;) under duality transformations,
namely as in (1.4). This yields the transformation law

f=Ut) 4 7V F}O)(z), (1.89)

which, differently from the one for_ the ', is independgnt of n.
Using (1.6), the new variables ¢’ are related to the x' by
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2Re /! =2Rexi,
2Re F” (1) = 2Re F; (x, T 7). (1.90)

Now we consider the series expansion of H in powers of 7). If the expansion
is performed keeping x’ and x' fixed, the resulting coefficients functions in the
expansion do not have a nice behavior under sympletic transformations because of
the aforementioned dependence of %/ on 7). This implies that the coefficient functions
at a given order in 1 will transform into coefficient functions at higher order. This
can be avoided by performing an expansion in powers of 7 keeping ' and ¢* fixed
instead. We obtain

X n
H=> % £, (1.91)
n=0

where the coefficient functions

f = 8:7H(t, £ n)

(1.92)

n=0

transform as functions under symplectic transformations, i.e. f W(@E D) = fF™, 7).
Viewing them as as functions of Re #/ and of Re Fl.(o) (1), we can re-express them in
terms of x! and ¥’ using (1.90), as follows. First we introduce a modified derivative
Dy, [5, 33] that has the feature that it annihilates the canonical variables (gzﬁi, i), SO
that

D, (Rex') =0, D, ReF)=0. (1.93)

We then use D,, to expand H in powers of 77 while keeping Re x' and Re F; fixed,
~ H™, (1.94)

where the coefficient functions are given by

H™ =D, H(x,x:n) (1.95)

n=0

By comparing (1.91) with (1.94), we conclude that f® = H®™ so that the sym-
plectic coefficient functions £ can be expressed as

fO =0 H(t. ;)

0= DUH(x, x;n)

(1.96)

n= n=0

The modified derivative D, used in the expansion is given by

Dy =, +iNY (Fy; + F)7) (8 — ), (1.97)
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where N’/ denotes the inverse of
Nij = —i[Fj — Frj — Fij + Fj].- (1.98)
Using (1.7), the above can also be written as
D,y =8y — 2NV (2,5 — 2,7) (8 — ), (1.99)
with
1(7, = Nij + 4Re (2;; — 2i7),

© _ 20
Nij [FU ~ F ] (1.100)

Observe that N; j is a real symmetric matrix.
Exercise 12 Verify (1.93).

We now give the first few terms in the expansion of H. We choose to evaluate

them using (1.95). Expanding 2 in a power series* in 1,

o0 p
Q. %) = %M")(x,)a, (1.101)

n=1

we obtain

1) -7 (0 i (0
f(()) — _ I(Xl F—( ) . F*l( )) _ 4Im[F(0) _ %Xl I;*l( )]’

FO = 400,
2 D _onii (00 _ o) (o0 _ o®

1= —4[9“—21\7” (2 - 20) (2" - 2],

fO = —a[2® —on' (27 - 22) (2)" - 21") (1.102)

ik a7l (1) (1 1 (1 (1 (1
+ 2NN (2 — 2 +ec) (2 - 20) (2 - 21)

4 4i NP NI NKm (‘Qi(]) _ “Qi(l)) (91(_1) _ 9;1)) (9151) _ le))

k
O L 70
(Ft’lm + Fﬁl_rﬁ)] '

Observe that at any given order in 7), there is no distinction between x' "and ¢, so that
in (1.102) we may replace x' everywhere by /.

The expansion (1.94) yields expansion functions that are symplectic functions.
This implies that D,; acts as a covariant derivative for symplectic transformations.

4 Note that here we have chosen a different normalization for the $2Y compared to the one in
(1.72).
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This can be verified explicitely and is done in appendix B, where we show that if a
quantity G (x, x; n) transforms as a function under symplectic transformations, then
so does D;G. In particular, applying D;, to H yields the relation

OyH(t,1;m) = DyH (x, X; 1), (1.103)

where the right-hand side defines a symplectic function. More generally, applylng
multiple derivatives D on any symplectic function depending on x' and x', will

again yield a symplectlc function. As an example, consider applying D,, and Dr/
on (1.87),

D7]H(X, x;n) = — 487]Q(xa x;n),
Dy H(x, %) = =4[ 0,2 =2 NI, 0] (1.104)

where w; = £2; — £2;. According to the above, both these expressions transform as
functions under symplectic transformations. For the first expression this is confirmed
by the result (1.177) which shows that J,§2 transforms as a function. The second

expression shows that, while 5,27[2 does not transform as a function, there exists
a modification that can be included such that the result does again transform as a
function. Expressions like these were derived earlier in a holomorphic setup [5, 33].
Furthermore, we note that the differential operators Di, defined by

i o~ f 0 0
D' = NV (%—W), (1.105)

are mutually commuting, and they also commute with D),
[D', D/]1=[D',D,] =0. (1.106)

Exercise 13 Verify (1.106).

As already mentioned, it is possible to extend the above to the case of several
independent real parameters 7, 77/, 7, . . .. In that case the additional operators, Dy,
etc., will also commute with the operators considered in (1.106).

Obviously, when imposing the restriction 7 = 0 on the functions ’D;H , they
reduce to the expressions for the £ obtained in (1.102). This can be explicitly
verified for the functions given in (1.104) by comparing them to the expressions
in (1.102).

Let us return to the relation (1.88) and discuss it in the light of phase space
variables. As mentioned in Sect. 1.2.1, we view (gbi , T;) as coordinates on a clas-
sical phase space equipped with the symplectic form dm; A d¢'. Let us express the
symplectic form in terms of the ¢ using (1.88),
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dmi Ad¢' =iN;;dt' Adi, (1.107)

with N;; given in (1.100). This relation may be interpreted as a canonical transforma-
tion from variables (¢', m;) to (#*, t') which is generated by a function S that depends
on half of all the coordinates. We take S to depend on ¢' and . We determine it
in the linearized approximation by expanding N;; around a background value t};.
Performing the shift

I A L L (1.108)

and keeping only terms linear in the fluctuations ¥ and 7', we obtain from (1.88),
mi =F (tp)t) + FQ(p) 1/, (1.109)

where we absorbed the fluctuation independent pieces into the definition of (¢, 7;).
Then, expressing 7; in terms of ' and ¢,

T = iNij (15, 7)) + FJ(5) &7 (1.110)

and introducing the combination

Pi = —iNij(tp, tB) (¢j—fj)’ (1.111)

yields ' ' ) ‘
dm; /\dgf)l = iN,‘j(l‘B, I_B)dtl Adt! = dP; Adt. (1.112)

Hence, the 1-form m; d¢' — P; dt' is closed, so that locally,
midd — P di' =dS, (1.113)

where S(¢, t) is called the generating function of the canonical transformation. Then,
integrating this relation yields the following expression for the generating function
S(¢» t» tB? EB) [23_25]’

S(¢.t;tp, tp) = %F;(jg)(t_B) ¢ ¢ +iNij(tp. ip) ¢'t/ — 3iNij(tp, i) t't!
+c(tp, 1), (1.114)

where ¢ denotes a background dependent integration constant. Observe that S(¢, ¢;
tg, tp) is holomorphic in the fluctuation 7 and non-holomorphic in the background 7.
The generating function S(¢, ; tg, fg) plays a crucial role in the wave function
approach to perturbative topological string theory. This approach represents a concise
framework [22-26] for deriving the holomorphic anomaly equation of topological
string theory [35, 36], and will be reviewed in appendix C.
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1.4 Lecture III: The Hesse Potential and the Topological
String

In the previous sections we showed that the dynamics of a general class of Lagrangians
is encoded in a non-holomorphic function F of the form given in (1.2). This function
F may depend on a number of external parameters 1. We expressed the associated
Hamiltonian in terms of duality covariant complex variables and showed that in these
variables, the expansion of the Hamiltonian in a power series in 7 yields expansion
coefficients that transform as functions under duality. In this section we apply these
techniques to supergravity models in the presence of higher-curvature interactions
encoded in the square of the Weyl superfield [2, 5]. We consider these models in
an AdS, x S? background. The Hamiltonian (1.9) associated to the reduced La-
grangian is a (generalized) Hesse potential. The Hesse potential plays a central role
in the formulation of special geometry in terms of real variables [7, 14—16]. The
external parameter 7, which is now complex, is identified with the lowest component
field of the square of the Weyl superfield.

We begin by reviewing the computation of the Wilsonian effective Lagrangian
inan AdS; x S2 background [27, 28] and relate it to the presentation of Sect. 1.2.
We then generalize the discussion to the case of a function F of type (1.7) with a
non-harmonic £2. We express the Hesse potential in terms of the aforementioned
duality covariant complex variables, and expand it in powers of 7 and 7. This reveals
a systematic structure. Namely, the Hesse potential decomposes into two classes of
terms. One class consists of combinations of terms, constructed out of derivatives
of £2, that transform as functions under electric/magnetic duality. The other class
is constructed out of £2 and derivatives thereof. Demanding this second class to
also exhibit a proper behavior under duality transformations (as a consequence of
the transformation behavior of the Hesse potential) imposes restrictions on £2. These
restrictions are captured by a differential equation that equals half of the holomorphic
anomaly equation encountered in perturbative topological string theory.

1.4.1 The Reduced Wilsonian Lagrangian in an Ad Sy x S*
Background

We consider the coupling of N = 2 vector multiplets to N = 2 supergravity in
the presence of higher-curvature interactions encoded in the square of the Weyl
superfield [2, 5]. We use the conventions of N = 2 supergravity, whereby the vector
multiplets are labelled by a capital index I = 0, ..., n (instead of the index i used
in the previous sections). The degrees of freedom of a vector multiplet include an
abelian gauge field and a complex scalar field, and these will thus carry an index 1.
We denote the complex scalar fields by X’. The square of the Weyl superfield has
various component fields. The highest component field contains the square of the
anti-selfdual components of the Riemann tensor, while the lowest one, denoted by
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A, equals the square of an anti-selfdual tensor field. Below we will find it convenient
to work with rescaled complex fields Y/ and 7", which are related to the X! and A
by a complex rescaling [34].

First we evaluate the Wilsonian effective Lagrangian of these models on a field
configuration consistent with the SO(2, 1) x SO(3) isometry of an Ad S X S2 back-
ground. The spacetime metric g, and the field strengths F, W’ of the abelian gauge
fields are given by

d 2
ds? = vy (=2 d? + =) + 02 (6% +sin? 0 d?),
r
Fl=el,  Fp' =p!sino. (1.115)

The 6-dependence of Fewl is fixed by rotational invariance and the p’ denote the
magnetic charges. The quantities vy, v2, e/ and p! are all constant by virtue of the
SO(2, 1) x SO(3) symmetry.

It is well-known [2] that the Wilsonian Lagrangian £ is encoded in a holomorphic
function F (X, A), which is homogeneous of degree two under the scaling discussed
in (1.76), i.e. FOOX, A\2A) = \2 F(X, A). Evaluating the Wilsonian Lagrangian in
the background (1.115) and integrating over S 2321,

.7:=/d9dg0 Vgl L, (1.116)

yields the reduced Wilsonian Lagrangian which depends on e and p’, on the rescaled
fields Y/ and 7, and on v; and v» through the ratio U = vy /vs.

In the following, we will restrict to supersymmetric backgrounds, for simplicity,
in which case U = 1 and T~ = —64 [34]. Then, the reduced Wilsonian Lagrangian
reads [27, 28],

Fle.p V. V:7.7) = = i (Fiy = Fry) (e’ = pp”) = § (Fuy + Frp) e’ p?

+ %iel (F] +F11YJ —h.C.) — %pl (F[ — F[J)_/j—l-h.c.)

+i(F =Y Fr+ $Fy'y —ne), (1.117)

where V" =1 = —64 and F; = OF/9Y!, F;; = 0°F/9Y'dY’, etc. Introducing
the complex scalar fields x! = %(p’ +ie!) of Sect. 1.2.2 (see (1.31)), the reduced
Lagrangian becomes a function of two types of complex scalar fields, namely the x/
that incorporate the electromagnetic information, and the moduli fields Y.

Now we recall that in an AdS> x S? background the electro/magnetic quantities
appearing in (1.115) are related to the moduli fields ¥/. When the background is
supersymmetric, the relation takes the form [37]

x =iyl (1.118)
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In the context of BPS black holes, the real part of this equation yields the magnetic
attractor equation. Then, using (1.118), the reduced Wilsonian Lagrangian becomes
equal to

FY. YT, T)=-=2ImF(Y,7), (1.119)

with? =7 = —64.
Exercise 14 Verify (1.119).

Let us reformulate the reduced Lagrangian (1.119), which is based on a holo-
morphic functions F (Y, 7'), in terms of the function F (Y, Y:T,7) = FO®y) +
2i2(Y, Y; 7, T) introduced in Sect. 1.2. This is achieved by using the equivalence
transformation (1.8). Writing the holomorphic function F(Y,7) as F(Y,T) =
FO(Y) — g(Y,T) and applying (1.8), we obtain 2 = —Img(¥, 7). Thus, at
the Wilsonian level, §2 is a harmonic function, and the reduced Lagrangian can
be expressed as

FY V1, T)= -2 [ImF(O)(Y) LT, ?)]
=2 [ImFY.Y;7.7) - 2. Y; 1. 1)]. (1.120)

with T = T = —64. Both F© and £2 are homogeneous functions of degree two,
so that F(AY, AY; A27, \27) = N2 F(Y, Y; 1, 7).

The reduced Lagrangian (1.120) agrees with the one in (1.9), up to an overall
normalization factor of —2. In the following, we rescale (1.120) by this factor, so
that from now on

FY.Y;T,7)=4[ImF(Y,Y; 7. 7)— (., V;7.7)]. (1.121)

Using (1.118), we infer that p! = —i (Y’ — Y’) and ¢/ = Y! 4+ Y. According
to (1.6), on the other hand, the real part of Y/ plays the role of the canonical vari-
able ¢!, so that we have ¢! = e!. We may thus view F as a function of p’ and ¢/, and
consider its Legendre transformation either with respect to p! or with respect to ¢’ .
Performing the Legendre transformations with respect to the p’,i.e. H = F — p! 7y,
results in

7= g—; = F; + Fj, (1.122)
and hence
H =i [Y’ Fr — fiF,] +2[29 —ylQ, - ?’b,—]
—i [Y’ FO g1 F,(O)] +2 [2:2 —w! — vl - 9,—)] L (1123)

which is the analogue of the Hamiltonian (1.9) (up to an overall sign difference in
the definition of both quantities). In the context of BPS black holes, H denotes the
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BPS free energy of the black hole. When viewed as a function of ¢! and 77, H(¢, 7)
is called the Hesse potential.

Exercise 15 Verify (1.123).

On the other hand, performing the Legendre transformations with respect to the ¢/,
ie.S=F — ¢! q,results in

OF

=550 = —i (F; — Fj), (1.124)

and hence
S=-i|Y F-7TF]+222 v -T2
= i FO — 7T FO) 42 [zsz —wl s vhe + Q,—)] L (1.125)

In the context of BPS black holes, (1.124) is the electric attractor equation, and S
denotes the black hole entropy when viewed as function of p! and g [34].

Exercise 16 Verify (1.125).

The entropy S can be obtained from the Hesse potential by a double Legendre
transformation with respect to (gbl ,7r) [8], 1.e.

S(p,q) =H(p, ) +71 p' — ol qr (1.126)

with p! = —9H /On; and q; = OH /0P .

1.4.2 The Reduced Low-Energy Effective Action in an
AdS; x S* Background

When passing from the Wilsonian to the low-energy effective action, non-
holomorphic terms emerge that are crucial for maintaining duality invariances [17],
and that therefore need to be incorporated into the framework of the previous sub-
section. In the following, we assume that these terms can be incorporated into 2
by giving up the requirement that §2 is harmonic. We take the reduced low-energy
effective Lagrangian and the associated Hesse potential to be given by (1.121) and
(1.123), respectively, but now based on a non-harmonic 2.

The Hesse potential (1.123) is given in terms of complex scalar fields Y/
and Y!. Under duality transformations, the scalar fields Y/ transform into ¥/ =

v! (Y, Y,T, ’)_”) (and similarly for the v! ), as discussed in Sect. 1.3. In order to obtain
expansion coefficients that have a proper behavior under duality when expanding H
in powers of 7" and 7", we first express H in terms of the duality covariant complex
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coordinates introduced in Sect. 1.3. This can be achieved by iteration, and the result
for the Hesse potential in the new coordinates then takes the form of an infinite
power series in terms of §2 and its derivatives. We explicitly evaluate the first terms
in this expansion up to order §2°. This suffices for appreciating the general structure
of the full result. The actual calculations are rather cumbersome, and we have rele-
gated some relevant material to appendices D and E. The expression for the Hesse
potential, given in (1.143), consists of a sum of contributions H;a), each of which
transforms as a function under symplectic transformations. The function H! is the
only one that contains £2, while all the other Hf”) contain derivatives of 2. Using
that H( transforms as a function under symplectic transformations, we determine
the transformation law of §2, which is given in (1.146). In the following, we present
a detailed derivation of these results. We suppress the superscript in F© for the most
part, for simplicity.

The Hesse potential H is defined in terms of the real variables ((b’ , ), whose
definition depends on the full effective action. These may be expressed in terms of
the duality covariant variables introduced in (1.88), and which will be denoted by
V! in the following. Inspection of (1.90) shows that these new variables are such
that they coincide precisely with the fields ¥/ that one would obtain from (¢!, 77)
by using only the lowest-order holomorphic function F©,

2Re V! =¢! =2ReY!,
2Re F\V(V) =715 =2Re Fy (Y, V; 1, 7). (1.127)
Since the relation between the new variables and the real variables (¢1 , my) depends

only on F©, their duality transformations will not depend on the the details of the
full effective action. Under symplectic transformations they transform according to,

V=vl Y+ 72V FP ) =Sy, (1.128)
where
Sol ;) =0y + 2K FQ (). (1.129)

At the two-derivative level, where £2 = 0, we have ! = Y7, butin higher orders
the relation between these moduli is complicated and will depend on §2. Hence we
write Y/ = Y/ + AY!, where AY! is purely imaginary. Writing F = F© +2ig,
we will express (1.128) in terms of F© and £2, so that we can henceforth sup-
press the superscript in F©). Hence, in the following, F will denote a holomorphic
homogeneous function of degree two. Therefore it is not necessary to make a dis-
tinction between holomorphic and anti-holomorphic derivatives of this function. The
Eq. (1.127) can then be written as,

Fi(Y — AY) + F{ (Y + AY) — F;(Y) — F1 ()
=—2i [2;(Y — AY, Y + AY) —Q;(Y — AY, Y + AY)]. (1.130)
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Upon Taylor expanding, this equation will lead to an infinite power series in AY/.
Retaining only the term of first order in AY/ shows that it is proportional to the first
derivative of £2. Proceeding by iteration will then lead to an expression for AY!
involving increasing powers of §2 and its derivatives taken at ¥/ = ). Here it
suffices to give the result of this iteration up to fourth order in £2,
AYl =2 — ol

—2U(F + F)K (2, — 27)(2k — 2¢) —8Re(2! — 21y (2, — 2;)

+ 4 [(F — PYMKL 4 3i(F 4+ F)1TM(F + F)MKL]

X (825 — 27)(2k — 2p)(21 — 27)

+ 8 [2 (F + F)!Y gRe(2KE — KLy 4 Re(2!K — @!K)(F + F)KJL]

X (827 —$27)(821 — £21)

+32Re(2" — 21 YRe(2,x — 2,5) (25 — 2F)

+8ilm(R2/K — 221K + Q1KY (@, — 27) (2K — 2p) + O2%).

(1.131)

Here indices have been raised by making use of N7, which denotes the inverse of
N[JZZImFIJ, (1132)

where we stress that all the derivatives of F and §2 are taken at Y/ = )! and
Yyl =yl
Furthermore, we obtain the following expression for the Hesse potential (1.123),
HQ.Y) = =iV FQ) =YV Fi)+420.))
—i[ V! (i) = Fr ) + AY Fi(r) — he

+4[.Q(Y, V)= 20, D)+ AY! (1Y, V) — 2;(Y, 1)) ] (1.133)

Here we made use of (1.130) at an intermediate stage of the calculation. Again this
result must be Taylor expanded upon writing Y/ = Y/ — Ay  and Y/ = Y/ 4+ AY !,
The last two lines of (1.133) then lead to a power series in AY, starting at second
order in the AY,

HY. ) = =iV F Q) =V F O +4210.))
— Ny AY'AY? — 3i(F + F) gAY AY AYK
—4Re(21) — 2, DAY AY + J(F — F)yxAY' Ay ay® Ayt
+ 8ilm(2yx — 32, ) AV AY  AYE 4. (1.134)
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Inserting the result of the iteration (1.131) into the expression above leads to the
following expression for the Hesse potential, up to terms of order £2°,

HY.Y) = =iV Fi Q) =Y FIQ)+420.,))
—4N[Jw1 wy + %i(F + F)”KI\AJILIQ]MNKNwLwaN
— 4[(F = F)pyxr +3i(F + F)yrNRS(F + F)sg 1]
X NIMNJNNKPNLQwaNwaQ

— 2iIm(R2yyx =32, ) N'ENTMNEN o wy wy + O(29),
(1.135)

where w; = §2; — £2, and where we also made use of N1/ , which is the inverse of
the real, symmetric matrix Nij given in (1.100), namely

Nij=Nij+4Re(215 — 2,7). (1.136)

Upon expanding N7 we straightforwardly determine the contributions to the Hesse
potential up to fifth order in £2,

H=Hlgo+42 — 4N (2,2, +2;2;) +8N"'2,2;
+16Re(27; — 2, )N ENE(2x 2, + 2525 — 22k 25)
— B+ Pk N'ENMNEN Im(2, 2u 2y — 32021 25)
— 64N'Re (270 — 2,) N2FRe (2rk — i) N7
x (212 + 2725 — 22,2;)
L 64(F + F)jx NTENMNKP Re (QPQ - QPQ) NON
x Im(2, 2y 2y — 3 2L2u25)
— Si[(F = F)rskr + 3i(F + F)pasN*(F + F)g)sIN"M N'NNKPNEC
x Re (.QM.QN.QPSZQ — 422N 2P 25 + 3.(2M9N9};9Q)
+ & Im(277k =32, ) N'ENTMNEN Im(@2, 228 —32.2u25)
+ O2%). (1.137)

We stress once more that this expression is taken at ¥ I =yl

The expression (1.137) gives the Hesse potential in terms of the duality covariant
variables V! and )/, up to order §2°. Tt takes a rather complicated form, even at this
order of approximation. Nevertheless, it will turn out that there is some systematics
here. First of all, the Hesse potential (1.137) transforms as a function under duality
transformations acting on the fields V! This in turn enables one to determine how £2
should transform. Clearly, when §2 = 0 the Hesse potential transforms manifestly as
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a function. In general the transformation behaviour of £2 must be rather complicated
in view of the non-linear dependence of the Hesse potential on §2. To evaluate this
transformation, we have to perform yet another iteration procedure.

To demonstrate how this iteration proceeds, let us have a look at the first few steps.
Consider the expression (1.137) at first order in §2. At this order, £2 must transform
as a function, since both ‘H and H| o —¢ transform as functions. This implies that

LYY =20,
210, 9) =181 1) 2,0, D). (1.138)
Now consider the terms of order 2 in (1.137). Applying the transformation given in

the second line of (1.138) to these terms and demanding H to transform as a function,
shows that the result given in the first line of (1.138) must be modified to

Q=0 —i(2V 2192, - 2 2;2;) + 0%, (1.139)
which in turn gives rise to the following result for derivatives of 2,
Q= [8(;1]’,[9, FiFkL ZKM Q) 2N 0y — 212,k 2K 2,
+2i2, ¢ 25 2p | + 029,
21 = [So_l]KI[SO_l]LJ[QKL - Fgrm Z(I)WNQN] +0(2%),
2,7 =185 118,118 5 24 + 022, (1.140)
where the symmetric matrix Zé 7 is defined by’
2 =15k 257 (1.141)
Here we made use of the relations,
1551 & (S01% ;=0 ) —iZ§% Nk,
Ny = [SJIJKI[S()_I]LJ‘ Nk,
628 = — 28K 5Fkr 257, (1.142)
which are independent of 2.
This iteration can be continued by including the terms of order £23, making use

of (1.140) for derivatives of £2, to obtain the expression for £2 up terms of order £24.
In the next iterative step one then derives the effect of a duality transformation on £2

3 This quantity was first defined in [5]. It appeared later in [25], where it was denoted by A.
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up to terms of order £2°. Before presenting this result, we wish to observe that terms
transforming as a proper function under duality, will not contribute to this result.
This is precisely what already happened to the §2-independent contribution to the
Hesse potential, which decouples from the above equations. As it turns out there
actually exists an infinite set of contributions to the Hesse potential that transform
as functions under duality. By separating those from (1.137), we do not change the
transformation behaviour of £2, but we can extract certain functions from the Hesse
potential in order to simplify its structure. We obtain

H=HO+HD +H® + (1P +HP +he) +HD +HP + 1P + 1P
+(HP +HE + 1D + 1Y 1P+ HD +he). (1.143)

where the Hl@ are certain expressions to be defined below, whose leading term
is of order £2¢. For higher values of « it turns out that there exists more than one
functions with the same value of a, and those will be labeled by i =1, 2, .... Of all

the combinations ’HZ@ appearing in (1.143), H! is the only that contains £2, while
all the other combinations contain derivatives of 2. Obviously, HO equals,

HO = iV F ) =V Er )], (1.144)

whereas (1) at this level of iteration is given by,
HD =42 — AN (2;92; + 2;27)

+ 16Re[(91,)(N9)’(N9)’] +1682,7 (N2) (N2)!

— 161 [F,JK(NQ) (N2) (NQ) ]

= 3i[ (Froxe +3iFrasN*S Frpys) (N2) (N2) (N2)K (N2)E — e

~ 82k W) (N2)F +he

— 16 [.Q”K(N.Q)I(N.Q)J(NQ)K +h.c.]

— 161 [ Fiyk NEP 2po(N2) (N2)! (N2)? —hc |

—16[(N2)" 2pg NO®2px (N2)¥ +hc |

_ 32[(NQ)P 2po NOR2p e (NDK + h.c.]

—16[(N2)” 2,5 NOR 2, (V2K +hc |

— 16i [F,,KNKP 2p5(N (N2)! (N2)? - h.c.] +0(2°).  (1.145)

Here we have used the notation (N2)! = NI/ 2;, (NQ2)! = N”.Qj. The sym-
metrization Fg(;jN RS ppe 1)s is defined with a symmetrization factor 1/(4!).
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The expressions for the higher-order functions H;“) with a = 2,3, 4 are given
in appendix D. Each of these higher-order functions transforms as a function under
symplectic transformations. Demanding H" to also transform as a function under
these transformations determines the transformation behavior of §2. Proceeding as
already explained below (1.138) we obtain for the transformation law of £2 (up to
order £29),

@ =0-i(2 212, - 2’ 2;2;)
+ 2(Fryx 28820 22y 28V 2y +he)
— 221y 28Kk Z{t 2L +he) +492,; 2K ek 2L e;
+| = ik (Z02) (202 (Z02)F (Z02)"
+ 49217k (202) (2082)” (202)K
+iFr 28 Fskr (202) (202)7 (Z02)% (Z202)"
— 42,7 (202 (202)! (202
—4iF k287 2p (202)(202) (2082)°
+4iFrk 25T 2p5(202) (202) (202)°
+4i (202" 2po 28" (2rk (202)F — 2244 (20D
— 4 (202" 2p5 228 25 (2o + h.c.] FOWR%.  (1.146)

The transformation laws of the derivatives of §2, such as those in (1.140), are sum-
marized in appendix E.

The transformation law (1.146), which is entirely encoded in 2, and in Z, suggest

a systematic pattern, which we now explore. First we observe that (1.146) simplifies
when taking §2 to be harmonic both in Y!and 7,

QYT T)=fV.T) +he. (1.147)

We obtain

g=0+[-izl! 219

+ 2Fyk 20820 Z2iM2um 25N 2

—292; 28 ezt

— 1F1kL(Z02) (2082) (20K (Z02)"

+ 4 217k (2092) (2082) (Z2082)K

+iFrr 285 Fskr (2002)" (2022) (2082)% (Z082)"
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—4i Fr e 28K 2po (2092)(202) (2092)9
+4 207 2p 208 2px (202)F 21 +he ] +O@D), (1148)

which shows that §2 also is harmonic. Hence, the harmonicity of £2 is preserved
under symplectic transformations. The transformation law (1.148) has a certain re-
semblance with the one encountered in the context of perturbative topological string
theory, where Zé 7 plays the role of a propagator [25]. The relation with topological
string theory will be discussed below. Next, inserting (1.147) into (1.145), we find that
H W is also almost harmonic, i.e. it equals the real part of a function that contains only
purely holomorphic derivatives of F' and £2, contracted with the non-holomorphic
tensor N7/,

HD = [4 fOLT) — 4N 2,0,

+821)WND (N2 + 5i Fryx(N2) (N2)! (V) ®

- %i (FIJKL + 3iFR(IJNRSFKL)S) (N2 (N2)! (N2)K (N2)*

- Lok (N2 (N)K

—16i Fiyxk N¥P 2po(N2) (N2)! (N2)9

—16(N2)F 2po NRQ2px (NYK + h.c.] +0(2°). (1.149)
Thus, when 2 is of the form (1.147), HWD s given in terms of the real part of a
function that is holomorphic in 7". Moreover, since N// is homogeneous of degree
zero, this function is homogeneous of degree two in V! and homogeneous of degree
zero in YL,

Let us now elucidate the relation of ! given in (1.149) with topological string
theory. We write H1) as

HY =hY, D, 7) +he., (1.150)

and we consider two expansions of 4 (), )_J , 7)), namely one in powers of §£2 and the
other one in powers of 7. First we consider the expansion in powers of §2. Expanding
h as

o0
h=>Y h? (1.151)
g=1

and comparing with (1.149), we obtain
BV =4f, h® = 4NV 2,02,,
hD =82, (N2 (N2) + §iF k(N2 (N2) (N)X,
W = = 4 (Fruxe +3iFras N Fiys) (N2) (N 2) (N K (N)®
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— BN (N2) (N)K
—16i Fr gk NXP 2po(N2) (N2)T (N2)2
—16(N2)F 2po N2RQpx (NK, (1.152)

where (N2)! = N7 f;. This shows that all the 29 are non-holomorphic in )’
with the exception of 2(1). Using these expressions, one finds by direct calculation
that the following relation holds,

g—1
O5h = LiF’% " 9,h0 9xh9™") g > 2, (1.153)
r=I1
where FI‘JK = FI‘ZMNLJNMK.
Exercise 17 Verify (1.153) for g = 2, 3.

Equation (1.153) captures the J!-dependence of 19 (for g > 2). This depen-
dence is a consequence of requiring ! to have a proper behavior under symplectic
transformations [5]. The differential Eq. (1.153) resembles the holomorphic anom-
aly equation of perturbative topological string theory. The latter arises in a specific
setting, namely in the study of the non-holomorphicity of the genus-g topological
free energies F9 [36]. To exhibit the relation with the holomorphic anomaly equa-
tion, we turn to the second expansion and expand both f (), T7") and h(}, J_) ,T)in
powers of 1,

fO. 1) = =3 D 19 fO),

g=1
Y. Y. T)= =21 > TIFPY. ). (1.154)
g=1

Then we obtain

FOQ) =P, FO.Y) =P+ 5N FVFY,
— §iF k (NFO)Y(NFDY (NFD)YK,
FOW,9) = fOQ) +iN fOFD 4 LN f@ p@
= 3PN EOY (NFDY — F (v @) (N D)
= 5iFg (NFO (VFD) (NFOHE
+ ﬁ (FIJKL + 3iFR(IJNRSFKL)S) (NFDYL(NFD)Y!
x (NF)K (N FIHL
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. 1
— L F D NEDY (NFD) (NFD)K
+ 3 FryNEP FRLINFOY (NFD) (NFD)Q
— HNFO)P FL) NORF (NFIOHK, (1.155)

where (NFI)HY! = N17 FJ(I) and (Nf@)! = N1/ fJ(Z). Observe that all the F©
are non-holomorphic except F1. Using these expressions, one again finds by direct
calculation,
g—1
0iF9 =L F'K "0, FO ok O, g>2. (1.156)

r=1

This is similar to (1.153), except that now the relation holds order by order in 7",
whereas (1.153) holds order by order in §2. Both expansions are, nevertheless, related.
Namely, taking f in (1.154) to consist of only (!, the expansion (1.155) coincides
with the expansion (1.152).

Summarizing, we have found the following. When expressing the Hesse potential,
which is a symplectic function, in terms of the duality covariant complex variables
(1.127), we obtain an infinite set of contributions Hfa), all of which transform as
functions under symplectic transformations. One of them, namely ‘", has a struc-
ture that arises in topological string theory. (! is the only contribution that contains
$2, while all the other combinations contain derivatives of 2. When £2 is taken to
be harmonic in all the variables (i.e. in both J! and 7"), the resulting H" is given
in terms of the real part of a function that is holomorphic in 7", homogeneous of
degree two in ) and homogeneous of degree zero in J!. Then, expanding H
in powers of 1" yields expansion functions 9, given in (1.155), that transform as
functions under symplectic transformations. The F9) are all non-holomorphic, with
the exception of F1), and the non-holomorphicity is governed by (1.156). This dif-
ferential equation equals half of the holomorphic anomaly equation of perturbative
topological string theory, which reads [38]

g—1
OiF = L F'X | Dok FOU™D + "0, FD 0k FU™ ), g>2, (1.157)

r=1

where Dy Viy = 07 Vi +iN P! Fy7 3 Vp. This is the holomorphic anomaly equation
in the so-called big moduli space [38], and its derivation is reviewed in appendix
C following [25]. In the context of topological string theory, the F9 denote free
energies that arise in the perturbative expansion of the topological free energy Fiop in
powers of the topological string coupling grop, i.€. Fiop = Z;‘;O gtzogp_2 F9 . Whereas
F© is holomorphic (it only depends on )), all the higher F¥ (with g > 1) are
non-holomophic. For g > 2 this non-holomorphicity is captured by (1.157).

The fact that the first term on the right hand side of (1.157) is missing in (1.156) is
due to the holomorphic nature of the expansion function F() appearing in (1.155).
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Were it to be non-holomorphic, it would induce a modification of the relation (1.156).

The required modification arises by replacing the holomorphic quantity F' ,(1) = ,(1)

with the non-holomorphic combination F ,(1) = ,( D + % i Fryx N7K (see (1.206)).
This will be addressed in an upcoming paper.
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A Symplectic Reparametrizations

In Sect. 1.2.1 we introduced the 2n-vector (x!, F;) and discussed its behavior under
symplectic transformations. Here we consider derivatives of F; and show how they
transform under symplectic transformations. We use the resulting expressions to give
an alternative proof of integrability of the Eq. (1.10). In addition, we show that 0, F
transforms as a function under symplectic transformations.

We begin by recalling some of the elements of Sect. 1.2.1. The 2n-vector (x', F;)
is constructed using F(x, x) = F ©) (x) 4+ 2i£2 (x, x). Under symplectic transforma-
tions, it transforms as,

F=Ut i+ Z"J'[F;O)(x) +2i0Q;(x, D)1,
Fi (%, %) :V,-j[F;O)(x)—}-Zin(x,)E)]—f- Wij x7, (1.158)

where U, V,Z and W are the n x n submatrices (1.5) that define a symplectic
transformation belonging to Sp(2n, R). Without loss of generality, we decompose
F; as _ _

Fi(3, %) = FO®) + 21 (%, %). (1.159)

This decomposition, which a priori is arbitrary, can be related to the decomposition
of F; = Fi(o) + 2i£2; in the following way. The symplectic transformation (1.158) is
specified by the matrices U, V, W and Z. Consider applying the same transformation
(specified by these matrices) to the vector (x, Fl.(o)) alone. This yields the vector

(&1, I:“i(o) (X)), which is expressed in terms of £/ = ¥ —2iZ%/ 2;(x, X) instead of 7,
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=0 xl + 2T F (),
FOG®) =i/ FO(x) + Wij 2/ (1.160)

Thus, by demanding that I:"l.(o) follows from the same symplectic transformation

applied on Fi(o) alone, we relate the decomposition of F; to the decomposition of F;.
Then, the second equation of (1.158) can be written as

@i, %) =V 2,00, %) - HEY @) - EP @) (1.161)
=Vi/ 2;(x, %)

o 2" 0
+1i> - Z0 2 (x, B) - 20y (x,3) B (),

where the Fl( 1) (X) denote multiple derivatives of F; (0 )(x) evaluated at X. The
right-hand side of (1.161) can be written entirely in terms of functions of x and x,

upon expressing Fl(jl) i (x) in terms of derivatives of F, © )(x) using (1.160). We give

the first few derivatives,

FO@) =V FY + W) 18515, (1.162)
FSG) =185 1851 1S5 1" Ffo,

Figh @) =185 V1S 1 185 Vi 85 P Eiy = 3 E8, 25 i

where we used the definitions

S5, =U";+ 2" Fg.

Z) =18 ZM. (1.163)
Let us consider the first expression of (1.162). While F i(jO) is manifestly symmetric

in i, j, this appears not to be the case for I:“l(jo) However, using the properties (1.5)

of the matrices U, V, W and Z, it follows that }7",.(].0) is symmetric in i, j. Using this,
we obtain 3 '
Fi(jo)(;e) zIk = vk — 85Tk (1.164)

Exercise 18 Verify (1.164) by computing V7'S.

The symmetry of Fi(jo) implies that I:"i(o)(ﬁ) can be integrated, i.e. I:"l.(())(f) =
OF O (%)/0x!, with F© (%) given by the well-known expression [5],



1 Non-holomorphic Deformations of Special Geometry and Their Applications 45

FOG@) = FO@) — I FO + L0 Wy x'xd + L0V + W7 2), 7' F(”
+1@Z"vyi F;O), (1.165)
up to a constant and up to terms linear in /.

In addition to (1.163), we will also need the combinations S and S givenin (1.167)
and (1.169) below, which are related to Sy by

Sij =8(§j + 2iZik.ij,

Sy =8t + Z*2is2; — 4 2,2 2],

20 =181 zM. (1.166)
Observe that the matrices Zo, Z and Z = S~! Z are symmetric matrices by virtue
of the fact that ZUT is a symmetric matrix [5].

Next we conside_r the transformation behavior of the derivatives F;; = 0F;/ Ox/
and F;; = OF;/0x/. First we observe that

oF o ox
ngzsg —U'; + 7% F,; aT’szz’ka,-. (1.167)

Applying the chain rule to (1.158) yields the relation
P — I g S—11k
Fij — Fij = (Vi Fi + Wik) [S7'1%, (1.168)

where I:*ij = 81:}/5')Zj and

A

Fyy=Fyj - Fg 29 Fy = FO v 2i; - 42, 29 2,
S =U" + 7' F;. (1.169)
Exercise 19 Derive (1.168) by differentiating the second equation of (1.158) with

respect to either x or x. Then combine the two resulting equations to arrive at (1.168).

Then, using the first equation of (1.162) as well as (1.164) in (1.168) yields,

2%, %) = %i[ﬁ}j@(@ - Ff}” (& —2iZM 2 (x, ¥)] (1.170)
FIST 871 [le 2200 2 25
- 20(um + 2245 Z7 Qi) 27 (201 + 21:2,,(1—2@59‘;1)],

which is symmetric by virtue of the symmetry of 151_(_0)7 $2;j, Z™" and Z™".
Subsequently we derive the following result from (1.161) [21],
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Qi =S84 =18 24 (1.171)

Exercise 20 Deduce (1.171) by taking the first line of (1.161) and differentiating it
with respect to x. Use the relation (1.164) in the form

Vil = 18,15+ (VR + win 2 (1.172)

together with (1.166).

The relation (1.171) establishes that £2;7 = (£27). Using this as well as (1.15),
and recalling that S~2ij- = 8.(2,'/5;], we obtain -(21‘] = (ij,-) = (8.(2‘//8)?) =
O($2;)/0%" = 0527/0%" = 2;;. This, together with the symmetry of £2;;, ensures
the integrability of (1.158), as follows. ~

We consider the 1-form A = £2; dx' + £2; dx', which is real by virtue of £2; =
(£2)). ts field strength reads § = dA = 2;; d%/ A d¥' + (!}i]- - f.?]-i) di) AdF +
S~2,-J- dxJ A dx'. Then, using S}ij = S}ji as well as fZiJ- = Qﬁ, we conclude that
§ = 0, which establishes that locally A=d S~2, with a real 2.

Hence we conclude that the Eq. (1.158) are integrable and the decomposition
(1.7) is preserved, i.e. the transforined 2n-vector (X', F) is constructed from a new
function F (%, X) = FO (%) 4 2i2(X, %) with a real £2(X, X). This was established
in Sect. 1.2.1 by relying on the Hamiltonian.

Next, let us assume that the function F' depends on a auxiliary real parameter
7 that is inert under symplectic transformation, i.e. F'(x, x; 1), and let us consider
partial derivatives with respect to it. A little calculation shows that 0y, F; transforms
in the following way,

onF; =187, [oyF; - Fir 290, F|. (1.173)

where ¥ and % are kept fixed under the 7n-derivative in a,]ﬁ,-(;z, X 1), while in
Oy Fi(x, X; n) the arguments x and X are kept fixed.

Exercise 21 Verify (1.173) by differentiating the second equation of (1.158) with
respect to 7, keeping x and x fixed. Subsequently, use (1.159), (1.168) and (1.171)
to arrive at (1.173).

Letus first consider (1.173) in the case of a holomorphic function F', so that 2 = 0.
In that case (1.173) implies that the derivative with respect to x’ of 9, F — 9, F must
vanish. Therefore it follows that 9, F transforms as a function under symplectic
transformations (possibly up to an x-independent expression, which is irrelevant in
view of the same argument that led to the equivalence (1.8)).

When £2 # 0 one derives the following result using (1.173),
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ol . 0%
3x,8"F o 8,,(F)_(’)T,F (1.174)

Exercise 22 Deduce (1.174) by suitably combining (1.173) with its complex con-
jugate, and using the relation

2T Py (87181 = (87181 27F iy, (1.175)

Next, we assume without loss of generality that the dependence of F on 7 is
entirely contained in £2. Then, using (1.15), it follows that

0y(Fj) = —0, F;, (1.176)

and the relation (1.174) simplifies. Namely, the left hand side of (1.174) becomes
equal to 6(8,1F )/0x', where we used the existence of the new function F. Thus, we
obtain from (1.174),

2 (0uF ~auF) =0. (1.177)

This equation, together with its complex conjugate equation, implies that 0, F— oy F
vanishes upon differentiation with respect to x and x, so that 87]F transforms as a
function under symplectic transformations (possibly up to an irrelevant term that is
independent of x and x).

B The Covariant Derivative D,,

The modified derivative (1.97) acts as a covariant derivative for symplectic transfor-
mations. Here we verify this explicitly by showing that, given a quantity G (x, x; )
that transforms as a function under symplectic transformations, also D, G transforms
as a function.

To establish this, we need the transformation law of N/ that enters in (1.97).
Under symplectic transformations, N; ;j given in (1.98) transforms as

X A =1 - r. -
Ny =1871418 15 [N+ Fun 27 By (o = 279 Fq)
—1 FEm Zmn Fn[) ((51? _ ZPq Fq[)]
Ak (& L T S 14
Fil8TNS T B, (STIST IS 1 FyISTY. (1178)
where S, S and Z are defined in (1.166).
Exercise 23 Verify (1.178) using (1.168) and (1.171).
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Then, it follows that the inverse matrix N/ transforms as
N = (8" = 2" Fyp) A% (87 = 20" F) =18 2987 (1.179)

Since the matrix Z = S~! Z is symmetric [5], so is N*/. Observe that it can also be
written as

N = (87— 2" Far) A% (87 = 27" Fop) =127 27" B (1180)

Establishing the transformation behavior (1.179) turns out to be a tedious exercise,
which we relegate to end of this appendix.

Now consider a quantity G (x, x; n) that transforms as a function under symplectic
transformations,i.e. G(x, x; n) = G (X, X; ). We then calculate the behavior of D, G
under symplectic transformations. First we establish

G, =Gy +G; ZV F; + G Z' Fy, (1.181)

where, on the right hand side, the tilde quantities are differentiated with respect to
the tilde variables, while those without a tilde are differentiated with respect to the
original variables. Similarly,

Gi—Gi = (G, - G;) (i = 2/ Fi) +1G; 27" N, (1.182)

as well as

Fyj = FuS'j+ F 2" Fy;, (1.183)
where we used that F;, transforms as a symplectic function, as established in (1.177).
Exercise 24 Verify (1.181) and (1.182) using G (x, x; n) = G (%, % 7).
Then, inserting (1.181) and (1.182) into (1.97) yields,

D,G = (~;7]+<Gi — Gl‘) Zi Fyj+i N (F7]j + F’]]_) (Gk — é,;) (Ski — zH F[;) .

(1.184)
Next, using (1.183), we compute
(Fyj + Fyj) = (ﬁnk + 157,/2) (Skj —zM Flj) —iF,,]l-Z”‘ Ny,
2 v Ik P = Ik &
+ (Fnz + Fnz) Z% Fys + (Fnl- + Fn,-) Z%F. (1189)

Using that F has the decomposition

F(E %m) =FO®) +2i2&, % 1) (1.186)
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with §2 real, it follows that the second line o_f (1.185) vanishes. Inserting the first line
of (1.185) into (1.184) and using F;; = —Fj; as well as S ZT = 7z ST, we obtain

D,G = Gy +iN7 (Fyy+ Fy) (éi—él—)z(Dn/\E), (1.187)

which shows that D, G transforms as a function under symplectic transformations.

Now we return to the transformation behavior of N/ given in (1.179) and ver-
ify that it is the inverse of (1.178), i.e. N='N = 1. We use the decomposition
F(x,%:n) = FO(x) + 2i2(x, ¥; ). We find it useful to introduce the following
matrix notation,

S1S=1+Z(F.—F__),

S!'S=1-X , X=2F_ZF =42Q_22_,,
SIS=a-x"=> x",
n=0
S=S[i-x-z(F-F_)|=[I-2(F.-F_)-422 2Q]
Z-Z=-Z(F.—-F__)Z=-Z(F.—F__)Z2, (1.188)

where we assume that the power series expansion of S~! S is convergent. Here
F., F__, F._ denote entries of the type Fj;, F;j, F;7, respectively. Then, using
(1.178), we compute

- o0
STNS = Z (1\7+4i 2_Z0Q  —4Q_ Z0._ +29.,X+29,.)

(1.189)

-1 S)T i (;zn)T Q. [I-Z(F.—-F-_)—-4ZQ_ZQ._].

n=0

Multiplying this with N~! S~17 from the left and requiring the resulting expression
to equal S yields the relation

[1\7—1 2N Z-2ZQ N '—4zQ_N'Q zZ-— iZ]

o
[Z (x" (1\7 FAHQ_ZQ. —4Q_ ZQ_ 4202 X+ 29,.)
n=0
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( ) i xn)’ Z(F..—F)—4zg‘zg.]]
=[1-2(F. —F___) 120 .z ] (1.190)

Thus, checking N~'N = I amounts to verifying the relation (1.190). To do so, we
write (1.190) as a power series in Z by converting Z into Z using the last relation
in (1.188). Introducing the expressions

c=42_Z2._Z,

o
A= Z [(F.— F__) Z]", (1.191)
n=1
we obtain
X=4Z0+A) 2_.Z8._,
xTe =0 X,
o0

o0
xn 2. =0 > x",
n=0

X'=4ZQ_Z[I+ A" " I+2)2_., n>1,

n=0

(x") =42 1+ aT) [UT(]H— AT)]H ZQ Z  anxl,
(S*ls)T =TI+ (F.—F_)Z2@+A). (1.192)
Then, (1.190) becomes
[H—zig,.z—ziﬁz:z.,ﬁ—l 4Nz N :2,,2—11\72]

o0
[Z (xm” [1\7 140 _ZA+4A) 0 —4iQ ZQ._
n=0

182 Z(A+AM)Q2_ Z02_ + 29_.]

2[4+ (F.—F__) Z{+ A)] 2_. i X'"[I-2(F.—F_)

—4z0 zQ ||=N[-Z(F.-F_)-4ZQ 2], (1193

where X" (with n > 1) is expressed in terms of Z according to (1.192). Now we
proceed to check that (1.193) is indeed satisfied, order by order in Z. Observe that
the right hand side of (1.193) is quadratic in Z, so first we check the cancellation of
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the terms up to order Z2. Then we proceed to check the terms at order n with n > 3.
Here we use the relations

F.— F__ =iN +2iQ2._ +2i2_.,
AT Z=2Z A,

[aT (]I+AT)]nZ=Z[U @+ A", (1.194)

and we organize the terms at order n into those that end on either N (introduced in
(1.100)), £2._ or £2_.. It is then straightforward, but tedious, to check that at order
n in Z all these terms cancel out. This establishes the validity of the transformation
law (1.179).

C The Holomorphic Anomaly Equation in Big Moduli Space

The holomorphic anomaly Eq. (1.157) of perturbative topological string theory
[35, 36] can be suscintly derived in the wave function approach [22] to the latter
[23-26]. In this approach, the topological string partition function Z is represented
by a wavefunction,

Z(t; tp, 1p) = / dpe=S@tinin/h 7(p), (1.195)

where S(¢, t; tg, tg) denotes the generating function (1.114) of canonical transfor-
mations®. We take the background dependent constant c(zg, 75) appearing in S to be
given by [23-26]

- h -
C(IBJB):_E Indet Nyj(tg, tp), (1.196)

with Nyj asin (1.132).
Differentiating (1.195) with respect to the background field 75 on the one hand,
and with respect to the fluctuations ¢ on the other hand, yields the relation [24],

O0Z(t;tg, 1)
ork

hooyy 0 0

Here FZ” is evaluated on the background, and is given by Fi I = FZMO-NMINOJ.
Assigning scaling dimension 1 to both 5 and ¢ (and to their complex conjugates)

and scaling dimension 2 to f, we see that (1.197) has scaling dimension —1. Setting

Z(t; tg, i) = eV @iB1B)/ N (1.198)

6 We use the conventions of Sect. 1.4 and suppress the superscript of F©.
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we obtain from (1.197)

OW(t;tg, ig) | = 1/ PW oW oW
——— =5 F; he———+ — — 1.199

o 2 oo T o o (159
which has scaling dimension 1. The BCOV-solution [36] is obtained by making the
ansatz [38]

o0
z C(‘” Gl p) et (1.200)
with
i, =0, 29-2+n<0. (1.201)
The C(g) 1, are symmetric in I1, ..., I, and have scaling dimension 2 — 2g — n.

Insertmg the ansatz (1.200) into (1. 199) equating the terms of order /79 for g > 2
and setting 1 = 0 gives,

g—1
9.C g ip) =S Fp (V4> ey g2 .20
r=1

Exercise 25 Verify (1.202).

Now we set [38]
cy =Dy ...D,FP,  g>1, (1.203)

where Dy, is given by

DLVM:8LVM+1NP’F1LMVP. (1.204)

P
Dy acts as acovariant derivative for symplectic reparametrizations Vy; — (SO_ 1) M

Vp, since N7/ transforms as N'/ — [Sy N~ Sol!7 —i[Sy 20 Sol"/ (see (1.179)).
The F9 have scaling dimension 2 — 2¢ and transform as functions under symplec-
tic transformations. Inserting (1.203) into (1.202) yields the holomorphic anomaly
equation in big moduli space [38],

g—1
aiF(g)(l‘B,t_B)z% _ZIJ DIE)JF(Q*‘H—Z(?]F(’) 3JF(g7r) , g=2.
r=1
(1.205)
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As an example, consider solving (1.205) for ¢ = 2. We need FI(]) = 9, FD
(t, p), which is non-holomorphic and given by’

OFVp, ig) =01 fVtg) + i Fryx N'X. (1.206)
Then, solving (1.205) for F?) yields [25, 38]

FO(p.ip) = fPup) + LN (D FSY + F{VFSY)

. 1
+ ANT/NKE (%FIJKL + WNY"NFikmFron + FIJKF£ )) -
(1.207)

In this expression, all the terms are evaluated on the background (g, 7).
Exercise 26 Verify that (1.207) solves (1.205).

Observe that (1.206) transforms covariantly under symplectic transformations, pro-
vided that £ transforms as () — f( — 1 Indet Sy in order to compensate for

the transformation behavior N;; —> Nk [50_1]K 1Sy l]L J [5], so that

J
1 1 P —
= ( J()—%ZOQFPQJ)(SOI) I

1 — (So_l)Q 19 [( =127 Fror) (S(;l)LI] . (1.208)

Exercise 27 Determine the transformation behavior of f®)(tg) under symplectic
transformations (1.128) that ensures that F® (¢, 7g) transforms as a function. A
useful transformation law is,

Frikr — (SJI)MI om [FNOP (Sa‘)N 7 (561)0 K (361)}) L:|
= ()" (M) (5") (5")" e[ Funor

— FupsZ38Fryvo — Foprs 2y Frun — FNPSZOSRFROM].
(1.209)

7 FU contains an additional term proportional to the Kihler potential (1.1), but this term drops out
of (1.205) due to the special geometry relation F ikl K =o.
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D The Functions ’Hl@ fora > 2

Here we collect the explicit results for the various functions Hl@ (with a > 2) that
appear in (1.143). These functions can be determined by iteration. We present the
functions up to order O(£24). We use the notation (N2)! = N/ Q2;, (N2)! =
N'/2;. The symmetrization Fg(;;N®SFg s is defined with a symmetrization
factor 1/(4!).

HP =8NV 2;2; —16[2;, (N2 (N2)! + 2,;(N2)' (N2) +h.e]

—8i[Fr k(N2 (N2)! (N2)K —h.e]

+ 101 [(Froke +3iF RV RS Fox) (V) (v (ve) K (vt

—he. 1+16[277xk N (N2 (NK +he]

+ 16[(9”k +iF”PNPQQQk) ((NQ)’(NQ)J(NQ)K

+2 (N (N2 (N)K) +he]

32 [Q,Q NCR (N (NDY + h.c.]

+322,9 NR 257 (N2) (N2)!

+ léi[F”K NEP Qpo ((NQ)’(NQ)J(NQ)Q

+2 (NQ)Q(NQ)’(NQ)J) - h.c.]

+ 161[F”K NEP @55 v (N2) (N 2)2 - h.c.]

+8 (N2 (N2)! FroNOR Fap; (NK(N)E

+ 32[(N9)’ Qi N K2 (vt —l—h.c.]

+ 32[(1\1:‘2)’ 21N K2 (N)E +h.c.]

n 32[(1\]9)’ Q1N K2, (N + h.c.]

n 16i[(N.Q)I(NQ)]F”KNKLQU,(N.Q)P - h.cl

+32[N) 2 N K 2p, (N)F +he]

+32[(NQ)1.Q”- NK @ (NQ)L], (1.210)
HY = - §iF (V) (N2 (N K

+8iF k(N2 (N)K NIP [29,3Q(N:'2)Q +225,(N2)2

—i Fp —E(NQ_)Q(N.(—?)R] , (1.211)
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HY =38 (9” +iF”K(N.Q)K) N (N2)!

— §i (Frykr +3iFpa NS Fepys) (60V2) (V) (V)X (v ey -

—4 (NQ)’(NQ)J(NQ)K(NQ)L) }

~ Lok (e wey ek - e W) va)X)

—162,,g (N (N2) (NX

—16i F x N¥P 2po[ — (N2 (N2)! (N2)2

+ (NI N2 (N2 +2(v2) (N2)! (N2) 2]

—16(N)P 2po N2R2px (NK

—nRw)! (9” +iF”p(N.Q)P) N/K (Qﬁ —ika(Nfz)M) (N2)L

+16(N2) (N2 FrypNPK (g —iFg o (ND2) (V)

—16(N)F 2 NQR.Q g (N

—32(NDY! (Q,J + iF”K(N.Q)K) NILQ;  (N2M

— 161 (N2)! (NQ)JF,,KNKPQPQ(NQ)Q, (1.212)
HY =162, ; (N (N2)!

—16 [Z(NQ)K(N.Q)L (.QKMNMN.QNZ + SZKLQ(N.Q)Q)

+(N2)K 2, NP (inMN(NSZ)M(N.Q)N +202p7(N2)!

+2 2, ;N ) +2AN D VD) Fry kNP 2, 5(N2) 2 +he ],

(1.213)
HY =32 WD (@) +iFk WK) NP (255 —iFp g NDR) (N2,

(1.214)
Y =2 (va)P 2, N9 25 (NDK (1.215)
HY =8 F R NRS Fop (N (N2 () K (N, (1.216)
HP = - %i(F,JKL +3i F]JRNRSFSKL) N (N2 (NOHK(NDE, (1.217)
MY = — 161 Fp e NEE2p , (N2 (N (N 2) (1.218)
He = =161 F k NKP (250 - iFparNDF) W) (V@) (V). (1.219)
HY =16 (.Q”K—l—lF”pN ¢, ) (N (N2 (N)K, (1.220)
MY =32 (N2 (.Q”—HF”K(N.Q) )NJP.QI;Q(NQ) : (1.221)

HED = — 16 (V) (N2)! Fryx NKE 2 ,(N2) P (1.222)
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E Transformation Laws by Iteration

The Hesse potential in Sect. 1.4 depends on §2, whose behavior under symplectic
transformations can be determined by iteration. Here we summarize the result for
the transformation behavior of derivatives of §2 (expressed in terms of the covariant
variables of Sect. 1.3), up to a certain order. We use the conventions of Sect. 1.4 and
suppress the superscript of F©.

@1 =155V 1|20 +iFsk (ZoF (Z02)" - 2i2uk (20D
+2i2, 2 (20K + 2Fikp (20X (22 (Z02)"
+2Fkp(Z02)X (202" (Z002)"
+4F k(202X (202" p(Z202)"

— 4F k(20K (202! (20T
—2F kL 25 Fpos(Z202)X (2092)2(202)°
+2F; 5 (20K 1 (CoD T (Z02)"
— 227k L(Z202)" (Z02)" — 42k 1L (202K ;(Z0)"
— 202,21 oK (EoD) — 4241 (Zo)K ;(Zo)E
F42,,1 (20K (Z0)E + 4241 (Z202)K 1(Z02)"
+42, (202K 202y |+ 02Y,

2 = [SJI]KI[SJI]LJ[QKL — Fxrm 20"V 2y
—iFkLp 2y M Fuor(Z202)2(202)R +2iFk 1p(Z202)F (2082)°
—2iFk1p(Z20)" 5(Z02)2 + iFk Lun (Zo)™ (Zo2)"
+iFkmn (ZoDM (202N +iFkmn (202N L(Z02)M
—2iFkun ZY'P FpoL(2082)2 (202)"
— 2Rk p(202)" = 212k p(202)7 L + 212k p 2] C For5(202)"
+2i2,, 5 (20D +2i2, 5 (20D | + 02,

@17 = 1S KIS 7 [2kp + 2 Fkun (Bo2)M 1 (202)"
- ZiF[ﬁN(Z_OQ)NK(Z_OQ)P
— 202, 11 (BoM = 202k m (Z02)M ; 4212, 1 (Z02)M
+2i2, 53202 | + 0@,
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Q1 =[Sy 1S Y 1S, 1% L [QMNK — Funkp(Z082)"

— Funpe (202" k — Fkmp(Z202) N — Fykp(202) u
+ FMNPZéDQFKQR(ZO-Q)R + FKMPZ(fQFQNR(ZOQ)R
+ FxrZ CFour(Z202)" |+ 0(29),

@ik =155 1S IS & [ @uni — Frvo (B0 ]

+ 02, (1.223)

where (Zo2)M = ZMNQy, (Z0)M = ZVN Q5 (Z2o2)M; = ZMN 2, ;
(Zo)PL = Z0NQ25,. (20 5 = 2524 5. (207 = 2PN 2y
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